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Abstract

This dissertation investigates the relationship between a regime-switching structure

and asset allocation. In regime-switching models, conditional distributions of assets’

returns are modulated by the Markov chain. Consequently, more realistic movements

of assets’ returns can be described. However, investors can not always exploit the

regime-switching structure, which means that the informed investor who knows the

regime-switching structure may underperform the uninformed investor from the views

of the Sharpe ratio.

In this dissertation, I first statistically confirm the existence of regime switching in

the U.S. equities market in Chapter 2. By my empirical analysis, there are two types

of regimes: one is a reversible movement of regimes and the other is an irreversible

structural change. The first recursive regimes are characterized by means and variances

of the assets’ returns and the second structural change is characterized by a change of

correlations across the returns. However, in a realistic setting, my computational simu-

lations show that the informed investor who knows a correct market structure can not

outperform the uninformed investor from the views of the Sharpe ratio. Furthermore,

using the other studies’ settings, I also find that the informed investor underperforms

the uninformed investor.

Next, in Chapter 3, I investigate values of information about regime switching. I

consider three different investors’ information levels and derive an optimal portfolio of

a dynamic mean-variance optimization problem in each information level. Comparing

means and variances of these three optimal portfolios, I show that the expected return

when investing in the optimal portfolio increases as the investor’s information becomes

more detailed. However, I also show that the variance also increases as the investor’s

information becomes more detailed. This result is surprising, but it is consistent with

the results of my simulation in Chapter 2 and the other empirical studies. In numerical

analysis, I find a numerical example that the informed investor’s Sharpe ratio is smaller

than the uninformed investor’s one.
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In Chapter 4, I introduce a concept of multiple priors into dynamic mean-variance

optimization problems. Optimization problems with multiple priors are robust to esti-

mation errors, therefore, they can deal with the errors that estimation of more compli-

cated models causes. I derive optimal portfolios in dynamic mean-variance optimization

problems with multiple priors. I also show that without a risk-free asset, an optimal

portfolio of risky assets converges to the global minimum-variance portfolio if a degree of

suspicion that there are estimation errors for means becomes large, and that the optimal

portfolio converges to the equally weighted portfolio if a degree of suspicion that there

are estimation errors for variances becomes large. Furthermore, I find that in various

data sets, the investment strategies that invests in the global minimum-variance port-

folio or the equally weighted portfolio considering the market regimes often performs

better than the other portfolios.

Finally, in Chapter 5, I consider optimal switching problems with multiple priors

using a theory of reflected backward stochastic differential equations. I derive the

system of partial differential equations that value function of the optimal switching

problems with multiple priors satisfy. Furthermore, I give some financial applications

of the optimal switching problems with multiple priors.
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Chapter 1

Introduction

This dissertation investigates the relationship between a regime-switching structure

and asset allocation. A regime-switching structure is characterized by the Markov

chain which is a random variable taking values in a discrete state space and whose

conditional distribution given a current information depends only on its current value.

Assuming that Markov chains affect data generating processes of asset returns, we can

describe more realistic behaviors of the asset returns although the market model is

more mathematically complicated. The models with Markov chains are usually called

the “regime-switching models”. The regime-switching models are introduced by the

seminal work of Hamilton (1989) and widely used to describe many situations in finance

and economics.

In this dissertation, I have first found the existence of reversible and irreversible

regimes in the United States equities market. It can be expected that this regime

information is useful in asset allocation. In spite of this natural expectation, I also

have empirically and theoretically shown that it is difficult that the investors efficiently

exploit the regimes straightforwardly. However, I have found simple and efficient in-

vestment’s methods using the regime information. This method is that the investor

invests in the typical portfolios such as the global minimum-variance portfolio and the

equally weighted portfolio considering the regimes. Furthermore, I have shown that

this method is a natural consequence of the mean-variance optimization problem that

is extremely robust to estimation errors of the moments of the asset returns. Therefore,

this method also justifies the naive investment strategies which perform well in practice.

In Chapter 2, I have empirically confirmed a change of correlations across industries

1



2 Regime Switching and Asset Allocation

in the U.S. equities market in the financial crisis of 2007-2008 using a regime-switching

framework. To capture the irreversible structural change in the financial crisis and

to separate it from the recurring booming-recession switches, I have introduced two

Markov chains: one is reversible and the other is irreversible. The statistical tests

indicate that the reversible regimes represent the differences of the expected returns

and variances. In the booming regime, the expected returns are large, whereas they

are small in the recession regime. Furthermore, the variances in the booming regime

are smaller than those in the recession regime. On the other hand, the irreversible

regime (structural change) represents the change of the correlation structure. I have

statistically confirmed that the most of correlations after the structural change are

higher than those before the structural change. Moreover, the timings of the changes

of the recursive regimes roughly coincide with the economic booming and recession

periods announced by the National Bureau of Economic Research (NBER). The timing

of the structural change roughly coincides with the financial crisis (see the below figure

in Figure 1.1).

As seen above, my estimation have succeeded in capturing the movements of the

U.S. equities market. However, my simulations of asset allocation have revealed that

investors can not always exploit information about the regimes and structure. In the

simulation in which an informed investor knows an actual distribution, current regime

and structure, the informed investor outperforms an uninformed investor from the view

of the Sharpe ratio. However, in the other simulation in which the informed investor

knows only the possibility of the structural change, the informed investor can not out-

performs the uninformed investors from the view of the Sharpe ratio. Furthermore,

using the settings on the other studies, Ang and Bekaert (2002) and Guidolin and Tim-

mermann (2007), my simulation have shown similar results. These results indicate that

it is difficult that we effectively use the information about the regimes from the views

of the mean-variance efficiency.

In Chapter 3, I have mathematically shown that an informed investor can not always

outperform an uninformed investor in the regime-switching market. I have considered

three different investors’ information levels. I call the first information level “partial
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Figure 1.1. The smoothed probabilities and the NBER recession dates. The

first figure plots the smoothed probability of Model S2. The second figure plots the smoothed

probabilities of Model S2D2. In each figure, a solid line is the probability of being at S = 0

(that is, the probability of staying in the booming regime) and shadow areas are NBER

recession dates. In the second figure, a dashed line is the probability of being at D = 0 (that

is, the probability of the structural change not occurring).
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information”, which means that the investor can not observe a movement of regimes

and she only observes a history of the past returns. The second information level is

“perfect information”, which means that the investor can observe both of the histories

of the regimes and returns. The third information level is “prediction”, which means

that the investor also can observe the histories of the regimes and returns, moreover,

she knows a value of the one-period-ahead regime at each time. Comparing these three

information levels, we can consider that the first information level is the most realistic

and typical setting. I have considered dynamic mean-variance optimization problems in

the infinite horizon in the three different information levels and provided their optimal

portfolios.

In the mathematical analysis, I also have shown that the single-period unconditional

expected return of the optimal portfolio increases as the investor’s information becomes

more detailed. However, the single-period unconditional variance also increases as the
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investor’s information becomes more detailed. Therefore, the single-period Sharpe ratio

of the informed investor’s optimal portfolio may be worse than that of the uninformed

investor’s optimal portfolio. Indeed, a certain numerical example has shown the bad

performance of the informed investor’s optimal portfolio, in which the partial infor-

mation investor underperforms the myopic investor from the views of the Sharpe ratio.

This result is deep, but it indicates that investors can not always exploit the information

about the regimes.

In Chapter 4, I have introduced multiple priors into dynamic mean-variance opti-

mization problems in order to investigate how to use the information about the regimes.

The utility optimization with multiple priors is introduced by Gilboa and Schmeidler

(1989). They call it “max-min expected utility”. An optimization with multiple pri-

ors can deal with estimation errors of distribution’s parameters, in other words, it can

deal with behaviors of the ambiguity aversion. Unlike the existing literature, I have

introduced two types of multiple priors: the priors for expected returns and the pri-

ors for a covariance matrix. I have succeeded in deriving the optimal portfolios in the

dynamic mean-variance optimization problems with multiple priors. Furthermore, my

settings include the various return models such as the factor pricing models, stochastic

volatility models and regime-switching models. Therefore, these optimal portfolios can

be naturally applied to a regime-switching market.

To study the case when an investor considers that estimated parameters are not

credible at all, I have analyzed limiting behaviors of the optimal portfolios. First, I

have shown that when there exists a risk-free asset, the optimal risky assets’ portfolio

converges to zero as a trade-off parameter between the expected returns and associated

risks or a degree of suspicion that there are estimation errors tends to infinity. This

result is natural since the risk-free asset has no risk and no estimation error. However,

without the risk-free asset, the optimal portfolio in limiting cases becomes the two

famous portfolios: the global minimum-variance portfolio and the equally weighted

portfolio. The optimal portfolio becomes the global minimum-variance portfolio as

a degree of suspicion that there are estimation errors for the expected returns tends

to infinity. On the other hand, the optimal portfolio becomes the equally weighted
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portfolio as a degree of suspicion that there are estimation errors for the covariance

matrix tends to infinity. This result is surprising. However, it can become one of the

rational reasonings why an investor chooses the equally weighted portfolio.

To investigate efficiency of the optimal portfolio in my framework, I have conducted

back tests in various data sets. In the back tests, the extreme strategies that invest

in the global minimum-variance portfolio or the equally weighted portfolio considering

the market regime often perform well in all data sets from the views of the Sharpe

ratio. This implies that the investor can exploit the information about the regimes

using these strategies. These strategies seem to be naive, however, as seen above, they

are rationally justified by my framework; investors choose these strategies since they

think that the estimated parameters are not credible at all.

In Chapter 5, changing the point of views, I have considered that investors change

the regimes. This type of the problems is called an “optimal switching problem”. Fur-

thermore, I also have introduced multiple priors into optimal switching problems. I

call this optimal switching problems the “optimal switching problems under ambigu-

ity”. Using reflected backward stochastic differential equations, I have shown that a

value function of the optimal switching problem under ambiguity satisfies some system

of partial differential equations. Furthermore, I have derived the conditions that the

optimal switching problem under ambiguity is equivalent to a usual optimal switching

problem with an a priori shift of a drift of a state variable. If these conditions hold, the

results of existing literature can be applied to the optimal switching problems under

ambiguity straightforwardly. However, interesting behaviors occur if these conditions

do not hold. In the typical buy high and sell low problem (e.g., Zhang and Zhang

(2008)), which does not satisfy these conditions, I have shown that effects of ambiguity

can not be reproduced by any a priori shift of the drift.
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Chapter 2

An Irreversible Change of
Correlations in the U.S. Equities
Market and Difficulties in Using the
Information

2.1 Introduction

The global financial crisis in 2008 shows the importance of understanding correlations

of financial instruments1. During the catastrophic shock, prices of financial assets are

reported to have moved together; correlations of asset returns, including those tradition-

ally considered weak, rapidly increased. This phenomenon causes significant impacts on

derivatives prices and hence, on risk management. Accordingly, as part of post-crisis

study, there has been an increasing body of literature about measuring and manag-

ing correlation risk. To name just a few, Driessen, Maenhout, and Vilkov (2009) study

whether exposure to marketwide correlation shocks affects expected option returns, and

Buraschi, Porchia, and Trojani (2010) propose a new optimal portfolio choice model by

allowing correlation across industries to be stochastic. Driessen et al. (2009) find that

assets sensitive to higher marketwide correlations earn negative excess returns. Given

the above studies, this chapter has two aims: the first is to identify the irreversible

structural change in correlations across industries’ returns in the United States (US)

equities market, and the second is to test whether the information regarding a structural

change can be effective in an investment decision.

1This chapter is a revised version of Egami, Shigeta, and Wakai (2016).

7
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As for the first goal, we note that the abovementioned studies suggest that the corre-

lations among the returns of the financial instruments change after the global financial

crisis. Since the global financial crisis started from the US, we focus on the equities

market there. To capture the correlation changes, we use the Markov regime-switching

model introduced by Hamilton (1989) in financial economics. More specifically, we pro-

pose a regime-switching model with two (mutually independent) Markov chains: one

reversible and the other irreversible. The latter chain is used in an attempt to sepa-

rate the possibly irreversible structural change in correlations from the ordinary regime

switching induced by bull and bear markets.

Our empirical findings include (1) the reversible chain captures the shifts of the

mean and variance of the individual industry indexes, which alone cannot explain the

change in the correlation structure among the industries, (2) the irreversible change

is estimated to have occurred between August 2007 and October 2007, which roughly

coincides with the period when the financial crisis was becoming obviously imminent,

and (3) there is clear evidence that the correlation across industries increased after that

period. These results confirm our perceptions that the financial crisis in 2007–2008

changed the market structure.

As for the second goal, we test whether investors can use information of the struc-

tural change effectively in facing a crisis of comparable magnitude to the collapse in

2007–2008. To answer this question, we conduct Monte Carlo simulations of asset

allocations. In our simulations, we set investors to optimize their mean-variance cri-

teria since the real-life measure of investment efficiency is usually based on the mean-

variance preference. Our hypothetical investors are characterized by their information

levels, depending on which models they believe and how much information they have

about regimes and correlations. If their performances are different, then the difference

represents the benefits or costs of the information regarding regimes and structure.

By the simulations, we first confirm that the information about market regimes and

structure is valuable: the informed investor who knows the true market model achieves

better performance than less informed investors. The sample standard deviations of the

informed investor’s global minimum-variance portfolio is the lowest of all the investment
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strategies. The sample Sharpe ratios of the informed investor’s tangency portfolio is

the greatest of all the investment strategies. Next, we conduct the test in the setting in

which investors do not know the distribution parameters and current regimes and struc-

ture. Thus, they need to estimate repeatedly the distribution parameters and current

regimes and structure at each time period. In contrast to the first test, the portfolios of

the investor who believes in both reversible and irreversible chains underperformed in

terms of both the standard deviation of the minimum-variance portfolio and the Sharpe

ratio of the tangency portfolio. To explain why this occurred, we measure the estima-

tion errors of the timing of the structural change. They show that the investors do not

always react correctly to the movement of structure. To investigate further whether the

failure of the second test is caused by regime-switching estimation, we conduct Monte

Carlo simulations based on the regime-switching models without structural changes.

Nevertheless, we find that the uninformed investor achieves the best performance of

all investor types. In this respect, Guidolin and Ria (2011) report that from the view-

point of the Sharpe ratio, investors using the regime-switching models do not always

outperform investors using other models. This is consistent with our results.

The rest of this section is devoted to a literature review related to the study in

this chapter. There is a large number of studies on the correlation in international

stock markets. For example, Berben and Jansen (2005) investigate the correlations

of international stock markets by fitting smooth transition generalized autoregressive

heteroskedasticity (GARCH) models to weekly return data. They report correlations

among the German, United Kingdom (UK), and US stock markets doubled in the

period 1980–2000. However, the correlations between Japan and other markets did not

change significantly in this period. Their results indicate that the continuous change

in correlations can occur whereas our result shows that a drastic change in correlations

occurred in the US equities market. Other studies include Karolyi and Stulz (1996),

Ramchand and Susmel (1998), Das and Uppal (2004), and Bekaert, Hodrick, and Zhang

(2009).

The regime-switching model is introduced by Hamilton (1989) to capture sudden

changes in economic time-series data. In the line of empirical studies, the literature
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using recursive regime-switching models suggests the existence of these two kinds of

sources for changes of the market conditions, namely, recursive regime shifts and an

irreversible change. Ang and Bekaert (2002) use a regime-switching model to iden-

tify recursive regime shifts in the international financial market. They succeed in re-

producing the asymmetric correlation patterns reported by Longin and Solnik (2001).

Okimoto (2008) develops the model of Ang and Bekaert (2002) and finds non-linear

and asymmetric dependence patterns of financial assets in the market. Pettenuzzo and

Timmermann (2011) find irreversible structural changes in the US financial market us-

ing the irreversible regime-switching model. Our analysis integrates these two types of

regime-switching models.

The literature also reports the positive values of regime information. Ang and

Bekaert (2002) simulate the economic effects of observable regime switching with the

CRRA (constant relative risk aversion) utility. Their study of simulation using em-

pirically estimated parameters indicates that there is a positive economic value when

an investor takes into account regime switching in the international equities market.

Guidolin and Timmermann (2007) extend Ang and Bekaert (2002) under unobservable

regime switching in the US financial market. They report the existence of a positive

economic value in the unobservable regime-switching market. Guidolin and Timmer-

mann (2008a) consider the optimization problem of the higher-order preference, such as

skewness and kurtosis. Tu (2010) applies the Bayesian approach to the mean-variance

optimization problem. Other examples include Guidolin and Timmermann (2008b),

Pettenuzzo and Timmermann (2011), and Guidolin and Ria (2011).

The advantage of using the regime-switching model includes that it may capture

some moment properties, frequently observed in real markets, such as auto-correlation,

volatility clustering, asymmetric correlation, non-normal skewness, and kurtosis (e.g.,

Timmermann (2000)). To study the effects of these properties in investment, many

studies consider dynamic portfolio selections with regime switching. In theoretical

approaches, Yin and Zhou (2004) study the discrete-time, finite horizon mean-variance

preference optimization problem under the observable regime-switching settings. Honda

(2003) considers the continuous-time consumption and investment problem with the
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power utility under the unobservable regime switching. However, since the settings in

the abovementioned theoretical literature do not precisely match the settings in our

simulations, so we use the one-period optimal portfolio.

The rest of this chapter is organized as follows: Section 2.2 introduces our regime-

switching model. Section 2.3 presents estimation methodology and results. The latter

part consists of the following: first, we test if the reversible Markov chain captures a sta-

tionary component of asset returns; then, we estimate whether and when the irreversible

structural change occurred. Given the estimated timing of the structural change, we

compare means and covariance before and after the structural change. Section 2.4 shows

the results of the asset allocation problem using the Monte Carlo simulation. Section

2.5 concludes, and some technicalities about the estimation procedure, data details,

and model specification are provided in the Appendix.

2.2 Models

We consider a discrete-time, finite horizon regime-switching model, where t varies from

0 to T with T > 0 fixed. Let (Ω,F ,P) be a complete probability space, which hosts

a coupled Markov chain Z = (Zt)
T
t=0 that explains regime switch and some stochastic

process that drives the log-return process Y := (Yt)
T
t=0. The variable Zt indicates a

regime at time t and we assume that an evolution of regime Z is described by a couple

of two independent Markov chains (St)
T
t=0 and (Dt)

T
t=0, so that we denote Z = (S,D).

The first component (St)
T
t=0 captures a reversible transition in the regimes of asset

returns. We assume that S is a stationary Markov chain with two regimes {0, 1} and

the time-invariant transition probability matrix

P :=

(
P(St+1 = 0|St = 0) P(St+1 = 1|St = 0)
P(St+1 = 0|St = 1) P(St+1 = 1|St = 1)

)
=

(
p00 1− p00

1− p11 p11

)
,

where p00 and p11 are constant parameters to be estimated.

The second component (Dt)
T
t=0 captures an irreversible structural change in the

asset returns. In particular, we assume that the structural change can occur only once.

This can be modeled via a Markov chain consisting of two regimes {0, 1}, where Dt = 0

represents the regime before a structural change occurs and Dt = 1 represents the
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regime after the structural change. Accordingly, the transition probability matrix of D

is time invariant and defined by

Q :=

(
P(Dt+1 = 0|Dt = 0) P(Dt+1 = 1|Dt = 0)
P(Dt+1 = 0|Dt = 1) P(Dt+1 = 1|Dt = 1)

)
=

(
q00 1− q00
0 1

)
,

where q00 is a constant parameter to be estimated. By construction, D0 = 0 and Dt

cannot return to regime 0 once Dt moves, at some time t, to regime 1. Furthermore,

for comparison, we also consider the model without any structural change, which is

done by setting q00 = 1. Note that in this case, the model reduces to a conventional

regime-switching model with Markov chain S. Hereafter, the model constrained with

q00 = 1 is denoted by “Model S2” and the model without any constraint is denoted by

“Model S2D2.”

The process Y is a vector of log returns of N -industry stock indexes defined by

Yt = µZt + Σ
1/2
Zt
et,

where, for each t ≥ 0, µZt is the N -dimensional vector, Σ
1/2
Zt

is the N×N matrix, which

satisfies Σ
1/2
Zt

(Σ
1/2
Zt

)⊤ = ΣZt , and (et)
T
t=0 is an N -dimensional identically and independent

distributed (i.i.d.) standard normal vector. The mean and covariance of process (Yt)
T
t=1

are affected by the regime described by (Zt)
T
t=1 in the following way:

µZt =
1∑
s=0

1∑
d=0

1l{St = s,Dt = d}µs,d, ΣZt =
1∑
s=0

1∑
d=0

1l{St = s,Dt = d}Σs,d

where µs,d (s = 0, 1, d = 0, 1) is a constant N -dimensional vector and Σs,d (s = 0, 1, d =

0, 1) is an N ×N constant positive definite symmetric matrix.

By this formulation, the conditional mean and covariance of Yt given Zt are

E[Yt|Zt] = µZt , Var(Yt|Zt) = ΣZt .

Accordingly, the distribution of Yt given Zt is

Yt|Zt ∼ N(µZt ,ΣZt)

where N(A,B) is the normal distribution with mean A and covariance B.

The marginal conditional distribution is

Y j
t |Zt ∼ N(µjZt

, (σjZt
)2), j = 1, . . . , N
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where µjz and (σjz)
2 are the jth component of µZt and the j × jth-element of ΣZt ,

respectively.

The standard assumptions about the dependence structure of the model are as

follows:

Assumption 2.2.1 Let Ft := σ{Ys : 0 ≤ s ≤ t} be the σ-algebra generated by the

log-return process Y .

(i) Su and Dv are independent for any pair of u and v; 0 ≤ u, v ≤ T .

(ii) For any t ≥ 0, given St, St+1 is independent of Ft, and given Dt, Dt+1 is indepen-

dent of Ft.

We employ these assumptions in estimation; see Section 2.3 and the Appendix.

2.3 Estimation

2.3.1 Data

We estimate the models of Section 2.2 using monthly industry indexes. All the data are

obtained from the “Thomson Reuters Datastream.” We use the indexes of Standard &

Poor’s 500 sector total return indexes classified into 10 industries, following the Global

Industry Classification Standard. They are the total return indexes calculated by the

data source. Before estimation, we divide them to into six large groups and integrate

indexes in each group2. How we integrate them is outlined in Appendix 2.B. We pick

out the monthly data of the integrated indexes from the daily data and compute their

monthly log-returns. Consequently, we obtain the monthly data of six large sector

indexes. The monthly log-returns of the integrated indexes covered from February 1995

to December 2011, so it have a total of 203 data points. Table 2.1 shows the acronyms

of the industries and the correspondence of the acronyms to the group of integration.

2The estimation using the original 10 indexes is very difficult because the 10-index model has many
parameters. Their number is 263 when estimating our main model, whereas the number of parameters
in the 6-index model is 111; 263 is much greater than the length of available monthly data. Thus, we
integrate the index to reduce the parameters.
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2.3.2 Method

By using the log return process Y of the integrate sector indexes, we estimate the

two unknown components of the model. The first component is an evolution of the

regimes, in which we can estimate only the probability of being at particular regimes of

Z = (S,D). The second component is the mean vector µZt and covariance matrix ΣZt ,

which are distinct for each regime. We jointly estimate these components based on an

iteration method. In particular, we use the expectation-maximization (EM) algorithm,

as introduced by Dempster, Laird, and Rubin (1977), after suitably making it fit our

framework. By construction, the initial state is Z0 = (0, 0) or Z0 = (1, 0), and we

denote by ρs the initial marginal probability of being at regime s, that is, P(S0 = s).

