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1. Introduction

HRUBREOYERMRO A 2RO D 2 L3, WHEEETHS &
Hbhad, ThaE¥EMIC exact KHSMAETEIER—RICEH#ETH 5.
T T, MEMS AR ZELEE W TEEELRIC i Z PmsR O 5% %
KRB ZENRKEIIRS, IIT. —DOKFOMEICEET S, W, MR
BEOH { x (0} BoHoRKRTHERRE {x(D} KICELTW3 & &,
{x= ()} I 29 EBERFEONMIE { x(O} OEEBERBIOAMICPEETBEAS

me

ROFEE GERIOBKRD) MO—BHENROSLDX D78 1 KuHEREM S HREK

dx(t)=a (x(t)) dB., + b x(t)) dt (1. 1)
E. 2D (BASHD) P {x (D) 2FX5, ZORERMUMBIT (1. 1) O
DEDOFHRTICEL T3 EL LS. HEa ONREL TWARVEAD { x(D} OB
ERERENE { x (D)) OBEICBEL THZR 1 THEOBEREL THERETH NS, SERRITH
% Y)5E I R O 23 AR VAR T 5 g IR O 23 6 W BOR U T D Bz,
(1. 1) OMHEERLO, +o) ZAREEZM & 2 HE OB 0 AOH)EBRRNIE DBk
ELTHETRL, ZOF—ANWEEERS,

%8 a ) H1/2-Holder HFE D a(0)=0. bt Lipschitziigs
MmO bW@=0 L&D, ZO&ZE. (1. 1) & unique strong solution
ZFD, RPMELT. WhWwa FLLOERME (polygonal approximation) %3 X
B, ZOEE, (1. 1) OE EPMIE F—OHEEHLTEIASHTNSDT
EERCH T 5 EAOFEBERL. (1. 1) OROESAOFFBREIIC (OfHo
PORX D<) HEICKT 2N EIMEWS BENRET 3,

ZDJ)—FTH.
a(x) = {max (x, 0) } '?
b(x)= 0

DOBE. LOBEICHEENGHRIfEOND I EE2RT.
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2. Preliminaries

ZoETE. (x(0}, {(x(} (n€N) X R'—valued stochastic
processes with continuous paths T&HD

x(0)=x"0)=x€R'
v 5, XK@ (a, b) IZHLT

t@@b) =inf{tz0:x(t) ¢ (a, b)}

t%@,b) =inf{t=z0:x"(t) &€ (a, b}
EBL., ZDEE. ROFEMRED LD,

Theorem 2.1 KD (a), (b), (c) ZEKET 3.
(a) EEOFEROTIIHLT

| iMesoE [ SUDossr] x™ () —x (t) |?] =0
(b) HDHER e lTHLT

Pl t (a—tg,, b+te,) <F+o0] =1
(c) t (a, b) =1 im.o T (a—e¢, b+e) a.s.
ZDEE. HAREEENOEREHIESMNRFEEL T

| imkew T* (a, b) =7 (a, b) a.s.
N A RVAS N

(FIEBA)
el 0<e<e 2B T EIICED, a<x<b&T 3,
a=a—¢e, B=b+ e &B<,
e (a) Mo
I imeen E [ x* (1, DAND — x (o, DAD |21 =0 (2. 1)
PMEBOEBRDO TITHL TRDILD, 1> T. HRABNOEREIESLNFEL T
l ime x'" (v (a, B) AN =x (¢t (a, B) ANT) a. s.
BRDIMD, TIT. MARGREICKD, BOES EBH57) LETIREFELEZVEX
cENSB,
Qr = {7 (a, B) <T}
EBLE, e (b) Itk
Q1T M P (U:Qp) =1
Eird, weQ iz
x (t (a, B) AT) =a or B a.s.
Zhne, +aKkik5 =1 (w) ELITHLT
x' (t (a, B)) €& (a, b)
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THD.

