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ABSTRACT

This dissertation is devoted to the development of methods for
the optimal design of high reliable systems. | '

Chapter 1 defines and describes reliabilities of units, subsystems
and systems,and.formulates reliability optimization problems with a
single and multiple objective functions in the general form. This
chapter mainly prepares for discussions of the succeeding chapters.

In Chapter 2, a method is presented for generating systematically
all possible series-parallel (s-p) structures for 1,...,M units. The
method is modified in order to calculate the failure probabilitiés and
reliabilities of all possible s-p redundant étructures for 1,...,M
units with two failure states. Then we apply thé present methods to
a problem of finding an optimal s-p redundant structure subject to fourl
reliability, two failure probabilities and fail—safe.

_ Chapter 3 presents a heuristic method for obtainiﬁg an optimal
reliability allocation of a series system. In each subsystem,
redundant components can be added (in parallel, stand-by, or k-out-of-
n:G, etc.), or a more reliable unit can be used to improve the system
reliability. The solution is obtained by repeatedly using a more reli-
‘able candidate at each subsystem that has the greatest value of a
'weighted sensitivity function'. The balance between the objective
function and the constraints is controlled by a 'baléncing coefficient’.
The overall computaional procedure is given and an example is presented.

The computations are given for a set of randomly generated test problems
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in which the optimal parallel redundancy under linear constraints is
determined. The proposed method is then.compared with othef methods.

In Chaptér 4, this dissertation presents an efficient method for
finding the exact optimal solutions of reliability allocation problems
that are formulated as an integer nonlinear programming problem gener-
alized to handle nonlinear constraints and non-séparalbe problems.

- The method is based on branch-and—bqund principle and developed by
considering separation and relaxation techniques.

In Chapter 5, we consider the problem of determining an optimai
design of a reliability system with multiple properties and iInteger
variables. This problem is formulated as a multiobjective nonlinear
pure-integer programming probiem. "This dissertation presenté a method
for solving the multiobjective programming problem, which consists of
three techniques: l)narrowing a given feasibie region if the region
is too wide, 2)obtaining exactly the set of Pareto-optimal solutions,
and 3)selecting the best one for decision makers from the set of
Pareto-optimal solutions. This method has an interesting merit that
an increase in the number of objective functions scarcely affects the

size of problem. An example is included.
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- Chapter 1

‘INTRODUCTION

1.1 INTRODUCTION

There is a basic conflict in increasing the reliability of a sys-
tem. The improvement of reliability is causative of increasing the |
consumed amounts of resources; e.g., cost, weight, volume, area,, time.
This conflict cannot be circumvented, but it can be minimized through
optimum design. The conflict between quality and the outlay of re-
sources ispresentedeverywhere. It is prominent, for example, in the
design of complex electronic equipment for space use. There are con-
straints on some of the resources. In the case of space systems, the
payload weight is limited by the capability of the launch vehicle.
There are also often minimum acceptable reliability requirements.

This dissertation is devoted to the development of methods for
the optimal design of reliability system~ Chapter 2 presents a method
for generating systematically and exactly all the possible series-
parallel (s-p) structures for 1,...,M units. The method is modified
in order to calculate the failure probabilities and reliabilities of
all the possible s-p redundant structures for 1,...,M units with two
failure states. Then we apply the present methods to a problem of
finding an optimal s-p redundant structure subject to four constraints
for reliability, two failure probabilites and fail-safe.

Chapter 3 presents a heuristic method for obtaining an optimal reli-
ability allocation of a series system. In each subsystem, redundant com-

ponents can be added (in parallel, stand-by, k~out-of-n:G, etc.), or a more



reliable unit can be used in order to improve the system reliability.
The solution is obtained by repeatedly using a more reliable candidate
at eachlsubsystem that has the greatest value of a 'weighted sensitivity
function'. The balance between the objective function and the con-
straints is controlled by a 'balancing coefficient'. The overall com—
putational procedure is given and an example is presented. The compu-
tations are given for a set ofwrandomlyggenerated'test problems in which
the optimal parallel redundancygunder;linear constraints is determined.
The proposed method is then compared with other methods.

In Chapter 4, this dissertation presents an efficient«method for
finding the exact optimal solutions of reliability allocation problems
that are formulated as an integer nonlinear programming problem gener-
alized ‘to ‘handle’ nonlinear constraints and non-separable problems.

The method 'is based on branch—and—bound principle and developed by con-
cidering separation and’ relaxation’ techniques. .'

“In Chapter 5, we consider the problem of determining an optimal o
design of a reliability system with multiple properties and integer ;
variables. This problem is formulated as a multiobjective nonlinear
pure-integer programming problem. This dissertation presents a method”
for solving ‘the multiobJective programming problem, which consists of T
three techniqueS' l)narrowing a given ‘feasible region if the region o
is too wide, 2)obtaining exactly “the set’ of Pareto-optimal solutions,
and 3)se1ecting ‘the best one for decision makers from the set of .j
Pareto-optimal solutions. This method has an interesting merit that v
an increase in the number of obJective functions scarcely affects the
size of problém. An’éxample is 1ncluded. R ;

“Through the dissertation, the term reliability' is taken to mean
the probability that a system, a subsystem or a unit will operate suc—
cessfully during a given time interval [0 t*] | The system means what'
is constructed by multiple' subsystems , “each’ of which is composed of i
’{single or ‘multiple "units'. ' The unit is used to denote the basic '

" element’ level under consideration. ‘A unit may be a relay or a piece

]
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of equipment. All units in a éystem are assumed to be statistically
independant and identically distributed.

i+ - The definitions and descriptions about réliabilitiESiof units,
subsystem and system that are relevant to this dissertation are

given in the following Sections 1.2, 1.3,.1.4., . In Section l.5,, we, for-
mulate reliability optimization problems.with a single and multiple

objective functions in the general form.

£

1.2 {UNIT RELIABILITY.
1.2.1 1-failure-state unit

If we need not to consider multiple.failure states of a unit
when we treat its reliability, the unit will be called a 1-failure-
statg unit and has two states: success and failure. The reliability Py
of ‘a unit used in a subsystem i means the probability that the unit
will operate successfully during [0,t*]. The unreliability (failure
probability) qi“='1 4*pi can be'obtained ‘as follows: o
1) If a given collection ‘of the units is tested for the time t*, we
can obtain the estimate ai of 9 > which 1is called empirical reli-
ability. IR ' ‘ '

. _number of units failed : (1.1)
i number of units tested ' )

£ad>

When a great many of units are tested,
q = aq - | (1.2)
2) Aésume that the failure distribution of the unit is identical. 1If

the failure distribution F(t) (-® < t < ®) has a density f(t), the failure
rate function r(t) is defined for values of t by



f(t)

() = TR @3

These quantities are related by

F(t) = [ £(1) dt (1.4)
t
=1 - expl -f r(t) dt ]. oo (1.5)

=00
Then the failure_pl;ob_ability,qi is obtained by
q = F(t*¥). S (1.6)

- Typical useful failure laws which have been assumed are given

next. The failure rate is given when it is a simple expression.

(1) The exponential distribution:

0 (t <0)
£(e) = (1.7)
et (2> 0), )
r(t) = A, o (1.8)
F(t) = 1 - e A%, @)

where A > 0.



(11) The Rayleigh distribution:

0 (t <0)
£f(t) = 2 (1.10)
Aee /2 (¢ 5 0y,
r(t) = At, : (1.11)
2
F(t) =1 - e /2 (1.12)
‘'where A > 0.
(111) The Weibull distribution:
o (t < 0)
f(t) = o (1.13)
At lemAt (t >0),
r(t) = rat™l, | I ¢ 95 73
o |
F(t) =1 - et (1.15)
where ), a > 0.
(iv) The modified extreme value distribution:
0 (£ <0)
£(t) = (1.16)
t
1 -
Texpl-eTl +t]  (t>0)),



r(t) = = (1.17)

Lo F(t) =1 - exp[': —5 b i . (1.18)

. where A > 0. . e

(v) The normal distribution:

2
- (t =1
f(t) = exp[ - ———— ], 1.19
o/2m 202 . F- )
t \"_;"2.
F(t) = exp[ - (e - ] dt , 1.20
ov2m —i 202 ( ‘

where 0 > 0, —© < py < o,

({71) The gamma distribution:

0 (t <0
f(t) = (1.21)
2¢ a—le-kt SR
T(o) (>0,
at
F(t) = T%53£ 2 1eAT g, : (1.22)

where A, a:> .0 and



.. © . L .- . P -
I'(a) = f Ta le-T d'l'. . (1.23)
2 0 ' : v

Ay

(vii) The log normal distribution: .

0 (t < 0)
£(t) = o 2 (1.24)
exp[ - °?=ft = UA 1 (£ >0), .
o s
F(t) = 1 f—l- exp[ - (logT - ﬂ)z ] AT .29
0/2_1T T e 202 . ’ . .

where -® < 1 < ®, g > 0.

1.2.2 -2-Failure-State Unit

If we must consider 2 failure states of a unit (as relay, switch,
sensor, valve, etc.) to treat its reliability, the unit will be called
2-failure-state unit (Fig. 1.1). There is no restriction on the number or
kind of inputs to the unit; the inputs are irrelevant to this discus-
sion except as they are implicit in the definition of success. There is
only one output, and there ére.exactly 2 output sféfés (called '0' and
'1').



Oor 1
-> O~
| s o o

b———----—-_—',

Fig. 1.1 2-failure-state unit.

. The unit has exaétly 3 states:

(1) success: the output follows the inputs according to the nature
of the device.

(1) or (iii) failure 'i': the output is stuck-at-i, for 1=0,1.

The two failure probabilities qg and qi are defined as follows:

0
qy the probability that a unit used in subsystem i will fail
as 0 during [0, t*],

1
9 the probability that a unit used in subsystem 1 will fail
as 1 during [0,t*].

The empirical unreliabilities agvand ai are

A0 _ number of units failed as 0

1 number of units tested ’ (1.26)




Al number of units failed as 1 (1.27)
a3 number of units tested * '

When we know the failure distribution functions’Fo(t), Fl(t) of
failures '0', '1' of a unit, respectively, qg and qi are given by

qg = F(ew), ' (1.28)
qi = Fr(ew). o (1.29)

1.3 SUBSYSTEM RELIABILITY
1.3.1 Improvement of Subsystem Reliability

There are essentially two basic methods of improving the ieli;l
ability of any subsystem. One method is to iﬁcrease the reliability
of unit by 1l)using high reliable unit, 2)redesigning, 3) derating, 4)
making stronger against the environmental stress, etc. Another method
is the use of redundant units. By using the methods, we can obtain
some candidates (alternatives),‘having different reliabilities and

different amounts of resources, for each of subsystems.

When units in a candidate have 1 or 2 failure states, the candidate

itself is a 1-failure-state or a 2-failure-state device, respectively.



Subsystem i

UNIT 7] U”IT 4 UNIT A 2/3:C )—o
IVIT 2
CANDIDATE 1

CANDIDATE 2 cA IVDIDAT_E 3

IDATE
- - -o—{UNIT B}-o- - -0 CAND£§ATE L O- - -0 CA”DEi —0

CANDIDATE £

Fig. 1.2 An example of candidates for subsystem 1i.

We use the following notation.

X4 candidate number; c, < x, < c

$1.=% 2 ¢
- Qi(xi) probability that a 1-failure-state candidate xi for
- subsystem i will fail during [0,t*], K

Qg(xi) ' probability that a'Zéféilure-éﬁate candidate x; for

subsystem i will fail as O during [0,t*],

Qi(xi) probability that a 2-failure-state candidate X, for
: " subsystem i will fail as 1 during [0,t*].

10



The reliability of subsystem i is as follows:

(1) When the candidate x; is a 1-failure-state device,

R, (%) = 1 - Q(x)
(ii) When the candidate X is a 2-failure-state device,
~ o, . 1,
Ryxg) = 1= Qg (xy) = Qp(xy)
I1f the candidate x, is composed of a singlebﬁnit, then

i

|
fa)

or

Qg(xi) = qg

QG (x) = af ,

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

where q is the failure probability of X, for 1-failure-state case,

and qg ’ qi are the failure probabilities of X, for 2-failure-state

case.

11



1.3.2 Redundancies for 1-Failure-State Units

All units in each of sdbsystems are assumed to be statistically

alike. The several redundancies for l-failure-state units are as

follows:

(1) Parallel redundancy: The candidate xi is failed if and only
if all units are failed.

2 IT
o t—lmm—

1
nO—{wwrr }—

oz
—{unir }—

Fig. 1.3 Parallel redundancy

n(x,)
Q(x,) = q (1.35)

- where 9, is the failure probability of the unit used in candidate X

and n(xi) is the number of units used in candidate X,
(ii) k—out-of-n(xi):G [or k-out—of—n(xi):F]‘redundancy: The can-
didate Xy is good [failed] if and-only if at least k of its n(xi)

units are good [failed].

12



2
oO—

k/n(xi):é‘-:>—*3

[]

?(xi)

Fig. 1.4 k-out-of—n(xi):G redundancy

oG W
i n(xi) n(x,)~-j
Q (x,) = jzk ( 3 )(1 -qpdq, 1 (1.36a)
_ “("1)<n(xi)) PERCICRE )
j qy° - qi) (1.36b)

j=k

where the k/n(xi):G [k/n(xi):F] device is assumed to be perfect.
Note that the k/n(xi):G [or k/n(xi):F] device does not often exist
explicitly. )

(iii) Stand-by [or spare] redundancy:

If we assume that perfect failure detection and switching
[replacement] are made and the stand-by [spare] units do not age,
then the candidate x; is failed if only if and only if all n(xi)
stand-by [spare] units are failed.

13



i
Iﬂﬁ!ﬂl‘ o

. 1 o ."
I 2 T |
; e ."°, UNIT

! Spares _
UNIT n(x,) 4/
UNIT

(a) Stand-by (b) Spare

Fig. 1.5 Stand-by and spare redundancy

The failure probability of the candidate depends on the failure
distribution function of units.

a) The cexponential distribution:

n(x,)-1

i . .

Atx)d - ; .

Q; (xp) = jzk o ;!) e (1.37)
n(x,) - T P
i : . N . . )
(At¥*) -At*
Caeata - —2E (1:38)
b SANRON n(xi) +1

b) The normal distribution:

1 t* (t - n(xi)u)2
Qx;) = ———— [ expl - 5—] dt, (1.39)
n(x )oV2T - 2(n(xi)0)

14



c) The gamma distribution:

n(x,)o n(x,)a-1
At ol —-At*

Q, (x,) = Fate )@ — e s . (1.40)

1.3.3 Redundancies for 2-Failure-State Units

In this section, too,.we assume that all units in each of candidates
are statistically alike. The several redundancies for 2-failure-state

units are as follows:

(i)Series-parallel redundancy:
This redundancy will be treated in detail in the next

chapter.

(i1) series and (iii) parallel redundancies:

 These redundéncies are special cases of (i),
(iv) k-out-of-n(xi):l [or k—out—of-n(xi):O] redundancy:

The output of candidate x, is 1 [0] if and only if at least

i
k outputs of its n(xi) units are 1 [0].

Fig. 1.6 k—out-of-n(xi):l redundancy

15



The failure probabilities that the candidate will fail stuck-at

Oand 1 are, respectively,

n(xi)

0 0 0_ 1 “(xi)) 3 0, (x)~
Q,(x,) = + (1 - -q) I ( (q)(l-q)
i%¥3) = 9 QG -~ Y Jon () -t j i i i
. a
n(x ) n(x,) . n(x,)-j
[=q2+<1 Q- L ( ji)(q‘i’)J(l—q‘i) ! ]
(1.41b)
n(x,)
s § n(x )
Qi(xi) = qi + (1 - qgv- qi) zk ( 3 )(qi)j(l 1)n(x )-3
_ ' j=
(1.42a)
n(x) _ i
1 1 o n(xi)) 1.3 1 n(x)-]
=q, + (1- ) ( (@7 - q)) ]
[ v , qv R —n(xi)-k+l 3 1 . 1

(1.42b)

where qs . qi are the probabilities that k/n(xi):l [or k/n(xi):O]
device (voter) will fail stuck-at 0 and 1, respectively.

1.4 SYSTEM RELIABILITY

The configurations -of reliability systems can be roughly divided
into two groups: series and non-series. Any system in which the

system success is obtained by the success of all its subsystems is a

16



series configuration. The other systems are non-series configuration.
Optimization problems treating series system are generally separable
for each variable. “In the case of non—series system, however, the
optimization problems are non—separable.

When we use candidates xg (i 1,...,n) as‘subsystem 1 of a system,

the reliability R(x) of the system (the probability that the system

operates successfully during [0,t*]) is as follows.

(1) Series system:

o CAIVD%?ATE’ H CAND%I;ATE’ o CANDIgATE . CANDg;zATE Lo
Subsystem 1 Subsystem 2 Subsystem i Subsystem n

Fig. 1.7 Series system

R(x) = ]T Ry (%) o (1.43)

(ii) Non—series system
Since the reliability functions of non-series systems can not

be written in the general form, let us give two examples of

series-parallel and non-series-parallel systems:

a) Series-parallel system:

17



" Subsystem 3

 Subsystem 2 | CANDLDATE
I |
CANDIDATE ||
T R v 8 “CANDIDATE
| - Subsystem. 1 | , *q
o canogoazs "L ,:_WWW4 f q 
CANDIDATE | _
X
5
Subsystem &

Fig. 1.8 Series-parallel system

RO = Ry (R (e {1 = (1 = Ry(e)) (@ = Ry ) (1 = Ry (x)))

7 Ry (xR (xg) + Ry (xR, (k)Ry(x) + R (xR, (x,)R, (x,)
- R (x) )Ry (k) Ry ()R, () = Ry () Ry ()R (%) R5 ()

= Ry (x))Ry (%)) R, (%, )R5 (x5) + 31‘“1)32(*2133(*S)Rﬁ(#A)R5(*5)'
L T ¢ RY5)

b) Non series-parallel system:

18



Subsystem 1 | Subsysiem 2

CANDIDATE z 1 CANDIDATE z 5
Subsystem 3
o CANDIDATE = o
CANDIDATE =, CANDIDATE &

Subsystem 4 Subsystem §

Fig; 1.9 Non series-parallél system

R(X) = Ry(x) {1 = (1= Ry(xp)) (L = Ry(x,))

+ (- Ry - (1.- Ry (eDRy (x,) (1 = R, (x,)R; (x5))}

= Rl(xl)Rz(xz) + R2(x2)R3(x3) + R3(x3)R5(x5)
" Ry (R xRy (x3) = Ry Gep) Ry (eI Ry (xg) = Ry(x)R, (3, )R5 (%)
- Rl(xl)Rz(xz)R4($4)35(x5) + Rl(xl)Rz(xz)R3(x3)R4(x4)R5(x5).