Recall that (Ft)
T
t=0 is the information of observable process (Yt)

T
t=0 up to time t and

let Θ(k) be the candidate of parameters P,Q, µs,d, (s, d = 0, 1), Σs,d, (s.d = 0, 1), and

ρs, (s = 0, 1) in the kth iteration of the EM algorithm. Following Hamilton (1990), the

updating formulae for our model parameters in the (k + 1)th iteration are

µ
(k+1)
s,d =

∑T
t=0 YtP(St = s,Dt = d|FT ; Θ

(k))∑T
t=0 P(St = s,Dt = d|FT ; Θ(k))

Σ
(k+1)
s,d =

∑T
t=0(Yt − µ

(k+1)
s,d )(Yt − µ

(k+1)
s,d )⊤P(St = s,Dt = d|FT ; Θ

(k))∑T
t=0 P(St = s,Dt = d|FT ; Θ(k))

p(k+1)
ss =

∑T
t=1 P(St = s, St−1 = s|FT ; Θ

(k))∑T
t=1 P(St−1 = s|FT ; Θ(k))

q
(k+1)
00 =

∑T
t=1 P(Dt = 0, Dt−1 = 0|FT ; Θ

(k))∑T
t=1 P(Dt−1 = 0|FT ; Θ(k))

ρ(k+1)
s = P(S0 = s) = P(S0 = s|FT ; Θ

(k)) s = 0, 1, d = 0, 1,

where P( · | · ,Θ(k)) is the probability calculated under the parameter set Θ(k). Hamil-

ton (1990) shows if we repeat updating the parameters using these formulae, then the

sequence of the parameters obtained by this algorithm converges, as k → ∞, to the

maximum likelihood estimators. The EM algorithm is based on the following probabil-
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ities of being at a particular regime:

P(St = s,Dt = d|FT ; Θ
(k))

P(St = s, St−1 = ŝ|FT ; Θ
(k))

P(Dt = d,Dt−1 = d̂|FT ; Θ
(k))

P(S0 = s|FT ; Θ
(k)),

which we estimate by the method Kim (1994) proposed. For the detail of the derivation,

see the Appendix.

2.3.3 Results

The objective of this subsection is to investigate whether and when an irreversible struc-

tural change occurred and how it affected a stationary component of asset returns. In

particular, we want to see how the irreversible change, if it exists, altered the correlation

structure of asset returns.

Identifying the Markov Chains (S, D)

We first want to test whether a two-state reversible regime-switching model reasonably

captures a stationary component of asset returns.

The first figure in Figure 2.1 shows both National Bureau of Economic Research

(NBER) recession dates (shaded regions) and the probability of being at regime St = 0

estimated by Model S2 (without a structural change). On the other hand, the second

figure in Figure 2.1 replaces the latter probability with the one estimated by Model

S2D2 (with a structural change) and adds the probability of being at regime Dt = 0.

Both figures indicate nearly identical probability of the recursive state variable, which

supports our assumption that the irreversible structural change in asset returns occurs

independently of the stationary and reversible transition in asset returns. Furthermore,

we conduct the Carrasco, Hu, and Ploberger (2014) test (hereafter the CHP test) used

widely for detecting the existence of Markov switching3. The result is reported in Table

2.2, where the test is performed sector by sector. The test statistics exceed 1% critical

3The CHP test is developed by Carrasco et al. (2014). The null hypothesis of this test is that a
time series is not Markov switching.
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value except for the energy industry (ENE), so that the data indicate the existence of

Markov switching structure. Given the above results, our two-state regime-switching

model seems to capture a stationary component of asset returns.

Figure 2.1 also identifies a relationship between regime St and the economic envi-

ronment in the US. Although regime St = 0 in Model S2 and regime St = 0 in Model

S2D2 do not necessarily represent a period of the economic boom, the estimated proba-

bilities of being at these regimes and a boom period in the US economy almost coincide

after 2005. This suggests that the asset returns depend on the economic environment.

Therefore, for simplicity, we call St = 0 a boom regime and St = 1 a recession regime.

Next, we estimate whether and when the irreversible structural change occurred.

Table 2.3 shows the Akaike information criterion (AIC) statistics for the model with

and without the irreversible structural change. These statistics imply that the model

with the irreversible structural change fits the data better than the model without

the irreversible structural change. Moreover, the AIC of Model S2D2 is lowest in

our examined models (see Appendix 2.C). Thus, the data suggest the existence of the

irreversible structural change.

In terms of the timing of the irreversible structural change, the dashed line in the

second figure of Figure 2.1 reports the estimated probability of being at regime Dt = 0.

The result implies that the irreversible structural change occurred between August 2007

and October 2007. This roughly corresponds to a period at the start of the financial

crisis. Thus, the estimated irreversible structural change corresponds to the financial

crisis.

To identify the abovementioned irreversible structural change, it is crucial to es-

timate the model by jointly using multi-sector returns. To observe this further, we

report, in Figure 2.2, the probability of being at regime Dt = 0 obtained by estimating

the model consisting of single-sector returns.

Although all the sector returns imply that the probability of being at regime Dt =

0 started to decline soon after the beginning of the data, the probability declined

gradually. This means that we cannot infer the exact timing of the irreversible structural

change via single-sector data. On the contrary, in our multi-sector estimation (see
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the second figure in Figure 2.1 again), the probability of being at regime Dt = 0

declined dramatically from 1 to 0 in a single period. This confirms that the multi-

sector estimation is a key to infer the timing of the irreversible structural change.

Impacts of Structural Change on Means and Covariances

Table 2.4 summarizes means and volatilities of each sector returns for each regime of

Models S2 and S2D2. We confirm that at the boom regime St = 0, means are relatively

higher than the recession regime St = 1. Moreover, volatilities are higher in the recession

regime than the boom regime. These relationships of parameters are consistent with

the meanings of St explained in the previous subsection, that is, a business cycle.

To confirm this conjecture, we test the null hypothesis that means and volatilities

in the boom regime are equal to those in the recession regime. These tests are the

standard Wald-type tests for maximum likelihood estimators. As shown in Panel A of

Table 2.5, we reject the null hypotheses at the 1% significant level except for a few tests.

These results are statistical evidence that the reversible variable S captures booms and

recessions in the US stock market. Similarly, the results of tests among different values

of S in Model S2 (Panel C) show significant differences, although these results are

weaker than in Model S2D2.

On the other hand, Panel B in Table 2.5 shows the results of tests whose hypothe-

ses are that means and volatilities before the irreversible structural change are equal

to those after the irreversible structural change. Contrary to the results with equality

across different S, the significant difference of parameters across different D are not

always found. In particular, the hypotheses that assume equality of means across dif-

ferent values of D in the boom regime (S = 0) are not rejected at the 10% significance

level. Although the means in the boom regime, except for the consumer goods indus-

try (CG), increase when the structural change occurs (see Table 2.4); however, these

increases are not significant.

By contrast, the irreversible structural change has a stronger effect on the correlation

structure across sector returns, which is summarized in Table 2.8. The full correlation

coefficients are reported in Tables 2.6 and 2.7.
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We test whether the recursive regime and structural change have increased or de-

creased correlations. In Model S2D2 of Table 2.8, many pairs among the indexes after

the structural change are more strongly correlated than before the change in each recur-

sive regime. In the boom regime S = 0, 13 pairs (87%) after the change became more

strongly correlated than that before, whereas 11 pairs (73%) after the change became

more strongly correlated than that before in the recession regime S = 1. By contrast, a

clear relationship of the correlations between the different S is not found compared to

that between the different D. These results imply that the structural change variable

D affects the structure of correlations.

Furthermore, we examine the hypothesis testings for whether the correlation struc-

ture changes across the two regimes. As with the tests of means and volatilities, these

tests are the Wald-type test. First, we consider the hypothesis testings that test the

equality of correlations before and after the structural change. In the boom regime, the

significant increases of the correlations between before and after the structural change

are found in 11 pairs (73%) at the critical level 10%. However, only four pairs (27%) in

the recession regime increase their correlations significantly when the structural change

occurs, and three pairs (20%) of correlations in the same regime after the change are

significantly lower than that before the change. Therefore, the structural change affects

correlations in the boom regime more strongly than correlations in the recession regime.

Second, we consider the hypothesis testings that test the equality of correlations

between the boom regime and the recession regime. Before the change, the correlations

of 4 out of 15 pairs among the indexes in the recession regime are significantly higher

than those in the boom regime at the 10% critical level, and no pair in the boom regime

is found to be more significantly correlated than in the recession regime. This result

implies higher correlation in the recession regime than in the boom regime before the

structural change. On the contrary, after the change, 10 pairs (67%) are more strongly

correlated in the boom regime than in the recession regime, and the differences in 4

pairs (27%) of them are significant at the 10% level. However, only five pairs (33%)

are more strongly correlated in the recession regime than in the boom regime and the

differences in two pairs (13%) of them are significant. This result suggests the indexes
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are more strongly correlated in the boom regime than in the recession regime after the

structural change.

See Tables 2.9 and 2.10 for the hypothesis testing results on correlation coefficients

before and after the structural change, based on which we created the summary table

(i.e., Table 2.8).

2.4 Asset Allocation Test for Regime Switching

To examine the effects of the information about regime switching and structural change,

we consider asset allocation problems in the regime-switching market. We consider the

global minimum-variance portfolios and tangency portfolios and simulate the perfor-

mances of these portfolios by Monte Carlo simulations. In the simulations, we consider

two different market environments. One is the market in which investors know the

market structure, namely, the distribution parameters and values of state variables.

Another is the market in which investors do not know the market structure. Then,

the investors need to estimate the market structure to invest rationally. In both of

the simulations, we generate simulated time-series using the estimated parameters in

Section 2.3. In the first simulation, we conclude that there are statistically significant

advantages of the regimes and structure’s information. However, the second simulation

reveals that these advantages vanish in more realistic settings and indicates that there

is a difficult implementation problem of regime-switching information. In subsection

2.4.1, we report the first test. The results of second simulation are shown in subsection

2.4.2. Subsection 2.4.3 checks the robustness of the results in the second subsection.

2.4.1 Values of Information

In this subsection, there are five types of investor and we examine the performance of

each investor’s portfolio. We assume that the true market model is Model S2D2 in

Section 2.2 with the parameters estimated in Section 2.3. The first type of investor

knows the true model and true parameters, which are estimated in Section 2.3. She

knows the true regime and structure of the market at every time and rebalances her

portfolio in response to regime switches and structural change optimally. We call this
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rebalance scheme “S2D2.” The second type of investor believes that the returns are

generated by the regime-switching model based on only the recursive Markov chain,

S, that is, Model S2 in Section 2.2. She knows the true state St and rebalances her

portfolio in response to the regime shifts. To construct her portfolio, she uses the Model

S2’s distribution parameters estimated in Section 2.3. We call the second type rebalance

scheme “S2.” The third type of investor believes that the initial regime will not change,

but the structural change will occur. Therefore, she thinks the market model is Model

D2 (see Appendix 2.C). She knows only the current value of the irreversible Markov

chain, D, at each time and uses the estimated parameters of Model D2 to construct her

portfolios. We call the third type rebalance scheme “D2.” The remaining two types of

investors are used as benchmarks. The fourth investor type considers that the regimes

and structure will not change, and so, she thinks that the returns of indexes are i.i.d.

Therefore, in order to construct her portfolios, she uses the sample mean and variance

of the actual data that we used in Section 2.3. We call her “IID.” The fifth type of

investor adopts the equally weighted portfolio at every time, so her portfolio is always

16/6. We call this strategy “EW.”

In summary,

1. S2D2: The investor knows that the true market model is Model S2D2. She

knows the current regime and structure at each time and uses the Model S2D2’s

parameters estimated in Section 2.3 to construct her portfolios.

2. S2: The investor believes that the market model is Model S2 (only recursive

regime shifts). She knows the current regime at each time and uses the Model

S2’s parameters estimated in Section 2.3 to construct her portfolios.

3. D2: The investor believes that the market model is Model D2 (only irreversible

structural change). She knows the current structure at each time and uses the

Model D2’s parameters estimated in Section 2.C to construct her portfolios.

4. IID: The investor believes that the returns of vector are i.i.d. and uses the sam-

ple mean and variance of the actual data used in Section 2.3 to construct her

portfolios.
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5. EW: The investor always adopts the equally weighted portfolio.

Next, we consider the construction of the investors’ portfolios. We should consider

the dynamic portfolio selections based on the mean-variance criteria; however, they

cannot be implemented easily4. Therefore, we assume that in every time, the investors

optimize their 1-month objectives as well as Markowitz (1952) and Merton (1972). We

denote the return vector of the type I investor at time t by RI
t . Now, we consider the

five types of investor I = S2D2, S2, D2,IID, and EW; however, the EW portfolio is

16/6, and so, we consider only the cases of S2D2, S2, D2, and IID.

Let ϕI,t = (ϕI,t,1, · · · , ϕI,t,6)⊤ be a portfolio of the type I investor at time t. Then,

the return of the portfolio ϕIt is

RI
t+1 =

6∑
i=1

ϕI,t,i

(
exp

{
Y

(i)
t+1

}
− 1
)
,

where Y
(i)
t+1 is the ith component of the log-return vector Yt+1. The investors’ information

differs. We denote by F I
t the information of the type I investor. The investor chooses

the two portfolios that minimize the variance of return and that maximize the Sharpe

ratio at each time with a short-selling constraint.

The portfolio minimizing the variance at time t is the solution of the following

minimization problem.

min
ϕI,t

Var(RI
t+1|F I

t )

subject to
6∑
i=1

ϕI,t,i = 1, ϕI,t,i ≥ 0 for all i = 1, . . . , 6.

We call the solution the “global minimum-variance portfolio,” according to the litera-

ture. Furthermore, the solution of the abovementioned problem depends only on the

values of St and Dt, does not depend on their past values before time t−1, and so, it is

sufficient to compute the four portfolios with four different values of S and D at most

in order to consider the dynamic portfolio selection.

The portfolio maximizing the Sharpe ratio at time t is the solution of the following

4A straightforward multi-period, mean-variance optimization problem is time inconsistent in the
sense that the dynamic programming principle does not hold. See Li and Ng (2000).
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maximization problem.

max
ϕI,t

E[RI
t+1|F I

t ]√
Var(RI

t+1|F I
t )

subject to
6∑
i=1

ϕI,t,i = 1, ϕI,t,i ≥ 0 for all i = 1, . . . , 6,

where we assume that the risk-free rate is 0. Similarly to the global minimum-variance

portfolio, the solution of the abovementioned problem depends only on the value of

St and Dt. Therefore, we need to compute the four portfolios maximizing the Sharpe

ratios the most. We call the solution of the abovementioned problem the “tangency

portfolio.”

Since the prices of indexes have the mixed log-normal distributions, the conditional

expectation value of return RS2D2
t+1 of the type S2D2 investor given by St = s,Dt = d

is,

E[RS2D2
t+1 |St = s,Dt = d] = ϕ⊤

S2D2,t

(
gs,d(µ,Σ)− 16

)
,

where 16 is the six-dimensional vector whose all elements are 1, and where gs,d is a

R6-valued function defined as follows,

gs,d(µ,Σ) :=
∑
s′,d′

P s,d
s′,d′

 exp{µ1
s′,d′ + σ1

s′,d′/2}
...

exp{µ6
s′,d′ + σ6

s′,d′/2}

 ,

P s,d
s′,d′ := P(S1 = s′, D1 = d′ | S0 = s,D0 = d).

µis′,d′ is the ith component of the vector µs′,d′ and σis′,d′ is the i × ith element of the

matrix Σs′,d′ . µs,d and Σs,d are defined in Section 2.2. The conditional variance of her

return RS2D2
t+1 given by St = s,Dt = d is

Var(RS2D2
t+1 |St = s,Dt = d) = ϕ⊤

S2D2,tHs,d(µ,Σ)ϕS2D2,t,

where Hs,d is the R6×6-valued function defined as follows,

[Hs,d(µ,Σ)]i,j =
∑
s′,d′

P s,ds′,d′ exp

{
µis′,d′ + µjs′,d′ +

1

2
(σis′,d′ + σjs′,d′ + σi,js′,d′)

}

−

∑
s′,d′

P s,ds′,d′ exp

{
µis′,d′ +

1

2
σis′,d′

}∑
s′,d′

P s,ds′,d′ exp

{
µjs′,d′ +

1

2
σjs′,d′

} ,

i, j = 1, . . . , 6.
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[Hs,d(µ,Σ)]i,j is the i × jth element of the matrix Hs,d(µ,Σ) and σi,js′,d′ is the i × jth

element of the matrix Σs′,d′ .

The partially informed investors also consider that similar moments of returns

have conditioned their information. The type S2 investor uses the conditional mean

E[RS2
t+1|St = s] and variance Var(RS2

t+1|St = s) to solve the optimization problem. These

moments are computed using the estimated parameters of Model S2 in Section 2.3.

Similarly, the type D2 investor uses the conditional mean E[RD2
t+1|Dt = d] and variance

Var(RD2
t+1|Dt = d), which are computed using the estimated parameter of Model D2.

The type IID investor uses the sample mean and variance of the actual data as the

one-step-ahead mean and variance in order to solve her optimization problems.

Now, we estimate the performances of these portfolios. We generate the log-return

processes of Model S2D2 by the Monte Carlo method using the parameters estimated

in Section 2.3. The rebalancing interval of the investors’ portfolios is 1 month. The

investment horizons are 140 months. We examine the simulations in the initial state

S0 = 0 or 1 and the initial structure D0 = 0 or 1. The number of trials is 10,000. There-

fore, we simulate 10,000 independent data series with the 140 months. In each trial,

nine sequences of the returns are computed—the global minimum-variance portfolios

and tangency portfolios of S2D2, S2, D2, and IID, and the equally weighted port-

folio (EW). We compute the sample means, standard deviations, skewness, kurtosis,

and Sharpe ratios of those nine return sequences during 140 months in each simulation

trial and measure the performances of the investment strategies by the means of these

statistics over the trials.

Tables 2.12 and 2.13 show the simulation results. The performances of the type

S2D2 investor are the best of the investors in all the initial regimes and structures.

The mean of sample standard deviations of the global minimum-variance portfolio of

S2D2 at each initial regime and structure is the smallest of all the strategies and the

mean of the sample Sharpe ratios of the tangency portfolio of S2D2 is the largest of

them. In each initial regime and structure, the 90% credible interval of the Sharpe

ratio of the S2D2’s tangency portfolio does not overlap the 90% credible intervals

of the Sharpe ratios of other portfolios. This implies that investing in the tangency
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portfolio of S2D2 is statistically significantly efficient. Furthermore, when the initial

regime and structure start at S = 0 and D = 1, the mean of the Sharpe ratios of

the S2D2’s tangency portfolios is positive, however the means of the Sharpe ratios of

other portfolios are negative. When the initial regime and structure start at S = 1 and

D = 1, all of the means of the Sharpe ratios of the tangency portfolios are negative, and

so, these Sharpe ratios may not represent the efficiency of the investment performances.

However, since the mean of S2D2’s tangency portfolio is the highest and the standard

deviation is the smallest of the tangency portfolios, we can conclude that the tangency

portfolio of S2D2 is the most effective portfolio among them. These results indicate

that the knowledge of the actual market model and the values of state variables brings

a positive effect in investment.

Next, we consider whether the regimes or the structures are important for invest-

ment. Tables 2.12 and 2.13 report that the investment strategies based on D2 are

more effective than those based on S2. In all the initial regimes and structures, the

means of the standard deviations of the D2’s global minimum-variance portfolios are

smaller than those of the S2’s portfolios and the means of the Sharpe ratios of the

D2’s tangency portfolios are larger than those of the S2’s portfolios. For instance, in

the case in which the initial regime is 0 and the initial structure is 0, the mean of the

standard deviations of the D2’s global minimum-variance portfolio is 3.519, whereas

the mean of the standard deviations of the S2’s global minimum-variance portfolio is

3.550. The mean of the Sharpe ratios of the D2’s tangency portfolio is 0.235, however

the mean of the Sharpe ratios of the S2’s portfolios is 0.201. Similar results appear

in the other initial regimes and structures. These results suggest that the structural

information is more important than the regime information. In addition, the tangency

portfolios of S2 and D2 underperform the IID tangency portfolios. For instance, in the

case of the initial regime 1 and structure 1, the difference of the means of the tangency

between S2 and IID is 0.731, and this is statistically significant in the sense that their

99% credible intervals do not overlap each other. Moreover, the mean of S2 (-1.857) is

smaller than the IID (-1.126) and the standard deviation of S2 (6.178) is larger than

the IID (5.187). Thus, it is clear that the tangency portfolio of S2 is less efficient than
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the IID in the mean-variance sense when the initial regime is 1 and the initial structure

is 1. D2’s tangency portfolio also is less efficient than IID in the mean-variance sense.

These results suggest that the IID investor’s tangency portfolio is more mean-variance

efficient than the partially informed investors’ tangency portfolios.

Figure 2.3 shows the means of the standard deviations of global minimum-variance

portfolios and the Sharpe ratios of tangency portfolios. The horizontal line represents

the length of months investing portfolios. In all the initial regimes and structures, the

standard deviation of the global minimum-variance portfolios of S2D2 is the smallest

of the other portfolios in the whole of the investment horizon. Similarly, the Sharpe

ratio of the tangency portfolios of S2D2 is always the highest of the other portfolios in

all the initial conditions. These imply that the advantages of full information exist at

various investment horizons.

Table 2.14 shows the weights of the global minimum-variance portfolios and tan-

gency portfolios. The weight of the consumer goods industry (CG) of the type S2D2

investor’s global minimum-variance portfolio decreases after the structural change, but

the type D2 investor increases the weight of CG after the structural change and this

weight is very high (more than 60%). On the other hand, the type S2D2 and S2

investors have similar tangency portfolios before the structural change. In the boom

regime, they invest their wealth mainly in the indexes of the energy industry (ENE),

CG, and the utilities industry (U). In the recession regime, they invest almost all their

wealth in ENE. However, after the structural change, the type S2D2 investor decreases

the weight of ENE and increases CG in each regime. These portfolio differences among

the investors confirm that the partially informed investors (type S2 and D2 investors)

cannot react to the change of the market condition correctly.

2.4.2 Rolling Estimation: Limitation of the Regime-Switching
Model with the Structural Change

Next, we simulate the performances of the investors in the market in which they can-

not access the distribution parameters and the information of the market regimes and

structure. However, the advantages of the knowledge of the market conditions that we
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observed in subsection 2.4.1 vanish in the test of this subsection.

As well as subsection 2.4.1, we consider the four investor types, namely, type

S2D2, S2, IID, and EW. However, in contrast to the settings of subsection 2.4.1, they

do not know the distribution parameters and the movement of the state variables, S and

D. Therefore, they apply the assumed models to the observed data repeatedly in their

investment horizon to construct their portfolios. The estimation methods are the same

as those in this chapter (see Section 2.3 and Appendix). The IID investor constructs her

portfolios using the sample means and variances of the past simulated returns. The EW

investor always invests in the equally weighted portfolio, 16/6. The type S2D2, S2, and

IID investors construct the two portfolios, the global minimum-variance portfolio and

the tangency portfolio. In subsection 2.4.1, the portfolios depend only on the values of

state variables; however, the portfolios in this simulation vary through time, since the

estimated parameters change when the investors observe the new return data. Finally,

we consider seven investment strategies, the global minimum-variance portfolios and

tangency portfolios of S2D2, S2, and IID, and the equally weighted portfolio (EW).

In summary,

1. S2D2: The investor knows that the true market model is Model S2D2. She

repeatedly estimates the Model S2D2’s parameters to construct her portfolios.

2. S2: The investor believes that the market model is Model S2 (only recursive

regime shifts). She repeatedly estimates the parameters of Model S2 to construct

her portfolios.

3. IID: The investor believes that the returns of vector are i.i.d. and repeatedly

computes the sample mean and variance of the simulated sample to construct her

portfolios.

4. EW: The investor always adopts the equally weighted portfolio.

Unlike the simulation in subsection 2.4.1, we do not consider the investor who be-

lieves Model D2 in this simulation. This is because it is numerically difficult to compute

the optimal portfolios of Model D2. More specifically, we fail to compute the optimal
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portfolios of Model D2 in many trials because of the singularities of the estimated vari-

ance matrixes. One explanation is that it is rare to capture changes of market conditions

in early periods since Model D2 needs the long-run data. Furthermore, the purpose of

our analysis is to investigate the values of the information of the structural change. In

this respect, the difference between S2D2 and S2 is more important than the difference

between S2D2 and D2 since the difference between S2D2 and S2 represents the effect

of the irreversible Markov chain D. Therefore, we omit the simulations of D2.