t! (a, b) =1t (a, B)
Eixb, WH-oT. 0E€Q:r DEE

lim supiec t' (a, b) =t (a, B) (2. 2)
NS, TIMEEEMNS, (2. 2) & a.s. IKROIUD,

e (b) & (2. 2) IT&D
Iim supieet’ (a, b) <+ as. » (2. 3)
) AV AVAS

BREE (a) ZHVWT. £EOFROTIZHL T

I imenE [l x* (7 (a, b) AT) —x (t* (a, b) AN |%] =0
(2. 4)

OHEDNDZERDIS, ORI, BRENIMZ T, EKENEZLZHWVWTHED
ViD. - T, (WAKRHEZAWVWTD (ZZITERERKRKETZ) TREFELRZL
(LD) ERETESMBEREL _

I IiMpen| x* (7™@DAT) —x (z™@DATD [=0 a. s

(2. 5)

—4.

Qr ={limsupie. T
EB<E, (2. 3) IZ&D

Qr T Mo P (UQp =1 v (2. 6)
Th2, ;

#HoT, wEQT THBLE, THKESm=m (0) EM KHLT

™ (a, b) <T &izxb

x*(t™(a, ) ANT) =x(t™(a, b)) =a or b
THBM5. (2. 5) KLY +5HKEZm’” =m(w) eMIIHLT

x (™ (a, b)) € (ate, b—¢)
(ZZTC, e XHohUDIAWORIICEZTIER) B ID,

Wi weQ’ r OEE,

T (a+e, b—¢e) =1t™ (a, b
ThY , .

T (at+e, b—e) =1l iminfax 1™ (a, b) (2. 7)
Lizb, (2. 6) IZ&D, (2. 7) X a.s. THROMDZENIDSB,

(2. 2) £ (2. 7) T&oT, £%FA

T (ate, b—¢) =1 imintfput™ (a, b)

"(a, b) <T}
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] imsupPpmeu t™(a, b) =l imsupiect! (Ca, b)

= 17 (a—e, b+e) (2. 8)
MHEE 1 TRDILD,
pathodEiickd 10 &93LE
T (a+¢e, b—¢e)t 1t (a, b) a.s.
Thh, —h/ K& (c) &b ,
T (a—e, b+e)l T (a, b) a.s.
THaMh5., (2. 8) XD
| iMpew ™ Ca, b) = 1 (a, b) a.s.
Eirs, | KD,

3. First exit time of a bounded interval where the diffusion coefficient

is uniformly positive

ZOHTIE. EMDAHER (1. 1) OEPUMITONTEZ SR, HRK
a (x)iX 1/2-Holder continous, b(x){X Lipschitz continuousT&H 3 &9 3,
ZDEE, (1. 1) i unique strong solution ZROIENHLNTNVS,

time interval [0, +o0) DA EZ

A: 0=t < i< v < < = -

EL 1Al = sup:il tini—t:] E£EBL,
ba(8) =¢t; for s€ [t:, tis)
EBE, uLDOEEME{xa (1) } %
t t

xa (1) —x=| ax(da(s))) dB: + b(x(dal(s))) ds (3. 1)
KD EET S,

A (n) =0 (n€N, n—>+) ERBEIBHPOFNINT S
BALREOH x* (1) =Xam () Z2EZ. v (a, b) BXY ° (a, b) i
F2HITPVWTERLEDDET B,

H. Kaneko and S. Nakao [4] BWT

1l imyoFE [Suposisrl x* (t) —x () |?] =0 (3. 2)

(for any finite T)
DEDIDZEARINTED, ZhEDBENT, DE¥OEHESES,



Theorem 3.1 ,
BHXR [a, bl ITBWVWT, a (x) 2 >0THBIEZRET 3.
ZDEE, no+too ETHIE

~t™*(a, b) -t (a, b) in probability (3. 3)
AEED LD,

(REHA)

X € (a. b) &£9%,

BAICHABREAN OEEDEREFESMICH L T, MOERBIES LN
FIEL T .