(1.45)

19



1.5 RELIABILITY OPTIMIZATION PROBLEM

In this section, we formulate a reliability optimization problem
with a single objective function (scalar optimization problem) and a
multiobjective reliability optimization problem (vector optimization

problem) in the general form.

1.5.1 Scalar Optimization Problem

Consider a reliability system having severaliproperties (e.g.,
reliability, availability, cost, volume , weight and time). When
we try to design the system, we will bé faced with the conflict that,
the better a design alternative is for a property, the worse it
becomes for some other properties. We can reduce the conflict by
considering a scalar optimization problem formulated by selecting the
most important or appropriate property as an objective function and by
treating the other important properties as the constraints.

A general formulation of reliability optimization problem with

a single objective function is

Problem A: Choose the optimal candidate x; for each:suﬁsystem i
from the candidates prepared, so that the objective
function is maximized (or minimized) without violating

nonlinear constraints:

naximize (or minimize) £(x)

subject to gj(x) < bj G=1,...,m,
X = (xl,...,xn),

< x; < ci, Xy integer.

_j._

20



We will treat the special cases of this ptobleﬁ in Chapters 3 and 4.

Problem A includes most of the conventional reliability optimiza-

tion problems as its

are as follows:

(1) Problem Al'

(ii) Problem A :

2

special cases. Some of the conventional problems

Allocate the number Xy _of parallel redundant junits
(its unreliability is qi) to each subsystem i so
that the reliability of series system is
maximized:éubject to a single or multiple linear

constraints [B8,M7]:

n xi+l
maximize || (1 - qy )
i=1

n

Asubject to X a,,x, < b G=1,...,m),

i=1 jiti ~

X > 0 integer.

Minimize a linear cost function without éllowing
the system reliability to drop below a given
acceptable level R [M25]

n

minimize X c,X
i=1 i1
n xi+1
subject to TT- (1 - q ) < Rmin R
i=1 .
Xy > 0 integer.

21



(iii) Problem A

(iv) Problem A, :

(v) Problem A

3:

4

5:

The nonlinear separable constraint case of Problem

Al[Al,SS]:

n xi+1
maximize (1- q
‘ i=1

)
, , % :
subject to g, (%) <b (3 =1,...,m),
- 4op AiiT -3

x, > 0 integer,

i

where gji(xi) are monotone non-decreasing.

Choose the optimal candidate Xy for each subsystem
i so that the reliability of a series system is
maximized without violating nonlinear separable

constraints [M17,N3]:

n
maximize ;[E. Ri(xi)

n
subject to izl gji(xi) < bj G=1...,m),

x, > 1 integer,

i

where gji(xi) are momotone nondecreasing.

The nonseries system case of Problem A3 [A2]:

22



maximize  R(X)
n
subject to Z gji(xi) < bj (j=1,...,m),
S i=1

X = (xl,...,xn),

Xy > 1 integer,

where R{X) and gji(xi) are monotone nondecreasing.

1.5.2 Vector optimization Problem

Another way for reducing the conflict mentioned in Section 1.5.1
is the multiobjective programming. All properties are assumed to be
better when they are smaller (e.g., use unreliability rather than
reliability). A general formulation of vector optimization problem is

as follows:

Problem B: Choose the optimal candidate for each subsystem
from the prepared candidates so that the objective
functions are minimized without violating nonlinear

constraints:

minimize f(x) = [fl(x),...,fm(x)]
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subject to .fj(x) < bj G €'M§Ub),

IA

g0 <4y (=10,

X = (xl,...,xn),

Sy < Xy < Cys X4 integer,

where MY is a subset of {i,...,m}.

Generally speaking, this problem can not be solved without the

information about decision maker's preference. The set of Pareto-
optimal solutions is obtainable mathematically. However we can not
select a best one from the Pareto-optimal solution set without the

information from the decision maker.

We will treat a special case of problem B in the last chapter.
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Chapter 2‘

RELIABILITY CALCULATION AND OPTIMIZATION
OF SERIES- PARALLEL REDUNDANT STRUCTURES
FOR 2-FAILURE-STATE UNITS

2.1 INTRODUCTION

There are several kinds of redundancy for units with two failure
states, e.g., hammock and bridge [M21], k-out-of-m [M5], and series-
parallel (s-p). The redundancies treated in [B4,G5-G7,T7] are special
cases of s-p. Tillman [T7] has formulated problems with several modes
of failure." The formulation in his Type 1 failures involves a careless
assumption. Thus, e. 8 when h—2, s= 4 19,7959, = =0.3, m=4, both
equations (8) and (18) in [T7] give 1.669 as the probability of fail-
ure. His treatment for Type 2 failure is the same as the conventional
one for a.unit with two féilure modes. A formulation in [G5-G7] has .
the same error as [T7]. _

This chapter treats s-p redundancy; each unit and the system are
a device with two failure states.  For practical usage of the device,
e.g., valve, relay, and sensor in protection systems of nuclear power
plant, chemical plant, electric power system, etc., it is always
desired to decrease not only the unreliability of a fail-safe device,
but also both of the two failure probébility of the device so that one
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failure (unsafe failure) happens much more rarely than another failure
(safe failure), e.g., see Section.2.7. In such cases, s-p redundancy
can be used; k-out-of-m redundancy can not be used for mechanical
valves. Which redundancy of s-p and k-out-of-m is better depends on
the kind of device, reliability, and cost of k-out-of-m devices
(voter), etc. The difficulty in treating the s-p redundancy is that
the number of possible structures increases exponentially with increas-
ing number of redundant units. The total number of such s-p structures
has been calculated by Riordan-Shannon[R1].

In this chapter, a method is presented for generating systemati-
cally all possible s—b structures for 1,...,M units. The method is
modified to calculate the failure probabilities and'religbilities of
all possible s-p redundant structures for i,...,M 2—faildfe-state
units. Furthermore we apply the present methods to a problem of find-
ing an optimal s-p structure with minimum units subject to four

constraints for reliability, two failure probabilities and fail-safe.

2.2 SERIES AND PARALLEL REDUNDANCIES OF 2-FAILURE-STATE UNIT

There is no restriction on the number or kind of inputs to a udit;
the inputs are irrelevant to the discussion, except as they are implic-
it in the definition of success. There is only oneioutput and there
are exactly 2 output states (called '0' and 'l').

The unit has exactly 3 states:

(i) success: the output follows the inputs according to the nature
of the unit,
(ii) or (iii) failure 'i': the output is stuck-at-i, for 1 = 0, 1.

An example is a gate-valve (Fig. 2.1). Output 'l' is open; output
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INUT === == =-—-=~ -

————— ! | |
:- outputr \ 1 @ Open state of valve
] .
| = - 0 : Close state of valve
e - = J

Fig. 2.1 Valve.

'0' is closed. There are 2 input signals, one to close the valve, one

to open the valve. 1Its states are:

Success: output is 1 or O depending on which input is activated.
Failure '0': the valve is stuck closed, regardless of the input.

Failure 'l': the valve 'is stuck open, regardless of the input.

A pair of units can be combined in either of 2 ways. A combin-
ed pair of units is a single device and has several inputs, but only
one output with 2 states. The 2 combinations are called series' (Fig.
2.2) and parallel (Fig. 2.3) in defference to usual terminology, but
the terms can be very misleading if used in any way but as defined by
the truth table. -

Truth Table for Unit Pair

‘series parallel
output of Unit 1 1 1 0 0 1 1 0 0O
output of Unit 2 1 01 0 1 01 0
output of comb. 1 0 0 O 1 1 1 0

27



JA :
:> UNIT 1 L ; Zl'Zz UNIT 1 UNIT 2
' ‘ AND —) 3 o— Opee o

) UNIT 2 ,z;;.

Fig. 2.2 Series redundancy.

— T 1 N ' | UNIT 1

7441
‘_ P orR >l 2
w2 Y5, el

Fig. 2.3 Parallel redundancy.

An example is the gate valve mentioned above; series and parallel
refer to the physical connection, not necessarily the logic connection.
Series and parallel are,duals. If the output definitions are switched,

then series turns into parallel and vice-virsa.
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2.3. NOMENCLATURE & NOTATION
Nomenclature
structure: A collection of units:connected tcgether.

series-parallel (s-p): A structure is called 's-p' 1f it is either
a series or a parallel connection of two S-Pp structures. A l-unit

structure is s-p .

essentially series (e.s.) or seesntially parallel (e.p.): A s-p
structure is called 'e.s.' or 'e.p.' if it is the series or parallel
connection of two s-p structures, respectively. A l-unit structure can

be called either 'e.s.' or 'e.p.

dual: The 'dual' is generated when the words series and parallel

are interchanged in describing the structure.

Note: All possible e.s. structures are in one-to-one correspondence
with all possible e.p. structures, because each e.s. structure has an e.p.

dual. Hence it is sufficient to generate all possible e.s. structures.

structure number A number corresponding to an e, s. structure and its

e.p. dual, see the definition of i in Notation below.

NOTATION

M maximum number of units.

m number of units; 1 <m <M.

N number of all possible e.s. (or e.p.) structures for l;...,M

units. ’

no ‘ number of all possible e.s. (or e.p.) structures for m units.

Nm ~ number of all possible e.s. (or e.p. ) structures for l,...,m
~,units; N = N gt = Zt -1 By o NM = n,

~o implies dual.

. implies series connection.

i structure number; 1 = 1,...,N.
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S e.s. structure.

i
§i e.p. dual of S
Si means either Si or Si’ viz., S € {Si , s }
u(Si) number of units forming a s-p structures Si’ u(Si) =
u(Si).
kX oGk ....°Sk e h u * * *
Si Si .o Si structure having p structures Si s Si seessy Si in |
1 2 P 1 2 P
series.

min—sn(s*) minimum of structure numbers of e. p. structures - forming a

structure S$* in series, see (2,3).

i .
Au K minimum of structure numbers of e.s. structures Si such that
’ N .
_u(Si) = U and min-sn(Si) = Kk, see (2,13),
[y]+ maximum integer < y.
qo, q1 failure probabilities of units for the cases output is

always ‘o', '1', respectively. _ .
Qi( =]1- pi) Qi failure probabilities of Si’ §;, respectively, for the
case output is always '0'.
Qi, 6i(=1_Pi) failure probabilities of Si’ Sl’ respectively, for the
case output is always 'l'.

R reliabilities of Si’ §;, respectively.

Ri’ i

'2.4. PROCEDURE FOR GENERATION OF STRUCTURES

'Figure 2.4 shows all possible s-p strucrures for 1,2,3,4 units.
In this section, we present a procedure for systematically generating
all possible s-p structures for 5,...,M units. (Because of the
duality between e.s. and e.p. structures, it is sufficient to generate

all possible e.s. structures)
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1€

HALF OF THE STRUCTURES

DUALS

NUMBER _
OF UNITS (e.s. structures) (e.p. structures) NUMBER OF
m S. ‘ g. STRUCTURES
1 1
2 Sq o—0—0 75,’2 oo 2
3 O—O0—0—0 85 o0
3 o—a 0 54 o—o—o 4
Sy O——o0——0—o0—o0| S5 C©°
S¢ o—o—a0 | 5, o&o—=x
4 S, o——o=0 57@0 10
SB O———#D:::jz:::ﬂb §8 ct ;;:::ND
S oo T 3
9 Sg

Fig. 2.4 Series-parallel structures for 1,2,3,4 units.



2.4.1 Preparation for Describing Procedure

In Fig,2.4, each of s-p structures is designated by Si or Si i=1,
.++,9) according to a rule mentioned in Section 2.4.1.2. Using this
figure, we explain two standard forms for expressing e.é.'structufes
and a rule for designating all possible e.s. sfructures;by Si (1 = 1,
.++,N), and then explain a rudimental method for generating e.s.
structures and useful properties for systematic gemeration of e.s.

structure..

2.4.1.1 Standard Forms for Expressing E.S. Structures

Form the definition of 'e.s.' in Section 4.3, it is confirmed that
any e.s. structure for 2,...,M units can be expressed by series-

connections among 2 or more e,p. structures. That is, assume

Condition 1: All possible e.s. structures for 1,...,m-1 units have been

generated and designated by

s ’S ’.'.’S

1 2 N

m-1
according t6 a rgle that will be mentioned in Section 2.4.
1.2,

Then any e.s. structure Si (u(Si) = m) can be expressed as:

~ ~ ~
Form A: 8, =%, *§, *...°5, Q<1 <4, ¢ .. <

SN 1’>P2‘2)9

1 b2 P p- &
where
e=1 4655 ) = m | C@.D
t _ .
(For example, in Fig. 2.4, Sg = 5;°8;°S, and §y = 5, Sz)
As for Form A, note that
giv"gin = 'gin'gin (2.2)
1 11) 1 "
for any 1', 1" (1 < 1i' < N1 1<i"< Nm—l)'
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We, here, introduce the definition such as

min {if} = 11 ,vwhen S; is e.s. and expressed as
min-sn(S;) = t=1,...5p 4 Form A.
i, when Si is e.p.

(for example, in Fig. 2.4, min—sn(s6) = min-sn(glfgl'gé)v= min{l,l,Z}
= 1 and min—sn(§6) = 6)

Let us rewrite Form A into another form which is convenient to
generate e.s. structures. Under Condition 1, any e.s. structure Si

(u(Si) = m) can be expressed as:

Form B: §; = § -5} (L<k<2 <N ),

i k 1

where

k = min-sn(Si) - . 4 (2.4)
{ SZ » Wwhen p > 2 in Form A.

s} = - (2.5)

Sz » wWhen p = 2 in Form A.

k < min—sn(Sﬁ), . (2.6)

u(Sk) + u(Si) = m, : 2.7)

(For example, in Fig. 2.4, S¢ = §l‘S4 and 59 = §é’§2) S

(The proof that Form A can be rewritten into Form B 1is obvious)

2.4.1.2 A Rule for Designating E.S. Structures by S, .

Suppbse that all possible e.s. structures for 1,...,m' (3 <m' <M
units have been generated. Let us now designate Nm' e.s. structures
by S1 , SZ""’ SN . There are 112*...*Nm, different manners for
designating. A rul® is presented here, which is convenient to generate

all possible e.s. structures for m + 1 units.
Our rule is inductive:

i. (For m = 1, 2) Designate the e.s. structure having 1 unit by
Sl and the e.s. structure having 2 units by SZ’ as shown in Fig. 2.4,
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ii. (For m = 3,..., m') Assume that all e.s. structures for 1,...,

m-1 units have been designated by Sl""’ SN . Then a rule

P : 4 Cm-l
for designating n_ e.s. structuges by SN +1° SN 4200000 SN is as
g m-1 m-1 m
follows:
Rule A: (Fdr Form A) For tﬁo‘e.s. structures such as'
R '=~:'. ‘.~, : . " 1 : :
Syo = Spyteee By Mg C e A SN, a2 2)
1 P '
Syn = SpueeeesSin (L7 <. Sy <Ny, a>2),
1 q ) _ !

where u(Si,) = u(Si") m, if it is true that 1' < 1", thenrsi,

and Si" must satisfy

’

]
ks

il <4y @Q<es min{p,q}).

(For example, in Fig. 2.4, f = 3 =8 ,9 ¢ =3 .

X . i ,f g or m= 3, S3 S1 S1 Sl’ S4 S
and then =" : m . .

2° or m _ 4, S5 Sl 81 sl 1> S = 5175175 8

Sl'S3, S§ = Sl°S4, 89 = SZ°SZ)

Using Rule A, which is lexicographical, we can uniquely write
SNm,1+1’...’ SNm for n e.s. structures having m units.

Rule A can be rewritten as:
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Rule B: (For Form B) For two e.s. structures such as

Sgr = SpetStes

Si" = §£n°sin9

where u(Si,) =
sn(Si"), if it

satisfy one of

Case 1: k' <
Case 2: k' =
Case 3: k' =
Case 4: k

u(Si") =m, k' = min-sn(Si,) and‘k" = min-
is true that 1i' < i'", then Si,.and Si" must
the following Cases 1, 2, 3, 4.

K"

k", Siv = §k|°szva Si" =4§kﬁ.izn and L' < 2".
k", Si' = Ekv'szv’ Sin = Skn'szn-

k", Si' = Sk'.sl" Si" = k".sl" and &' < 4",

(The proof that Rule B is equivalent to Rule A is given in

Appendix A)

As for Rule B; éee Table 2.1, This table‘shows all possible e.s.