We simulate samples of the returns based on Model S2D2 using the parameters

estimated in Section 2.3. In each simulation trial, the investors do not invest in the first

60 months and they start to invest after these months passed. However, the data in the

first 60 months are used for each investor to estimate parameters. The length of the total

investment horizons is 140 months, and so, we simulate the 200-month data series of the

indexes in each trial. The investors have to estimate the market models and compute

the portfolio repeatedly, and so, this simulation is computationally intensive. Therefore,

we decrease the number of simulation trials to 2,000. As a result of the abovementioned

simulation plan, we simulate 2,000 time series of 200 monthly return data. We compute

the sample statistics of the portfolios’ returns—means, standard deviations, skewness,

kurtosis, and the Sharpe ratios in each simulation trial. Therefore, we obtain the 2,000

statistics of the portfolios’ returns during 140 months and take means of these statistics

over the trials. The initial regime of S is generated randomly with its steady-state

probabilities. The initial structure is D = 0.

Panel A in Table 2.15 shows the results of the Model S2D2 simulation. Unlike

the simulation in the case in which investors can use the information of values of the

state variables, the performance of type S2D2 is the worst of the strategies except for

the EW portfolio. The mean of the standard deviations of S2D2’s global minimum-

variance portfolios is the largest of the global minimum-variance portfolios and the

mean of the Sharpe ratios of S2D2’s tangency portfolios is the lowest of the tangency

portfolios. Notable differences appear in their variances. In both the global minimum-

variance portfolios and tangency portfolios, the differences of the means of the standard

deviation over the trials between S2D2 and the other models are statistically significant
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in the sense that the 90% credible intervals do not overlap each other. These results

imply that there are not any advantages of knowledge of the market model in the

optimization of the mean-variance criterion, even though Ang and Bekaert (2002) and

Guidolin and Timmermann (2007) find positive economic values of knowledge in the

optimization of expected utilities.

In this simulation, the major change from subsection 2.4.1 is that each informed

investor estimates the parameters and states repeatedly, whereas the investors in sub-

section 2.4.1 believe certain parameters a priori and know the current state at each time.

Therefore, the estimation errors of the parameters and the states movement exist in

this simulation. It is possible that the estimation errors cannot be ignored in the asset

allocation with rolling estimation. Indeed, Panel A in Table 2.15 shows that the type S2

investor who needs to estimate the moderately complicated model underperforms the

type IID investor while she outperforms the type S2D2 investor who needs to estimate

the most complicated model. Another explanation of the disadvantage of knowledge

is that the regime-switching framework will not work under the mean-variance crite-

rion while it works under the expected utility criterion (see Ang and Bekaert (2002)

and Guidolin and Timmermann (2007)). The rest of this subsection measures the esti-

mation errors and the next subsection tests whether the regime-switching frameworks

works.

To measure the degree of the estimation errors, we compute the gaps between the

actual and estimated structural changing time in the Model S2D2 simulation. As

mentioned earlier in this subsection, we fail to compute the Model D2’s portfolios in

this simulation. Therefore, it is natural to focus on the estimation error of the timing of

the structural change. The type S2D2 investor estimates the parameters and smoothed

probabilities at each time. In the bth trial, the estimated smoothed probability at time

T with which the structural change had not occurred before the time t ≤ T is denoted

by pbt,T , that is,

pbt,T = P(Dt = 0 | F b
T ),

where F b
T is the type S2D2 investor’s information at time T in the bth trial. Let

τ b be the structural change time in bth trial. We define the mean of the smoothed
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probabilities around the structural change as

pi,T =
∑

{b | τb<min{200,T}}

pb
τb+i,T

The number of elements of {b | τ b < min{200, T}}
.

If the type S2D2 investor estimates the market model correctly, it can be expected that

pi,T decreases as i increases and a large gap between p−1,T and p0,T exists.

Figure 2.4 displays the means of the smoothed probabilities around the structural

change in the Model S2D2 simulation. As well as our expectation, pi,T is decreasing at

i and there is a large gap between p−1,T and p0,T for all T = 100, 150, 199. However, its

quantity remains more than 0.5 after the structural change, that is, pi,T > 0.5 holds for

i > 0. This means that the estimation procedure detects the structural change after

the actual structural change occurs in most cases and that there is a limit to what the

type S2D2 investor estimates as the time of the structural change.

However, it is possible that the early structural change causes the limitation. Since

the time of structural change has a geometric distribution, the structural change tends

to occur at the early time. Thus, in most of the trials, it is possible that the S2D2

investor cannot identify the structural change. Therefore, we condition the means of

the smoothed probabilities around the structural change to the time of the structural

change. Computing them, we use only the trials in which the structural change occurs

during the periods from t = 51 to t = 150, that is, we compute

pci,T :=
∑

{b | 51≤τb≤150}

pb
τb+i,T

The number of elements of {b | 51 ≤ τ b ≤ 150}
.

Under the condition of the timing of the structural change, the type S2D2 investor

observes many returns’ data before and after the structural change. In addition, Figure

2.4 shows the changes of pci,T at T = 199. As with the unconditional case, pci,T is

decreasing at i and a large gap between i = −1 and 0 appears. Moreover, the gap

of pci,T is larger than that of the unconditional means. However, its quantity is also

maintained at more than 0.5 after the structural change. Thus, limits of estimation

still exist.
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2.4.3 Rolling Estimation: Limitation of Regime-Switching Mod-
els without a Structural Change

To study the other explanation, we conduct three asset allocation tests of regime-

switching models with a recursive Markov chain only. In subsection 2.4.2, we find that

the informed investor does not have an advantage compared to the uninformed investor

from the views of mean-variance efficiency and that it is difficult to identify the timing

of the structural change. However, it is possible that the mean-variance optimization

will not work, even if only recursive Markov chains change the market environment.

Thus, we focus on the regime-switching models with a recursive Markov chain only.

We first conduct the simulation in which the true market model is Model S2, that is,

the market obeys movement of one recursive Markov chain. To confirm robustness, we

conduct two simulations under the settings of the regime-switching model literature.

We conduct the simulation in which the simulated market model is Model S2. In the

simulation of Model S2, we simulate the sample of return vectors using the estimated

parameters of Model S2, but the other settings do not change from the simulation of

Model S2D2. In the simulation of Model S2, the type S2 investor correctly understands

the true market model.

Panel B in Table 2.16 reports the results of the simulation of Model S2. Similar

to subsection 2.4.2, the type S2 investor underperforms the IID investor in both the

global minimum-variance portfolios and tangency portfolios. The mean of the standard

deviations of S2’s global minimum-variance portfolios is greater than the mean of the

standard deviations of IID’s global minimum-variance portfolios. Moreover, the mean

of the Sharpe ratios of S2’s tangency portfolios is lower than the mean of the Sharpe

ratios of IID’s tangency portfolios. Furthermore, the 90% credible interval of the Sharpe

ratios of S2’s tangency portfolios does not overlap the 90% credible interval of the

Sharpe ratios of IID’s tangency portfolios. It follows that the difference of the Sharpe

ratios between S2 and IID’s tangency portfolios is statistically significant at the 10%

significance level. However, the type S2 investor outperforms the type S2D2 investor

in this simulation.

To confirm the robustness of these results, we conduct two additional simulations
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using the parameters and settings of the other literature. Using the estimation results of

the regime-switching models in Ang and Bekaert (2002) and Guidolin and Timmermann

(2007), we simulate the samples of the data process that they report. Ang and Bekaert

(2002) estimate US, UK, and German equity indexes in various models. We choose the

regime-switching model with two recursive states and simulate it. On the other hand,

Guidolin and Timmermann (2007) identify three assets in the US—a small stock index,

a large stock index, and 10-year T-bonds—as the four recursive states’ regime-switching

model, and so, we simulate the time-series using their results. In both simulations, we

assume there are four types of investors, recursive 4 states, and recursive 2 states, IID

and EW. The type of 4 states (resp. 2 states) investor believes that the number of

market regimes is 4 (resp. 2). The IID investor believes that the returns of assets are

i.i.d. The EW investor always invests in the equally weighted portfolio 16/6. As well

as the former simulation, they do not know the distribution parameters and movement

of the regimes, and they estimate their believed models repeatedly. The initial running

periods are 200 months in the simulation of Ang and Bekaert (2002) and 288 months in

the simulation of Guidolin and Timmermann (2007). The investment periods are 300

months in the simulation of Ang and Bekaert (2002) and 312 months in the simulation of

Guidolin and Timmermann (2007). To compute the tangency portfolios and the sample

Sharpe ratios, we use a positive risk-free rate in both simulations. In the simulation of

Ang and Bekaert (2002), the monthly risk-free rate is 0.0041, and the monthly risk-free

rate in the simulation of Guidolin and Timmermann (2007) is 0.0044. These risk-free

rates are based on these studies. In both of the simulations, there are 2,000 trials and

the initial regime in each trial is generated randomly with the steady probabilities.

Table.2.16 reports the results of the simulation based on the literature. In the case

of Ang and Bekaert (2002), the investment strategy of the global minimum-variance

portfolios based on the true model (2 states) achieves the smallest mean of the standard

deviation among all the strategies, but the difference is not statistically significant.

The mean of the Sharpe ratios when the investor invests in the tangency is lower

than that of the IID. In the case of Guidolin and Timmermann (2007), both of the

standard deviations of the global minimum-variance portfolios and the Sharpe ratios of
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the tangency portfolios are worse than the other strategies. In both simulations, the

portfolios based on the market models do not outperform the IID portfolios in most

cases.

2.5 Concluding Remarks

In this chapter, we identify the change in correlation structure across industries in the

US market in the financial crisis of 2007–2008 and find limitations of the use of regime-

switching information. To capture the change in the global financial crisis, we use the

regime-switching model with both a reversible Markov chain and an irreversible Markov

chain, and succeed in separating the two dynamics in the market, namely, the recursive

regime shifts and the irreversible structural change.

The recursive regime shifts represent the dynamics of the marginal distribution pa-

rameters of the returns, that is, means and variances. These two recursive regimes are

the boom and recession regimes. In the boom regime, the indexes have high (condi-

tionally) expected returns and low volatilities, whereas they have low expected returns

and high volatility in the recession regime. Furthermore, the probability with which

the market is in the recession regime remains at a high degree at the NBER announced

recession periods. By contrast, the irreversible structural change represents the dynam-

ics of the joint distribution parameters, that is, correlations. Most pairs of correlations

among the industries increase in each regime after the change. The irreversible change

is not found in the estimation of the time-series of the single-industry index. More-

over, the timing of the structural change almost coincides with the financial crisis in

2007–2008.

In the simulations of asset allocation, we find positive values for use of the regime-

switching information if the investor knows the true parameters and current states.

The global minimum-variance portfolios of the informed investor achieve the small-

est variance in the investors and their tangency portfolio also achieves the highest

Sharpe ratio. Moreover, these advantages appear in the various investment horizons

and initial regimes and structures. However, the investors cannot exploit the structural

change from the viewpoints of mean-variance efficiency if they only know the kind of
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the true market model. The performances of the global minimum-variance portfolios

and tangency portfolios of the informed investor are worse than those of the uninformed

investors.

Appendix 2.A The EM Algorithm

Based on Hamilton (1989) (1990) and Kim (1994), we explain the EM algorithm that we

use in this chapter. For notational simplicity, we consider the case of q00 = 1, so Model

S2, since the extension to the general case is straightforward. First, we introduce the

full-information likelihood function, which means we hypothesize that we can observe

unobserved variables. For the random vectors, Y = (Y0, · · · , YT ) and S = (S0, · · · , ST ),

the full-information likelihood function is

f(Y, S; Θ) =
T∏
t=0

(
1∑
s=0

1l{St = s}f(Yt|Ft−1, St = s; Θ)

)

×
T∏
t=1

(
1∑
s=0

1∑
ŝ=0

1l{St = s, St−1 = ŝ}P(St = s|St−1 = ŝ)

)

×
1∑
s=0

1l{S1 = s}P(S1 = s)

where Ft is the σ-algebra generated by Y up to time t and Θ is the distribution pa-

rameters and the conditional density f(Yt|Ft−1, St = s; Θ) is

f(Yt|Ft−1, St = s; Θ) =
1√

(2π)N detΣs

exp

{
−1

2
(Yt − µs)

⊤Σ−1
s (Yt − µs)

}
.

For the “expectation” step, we start with the initial parameter set Θ(0) to compute

Q(Θ;Θ(0)) = EΘ(0)

[log f(Y, S; Θ)|FT ]

=
T∑
t=0

1∑
s=0

P(St = s|FT ; Θ
(0)) log f(Yt|Ft−1, St = s; Θ)

+
T∑
t=1

1∑
s=0

1∑
ŝ=0

P(St = s, St−1 = ŝ|FT ; Θ
(0)) logP(St = s|St−1 = ŝ)

+
1∑
s=0

P(S1 = s|FT ; Θ
(0)) logP(S1 = s).

Next, we search the parameters maximizing Q(Θ;Θ(0)) function,

Θ(1) = argmax
Θ∈Θ

Q(Θ;Θ(0))
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where Θ is the parameter space of this model. This step is the “maximization” step.

We then continue these steps from k = 1, 2, . . . .

Hamilton (1990) shows if we repeat these steps to infinity, then the sequence of the

parameters obtained by this algorithm converges to the maximum likelihood estimators.

According to Hamilton (1990), the updating formulae of the parameters in the (k+1)th

iteration are

µ(k+1)
s =

∑T
t=0 YtP(St = s|FT ; Θ

(k))∑T
t=0 P(St = s|FT ; Θ(k))

s = 0, 1,

Σ(k+1)
s =

∑T
t=0(Yt − µ

(k+1)
s )(Yt − µ

(k+1)
s )⊤P(St = s|FT ; Θ

(k))∑T
t=0 P(St = s|FT ; Θ(k))

s = 0, 1, (2.A.1)

p(k+1)
ss := P(St+1 = s|St = s; Θ(k+1)) =

∑T
t=1 P(St = s, St−1 = s|FT ; Θ

(k))∑T
t=1 P(St−1 = s|FT ; Θ(k))

s = 0, 1,

ρ(k+1)
s := P(S0 = s; Θk+1) = P(S1 = s|FT ; Θ

(k)) s = 0, 1.

These updating formulae are obtained by the first-order conditions of the maximization

of Q(Θ;Θ(0)) with respect to Θ.

By considering the formulae (2.A.1), we observe that we need to compute

(a) P(St = s|FT ; Θ
(k)), t = 0, · · · , T and

(b) P(St = s, St−1 = s|FT ; Θ
(k)), t = 1, · · · , T ,

which are called smoothed probabilities.

Let us suppose that we have estimated up to the kth iteration and explain how to

update to the (k + 1)th estimates. Now, we perform the following:

Forward calculation: Assume further that we have obtained P(St−1 = s|Ft−1; Θ
(k)), then

we have, for the next time step t,

P(St = s|Ft−1; Θ
(k)) =

1∑
ŝ=0

P(St = s|St−1 = ŝ)P(St−1 = ŝ|Ft−1; Θ
(k)), s = 0, 1.

(2.A.2)

By using this, we compute P(St = s|Ft; Θ
(k)), s = 0, 1 in the following way: By Bayes’
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rule, we obtain

P(St = s|Ft; Θ
(k)) = P(St = s|Yt,Ft−1; Θ

(k)) (2.A.3)

=
P(Yt ∈ dy|St = s,Ft−1; Θ

(k))

P(Yt ∈ dy|Ft−1; Θ(k))
P(St = s|Ft−1; Θ

(k))

=
f(Yt|St = s,Ft−1; Θ

(k))P(St = s|Ft−1; Θ
(k))∑1

ŝ=0 f(Yt|St = ŝ,Ft−1; Θ(k))P(St = ŝ|Ft−1; Θ(k))
, s = 0, 1

where P(St = s|Ft; Θ
(k)) is called the filtered probability. As a proxy for the filtered

probability at t = 0, we use P(S0 = s; Θ(k)). We then repeat this procedure forwards

up to time T . In other words, we obtain the whole set of probabilities (2.A.2) and

(2.A.3) for t = 0, . . . , T . Recall k is still fixed.

Backward calculations: For computing (a) and (b), first we use Bayes’ rule to write

P(St = s, St+1 = ŝ|FT ; Θ
(k))

= P(St = s|St+1 = ŝ,FT ; Θ
(k))P(St+1 = ŝ|FT ; Θ

(k))

≈ P(St = s|St+1 = ŝ,Ft; Θ
(k))P(St+1 = ŝ|FT ; Θ

(k))

=
P(St+1 = ŝ|St = s,Ft; Θ

(k))P(St = s|Ft; Θ
(k))

P(St+1 = ŝ|Ft; Θ(k))
P(St+1 = ŝ|FT ; Θ

(k))

=
P(St+1 = ŝ|St = s; Θ(k))P(St = s|Ft; Θ

(k))

P(St+1 = ŝ|Ft; Θ(k))
P(St+1 = ŝ|FT ; Θ

(k))

(2.A.4)

where in the last line we use Assumption 2.2.1-(ii). We compute backwards starting

with t = T − 1 down to t = 0. All the probabilities in the last line are known5 and

hence, we obtain

P(St = s|FT ; Θ
(k)) =

1∑
ŝ=0

P(St = s, St+1 = ŝ|FT ; Θ
(k)). (2.A.5)

for all t = T, · · · , 1. The resulting probabilities in (2.A.5) and (2.A.4) for t = 0, · · · , T

are the smoothed probabilities (a) and (b), respectively. Plugging (a) and (b) into the

recursive formulae for parameter estimation above, we have updated for the (k + 1)th

5Except for the last one, we already have the whole set of probabilities (t = 0 · · ·T ) in (2.A.4):

Namely, P(St+1 = ŝ|St = s; Θ(k)) is p
(k)
ss obtained in the kth iteration, and P(St = s|Ft; Θ(k)) and

P(St+1 = ŝ|Ft; Θ(k)) are from (2.A.2) and (2.A.3), respectively. Finally, for the last one, if we set
t = T − 1, then P(ST = ŝ|FT ; Θ(k)) is known again by (2.A.2). With all these, we obtain (2.A.5) at
t = T − 1, that is, P(ST−1 = s|FT ; Θ(k)). This is then plugged for the next time step t = T − 2 into
(2.A.4).
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iteration. Note that the smoothed probabilities, which are used in the updating formu-

lae for parameter estimation, have rich information since they estimate the probabilities

of being in a certain regime at time t by using the full observations.

Appendix 2.B Data Details and Integration

There are two steps to compute the integrated indexes: the first step is to compute

price-based integrated indexes, the second step is to compute total integrated indexes,

that is, the indexes, including aggregate daily dividends.

The first step is as follows. J denotes the set of some industries, which is the group

we want to integrate. To summarize the indexes of J into one index, we compute a

capitalization-weighted average index of J, denoted by P J
t :

P J
t =

∑
j∈JM

j
t∑

j∈JAM
j
t−1

P J
t−1, t ≥ 1, P J

0 = 100,

where M j
t and AM j

t are the usual and adjusted market value of j-industry index at

time t; “adjusted” means that its variable takes into account capital actions of firms.

By the data source, the industry index P j
t is constructed as follows,

P j
t =

∑
k n

j
k,tp

j
k,t∑

k n
j
k,tp

j
k,t−1Adj

j
k,t

P j
t−1, t ≥ 1, P j

0 = 100,

where njk,t and pjk,t are the number of shares in issue and unadjusted price of firm k,

which constitutes the j industry’s index at time t. Adjjk,t is the adjusted factor of firm

k at time t. This adjusts the capital action of firm k at time t. We define the adjusted

market value of j industry’s index as

AM j
t−1 :=

P j
t−1

P j
t

M j
t =

∑
k

njk,tp
j
k,t−1Adj

j
k,t.

Then, AM j
t−1 is the adjusted market value taking capital actions of firms into consid-

eration. In this manner, we compute the integrated indexes.

In the second step, we need to compute aggregate daily dividends of the indus-

tries’ indexes. The Thomson Reuters Datastream provides a total return index in each

industry. The total return index of industry j, denoted by RIj, is defined as

RIjt = RIjt−1

P j
t

P j
t−1

(
1 +

DY j
t

100∆

)
, t ≥ 1, RIj0 = 100,
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where DY j
t is the aggregate dividend yield of industry i at time t (expressed as a

percentage) and where ∆ is a certain number of days in a financial year (normally 260).

By the definition of the total index, we compute the aggregate dividend yield (expressed

as a real number),

DY j
t

100
= ∆

(
RIjt

RIjt−1

P j
t−1

P j
t

− 1

)
.

The dividend yield is defined as

DY j
t

100
=

∑
k n

j
k,td

j
k,t∑

k n
j
k,tp

j
k,t

=

∑
k n

j
k,td

j
k,t

M j
t

,

where djk,t is the dividend per share of firm k at time t. Of course, firm k constitutes j

industry’s index. Therefore, the aggregate dividend of industry j at time t is

Divjt
100

=M j
t

DY j
t

100
=M j

t∆

(
RIjt

RIjt−1

P j
t−1

P j
t

− 1

)
=
∑
k

njk,td
j
k,t.

The dividend yield of the industry group J at time t, denoted by DY J
t , is

DY J
t

100
=

∑
j∈JDiv

j
t/100∑

j∈JM
j
t

=

∑
j∈J
∑

k n
j
k,td

j
k,t∑

j∈JM
j
t

.

Finally, the total integrated index of the industry group J is

RIJt = RIJt−1

P J
t

P J
t−1

(
1 +

DY J
t

100∆

)
, t ≥ 1, RIJ0 = 100.

To confirm the validity of the abovementioned integration method, we compute the

S&P 500 indexes integrating the all-sector indexes. Following the above method, we

can compute the S&P 500 index when the all-industry indexes are in one group. Our

integrated indexes are adjusted as if the initial values are the same values as the S&P 500

indexes on the initial day (January 23, 1995). The root mean square of the difference

between our integrated price index and the S&P 500 price index is 0.366. For the total

return index, the root mean square is 0.409. This indicates that the abovementioned

method is a valid method to integrate different industries’ indexes.

We compute the daily data of the integrated six indexes using the original 10 daily

indexes and extract the monthly data from these daily data. The daily data covered the

period from January 23, 1995 to December 30, 2011. Thus, the monthly data covered

the period from January 1995 to December 2011.
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Appendix 2.C Specification of a Regime Number

To determine a number of regimes, we apply some regime-switching models to the

integrated indexes. The models are as follows,

1. two recursive regimes without structural change model (Model S2),

2. two recursive regimes with once structural change model (Model S2D2),

3. three recursive regimes without structural change model (Model S3),

4. four recursive regimes without structural change model (Model S4),

5. once structural change without recursive regime model (Model D2),

6. twice structural changes without recursive regime model (Model D3),

7. two recursive state variables that have two regimes without structural change

model (Model S2S2).

The first two models are those this chapter is interested in. The seventh model, Model

S2S2, needs to be explained. It is regarded as the version of Model S2D2 in which D is

a recursive state variable, that is, this model allows D to change regime 0 from regime

1. Table 2.17 shows the AICs of these seven models.

The AIC of Model S2D2 is lowest among the models, which justifies focus on Model

S2D2. Comparing Models S2D2 and S2S2, the difference of AIC between these models

is 2, and thus, depends only on the parameter penalties. Indeed, these two models are

not different except for numerical errors. Figure 2.5 shows the smoothed probabilities

in each model.

The probabilities of the two models are almost the same in Figure 2.5. Moreover,

the root mean squares of the difference of probabilities between the two models are

1.636 × 10−6 with the probability being S = 0 and 8.648 × 10−8 with the probability

being D = 0. It is interesting that Model S2S2 captures the irreversible structural

change although all the state variables in the model are reversible. This result is

evidence that the irreversible structural change occurs.
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Appendix 2.D Tables and Figures

Table 2.1. The Industry Codes

Integrate Group Sector Name

ENE Energy

MAT/IND
Materials

Industrials

CG

Consumer Discretionary

Consumer Staples

Health Care

FIN Financials

IT/Tel
Information and Technology

Telecoms services

U Utilities

Table 2.2. The Results of the CHP Test. We try 3000 times parametric bootstraps.

The null hypothesis is that the mean and variance don’t change with the progress of time.