' (a, b) > v (a, b) as. (l€L, l->+ow) (3. 4)
MDD EERED,

EFE2. 1 OfE (a) & (3. 2) KEOERBISESMIIHL TR
TWaNS, G (b) & (¢) OO DZEZERETHELWN,

COERBOEENS. HDHIER e BEFEELT

a (x) #0 for x€ [a—¢, b+ €]
Ehans, ERREREICEKD

P[ 7 (a—¢, bt+e) <+4o0] =1
ThD. ™D ]l 0ODEE

T (a—e¢, b+e) |t (a, b) a.s.
Elxb, PHOT, B2, 10W@EHIEKRT. (3. 4) OROIMDIENIM S,

KIZ,

l imy..e 7" (a, b) =7 (a, b) in probability
zHELED,

HE, E¥o. &0 . ENOEREHNESM BNEELT
£ZOmM’ eM’ IKHLT

Pllz" (a, b) —t (a, b) =6, =0. (3. 5)
Eir5s,

AR OZEMICED., ZOM OERIEHEESM” BEHELT

™ (a, b) -7 (a, b) as. (m”EM’, m'' —+c0)
Eiks, hix. (3. 5) EFET S,

KD O,

63
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ROBMTHEELWMEE, ZZTHRRNTHL,.
Proposition 3.2 :

(S, d), (S°, d’) ¥ separable metric spaces THY, X.

(neN), XiX S —valued random variables defined on the same probability
space, hi, h X S—™S’ @ Borel measurable mappings TR®D 3 &#H%
¥ &9 35,

(a) hi (X,) — A, (X) in probability (n —+w) for any Kk,

(b) hx— h as. (XOHHELT (k—>+o)

(¢) 1imlIim P[d (h(Xa), h (X)) >e] =0

for any ¢ >0

ZDEE,
lim A (X = h((X in probability

TH5.

(GEBH)
A%ER

d (h(Xw, h (X)) =d (h(Xn, he (X)) +

+ d (he (Xw), B (X)) + d (A (X, h (X))
BT |
& (c) o

1ikm@ PL( A0%1HE ) =2/3] =0,

&t (a) 5
lim PL(C%2H ) =e/3] = 0,

&% (b) o
likm Pl & (A (X, A (X)) =e/3] =0.

- T,
lim P[d (h (X)), h (X)) >e]l = 0

AEBKDD.,



4. First passage time to the boundary in a degenerate stochastic

differential equation

ZOHTIE. 1 XRoCHERMT TR
dx (t) = {max (x (t), 0)}'?* dB: (4. 1)
x (0) =x€ (0, +o)
E. (3. 1) TEBLENLOERMZEEZ 5.
B3 EFbk. FREIXKE [0, +0) OH5EDOH A (n), neEN, T
A (n) 10, (n—+™) , 2HLTHOE., ZHUTHIRT HELIHF
X" (t) =Xaw (1) ZROES., RHOHRIEOLZDIC,
On (S) =bawm (5) EBL,
a<b &93%&Z 1t (a , b) BEXUY 1° (a, b) IE3HTESR

LizbDET 5,
T (a) =7 (0, a), " (a) =1" (0, a)
T =7 (+0) ,7* =7 (+00)
EB<,
T = inf {t=0: x (t) =0}
7= inf {t=20: x"(f =0}
Thb, _
Elr (a)] =2x (loga — log x) for 0<x<a
BXU

P [t<+] =1, E [t] =+
ERBIERERLTBL, ZOHITIX

g (x) =2x (log a — log x) (4. 2)
EBL,

0<e<a &Xx, #H3. 1cXhiT. nt+ooEThiX

t* (e, a) »1 (&g, a) in probability
THs., KiZ. #H3. 2Z2@BHALT

> (a) — 7 (a) in probability (4. 3)
ZRLEWV. bHL. (4. 3) PROMTIE, BEEH3. 22§-5T

T = T in probability

MBEONMD I ERRMNBESS,
(4. 3) Z,RT720IC, FHI3. 2058 (c) OWBINB T L% check
LadhEhasmns, 202012, RO ODONOMENRKREELRS,
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Lemma 4.1