~

structures for 1,...,8 units in the form S *S, or §£.§£' We read

k 2

Table 2.1 as follows; e.g., see the rowm = 8, j = 3, k = 4, the row

shows that, for all Si

and

. = B
o ]

S379 =
S

$390

= min--sn(Si

(14 = 379, 380, ..., 390)

u(s,) = 8,

) =4,

u(§k)-= 3,

10°
380 ~ °4 °11°
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Table 2.1

Essentially Series Structures for 1,...,8 Units

m|[j]x §k.sZ or §k-§z s; Aok P
11 s1
11 §1-§1 S, 1
311 ’s'l'-{azz :3 3| 2
2 - V4.
a2 gl'l“ss'z'ﬁZ: Zs':ts_ 51 5
JAd 7'°8
212 §2-§2 - Sg 9
st S1 {§£' L-:':::’: :10':"':14 101 12
J& roe 15°°°°">19
212 2°§£, £=3,4 5,054y 20
IR R E
Spr recresn 34"°°" %45
s s
61212 iz'ifz, £=5,...,9 547"'??Ssi‘ 46 33
, 23; , £=3,4 s52;353 :j
4 °4 54
i ls ‘{sz, £=22,...,54 T «
108, £=22,...,50 | s i85, 55
7121213 {SL' £20.21 ; 8-121'5122- ‘121} 90
~2 i z, £=10,...,21 S1p47+++1513,
I_’ rocee 140°°°"""144
L2 recee 235"°°"*""324
e -{EZ' £=46,...,54 S3p50ee=e5334 125
2 ~s£, £=22,...,54 SqqprereeSace
o |: et
“1s §4-‘§£ £=5 9 5379' '5390 391
5 4! recc 391°'°°"'"395
6 iﬁ.iz' £=6,...,9 5396,...,5399 396
4 |7 57'52’ £=7,8,9 S400'S401*S402 400
8 §8-f£ £=8,9 S 4035404 . 403
95454 S405 405

k = min—sn(Si), j= u(gk)
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Any two e.s. structures satisfy Rule B for each m = 3,...,8;

e.8., 8325 and S367 in Table 2.1 satisfy Case 1 in Rule B; 5325 and

8326 satisfy Case 2; 8325 and;S334»satisfy-Case 3; 8334 and 8335

satisfy Case 4.,

2.4,1.3 A Rudimental Method for Generating E.S. Structures

In this section, we present a rudimental method for generating
e.s. structures for m units
Under Condition 1, we obtain ‘
Property 1 _For any e.s. structure S (u(S ) = m),'it is true that
o +
u@) ¢ /217,
where k = min;sn(Si).
(The proof of Property 1 is given in Appendix B-i)
By using Property 1 and Form B, under Condition 1 we can
generate all possible e.s. structures for m' units.
The method is as follows: generate the following two groups
of e.s. structures, for each k such that ' ' '
u(Sk) < [m/2]°. (2.8)
Group 1: struCtures‘§£°Sz'for all % such that

Coatsy =m-u), | - (2.9)
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min-sn(Sz) > k. . . (2.10)

Group 2: structures S, ?§k for all £ such that

k
uy) = m - u@), (2.11)
min—sn(gi) > k. | (2.12)

(For example, when m = 5 (i.e., we start with Fig. 2.4), we.oﬁﬁain |
u(Sk) 5'2 from (2.8); i.e;, Kk = 1, 2 (see Fig. 2.4). When k = 1, we
obtain u(Sz) = u(§h) = 4 from (2.9) and (2.11) because u(§k) =1, and
then Fig. 2.4 show that {%] u(Sz) =4} = {4] u(§£)'='4} = {5,6,7,8,9},
and all ¢ € {5,6,7,8,9} satisfy (2.10) and (2.12); i.e., the structures

obtained are S. Sy (2 =5,...,9) and §i°§£ (2 =5,...,9). When k =

2, we obtain u%Sl) = u(§i) = 3 from (2.9) and (2.11) because u(§k) = 2,
and then Fig. 2.4 shows that {ll_u(Sz) = 3} = {4 u(§i) = 3} = {3,4},
and all £ € {3,4} satisfy (2.12) but do not satisfy (2.10), i.e., the
structures obtained are §2'§3, §é'§;. We have obtained all possible

e.s., structures for 5 units, see the rowm = 5 in Table 2.1.)

This method can exactly generate all possible e.s. structures
for m units, since a) it is ovbious that all of the structures
generated by this method héve m units and differ from each other,
b) from a fact that any e.s. structure is expressed in Form B, we
easily see that the set of the generaﬁed structures includes all
possible e.s. structures for m units (note that (2.9) and (2.11)
are obtained from (2.7), and (2.10) and (2.12) are obtained from (2.6)).
In ofder to generate furthermore e.s. structures for mtl units,
we must designate each of all structures gengrated for m uni;s by S
= Nm

i
-I+1’ ceey Nm). This designating can be done by using Rule B
in Section 2.4.1.2 (In Procedure A, as seen in Section 2,4.2, €.S.

structures are generated in the order of the structure numbersi = N

m-1
+l, LC Y Nm)o
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2.4.1.4 Useful Properties for Systematic Generation of E.S. Structures

To make the method presented in Section 2.4.1.3 a systematic one,

under Condition 1 we introduce A (LW <N ) defined as
H,K - m-1

Au,K = min{i| u(s;) = u and min-sn(S,) = k}. (2.13)

(For example, see Table 2.1, = min{10,...,19} = 10 and A =
'75,1 5,2

min{20,21} = 20)

Definition (2.13) leads to

‘min{i| u(sy) = u} = Nep v 1=, (2.14)
max{il u(Si) <u} = Nu = Au+l,l -1, (2.15)
min{i| u(Si).= U and min-sn(Si) >k} = Au,K' (2.16)

By using the definition (2.13), we have the following properties,

which are convenient to generate all possible e.s. structures for m

units.

a) Common properties to Groups 1 and 2 in Section 2.4.1.3. We
can rewrite Property 1 by using (2.15):

Property 1': For any e.s. structures Si (u(Si) = m), it is true that

Lok Aoyt - b

where k = min-sn(Si).

Furthermore we have:
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Property 2: 'Both sets of & satisfying (2.9) and &% satisfying (2.11)"

are -

{A +i, cees A 1}

m-3,1° *m-1,1 m—j+1,1f
for each k =_i’°;"x[m/2]+;l,l_l; wﬁere j.= u(§k).
(The proof bf P?o?erty 2 is obvious from £2;145 and (2.155)v.
B) Properties for Group 1.
Property 3: % satisfying both (2.9) and (2.10) exists 1i.f,.f.
1<k S A syt 17l & Nppyaph).

(The proof of Property 3 is given in Appendix B-2)

Property ‘4: For each k = 1,..., A[m/3]++1 i—l, it is true that
’

< k for all & 1

Am—j,l""’ Am—j,k_
min—sn(Sz)

>k for all 2 = A 1,

m-j,k’>" """ Am—j+1,1-
where j = u(§£).
(The proof of Property 4 is obvious from (2.16))

c) Properties for Group 2.

Property 5: For each k = 1,..., A[(m+1)/2]+ 1—1 (i.e., k= 1,...,
1] -
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'~1 when m is odd, and k.= 1

A[m/2]++1,l peeéy )\[m/2]+'l—1

when m is even), it is true that

.where j =-u(§k).-

(The proof of Property 5 is given in Appendix B-3)

Property 6: When m is even, for each k = A[m/2]+ 17000 A[m/Z]f+l 1—1,
9 ?
it is true that L e ,

<k for all 2 =_A[m/2]+,1"7" k-1
min-sn(Sz)

>k for all & = k,..., Atm/2]++l l—l.

(The proof of property 6 is obvious)

d) Properties 1', 2,;.., 6 can be summarized as foliows:

i. (As for Group 1) Properties 2, 3 and 4 show that it is sufficient

to generate

I N T

for each'k = 1,... -1, where j = u(§k) 1< f.[m/3]+).

> Ma/3rte,1
ii. (As for Group 2) Properties 1', 2 and ‘5 show to generate
1)

S 8y (= Ay e Ay

for all k = L,uuu, Apcugysor# (-1, where § = u(s) (1< < [(mt1)/21T).
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If m is even, Property. 1' and 6 show furthermore to generate

~

sk-Ek @ = k..., 1)

Aw/21% 41,17

for each k = A[m/2]+,l""’ A[m/2]+41,1_1’ where j'= u(gk) = [m/2]+.

By using 1 and ii, we can systematically generate all*possible e.s.

structures for m units. A systematic procedure is given in Section 2.3.2.

2.4.2 Procedure for Generation of Structures

We have generated and designated all possible e.s. structures for
1,2,3,4 units by Si (1=1,...,9), as seen in Fig. 2.4. In this section,
a systematic procedure is presented for generating and simultaneously
designating each of all possible e.s. structures for 5,...,M units by

Si (i = 10,...,N). The generating technique in Procedure A is based on

d) in Section 2.4.1.2, and the generated structures are'designated‘by

Si according to the rule mentioned in Section 2.4.1.2.

Procedure A begins with m = 5, but can begin with m = 2.

Procedure A

Step 1: Set m = 5, A 1, A 2, A 3, A 5, A 9,

1,1 2,1 " 3,1 ° 4,1~ 4,2 =

AS 1= 10. (When we begin with m = 2, change this step as
?

follows: set m = 2, X 1, A = 2, and go to Step 5)

1,1~ 2,1
Step 2: Do iv j = 1, [w/317, 1

(This definition is the same as DO-CONTINUE statement in
FORTRAN) '

DO iv k = 1

A1 Mt
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i.

ii.

iidi.

iv.

Step 3: If

to

Step 4:

i.

Generate the e.s. structures

S Sy (2=

k m-j,k’>" " Am-j+l,l-1)’

and designate the structures by S, so that

i

Generate the e.s. structures
Sk.SQ, (2; = Am—j’l’.'.’ Am—j‘*‘l’l-l)’ »

and designate the structures by Si so that

).

1= At Pogea,1 ™ Apegid - Ay 0
Calculate
Pt ™ A * Gaegnn T Aeeg il Paegian 7 ey

CONTINUE

[m/3]+ +1> [(m—l)/2]+, then go to Step 5. Otherwise go

Step 4.
+ +
DO iii j = [w/3] +1, [(m-1)/2], 1
DO {iii k = Aj,l’ Aj+1,1-1’ 1

Generate the e.s. structures

T O S LT
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and designate the structures by Si so that

m—j )1) ’

e
[

)\m’k + (L - A

ii. Calculate

A A +

okl = Pmk T Poeger,1 T Ay,

iii. CONTINUE

Step 5: If m is odd, then go to Step 6. Otherwise, set j = [m/2]+
and do the following:

DO 1iii k = 1, 1

Aj,l’ >‘j+1,1’
i. Generate the e.s. structures

-~

5,5, @=k..., Am_j+l’1-1),

and designate the structures by Si so that

is= Am,k + (2 - k).

ii. Calculate

A A + (A

m,k+l  “m,k m-j+1,1 - k).

iii, CONTINUE

Step 6: If m # M, then reset m + m + 1 and set Am%l,l ="\ d

m,k+1 an
return to Step 2. Otherwise, stop; we now have all possible

e.s. structures for 5,...,M units, i.e., all possible s-p
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structures for 1,...,M units.
An illustration (m = 8) of Procedure A is shown in Appendix C.

Numbers of all possible e. slistructures .for i 3 “ees 30 units
are shown in Table 2.2, which are obtained from [Rl Table I] We have
made sure that numbers of all possible e.s. structures generated for
,...,15 units by Procedure A, are exactly the same as ones in Table
2.2, ‘ |

Table 2.2 shows that the number ofyall possible e.s. structures
increases exponentially with increasing number of units. Hence
Procedure A will soon become impractical with incresing number of units.
However Procedures B and C presented in the succeeding sections are

applicable to the cases of relatively large numbers of units.

2.5. PROCEDURE OF DETERMINING A PARTICULAR STRUCTURE

We may be faced with a problem of determining a particular structure
Si' or §i,, when we have a structure number 1i' but do not know what s-p
structures correspond to i'. 1In fact, we will be faced in Section 2.7

with the problem of determining the structures S In such case, if

134°

we use Procedure A to determine the structure‘Si, or S we must

il’

generate all the structures SlO’ 11°°° Si' (the structures S

sessy
89 have been generared»in Fig. 2.4). This is quite cumbersome,land
becomes impractical for structures having more than about 10 units
(see Table 2.2);2 ' N

In this section,;a'more efficient procedure is presented for
determining -a particular structure. By using Table 2.1, we can

determine a particular structure Si' or S (10 < 1' < 405). For

i'
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Table 2.2

Number of All Possible E.S. Structures
(obtained from [R1, Table I])

n T N (= Am-l-l,l -1
1 1 1

2 1 2

3 2 4

4 5 9 .
5 12 21

6 33 54

7 90 144

8 261 405

9 766 1,171
10 2,312 3,483
11 7,068 10,551
12 21,965 32,516
13 68,954 101,470

14 218,751 320,221

15 699,534 1,019,755

16 2,253,676 3,273,431
17 7,305,788 10,579,219
18 23,816,743 34,395,962

19 78,023,602 112,419,564

20 256,738,751 369,158,315

21 848,152,860 1,217,311,175
22 2,811,996,972 4,029,308,147

23 9,353,366,564 13,382,674,711
24 31,204,088,381 44,586,763,092
25 104,384,620,070 148,971,383,162
26 350,064,856,815 499,036,239,977

27 1,176,693,361,956 1,675,729,601,933

28 3,963,752,002,320 5,639,481,604,253
29 13,378,623,786,680 19,018,105,390,933
30 45,239,588,651,121 64,257,694,042,054
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example, the structure Sl34 is determined as follows:

1. Find 8134 = 82 821 from the rowm =7, j = 2, k = 2, and then 821 =

2 4 from the rowm =5, j = 2, k = 2; 1.e., 8134 2'82 S4

2. Because we know the structures §2, §z (see Fig. 2.4), we can easily

determine the structure 8134 (see Fig. 2.5).

Fig. 2.5 Structure 8134,

Generally, if we have the data about m, j, k, A k' for all m <M

,

(the data are obtainable by using Procedure A modified to produce only

the value of A k)’ Procedure B determines a particular structure Si

or Si' (u(Si,) = u(Si,) < M).

Procedure B

Step 1: Set i = 1', K= 4, where ¢ is null set.

Step 2: Do the following:
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i. Find m such that

A1 S A

4i. Find k such that

k = max{x| A_ <1},

s K

and obtain j corresponding to k.
(For example, when i = 333,‘Weu9btain m = Q,_k =2, j=2;
when 1 fg54,.we obtain m = 6, k =>4,'j = 3)

Step 3: Find which case j'corresponds to: a), b) or c¢) below.
, + ‘ i
a) 1< j < [m/3]". Calculate

2= Ak T A, T Mgk

If 1 < z, then set

i-2A

B Am—j+l,l * m,k

and go to Step 4. Otherwise, set

L= Am—j,l + i~ z,

and go to Step 5. (For example, when i = 333, i < z and
L = 54)

b) (/317 < 3 < [@1)/2]7. set
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L =2 + 1 - A
' m

m-j,1 ,k-?

and go to Step 5.

¢) [m-1)/21" < j. set

Pkt A,

and go to StepAS. (when 1 = 54, & = 4)
Step 4: Writé the data i; k, 0, 2.(0 means Sl) and go to Step 6.‘ |
E(When i'= 333,>the dataﬁobtainéd are 333,l2, 0,‘54;'i.e.; we
have 8333 = §é’854)
Step 5: Write the data i, k, 1, ¢ (1 means §£) and go to Step 6.
(when i = 54, the data obtained are 34, 4, 1, 4; i.e., we

have 354 = S4-S4)

Step 6: Check if k > 9 and if & > 9 (because we”haﬁe the structures

S1» Syseees Sq in Fig. 2.4).

a) If both k and £ > 9, then reset 1 + £ and K « KU{k}, and
return to Step 2.

b) If either k or £ > 9, then reset i < ﬁax{k,l} and return
to Step 2. (When i = 333, i + 54) ‘

¢) If both k and 2.5.9, then check if K # d.. If K # ¢, then
take an element from K to become i (af the same time, i is
removed from K) and return to Step 2. If K = 4, then stop.

(When i = 54, K = ¢)
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We can make the structure Si' or §i' by using the output data of

Procedure B. For example, the data obtained for 8333 are as follows:

i! k' Oorl L
333 2 0 54
54 4 1 4

~

These data mean : 8333 = SZ'SS4 and 854 = S4'S4; i.e., 8333 = 82-84'84 .

Therefore we can obtain the structure designated by S
2.4,

333 by using Fig.

2.6 RELIABILITY CALCULATION

The reliabilities and the failure probabilities of structures Si

(=Sk'82 or Sk.SZ) and Si can be calculated as follows:

a) In the case of Si = §k'82, the failure probabilities of Si and §i are

1_ S N |

0 _ =0 . -0
A ko2 (2.17)
<0 _ .. _ 0, 0
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1 ~1 =1
Gp=(1-%) (1-%),
0 - -
Py=(1-3)(1-3),
i k L
A X . (2.18)
Fi=(1-9q) (1-a),
=0 _ 0 0
Q= (1-P)) (1L-B)).
¢) The reliabilities of s, and §iare
R, = 20 - o,
1 1 4 (2.19)
~ =1 0 .
Ri = Pi - Qi d

Procedure C, which is a modification of Procedure A, shows how to

calculate the reliabilities of all possible s-p structures for 1

M units. This begins with m = 2.

Procedure C

1 0 0

Step 1: Set m = 2, Qi =q¢,P =1-gq, ?i =1-qt

~0 0 -
’ Ql =q, Al,l

1, A =2, 1 =1, and go to Step 5.
2,1

Step 2: DOovi j =1, [m/3]+, 1
DO vi k = Aj,l’ Aj+l,1-l’ 1
DO ii £ = 1

‘-, Mmegt1,171e

i. Reset 1 « i + 1 and calculate Qi, Pg, 31, ag by using

(2.17)s and then calculate Ri’ ii by using (2.19).
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ii. CONTINUE

1, 1

DO v £ = Ay 5,10 Pm-j1,1”

0

iii. Reset 1 « i + 1 and calculate Qi, Pi’

~1 ~0
Pi’ Qi,by using
(2.18), and then calculate Ri’ ﬁi by using (2.19).

iv. CONTINUE

v. Set Am,k =1+ 1.

vi. CONTINUE

Step 3: If [m/31 T +1 > [(m—l)/2]+, then go to Step 5. Otherwise

go to Step 4.

Step 4: DO iv j = [m/31%41, [(mfl)/Z]%, 1
DO AL &= A 510 Mpoger,17 1 L
DO iv k = -1, 1

"3,10 Mg,

0
i,

(2.18), énd then calculate Ri’ ii by using (2.19). .

i. Reset 1 «+ i + 1 and calculate Qi, P 5;, 62 by using
ii. CONTINUE

iii. Set A =1i4+1.
m

Sk+H1L
iv. CONTINUE
Step 5: If m is odd, then go to Step 6. Otherwise, set j = [m/21%

and do the following thing:

POtk =2y A T
L A N
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i. Reset 1 « 1 + 1 and calculate Qi, Pg, ?1, ag by using

"R, by using (2.19).

