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Tmnstenden‘t‘al radius and Mirsky —}und’{onqt

KEEEFERS #F # E &

Masatoshi FUIII

0. Intvoduction. Non-normal operator O FEFE. A7
HOEPE < B v T, RoFHESK
1 v(T) < w(m < 1T
EFGEREL T332 LE, of Halmos [11), (D), w(T)
3. 2 ki To spec‘rmt radiws, mumevical vadiuws
77.) BT normal operator T 3T L 23 AF XD
KHFEOTFERALL 27T
@  Tsnormal = 1 normaleid < w(T) =TI

e, v(T) =T\
XA, FEKXWR. ROZEFHHKEE VEVR NI T
@ co (TY € W(T) |

21T cod(T)3 Tospectvrum «(T) O convex hull,
w(T) 3, T» numerical range

W(T) = { (Tx. %) ; Ixu=11}



47

N closure 2L 27, ZL7Z. mormal operactor o by —"2
D8] 3. |

co s(T) = W(T)
N IX ) fL 2Lk, TIHE. mormal operator 13 convexoid
THALEENBETONET, CHSDLEZEDTHIET
e operator ® class ® B[R, RO I A EFTwZHNZ 3 x
) X9

SPecTral otd

<N

normaloid convexold
transaloid

S o T. spectraloid k li\ Y(T) = w(T) %~ Tclass,
tramsaloid & EE D z2eC kLT, T-2 ® mormal-
oid (RE 5 2ERSHIT. 0 dagrm® Furuta —
Nakamoto [91 (< I 2 convexoid o $5803 17

T convexoid <= T -2z ; Spec‘rraLo;d. (zeC)
(L CE%REHLIT, T LoFToaPHAELsN
AABIL I, | |
(T-2) = o(T) - z
W(T-2) = W(T) — =

3 (;eC)

2
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Th) AT, 217 & “) v(T). w(T) »™ trans lation
KELIAETTw e vl snT Ls D, |
T HIT 3T trwanslation—invarant ZFET (HOF
FRKRYD2 v EEz2B e 0nTLsran 7 DEAB
LiT e, v(T), wlD) ATT 203 RO L7 [FHE
RERT2 o eNT 33T, |
R—f = min{ryo; ¢(T)<rD}
Wr =min{rzo; WT) <rD
REL\d>=heC;umr}&L3ﬂ
CCTE norm 1T RFEET 2 TraMS'L’a'tion—ir\\/ﬂ\’(an,t
3 operactor » ¥4 7. FE X (I)n tanslatable FE AR Y
L2827 d 0~ transcendental radius — EFEKL 12
WEBWET, BB operator 5 NEZ5 NRIFE
T AT R A ANRBAEL IR e NASHBZ L g
A, %Lz AAREEL Z0 Mirsky RS2TREHTT2
FIEE CCalyebra 0o ¥ 28w L KU L2 03T,

1. Transcendentol radius.
3T BYSIH e Ear LNz HE LSS 19635
Bjsrck = Thomée 3. Hirmander HDIEE0TT THRLX

- /o)) maximalizmg pmblem NS RO LD EEK
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Br = sup 1Tl = [(ToxOl
L&A L.

t

B+ RTZ for normal T’
tRLELK 297 1 972F1=TY, Istratescu N
By = Ri  dor transalotd T
Th D C. Y. 3 /K. convexoid (RF LZVI —HF(1x., By F
Re U2 en 25%. Sheth R x> RIn I LR,
9 ¢ 05 213y, BPrasanna- Sheth 3. T - z; 7 normal-
oid,i.e, T » cenfioid THWIT, +5 T H 22 EFHMWL
ILE (zp 13, s(MEETRAD HROF ©TT,)
@ Br = Ry for centvoid T
L7385 Bosenna 13. @OEDKRE T2 o £ £ L
I LR, CQhizF - 2. Bjswek- Thomée %53 » & Fi\
Br = R; (2%779 operator n—%X 0 'Ylovn—fnorma,(_ ope-
roctor O FEH = 30T »— class o HEE £ oS KBTI, AAT 3
LK, LoL, EMNZERE 0D e:=T93 T e, (D)
KHELRFFRNERTTA> e 6, @QFITET 22 enF
ST RTRI STV L D,
Prasanno. O idea I3 Br ¢ S’i‘amF'S—\i ) deriva:h‘on‘ (= B ¥
PBLINIEGUWDITRELS R HY L LR Stampdli &
5 2.
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I = w "+ 12 < IT-mgp +217  (zeC)
EFXRT mpeC (ME—2H%E7T 2) £1 09 cenfer of mass
cHFUET.