The alternative is that they are driven by a recursive Markov chain.

Statistics 10% Critical Values 5% Critical Values 1% Critical Values
ENE 0.015 0.015 0.019 0.028

MAT/IND 0.035 0.015 0.018 0.028
CG 0.035 0.015 0.018 0.028
FIN 0.058 0.015 0.018 0.028

IT/Tel 0.055 0.015 0.019 0.028
U 0.039 0.015 0.019 0.028
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Table 2.3. The AICs of Model S2 and Model S2D2. The AICs of the other models

are in Table 2.17.

Model S2 (q00 = 1) Model S2D2 (0 < q00 < 1)
AIC 6684.234 6619.640

Table 2.4. The Estimated Means and Volatilities of Each Sector Returns.
The first table is the estimation result of Model S2D2. The second is the result of Model S2.

µsd and σsd are the conditional mean and standard deviation of the return of the individual

industry index in the regime s and the structure d, respectively. pss′ is the transition proba-

bility of St from the regime s to the regime s′ and qdd′ is also the transition probability of Dt

from the structure d to d′. Numbers in parenthesis are standard errors.

Model S2D2

Regimes
D = 0 D = 1

S = 0 S = 1 S = 0 S = 1

µ00 σ00 µ10 σ10 µ01 σ01 µ11 σ11

ENE
2.034 4.368 0.067 5.800 1.564 6.327 -7.187 7.496
(0.452) (0.395) (0.140) (0.620) (1.018) (0.690) (2.566) (1.127)

MAT/IND
1.577 3.255 -0.229 6.038 1.680 6.162 -9.091 7.754
(0.335) (0.226) (0.453) (0.547) (1.039) (0.631) (2.540) (0.140)

CG
1.447 2.792 -0.160 4.476 1.303 3.477 -4.218 6.084
(0.293) (0.214) (0.299) (0.452) (0.581) (0.317) (1.962) (0.227)

FIN
1.811 3.860 -0.030 7.181 0.711 7.525 -12.853 12.364
(0.416) (0.306) (0.083) (0.945) (1.268) (0.793) (3.980) (1.378)

IT/Tel
1.719 4.159 -0.853 11.019 1.404 5.548 -6.226 6.424
(0.430) (0.266) (1.457) (0.858) (0.891) (0.529) (2.051) (0.852)

U
1.492 3.325 -0.534 6.380 1.301 3.177 -5.074 5.770
(0.345) (0.252) (0.702) (0.542) (0.487) (0.366) (2.038) (0.727)

Probability Parameters

p00 1− p00 q00 1− q00 Log Likelihood
0.984 0.016 0.993 0.007
(0.001) (0.004) -3198.820

1− p11 p11 1− q11 q11
0.034 0.966 0 1

(0.004)

Model S2

Regimes S = 0 S = 1
Probability Parameters

µ0 σ0 µ1 σ1

ENE
1.823 4.919 -0.500 6.708 p00 1− p00
(0.426) (0.379) (0.691) (0.624) 0.983 0.017

MAT/IND
1.499 4.194 -0.919 7.089 (0.012)
(0.373) (0.298) (0.837) (0.656)

CG
1.424 2.985 -0.517 4.829 1− p11 p11
(0.278) (0.183) (0.579) (0.417) 0.030 0.970

FIN
1.384 4.679 -1.291 9.595 (0.020)
(0.451) (0.323) (1.165) (0.988)

IT/Tel
1.617 4.385 -1.217 10.374 Log Likelihood
(0.398) (0.246) (1.189) (0.739)

U
1.487 3.229 -0.963 6.266 -3286.117
(0.285) (0.206) (0.714) (0.482)
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Table 2.5. The Result of the Hypothesis Testing. The null hypotheses are the

equality of means and that of standard deviations across the two regimes. Panel A and B are

the results of tests in Model S2D2 and Panel C is that in Model S2. The hypotheses in Panel

A are same value of S but different value of D, on the other hand, the hypotheses in Panel B

are same D and different S. Rows of industries are the tests of individual industries. Rows

of “All” are the tests of which hypothesis is the equalities of parameters of the all industries.

The degrees of freedom in each industries test are 1, in the all industries are 15. Numbers in

parenthesis are probability values.

Panel A: D is the same among the hypotheses but S is different in the Model S2D2.
Fixed Regime Before Structural Change (D = 0) After Structural Change (D = 1)

Hypothesis
Equal Equal Equal Equal Equal Equal
Means Volatilities Both Means Volatilities Both

ENE
17.197 3.537 26.026 9.870 0.753 10.056
(0.000) (0.060) (0.000) (0.002) (0.386) (0.007)

MAT/IND
10.220 21.811 31.722 15.045 6.084 24.347
(0.001) (0.000) (0.000) (0.000) (0.014) (0.000)

CG
15.027 10.938 22.348 7.232 45.327 46.964
(0.000) (0.001) (0.000) (0.007) (0.000) (0.000)

FIN
18.693 11.090 27.653 10.480 9.315 13.924
(0.000) (0.001) (0.000) (0.001) (0.002) (0.001)

IT/Tel
2.827 58.729 59.086 11.284 0.732 11.481
(0.093) (0.000) (0.000) (0.001) (0.392) (0.003)

U
6.750 26.474 34.418 9.197 9.463 23.935
(0.009) (0.000) (0.000) (0.002) (0.002) (0.000)

All
37.346 96.440 138.942 50.815 74.492 140.987
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Panel B: S is the same among the hypotheses but D is different in the Model S2D2.
Fixed Regime Booming Regime (S = 0) Recession Regime (S = 1)

Hypothesis
Equal Equal Equal Equal Equal Equal
Means Volatilities Both Means Volatilities Both

ENE
0.178 6.074 6.087 8.003 1.832 9.597
(0.673) (0.014) (0.048) (0.005) (0.176) (0.008)

MAT/IND
0.009 18.724 18.743 11.746 9.408 26.341
(0.926) (0.000) (0.000) (0.001) (0.002) (0.000)

CG
0.048 3.178 3.181 4.130 10.248 12.522
(0.826) (0.075) (0.204) (0.042) (0.001) (0.002)

FIN
0.669 18.501 24.050 10.282 9.952 13.869
(0.414) (0.000) (0.000) (0.001) (0.002) (0.001)

IT/Tel
0.100 5.429 5.449 4.560 13.943 24.289
(0.752) (0.020) (0.066) (0.033) (0.000) (0.000)

U
0.100 0.113 0.337 4.545 0.501 4.547
(0.751) (0.737) (0.845) (0.033) (0.479) (0.103)

All
4.333 26.082 41.806 51.338 50.097 131.850
(0.632) (0.000) (0.000) (0.000) (0.000) (0.000)

Panel C: S = 0 vs. S = 1 in the Model S2.

Hypothesis
Equal Equal Equal Equal Equal Equal
Means Volatilities Both Means Volatilities Both

ENE
8.066 5.766 12.485

FIN
4.437 22.895 23.366

(0.005) (0.016) (0.002) (0.035) (0.000) (0.000)

MAT/IND
6.772 16.142 19.838

IT/Tel
4.951 59.704 60.887

(0.009) (0.000) (0.000) (0.026) (0.000) (0.000)

CG
8.936 16.238 19.384

U
10.132 33.611 39.973

(0.003) (0.000) (0.000) (0.001) (0.000) (0.000)

All
15.796 114.514 125.268
(0.015) (0.000) (0.000)
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Table 2.6. The Estimated Correlation Coefficients in Model S2. Numbers in

parenthesis are standard errors. The summary is shown in Table 2.8.

Booming Regime (S = 0)

ENE MAT/IND CG FIN IT/Tel U

ENE
1
-

MAT/IND
0.608 1
(0.068) -

CG
0.420 0.787 1
(0.079) (0.031) -

FIN
0.461 0.788 0.791 1
(0.086) (0.036) (0.032) -

IT/Tel
0.445 0.753 0.726 0.662 1
(0.072) (0.036) (0.042) (0.050) -

U
0.334 0.326 0.491 0.397 0.314 1
(0.074) (0.072) (0.062) (0.067) (0.080) -

Recession Regime (S = 1)

ENE MAT/IND CG FIN IT/Tel U

ENE
1
-

MAT/IND
0.668 1
(0.072) -

CG
0.524 0.800 1
(0.098) (0.043) -

FIN
0.491 0.804 0.805 1
(0.101) (0.040) (0.044) -

IT/Tel
0.365 0.622 0.560 0.471 1
(0.088) (0.061) (0.076) (0.068) -

U
0.652 0.458 0.361 0.359 0.143 1
(0.068) (0.100) (0.100) (0.093) (0.119) -
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Table 2.8. The Summary Table for Changes of Correlations at 10% Signifi-
cant Level. Numbers in parentheses are percentages of all pairs.

Model S2

Correlation in S = 0 < S = 1 Correlation in S = 0 > S = 1
Number of Changes 7 (47%) 8 (53%)

Number of Significant Changes 3 (20%) 1 (7%)

Model S2D2

Fix S.
S = 0 Correlation in D = 0 > D = 1 Correlation in D = 0 < D = 1

Number of Changes 2 (13%) 13 (87%)
Number of Significant Changes 0 (0%) 11 (73%)

S = 1 Correlation in D = 0 > D = 1 Correlation in D = 0 < D = 1
Number of Changes 4 (27%) 11 (73%)

Number of Significant Changes 3 (20%) 4 (27%)

Fix D.
D = 0 Correlation in S = 0 > S = 1 Correlation in S = 0 < S = 1

Number of Changes 8 (53%) 7 (47%)
Number of Significant Changes 0 (0%) 4 (27%)

D = 1 Correlation in S = 0 > S = 1 Correlation in S = 0 < S = 1
Number of Changes 10 (67%) 5 (33%)

Number of Significant Changes 4 (27%) 2 (13%)
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Table 2.9. The Results of the Hypothesis Testings in Model S2D2. The null

hypothesis is the equality of correlations between two regimes S = 0 and S = 1. Marks ∗,
∗∗, and ∗ ∗ ∗ indicate rejecting the null at significant level 10%, 5%, and 1%, respectively.

Numbers in parentheses are P-values. The summary is shown in Table 2.8.

Null Hypothesis: Correlations are equal between S = 0 and S = 1:

Before Structural Break (D = 0)

ENE MAT/IND CG FIN IT/Tel

MAT/IND
4.458
0.035

CG
3.162∗ 8.015∗∗∗

(0.075) (0.005)

FIN
6.114∗∗ 0.639 0.267
(0.013) (0.424) (0.606)

IT/Tel
2.033 0.001 0.017 1.174
(0.154) (0.978) (0.897) (0.279)

U
11.134∗∗∗ 0.415 1.309 2.743∗ 1.502
(0.001) (0.520) (0.253) (0.098) (0.220)

All correlations are equal (df = 15): 70.494∗∗∗ (0.000)

After Structural Break (D = 1)

ENE MAT/IND CG FIN IT/Tel

MAT/IND
4.852∗∗

(0.028)

CG
3.217∗ 0.000
(0.073) (0.987)

FIN
9.131∗∗∗ 0.465 0.009
(0.003) (0.495) (0.923)

IT/Tel
0.008 1.096 1.611 1.072
(0.928) (0.295) (0.204) (0.300)

U
3.249∗ 0.331 0.905 0.081 0.195
(0.071) (0.565) (0.341) (0.775) (0.659)

All correlations are equal (df = 15): 29.976∗∗ (0.012)
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Table 2.10. The Results of the Hypothesis Testing in Model S2D2. The null

hypothesis is the equality of correlations between two regimes D = 0 and D = 1. Marks ∗,
∗∗, and ∗ ∗ ∗ indicate rejecting the null at significant level 10%, 5%, and 1%, respectively.

Numbers in parentheses are P-values. The summary is shown in Table 2.8.

Null Hypothesis: Correlations are equal between D = 0 and D = 1:

Booming Regime (S = 0)

ENE MAT/IND CG FIN IT/Tel

MAT/IND
12.323∗∗∗

(0.000)

CG
14.004∗∗∗ 8.852∗∗∗

(0.000) (0.003)

FIN
9.152∗∗∗ 6.941∗∗∗ 0.118
(0.002) (0.008) (0.731)

IT/Tel
15.775∗∗∗ 2.863∗ 5.434∗∗ 0.888
(0.000) (0.091) (0.020) (0.346)

U
0.090 2.994∗ 2.785∗ 0.097 16.936∗∗∗

(0.764) (0.084) (0.095) (0.756) (0.000)

All correlations are equal (df = 15): 54.622∗∗∗ (0.000)

Recession Regime (S = 1)

ENE MAT/IND CG FIN IT/Tel

MAT/IND
2.729∗

(0.099)

CG
0.848 15.766∗∗∗

(0.357) (0.000)

FIN
17.21∗∗∗ 0.100 0.161
(0.000) (0.752) (0.688)

IT/Tel
0.324 3.504∗ 3.982∗∗ 0.152
(0.569) (0.061) (0.046) (0.697)

U
11.275∗∗∗ 1.224 0.673 3.137∗ 2.483
(0.001) (0.269) (0.412) (0.077) (0.115)

All correlations are equal (df = 15): 123.992∗∗∗ (0.000)
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Table 2.11. The Results of the Hypothesis Testings in Model S2. The null

hypothesis is the equality of correlations between two regimes S = 0 and S = 1. Marks ∗,
∗∗, and ∗ ∗ ∗ indicate rejecting the null at significant level 10%, 5%, and 1%, respectively.

Numbers in parentheses are P-values. The summary is shown in Table 2.8.

Null Hypothesis: Correlations are equal between S = 0 and S = 1:

ENE MAT/IND CG FIN IT/Tel

MAT/IND
12.323∗∗∗

(0.000)

CG
14.004∗∗∗ 8.852∗∗∗

(0.000) (0.003)

FIN
9.152∗∗∗ 6.941∗∗∗ 0.118
(0.002) (0.008) (0.731)

IT/Tel
15.775∗∗∗ 2.863∗ 5.434∗∗ 0.888
(0.000) (0.091) (0.020) (0.346)

U
0.090 2.994∗ 2.785∗ 0.097 16.936∗∗∗

(0.764) (0.084) (0.095) (0.756) (0.000)

All correlations are equal (df = 15): 54.622∗∗∗ (0.000)
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Table 2.12. The Simulation Results of the Performances with Various In-
vestment Strategies. Numbers in parentheses are the standard deviations of them. All of

the means and the standard deviations, and their standard errors in this table are multiplied

by 100. Number of trials is 10000. Each trial has 140 observations.

Mean
Standard

Skewness Kurtosis
Sharpe

Deviation Ratio
Initial State S = 0, D = 0
Global Minimum-Variance Portfolios

S2D2
0.616 3.501 -0.329 3.559 0.237
(0.010) (0.008) (0.004) (0.009) (0.003)

S2
0.631 3.550 -0.304 3.536 0.233
(0.010) (0.008) (0.004) (0.008) (0.003)

D2
0.658 3.519 -0.314 3.558 0.245
(0.010) (0.008) (0.004) (0.009) (0.003)

IID
0.607 3.557 -0.295 3.514 0.225
(0.010) (0.008) (0.004) (0.008) (0.003)

Tangency Portfolios

S2D2
0.798 3.962 -0.328 4.115 0.258
(0.010) (0.009) (0.005) (0.013) (0.003)

S2
0.495 4.386 -0.421 4.378 0.201
(0.014) (0.013) (0.006) (0.016) (0.003)

D2
0.652 3.857 -0.333 3.651 0.235
(0.011) (0.009) (0.004) (0.010) (0.003)

IID
0.681 3.832 -0.241 3.463 0.239
(0.011) (0.009) (0.003) (0.008) (0.003)

EW
0.491 4.458 -0.239 3.627 0.184
(0.014) (0.012) (0.004) (0.009) (0.003)

Initial State S = 1, D = 0
Global Minimum-Variance Portfolios

S2D2
0.313 3.717 -0.302 3.464 0.136
(0.011) (0.007) (0.003) (0.008) (0.003)

S2
0.335 3.762 -0.280 3.447 0.136
(0.010) (0.007) (0.003) (0.008) (0.003)

D2
0.363 3.737 -0.287 3.468 0.147
(0.011) (0.007) (0.003) (0.008) (0.003)

IID
0.315 3.767 -0.271 3.429 0.130
(0.011) (0.007) (0.003) (0.007) (0.003)

Tangency Portfolios

S2D2
0.532 4.402 -0.264 4.045 0.163
(0.011) (0.009) (0.004) (0.011) (0.003)

S2
0.205 4.846 -0.342 4.197 0.111
(0.015) (0.012) (0.005) (0.013) (0.003)

D2
0.347 4.100 -0.298 3.535 0.141
(0.012) (0.009) (0.004) (0.008) (0.003)

IID
0.373 4.035 -0.210 3.368 0.145
(0.012) (0.008) (0.003) (0.007) (0.003)

EW
0.145 4.743 -0.197 3.510 0.092
(0.016) (0.011) (0.003) (0.008) (0.003)
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Table 2.13. The Simulation Results of the Performances with Various In-
vestment Strategies. Numbers in parentheses are the standard deviations of them. All of

the means and the standard deviations, and their standard errors in this table are multiplied

by 100. Number of trials is 10000. Each trial has 140 observations.

Mean
Standard

Skewness Kurtosis
Sharpe

Deviation Ratio
Initial State S = 0, D = 1
Global Minimum-Variance Portfolios

S2D2
-0.266 4.195 -0.449 3.456 -0.014
(0.013) (0.007) (0.004) (0.009) (0.003)

S2
-0.141 4.273 -0.417 3.462 0.011
(0.012) (0.007) (0.003) (0.008) (0.003)

D2
-0.170 4.227 -0.422 3.458 0.005
(0.012) (0.007) (0.003) (0.008) (0.003)

IID
-0.172 4.279 -0.408 3.434 0.004
(0.013) (0.007) (0.003) (0.008) (0.003)

Tangency Portfolios

S2D2
-0.090 4.404 -0.527 3.844 0.031
(0.012) (0.009) (0.004) (0.011) (0.003)

S2
-0.752 5.453 -0.665 4.045 -0.069
(0.018) (0.013) (0.005) (0.015) (0.003)

D2
-0.353 4.712 -0.473 3.530 -0.024
(0.015) (0.009) (0.004) (0.009) (0.003)

IID
-0.254 4.882 -0.214 3.129 -0.022
(0.014) (0.006) (0.003) (0.006) (0.003)

EW
-0.787 5.857 -0.142 3.012 -0.106
(0.018) (0.007) (0.003) (0.005) (0.003)

Initial State S = 1, D = 1
Global Minimum-Variance Portfolios

S2D2
-1.079 4.582 -0.448 3.250 -0.207
(0.014) (0.006) (0.003) (0.008) (0.003)

S2
-0.903 4.659 -0.423 3.285 -0.166
(0.013) (0.006) (0.003) (0.007) (0.003)

D2
-0.935 4.609 -0.426 3.276 -0.175
(0.013) (0.006) (0.003) (0.008) (0.003)

IID
-0.943 4.658 -0.413 3.257 -0.176
(0.013) (0.006) (0.003) (0.007) (0.003)

Tangency Portfolios

S2D2
-0.820 4.910 -0.533 3.649 -0.133
(0.013) (0.008) (0.004) (0.010) (0.003)

S2
-1.857 6.178 -0.656 3.751 -0.261
(0.019) (0.010) (0.004) (0.013) (0.003)

D2
-1.252 5.167 -0.478 3.329 -0.212
(0.015) (0.007) (0.003) (0.009) (0.003)

IID
-1.126 5.187 -0.216 3.007 -0.200
(0.015) (0.005) (0.002) (0.005) (0.003)

EW
-1.922 6.181 -0.122 2.896 -0.298
(0.019) (0.006) (0.003) (0.005) (0.003)
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Table 2.14. The Global Minimum-Variance Portfolios and Tangency Port-
folios. Panel A shows the portfolio weight of global minimum-variance portfolio for each

investor type. On the other hands, Panel A shows the portfolio weight of tangency portfolio

for each investor type.

Panel A: Global Minimum-Variance Portfolios

S2D2
S = 0, D = 0 S = 1, D = 0 S = 0, D = 1 S = 1, D = 1

ENE 0.128 0.056 0.000 0.000
MAT/IND 0.126 0.000 0.000 0.000

CG 0.472 0.694 0.401 0.357
FIN 0.000 0.000 0.000 0.000

IT/Tel 0.000 0.000 0.000 0.115
U 0.274 0.250 0.599 0.528

S2 D2
IID

S = 0 S = 1 D = 0 D = 1
ENE 0.063 0.000 0.159 0.000 0.028

MAT/IND 0.000 0.000 0.000 0.000 0.000
CG 0.547 0.694 0.600 0.635 0.654
FIN 0.000 0.000 0.000 0.000 0.000

IT/Tel 0.000 0.000 0.000 0.000 0.000
U 0.390 0.306 0.241 0.365 0.319

Panel B: Tangency Portfolios

S2D2
S = 0, D = 0 S = 1, D = 0 S = 0, D = 1 S = 1, D = 1

ENE 0.268 0.916 0.025 0.000
MAT/IND 0.073 0.000 0.000 0.000

CG 0.308 0.000 0.396 0.992
FIN 0.066 0.084 0.000 0.000

IT/Tel 0.061 0.000 0.000 0.008
U 0.225 0.000 0.580 0.000

S2 D2
IID

S = 0 S = 1 D = 0 D = 1
ENE 0.170 1.000 0.270 0.231 0.318

MAT/IND 0.000 0.000 0.000 0.000 0.000
CG 0.407 0.000 0.631 0.071 0.568
FIN 0.000 0.000 0.099 0.000 0.000

IT/Tel 0.035 0.000 0.000 0.000 0.000
U 0.387 0.000 0.000 0.697 0.114
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Table 2.15. The Simulation Results of the Performances with Various Types
of Investment Strategies. 2000-time series of the indices with 200 months are simulated.

Each type investor start to invest after 60 months passed from the starting point. The data

of the first 60 months are only used for them to estimate the distribution parameters in their

considered model. After the first 60 months, the past data-windows for the investors are

expanded as time passes. This table reports the means of the statistics. All of the statistic

are computed using the data of returns in each trial. Numbers in parentheses are the standard

errors. All of the means and standard deviations and their standard errors in this table are

multiplied by 100. We assume that the risk-free rate is 0.

Panel A: The Actual Market Model is Model S2D2

Mean
Standard

Skewness Kurtosis
Sharpe

Deviation Ratio
Global Minimum-Variance Portfolios

S2D2
0.047 4.424 -0.341 3.788 0.077
(0.034) (0.022) (0.010) (0.027) (0.007)

S2
0.102 3.998 -0.357 3.539 0.096
(0.032) (0.020) (0.009) (0.021) (0.008)

IID
0.224 3.882 -0.341 3.484 0.118
(0.028) (0.018) (0.008) (0.019) (0.007)

Tangency Portfolios

S2D2
0.082 5.269 -0.263 4.464 0.070
(0.035) (0.026) (0.012) (0.042) (0.007)

S2
0.083 4.920 -0.349 4.167 0.082
(0.035) (0.028) (0.011) (0.038) (0.007)

IID
0.172 4.717 -0.235 3.513 0.103
(0.034) (0.028) (0.008) (0.019) (0.007)

EW
-0.116 5.032 -0.194 3.389 0.049
(0.149) (0.102) (0.028) (0.071) (0.029)

Panel B: The Actual Market Model is Model S2

Mean
Standard

Skewness Kurtosis
Sharpe

Deviation Ratio
Global Minimum-Variance Portfolios

S2D2
0.835 4.038 -0.137 3.794 0.230
(0.014) (0.015) (0.008) (0.023) (0.004)

S2
0.813 3.554 -0.192 3.546 0.252
(0.013) (0.012) (0.007) (0.023) (0.004)

IID/Myopic
0.801 3.503 -0.184 3.429 0.252
(0.013) (0.011) (0.006) (0.016) (0.004)

Tangency Portfolios

S2D2
0.852 5.101 -0.086 4.647 0.197
(0.016) (0.025) (0.011) (0.041) (0.004)

S2
0.855 4.901 -0.146 4.716 0.215
(0.015) (0.032) (0.011) (0.043) (0.004)

IID
0.892 4.324 -0.111 3.635 0.241
(0.014) (0.026) (0.007) (0.021) (0.004)

EW
0.847 4.375 -0.143 3.568 0.217
(0.054) (0.060) (0.025) (0.067) (0.015)
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Table 2.16. The Simulation Results of the Performances Based on the Re-
sults of the Literature. 2000-time series of the indices are simulated. Each type investor

start to invest after 200 months (resp. 288 months) passed from the starting point in the

simulation of Ang and Bekaert (2002) (resp. Guidolin and Timmermann (2007)). The data

of the initial runnings are only used for them to estimate the distribution parameters in their

considered model. After the initial running months, the past data-windows for the investors

are expanded as time passes. This table reports the means of the statistics. All of the statistic

are computed using the data of returns in each trial. Numbers in parentheses are the standard

errors. All of the means and standard deviations and their standard errors in this table are

multiplied by 100.