E [ S {x" (bn (8)) /x"(s)} ds]l = g (%)
[0, :2(a)]

(RiEEA)
Ito ORAARILED., EEOEROTITHL,
go (x* ( " (e, @) AND) — g (X)

= S go (x7 (s)) {x" (da.(s))}"* dB;
[0, T *(¢,a) AT]

+ (1/2) go (x* (s)) x" (¢pa (5)) ds

g [0, v *(¢,2) AT]

- T
0= E[go (x" (t" (g, a)AD) ) 1]
= g (x) — E[g {x" (¢ (s5)) /x" (s)} ds]
[0, T * (e, a) AT]
4
E [ g {x" (¢a ($)) /x" (5)} ds] =go (x)
(0. T (e, a)AT]
ZZT. ¢10, TtH+oo&dHEEW, AEEAD D,
Lemma 4.2
Elrz*(a)] = 2 @ (x) +IlA () D
(GEH) {x" (¢a (5)) /x" (s5)}

= 1+ (x" (¢ (s)) —x*(s8)) /x" (s)
= 1— {x" (b (5))} "2 (B:—B sa») /x" (5)
=1— [x* (¢ (SID'? (Bi—Bonw) /x" (5) 1 X
X1 [Bs— Bons» 20]
( I [A] W #£H5A0oEsBKEEXT.)
= 1-1 [B:—Bsa»=0] = 1 [Bs—Bsnn=0]
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THHANS, Lemma 4.1 XY

g (x) Z E [S I [B;—Bsniv=0] ds] (%)

: [0, 2]

Lhd, FER
T [0.9<t*@] =T [s=1°@] + 1 [slAMIET(@<s]

ICHEBELT

+00

(¥x) = E [ S I [Bs— Bon(s»=0]1 I [¢ (5) <t (a) ] ds]

— E[ S I [Bo= Bonv =01 I [s-1l00 || < 77 (a)<s]ds]

+o

s E[E [ [B:=Bon =01 | Fonn] I [da()<T™ @] 1ds

v

— 18 |
= (1/2) g E [1[6.(9<c @] 1ds — [ |

o

+oo

> (1/2) g E[7[Xt°@]11ds — M@l
=(1/2)EL @ 11— laml |
ZORDE, RDOBAEREED, | SEHIRED D,

Lemma 4.3 fEEDEROIZTHLT

lsiomlim Pllz" (e, a) —t*(a) 1>6]1 =0

n—+oo

1

MDD,

(GEH)
A | <6 ELTEWZE, BXU ERMO BT aTHE2EEL
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Pllzr (e, @ —1™(a) |>0]
= EP[r@-17( >0, LSt (6 ]

+o

= ZP[rr@>0tte, ti=17(,a)< tari]
. k=0 : B
= =XZpPI t“(a)‘—- teer. 20— 1AD | ; hér”(s,a)( |y

k=0

+o0

= S EI[P [ 2@ >06—12@IIT | = x*(ters) ;
k=0 tkét"'(s,a)< v

ZZT. Lemma 4.2 ZHWT

= 2 (G- 1MDI) "=ZE[L go(x*(tes D+ 1AM |
k=0 e=T17(6,a) tard]

+oo

= 2 (0—1A@ ) " {lIAm I+ Z EL go(x"(tes1)) 5
k=0 Ee=T1 (¢, a)< Earr]
| (4. 4)
HEDODEERDOTIIHL T
J (h) =ma Xoss5sMa X ssisserd Be — Bl
EB<E Kanagawa [3] bRLTWE KIS
E [J (h) ]1=0 (a2 (log (1/h)) ") —0 (h—0)
ThdERERLTBL.
El go(x*(txe1)) 5 te=T(5,a) tirr]
= E[ go(x™(ter)) 5 £x=77(,2)< tirr, X" (ter) € [0,26) Ua-e,+0)]
+ E[l go(X*(ter)) 5 tx=717(, ) trrr, X*(tur1) €E[2¢,a-¢] ]
go (x) P [te=7"(5,0)< tanil]