LﬁYY\’YY\OL_ O. (Fmsamn (1-)

B = 1T - m, I

220 My =B, ex33Te Mpun TeCe
DEEM A(T, C) =fr 357,
(5) My = a(T C)
T'D center of mass mgp 12, T o unique scalay aF?roxL
mant LD ez EY ET. keI xhEx, My 2T 0
Transcendentol rodius £ B 03I T, 2o F1E
2, B EToAaRLt321 52 ToFEFECL>
clxzy) 37, ABFHE LY. By, =By, .72, M,
=Mp R m , =m_ »#Y 3T,

(DR TAAEX I, HoFhzi®s s Nz 3F T,

Theorem 1. [7]
Re < We < Mo
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Theorem 1 o JRFHS. | 9 8 0 5 K Garske [10] (= &5
Z. Re < Mpevwr)#z248ohznidzd, co@amz. b
£ 9 Bjsrck- Thomée o b Z FERIT L Z 23 = T T A
SSok#ENIT S, Z,

RT < MT Fov convexoid '\
E v )EFEETI2RBEA2 e M2 2T,

MR, (QFRT2>B3FL LI lzR Byo =" 13,
ij'rcl?—-Thomée 20d0TT L, %09 =" =439
73, Furuto - Tzumino - Rasawna [81 & 5 T, (2 & RS
W) TEERHIL T T T

Theorem 2.
T certroid,ie, R =M, <= wp = Mg

2. Proofs.
Lemma 0 0ZEH13, R0 &Y 27,
Br = Bow, = sup,  HT-mo) <= [T mp3x, 1

< su - HT=m)x " = (1T - g 0*
BOFES ORI RO Stompfli 0BRER N 3 T
By aET:

Z=mp < O§ Wo(T - 2)

6
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OO T WD) T, Do maximal mumerical vanqge
W()(S) = {aeC; (Sx,, %)= A Hor some 1x,}; Ux, =1, N Tx, 0T}
T, % 5 T, Oce wo‘(T- ) T 0T
At =1, (T-mgp) %, 2. )= O, I(T-mp) xall = N T-mqll
BT“— BT_WT 2 Lim LI(T-mg) x> — \(T—MTW«\,M)\L}

= AT - mqp

Proof af TBCOYCM 1_ .

ToRY R T-meefz2a 22 L3Ls D

\,
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Remar‘k.
Rasanna 0 Lewwals. B HE R 3. Asplund- Prak [21z 3 9.
bt M TFoREELTFE STV E TS
sup o inf WA aBxl = inf sup, IA« - aBxl YA BesE )

= E,F; inner Pmo\uo‘t sFaces.

COBEFRLA EHEY, G, - operator & centroid o AR (=
DTWT., FLANTFIRWLE vwET, TR
N(T-2)'l < 1/4(z, (T (2d s ()
ExrT 3 TE G-operator £°$ 03T, —HfLS,
Grl—of;emd‘ov 52=> hormaloid
13‘;< 1L W Zw 3 e TR, T EFE K,
G ~operator > centroid
N Garske (R X 5 TRI P TWNET, M2 T
T = (22) @ the cimple untlateral shift
£ T T Luecke principle 151 & Y, T w G-operofor 1384 5
AT Me=ITI=2 >1=W, £ -2 v 37,
£ I3 m, speetraloid T B W cenfroid ¥ BEL 2T
(30) @ (Vo) + 3i
% hLi<dnrnnbhsST. quasini I_Fo‘tevx‘t, centyroid & O sk
k3»r)3es FE M=0 H07
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NTxli = 1(Tx, %)l —Jﬁw hxii= 1
C D —%’% 1%, Fialkow ® %ues”ﬁow