Mean
Standard

Skewness Kurtosis
Sharpe

Deviation Ratio
Simulation of Ang and Bekaert (2002)
Only 2-state recursive regime (S) model
The risk-free rate is 0.0041 (monthly rate).
Global Minimum-Variance Portfolios

4 states
0.618 4.080 -0.106 4.264 0.154
(0.015) (0.017) (0.016) (0.052) (0.004)

2 states
0.621 4.040 -0.110 4.182 0.156
(0.014) (0.017) (0.015) (0.044) (0.004)

IID
0.623 4.042 -0.109 4.150 0.156
(0.014) (0.017) (0.015) (0.042) (0.004)

Tangency Portfolios

4 states
0.602 4.809 -0.034 5.444 0.129
(0.017) (0.032) (0.024) (0.101) (0.004)

2 states
0.612 4.654 -0.052 5.260 0.136
(0.017) (0.034) (0.023) (0.102) (0.004)

IID
0.621 4.307 -0.072 4.203 0.147
(0.015) (0.026) (0.016) (0.050) (0.004)

EW
0.392 4.518 -0.345 4.705 0.089
(0.016) (0.022) (0.017) (0.052) (0.004)

Simulation of Guidolin and Timmermann (2007)
Only 4-state recursive regime (S) model
The risk-free rate is 0.0044 (monthly rate).
Global Minimum-Variance Portfolios

4 states
0.357 6.728 0.550 4.710 0.052
(0.024) (0.031) (0.017) (0.069) (0.003)

2 states
0.369 6.718 0.525 4.600 0.054
(0.024) (0.030) (0.016) (0.063) (0.003)

IID
0.368 6.718 0.512 4.553 0.053
(0.024) (0.030) (0.016) (0.061) (0.003)

Tangency Portfolios

4 states
1.853 13.756 0.689 5.085 0.133
(0.054) (0.111) (0.023) (0.135) (0.004)

2 states
1.876 13.622 0.643 4.678 0.136
(0.055) (0.134) (0.020) (0.102) (0.004)

IID
1.922 13.591 0.629 4.433 0.139
(0.056) (0.155) (0.018) (0.080) (0.003)

EW
0.503 9.871 0.070 3.572 0.051
(0.035) (0.033) (0.012) (0.028) (0.004)
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Table 2.17. The AICs of Various Models. The first row displays the AICs, which are

defined as −2(log likelihood − # of parameters), where # of parameters means the number

of parameters.

Model S2 S2D2 S3 S4 D2 D3 S2S2
AIC 6684.234 6619.640 6662.203 6634.194 6778.565 6717.901 6621.640

# of Parameters 56 111 87 120 55 83 112
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Figure 2.1. The Smoothed Probabilities and the NBER Recession Dates.
The first figure plots the smoothed probability of Model S2. The second figure plots the

smoothed probabilities of Model S2D2. In each figure, a solid line is the probability of being

at S = 0 and shadow areas are NBER recession dates. In the second figure, a dashed line is

the probability of being at D = 0.
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Figure 2.2. The Smoothed Probability of Being at Dt = 0 Computed by
Using Individual Sector Returns.
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Figure 2.3. The Standard Deviations and Sharpe Ratios. In computing the

Sharpe ratios, we assume that the risk-free rate equal 0.
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Figure 2.4. The Means of the Smoothed Probabilities around the Structural
Change. Lines of the 100th, 150th and 199th month represent the changes of the means

of the smoothed probabilities around the structural change for T = 100, 150 and 199, respec-

tively. A line of the 199th month conditioned by change time represents the means of the

smoothed probabilities around the structural change with the condition that the structural

change happens during the periods from t = 51 to t = 50.
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Figure 2.5. The Smoothed Probabilities and the NBER Recession Dates.
The first figure plots the smoothed probabilities of Model S2S2. The second figure plots the

smoothed probabilities of Model S2D2. In each figure, a solid line is the probability of being

at S = 0, shadow areas are NBER recession dates and a dashed line is the probability of being

at D = 0.
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Chapter 3

Mean-Variance Efficiency of
Discrete-Time, Infinite Horizon
Mean-Variance Portfolio Selections
in Regime Switching Financial
Markets

3.1 Introduction

Since the original work of Markowitz (1952), the mean-variance analysis (hereafter MV

analysis) has been one of the fundamental methods for making investment decisions.

The MV analysis can deal with the trade-off between the expected returns and asso-

ciated risks. Markowitz (1952) studies the single-period MV analysis, however, many

papers after Markowitz (1952) take up the multi-period MV analysis. An important

problem when dealing with the multi-period MV analysis is the absence of time con-

sistency, which means that it is difficult to use the Bellman optimality of the dynamic

programming. That is because the variance operator does not have monotonicity, which

means that even if a random variable X is always larger than another random variable

Y , it is possible that the variance of X is smaller than the variance of Y . Furthermore,

the variance operator does not have separability, that is, any two random variables X

and Y do not always satisfy Var(X + Y ) = Var(X) + Var(Y ). Because of the lack of

monotonicity and separability of the variance operator, we can not apply the standard

procedure of the dynamic programming to the multi-period MV analysis.

One of the methods to avoid the absence of time consistency is changing the original
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mean-variance problem into the stochastic linear quadratic (LQ) problem. In line of

the stochastic LQ problem, Li and Ng (2000) study the multi-period MV analysis

in discrete time and Zhou and Li (2000) consider the continuous-time MV analysis.

There are many extensions of the multi-period MV analysis that is transformed into the

stochastic LQ problem. Li, Zhou, and Lim (2002) provide the multi-period MV analysis

with a short-selling constraint. Bielecki, Jin, Pliska, and Zhou (2005) consider the case

of bankruptcy prohibition. Lim and Zhou (2002) allow parameters to vary randomly

over time. Dai, Xu, and Zhou (2010) take into account the effects of transaction costs.

Another method changes the objective function into the form that its solution is time

consistent. In Chen, Li, and Guo (2013), the objective function of the discrete-time,

finite horizon MV analysis up to time T is expressed as

E

[
T∑
t=1

(
Var(Xt|Ft−1)− λE[Xt|Ft−1]

)]
,

where Xt is the investor’s wealth at time t, and Ft−1 is the information σ-algebra of

the investor. Under a self-financing constraint, Chen et al. (2013) have proved that the

minimizing problem of the above objective function is time-consistent.

In this chapter, we aim to provide the time-consistent optimal policies of the multi-

period MV analysis in the unobservable regime switching financial market and to assess

the value of information about regime switching. Hamilton (1989) has proposed a

Markov chain to express dependent structure of GDP over time. Financial and economic

models using Markov chains are called regime switching models. These models allow a

dependent structure of asset returns over time. First, we consider discrete-time, infinite

horizon MV analysis, that is similar to Chen et al. (2013) and Chen, Li, and Zhao (2014),

under three different investor’s information levels. The frameworks of Chen et al. (2013)

and Chen et al. (2014) can avoid the absence of time-consistency. The first level is the

most realistic setting, where the investor can not observe the market regimes and only

observes the asset returns. In the second information level, the investor observes both

the market regimes and the asset returns. The informed investor of the third level can

predict future regimes correctly. We derive the time-consistent optimal policies of the

multi-period MV analysis in the three information levels.



Yuki Shigeta 65

The results concerning the value of information are very surprising. The expected

returns of the informed investor’s optimal policies are higher than those of the unin-

formed investor. However, the variances of returns also increase as the information

increases. These results can be theoretical explanations of the limited advantage of

information reported by Guidolin and Ria (2011).

Regime-switching models are useful to describe dependent structures of assets’ re-

turns. They can identify economic regimes – for example, economic booming and reces-

sion, so we can understand the conditions of the financial market more directly. After

the influential work of Hamilton (1989), many papers have adopted regime switching

frameworks to analyze financial markets in both empirically and theoretically. However,

there are some debates as to whether regime-switching models have advantage in empir-

ical studies or not. Ang and Bekaert (2002) apply a finitely dimensional, discrete-time

regime switching model to the international equity market of 1972-1997. They identify

two economic regimes, booming and recession, and reproduce the correlation pattern

reported by Longin and Solnik (2001). Moreover, they test the advantage of the knowl-

edge of regimes by conducting simulations. They report that the informed investor who

knows the current economic regime has advantage over the myopic investor in the case

of the constant relative risk aversion (CRRA) expected utility optimization. Guidolin

and Timmermann (2007) extend the arguments of Ang and Bekaert (2002). They study

the U.S. financial market empirically using a regime switching model. They identify

four economic regimes using a discrete-time regime switching model and find that the

informed investor who can estimate the current regime has better performance than

the myopic investor, when optimizing the CRRA expected utility. However, in the MV

analysis, these advantages are very limited in empirically realistic settings. Guidolin

and Ria (2011) report that in their back test, using mean-variance optimal portfolios

(the tangency portfolios), the informed investor’s Sharpe ratio is not always higher than

that of the myopic investor. Since the Sharpe ratio is one of the famous measures of the

investment efficiency, this practical pitfall is an important issue. We discuss the above

problem of the mean-variance efficiency in the regime switching markets, and provide

a mathematical explanation of these empirical studies.
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Theoretically, the regime switching MV analysis can be conducted under many dif-

ferent settings. Yin and Zhou (2004) study the discrete-time MV analysis in the regime

switching market, where investors can observe the current values of the Markov chain

driving the financial market. Costa and Araujo (2008) provide optimal policies with a

bankruptcy constraint. Based on the work of Chen et al. (2013), Chen et al. (2014) de-

rive time-consistent optimal portfolios using the regime switching MV analysis. These

analyses assume that the investor knows the current or future values of the Markov

chain, however, the investor does not know these values in practice. An example of

a study concerning portfolio selections in the unobservable regime switching models is

Honda (2003), that considers the CRRA utility optimization. Another example of an

optimization problem under unobservable regimes is a study by Sass and Haussmann

(2004). However, there are only few studies of portfolio selections that use unobserv-

able regime-switching models. That is because, in the case of portfolio selections in

unobservable regime-switching models, there are two state variables: investor’s wealth

and the probability with which the current market regime emerges. These variables

are more interactive than the ones in observable regimes. Therefore, the portfolio se-

lections in the unobservable case are more complicated mathematically than those in

the observable case. In this chapter, we formulate and solve portfolio selections under

unobservable regimes by considering the extensions of Chen et al. (2014).

The rest of this chapter is organized as follows. In Section 3.2, we formulate discrete

time, infinite horizon MV optimizations and derive their optimal policies. In Section

3.3, we assess the values of regime information. We compute the expected returns and

the standard deviations of the three different information levels. In Section 3.4 we

conduct numerical analysis. Section 3.5 concludes.
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3.2 Mean-Variance Analysis with Regime Switch-

ing

Let (Ω,F ,P) be a probability space. In the financial market, there are one risk-free

and d risky assets. The risk-free rate is constant over time, denoted by rf . Let (Rt)
∞
t=1

be a return vector process of the risky assets such that

Rt = µ(St) + σ(St)ϵt,

where (St)
∞
t=0 is a Markov chain taking values in a space D = {1, . . . , K} and (ϵt)

∞
t=1

is a sequence of d-dimensional, square integrable, i.i.d. random variables. We assume

that

E[ϵt] = 0, Var(ϵt) = Id, for all t = 1, 2, . . . ,

where Id is a d-dimensional identity matrix. µ : D → Rd and σ : D → Rd×d are

measurable functions. The transition probability matrix of the Markov chain (St)
∞
t=0 is

constant over time and denoted by Q. We assume that (St)
∞
t=0 and (ϵt)

∞
t=1 are mutually

independent. The Markov chain (St)
∞
t=0 represents a state of the market. Therefore, we

call it the state variable.

To construct dynamic mean-variance optimization problems, we consider the follow-

ing three levels of investor’s information:

1. Partial information: At each time t, the investor does not know the history of

the state variable values S0, S1, . . . , St−1, St. She only observes the history of the

return values, R1, . . . , Rt−1, Rt.

2. Perfect information: At each time t, the investor knows the histories of the state

variable values S0, S1, . . . , St−1, St and returns R1, . . . , Rt−1, Rt.

3. Prediction: At each time t, the investor knows the history of the state variable

values and returns. Moreover, the investor knows the one-period-ahead value of

the state variable St+1.

The first partial information case is a typical setting of information in the financial

market. The partially informed investor makes investment decisions while estimating
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and predicting movement of the state variable. The second perfect information case is

more informative for the investors. The perfectly informed investor makes investment

decisions while only predicting movement of the state variable. The third prediction

case is an artificial setting. The third type investor can take positions predicting the

conditions of the future market correctly.

In the partial information case, the investor’s information at time t, denoted by FR
t ,

coincides with the σ-algebra generated by R1, . . . , Rt, that is

FR
t = σ{Rs, s ≤ t}, t ≥ 1, FR

0 = {∅,Ω}.

In the perfect information case, the investor’s information at time t is more informative

than in the partial information case. The perfectly informed investor’s information at

time t is

FR,S
t = σ(FR

t ∪ σ{Ss, s ≤ t}), t ≥ 1, FR,S
0 = σ{S0}.

In the prediction case, the investor’s information at time t is

FR,S,P
t = σ(FR

t ∪ σ{Ss, s ≤ t+ 1}), t ≥ 1, FR,S,P
0 = σ{S0, S1}.

Then, it is clear that FR
t ⊂ FR,S

t ⊂ FR,S,P
t holds for all t ≥ 0. The three filtrations,

(FR
t )

∞
t=0, (F

R,S
t )∞t=0, and (FR,S,P

t )∞t=0 represent flows of the investors’ information.

Let (Xt)
∞
t=0 be a sequence of the investor’s wealth. At each time t, the investor

constructs portfolios by investing wealth with the self-financing constraint. Let ut =

(u1,t, . . . , ud,t)
′ ∈ Rd be a portfolio at time t ≥ 0 whose jth element represents cash

invested in the jth risky asset at time t ≥ 0 1. The investor invests Xt −
∑d

j=1 uj,t

dollars in the risk-free asset at time t ≥ 0. We call the portfolio process u = (ut)
∞
t=0 the

control process. We assume that any control process is an adapted process with respect

to the investor’s information filtration. The wealth dynamics at time t is expressed as

Xt+1 = (1 + rf)Xt + (Re
t+1)

′ut,

where Re
t+1 is the excess return vector Re

t+1 = Rt+1 − rf1d, and 1d = (1, . . . , 1)′ ∈ Rd.

1For any x ∈ Rn and A ∈ Rm×n, x′ and A′ mean the transposes of x and A, respectively.
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The investor faces a trade-off between the expected returns and associated risks of

her wealth at each time. We define the investor I’s single-period risk measure at time

t− 1 as

ρt−1(Xt) := E[Xt|F I
t−1]−

γIt−1

2
Var(Xt|F I

t−1),

where F I
t−1 is the investor I’s information σ-algebra at time t, FR

t ,F
R,S
t or FR,S,P

t ,

and γIt is the investor I’s trade-off parameter at time t. We assume that γIt is an F I
t -

measurable random variable, and that it is strictly positive for all t ≥ 0. The objective

function of the investor I is

E

[
∞∑
t=1

δt
(
E[Xt|F I

t−1]−
γIt−1

2
Var(Xt|F I

t−1)
)]

,

where δ is a constant discount parameter.

When the initial wealth is x, the optimization problem can be expressed as

sup
u∈AI(x)

E

[
∞∑
t=1

δt
(
E[Xt|F I

t−1]−
γIt−1

2
Var(Xt|F I

t−1)
)]

subject to (1 + rf)Xt−1 + (Re
t )

′ut−1 = Xt, t ≥ 1, (3.2.1)

X0 = x,

where AI(x) is a set of admissible control processes such that

E

[
∞∑
t=1

δt
(∣∣∣E[Xt|F I

t−1]
∣∣∣+ γIt−1

2
Var(Xt|F I

t−1)
)]

<∞.

In the following subsections, we study the above optimization problems under the three

different investor’s information levels.

3.2.1 Partial Information

First, we consider the partially informed investor’s optimization problem. We define

the following probabilities:

πt(i) = P(St = i|FR
t ), t ≥ 0, i ∈ D,

pt(i) = P(St+1 = i|FR
t ), t ≥ 0, i ∈ D.

πt(i) means the probability of St = i conditioned by the partially informed investor’s

information at time t. On the other hand, pt(i) represents the probability of St+1 = i



70 Regime Switching and Asset Allocation

conditioned by the investor’s information at time t. Let Dπ be a set of K dimensional

probability vectors such that

Dπ =

{
π ∈ [0, 1]K ,

∣∣∣ K∑
i=1

π(i) = 1

}
,

Then, the probability vectors πt = (πt(1), . . . , πt(K))′ ∈ RK

and pt = (pt(1), . . . , pt(K))′ ∈ RK are in Dπ for all t. Additionally, we specify the form

of the trade-off parameter γRt . We assume that γRt has the following form at each time

t ≥ 0,

γRt = γR(πt),

where γR is a bounded measurable function from Dπ to R++. It is clear that γRt is

FR
t -measurable for all t ≥ 0.

In Theorem 3.1, we study verification conditions of the Bellman equation for the

dynamic optimization. Here, we first discuss the probability space of the mean-variance

optimization. Since (St)
∞
t=0 is the Markov chain, the transition probability matrix Q is

a Markov kernel Q on (D,B(D)), where B(D) is the Borel σ-algebra on D. This means

that for every t ≥ 1,

P(St = i | St−1 = j) = Q(i, j) = qj,i,

for all i, j ∈ D, where qj,i is the j × ith element of Q. We also consider a probability

measure µϵ on (Rd,B(Rd)) such that

µϵ(B) = P(ϵ1 ∈ B), B ∈ B(Rd).

By definition, µϵ is the distribution of ϵ1. On a measurable space (R × D × (Rd)∞ ×

D∞,B(R)×B(D)×B((Rd)∞ ×D∞)), we introduce a probability measure conditioned

by the initial condition x ∈ R, π ∈ Dπ, denoted by Px,π, such that for all B ∈ B(Rd)

and i ∈ D,

Px,π(ϵt ∈ B) = µϵ(B), Px,π(St = i | St−1) = Q(i, St−1), t ≥ 1,

Px,π(S0 = i) = π(i), Px,π(X0 = x) = 1.

Furthermore,X0, (St)
∞
t=0, and (ϵt)

∞
t=1 are mutually independent under Px,π. The Ionescu-

Tulcea theorem (cf. Theorem IV.4.7 in Çinlar (2011)) guarantees the existence of the
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above probability measure Px,π for all x ∈ R, π ∈ Dπ. Px,π represents the probability

distribution of (St)
∞
t=0 and (ϵt)

∞
t=1 given the initial condition that X0 = x and P(S0 =

i) = π(i), i ∈ D. We have considered the abstract probability space (Ω,F ,P). However,

hereafter, we consider the above probability space (R×D×(Rd)∞×D∞,B(R)×B(D)×

B((Rd)∞×D∞),Px,π). For convenience of the notations, we write the measurable space

(R × D × (Rd)∞ × D∞,B(R) × B(D) × B((Rd)∞ × D∞)) as (Ω,F). The investors’

information σ-algebras can be defined in the probability space (Ω,F ,Px,π) again. We

denote by Ex,π the expectation operator of Px,π.

For any control process u, it follows that

Ex,π[Xt|FR
t−1] =

(
1 + rf

)
Xt−1 +

(
K∑
i=1

µe(i)pt−1(i)

)′

ut−1,

µe(i) = µ(i)− rf1d,

Varx,π(Xt|FR
t−1) = u′t−1

(
K∑
i=1

(
Σ(i) + µe(i)(µe(i))′

)
pt−1(i)

)
ut−1

− u′t−1

(
K∑
i=1

µe(i)pt−1(i)

)(
K∑
i=1

µe(i)pt−1(i)

)′

ut−1,

Σ(i) = σ(i)(σ(i))′,

for all t ≥ 0. By the definition, pt = Q′πt holds for all t ≥ 0. Therefore, pt is a linear

function of πt. We define a function p : Dπ → Dπ such that

p(π) := (p(1, π), . . . , p(K, π))′ = Q′π, π ∈ Dπ (3.2.2)

Then, it follows that pt = p(πt) = (p(1, πt), . . . , p(K,πt))
′ ∈ Dπ. Furthermore, we

introduce the following functions on Dπ,

me(π) :=
K∑
i=1

µe(i)p(i, π),

A(π) :=
K∑
i=1

(
Σ(i) + µe(i)(µe(i))′

)
p(i, π)−

(
K∑
i=1

µe(i)p(i, π)

)(
K∑
i=1

µe(i)p(i, π)

)′

.

Then, the conditional expectation and variance of X can be expressed as

Ex,π[Xt|FR
t−1] =

(
1 + rf

)
Xt−1 + (me(πt−1))

′ ut−1,

Varx,π(Xt|FR
t−1) = u′t−1A(πt−1)ut−1.
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Let ππ = (ππt )
∞
t=0 be a (πt)

∞
t=0 starting from π0 = π ∈ Dπ, and letXx,u = (Xx,u

t )∞t=0 be

a wealth process, starting from x, driven by a control process u. We need to rewrite the

generic optimization problem (3.2.1) as a specific optimization problem of the partially

informed investor. The partially informed investor’s optimization problem with the

initial wealth x and probability π is

Vpar(x, π) = sup
u∈Apar(x,π)

Ex,π

[
∞∑
t=1

δt
(
Ex,π[X

x,u
t |FR

t−1]−
γR(ππt−1)

2
Varx,π(X

x,u
t |FR

t−1)
)]

subject to (1 + rf)X
x,u
t−1 + (Re

t )
′ut−1 = Xx,u

t , t ≥ 1,

Xx,u
0 = x, (3.2.3)

ππ0 = π,

where Apar(x, π) is a set of admissible control processes such that any u ∈ Apar(x, π)

satisfies

Ex,π

[
∞∑
t=1

δt
(∣∣∣Ex,π[Xx,u

t |FR
t−1]
∣∣∣+ γR(ππt−1)

2
Varx,π(X

x,u
t |FR

t−1)
)]

<∞,

and

lim
T→∞

δTEx,π[|Xx,u
T |] = 0.

Theorem 3.1 (verification theorem and time-consistency) Suppose that Upar is

a solution of the following functional equation,

Upar(x, π) = max
u

{
(1 + rf)x+ (me(π))′u− γR(π)

2
u′A(π)u+ δ Ex,π [Upar(X, π

π
1 )]

}
subject to X = (1 + rf)x+ (Re

1)
′u, (3.2.4)

Let u be a mapping from R×Dπ onto Rd such that

u(x, π) ∈ argmax
u

{
(1 + rf)x+ (me(π))′u− γR(π)

2
u′A(π)u+ δ Ex,π [Upar(X, π

π
1 )]

}
subject to X = (1 + rf)x+ (Re

1)
′u,

and suppose that u is a measurable mapping. Moreover, we suppose that for all (x, π) ∈

R+ × Dπ, |Upar(x, π)| ≤ C(1 + |x|) and ∥u(x, π)∥2 ≤ C for some positive constant C

and that δ(1 + rf) < 1. Then, δUpar = Vpar. In addition, for all (x, π) ∈ R+ ×Dπ, if a

wealth process Xx,π,u = (Xx,π,u
t )∞t=0 is defined as

Xx,π,u
t = (1 + rf)X

x,π,u
t−1 + (Re

t )
′u(Xx,π,u

t−1 , ππt−1), t ≥ 1, Xx,π,u
0 = x,
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then (u(Xx,π,u
t , ππt ))

∞
t=0 is a time-consistent optimal Markov control of the problem

(3.2.3) at (x, π).