IA

x€ [0, 2¢&) U (a—¢, +oo)

+ 1l goll P Imax | x"(tr)—x"(s) | e, te=71"(c,a){ tier]
sE€ I (k) (4. 5)

(::'—C‘;\ 1 (k) = [tk, tk+l] T‘?B&o)
s€1 (k) O&E, BRIHMDLDIZ.
X (ter) —x7(s) = {x"(td} *(Be - B;)
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(t7 =ty)
THD, D t=17(c,a) DEE, x(t)=a E”S
| x*(ter ) —x(s) | =4 a | B: — B, |
&b, #-T
(4. 5) OFELOE 2
Sllgo I P Imax | Be —B:1>¢ /Ha, tist"(5,a){ tis]
s€1 (k)

§" 8o " {P[max I B: — B; I >£/fa, t‘kér“(f,aK tk+1/\ T]
sel (k)

+P [77(,a) 2T, t=17(,a) tus] }

kiZOWTIAT |

(4. 4) oFA=2 (6—-A@ ) " {IAMMI+ sup g (x) +

x€ [0, 2¢&) U (a—¢g, +x)

+ @/{9)E [J'(llA(n) 1) 1+ @/MD(go (x) + 1AM ) }
(for any finite T )

- T,

lim P[lz* (e, a) —t™ (a) |>d]

n—+oo

= 26 '{sup g (x) + @/T) g0 (x) }

x€ [0, 2¢€) U (a—¢, +x)

Wiz

Iﬁiom lim Pllzt* (e, a) —z" (a) |>6]

n—+o

= 267" (2/D e (x)
Eixb, ZIZT. TRBEETHENS

lim 1lim P[lz" (e, a) —t" (a) |>6] =0.

DD,

Theorem 4.4

lim 2 (a) = 71 (a) in probability (4. 6)

(GEBH)
Proposition 3.2 IZBWT. S=C([0,+»),R") ,
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d o)== 27 [mx lo (D -0 (D |A1],
n=1 0sSt=n

( 0,006 8S), S’ =7[0+0], d (x,x')=]| tan' x—tan' x° |

( x,xX€S’) &L

X.=x"(), X=x(),

he (0) =inf{t20; 0 (t) =0/k) or a},

h (o) =inf{t=20 ; © (t) =0 or a}
EBL. ok,

he (X») =1t°Q/k,a), h (X)=1"(a),

h: (X) =7({Q/k,a), h (X) =1,
Th>.

EFE 3. 1I2XD. Proposition 3.20%# (a) BRI E. EOHEEREMNS
& (B) ORDIMDZIEIHSHTHY., Lemma 4.3 IZKVFEHE (C) AEDILD,
f€-T. Proposition 3.2ick->T. (4. 6) AEDID. AEEARD D,

BRI, 20O - LrOENETIEREZRRS,

Theorem 4.5

lim * = <t in probability 4. 7)

(GEBD)

U, Proposition 3.2 ZHW3,
S. d, S’, d’, X, XiZE#H4. 407HLFEL LT3,

hi (0) =inf{ t=20; ®w (t) =0 or k}

h (0) =inf{t=0 ; 0 (t) =0}
935, ZDEE,

he (X)) =72(K), h X)=17,

he (X) =7®, h X)) =1, _
ER 4. 412k, Proposition 3.200%H (a) DML, P [t<+o0] =1
ot (b) BEDED. & (¢) Zcheckl &S,

P [d’ (hi (X»), h (X)) >¢] .

= Pllzr®) — 1>l =P [7"€K) < 7] (4. 8)
Z ZT. martingale { x*(t) —x} OBMBRIX r "Z2iTstrictly increasingTH B
5. ZOMMEBART time change T35 &, pathNFERICHET 521X, Brown EHHE
25k, (4. 8) OALIX x/k KEFELW,

- T, & (c) I¥WEIhS, AEHA¥D D,
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