$-2, T =20, %5,
045 4061 »~ negative TH» Sk bRL T LI,

3. .[Vlirsky functionals.
O-&FfEr 1 9505 RELEILS
FR2T 20 Mivsky [16, 17113, mateix A RF LT AD

2. 195617

Spreacd b
S(A)% fmo\x{lk—m; R,He«%)ﬂ
RE-TREL, AR Heemttion 0 A (213
SAY = 2 m@AD
ERLTWBWIY, 2o
m(A) = sup{l(Ax,y)l; mxn=uyi=1, x Ly}
S E Mivsky’s constant o T I NI S (U G- 2
=T, 1 97 35 Ando 13, (T, C) £t/ HFz7T W

E SN

Theorem 3. (Ando)
(6) d(T . C) = sup {IP TP ; P: (rank one) ?'ro)‘ed'ion}

exanN My = sup  NTx - (Tox) x|
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)ﬁb\“\ Ixii=1 R3IFL T,
ITx —(Tx,x)xl =1 E,,;LTX I = sup{(Tx, y)t; xLy,iyi=1}

(LEZETIOL (F, 3. x 0 spand 2 subspace N\ D ?Yojecﬁm)

Theorem 4. [6),17] |
M']j = m(T) = S\AP{“ P TPI; ?:(ramhzsne)Pm:)ed‘f—on}

TH. Mp = m(T) 3. Tzumino U131 [T X - T M 71 5L
NFZzS5hTuni T,

ML, SORFEE Cralgebra OFOF RS (=L
Ls>. 34, linear functional

L(T) = (T'x, y)
SRESATTY 3L, SR, §
M  $W=0, =1,
EXT=LTWET,

OLE unital C-algeba £ T2 £ 3, (VEXRTALO
Linear functional &€Mirsky functioal cvw, 20 59
ARG TEREN en< e l3d, %2ne* My
= (T, C) ez, "Theorem 4 0 Chversion 1F, 2R 9 &9

(X222 L 55, [I5],
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| iThGOch 4'. ‘
My = max {15(D; §ent} (Tedl)

e, OU/C 3 LT Hahn-Banach 2 ZEEEHA L,
(WY =1feqt; f(=0} RFETIRTD 2 &7T,

£ & BN, Stampfli [22] W R R 2 0 F <. Williams [237 2N
Bisrek~ Thomée constant By O C- M (z2 v 2z ik L T v

7.

'Tftémrem 5 (Williams ) ’
My = max { $(TT) — (D" 5 5 Qo state |

EHel< B3 HEE, T, ROREERLTWE T
@ [T < iT-2z| (zeC)
G Bstate §; FTD =1, F(TO=0
@ [T+ (2 < i T+zl1" (eC)
FrR, (O3, me=0 RIS ITVe e, 3. Theoremb
N Al ‘ij“vak-— Thomee constant B 0 C-MR. % 2
CeAMNHST. ETHNSDOERBLKBILTAEL L e,
AEHRELNT CID>NHY T L,
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¥ 2237, Theorem 5 13 Theorem 4 »5 & < 2 &

X379,

Lemma 6. waital C*~a\3,ebra o o Mrrs{ay §mcﬁamt

S IR cyclic representation (T, H) & orthonormall vectors

x,yeH E{X > 7

LA = (T %,y ) (AeGl)

£ N ET T,

Theorem 4 = Theorem 5 :

mE Yy, Mp=
TD j‘, I 3(T) =
_MTZ::

<

3T) & 22 Miesky Sunmctional §NF ) F
(T, yd) £m™T T T 0T,

(D, y Y

CTTIx = (D, x)x, y )

Il T(T)x — ((T)x, x Dx I

7T« 1 — [ (D x, x|

2 2.