Proof of Theorem 3.1. Fix any admissible control u = (ut)
∞
t=0. Since u is FR

t -adapted,

there exists a sequence of measurable functions (ft)
∞
t=0 such that

ut = ft(x, π0, R1, . . . , Rt), t ≥ 1,

and u0 = f0(x, π0). Moreover, since the sequence of probability vectors (πt)
∞
t=0 is a

Markov process, there exists a measurable function g : Rd ×Dπ → Dπ such that

πt = g(Rt, πt−1), t ≥ 1.

The investor’s wealth process Xx,u starting from x ∈ R and driven by u satisfies the

following update formula,

Xx,u
t = (1 + rf)X

x,u
t−1 + (Re

t )
′ut−1, t ≥ 1.

It follows that the value of Xx,u
t is determined by the values of Xx,u

t−1, R
e
t , and ut−1 for all

t ≥ 1. Furthermore, ut−1 and Xx,u
t−1 are FR

t−1 measurable and the distribution of (ϵt, St)

given by FR
t−1 is the same as that of (ϵt, St) given by ππt−1. This means that for any

Borel sets B ∈ B(R), and D ∈ B(Dπ),

Px,π(Xx,u
t ∈ B, ππt ∈ D | FR

t−1)

= Px,π(Xx,u
t ∈ B, g(Rt, π

π
t−1) ∈ D | ut−1 = ft−1(x, π0, R1, . . . , Rt−1), X

x,u
t−1, π

π
t−1)

= PXx,u
t−1,π

π
t−1

(Xx,u
1 ∈ B, g(R1, π

π
t−1) ∈ D | u1 = ft−1(x, π0, R1, . . . , Rt−1)).

Therefore, by the definition of Upar, the following inequality holds.

δt Ex,π

[
Upar(X

x,u
t , ππt )

∣∣∣ FR
t−1

]
= δt EXx,u

t−1,π
π
t−1

[
Upar(X

x,u
1 , g(R1, π

π
t−1)

∣∣∣ u1 = ft−1(x, π0, R1, . . . , Rt−1)
]

≤ δt−1

(
Upar(X

x,u
t−1, π

π
t−1)− (1 + rf)X

x,u
t−1 − (me(ππt−1))

′ut−1 +
γR(ππt−1)

2
u′t−1A(π

π
t−1)ut−1

)

= δt−1

(
Upar(X

x,u
t−1, π

π
t−1)− Ex,π[X

x,u
t |FR

t−1] +
γR(ππt−1)

2
Varx,π(X

x,u
t |FR

t−1)

)
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for all t ≥ 1, where we have used ut−1 = ft−1(x0, π0, R1, . . . , Rt−1). Summing up the

above inequality up to T ≥ 1 and taking the expectation Et,x, we obtain

Upar(x, π) ≥ Et,x

[
T−1∑
t=1

δt−1

(
Ex,π[X

x,u
t |FR

t−1]−
γR(ππt−1)

2
Varx,π(X

x,u
t |FR

t−1)

)]
+ δT Ex,π [Upar(X

x,u
T , ππT )] . (3.2.5)

Since u is the admissible control, the dominated convergence theorem leads to

lim
T→∞

Ex,π

[
T−1∑
t=1

δt−1
(
Ex,π

[
Xx,π
t

∣∣∣FR
t−1

]
−
γR(ππt−1)

2
Varx,π

(
Xx,π
t

∣∣∣FR
t−1

))]

= Ex,π

[
∞∑
t=1

δt−1
(
Ex,π

[
Xx,π
t

∣∣∣FR
t−1

]
−
γR(ππt−1)

2
Varx,π

(
Xx,π
t

∣∣∣FR
t−1

))]
.

By the linear growth condition of Upar, we have

δTEx,π [Upar(X
x,u
T , ππT )] ≤ δTC

(
1 + Ex,π

[∣∣∣Xx,u
T

∣∣∣])→ 0.

when T goes to infinity. Therefore, taking the limit in (3.2.5), we have

Upar(x, π) ≥ Ex,π

[
∞∑
t=1

δt−1
(
Ex,π

[
Xx,π
t

∣∣∣FR
t−1

]
−
γR(ππt−1)

2
Varx,π

(
Xx,π
t

∣∣∣FR
t−1

))]
.

This implies that δUpar(x, π) ≥ Vpar(x, π) for all (x, π).

Let Xx,π,u = (Xx,π,u
t )∞t=0 be a wealth process, starting from x, whose update formula is

Xx,π,u
t = (1 + rf)X

x,π,u
t−1 + (Re

t )
′u(Xx,π,u

t−1 , ππt−1), t ≥ 1.

Then, from the inequality (3.2.5), the following equality holds,

Upar(x, π) = Ex,π

[
T−1∑
t=1

δt−1
(
Ex,π

[
Xx,π,u
t

∣∣∣FR
t−1

]
−
γR(ππt−1)

2
Varx,π

(
Xx,π,u
t

∣∣∣FR
t−1

))]
+ δT Ex,π [Upar(X

x,π,u
T , ππT )] .

Therefore, it suffices to show the admissibility of (u(Xx,π,u
t , ππt ))

∞
t=0. For all T ≥ 1, we

have

Xx,π,u
T = (1 + rf)X

x,π,u
T−1 + (Re

T )
′u(Xx,π,u

T−1 , π
π
T−1)

= (1 + rf)
2Xx,π,u

T−2 + (Re
T )

′u(Xx,π,u
T−1 , π

π
T−1) + (1 + rf)(R

e
T−1)

′u(Xx,π,u
T−2 , π

π
T−2)

= · · ·

=
T∑
t=1

(1 + rf)
T−t(Re

t )
′u(Xx,π,u

t−1 , ππt−1) + (1 + rf)
Tx.
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By the bounded condition on u, there exists Cu ≥ 0 such that

E
[∣∣∣(Re

t )
′u(Xx,π,u

t−1 , ππt−1)
∣∣∣] < Cu,

for all t ≥ 1. Therefore, we have

δTE
[∣∣∣Xx,π,u

T

∣∣∣] ≤ δTCu

T∑
t=1

(1 + rf)
T−t + δT (1 + rf)

Tx

= Cu
δT − δT (1 + rf)

T

rf
+ δT (1 + rf)

Tx→ 0,

as T → ∞ since δ(1 + rf) < 1. It can be easily shown that

Ex,π

[
∞∑
t=1

δt(1 + rf)|Xx,π,u
t−1 |

]
<∞.

Moreover, by the bounded condition on u, there exists a positive constants C such that∣∣∣Ex,π [Xx,π,u
t

∣∣∣FR
t−1

] ∣∣∣ ≤ (1 + rf)|Xx,π,u
t−1 |+ |(me(ππt−1))

′u(Xx,π,u
t−1 , ππt−1)|

≤ (1 + rf)|Xx,π,u
t−1 |+ C,

Varx,π

(
Xx,π,u
t

∣∣∣FR
t−1

)
= (u(Xx,π,u

t−1 , ππt−1))
′A(ππt−1)u(X

x,π,u
t−1 , ππt−1) ≤ C,

for all t ≥ 1. Hence we conclude that

Ex,π

[
∞∑
t=1

δt
(∣∣∣Ex,π[Xx,π,u

t |FR
t−1]
∣∣∣+ γR(ππt−1)

2
Varx,π(X

x,π,u
t |FR

t−1)
)]

<∞.

These inequalities imply that (u(Xx,π,u
t , ππt ))

∞
t=0 is admissible. Therefore, it follows that

Upar(x, π) = Ex,π

[
∞∑
t=1

δt−1
(
Ex,π

[
Xx,π,u
t

∣∣∣FR
t−1

]
−
γR(ππt−1)

2
Varx,π

(
Xx,π,u
t

∣∣∣FR
t−1

))]
.

Then δUpar(x, π) = Vpar(x, π) for all x ∈ R, π ∈ Dπ, and (u(Xx,π,u
t , ππt ))

∞
t=0 is an

optimal Markov control. The time consistency of (u(Xx,π,u
t , ππt ))

∞
t=0 is obvious since

(u(Xx,π,u
t , ππt ))

∞
t=0 is a Markov control. 2

The assumptions in Theorem 3.1 are the boundedness of the optimal Markov policy

function and the linear growth assumption of the solution of the equation (3.2.4) with

respect to the wealth x. These assumptions play an important role in the proof of

Theorem 3.1.

Next, we will find the solution of (3.2.4).
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Proposition 3.2 Let a(π) = (me(π))′(A(π))−1me(π). Then, the value function is

Vpar(x, π) =
δ

2(1− δ(1 + rf))2
Ex,π

[
∞∑
t=0

δt
a(ππt )

γR(ππt )

]
+

δ(1 + rf)

1− δ(1 + rf)
x, (3.2.6)

and the optimal Markov control is

upar(π) =
1

γR(π)(1− δ(1 + rf))
(A(π))−1me(π).

Proof of Proposition 3.2. Suppose that the solution of the equation (3.2.4) has the

following form,

U∗(x, π) = α(π) + β(π)x, x ∈ R, π ∈ Dπ,

where α and β are measurable functions on Dπ. For all x ∈ R, π ∈ Dπ and u ∈ Rd, it

holds that

δ Ex,π[U
∗((1 + rf)x+ (Re

1)
′u, ππ1 )]

= δ
(
Ex,π[α(π

π
1 )] + Ex,π[β(π

π
1 )](1 + rf)x+ (Ex,π[β(π

π
1 )R

e
1])

′u
)
.

The optimization problem of the right hand side of the equation (3.2.4) can be written

as

max
u

{
(1 + rf)x+ (me(π))′u− γR(π)

2
u′A(π)u+ δ Ex,π [U

∗(X, ππ1 )]

}
= max

u

{(
1 + δ Ex,π[β(π

π
1 )]
)
(1 + rf)x+

(
me(π) + δ Ex,π[β(π

π
1 )R

e
1]
)′
u

−γ
R(π)

2
u′A(π)u+ δ Ex,π [α(π

π
1 )]

}
.

The objective function of the above optimization problem is concave in u, so there exists

the unique solution u∗ that satisfies the following first order condition,

me(π) + δ Ex,π[β(π
π
1 )R

e
1]− γR(π)A(π)u∗ = 0d,

where 0d is a zero vector of Rd. Solving this for u∗, we obtain the optimal policy.

u∗(π) := u∗ =
1

γR(π)
(A(π))−1

(
me(π) + δ Ex,π[β(π

π
1 )R

e
1]
)
.
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Then, u∗(π) is independent of the value of wealth x. Substituting u∗ into the objective

in the right hand side of the equation (3.2.4), we have

α(π) + β(π)x =
(
me(π) + δ Ex,π[β(π

π
1 )R

e
1]
)′
u∗(π)− γR(π)

2
(u∗(π))′A(π)u∗(π)

+
(
1 + δ Ex,π[β(π

π
1 )]
)
(1 + rf)x+ δ Ex,π [α(π

π
1 )] . (3.2.7)

Since the equation (3.2.7) holds for all x ∈ R and π ∈ Dπ, α and β satisfy the following

equations,

α(π) =
(
me(π) + δ Ex,π[β(π

π
1 )R

e
1]
)′
u∗(π)− γR(π)

2
(u∗(π))′A(π)u∗(π) + δ Ex,π [α(π

π
1 )]

(3.2.8)

β(π) =
(
1 + δ Ex,π[β(π

π
1 )]
)
(1 + rf) (3.2.9)

Assume that β is a constant function. Then, we can solve the equation (3.2.9) and

β =
1 + rf

1− δ(1 + rf)
(3.2.10)

Substituting (3.2.10) into the equation (3.2.8) and the optimal policy u∗(π) give us

u∗(π) =
1

γR(π)(1− δ(1 + rf))
(A(π))−1me(π),

α(π) =
1

2(1− δ(1 + rf))2
a(π)

γR(π)
+ δ Ex,π [α(π

π
1 )] , (3.2.11)

where a(π) = (me(π))′(A(π))−1me(π). Since me and A are continuous functions on

a compact set Dπ, a and u∗ are bounded on Dπ. Therefore, u∗ satisfies the bounded

condition of the optimal policy in Theorem 3.1. Suppose that α has the following form,

α(π) =
1

2(1− δ(1 + rf))2
Ex,π

[
∞∑
t=0

δt
a(ππt )

γR(ππt )

]
. (3.2.12)

Then, α is a positive bounded function, since a(π)/γR(π) is positive and bounded.

Moreover, α defined in (3.2.12) satisfies the equation (3.2.11). Indeed, α defined in
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(3.2.12) can be expressed as

α(π) =
a(π)

2γR(π)(1− δ(1 + rf))2
+

1

2(1− δ(1 + rf))2
Ex,π

[
∞∑
t=1

δt
a(ππt )

γR(ππt )

]

=
a(π)

2γR(π)(1− δ(1 + rf))2
+ δ Ex,π

[
1

2(1− δ(1 + rf))2
Ex,π

[
∞∑
t=0

δt
a(ππt+1)

γR(ππt+1)

∣∣∣FR
1

]]

=
a(π)

2γR(π)(1− δ(1 + rf))2
+ δ Ex,π

[
1

2(1− δ(1 + rf))2
EXx,π

1 ,ππ
1

[
∞∑
t=0

δt
a(π

ππ
1
t )

γR(π
ππ
1
t )

]]

=
1

2(1− δ(1 + rf))2
a(π)

γR(π)
+ δ Ex,π [α(π

π
1 )] ,

where we have used the Markov property of (πt)
∞
t=1. Hence, a solution of Bellman

equation (3.2.4) is

U∗(x, π) =
1

2(1− δ(1 + rf))2
Ex,π

[
∞∑
t=0

δt
a(ππt )

γR(ππt )

]
+

1 + rf
1− δ(1 + rf)

x.

By the boundedness of α, U∗ satisfies the linear growth assumption. Since U∗ and u∗

satisfy the assumptions of Theorem 3.1, we conclude that the value function is

Vpar(x, π) = δU∗(x, π)

=
δ

2(1− δ(1 + rf))2
Ex,π

[
∞∑
t=0

δt
a(ππt )

γR(ππt )

]
+

δ(1 + rf)

1− δ(1 + rf)
x, x ∈ R, π ∈ Dπ,

and the optimal Markov control is

upar(π) = u∗(π) =
1

γR(π)(1− δ(1 + rf))
(A(π))−1me(π), π ∈ Dπ.

2

The readers may be concerned with uniqueness of the solution of the equation

(3.2.4). We need additional assumptions to prove the uniqueness. Let C0(A) be a

set of continuous functions from A onto R. We assume that

1. γR(π) is continuous on Dπ,

2. σ(i) is invertible for all i ∈ D,

3. ϵt has a probability density function fϵ.
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Then, the equation (3.2.4) has the unique solution if it has the following form,

U(x, π) = α(π) + β(π)x, x ∈ R, π ∈ Dπ, (3.2.13)

where α and β are continuous functions on Dπ. If U solves the equation (3.2.4), α and

β satisfy the equations (3.2.8) and (3.2.9), respectively. Let Tβ be a functional operator

such that

Tββ(π) =
(
1 + δ Ex,π[β(π

π
1 )]
)
(1 + rf).

Then, Tβ is a contraction mapping from C0(Dπ) onto C0(Dπ). It is obvious that Tβ has

the contraction property, since δ < 1 and Tβ is monotone in the sense that Tβf ≤ Tβf
′

if f ≤ f ′. By the additional assumptions 2 and 3, ππ1 can be expressed as

ππ1 =
( fϵ((σ(1))

−1(Re1 − µe(1)))p(1, π)∑K
i=1 fϵ((σ(i))

−1(Re1 − µe(i)))p(i, π)
, . . . ,

fϵ((σ(K))−1(Re1 − µe(K)))p(K,π)∑K
i=1 fϵ((σ(i))

−1(Re1 − µe(i)))p(i, π)

)′
∈ Dπ

Therefore, ππ1 is continuous in π ∈ Dπ for all outcomes of Re
1 since p(i, π), i = 1, . . . , K

is also continuous in π ∈ Dπ. The expectation Ex,π[β(π
π
1 )] can be expressed as

Ex,π[β(π
π
1 )] =

K∑
i=1

π(i) Ex,π[β(π
π
1 ) | S1 = i].

By the bounded convergence theorem and the continuity of ππ1 , Ex,π[β(π
π
1 ) | S1 = i]

is continuous in π ∈ Dπ for all i ∈ D, and therefore Ex,π[β(π
π
1 )] is also continuous in

π ∈ Dπ. This yields the continuity of Tββ on Dπ. Then, by the Banach fixed point

theorem, Tβ has a unique fixed point on C0(Dπ). It is (3.2.10). We have seen that

substituting β in (3.2.10) into the equation (3.2.9) leads to the equation (3.2.11). Let

Tα be a functional operator such that

Tαα(π) =
1

2(1− δ(1 + rf))2
a(π)

γR(π)
+ δ Ex,π [α(π

π
1 )] .

Using the similar manner as in the proof for Tβ, we can prove that Tα is a contraction

mapping from C0(Dπ) onto C0(Dπ). We need the continuity of γR for this proof and

it is guaranteed by the additional assumption 1. Then, Tα has a unique fixed point on

C0(Dπ), and it is given by (3.2.12). Since α and β are uniquely determined in the space

of functions C0(Dπ), the solution of the equation (3.2.4) is also uniquely determined if

it has the form represented in (3.2.13).
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However, it is possible that the uniqueness on a set of more general functions does not

hold. By the well-known dynamic programming approach (cf. Section 4 in Hernández-

Lerma and Lasserre (1996)), the standard dynamic optimization problem has a unique

bounded value function if its reward function is bounded. But, in our settings, the

reward function,

(1 + rf)x+ (me(π))′u− γR(π)

2
u′A(π)u,

is unbounded, so the standard approach can not be applied to our problem. However,

our value function (3.2.6) can be characterized by a limit of value iteration of a finite

horizon problem. We consider the following finite horizon problem.

Vpar,T (x, π) = sup
u∈(Rd)T

Ex,π

[
T∑
t=1

δt
(
Ex,π[X

x,u
t |FR

t−1]−
γR(ππt−1)

2
Varx,π(X

x,u
t |FR

t−1)
)]

subject to (1 + rf)X
x,u
t−1 + (Re

t )
′ut−1 = Xx,u

t , t = 1, . . . , T,

Xx,u
0 = x, (3.2.14)

ππ0 = π,

The problem (3.2.14) is a discounted version of the one in Chen et al. (2014), therefore

we can apply the backward induction method to (3.2.14) and conclude that its optimal

policy is time consistent.

Proposition 3.3 The value function of (3.2.14) can be expressed as

Vpar,T (x, π) = δ
(
αT (π) + βTx

)
,

where

αt(π) =
(1 + δβt−1)

2

2

a(π)

γR(π)
+ δ Ex,π[αt−1(π

π
1 )], t = 1, . . . , T,

βt = (1 + δβt−1)(1 + rf), t = 1, . . . , T,

α0(π) = β0 = 0.

The optimal policy in the problem (3.2.14) is

ut(π) =
1 + δβT−(t+1)

γR(π)
(A(π))−1me(π), t = 0, 1, . . . , T − 1.
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Proof of Proposition 3.3. Let (UT
t )

T−1
t=0 be a sequence of value functions, where UT

t solves

the temporal optimization problem at time t. Then, Vpar,T = δUT
0 holds. At time T −1,

consider the following optimization problem,

UT
T−1(x, π) = max

u∈Rd

{
(1 + rf)x+ (me(π))′u− γR(π)

2
u′A(π)u

}
.

The above maximization problem is a concave maximization problem, so it has a unique

solution. The optimal policy of the above problem is

u∗T−1(π) =
1

γR(π)
(A(π))−1me(π) =

1 + δβ0
γR(π)

(A(π))−1me(π),

and the value function is

UT
T−1(x, π) =

1

2

a(π)

γR(π)
+ (1 + rf)x = α1(π) + β1x.

We assume that at some time t+ 1, UT
t+1 has the following functional form,

UT
t+1(x, π) = αT−(t+1)(π) + βT−(t+1)x.

Then, at time t, it holds that

UT
t (x, π) = max

u∈Rd

{
(1 + rf)x+ (me(π))′u− γR(π)

2
u′A(π)u+ δ Ex,π[U

T
t+1(X

x,u
1 , ππ1 )]

}
= max

u∈Rd

{
(1 + rf)x+ (me(π))′u− γR(π)

2
u′A(π)u

+δ
(
Ex,π[αT−(t+1)(π

π
1 )] + βT−(t+1)

(
(1 + rf)x+ (me(π))′u

))}
= max

u∈Rd

{
(1 + δβT−(t+1))(1 + rf)x+ (1 + δβT−(t+1))(m

e(π))′u− γR(π)

2
u′A(π)u

+ δ Ex,π[αT−(t+1)(π
π
1 )]
}

This is also a concave maximization problem. Its optimal policy is

u∗t (π) =
1 + δβT−(t+1)

γR(π)
(A(π))−1me(π),
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and the value function is

UT
t (x, π) = (1 + δβT−(t+1))(1 + rf)x+ (1 + δβT−(t+1))(m

e(π))′u∗t (π)

− γR(π)

2
(u∗t (π))

′A(π)u∗t (π) + δ Ex,π[αT−(t+1)(π
π
1 )]

= βT−tx+ (1 + δβT−(t+1))
2 a(π)

γR(π)

−
(1 + δβT−(t+1))

2

2

a(π)

γR(π)
+ δ Ex,π[αT−(t+1)(π

π
1 )]

=
(1 + δβT−(t+1))

2

2

a(π)

γR(π)
+ δ Ex,π[αT−(t+1)(π

π
1 )] + βT−tx

= αT−t(π) + βT−tx.

Then, the mathematical induction leads to the following.

UT
t (x, π) = αT−t(π) + βT−tx,

for all t = 0, 1, . . . , T − 1. This implies that Vpar,T (x, π) = δUT
0 (x, π) = δ(αT (π) + βTx)

for all x ∈ R and π ∈ Dπ. 2

βT in Proposition 3.3 has the following explicit form,

βT = (1 + rf)
T−1∑
t=0

δt(1 + rf)
t = (1 + rf)

1− δT (1 + rf)
T

1− δ(1 + rf)
, T = 1, 2, . . . .

Therefore, we have

β∞ := lim
T→∞

βT =
1 + rf

1− δ(1 + rf)
.

αt in Proposition 3.3 also has the following explicit form,

αt(π) =
1

2(1− δ(1 + rf))2
Ex,π

[
t−1∑
s=0

(1− δt−s(1 + rf)
t−s)2δs

a(ππs )

γR(ππs )

]
,

where we have used the Markov property of (ππt )
∞
t=0. Let (α∗

t )
∞
t=0 be a sequence of

real-valued functions on Dπ such that

α∗
t (π) =

(1 + δβ∞)2

2

a(π)

γR(π)
+ δ Ex,π[α

∗
t−1(π

π
1 )] =

1

2(1− δ(1 + rf))2
a(π)

γR(π)
+ δ Ex,π[α

∗
t−1(π

π
1 )],

for all t ≥ 1 and α∗
0(π) = 0. Then, α∗

t has an explicit form such that

α∗
t (π) =

1

2(1− δ(1 + rf))2
Ex,π

[
t−1∑
s=0

δs
a(ππs )

γR(ππs )

]
.
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By the additional assumption 1, a(π)/γR(π) is bounded. Let M be a positive constant

such that supπ∈Dπ
|a(π)/γR(π)| ≤M . Then, for all t ≥ 1, we have

sup
π∈Dπ

|α∗
t (π)− αt(π)|

≤ M

2(1− δ(1 + rf)2)

(
2δt(1 + rf)

t

t−1∑
s=0

1

(1 + rf)s
+ δ2t(1 + rf)

2t

t−1∑
s=0

1

δs(1 + rf)2s

)

=
M

2(1− δ(1 + rf)2)

(
2δt

(1 + rf)
t − 1

1− (1 + rf)−1
+ δt

δt(1 + rf)
2t − 1

1− δ−1(1 + rf)−2

)
→ 0,

when t goes to infinity. Furthermore, let

α∞(π) =
1

2(1− δ(1 + rf))2
Ex,π

[
∞∑
s=0

δs
a(ππs )

γR(ππs )

]
.