(2.18), and then calculate Ri’ R,

ii. CONTINUE

iii. Set Am,k+l =1+ 1.

- iv. CONTINUE

Step 6: If m # M, then reset m + m + 1 and set Xm+1’1 = Am,k+l and

return to Step 2. Otherwise, stop; we have the failure
probabilities and the reliabilities of Si’ §; for all i =1,

LI -,No'

The result that Procedure C solved an ekample,-q1 = O;Ol, qO =

0.05, M = 7, is shown in Table 2.3. Table 2.3 shows that, in this case,
a) for series redundant structures (S 83 . 5 ,’S10 ,.822 , SSS)’

the reliabilities decrease with increasing number of redundantvunits,
like 0.9024, 0.8145, ..., 0.6983, b) for parallel redundant structures
(§2, §3‘, §5 ’~§10 . §22 s §55), the reliability of structure 52 is
maximum, and reliabilities of structures having 3 or more i.i.d. units
decrease with increasing number of redundant units, c) for general
series-parallel redundant structures, the maximum of reliabilities of
all possible s-p structures for each value of m increases monotonically.
In the optimization problems formulated by Tillman [T7], he uses series
or parallel redundancy, but a), b) and c) show that it is much better

to use series- parallel redundancy. .
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Table 2.3

Reliabilities and Failure Probabilities of All Possible S-P
Structures for 1,...,7 Units (q1 = 0.01, q0 = 0.05)

. 1 0 ~ ~1 0
i Ry Q Q Ry Q 9
(m=1) .
1 ..9400 .100E-01 .500E-01 .9400 .100E-01  .500E-01
(m = 2)
2 .9024 .100E-03 .975E-01 .9776% .199E-01 .250E-02
(m = 3) . ) .
3 .8574  .100E-05 .143E+00 .9702  .297E-01  .125E-03
4 L9474 .199E-03 .524E-01 .9850* .101E-01 .488E-02
(m = 4) '
5 .8145 .100E-07 .185E+00 .9606 .394E-01 .625E-05
6 .9002 .199E-05 .998E-01 .9798  .200E-01  .244E-03
7 .9496 .297E-03 .501E-01 .9829 .100E-01 .713E-02
8 .9453  .101E-03 .546E-01 - -.9872 .102E-01  .262E-02
9 .9946*% .396E-03 .499E-02 .9903 .200E-03 .951E-02
(m = 5)
10 .7738  .100E-09  .226E+00 .9510 .490E-01  .313E-06
11 .8552  .199E-07  .145E+00 .9702  .298E-01  .122E-04
12 .9024  .297E-05 .976E-01 .9797  .199E-01  .357E-03
13 .8981 .101E-05 .102E+00 .9798  .201E-01 = .131E-03
14 .9453 . .396E-05 .S547E-01 .9893  .102E-01  .475E-03
15 .9496  .394E-03  .500E-01 .9807 .100E-01  .927E-02
16 .9496 .200E-03 .502E-01 .9850 .100E-01 .499E-02
17 .9431 .100E-03  .568E-01 .9872 .103E-01 = .251E-02
18 .9474  .102E-03  .525E-01 .9872  .101E-01  .273E-02
19 .9410 .200E-05 .590E-01 .9894  ,104E-01  .250E-03
20 .9968* .591E-03  .262E-02 .9860 .101E-03  .139E-01
21 .9924  .201E-03  .736E-02 .9946  .299E-03  .511E-02
(m = 6)
22 .7351 .100E-11  .265E+00 .9415 .585E-01  .156E-07
23 .8125 .199E-09  .188E+00 .9605 .395E-01  .609E-06
24 .8573 .297E-07 .143E+00 .9703 .297E-01 .178E~-04
25 .8532 .101E-07 .147E+00 .9701 .299E-01 .655E-05
26 .8980 .396E-07 .102E+00 .9799 .201E-01 .238E-04
27 .9025 .394E-05 .975E-01 .9796 .199E-01 L464E-03
28 .9023 .200E-05 .977E-01 .9798 .199E-01 .249E-03
29 .8961 .100E-05 .104E+00 .9797 .202E-01 .125E-03
30 .9001 .102E-05 .999E-01 .9799 .200E-01 .137E-03
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Table 2.3 (Continued)

| 1 0 ~ ~ ~0
i Ry Q Q Ry Q Q
31 .8939  .200E-07  .106E+00 .9797  .203E-01  .125E-04
32 .9475 ° .591E-05 .525E-01 .9892  .101E-01  .695E-03
33 .9430  .201E-05 .570E-01 9894  .103E-01  .255E-03
34 .9495  .490E-03  .500E-01 .9787  .100E-01  .113E-01
35 .9497  .298E-03  .500E-01 .9828  .100E-01  .724E-02
36 .9495  .199E-03  .503E-01 .9851 .100E-01  .488E-02
37 .9497  .201E-03  .501E-01 .9849  .100E-01  .509E-02
38 9494  .102E-03  .505E-01 .9873  .100E-01  .274E-02
39 .9411 .100E-03 .588E-01 .9871  .104E-01  .250E-02
40 .9452  .100E-03  .547E-01 .9873  .102E-01  .251E-02
41 9475  .103E-03  .524E-01 .9871  .101E-01  .284E-02
42 .9473 .101E-03 .526E-Ol .9873  .101E-01  .262E-02
43 .9497  .104E-03  .502E-01 .9870  .100E-01  .295E-02
44 .9368  .101E-05 .632E-01 .9893  .106E-01  .131E-03
45 .9451  .299E-05  .549E-01 .9804  .102E-01  .368E-03
46 .9925  .788E-05  .748E-02 .9988  .300E-03  .927E-03
47 .9967  .784E-03  .251E-02 .9818  .100E-03 .181E-01
48 9969  .398E-03  .274E-02 .9902  .102E-03  .973E-02
49 .9902  .199E-03  .961E-02 9947  .396E-03  .489E-02
50 .9947  .203E-03 . .511E-02 .9945  .201E-03  .533E-02
51 .9880  .398E-05 .120E-01 .9990% .496E-03  .487E-03
52 .9989  .882E-03  .250E-03 .9797  .200E-05 .203E-01
53 .9947  .300E-03  .500E-02 .9923  .200E-03  .747E-02
54 .9902  .102E-03  .973E-02 .9969  .398E-03  .274E-02
(m =7)
55 .6983  .100E-13  .302E+00 9321  .679E-01  .781E-09
56 .7718  .199E-11  .228E+00 .9509  .491E-01 .305E-07
57 8144  .297E-09  .186E+00 .9606  .394E-01  .891E-06
58 .8105 .101E-09  .189E+00 .9604  .396E-01 .327E-06
59 .8531  .396E-09  .147E+00 .9701  .299E-01  .119E-05
60 .8574  .394E-07  .143E+00 .9703  .297E-01  .232E-04
61 .8572  .200E-07  .143E+00 .9703  .297E-01  .125E-04
62 .8513  .100E-07  .149E+00 .9700  .300E-01  .626E-05
63 .8551  .102E-07  .145E+00 .9702 - .298E-01  .683E-05
64 .8492  .200E-09 .151E+00 .9699  .301E-01  .624E-06
65 .9001  .591E-07  .999E-01 .9800  .200E-01  .348E-04
66 .8959  .201E-07  .104E+00 .9798  .202E-01  .128E-04
67 .9025  .490E-05 .975E-01 .9795  .200E-01  .566E-03
68 .9025 .298E-05 .975E-01 .9797 - .199E-01  .362E-03
69 .9022  .200E-05 .978E-01 .9799  .199E-01  .244E-03
70 .9024  .201E-05 .976E-01 .9798  .199E-01  .255E-03
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Table 2.3’ (Continued) -

1 0 ~ ~1 ~0
i Ry QG Q Ry Q Qy
71 .9021 ..102E-05 .979E-01 .9800 ..199E-01 .137E-03
72 .8941  .100E-05. .106E+00 .9796  .203E-01  .125E-03
73 .8980  .100E-05  .102E+00 .9798 = .201E-01  .126E-03
74 .9002  .103E-05  .998E-01 .9799 - .200E-01  .142E-03
75 .9000 . . .101E-05 .100E+00 .9799  .200E-01 = .131E-03
76, .9023  .104E-05 .977E-01 .9800 .200E-01  .148E-03
77 .8900 .101E-07  .110E400 .9795  .205E-01- .656E-05
78 .8979  .299E-07  .102E+00 .9799  .201E-01. .184E-04
79 .9429  .788E-07  .571E-01 .9897  .103E-01  .463E-04
80 9476  .784E-05  .524E~O1 .9890  .101E-01 . .904E-03
81 9474  .398E-05 .526E-01 .9894  .101E-01  .486E-03
82 9409 - .199E-05  .591E-01 .9894  .104E-01  .244E-03
83 .9451  .203E-05 .549E-01  .9895 = .102E-01 .266E-03
84 .9386  .398E-07  .614E-01 -  .9895  .105E-01  .243E-04
85 .9498  .882E-05  .502E-01 .9890  .100E-01 . .102E-02
86 .9452  .300E-05 .547E~O1 .9894  .102E-01  .373E-03
87 9408  .102E-05  .592E-01 .9895 .104E-01  .137E-03
88 .9494  .585E-03 - .500E-01 .9768  .100E-01  .132E-01
89 .9496 . .395E-03  .500E-O01 .9806  .100E-01 . .938E-02
90 9497  .297E-03  .500E~OL .9829  .100E-01 .714E-02
91 .9496  .299E-03  .500E-01 .9827  .100E-01  .734E-02
92 .9498  .201E-03  .500E-01 .9849  .100E-01  .510E-02
93 9494  .199E-03  .504E—01 .9851  .100E-01  .488E-02
94 .9496  .199E-03  .502E-01 .9851  .100E-01  .489E-02
95 9496  .202E-03  .502E-01 .9848  .100E-01 .520E-02
96 .9496  .200E-03  .501E-01 .9850  .100E-01  .499E-02
97 .9498 .203E-03  .500E-01 .9847  .100E-01  .530E-02
98 .9492  .101E-03  .507E-01 .9874  .100E-01  .262E-02
99 .9497  .103E-03  .502E-01 .9871  .100E-01  .285E-02
100 .9392  .100E-03  .607E-01 .9870  .105E-01 .250E-02
101 .9430 .100E-03  .569E-01 .9872  .103E-01  .250E-02
102 9452  .100E-03  .546E-01 .9873  .102E-01  .252E-02
103 L9451  .100E-03  .548E-01 .9873  .102E-01  .251E-02
104 .9473  .100E-03  .526E-01 .9874  .101E-01  .252E-02
105 .9475  .104E-03  .524E-01 .9870  .101E-01  .294E-02
106 .9475 .102E-03  .524E-01  .9872 .101E-01  .274E-02
107 .9472  .101E-03  .527E-01 .9873  .101E-01  .262E-02
108 .9474  .101E-03  .525E-01 .9873  .101E-01  .263E-02
109 .9471  .100E-03  .528E-01 .9874  .101E-01  .251E-02
110 .9498  .106E-03  .501E-O01 .9863 - .316E-02
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Table 2.3 (Continued) .. . . R

; 1 0 ~ . ~0
1 Ry Q Q Ry o Qp - Qy
111 9495  .102E-03  .503E-01 .9873  .100E-01  .274E-02
112 9491  .300E-05 .509E-01 .9896  .100E-01  .374E-03
113 .9328  .100E-05 .672E-O1 .9891 .108E-01 -  .125E-03
114 .9408  .102E-05 .592E-01 .9895  .104E-01 .137E-03
115 .9453  .397E-05  .546E-01 .9893  .102E-01  .481E-03
116 .9449  .201E-05 .551E-O1 '.9895  .102E-01  .256E-03
117 .9495  .496E-05  .505E-O1 .9894  .100E-01  .599E-03
118 .9307  .200E-07  .693E-O1 .9891  .109E-01  .125E-04
119 .9429  .200E-05  .571E-OL .9897  .103E-01 .250E-03
120 .9474  .398E-05  .526E-OL .9894  .101E-01  .486E-03
121 .9949  .118E-04  .512E-02 .9984  .201E-03  .136E-02
122 .9901  .400E-05  .984E-02 .9991  .399E-03  .498E-03
123 .9965  .975E-03  .250E-02 .9778  .100E-03  .221E-O1
124, .9969  .593E-03  .251E-02 .9858  .100E-03  .141E-O1
125 .9967  .396E-03  .286E-02 .9904  .103E-03  .952E—02
126 .9970  .400E-03  .263E-02 .9900  .101E-03  .994E-02
127 .9968  .203E-03  .297E-02 .9946  .104E-03  .534E-02
128 .9880  .199E-03  .118E-01 9946 .494E-03  .488E-02
129 .9923 .199E-03 .748E-02 .9948  .300E-03  .490E-02
130 .9948  .205E-03 . .500E-02 .9943  .200E-03  .554E-02
131 .9946  .201E-03  .522E-02 .9947  .202E-03  .512E-02
132 .9970 * .207E-03  .275E-02 .9941  .102E-03  .576E-02
133 .9836  .201E-05  .164E-OL. 9991  .691E-03  .256E-03
134 .9924  .595E-05  .759E-02 .9990  .301E-03  .718E-03
135 .9987  .117E-02° .131E~03 .9735  .101E-05  .265E-O1
136 .9990  .594E-03  .369E-03 .9858  .299E-05  .142E-01
137 .9924  .297E-03  .726E-02 .9926  .298E-03  .715E-02
138 .9970  .303E-03  .274E-02 .9921  .102E-03  .779E-02
139 .9904  .594E-05  .963E-02 .9989  .397E-03  .712E-03
140 .9947  .398E-03  .488E-02 .9901  .199E-03  .972E-02
141 .9947  .202E-03  .512E-02 .9946  .201E-03  .522E~02
142 .9879  .101E-03  .120E-OL .9969  .496E-03  .262E-02
143 .9924  .103E-03  .748E-02 9968  .300E-03  .286E-02
144 .9857  .202E-05 .9991% .595E-03  .262E-03

.143E-01

* maximum reliability for each value of m
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2.7 AN OPTIMIZATION PROBLEM =

Consider the following problem: find the most reliable s-p
redundant structure composed of minimum number of valves in the
examples in Section 2.2 (output 1 is open, output 0 is closed) which

have the failure probabilities q1 = 0.01, q0 = 0.05, subject to

ot (or &) < o, | | @20
Qd (or T < o, | (2.21)
Qg / Qi (or '('zg / 61) > 1000, (2.22)
R, (or R;) > 0.99, (2.23)

where (2.22) is a constraint for fail-safe: the failure '0' is known

to be much safer than the failure 'l'. We can solve this problem by

applying Procedure C. The structures 8122 s 8134 and 3139 satisfy

(2.20)~ (2.23) and 8134 is optimal; see Table 2.3. The structure

designated as Sl34 is determined by using Table 2.1 or Procedure B; see

Fig. 2.5. The reliability and the failure probabilities are R134 =
1 -5 0o _ -2

0.9924, Q134 = 0.59%10 ~ and Q134 = 0,76%X10 ~.
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Fig. 2.6 Real structure optimized.
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Chapter 3

A HEURISTIC METHOD FOR A SINGLE OBJECTIVE PROBLEM

3.1 INTRODUCTION

In most theoretical reliability problems the two basic methods of

improving the reliability of a system are:

(i) increase the reliability of each component,

(ii) add redundant components (in parallel, stand-by, etc.).

In this chapter, we consider the case where either of the two ways can
be used at each stage to improve the system reliability. An optimiza-
tion problem is formulated that maximizes the system reliability where
the -optimal candidate is selected for each stage without violating the
constraints.

Many methods have been presented for solving the optimal redun-

dancy allocation problem. They are classified into two groups:.

(1) exact methods that require a considerable amount of computa-
tion time, '
(ii) approximate methods fhat provide an approximate, often exact,
solution but can solve within a reasonble amount of computa-

tion time.
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The proposed method falls into the latter group.

In the present method, the solution is obtained‘by repeatedly
using a more reliable candidate at the stage that has the greatest
value of the 'weighted sensitivity function' without violating any of
the constraints. The weighted sensitivity function for each stage is
the product of a quantity obtained as a function of the objective
function and the constraints. The balance between these two quantities
is controlled by a balancing coefficient, o. The best solution is
selected from among a number of solutions obtained by using multiple
values of a.

The present method and.the methods presented in [A1,G10,M7,M9,S2,
85] were used to solve randomly generated problems. The problems
involve determining the optimal level of reliability with parallel
redundancies under linear constraints. The effectiveness of the
methods are measured by comparing the average 'relative error', the
'maximum relative error', and the 'optimality rate' obtained from each

method with the exact solutions.

3.2 PROBLEM FORMULATION

Consider an n-stage series system where tﬁe components are sta- ' -
tistically indepepdent. In each stage, redundant components can be
added (in parallel, stand-by, or k-out-of-n:G, etc.), or a more reli-
able component can be used to improve the system reliability. The
following assumptions are made.

(i) The candidate X, is less reliable than the candidate X + 1.

(ii) x; does not consume more of any resource than x, + 1.

i
(i1i) The function ¢

°ji(xi) are separable functions.

The problem can be formally stated as follows:
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n
Problem A: maximize R(X) = TT. Ri(xi)
' i=1

n
subject to 121 gji(xi) < bj (= 1,...fm),

1< x; 2 x5,

Xy integer,

where Ri(xi) and gji(xi) are monotone nondecreasing.