<M

<
= MTC(T) = =T

520 (T =((Dyx,x) ks state (=29 3 7,

F <. Theorem 5 = Theorem 4 t. lzumino o FHELIBIE

BRLZ, TCRFFTeemILIT, FE

T stare § 5 Mg = F0T°D) — (D

{2
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LT 5635 GNS consTvuction Z(E 5 T,

A = (@)=, x) (lixti=1)

L oL, y & T(T)x = (T, x)x E nevwmalize L RE O L L ZF

T, (Mx = (W(Thx) x N £ X133, yix, uyu=1 & £ k 1T ok)

FA = (TPx, y)

iT. Mivs lzf —}umd'ionad . Mg = }(T) T = L3,

&@ﬁ EHZ 3 =R L. 2 x 2 mafrix o\ljebramj_’\ﬂ

ComPle;Te \/ pesitive W\&PS e Mirs \Q)/ —S—uma‘\‘iomml_s o BRI
TvwzANT FILveR v ET, Cta\ﬁe,bm 6L » > M,

~

—

A D comFle.Te_ l)/ Fas‘nﬁ\/e_ ma.p T 3. o # 'Z“ﬁﬁ»b I3
ENRS KT FE T

() A)
i = (F0 90
IR £

\ A ¢
(S N t“

fi 13 sTates, 913 Mirsky S-umd’(onol 0 scalar $% £
-7 w3 T, )ﬁl'\\ (Lemwma & X 1))

COroHary "[. 115]

Mivs Ry Vﬁiumcfﬁonat 3 1%, unital CDMFlofcly positive map
a) off—c\io\cjo‘nod, y L TERbINA,
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4, MErsh/ «ma,;s ond. derivations.
FEh k33, Lemma 6 oA EY>rzE2REUEER W IT,

3 7. Mirsky functionals OTHENSvE» £ Lz 2.

Theorem 9. Ti4]
Mirsh)/ functional § 1. state 3 & derivation D & rep-
vesentation T o AKX T'HS5H I NI T:
f=3-Dew
Poof. Lemma b6 & 9. $A= (Ax,y) &R IT 4. 2
ST (A = (Ax,x) £L3IT &L xoy (REY induce
3 41,} E derivation D = X - T,
$(DA) = ¢(xo Ay — Axoy)
= ((xoKy)x,x)— ((Ax®ydx, x )
= (A y) = FA)

w®1E K, AIEFE 0O linear ma.p ANDILRFEER M= O £ B W
I 9. unitel Ct&lﬁebm GL »~ S BMA) Nd Linear map L 7\
@ L) =o |
Lo ~com1>le1‘e,(7 ConTractive, ie, IL® 1,1 ¥n

EHr R X, L E Mivsh)/ ma.p e ET, Faulsen 11%]
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. WA, completely contractive map (= 3T ¥ 2 Steinspring
HopHEEIRLTIWET: compleTely confimctive map
L; U — BHY FL T, vepresentation T.; SU— B(K) &
iSometries Vi, V, ; H—K ANABIE L <y
LAY = VAV,
WL ET.
o, L Mirs'by map 135 VT VITT(DV =0 & 1Y

I7. —F Vi & isometries 13 o T,

portial isomefry V ; ran V, — van V
NEFETXET, %2 LT,

D - DVTC(:L)

G(T) = VTV, (TeBK))
ELET. VM TWvi=04sY, VTV, = VLTV = 0
LY E T 0T

G(D(nAN) = V(v TR) - TRV D) Y,
= \/,% VWY, = LTV,

= L(A)

Theovem 9. [14]
M{rshy Mmap 3. (‘,omFIe_Tely Po;iﬁve mop £ Derivation &

epresentation NAKRTED T I N T I3 T,
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