Then,

sup
π∈Dπ

|α∞(π)− α∗
t (π)| ≤

M

(1− δ(1 + rf))2

∞∑
s=t

δs → 0,

when t goes to infinity. Hence, we have

lim
t→∞

sup
π∈Dπ

|α∞(π)− αt(π)| = 0.

By Proposition 3.2, it holds that

Vpar(x, π) = lim
T→∞

Vpar,T (x, π) = δ
(
α∞(π) + β∞x

)
.

By the above discussion, we obtain the following corollary.

Corollary 3.4 For any compact subset C ⊂ R×Dπ, it holds that

lim
T→∞

sup
(x,π)∈C

|Vpar(x, π)− Vpar,T (x, π)| = 0.

Let TU be a functional operator such that

TUU(x, π) = max
u

{
(1 + rf)x+ (me(π))′u− γR(π)

2
u′A(π)u+ δ Ex,π[U(X

x,u
1 , ππ1 )]

}
.

Then, we have

Vpar,T+1(x, π) = TUVpar,T (x, π), x ∈ R, π ∈ Dπ,
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for all T . By Corollary 3.4, we obtain

lim
T→∞

sup
(x,π)∈C

|Vpar(x, π)− (TU)
TVpar,1(x, π)| = 0,

for any compact subset C ⊂ R × Dπ. This implies that Vpar can be characterized by

the value iteration method.

We investigate the properties of the Markov optimal policy.

If c(π) := 1′
d(A(π))

−1me(π) ̸= 0 for all π ∈ Dπ, then the optimal Markov control can

be written as

upar(π) = λ(π)ϕ(π),

where

λ(π) =
c(π)

γR(π)(1− δ(1 + rf))
, ϕ(π) =

1

c(π)
(A(π))−1me(π).

ϕ is independent of the preference parameters γR(π) and δ, moreover, 1′
dϕ(π) = 1 for

all π ∈ Dπ. Thus, we can consider ϕ as a portfolio of the risky assets. Additionally,

ϕ has the same form as the tangency portfolio of Merton (1972). Therefore, we can

derive the following corollary.

Corollary 3.5 (separation theorem) Every investor chooses a proportional of a spe-

cific portfolio consisting of the risky assets as the optimal portfolio: When the filtered

probability is π ∈ Dπ, the optimal portfolio of risky assets is

upar(π) = λ(π)ϕ(π)

λ(π) =
c(π)

γR(π)(1− δ(1 + rf))
, ϕ(π) =

1

c(π)
(A(π))−1me(π),

c(π) = 1′
d(A(π))

−1me(π).

When the investor invests in the optimal portfolio, the conditional expected return

at the current wealth x (> 0) and probability π is

µ∗(x, π) := Ex,π

[Xx,u
t −Xx,u

t−1

Xx,u
t

∣∣∣FR
t−1, X

x,u
t−1 = x, ππt−1 = π

]
= rf+

a(π)

xγR(π)(1− δ(1 + rf))
,

and the conditional standard deviation is

σ∗(x, π) :=

√
Var

(
Xx,u
t −Xx,u

t−1

Xx,u
t

∣∣∣FR
t−1, X

x,u
t−1 = x, ππt−1 = π

)
=

√
a(π)

xγR(π)(1− δ(1 + rf))
.
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Therefore,

µ∗(x, π) = rf + σ∗(x, π)
√
a(π),

for all x ∈ R+ and π ∈ Dπ. If x is small, σ∗ is large. This means that the partially

informed investor takes more risks to get large excess return when she possesses a small

amount of wealth.

3.2.2 Perfect Information and Prediction

In the previous subsection, we considered the partial information case. We can use

the same argument in the perfect information case as well. First, we assume that the

trade-off parameter is

γR,St = γR,S(St), for all t ≥ 0,

where γR,S is a bounded measurable function from D to R++. In the perfect information

case, the prediction probability can be expressed as

pR,St (i) := Px,π(St+1 = i|FR,S
t ) = Px,π(St+1 = i|St), i ∈ D.

Therefore, the prediction probability at time t satisfies

pR,St = (pR,St (1), . . . , pR,St (K))′ = p(ι(St)),

where the function p is defined in (3.2.2) and ι : D → Dπ is a vector-valued function

such that the ith element of ι(i) is 1 and the other elements are 0.

Let (Sit)
∞
t=0 be the state variable starting from S0 = i ∈ D. Then, the perfectly

informed investor’s optimization problem can be written as

Vper(x, i) = sup
u∈Aper(x,i)

Ex,ι(i)

[ ∞∑
t=1

δt
(
Ex,ι(i)[X

x,u
t |FR,S

t−1 ]−
γR,S(Sit−1)

2
Varx,ι(i)(X

x,u
t |FR,S

t−1 )
)]

subject to (1 + rf)X
x,u
t−1 + (Ret )

′ut−1 = Xx,u
t , t ≥ 1,

Xx,u
0 = x, (3.2.15)

Si0 = i,

where Aper(x, i) is a set of admissible control processes such that any u ∈ Aper(x, i)

satisfies

Ex,ι(i)

[
∞∑
t=1

δt
(∣∣∣Ex,ι(i)[Xx,u

t |FR,S
t−1 ]

∣∣∣+ γR,S(Sit−1)

2
Varx,ι(i)(X

x,u
t |FR,S

t−1 )
)]

<∞.
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and

lim
T→∞

δTEx,ι(i)[|Xx,u
T |] = 0.

The conditional expectation and variance of wealth Xx,u
t , given the information FR,S

t−1 ,

are

Ex,ι(i)[X
x,u
t |FR,S

t−1 ] = (1 + rf)X
x,u
t−1 +

(
K∑
i=1

µe(i)p(i, ι(St−1))

)′

ut−1

= (1 + rf)X
x,u
t−1 + (me(ι(St−1)))

′ut−1,

Varx,ι(i)(X
x,u
t |FR,S

t−1 ) = u′t−1

(
K∑
i=1

(
Σ(i) + µe(i)(µe(i))′

)
p(i, ι(St−1))

)
ut−1

− u′t−1

(
K∑
i=1

µe(i)p(i, ι(St−1))

)(
K∑
i=1

µe(i)p(i, ι(St−1))

)′

ut−1

= u′t−1A(ι(St−1))ut−1.

Consider the following functional equation,

Uper(x, i) = max
u

{
(1 + rf)x+ (me(ι(i)))′u− γR,S(i)

2
u′A(ι(i))u+ δ Ex,ι(i)

[
Uper(X,S

i
1)
]}

subject to X = (1 + rf)x+ (Re1)
′u, (3.2.16)

In the same manner as in Theorem 3.1, we can prove that the solution to (3.2.16),

denoted by U∗
per, satisfies δU

∗
per = Vper under appropriate assumptions, which are the lin-

ear growth assumption of U∗
per and the boundedness assumption of the optimal Markov

policy. We can guess that the solution to (3.2.16) can be written as,

U∗
per(x, i) = α̃(i) + β̃x, (x, i) ∈ R×D,

where α̃ : D → R is a measurable function, and β̃ is a constant. Then, for any u ∈ Rd,

it follows that

Ex,ι(i)[U
∗
per(X,S

i
1)] = Ex,ι(i)[α̃(S

i
1)] + β̃ ((1 + rf)x+ (me(ι(i)))′u) .

The optimization problem in (3.2.16) becomes

max
u

{
(1 + rf)x+ (me(ι(i)))′u− γR,S(i)

2
u′A(ι(i))u

+ δ
(
Ex,ι(i)[α̃(S

i
1)] + β ((1 + rf)x+ (me(ι(i)))′u)

)}
.



Yuki Shigeta 87

It is a concave maximization problem, therefore, its solution is

uper(i) :=
1 + δβ̃

γR,S(i)
(A(ι(i)))−1me(ι(i)).

Hence, the following equation holds.

U∗
per(x, i) = δ Ex,ι(i)[α̃(S

i
1)] +

(1 + δβ̃)2

2γR,S(i)
a(ι(i)) + (1 + δβ̃)(1 + rf)x.

The above equation holds for all (x, i) ∈ R×D if and only if α̃ and β̃ satisfy

α̃(i) =
(1 + δβ̃)2

2γR,S(i)
a(ι(i)) + δ Ex,ι(i)[α̃(S

i
1)],

β̃ = (1 + δβ̃)(1 + rf).

Therefore, the followings hold:

α̃(i) =
1

(1− δ(1 + rf))2
Ex,ι(i)

[
∞∑
t=0

δt
a(ι(Sit))

γR,S(Sit)

]
,

β̃ =
1 + rf

1− δ(1 + rf)
.

By the monotone convergence theorem, we have

Ex,ι(i)

[
∞∑
t=0

δt
a(ι(Sit))

γR,S(Sit)

]
=

∞∑
t=0

δt Ex,ι(i)

[
a(ι(Sit))

γR,S(Sit)

]
.

Let κ̃ be a K-dimensional constant vector such that

κ̃ =


a(ι(1))
γR,S(1)

...
a(ι(K))
γR,S(K)

 .

Then, it holds that

Ex,ι(i)

[
a(ι(Sit))

γR,S(Sit)

]
= (ι(i))′Qtκ̃

for all t ≥ 0. Hence we have

Ex,ι(i)

[
∞∑
t=0

δt
a(ι(Sit))

γR,S(Sit)

]
=

∞∑
t=0

δt(ι(i))′Qtκ̃ = (ι(i))′

(
∞∑
t=0

(δQ)t

)
κ̃ = (ι(i))′(IK−δQ)−1κ̃,

where IK is a K-dimensional identity matrix. Finally, we conclude that

U∗
per(x, i) =

(ι(i))′(IK − δQ)−1κ̃

2(1− δ(1 + rf))2
+

1 + rf
1− δ(1 + rf)

x,

and the optimal Markov control is

uper(i) =
1

γR,S(i)(1− δ(1 + rf))
(A(ι(i)))−1me(ι(i)).

We summarize these results in the following proposition.
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Proposition 3.6 Let κ̃ be a K-dimensional constant vector whose ith element is

a(ι(i))/γR,S(i). Then, the value function of the problem (3.2.15) is

Vper(x, i) =
δ(ι(i))′(IK − δQ)−1κ̃

2(1− δ(1 + rf))2
+

δ(1 + rf)

1− δ(1 + rf)
x,

and the optimal Markov control is

uper(i) =
1

γR,S(i)(1− δ(1 + rf))
(A(ι(i)))−1me(ι(i)).

As in the partial information case, the separation result also holds in this case. The

perfectly informed investor invests in the risk-free asset and in some portfolio of risky

assets. The risky assets’ portfolio is proportional to the following portfolio

ϕ(i) =
1

c(ι(i))
(A(ι(i)))−1me(ι(i)), c(ι(i)) = 1′

d(A(ι(i)))
−1me(ι(i)),

if c(ι(i)) ̸= 0.

Next, we consider the prediction case. We assume that the trade-off parameter in

the prediction case is

γR,S,Pt = γR,S,P (St+1), for all t ≥ 0,

where γR,S,P is a bounded measurable function from D to R++.

The investor with the prediction ability does not need to estimate the one-period-

ahead movement of the state variable. For convenience of the notations, we introduce

a probability measure P1
x,i, x ∈ R, i ∈ D such that

P1
x,i(A) := Px,π(A | S1 = i), A ∈ F .

We denote by E1
x,i the expectation operator of P1

x,i. Then, the optimization problem of

the investor with the prediction ability is

Vpre(x, i) = sup
u∈Apre(x,i)

E1
x,i

[
∞∑
t=1

δt
(
E1
x,i[X

x,u
t |FR,S,P

t−1 ]− γR,S,P (St)

2
Var1x,i(X

x,u
t |FR,S,P

t−1 )
)]

subject to (1 + rf)X
x,u
t−1 + (Re

t )
′ut−1 = Xx,u

t , t ≥ 1,

Xx,u
0 = x, (3.2.17)

S1 = i,
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where Apre(x, i) is a set of admissible control processes such that any u ∈ Apre(x, i)

satisfies

E1
x,i

[
∞∑
t=1

δt
(∣∣∣E1

x,i[X
x,u
t |FR,S,P

t−1 ]
∣∣∣+ γR,S,P (St)

2
Var1x,i(X

x,u
t |FR,S,P

t−1 )
)]

<∞,

and

lim
T→∞

δT E1
x,i[|X

x,u
T |] = 0.

The expectation and variance of Xx,u
t conditioned by FR,S,P

t−1 are

E1
x,i[X

x,u
t |FR,S,P

t−1 ] = (1 + rf)X
x,u
t−1 + (µe(St))

′ut−1,

Var1x,i(X
x,u
t |FR,S,P

t−1 ) = u′t−1Σ(St)ut−1.

Let (S1,i
t )∞t=1 be a state variable process such that S1,i

1 = i. We consider the following

functional equation,

Upre(x, i) = max
u

{
(1 + rf)x+ (µe(i))′u− γR,S,P (i)

2
u′Σ(i)u+ δ E1

x,i

[
Upre(X,S

1,i
2 )
]}

subject to X = (1 + rf)x+ (Re
1)

′u. (3.2.18)

Using the argument similar to the one used in the partial information and perfect

information cases, we can prove that the solution of the above equation (3.2.18), denoted

by U∗
pre, satisfies δU∗

pre = Vpre under the linear growth assumption of U∗
pre and the

boundedness assumption of the optimal Markov policy.

We guess the solution as follows,

U∗
pre(x, i) = α̂(i) + β̂x,

where α̂ : D → R is a measurable function and β̂ is a constant. Then, for any u, we

have

E1
x,i

[
U∗
pre(X,S

1,i
2 )
]
= E1

x,i

[
α̂(S1,i

2 )
]
+ β̂ ((1 + rf)x+ (µe(i))′u) .

Therefore, the optimization problem of our interest is

max
u

{
(1 + rf)x+ (µe(i))′u− γR,S,P (i)

2
u′Σ(i)u

+ δ E1
x,i

[
α̂(S1,i

2 )
]
+ δβ̂ ((1 + rf)x+ (µe(i))′u)

}
.
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It is a concave maximization problem, so its first order condition is

(1 + δβ̂)µe(i)− γR,S,P (i)Σ(i)u∗ = 0d.

Solving the first order condition for u∗, we obtain

upre(i) := u∗ =
1 + δβ̂

γR,S,P (i)
(Σ(i))−1µe(i).

Therefore,

U∗
pre(x, i) = δ E1

x,i

[
α̂(S1,i

2 )
]
+

(1 + δβ̂)2

2γR,S,P (i)
â(i) + (1 + δβ̂)(1 + rf)x,

where

â(i) = (µe(i))′(Σ(i))−1µe(i).

Hence, α and β need to satisfy the following equations:

α̂(i) =
(1 + δβ̂)2

2γR,S,P (i)
â(i) + δ E1

x,i

[
α̂(S1,i

2 )
]
, i ∈ D,

β̂ = (1 + δβ̂)(1 + rf).

The solutions of the above equations for α̂ and β̂ are

α̂(i) =
1

2(1− δ(1 + rf))2
E1
x,i

[
∞∑
t=0

δt
â(S1,i

t+1)

γR,S,P (S1,i
t+1)

]
, i ∈ D,

β̂ =
1 + rf

1− δ(1 + rf)
.

Moreover, from the similar argument as in the perfect information case, we deduce that

E1
x,i

[
∞∑
t=0

δt
â(S1,i

t+1)

γR,S,P (S1,i
t+1)

]
= (ι(i))′(IK − δQ)−1κ̂,

where

κ̂ =


â(1)

γR,S,P (1)
...

â(K)
γR,S,P (K)

 .

Then, the solution of (3.2.18) is

U∗
pre(x, i) =

(ι(i))′(IK − δQ)−1κ̂

2(1− δ(1 + rf))2
+

1 + rf
1− δ(1 + rf)

x

and the optimal Markov control is

upre(i) =
1

γR,S,P (i)(1− δ(1 + rf))
(Σ(i))−1µe(i).
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Proposition 3.7 Let â(i) = (µe(i))′(Σ(i))−1µe(i). Let κ̂ be a K-dimensional constant

vector whose ith element is â(i)/γR,S,P (i). Then, the value function of the problem

(3.2.18) is

Vpre(x, i) =
δ(ι(i))′(IK − δQ)−1κ̂

2(1− δ(1 + rf))2
+

δ(1 + rf)

1− δ(1 + rf)
x,

and the optimal Markov control is

upre(i) =
1

γR,S,P (i)(1− δ(1 + rf))
(Σ(i))−1µe(i).

The separation result also holds in the prediction case. The prediction investor

invests in the risk-free asset and in some portfolio of risky assets. This risky portfolio

is proportional to the following portfolio

ϕ(i) =
1

c(i)
(Σ(i))−1µe(i), c(i) = 1′

d(Σ(i))
−1µe(i),

for all i ∈ D if c(i) ̸= 0.

3.3 Benefits of the Investor’s Information

In the previous section, we derived the optimal Markov controls under three different

information levels.

1. Partial information

upar(π) =
1

γR(π)(1− δ(1 + rf))
(A(π))−1me(π);

2. Perfect information

uper(i) =
1

γR,S(i)(1− δ(1 + rf))
(A(ι(i)))−1me(ι(i));

3. Prediction

upre(i) =
1

γR,S,P (i)(1− δ(1 + rf))
(Σ(i))−1µe(i).

In this section, we consider the profit from the investor’s information. First, we assume

that the trade-off parameters are the same constants for all information levels.

γ := γR(π) = γR,S(i) = γR,S,P (i) > 0, for all π ∈ Dπ, i ∈ D.
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Moreover, we assume that the state variable (St)
∞
t=0 has a steady state, that is, there

exists a K-dimensional vector π ∈ Dπ such that π = Q′π. From the assumption

concerning the trade-off parameters, it follows that for all π ∈ Dπ and i ∈ D,

upar(π) = λ(A(π))−1me(π), uper(i) = λ(A(ι(i)))−1me(ι(i)), upre(i) = λ(Σ(i))−1µe(i),

where λ = (γ(1− δ(1 + rf)))
−1.

Let XI
t and RI

t be the wealth and return of the investor I at time t. Then, we have

Rpar
t = rf +

λ

Xpar
t−1

(Re
t )

′(A(πt−1))
−1me(πt−1),

Rper
t = rf +

λ

Xper
t−1

(Re
t )

′(A(ι(St−1)))
−1me(ι(St−1)),

Rpre
t = rf +

λ

Xpre
t−1

(Re
t )

′(Σ(St))
−1µe(St).

To compare the benefits of information, we take the mean and variance conditioned

only on the wealth; so, we assume that the current state is the steady state. The

one-period-ahead expected returns are

Ex,π[R
par
1 ] = rf +

λ

x
Ex,π

[
(Re

1)
′(A(π0))

−1me(π0)
]
,

Ex,π[R
per
1 ] = rf +

λ

x
Ex,π

[
(Re

1)
′(A(ι(S0)))

−1me(ι(S0))
]
,

Ex,π[R
pre
1 ] = rf +

λ

x
Ex,π

[
(Re

1)
′(Σ(S1))

−1µe(S1)
]
,

The one-period-ahead variance of returns are

Varx,π(R
par
1 ) =

(
λ

x

)2

Varx,π

(
(Re

1)
′(A(π0))

−1me(π0)
)
,

Varx,π(R
per
1 ) =

(
λ

x

)2

Varx,π

(
(Re

1)
′(A(ι(S0)))

−1me(ι(S0))
)
,

Varx,π(R
pre
1 ) =

(
λ

x

)2

Varx,π

(
(Re

1)
′(Σ(S1))

−1µe(S1)
)
.

Moreover, we have

Ex,π[(R
e
1)

′(A(π0))
−1me(π0)] = Ex,π

[
Ex,π

[
(Re

1)
′(A(π0))

−1me(π0)
∣∣∣FR

0

]]
= Ex,π

[
(Ex,π

[
Re

1

∣∣∣FR
0

]
)′(A(π0))

−1me(π0)
]

= Ex,π

[
(me(π0))

′(A(π0))
−1me(π0)

]
= Ex,π[a(π0)],
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and

Varx,π((R
e
1)

′(A(π0))
−1me(π0))

= Ex,π

[(
(Re1)

′(A(π0))
−1me(π0)

)2]
−
(
Ex,π[(R

e
1)

′(A(π0))
−1me(π0)]

)2
= Ex,π

[
(me(π0))

′(A(π0))
−1 Ex,π

[
Re1(R

e
1)

′
∣∣∣FR

0

]
(A(π0))

−1me(π0)
]
− (Ex,π[a(π0)])

2

= Ex,π

[
(me(π0))

′(A(π0))
−1
(
A(π0) +me(π0)(m

e(π0))
′
)
(A(π0))

−1me(π0)
]
− (Ex,π[a(π0)])

2

= Ex,π

[
a(π0) + (a(π0))

2
]
− (Ex,π[a(π0)])

2

= Ex,π[a(π0)] + Varx,π(a(π0)).

Similarly, we have

Ex,π

[
(Re

1)
′(A(ι(S0)))

−1me(ι(S0))
]
= Ex,π

[
a(ι(S0))

]
,

Ex,π

[
(Re

1)
′(Σ(S1))

−1µe(S1)
]
= Ex,π

[
â(S1)

]
,

Varx,π

(
(Re

1)
′(A(ι(S0)))

−1me(ι(S0))
)
= Ex,π

[
a(ι(S0))

]
+Varx,π

(
a(ι(S0))

)
,

Varx,π

(
(Re

1)
′(Σ(S1))

−1µe(S1)
)
= Ex,π

[
â(S1)

]
+Varx,π

(
â(S1)

)
Therefore, the single-period Sharpe ratios are

SRpar =
Ex,π[R

par
1 ]− rf√

Varx,π(R
par
1 )

=
Ex,π[a(π0)]√

Ex,π[a(π0)] + Varx,π(a(π0))
,

SRper =
Ex,π[R

per
1 ]− rf√

Varx,π(R
per
1 )

=
Ex,π[a(ι(S0))]√

Ex,π[a(ι(S0))] + Varx,π(a(ι(S0)))
,

SRpre =
Ex,π[R

pre
1 ]− rf√

Varx,π(R
pre
1 )

=
Ex,π[â(S1)]√

Ex,π[â(S1)] + Varx,π(â(S1))
.

So, the single-period Shape ratio of each information level is independent of the initial

wealth.

Next, we consider a myopic optimization problem as a benchmark. Since π = Q′π =

p(π), the unconditional expected return vector of the risky assets is

Ex,π[R
e
t ] =

K∑
i=1

µe(i)π(i) =
K∑
i=1

µe(i)p(i, π) = me(π).

Similarly, the unconditional variance matrix of the risky assets’ returns is

Varx,π(R
e
t ) = A(π).
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The single-period MV problem of the myopic investor with the initial wealth x is

max
u

{
Ex,π[X]− γm

2
Varx,π(X)

}
subject to X = (1 + rf)x+ (Re

1)
′u,

where γm is the trade-off parameter of the myopic investor. The solution to the above

problem is

umyo =
1

γm
(A(π))−1me(π).

If γm = γ(1− δ(1 + rf)), the myopic investor’s return is

Rmyo
1 = rf +

λ

x
(Re

1)
′(A(π))−1me(π),

and the single-period Sharpe ratio of the myopic investor is

SRmyo =
Ex,π[(R

e
1)

′(A(π))−1me(π)]√
Varx,π((Re

1)
′(A(π))−1me(π))

=
a(π)√
a(π)

=
√
a(π).

The following lemmas are important when discussing the benefits of information

concerning regimes. Let Sd be a set of d-dimensional, symmetric, and positive-definite

matrices.

Lemma 3.8 a(π) is convex in π.

Proof of Lemma 3.8. A(π) can be expressed as

A(π) = G(π)−me(π)(me(π))′,

where

G(π) =
K∑
i=1

(
Σ(i) + µe(i)(µe(i))′

)
p(i, π).