Problem A can be reformulated as follows:

X
n "1
Problem B: maximize 1nR(X) = ] ] = Af, (k)

i=1 k=1
n x4 :
subject to z z Ag.i(k) <b, (3=1,...,m),
i=1k=1 3 J
1z« x5 < Ei’
X, integer,
where
lnRi(l) (k = 1),
Afi(k) =
lnRi(k) - 1nRi(k-1) (k > 2),
g.;(1) (k = 1),
Bg gy (k) = 3t
Afi(k) > 0 for any i and k,
Agji(k) > 0 for any j, i, and k.
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3.3 COMPUTATIONAL PROCEDURE

The present procedure begins with an initial current solution X*

(in the most cases, = (1,1,...,1)).  The following steps summarize the

present method:
Step 1: Set x® = X*, where x® is the current solution, and set

L+l = {1,2,...,n},

where L+l is the set of all stages whose reliabilities can be
increased more.

Step 2: Calculate b; for all j € {1,...,m}:

c . %
by = b, - 1zlé£1 8g,4 (k). (3.1)

Step 3: Calculate Axi for all i e L+1:
Axi = min {bglAgji(xi + 1)1}. (3.2)
je{1,...,m}

Step 4: Let L, = {i] ax, > 1}.

Step 5: If'L+1 is empty, then stop. A solution has been obtained.

Otherwise continue to search over k such that

S;% = max {s

ieL+l

i}, (3.3)

where 8 is weighted sensitivity function such as

sy = Af,(x] + D[(1 - o)min {ax,} + abx
keL,;

i]' (3.4)
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Step 6: If xi* = §i* , then xg* is the final number used in stage i%;

exclude i* from L+ & » then

1
reset xi* “ xi* + 1 and b

- return to Step 3.

c -
and return to Step 5. If Xix < Xy

c

e c .
j « bj - gji*(xi*) for all j, and

The above procedure requires a balancing coefficient a to be given.
The solutions for a set of a(probably a = 0, 0.1, 0.2,..., 1.0; 1/a =
0.9, 0.6, 0.3) should be obtained. The best solution among the solu-

tion for the given set of a’s is the final solution.

3.4 NUMERICAL EXAMPLE

Consider the system composed of 3 stages operating in series.
The system reliability is increased by choosing a more reliable
component out of four candidates at stage 1, adding redundant com-

ponents in parallel at stage 2, and using 2-out-of-(x_+1):G configu-

3
ration at stage 3. The problem is to maximize the system reliability

3
ROO = TR, (x),
;EE it

R (x,) = 0.88,0.92,0.98,0.99, for x; = 1,2,3,4, respectivly,

1
Cx ,
1- (- 0.81) 2:

Ry (x,)
x,+1

3 x3+l Kk x3+1—k
R (x) = ) 0.77° (1 - 0.77) ,
3+3 Ko LK

subject to the constraints
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0.02

gl = 4exp{-7r—:fiiiz;;;;} + 5x2 + 2(x3 + 1) < 45,
x,/8 C x,/b x,/4
g8, =5 +e + 3(x2 + e )+ 5(x3 +1+e” ) <70,
x,/4 x3/4
8y = 10 + 8x2e | + 6x3e < 240.

This problem is illustrated in Table 3.1 according to the formulation
of Problem B. The current solutions at a = 0.5 are. obtained as shown

in Table 3.2. The procedure was reapplied with 14 o-values. The solu-

Table 3.1
Input Data of the Example

OBJECT FUNCTION
i Afi(l) Afi(2). Afi(3) Afi(4) Afi(S) Afi(6)

1 -0.127833 0.044452 0.063178 0.010153
2 -0.210721 0.173953 0.029885 0.005579 0.001057 0.000200
3 -0.522729 0.378436 0.103187 0.029623 0.008356 0.002295

CONSTRAINT 1, bl= 45.0

i 4g,; (1) 4g,,(2) 4g,,(3) Ag, 4 (4) 4g,,(5) 4g,, (6)

1 4.725440 @ 0.410659 5.737030 18.68309
2 5.000000 5.000000 - 5.000000 5.000000 5.000000 5.000000
3 4.000000 2.000000 2.000000 2.000000 2,000000 2.000000

CONSTRAINT 2, b2= 70.0

i 4g,, (1) 8g,; (2) 8g,,(3) Ag,, (4) 4g,, (5) 4g,, (6)

1 6.133148 0.150877 0.170966 0.193729
2 3.750000 7.196260 4.404739 4.803848 5.316177 5.973984
3 16.42014 6.823471 7.341400 8.006409 8.860291 9.956741

CONSTRAINT 3, b3=240.0

Ag3i(1) A931(2) N Agji(3) Ag3i(4) Ag3i(5) Ag3i(6)

10.00000 0.000001 0.000001 0.000001 .
10.27220 16.10736 24.42845 36.17702 52.62871 75.50735
7.704150 12.08051 18.32135 27.13277 39.47153 56.63051

WN- -
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Table 3.2

Current Solutions at o = 0.5

Current Solution
Max.si Stage 1 Stage 2 Stage 3

1 1 1
2.360687 1 1 2
1.696050 2 1 2
0.878904 2 2 2
0.415004 2 2. 3
0.207915 3 2 3
0.089280 3 3 3
0.065152 3 3 4
0.009056 3 3 5

tions obtained for o = 0, 0.1, 0.2,..., 0.7 are identical:

X= (3, 3, 5

R(x) = 0.97024.

The solutions for o = 0.8, 0.9, 1.0, or 1/a = 0.9,0.6,0.3 are, too,
identical:

X=(3’4’4)

R(x) = 0.96755.

The solution (3,3,5) is the exact optimal solution.
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3.5 COMPUTATIONAL EXPERIENCE

In this section we evaluate the present method. Seven problem
Sets were solved, each consisting of 20 parallel redundancy allocation
problems having the same numbers of stages and linear constraints.

The parallel redundancy allocation problem is as follows:

n X
Maximize R(X) = TT- 1 - 9 )
i=1

n
subject to igl ay4%, < bj G=1,...,m),

125

Xy integer.

In each problem set, the coefficients of the constraints were randomly
generated.

The present method was repeated with o = 0, 0.1, 0.2, ..., 1.0
and 1/a¢ = 0.9, 0.6, 0.3 for each of the test problems. Table 3.3 shows
the average 'relative error' and "optimality rate'. The relative error
is defined as

R(x°Pty — R(x*)

1 - R(x°P%)

where X* is a solution obtained and x°Pt is the exact optimal solution
which is obtained by method [N4] or dynamic programming. The opti-
mality rate is the ratio of the number of problems to which optimal
solutions are obtained for the 20 problems. Table 3.3 suggests that,
when the size of problem is small, the procedure yields a fairly good
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Table 3.3 Quality of

Solutions Obtained with Each of 14 a-values

Problem size ( n x m )

5Sx 3 8x3 1Wx1 1x3 1Wx8 20x1 50 x1

a=0.0 A 0.00549 0.06266 0.03430 0.02995 0.03829 0.08185  0.05169
0 19/20 10/20 12/20 12/20 13/20 0/20 0/20

o=0.1 4 0.00549 0.03688 0.02795 0.01488 0.01319 0.04237 0.03617
0 19/20 13/20 13/20 14/20 - 15/20 1/20 0/20

od=0.2 4 0.00549 0.03929 0.01696 0.00857 0.00381 0.02956 0.01891
(o] 19/20 13/20 15/20 14/20 16/20 4/20 0/20

o= 0.3 A 0.00000 0.03030 0.01658 0.00857 0.00398 0.01417 0.01178
0 20/20 15/20 15/20 14/20 15/20 7/20 1/20

o= 0.4 A 0.00000 0.02479 0.00075 0.00627 0.00398 0.01148 0.00572

) 0 20/20 15/20 18/20 15/20 15/20 10/20 1/20
«=0.5 A 0.00000 0.01898 0.00075 0.00783 0.00455 0.00483 0.00245
0 20/20 16/20 18/20 14/20 °  14/20 13/20 1/20

o= 0.6 A 0.00302 0.018%98 0.00371 0.01510 0.00455 0.00082 0.00l1l6
0 19/20 16/20 16/20 -13/20 14/20 17/20 - 6/20

o=0.7 A 0.00302 0.02644 0.00560 0.02243 0.00393 - 0.00082 0.00078
0 19/20 15/20 15/20 10/20 14/20 17/20 7/20

o=0.8 4 0.00302 0.03490 0.00797 0.02537 '0.00683 0.00159 0.00058
0 19/20 15/20 14/20 10/20 15/20 14/20 11/20

o=0.9 A 0.02404 0.02598 0.01843 0.03183 0.01175 0.00259 0.00085
0 17/20 16/20 14/20 10/20 13/20 12/20. 11/20

=10 A 0.62404 0.02598 0.03082 0.03642 0.01631 0.00310 0.00107
0 17/20 16/20 13/20 10/20 13/20 11/20 9/20

1Yo = 0.9 4 0.03294 0.02792 0.03082 0.03642 0.01631 0.00686 0.00159
0 16/20 15/20 13/20 10/20 13/20 9/20 6/20

1/a = 0.6 4 0.05954 0.02697 0.05880 0.04623 0.02664 0.02796 0.00951

0 12/20 15/20 7/20 9/20 12/20 3/20 1/20 .

1/ = 0.3 4 0.14871 0.06103 0.07202 0.06032 0.03333 0.10918 0.02339

0 12/20 11/20 5/20 6/20

8/20 1/20 0/20

A : Average relative error
M : Maximum relative error
Table 3.4 Quality of the Best Solutions for 14 a-values
Problem size ( n X m )
5x3 8 x 3 10 x 1 10 x 3 MO x8 20x1. SO x 1
The best of A 0.00000 0.00000 0.00025. 0.00010 0.00010 ©0.00020 0.00006
muiti. sol M 0.00000 0.00000 0.00504 0.00206 0.00206 0.00395 0.00116
. *0 20/20 20/20 19/20 19/20 19/20 18/20 - - 17/20
A : Average relative error
M : Maximum relative error

Optimality rate
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result with any value of a. The range of a within which the procedure
yields a good solution becomes.narrower with larger: problems. Further-
more, Table 3.3 suggests that the value of a yielding'the best solution
becomes larger, which is in keeping with the number of variables.

Table 3.4 shows the average and maximum relative errors and the
optimality rate for the best solutions obtaine&Awith the 14 o-values.
A comparison of Tables 3.3 and 3.4 shows that in order to improve the
quality of the solution, it is very useful to obtain multiple solutions
and then select the:best'frombthesé. With' this approach, fhe’computa—
tion time becomes longer than the other methods. However the computa-
tion time is 3.1 seconds on a FACOM 230/75 digital computer ‘even for
a problem -that has 30 stages, 3 constraints, and is solved- with 14 o-
values to yield a final solution, which allocate 117 components in
total.

3.6 COMPARISON WITH OTHER METHODS

We use here 'forward methods' as a general name for the present
method and the methods [Al,BS,GlO,M?,M9,SZ,SS]. The forward.methods
are similar except for the difference in sensitivity function s, .

i
The basic idea of forward methods was proposed first by Mine [M7].

(1) The Mine method [M7] have been presented for solving single-
constrained Problem A1 in Section 1.5. 1Its sensitivity

function is

x,+1
1 qi i S
Si —T ln( ” ). . - . (3.5)
1 1-qd
9

Exchanging (3.4) in the present procedure. to. (3.5), we have

the procedure for Mine’s method. -
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(1i)

(4ii)

Barlow et al. [B5] generated the Mine method to solve multi-

constrained Problem Al. The sensitivity function is
xi+1
1 -y
s; = = 1In( = ). : (3.6)
) Asasy 1-4q4 1
3=1 1

m

where z Aj = 1. The procedure is reapplied in succession
i=1

for each vectors (Al,...,km), varing the Aj by some fixed

increment until all choices from (1,0,...,0) to (0,...,0,1)
have been exhausted. The best solution among the solutions
for the set of vectors (Al,...,lm) is the final solution.
Hence the total computation increases exponentially with -

respect to the number of constraints.

The Sasaki method [S2], which is one for solving multi-
constrained Problem Al’ consists of two parts: procedure for
obtaining a forward solution and one for revising the solu-:
tion. The procedure for a forward solution, which belongs to

forward methods, have a sensitivity function such as
sy =4y - (3.7)

This procedure is approximately equal to the Mine method

obtained by removing 1/ai from (3.5), because when q; << 1

x,+1
) = 1n(1 + 9y ). | (3.8)

%5
1 - qi

The procedure for revising the forward solution is complex

and becomes impractical with increasing number of variables.
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(div)

v)

(vi)

Ghare et al. [Gl0] solved multi—conétrained Problem Al.
Their procedure, too, consists of two parts: procedure for
obtaining a forward solution and one for revising the solu-

tion. Thg procedure for a forward solution have a sensitivity

function:
xi+1

b3 1- qy

sji =— In( = ), (3.9)
1 L-q 4

94
Six = min max {sji}. (3.10)

j=L,...,m ieL

However the procedure does not agree with its computer pro-
gram [T2] because of programming errors: 'min' and 'max' in
(3.10) are programed in reverse order. In most cases, the
computer program, which is quite different from the theory
discussed in [G10], itself yields a better solution than the
procedure based on their theory.

Sharma et al. [S5] solved Problem A3 in Section 1.5. Their
method is just the same as the Sasaki procedure for a forward
solution.

Misra [M9] present a method for solving multi-constrained
Problem Al.- The flow chart in [M9] have a defect in stopping
criterion: the computer program coded according to the flow
chart does not stop in most cases, besides single-constrained

problem. We modify his method to make the best use of his

original idea as follows: using the sensitivity such as

xi+l

s; = ( ), (3.11)
l - q:L

we obtain a solution for each of constraints j, and then
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select the best one. Note that, when qi:<<.1,,

x.+1
i

. (3.12)

(vii) Aggarwal et al. [Al] solvé Problem A,. Their method use the

3°
sensitivity -

| . X o xi+1

- i i

s; = — B (3.13)

TT(g ey +1>—g (x))
where, when 94 1,
x, x4 X
i i i . \
T A PR e (3.18)

The method have the defect that, in the cases of multi-con~
strained problems, it often treats non-active constralnts more
strongly than active constraints. In general the method
produces poorer solutions as the number of constralnts 1n—

creases.

The MineAmethpd-is equal to the present method at a = 1.0 for

single-constrained Problem A The computer program [T2] except for

1
revising part is equal to the present method at a = 1.0 for Problem Al'
The Misra method is approximately equal to the present procedure at

= 1.0 for single-constrained Problem Al. The Sasaki method and
Sharma et al. method are approximately equal to the present procedure
at o = 0. The Aggalwal et al. method is approximately equal to the

present procedure at ¢ = 1.0 for single-constrained Problem A3.



In Table 3.5, the computational results for the other forward
methods are indicated. The problem solved are the same as ones in
Section 3.5. The comparison of Tables 3.4 and 3.5 suggests that

the present method is the best one.

Table 3.5
Quality of Solutions Produced by the Other Methods

Problem size ( n x m )
5X3 8%x3 10x 1 10x 3 10x 8 20X 1 50% 1 °

0.03082 0.00310 0.00107

Mine 0.61649 0.06210 0.02133
13/20 11/20 9/20

Sasaki* 0.00549 0.06266 0.03430 0.02995 0.03829 0.08185 0.05169

0.10976 1.25326 0.68594 0.59902 0.76579 1.63696 1.03389

Sharma et al. 19/20 © 10/20 12/20 12/20 13/20 0/20 0/20

0.02102 0.02598 0,03082 0.02942 0.01183 0.00227 0.00107
0.42043 0.51962 0.61649 0.58845 0.23653 0.04541 0.02133
18/20 16/20 13/20 12/20 14/20 13/20 9/20

Ghare et al.**

0.00410 0.01808 0.03082 0.06192 0.00417 0.00310 0.00107
0.08207 0.36159 0.61649 1.23834 0.08334 0.06210 0.02133
18/20 16/20 13/20 8/20 17/20 11/20 9/20

Misra

0.22623 0.55135 0.03082 0.61009 3.53407 0.00310 0.00107
1.10876 3.25551 0.61649 2.15883 10.23024 0.06210 0.02133
7/20 2/20 13/20 2/20 0/20 11/20 9/20

Aggarwal et al.

OR»> | OX»> | OR> | OR> | OR>

A: Average relative error
M: Maximum relative error
0: Optimality rate

*.. except for revising part

*% computer. program in [T2]
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Chapter 4

AN EXACT METHOD FOR A SINGLE OBJECTIVE PROBLEM

4.1 INTRODUCTION

Many reliability optimization problems are pure-integer non-
linear programming problems, e.g., [B2,F2,H5,12,M6,M17,N3,T7]. Some
techniques guarantee exact optimality: i.e., the ones using dynamic
programming and integer programming. The former techniques become
impractical for problems having more that three functional constraints.
In the latter techniques, an increase in the number of constraints
affects very little the size of problem, but the computation time
increases exponentially with respect to the number of variables. In
general the latter techniques are superior to the former when the
problem has multi-constraints.

The techniques using integer programming are as follows:

(i) Tillman, e.g., [T7], adopted the Gomory algorithm, after
reformulating the problem into a 0-1 linear programming
problem.

(ii) Misra [M8,M7] adopted the Lawler-Bell algorithm [L1], after
reformulating into a 0-1 nonlinear programming problem.

(iii) Gen (Hyun), e.g., [G6], adopted the Geoffrion implicit
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enumeration algorithm, after reformulating into a 0-1 linear
programming problem having the same number of variables as
Tillman’s but fewer constraints.

(iv) Henin [H4] used the branch-and-bound method, without trans-
forming the variables into 0-1 variables. |

(v) McLeavy [M2,M3] modified Ghare-Taylor’s method {G10] so as to
adhere strictly to branch-and-bound principle.

Techniques (i)—(iii).can not solve a large problem (limited to
somewhat less than 10 variables), mainly because the numbers of con-
straints and variables increase when 0-1 algorithms are used. Section
4.4 shows that (i)-(iii) appear to transform ineffectively an 'easy
solvable problem' into a '0-1 problem' which is much more difficult to
solve.

Techniques (iv) and (v) are designed for solving the linear con-
straint redundancy allocation problem, which has been dealt with by a
number of authors using various techniques since 1956.

The purpose of this chapter is to solve reliability allocation
problems having multiple nonlinear constraints regardless of separa-
bility: techniques in [G6,H4,M2,M3,T7] can not solve nonseparable
problems. An efficient method is given which is based on branch-and-
bound [G2,G9] and is designed for dealing with integer variableé as
they are, without increasing the number of variables or constraints.
The method is developed by applying separation and relaxation tech-
niques and considers the character specific to a given problem.

Three types of numerical examples are given including an illus-

tration of the computations.
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4.2 PROBLEM

The following integer nonlinear programming problem is tfeated.

Problem (P): maximize (or minimize) £(x)

subject to (x) < bj G=1,0..,m), .

’gj
X = (xl,...,xn),

€y 2% < i; xi integer,

where

£, gys+++» 8, mWonotone nondecreasing functions in each X5
8s41® ' 8y monotone nonincreasing functions in .each X

For maximization, this is the problem of maximizing system reli-
ability or availability subject to several nonlinear resource con-
straints. For minimization, this is the problem of minimizing a
system resource (cost, volume, weight, etc.) subject to nonlinear
constraints including minimum reliability and/or availability. Some
functions might be nonseparable; e.g., the system might have a non-
series configuration.

The problem becomes much easier ot solve when its functions are

separable, viz.,

o |
£(x) = £,(x,), o (4.1)
121 1%
n
g5 (x) = 121 g5 (x) (= L...,m. (4.2)
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4.3 COMPUTATIONAL PROCEDURE

The present method is based on branch-and-bound and uses relaxa-
tion and separation techniques. These are briefly explained here;
further information can be found in [G2,G9]. An example is shown in
Section 4.4 and Appendix D.

4.3.1 Enumeration Tree

A tree enumerates all feasible solutions of Problem (P); see
Fig. 1. A vertex V. is the predecessor of the vertices emanating
from Vs which in turn are successors of its predecessor v Each
vertex belongs to a specified level.

Each edge from Ve to its immediate successors corresponds to a
restriction of fixing a variable X to one allowable integer value,

i.e.,

xk-_-ak > }_(l](-fakf}-{_l]; ’ (4.3)

where gi and §t are minimum and maximum integer values (lower and
upper bounds) of X allowed at Ve by the constraints, respectively,
see (4.7), (4.8). e

Each vertex corresponds to a problem; Vo corresponds to the
original problem (P), and generally the subproblem corresponding to
Ve is:

Subproblem (PK): maximize (or minmize) £(X)

subject to gj(x) <b, (3=1,...,m

3

X, = q (ie Lr),

i

X, < x, <X,; x, integer (i e Lf),

1 -1 -1 7
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Fig. 4.1 Enumeration tree
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where

Lt set of indices of fixed variables restricted by the edges
along the unique path from Vo to Vs
Lf set of indices of the other variables, i.e., free variables.

Let Xy =y ii = Ei (ie Lf) here (in the present procedure, X, and

ii are exchanged for stronger bounds for x,, as seen in Section 4.3.5).

i
The subproblems at level n (terminal subproblems) have no free

variables and each of them corresponds to one feasible solution.

4.3.2 Relaxation

Relaxation techniques are used to obtain the upper (or lower)
value of f£(X) for subproblem (PK).

Any subproblem (PK) can be relaxed with respect to its constraints,
resulting in a new problem (Pi). The only requirement for (Pz) to be

a valid relaxation of (PK) is
T .
F(PK) c F(PK), (4.4)

where F(*) is the set of feasible solutions of the problem (). This

implies that for maximization (or'minimization),
r r

w(PK) < w(PK) (or w(PK) > w(PK)), (4.5)

where w(-)vis the optimal value of the objective function in problem

().
Therefore if
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£ 2 wEl)  (or £% < w(eD), (4.6)

where f* is the value of the current incumbent (any solution available

by a heuristic method, e.g., [N3], or occasionally even (gl,...,gn)

(or (El,...,En)) is used as the first incumbent), then it is certainly
good enough to dismiss (PK) from further consideration. Because (Pi)
is used for solving (PK) as mentioned above, (Pz) must be clearly
easier to solve than (PK), and w(Pi) ought to be as close to w(PK) as
possible.

The first relaxation to consider is to drop all integral require-
ments on the variables. This is the most popular for integer linear
programming, but insufficient for integer nonlinear programming, since
the resulting problem becomes a multi-constrained nonlinear programming
problem which is yet difficult to solve.

Three practical relaxation techniques are presented.

(i) If all constraints except a specified constraint are omitted,
the problem becomes far easier to solve. Problem (PK) is

relaxed into the following problem.

Problem (RP1):

min, max (or maxj= min)

j=l,...,s8 stl,...,m

{£(x)] 8j(X) < bj > Xy = oy (i €15, x; Teal ie Lf)}.

(11) For the separable function case, only. It relaxes (PK) into
the following linear programming problem by linearizing

everything.
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Problem (RP2): maximize (or minimize)

r £1(2y)

. A

i
L g Lecgbye £q(x4t) + )
serf “ee0°e TETO T L

subject to

A .
1
| XieLf'Zt?O it gji(§i+?) by ZieLr 854 (0y)

A ,
(j = 1,0--,m), t:O Eit =1 (i e Lf)-

£

where Ai = xi - 51.

(i1i) Maximize the objective function subject to simple bounds on

the free variables,

Problem (RP3): maximize (or minimize) £(x)

. r
subject to Xy =0, (1el’),

X IX S x5 x

{ integer (i e Lf).

This problem is quite easy to solve.

The efficiency or each relaxation varies with the nature of the
problem; RP1 is useful for linear-constraint parallel redundant
problems; RP2 is useful for nonlinear-constraint separable problems;
RP3 is useful for nonseparable problems, 1If the problem has a few
variables, RP3 is appropriate in most cases. In general, the easier
(P:) is to solve, the greater is the gap between the original and
relaxed problemn.
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4.3.3 Bounds for Variables

Suppose that the enumeration is at Ve Current upper and lower

bounds for a free variable X (k € Lf) are obtained as follows.
=1 1 -2
Let X0 X and X be

-1 . _
x = max{xk € I| gj(x) < bj (=1,...,8),

x, =0, (1elh, x, =x, Getl, #1001,

X = miﬁ{xk e 1| gj(x) < bj G _ st+l,...,m),

x, =a, (Le Lh, x, =% (1e 5, £ 01,
_2_ _
X = min{xk e II gj(x) < bj (j = s+1,...,m),

x, =a, (1elD, x =x (el £k

4.7)

(4.8)

(4.9)

where I is the set of nonnegative integers. Then we obtain current

upper and lower bounds; for maximization,

:_{c—max

k r 1 -1
) (8 et wEity =) > x <8<xl,
;_<k=min

(4.10)

r - . T -
where PK(xk B) is Problem (PK) with the restriction X B, i.e.,

Problem (P:) that is set as k € LY and o

k
—c -
Xk max ,
- {8 € I| w(B, (x, = B)) < £%,
X = nin
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4.3.4 Separation

Restrictions corresponding to the edges from vi< to its immediate
successors determine subproblems into which Problem (P ) is separated.
The variable X fixed by the restrictions is selected out of the set

Lf. The manner of this selection greatly influences the efficiency of
enumeration.

It is desirable to increase the number of vertices dismissed from
consideration, owing to (4.6). Relaxed problems in the higher level
are easier to solve, since they have fewer variables. Hehce, it is
appropriate to select fixed variables such.that the number of vertices

.belonging to the lower level is as small as possible.

Considering the above, we fix variables beforehand in the order
of increasing difference between both bounds for variables at Vg as
seen in Section 4.3.5 (Step 3). The efficiency of this separation is
mentioned in Section 4. Cabot [Cl] has presented such a sepatation
rule for the knapsack problem. McLeavey [M3] used Cabot ordering for
a problem having linear constraints. Our separation technique extende

thelr linear case to the nonlinear case.

4.3.5 Overall Computational Procedure

For maximization (or minimization) problem, the overall computa-

tional procedure is

Step 1: Determine the relaxation technique to be used: set

= £(x*),

where X* is an initial incumbent, i.e., (c .,En) (or

CpsCpses
(El,Ez,...,En)) or a nearoptimal solution obtained by a heuris-
tic method, e.g., [N3]. Let f =4 , 1.e., Lf = {1,2,...,n},
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Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

Step 8:

_ - _ = f
and Xy =¢85 Xy = ¢y for all 1 e L.

Calculatekii for all i e Lf using (4.7) and reset §1 > ii for

all i. Next calculate x1 for all i using (4.8) ahd reset

xi -> xi for all i; of, in addition, calculate x2 for all i

using (4.9) and reset min{xi, x] } xi for all i. Last calculate
—;, § for all i using (4.10) or (4.11), and reset %

+X

i i

xi > x for all i.
Let {(1), (2), ..., (&), ..., (n)} be a permutation of {1, 2,

«eey 1, «e., n} such that

- <X - < ... <X - .
I SIE-T¢ PR ¢ ) NE-1¢)) ) T %)
And set £ =
-c ‘ c : '

Set X(2) > 0 (or X0) + X(Z))’ and reset {(1),(2),...,(£)}

L, £+ 1+4L. IfL<n, go to Step 5. Otherwise, go to
Step 6.
Calculate §?£), §i£) using (4.7)-(4.11). If X(E)’ x% 0 exist,
g0 to Step 4. Otherwise go to Step 8.

-1 1 =1 1.

Calculate x(n), §(n)’ and set x(n) -> x(n) (or E(n) +—x(n)).
If £(X) obtained is not greater (or not less) than f*, then go
to Step 8. Otherwise, recordX as a new incumbent X* and reset
f(X) -~ f*, and go to Step 8.

Find

L= mak{ﬂ'l Xepry >'§%£,), £' =1,2,...,8-1};
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or invert the inequality and substitute §?£,) for x(z,) - If
A N

£ exists, reset £ + 1 + £, x(z)_f 1.+ x(z) (or change -1 to
+1). If £ <n, go to Step 5, and if £ = n, go to Step 6. If
o

£ does not exist, then stop; the Present incumbent x* is

optimal.

For the separable problem in Section 4.2, record the following

values at each level £,

I o o
= Eeiy&xeey)s _ : (4.12)

1§1 w @)

Y4 : -

X gj(i)(x(i)) (G = Le.eom.  (4.13)

The relations between two levels £ and £ + 1 can be written as

A1l

e+1) ®(e41))> -G

£+ 2 _ '
gj = 8j + gj (£+1) (X(£+l)) (j = 1,...,m). . (4-15)

With use of the recorded values and these relations we can shorten
the computation time. o '

Some reliability problems will not have the monotonicity assumed
in Problem (P) but in most. cases the feasible domain of solution is
restricted mainly by monotone constraints,‘thos they may be treated

by extending the method for solving (P).
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4.4 NUMERICAL EXAMPLES AND DISCUSSIONS

Three types of numerical examples are considered in this section.

4.4.1 Example 1

A problem of Tillman [T7] is an example of minimizing the cost of
a system having series redundant components subject to several separ—
able nonlinear constraints while maintaining an acceptable level of
reliability, where each component has several modes of failure.

When Tillman [T7] solved this example, he used wrong data on the
objective function and the system reliability constraint [T7 Fig. 1],
yielding a solution different from the exact one of thlS example.

The solution in [T7] is the exact solution of a different problem.

References [G7,G8] reported that a new optimal solution was found, by
comparing a solution produced by Gen et al. with a solution by '

| Tillman’s method [T7] had solved a different problem.

‘ x
Example 1: minimize £(X) =5 £n(x1+l) + xg +x, € 3

subject to

_ . 2 2 2
gl(x) = (xl +3)" +x, + (x3 + 2)° < 65,’
, +1 x1+1 xl+1 xl+l
+1 x2+1 x2+1 : x2+1;
+ Kn[(l - 0 02) - 0.08 - 0.02 - 0.05 ]_
x3+1 x3+1, .x3+1 x3+l‘
+ £n[(1 - 0.08) - 0.01 - 0.05 - 0.01 7 1]
Z - 0-301,
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-X; X, “Xq
g3(x) = 20(x1 +e )+ 20(x2 +e )+ 20(x3 +e 7) > 120,

-x,/4 -x2/4 -x./4

e + 20 x, e + 20 x, e > 50.

ga(x) = 20 x 2 3

1

g2(x) is not_monotonic,_but becomes so, if ¢, = 1 and ¢y = 1;'£he

1
solution satisfying the constraint gz(x) > =0.301 does not exist when
X = 0 or X, = 0. We can rewrite this problem as follows, correspond-

ing to Problem (P).

3
minimize £(x) = ] fi(xi)
i=1 -

3
subject to ) g,.(x,) <b, (J=1,...,4),
= 3T -3

x

i integer,

where the data of the functions are given in Table 4.1.

The present method provides the exact solution easily with hand-
calculation (pencil and paper), using RP3 as a relaxation technique
and adopting f£* + © as an initial value. Following the procedure (see
Appendix A), we get Table 4.2 and Fig. 4.2. Six feasible solutions are
enumerated; the procedure produces the exact solution (3,2,0), and
then £(X) = 10.93.

Gen et al. [G7,G8] have reported that [G6,M8,T7] have transformed

Example 1 with size 3 % 4('the number of variables' x 'the number of
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constraints') into the 0-1 linear programming problem with size 12 x 8
for [G6], size 15 x 16 for [T7], and into the 0-1 nonlinear programm-
ing problem with size 7 x 4 for [M8]. |
Gen and Tillmaﬁ have enumerated several tens of solutions, which
include non-feasible solutions. Misra has enumerated 15 solutionms.
It is reported that Gen required 1.9 seconds of CPU time and Tillman
required 14.9 sec both on the digital computer NEAC 2200/500, and -
Misra required 8.9 sec og_NEACAZZOO/SSO. |

Table 4.1
Input Data of Example 1

X f f2 f3 I 92 93 .

0 0 0 0 9. 0] 4

1 3.47 1 2.72 16 1 9

2 5.49 4 14.78 .25 4 16

3 6.93 9 60.26 36 9 25

4 8.05 16 218.39 - 49 - 16 36

5 8.96 25 742.07 64 25 49

xi 92] '922 923 g3i(i=],2’3) 941(i=132a3)

0 .1278 .1863 .1625 -20.0 0.0

1 .0247 .0501 - .1700° -27.4 - -15.6

2 .0303 .0613 - .2503 =47.7 -24.3

3 .0402 .0809 .3335 -61.0 . -28.3

4 .0503 .1010 .4169 . -80.4 -29.4

5 .0603 1212 .5008 _ -100.1 -28.7
b]=655'b2=0.301, b3=-]20, b4=-50

88



v

\ﬁ/l evel ¢

=0

x2=2
v
\\\tf; ~level 3
ﬂ/
Fig. 4.2 Tree for Example 1
Table 4.2
Enumerated Solutions for Example 1
=1 1 =2 =c _C =1 1 :
Bl R X x|l X x|l %, f
0 4 2 4 4 2 2 4 3 3 14.49
3 3 2 2 10.93(0pt.$o].)
4 3 2 2 12.05 ‘
1 4 1 4 31 ] 4 4 4 22.19
2 3 3 3 17.21%
3 3 2 2 13.65
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4.4.2 Example 2

Misra [M17] improved on the method [M8] with an appropriate
adoption of initial solution. Then he presented the following example
of maximizing the reliability of a system having l-out-of-m:G redun-
dancy in stage 1, stand-by redundancy in stages 2 and 3, and 2-out-of-

m:G redundancy in stage 4,~$ﬁbject to a lineai constraint.

Example 2: maximize

Xy " (~1n0.6)1
In R (X) = In(1 - 0.2 ) + 1n[0.6 ] —%—]
j=0 I
x3-1 (-100.7)] X4 : . x,-]
+ 1nf0.7 ] —==0—L 4 an[ J (xa) 0.75)7 (1-0.75) * 1

subject to 2.5x1 + 2.5x2 + 3.5x3 + 3.0x4 <b,

[
A

< xl,x29x3 )
2 < X,

X)sXgrXg,X, integers.

For b = 23,25,27,30,33,36, Misra [M17] produced exact solutions by
using the Lawler-Bell algorithm [L1l] with an initial solution (1,1,1,2),
see Table 4.3. The present method produced exact solutions, using RP3
as a relaxation technique and adopting Xx* = (1,1,1,2). Table 4.4 shows
that the number of enumerated solutions of [M17] is about 10 times that
of the present method, in fact exceeding the number of feasible solu-
tions. For enumerating each solution, the method [M17] requires more
complex calculation than the present method. Thus the present méthod

is more efficient than Misra’s. The results using good initial
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Table 4.3

Exact solutions for Example 2

Optimal Optimal. Resources
Example b reliability solution used
2-a 23 0.5140 . 2,2,1,3 22.5
2-b 25 0.5811 1,2,2,3 23.5
2-c 27 0.6973 2,2,2,3 26.0
2-d 30 0.7845 2,2,2,4 29.0
2-e 33 0.8522 2,3,2,4 31.5
2-f 36 0.8922 2,3,3,4 .35.0
Table 4.4

Comparison between the Number of Solutions
Enumerated by the Present Method and that
by Misra’s Method

Number of Number of enumerated solutions
feasible
Example solutions Present method Misra's method

2-a 27 10 + O* 82**

2-b 44 13 + 2 163

2-c 7 9 + 2 217

2-d 131 20 + 2 276

2-e 224 26 +5 342

2-f 355 . 38 +7 479

* 'number of enumerated complete solutions' + "number of
enumerated partial solutions'

*% the data in [M17]
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solutions are shown in Table 4.5. This table shows almost the same
tendency as that described above. Generally speaking, the Lawler-
Bell algorithm is barely suitable for problems whose feasible domain

of solution is restricted mainly by monotone constraints.

Table 4.5

Comparison between the Number of Solutions
Enumerated by the Present Method and that
by Misra’s method (with good initial

solutions)
Initial Number of enumerated solutions
Example reliability Present method Misra's method
2-b 0.5811 12 + 2* 84 **
2-c 0.6599 4 +1 81
2-d 0.7654 8+2 . 60
2-e 0.8437 4 +4 79
2-f 0.8788 9 +3 88

* 'number of enumerated complete solutions' + 'numberof
enumerated partial solutions'

%% the data in [M17]

4.4.3 Example 3

This is the problem of maximizing reliability of an n-stage

system through l-out-of-m:G redundancy subject to multiple linear

constraints:

n Xy
maximize fx)y=JT1-q@- ri) }
i=1
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n
subject to 121 ajixif bj (3G =1,...,8),

X, > 1 integer.

i

Example 3-a [L3] has 15 stages and 2 constraints (see Table 4.6);
Example 3-b has 30 stagesvand 3 constraints (see Table 4.7).

It is effective to use as an initial incumbent a_solution obtain-
ed by the approximate method [N3] and to adopt RP1l. The upper value
of the relaxation problem can easiiy be calculated by using an approx-

imate equation (see Appendix E) as follows:

min {£(x) | X, =0 (1 e 1D, X = in (1 e Lf)}, (4.16)
j=1,...,m
qi = 1 - ri , (4-17)
254 =~ ajillnqi R : (4.18)
bj = bj - _ 3404 » | (4.19)
ieL
bj + z ; zji lnzji |

iR 1 ieL”
Yi1 = a2 1n{1l + o exp ( )}, (4.20)

ji ji l oz

g 3%
ieL

This value is very close to the optimal value of the problem (PK) in
which the integrality constraints are dropped.

The total execution time ('time spent on finding an initial
incumbent by.using method [N3]' + 'time spent on finding the exact
solution by using the present method') on FACOM 230/75 digital com-
puter was 4.9 (=0.7 + 4.2) sec for Example 3-a, and‘was 109 (= 3 +

106) sec for Example 3-b. The exact solution for Example 3-a is
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Table 4.7
Data of Example 3-a

StageNo. i [ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Reliability r; [.90 .75 .65 .80 .85 .93 .78 .66 .78 .91 .79 .77 .67 .79 .67
Cost ;15 4 9 7 7 5 6 9 4 56 7 9 8 6
Weight a,, |8 9 6 7 8.8 9 6 7 8 9 7 6 5 7

by=400, b,=414

Table 4.6
Data of Example 3-b

StageNo. § [1 2 3 4 5 6 7 8 9 10 11 12-13 14 15
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Reliability r. |.90 .75 .65 .80 .85 .93 .78 .66 .78 .91 .79 .77 .67 .79 .67
' [.94 .73 .79 .68 .98 .90 .86 .95 .92 .83 .97 .89 .99 .88 .98

Cost aj;|5 4 9 7 7 5 6 9 4 5 6 7 9 8 6
- "4 3 9 7 49 8 6 3 4 5 7 6 8 7
Weight a8 9 6 7 8 8 9 6 7 8 9 7 6 5 7
‘s 4 9 3 9 5 3 4 5 2 6 110 7 6

Volume aj;/2 410 1 5 5 4 8 81 7 3 1 2 4
12 6 5 4 3 5 9 2 5 7 8 6 3 12 5

=900

b]=750, b2=850, b3

9



x=(3’ 4’ 6’ 4’ 3’ 2’ 4’ '5’ 4’ 2’ 3) 4’ 5’ 4’ 5)’

£(X) = 0.9456134

(Luus’ approximate method [L3] did not produce the exact soiution for
Example 3-a). The exact solution for Example 3-b is

X=( 3, 5, 6, 4, 4, 3, 5, 6, 3, 3, 4, 3, 5, 4, 6, 3, 6, 4,
6, 2, 3, 4, 3, 3, 4, 2, 3, 2, 3, 2),
£(X) = 0.9697964.

When one wants to evaluate the efficiency of a specific integer
programming method, the rate of increase in times as problem size
increases is particularly interesting, since the computation time
increases exponentially. The execution time for Example 3-b is 22.4
times that for Example 3-a. ~This is really quite small, if we notice
that the number of feasible solutions of example 3-b is more than 5ls
=3 X 1010 times that of Example 3-a. McLeavey [M3] has indicated
that, for his method, the average execution time for problems with
size 16 x 2 is 100 times that for problems with size 7 x 2.

The efficiency of a branch-and-bound method is mainly influenced
by bounds for variables produced by the bounding technique. The
bounds produced by using the relaxation RP3 are almost the same as
the bounds used in Henin’s [H5] of McLeavey’s method [M3,M4]. RP1,
which has been used in Example 3-a, produces much better bounds than
RP3; this is true particularly when the number of variables increases.

Tillman’s [T7], Misra’s [M8] and Gen’s [G6] methods are unable to
yield the exact solution for a large problem such as Example 3-a and
3-b. McLeavey’s method can not solve the nonlinear constraint problem
such as Example 1. The present procedure, however, can efficiently

provide exact solutions for various problems by selecting an appropri-
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ate relaxation technique and adopting a good initial incumbent.

To evaluate the present separation technique, the separation was
carried out for Example 3-a by fixing variables in the reverse order.
Then the procedure required 27.9 sec of total execution time, that is,
the case of the reverse order spent 5.8 times the execution time of

the right order.
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Chapter 5

A METHOD FOR A MULTIOBJECTIVE PROBLEM

5.1 INTRODUCTION

Many papers have treated reliability optimization'problems with
a single objective function, all variables of which are integers.
These problemsbare formulated by selecting the most important or
appropriate property as an objective function from multiple properties
(criteria or objectives), e.g., unavailability, unreliability, cost,
weight, volume, and by treating the other properties as the constraints.
Evans [El] points out that the regions around optimum points are impor-
tant. This suggests that it is best to achieve a best balance among
all properties rather than to optimize one property, i.e., find a
best (best-compromise) alternative for system designers (decision
makers) in the feasible region of trade-offs among all properties.
Multiobjective programming is a way to do this.

There have been more than 100 papers, dealing with multiobjective
programming problems, and at least 20 different solution techniques
have been proposed [C2]. However, few papers have treated multi-
objective programming problems including integer variables. Sakawa
[S1] and Inagaki et al. [I1] deal with multiobjective mixed-integer
programming problems but use solution techniques for continuous
variables. Bitran [B10] treats a linear multiobjective programming
problem with zero-one variables. No paper treats multiobjective non-

linear pure-integer programming problems, and no method for solving
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them exists.

Multiobjective pure-integer programming problems differ
essentially from multiobjective programming problems with continuous
variables. The former problems usually have finite number of Pareto-
optimal (noninferior or undominated) solutions ( defined in Section
5.3.2). But the latter problems, however small the problems are, have
infinite number of Pareto-optimal solutions, except for the special
case that the problem has no feasible solution or only one Pareto-
optimal solution.

The present method for solving multiobjective nonlinear pure-

integer programming problems consists of three techniques:

(i) Narrowing a given feasible region.if the region is tdo'wide
.(Section 5.2). 3 . .
(ii) Obtaining exactly the set of Pareto-optimal solutions
' (Section 5.3). | ‘ '
(iii) Selecting a best—compromise solution for system designers

from the set of Pareto-optimal solutions (Section 5.4).

Technique (i) is based on Evans' view mentioned above. System
designers find an acceptable 901ution'Xa; which is a final solution
obtained by conventional methods, and narrow the feasible region such
that it is arround x2 , since a best—compromise solution is probably
around X°. Technique (ii) has two parts:
| ~a
a) Generating all feasiblé‘solutions.‘
b) Obtainlg the set of Pareto-optimal solutions from the set

of feasible solutlons.
For a, we modify the Nakagawa et al. method [N4] based on branch;and—

bound so as to generate all feasible solutions. For b, we obtain the

set of Pareto—optimal solutions by gompariﬁg two feasible solutions
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in all combinations. Technique (iii) is simple and uses paired-
comparisons [D1].

The present method has an interesting merit that an increase
in the number of objective functions only slightly affects the size
of problem, in contrast to the fact that vector optimization problems
with continuous variables which require much more computation time

with increasing number of objective functions.

5.2 PROBLEM AND TECHNIQUE FOR NARROWING AiFEASIBLE REGION. .

Consider a system having m properties (e.g., unavailability,
unreliability, cost, weight, volume). All properties are assumed to
be better when they are smaller (e.g., use unreliability rather than
reliability).
In the field of reliability optimization, it is desirable to
treat all properties as objective functions, since by trading off
all properties system designers can find a 'best'~compromise alternative
in a given feasible region; 'best' means best for the system designers.
We consider the following vector optimization problem where all

important properties are in the objective functions.

Problem A: minimize f(x)_

subject to £.(x) < Bj (j e MSUb),

3

X = (xl,...,xn)

¢4 < xi < Ei integer,

where
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monotone nondecreasing function for j=1,...,s,
fj(x) monotone nonincreasing function for j=s+l1,...,t,

non-monotone function for j=t+i,,..,m,

f(x) {fl(x),...,fm(x)}.

Ej upper bound of property fj(x); j € MSUb.
M§Ub a subset of M,

M {1,...,M}.

In real-world problems, a feasible region of the problem is often
too wide and includes too many Pareto-optimal solutions (defined in
Section 5.3.2). In such case, system designers can narrow the
feasible region reasonably by finding an 'acceptable' feasible
solution X® of problem A. A solution is 'acceptable' if so judged by
system designers from their experience and the analysis of data.

An acceptable solution x? can analytically be obtained by
considering appropriate scalar optimization problems. Two examples

are given.

(i) System designers make a single objective problem by selecting
one property as an objective function and using some
properties as constraints. The. exact or approximate solution
R of this problem can be obtained by using an existing method,
e.g., [N3,N4]. If X 1is not acceptable for system designers,
they make some other single objective problem after
reconsidering the valures fl(ﬁ),...,fj(ﬁ), and solve it
again. This is repeated until they get an acceptable
solution.

(ii) It is well known that trade offs among two properties can be
done easily by using dynamic programming (DP). System
desingers select the most important two properties and find

an acceptable solution x2 by DP,
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An acceptable solution x? is equivalent to a best alternative
which system designers have been conventionally finding.

To obtain a narrowed feasible region including a best-compromise
solution, which probably exists around xa, system designers set new
constraints bj by giving values dj based on their experiences and

data;

b, = £,(x?) +d (jeM), - (5.1)

3 k] 3

where 0 < d; < Bj - fj(xa) for j e M*®, and 0 < d
The obtained feasible region

j for j e M, £ MSUb.

X = {x | £,00 <by (5 €M) and x; € {e ,c,+1,...,5,) (L e M),
(5.2)

is a region around xa, as illustrated in Fig. 5.1, where N ={1,...,n}.
The following vector optimization problem is obtained, including
all properties not only as the objective function but also as

constraints.

Problem B: minimize f(x)

subject to X e X.

5.3 TECHNIQUE FOR OBTAINING THE SET OF PARETO-OPTIMAL SOLUTIONS

The method for solving problem A or B, has two parts:
generating the set of feasible solutions, and finding the set of
Pareto-optimal solutions from the feasible solution set. The feasible
solution set can be obtained by using branch-and-bound, which
enumerates all feasible solutions explicitly or implicitly. By

comparing two feasible solution in all combinations, we can easily
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fl(x)slbl
a
£,(x) g £,(X) + d,

a
fl(x) < fl(x )

. A
£,(X) § £,(x7) / £,00 € 52

a
fz(x)s f2(x ) + d2

Fig. 5.1 A narrowed feasible region.
@ means feasible solution X € X.
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get the set of Pareto-optimal solutions.

5.3.1 Procedure for Feasible Solutions

Consider the following problem, which is common to Problems A
and B.

(Feasible Region Problem): Find the set of the feasible solutions

subject to f_(X) <b (j e MlUMzUM3),

J 3

€y 2% 2 Ei integer,

where Ml,MZ,M3 are the sets of indices of monotone nondecreasing,

monotone nonincreasing and nonmonotone function respectively; i.e.,
miu?ine = P oy

We modify the procedure in section 4.3.5 to generate all feasible
solutions; further information can be found in Chapter 4 (especially

Section 4.3.1). The procedure is as follows:

(Procedure 1)

Step 1: Set L' = $ and Lf = N, where

L-UL =N. (5.3)
: - - f
And set S -+ Xo» X for all k e L.

Step 2: Calculate §§ for all k e Lf using (5.4) and reset §§ -+ ik'
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Step 3:

Step 4:

Step 5:

~ Step 6:

Step 7:

‘Next calculate §§ for all k € Lf using (5.5) and reset §§.+ X

-c - : . 1
¥ = max {xk € {gk,lck+l,...,xk}| fj(x) < bj ( e M),

X =X (ie L:, £ Kk)}. (5.4)

-
c -c - 2
x = min {x_ € {x,x+,...,%}] £50) < b, (3 €M),

Xy = ii (1 e Lf, #k)}. (5.5

Let {(1),(2),...,(£),...,(n)} be a permutation of {1,2,...,1i,

...y} such that

*y "X S X(2) " %(z) £ % *n) T E(n) (5.6)

And set 1 + £.

Set i?l) > X(0) and reset L' = {(L,2),..., O}, i.e., Lf =

{(+1),...,(n)}. If £ =mn, go to Stép 6. Otherwise, set

£+1 + £ and go to Step 5.

Calculate Eiz) and 5%2) using (5.4) and (5.5), respectively.

C

- c
1f X(Z) and §(£) exist, return to Step 4. Otherwise go to

Step 7.
-c

2,...,x(n),...,xn),

in)""’xn) satisfy

If some of the obtained solutions (xl,x
(xl’XZ""’E%n)-l’"”Xn)""’(xl’XZ’"'?§
the constraints fj(X) f‘bj (j e M3), then record the solutions
as being feasible.

Find £* such that
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L* = max {£'] xpry > 5?2,) (£'=1,2,...,£-1)}. (5.7)

If £* exists, reset £%+1 -+ £, x(ﬂ*)-l * X(phy and return to

Step 5. If £* does not exist, then stop.

5.3.2 Procedure for Pareto-Optimal Solutions

A feasible solution xk is Pareto-optimal if there does not exist
a feasible solution XZ such that

fj(xz) < fj(xk), for all j e M | (5.8)
and

fj(xz) # fj(xk), at least for one j € M. (5.9)

For example if we compare two feasible solutions xl,xz, then 1if x1 is

inferior to x2 in all £, (x), x1 is not Pareto-optimal. Comparing two
feasible solutions in ail combinations, we can obtain the set of
Pareto-optimal solutions. The maxiﬁum number of comparisons is
r(r-1)/2, where r is the number of feasible solutions. A computer
oriented procedure for obtaining Pareto-optimal solutions is as

follows:

(Procedure 2)
Step 1: Rearrange {fl(x),...,fm(x)} in order of importance of
'pfoperties. Let {f(l)(x),...,f(m)(x)} be the permutation
obtained. This step becomes useful when system designers

select a best-compromise solution by using Procedure 3.
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Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

2,...,x }, where xl, ..,x" “are feasible solutions

obtained in Section 5.3.1. Rearrange'{xl,xz,...,xt} in order

Set X = {x »X

. TR v
of increasing value of f(l)(x)' If f(l)(x ) = f(l)(x ) (u, v

e {1,...,r} ), find j' such that f(jy)(x“) # f(.,)(x”) and

u

arrange X , x" in order of incresing value of f( )(x) When

H or x from

f(j)(x“) = f(j)(xv) for all j € M, remove either X
X. Let xP = {X(l),x(z),...,x(r')} be the pérmutatioﬁ obtained.
Set 1 +k, 1+ 4&. |

Reset £+1 - £. If £ > r', go to Step 5. Otherwise go to Step

4.

1f x(z) ¢ Xp, return to Step 3. Otherwise calculate h(X( )

x©),

where
1, y>0
sign{y} = (5.10)
-1, y<0 o .
o x By = 1o ystents g 6O - g e
' (5.11)
When h(x(k) (Z)) =m - 1, remove x(ﬂ) from Xp, since x(z) is

not Pareto-optimal. Otherwise continue. Return to Step 3.
Reset k+l + k. If k # r', go to Step 6. . If k = r', then stop.
The current xP is the set of Pareto-optimal solutioms.

(k)

If X ¢ XP, then return to Step 5. Otherwise reset k + £

and return to Step 3.
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5.4 TECHNIQUE FOR SELECTING A BEST-COMPROMISE SOLUTION

We can obtain the set of Pareto-optimal solutions by numerical
calculation. However it is impossible to select a best~compromise
solution from the Pareto-optimal solution set without information
about the system designers' preferences.

Many methods, e.g., [G13,R3], exist for selecting a best
alternative from multiple alternatives or fixing the rank of multiple
alternatives. Most of them can be used for selecting a best-compromise
solution from the Pareto-optimal solution set. Roughly speaking, the
methods divide into two groups: methods with quantification of
preferences among all properties and ones without quantification.
Which method is better depends on the experiencé of system designers,
kinds of properties, etc. In real-world decision problems, explicit
quantification of preferences among properties is usually very
difficult. In such cases, experienced system designers use their
knowledge and the results of data analysis to judge which of two
alternatives is preferable. .If so, a reasonable result can obtain by
judging items in pairs. This is called paired comparison, and is
practical for decision making.

To select a best-compromise solution from a Pareto-optimal
solution set, we consider a simple method, which is a kind of paired

comparison. For simplicity, the following two assumptions are made:

(1) The system designers can determine which of two Pareto-optimal
solutions ik, §£ is preferable; i.e., they can answer the

following question: "At the point

Cmax {f,. (X9}, max {£,..XH},..., max {f, (&5},
t=k, g 1) t=k,2 (2 =k, (™
(5.12)

‘which do you prefer: A. Decreasing each value of property
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such as

<k )
€ M| £,.,(X f .
je {gem] £,y (&) < £, () (5.13)
to f(j)(ik), or B. Decreasing each value of property such as

j e {jeM| f(j)(i'z) <f )(ik)} (5.14)

(

to f( iz) ?". For example, when f(l)(ikj = 0.1 (unreli-

»f
ability), f 2) (S?k) = 90 (weight), £(3) (i‘k) = 70 (cost),
f(l)(iz) = 0.2, f(z)(il) = 80, f(z)(iz) = 60, the question is
"At the point that unreliability, weight and cost are 0.2, 90,
and 70, respectively, which is preferable for you, decreasing
unreliability to 0.1 or decreasing cost and weight to 80 and
60, respectively?" (see Fig. 5.2).

X E® f® £5®
0.2 90 70

Falll - o+1 l l

|- - - - -2 80 60

Fig. 5.2. An example of question.

(ii) The effect of order of comparisons, which comes from the
system designers' training, fatigue, adaption, etc., is

negligible.

A simple procedure for selecting a best-compromise solution from

the set of Pareto-optimal solutions is:
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(Procedure 3)

1 2

Step 1: Let X, X ..., %P be Pareto-optimal solutions obtained in

Procedure 2. Set d =1, k = 2.

Step 2: Let system designers compare id and Yk, then let the preferable
one be %J.

Step 3: If k < p, then reset k + 1 » k‘and return to Step 2. Otherwise

the current Xd is the result.

The resulting ?d can not yet be declared the best-compromise, the
decision might be inconsisted. The inconsistency is so called circular

triads (see Fig. 5.3).

Fig. 5.3 An example including two circular
triads. The arrow —)— means "is
not preferred to". '

Whether circular triads including Yd exist can be checked by

comparing Yd with Yl, iz,..., id-l,vunless id is a Pareto-optimal

solution. If Yd is preferable to any of il, 22,..., id-l, then id is
a best-compromise solution. Otherwise circular triads exist, then find

all circular triads, reexamine the alternatives forming the circular
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triads in detail and select an alternative as a best-compromise .

solution.

5.4 EXAMPLE

Consider a 3-stage system having four properties; reliébiiity,
weight, volume, and cost. The system reliability is increased by
choosing a more reliable component out of 4 candidates at stage 1,
adding redundant components in parallel at stage 2, and usig 2-out-of-

(x3+1):G configufation at Stage 3. The system reliability is

3 . -
R(x) = [T R;(xp) : : : (5.15)
i=1 .
where
R, (x;) = 0.88, 0.92, 0.98, 0.99 for.xl = 1,2,3,4, respectively,
. (5.16)
. XZ
R2(x2) =1-(1-0.81)"%5 - L (5.17)
xgtl < 41 K x3+1—k.
Ry(xy) = ) (3 )0.77 1 - 0.77) ) (5.18)
k=2 k '
The system weight, volume,'and éost are:
x,/8 x,/4 o v x3/4
W(X) =5+e + 3(x2 + e ) + 5(x3 +1+e ) £ 84,
. (5.19)
) x2/4 x3/4
"V(X) =10 + 8 x, e + 6 Xq e < 300, (5.20)
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C(X) =4 exP(I_gL%Zf;_Y) + 5xé + 2(x3 +1). (5.21)
\ l l .

A vector optimization problem is

minimize f(x) = {1-R(X), W(x), V(X), C(x)}
subject to  W(X) < 84,

V(x) < 300,

1< Xy <4, 1% Xys 1 §-x3,

Xys X5 Xg integers.

As this problem is quite small, we need not narrow the given feasible
region, but could solve this problem directly by using procedures 1, 2,
3. However for this example, we try to narrow the feasible region.

We assume that to make a single objective problem, system

designers give the following appropriate constraints,

W(x) < 70, .
(5.22)
V(X) 240.

IA

-A single objective problem is as follows:

maximize R(X)
subject to W(x) < 70,
V(X) < 240,
l<x 2 4, L <%y, 1 2 X35

Xy Xps Xg integers.
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The exact optimal solution of this problem is obtained by an exact
method in Chapter 4 or approximate method in Chapter 3, The solution
x = (3,3,5), is assumed to be acceptable for the system designers,i.e.,

= (3,3,5). (5.23)

Then referring to the constraints (5.22) and values

1 - R(x?) = 0.02976,
wix® = 69.26,
(5.24)
v(x?) = 165.52,
c(x?) = 37.87,

the system designers offer new constraints 0.1, 84, 260, 54 for R, W,
V, C, respectively. A multiobjective programming problem obtained,

which is formulated as problem B, is:

minimize f(x) = {fl(x), fz(x), f3(x), f4(x)}
3
subject to fl(x) = Z fli i) < 84,
i=1
3
£,(X) = 2 £, (%) < 260,
3
£,(0 = Z £q,(x)) < 54,
3 .
£,(0) = [ £,,0x) £0.10536 (= -fn 0.9),
i=1
1< Xy <4, 1< Xy 1< Xq5
X)» Xys Xg integers,
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where fl(x) = W(X), f2(x) = V(x), f3(x) = C(X), and f4(x) = -fn R(X),
and s =3, t = 4, m = 4, This problem is illustrated in Table 5.1.
Table 5.2 illustrates Procedure 1l: the permutation {1, 3, 2} is

obtained in Step 3, i.e., the variables are fixed in the order x

1! x3’

Xys and the feasible solutions are generated in the order 1,2,...,27;

further information is in Chapter 4.

Table 5.1
Input Data

CRITERION FOR WEIGHT
i £;) £,;(2 £..03)

1li
1l 6.133 6.284 6.455
2 3.750 10.946 15.351

3 16.420 23.244 30.585

CRITERION FOR VOLUME

i £, (1) £,;(2 £,;(3)
10.000 10.000 10.000
10.272 26,380 50.808

7.704 19.785 38.106

wWN e

CRITERION FOR COST
i £.,(1) £..(2) f3i(3)

31 31
1 4725 5,136 10,873
2 5.000 10.000  15.000
3 4.000  6.000  8.000

CRITERION FOR RELIABILITY

i f4i(l) f4i(2) f4i(3)

£;,@
6.649

21.155
38.592

f21(4)
10.000

86.985
65.239

£330
20,556

20.000
10.000

f4i(4)

1 -0.127833 -0.083381 -0.020203 -0.010050
2 -0.210721 -0,036768 -0.006883 -0.001304 -0.000247 -0.000047
3 -0.522729 -0.144293 -0.411060 -0.011483 -0.003127 -0.000832

fli(S)

25.471
47.452

f21(5)

139.614
104.710

£4

25.000
12.000

f41(5)

£

31.445
57.409

fzi(s)

215.121

"161.341

f3i(6)

30.000
14.000

£,.(6)

4i
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" Table 5.2

Feasible Solutions

XXy, Xy £ (x)£,(x) T £5(x) £,(x)

1 4, 6, 2 75.00 197.72 53.56 -0.04765
2 4, 5, 2 . 65.05 141.09 51.56 =-0.04994
3 4, 4, 2 56.19 101.62 . 49.56 -0.05830
4 4, 3, 3 52.58 . 98.91 52,56 -0.05804
5 4, 3, 2 48.18 74.49  47.56 ~-0.08792
6 3, 6, 3 79.21 222.15 . .39.87 -0.02792
7 3,6, 2 74.81 197.72 - 34.87 -0.05780
8 3, 5,5  79.38 254.32 47.87 -0.02358
9 3,5, 4 74.06 201.70 42.87 =0.02463
10 3, 5, 3 69.26 165.52 - 37.87 -0.03021
11 3, 5, 2 64.85 141.09 32.87 .-0.06010
12 3, 4, 5 70.51 214.85 45.87 -0.03193
13 3, 4, 4 65.20 162.22 40.87 =0.03299
14 3, 4, 3  60.39 126.05 35.87 =0.03857
15 3, 4, 2  55.99 101.62 30.87 -0.06845
16 3, 3, 5 62.51 187.72 43.87 -0.06156
17 3, 3, 4 57.19 135.09 38.87 -0.06261
18 3, 3, 3 52.40 98.91 33.87 -0.06819
19 3, 3, 2 . 47.99 74.49 28.87 -0.09808
20 2, 6, 4 83.84 258.33 39.14 -0.08552
21 2, 6,3 79.04 222.15 34.14 =-0.09110
22 2,5, 5 .79.21 254.32 42.14 -0.08675
23 2, 5,4 73.89 201.70 37.14 -0.08781
24 2, 5, 3 69.09 165.52 32.14 -0.09339
25 2,,4,'5 70.35 214.85 40.14 =-0.09511
26 2, 4, 4 65.03 162.22 35.14 -0.09617
27 2, 4, 3 60.23 126.05 30.14 -0.10175
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Table 5.3
Pareto~-Optimal Solutions

i 2 -hreh g-rety wEh, veh cah
1 (3,5,5) F.—0.02358.(0.0233) 79.38 254.32 47.87
2 (3,4,5)°F —0.02463 (0.0243)  74.06 201.70  42.87
3_}3,3,6)+ —0.02792 (0.0275)  79.21 222.15 39.87
4 (3,3,5)"t —0.03021 (0.0298) 69.26 165.52  37.87
5 (3,4,4)  —0.03299 (0.0325) 65.20 162.22 40.87
6 (3,3,4) % —0.03857 (0.0378) 60.39 126.05 35.87
7 (3,2,6)F —0.05780 (0.0562) 74.81 197.72 34.87
8 (4,3,3)° —0.05804 (0.0564) 52.58 98.91  52.56
9 (4,2,4) —0.05830 (0.0566) 56.19 101.62 49.56
10 - (3,2,5)7 —0.06010 (0.0583) 64.85 141.09 32.87
11 (3,4,3) —0.06261 (0.0607) 57.19 . 135.09 ..38.87
12 (3,3,3)° =—0.06819 (0.0659) 52.40 98.91 - 33.87
13 (3,2,4)F —0.06845 (0.0662) = 55.99 101.62 30.87
14 (4,2,3)* —0.08792(0.0842) 48.18 74.49  47.56
15 (3,2,3)*+ —0.09808 (0.0934) 47.99 74.49  28.87

*
Pareto—-optimal solutions

+ Pareto-optimal solutions when both W and V are removed.
When W or V is vemoved, Pareto-optimal soluitons do not

C and V are removed.

vary.
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Table 5.3 shows the set of Pareto-optimal solutions (the -
properties are assumed to be important in the order R, W, V, C), and
also Pareto-optimal solutions in the cases that one or two of W, V, C
are removed from tﬁe objective function vector. This suggests that if
the feasible region does not vary, the number of Pareto-optimal
‘solutions are nondecreasing with increasing number of objective
functions, the proof of which is easy.

The system designers can obtain a best-compromise alternative by
using Table 5.3 and Procedure 3. If %
as shown in Fig. 5.4, and ?4 is preferable to il and X

is selected by Procedure 3,

3, then ?4 is a

best-compromise solution of the example.

Fig. 5.4 Preference flow.
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APPENDIX A

PROOF FOR RULE B IN CHAPTER 2

Let
k' =it
K" = 1Y,
s%, = 's'ié-...-'s'.ir,’,
sz.. = §i,2,-...-§'i,,,

and compare Rule B with Rule A, then we have:

a) Case 1 in Rule B is.clearly equivalent to the case of t = 1 in
Rule A,

b) Case 2 in Rule B is equivalent to the case of t >2, p>2,
q > 2 in Rule A because: since e.s. structures Sz, and Sz" have been
designated according to Rule A, the condition t > 2 is equivalent to
' < 2"

c) Case 3 in Rule 3 ig equivalent to the case of t = 2, p>2,q-=
2 in Rule A because: since we have u(gié) < u(§2p) = 9" (= i;) from
u(Sz.) = u(Sln), it is always true that ié < ' (= ig).

d) Case 4 in Rule B is clearly equivalent to the case of t = 2, p =
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2, q = 2.
e) Cases 1,...,4 in Rule B clearly include all cases in Rule A.

a) ~ e) show that Rule B is equivalent to Rule A.
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APPENDIX B

PROOFS OF SOME PROPERTIES IN CHAPTER 2

1) Proof of Property 1: Without loss of generality, let
=~-* . '.
S; = 5,°8% (k< 9). | (B1)
Then from k < 2, we have that u(gk) < u(Si). Hence ﬁ(§£) < [m/2]+.
2) Proof of Property 3: Without loss of generality, let

Sp =8y "Spc--t'Fy Wy <8, <<

< < ,p22),  (B2)
1 72 P p

k < 21 < 22 <. < ﬁp , (B3)
that is,

u(Sk) < u(Szl) <. < u(Szp). | (B4)
Hence we have

2xu(§)) < pxu(gk) < u(sy), (B5)

because p > 2 and ZE=1 u(§z ) = u(Sz). Combining (2.10) and (B5) yields
() < m, : (B6)
so that
() < /31", (B7)

By combining (B7) and (2.15), we obtain 1 <k< A[m/3]f+l 1—1.
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3) Proof of Property 5: We have

1Sk S Ay ot = N

that is,

[@-1)/21%.

1A

u(§k)
From (B9) we have

u(§k)

IA

m-1- u(gk),

that is
u(gk) <m-1-j.
Combining (2.15) and (B1l) yields
A=
This shows that Property 5 is proper.

1.
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APPENDIX C

AN TLLUSTRATION OF PROCEDURE A IN CHAPTER 2

In order to illustrate Procedure A, suppose that we now have m = 8
at Step 2; in other words, we have been already generated and designated
all possible s-p structures for 1, ..., 7 units, and we have obtained
the values of Am,k for all m < 7 and the value of A8,1’ which are shown
in Table 2.1.

An illustration (m = 8) of Procedure A 1s as follows:

Step 2: (m = 8) We have‘j =1, 2, and then k = 1 when j = 1 and k = 2
when j = 2.
When j = 1, k = 1, we have:

1. The obtained structures, which have been designated, are

5145 = 51555 S146 = 515560 +ev» Syq, = 515144 °

e S35 = 5178555 Sy36 = 517556 +ees S3p, = 55,

ii4.

>
]

8,2 367.
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i Sgpc'=
11. 833, = 5,°8y)s S335
i11. Ag 5 = 367.
Step 3:
Step 4:
d. 8347 =
ii;”x8,4 = 379
When j =
1. 8379 =
ii. AS’S = 391,
Step 5: We have j=4,k
i. (k=5) Syo, =
ii. A$?6 = 396
1. (k=6) Syq,
ii. A8,7 = 400.
i. (k=7) 5400

When j = 2, k = 2, we have:

S9"546° S326 =

82‘847, ooy 5333

= 5,853, ++vs Sy

(8/31V + 1 = [(8 - 1)/217 = 3.

We have j = 3 and k = 3, 4,

When j = 3, k = 3, we have:

8375102 =7+ 8378 =54

S4°810> +++» S390 =

=§7.§7’.0..’

- ey

S 'Szi.

= 4, we have:

S3‘821 .

395 = 55759 -

399 %6

402 ~ °7 "9
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8,8
1. (k=8) S, = §5°5g, S,0, = S¢Sy -
ii. A8,9 = 405.
1. (k=9) 5, = §5°8; .
ii. A8,10 = 406.
Step 6: If M # 8, ;hen reset m « 9 and set A9,1 = A8,10!= 406 and

return to Step 2. If m = 8, then stop.
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Appendix D

DETAILS OF EXAMPLE 1 IN CHAPTER 4

1. (Step 1) Relaxation RP3 is used, and set f* « », X* « (w,o,®),
tf = (1,2,3).

2. (Step 2) We obtain il = (4,4,1) using (4.7) and reset X < il.
Next 51 = (1,1,0) is obtained using (4.85 and reset X <« gl.
Thirdly 22 = (>5,>5,4) is obtained using (4.9), and reset X <
(min{ii,§i},min{§§,§§},min{§§,§§}) = (4,4,1). Finally we obtain-
ed X¢ = (4,4,1) and 5c = (1,1,0) using (4.11), and reset x <« x¢
and X « §c;

3. (Step 3) A permutation {3,1,2} is obtained, i.e., (1) = 3, (2) =
1, (3) = 2. Set £ =1.

4. (Step 4) Set (1) (=x3) = 0 and reset LT = {3}, £ = 2.

1 _ =2 =c —
4, §(2) = 2, x(z) = 4, then X(2) 2,

5. (Step 5) E%Z) (=§i)

c
%) T &

6. (Step 4) Set X(2) = 2, and reset Lt = {3,1}, £ = 3 (=n).

1

-1 -1, _ = =
7. (Step 6) X(3) (=x2) = 4, X(3) = 3, X(3y = 3.

8. (Step 7) x* = (2,3,0), f* = 14.49.
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10.

11.

12.

13.
14.

150

(Step 6-8)

(Step 6-8)

(Step 5,4)

(Step 6-8)

(Step 6-8) |

(Step 6-8)

r
. (Step 8) £ =2, £ = 3, X(2) (=x(£)) =3, L = {3,1}.

(Step 6) (Step 7) (Step 8)
-1 1 r
) X3 *ay | ¥ B L Lox, L
3 2 2 (3,2,0) 10.93 2 3 4 {3,1}
3 2 2 Same Same 1 2 1 {3}

(Step 5) (Step 4)
§l xl §2 x5 %5 x )
(2) =(2) 7(2) (2) =(2) (2)

4 1 4 3 1 {3,1} 3

(Step 6) (Step 7) (Step 8)’
-1 1 r
X(3) 5(3) x(3) X* f* 2 2 x(z) L
& 4 4 | (3,2,00 10.93] 2 3 2 {3,1}
3 3 3 Same Same 2 3 3 {3,1}
3 2 2 Same  Same Stop
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» Appendix E
TDERIVATION OF EQUATION (4.16) 2
o n X,
Problem: Maximize f(X) = TT-(l - q )
i=1
subjegt to one constraint

80 = ) ‘a.x, <b! .

The Lagrangian function for this problem is
$(x,1) = 1nf(X) + Mgy (x) - bY). (E1)

Therefore the conditions for stationary point are

(x,A) /3%, =0 (4 =1,...,n), (E2)

30 (X,A) /A

1]
o

(E3)
From (E2), we have

X ) (1i=1,...,n), (E4)

i = (zji/aji)ln(l + t/z

ji

or
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x
X, = (zji/aji){lnt - lnzji - in(1 - qy i)} (1=1,...,n), (E5)

where t = -1/X and z,, =

=" ajillnqi . Substituting (E5) into (E3)
results in (E6).
n
t = exp[{b' + Z jilnzj + ) zjiln(l qi )}/( 2 ji
i=] i=1 i=1
(E6)
% . .

Letting 1 - 9 1. 1, we obtain ' o

t=t'=

exp{(b] + Zl zyylnz, )/ ( Zl z )b (E7)

where t < t'. From the objective function, (E&) and (E7), we can

finally obtain (4 16), i.e., the upper value of the problem
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