Note that G is a symmetric and positive-definite matrix for all π ∈ Dπ. First, we prove

that (me(π))(G(π))−1me(π) < 1 for all π ∈ Dπ. Fix an arbitrary π ∈ Dπ. By the

Sherman-Morrison formula, we have

(G(π))−1 =
(
A(π)+me(π)(me(π))′

)−1

= (A(π))−1− (A(π))−1me(π)(me(π))′(A(π))−1

1 + (me(π))′(A(π))−1me(π)
,

It follows that

(me(π))(G(π))−1me(π) =
(me(π))(A(π))−1me(π)

1 + (me(π))′(A(π))−1me(π)
=

a(π)

1 + a(π)
.
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This implies that (me(π))(G(π))−1me(π) is in [0, 1), since a(π) is non-negative. By the

Sherman-Morrison formula again, we have

(A(π))−1 =
(
G(π)−me(π)(me(π))′

)−1

= (G(π))−1+
(G(π))−1me(π)(me(π))′(G(π))−1

1− (me(π))′(G(π))−1me(π)
.

Hence

a(π) = (me(π))′(A(π))−1me(π) =
(me(π))′(G(π))−1me(π)

1− (me(π))′(G(π))−1me(π)
.

Therefore, a(π) can be expressed as

a(π) = g
(
(me(π))′(G(π))−1me(π)

)
, π ∈ Dπ, g(x) =

x

1− x
, x ∈ R.

Since g is convex and increasing on [0, 1) and since (me(π))′(G(π))−1me(π) ∈ [0, 1)

for all π ∈ Dπ, a(π) is convex in π if (me(π))′(G(π))−1me(π) is convex in π. For any

π1, π2 ∈ Dπ and λ ∈ [0, 1], we have

(me(λπ1 + (1− λ)π2))′(G(λπ1 + (1− λ)π2))−1me(λπ1 + (1− λ)π2)

= (λme(π1) + (1− λ)me(π2))′(λG(π1) + (1− λ)G(π2))−1(λme(π1) + (1− λ)me(π2)),

since me and G are linear in π. Therefore, if the following mapping from Rd × Sd onto

R+,

f(x,A) = x′A−1x,

is convex in (x,A) ∈ Rd × Sd, then (me(π))′(G(π))−1me(π) is convex in π. However,

since f is a matrix fractional function, it is convex on Rd×Sd (cf. Example 3.4 in Boyd

and Vandenberghe (2004)). Therefore, (me(π))′(G(π))−1me(π) is convex in π, and a(π)

is also convex in π. 2

Lemma 3.9

Ex,π[â(St) | FR,S
t−1 ] ≥ a(ι(St−1)) a.s.

Proof of Lemma 3.9. Let âf be a function from Dπ onto R+ such that

âf (π) =

(
K∑
i=1

µ(i)π(i)

)′( K∑
i=1

Σ(i)π(i)

)−1( K∑
i=1

µ(i)π(i)

)
, π ∈ Dπ.
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Then, â(St) = âf (ι(St)) and âf is convex in π since the function (x,A) → x′A−1x

is convex on Rd × Sd (see Lemma 3.8). Moreover, Ex,π[ι(St) | FR,S
t−1 ] = Q′ι(St−1) =

p(ι(St−1)). Therefore, it follows that

Ex,π[â(ι(St)) | FR,S
t−1 ]

≥ âf (Ex,π[ι(St) | FR,S
t−1 ])

=

(
K∑
i=1

µ(i)p(i, ι(St−1))

)′( K∑
i=1

Σ(i)p(i, ι(St−1))

)−1( K∑
i=1

µ(i)p(i, ι(St−1))

)

= (me(ι(St−1)))
′

(
K∑
i=1

Σ(i)p(i, ι(St−1))

)−1

(me(ι(St−1)))

where we have used the Jensen inequality in the first inequality. Fix any x ∈ Rd and

let yi = (µe(i))′x, i ∈ D. Then, it holds that

x′

[
K∑
i=1

µe(i)(µe(i))′p(i, ι(St−1))−

(
K∑
i=1

µe(i)p(i, ι(St−1))

)(
K∑
i=1

µe(i)p(i, ι(St−1))

)′]
x

=
K∑
i=1

y2i p(i, ι(St−1))−

(
K∑
i=1

yip(i, ι(St−1))

)2

=
K∑
i=1

(
yi −

K∑
k=1

ykp(k, ι(St−1))

)2

p(i, ι(St−1)) ≥ 0.

Therefore, for any x ∈ Rd, we have

x′A(ι(St−1))x

= x′

(
K∑
i=1

Σ(i)p(i, ι(St−1))

)
x

+ x′

 K∑
i=1

µe(i)(µe(i))′p(i, ι(St−1))−

(
K∑
i=1

µe(i)p(i, ι(St−1))

)(
K∑
i=1

µe(i)p(i, ι(St−1))

)′x
≥ x′

(
K∑
i=1

Σ(i)p(i, ι(St−1))

)
x.

Hence,

x′(A(ι(St−1)))
−1x ≤ x′

(
K∑
i=1

Σ(i)p(i, ι(St−1))

)−1

x

for all x ∈ Rd. When x is equal to me(ι(St−1)) in the above inequality, we have

Ex,π[â(ι(St)) | FR,S
t−1 ] ≥ (me(ι(St−1)))

′

(
K∑
i=1

Σ(i)p(i, ι(St−1))

)−1

me(ι(St−1))

≥ (me(ι(St−1)))
′(A(ι(St−1)))

−1me(ι(St−1)) = a(ι(St−1)).
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2

We can easily see that Ex,π[πt−1] = π and Ex,π[ι(St−1)|FR
t−1] = πt−1. From Lemmas

3.8, 3.9, and the Jensen inequality, we deduce that

Ex,π

[
â(St)

]
≥ Ex,π

[
a(ι(St−1))

]
≥ Ex,π

[
a(πt−1)

]
≥ a(π)

Then, the single-period expected return becomes higher as the investor’s information

becomes more detailed. However, we also deduce that

Ex,π[a(πt−1)] + Varx,π(a(πt−1)) ≥ a(π),

Ex,π[a(ι(St−1))] + Varx,π(a(ι(St−1))) ≥ a(π),

Ex,π[â(St)] + Varx,π(â(St)) ≥ a(π).

We see that the single-period variances of the informed investors are also greater than

the variance of the myopic investor; therefore, it is possible that the Sharpe ratios of

the informed investors are smaller than the Sharpe ratio of the myopic investor.

Proposition 3.10 Suppose that each investor’s initial wealth is the same constant x

and that the informed investors’ trade-off parameters are also the same constant γ.

Moreover, we assume that the myopic investor’s trade-off parameter is γm = γ(1 −

δ(1 + rf)). Then, we have

Ex,π[R
pre
1 ] ≥ Ex,π[R

par
1 ] ≥ Ex,π[R

per
1 ] ≥ Ex,π[R

myo
1 ],

and

Varx,π(R
par
1 ) ≥ Varx,π(R

myo
1 ), Varx,π(R

per
1 ) ≥ Varx,π(R

myo
1 ), Varx,π(R

pre
1 ) ≥ Varx,π(R

myo
1 ).

Guidolin and Ria (2011) report that the tangency portfolio based on the regime

switching settings has greater sample mean and variance than the myopic tangency

portfolio. Even though our analysis does not test the optimality of the tangency port-

folios directly, our theoretical result is consistent with their empirical results.

However, the possibility of mean-variance inefficiency of the informed portfolios may

be not a crucial problem in the dynamic portfolio rebalancing. We can compute the
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expectation of t-step-ahead wealth under each information level as

Ex,π[X
par
t ] = (1 + rf)

tx+ λ
t−1∑
s=0

(1 + rf)
t−1−s Ex,π[a(πs)],

Ex,π[X
per
t ] = (1 + rf)

tx+ λ

t−1∑
s=0

(1 + rf)
t−1−s Ex,π[a(ι(Ss))],

Ex,π[X
pre
t ] = (1 + rf)

tx+ λ
t−1∑
s=0

(1 + rf)
t−1−s Ex,π[â(Ss+1)],

Ex,π[X
myo
t ] = (1 + rf)

tx+ λ

t−1∑
s=0

(1 + rf)
t−1−sa(π),

for all t ≥ 1, where (Xmyo
t )∞t=0 is the wealth process when investing in the myopic MV

optimal portfolio at each time. By Lemmas 3.8 and 3.9, we have

Ex,π[X
pre
t ] ≥ Ex,π[X

per
t ] ≥ Ex,π[X

par
t ] ≥ Ex,π[X

myo
t ],

for all t ≥ 0. This means that the wealth of the more informed investor grows more

rapidly than that of the less informed investor, on average.

Since the optimal Markov policies of the three different information levels and the

myopic investor are independent of their wealth at each point in time, the contribution

of the risky assets’ portfolio to wealth decreases as the wealth increases, for all investors.

Therefore, sample variances of the returns of all investors also decrease. Then, we can

see that the points of the investors’ returns in the risk-return graph are close to the

point of the risk-free asset if sufficient time has passed from the initial point. Hence

the mean-variance efficiencies of all investors tend to become similar to the risk-free

asset. However, since the wealth of the more informed investor grows more rapidly,

the mean-variance efficiency of the more informed investor also tends to become similar

to the risk-free asset more rapidly. This means that although it is possible that the

information benefit measured by the mean-variance efficiency vanishes if the trade-off

parameters are constant, the benefit from the amount of wealth of the informed investor

still exists, on average.
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3.4 Numerical Analysis

Next, we conduct numerical simulations. We assume that a two-state Markov chain

drives the market. The transition probability matrix is

Q =

(
0.97 0.03
0.07 0.93

)
.

Then, the steady state probability is (0.7, 0.3). We assume that one risk-free asset and

two risky assets are in the market. The means and variances of returns of the risky

assets are

µ(1) =

(
0.2
0.3

)
, µ(2) =

(
−0.1
−0.2

)
,

σ(1)(σ(1))′ =

(
0.01 0.0075
0.0075 0.0225

)
, σ(2)(σ(2))′ =

(
0.04 0.048
0.048 0.09

)
.

The risk-free rate rf is 0.05. The discount rate δ is 0.95, and the trade-off parameter is

constant and equals 5. These settings satisfy the optimality condition that δ(1 + rf) =

0.9975 < 1. Figure 3.1 shows the conditional mean-variance frontier of returns given

the partial information when the current probability is the steady probability.

The optimal portfolio always lies on the tangent line of the conditional mean-

variance frontier. When the investor has small amount of wealth, x = 70, then she

uses financial leverage. On the other hand, the investor buys the risk-free asset when

the amount of wealth x = 200. This is consistent with the analytical results.

Now, we consider dynamic simulations of the mean-variance portfolio rebalancing

under regime switching. We conduct two different simulations, called simulation A and

B. Both of the two simulations are driven by the two-state Markov chain defined as

above. We denote by µA and µB the mean vectors of simulation A and B, respectively.

µA and µB are as follows.

µA(1) =

(
0.2
0.3

)
, µA(2) =

(
−0.1
−0.2

)
,

µB(1) =

(
0.25
0.3

)
, µB(2) =

(
0.1
0.2

)
.

Therefore, the difference between the simulations is the conditional mean vector. The

trade-off parameter of each information level investor is equal to a constant γ = 5. The
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other parameters, σ, rf and δ are the same as in the static analysis. The distribution of ϵt

is the d-dimensional standard normal distribution for all t ≥ 1. Then, we can compute

the filtered probabilities (πt)
∞
t=0 for the partial information case using the method of

Hamilton (1989).

In each simulation, we consider three different information levels – that is, the

partial information, the perfect information, and the prediction. In addition, we also

compute the myopic investor’s portfolio in each simulation. At each time, the partially

and perfectly informed investors and the prediction investor invest in their optimal

portfolios derived in Section 3.2. The myopic investor invests in the myopic portfolio

of Section 3.3 at each point in time.

We simulate 10000 time-series of the return vectors during 300 investment intervals

under regime switching. Of course, these series are independent of each other, but the

returns in the same series are correlated. The initial regime in each series is generated

using the steady probability π. The initial wealths of all investors are equal to 1.

First, we compute the single-period moments of returns. We compute means, vari-

ances, and the Sharpe ratios of the returns in the first investment interval over 10000

scenarios. According to the theoretical analysis in Section 3.3, it has been predicted

that the mean and variance of the more informed investor are larger than those of the

less informed investor.

Table 3.1 reports the single-period moments. In each simulation, the mean and

variance of the more informed investor are larger than those of the less informed investor.

This is consistent with our theoretical analysis. Since the initial regime probability is

the steady probability, the partially informed investor and the myopic investor invest

in the same portfolio at the initial time, so their performance are also the same.

The Sharpe ratios reveal similar tendency in the two simulations; the more informed

investor has the greater Sharpe ratio than the less informed investor. This implies that

the increase in the variance caused by the information are smaller than that of the

mean. However, the differences of the Sharpe ratios in simulation B are smaller than

those in simulation A. The difference between simulation A and B is the expected excess

returns of the risky assets’ returns, where simulation A has the state where the expected
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excess returns are negative. Therefore, it is possible that the regime information is more

valuable when the recession regime exists.

Next, we consider performances in the whole investment horizon. In each scenario,

we compute sample means, variances, and the Sharpe ratios of all investors’ returns.

Then, we obtain 10000 sample moments mentioned above. Table 3.2 shows the means

of these sample moments of these scenarios.

In Table 3.2, the means of the sample means and variances of the more informed

investor are larger than those of the less informed investor. The dynamic sample mo-

ments of the partially informed investor are different from the single-period moments

since the portfolio varies over times in response to movement of the probability πt. The

results for the other investors are close to the single-period case. However, the Sharpe

ratios of the partially informed investor in simulation B are smaller than those of the

myopic investor. Furthermore, the difference between the partially informed investor

and the myopic investor is statistically significant at 1% significance level. The par-

tially informed investor is the most realistic, therefore, this result reveals one of the

limitations of portfolio investment when using information about regimes.

However, the mean-variance efficiency is not the only criterion in investment. We

define the ratio of the information risk exposure of the information level I at time t by

RIREI
t =

Ex,π[max{Xpre
t −XI

t , 0}]
Ex,π[X

pre
t ]

.

RIREI
t represents the ratio of the expected loss at time t using the information I

compared to the prediction investor. A large RIREI
t implies a large loss of wealth

when using the information I. Of course, the ratio of the information risk exposure of

the prediction investor RIREpre
t is always 0.

Table 3.3 reports the ratios of the information risk exposure. In Table 3.3, RIREI
t

decreases as the information increases. In simulation B, where the partially informed

investor is less mean-variance efficient than the myopic investor, the ratio of the in-

formation risk exposure of the partial information is smaller than that of the myopic

at each time. Thus, the partially informed investor has an advantage over the myopic

investor in terms of the ratio of the information risk exposure. Furthermore, the ratios



102 Regime Switching and Asset Allocation

of the information risk exposure in simulation A are larger than those in simulation

B. This is an additional evidence that information concerning regimes is more valuable

when the recession exists.

Table 3.4 and Figure 3.2 show the optimal portfolio weights for the investors. In

Table 3.4, absolute weights of the portfolio of the more informed investor are larger

than those of the less informed investor. When St+1 = 1 in simulation A, the prediction

investor invests 17.037 × 80 = 1362.96 dollars in the risky assets. It is about 13 times

the amount that the myopic investor invests in the risky assets. The large position in

the risky assets may increase the expected return and variance of the more informed

investor.

In simulation A and B, we assumed that the trade-off parameters for all investors

are the same constant. Next, we relax this assumption. We consider the strategies of

buying the tangency portfolio. Assume that

γR(π) = γc(π), γR,S(i) = γc(ι(i)), γR,S,P (i) = γĉ(i), γmyo = γc(π).

Then, the investors buy the tangency portfolios based on their information. If we

assume that γ is positive, we can conduct only simulation B since the sums of the risky

assets’ portfolio weights are always positive in simulation B. We assume that the other

parameters are the same as before. The strategies of buying the tangency portfolio

are similar to the investment strategies in the back test of Guidolin and Ria (2011).

The strategies of buying the tangency portfolio take the dynamic portfolio rebalancing

into consideration, whereas the investment strategies of Guidolin and Ria (2011) are

obtained from the single-period problem.

Table 3.5 shows the results of the single-period moments and the dynamic sample

moments. As in the case of the constant trade-off parameters, the single-period mean

and variance of the more informed investor are larger than those of the less informed

investor. However, the differences of the means and variances decrease and the Sharpe

ratios get smaller as the investor’s information increases. Furthermore, the relationship

among the means and variances mentioned above is not evident anymore.

Table 3.6 reports the ratios of the information risk exposure. In all information
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levels, the ratios of the information risk exposure decrease to 0 in the long run. This in-

dicates that the advantage of the information measured by the wealth level also vanishes

when the investors buy their tangency portfolios.

Figure 3.3 and Table 3.7 report the tangency portfolio weights. Figure 3.3 and Table

3.7 show that the weights of the risky assets are lower than in the case of the constant

trade-off parameters.

According to above results, the benefits of the regime information is very limited

when investing in the tangency portfolio. Moreover, it is possible that the information

causes the worse performance. However, this is consistent with the empirical results

of Guidolin and Ria (2011). To avoid these phenomena, the investors should have a

constant trade-off parameter. Then, our numerical analysis suggests that there is some

benefit from the information about regimes.

3.5 Conclusion

In this chapter, we studied the discrete-time, infinite horizon regime switching MV

analysis. We derived the time-consistent, optimal Markov policies for the three differ-

ent information levels and assessed the values of the regime information. Our results

indicate that the expected return increases as the investor becomes informed, but, the

variance also increases. However, these surprising results are consistent with the em-

pirical study in Guidolin and Ria (2011). The implication of our results is that in

order to obtain higher expected return, the informed investor takes risks more than

the uninformed investor and this is not always efficient from the view of unconditional

mean-variance efficiency. However, it may not be a crucial problem since the informed

investor’s wealth will grow more rapidly than the uninformed investor’s wealth.

We assume that the investors can have the risk-free asset and the trade-off parameter

is independent of her wealth. Under these assumptions, the optimal policies are inde-

pendent of the investors’ wealth, and the mathematical complexity is reduced. However,

the leverage effects have become more important recently. For example, Björk, Mur-

goci, and Zhou (2014) study a continuous time MV analysis with the wealth dependent

risk aversion using the game theoretic approach. Therefore, it is worth relaxing the
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assumptions under the regime switching settings by using different approach. Another

interesting topic is the relationship between the discrete time and the continuous time.

If our discrete time results can be extended to a continuous time framework reasonably,

then it will help with a mathematical analysis in the continuous time, similar to an

option pricing.

Appendix 3.A Tables and Figures

Table 3.1. Single Period Moments. In the column of Mean ×x/λ, the means of the

single-period excess returns of 10000 scenarios times x/λ are displayed, where x is the initial

wealth and λ = (γ(1 − δ(1 + rf)))
−1. Similarly, in the column of Standard Deviation ×x/λ,

the standard deviations of the single-period excess returns of 10000 scenarios times x/λ are

displayed. In the column of Share ratio, the Share ratio of the single-period excess returns of

10000 scenarios are displayed.

Simulation A Simulation B

Investor
Mean Standard Sharpe Mean Standard Sharpe
×x/λ Deviation ×x/λ Ratio ×x/λ Deviation ×x/λ Ratio

Partial
0.113 0.330 0.342 1.214 1.102 1.102

Information
Perfect

1.519 1.433 1.060 2.731 2.260 1.208
Information

Prediction 2.592 2.033 1.275 3.266 2.643 1.236

Myopic 0.113 0.330 0.342 1.214 1.102 1.102

Table 3.2. Dynamic Simulations. Numbers in parenthesis are standard errors.

Simulation A Simulation B

Investor
Standard Sharpe Standard Sharpe

Mean Deviation Ratio Mean Deviation Ratio
Partial 1.269 1.309 0.972 2.220 1.962 1.134

Information (0.002) (0.001) (0.002) (0.004) (0.001) (0.002)
Perfect 1.526 1.401 1.095 2.750 2.260 1.223

Information (0.002) (0.001) (0.002) (0.004) (0.001) (0.002)

Prediction
2.577 1.990 1.296 3.306 2.631 1.263
(0.003) (0.001) (0.002) (0.005) (0.001) (0.002)

Myopic
0.110 0.321 0.371 1.232 1.100 1.146
(0.001) (0.000) (0.003) (0.001) (0.001) (0.002)
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Table 3.3. The Ratios of the Information Risk Exposure RIREI
t .

Simulation A
t 10 50 100 200 300

Partial Information 0.582 0.536 0.533 0.533 0.533
Perfect Information 0.406 0.405 0.405 0.405 0.405

Myopic 0.943 0.943 0.943 0.943 0.943

Simulation B
t 10 50 100 200 300

Partial Information 0.406 0.353 0.350 0.349 0.349
Perfect Information 0.169 0.165 0.165 0.165 0.165

Myopic 0.642 0.621 0.619 0.619 0.618

Table 3.4. Portfolio Weights of Dynamic Simulations. The investors buy (γ(1−
δ(1 + rf)))

−1 = 80 times the following risky assets’ weights.

Simulation A Simulation B
Asset 1 Asset 2 Sum Asset 1 Asset 2 Sum

Perfect St = 1 5.448 5.149 10.597 12.765 5.246 18.011
Information St = 2 -0.904 -1.628 -2.532 -1.632 2.704 1.071

Prediction
St+1 = 1 8.889 8.148 17.037 15.556 5.926 21.481
St+1 = 2 -1.157 -2.160 -3.318 -2.083 2.778 0.694

Myopic 0.604 0.726 1.329 3.557 3.097 6.654

Table 3.5. The Results Concerning Buying of Tangency Portfolios. Numbers

in parenthesis represent standard errors.

Single-Period Moments Dynamic Sample Moments

Investor
Standard Sharpe Standard Sharpe

Mean Deviation Ratio Mean Deviation Ratio
Partial

0.232 0.166 1.102
0.055 0.061 0.206

Information (0.001) (0.019) (0.001)
Perfect

0.285 0.307 0.766
0.057 0.058 0.200

Information (0.000) (0.004) (0.001)

Prediction 0.331 0.461 0.610
0.056 0.121 0.192
(0.001) (0.021) (0.001)

Myopic
0.232 0.166 1.102

0.059 0.083 0.209
(0.003) (0.053) (0.000)
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Table 3.6. The Ratios of the Information Risk Exposure RIREI
t in Buying

the Tangency Portfolios.

Simulation B
t 10 50 100 200 300

Partial information 0.244 0.025 0.002 0.00001733 0.00000013
Perfect information 0.196 0.015 0.001 0.00001075 0.00000008

Myopic 0.320 0.038 0.003 0.00002617 0.00000020

Table 3.7. Portfolio Weights for the Tangency Portfolios. The investors buy

(γ(1− δ(1 + rf)))
−1 = 80 times the following risky assets’ weights.

Asset 1 Asset 2
Perfect St = 1 0.709 0.291

Information St = 2 -1.523 2.523

Prediction
St+1 = 1 0.724 0.276
St+1 = 2 -3.000 4.000

Myopic 0.535 0.465

Figure 3.1. Minimum Variance Frontier Given the Partial Information.
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Figure 3.2. Portfolio Weights of the Partial Information Case. The horizontal

axis denotes the filtered probability of staying in regime 1. The investors buy (γ(1 − δ(1 +

rf)))
−1 = 80 times the following risky assets’ weights.
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Figure 3.3. The Tangency Portfolio Weights of the Partial Information Case.
The horizontal axis denotes the filtered probability of staying in regime 1. The investors buy
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−1 = 80 times the following risky assets’ weights.
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Chapter 4

Optimality of Naive Investment
Strategies in Dynamic
Mean-Variance Optimization
Problems with Multiple Priors

4.1 Introduction

The mean-variance analysis proposed by Markowitz (1952) and developed by Tobin

(1958) and Merton (1972) tells us that the tangency portfolio combined with the risk-

free asset is mean-variance efficient, which means that it delivers the highest Sharpe

ratio among all portfolios. However, it is not always efficient in practice. For example,

Jagannathan and Ma (2003) mention that the global minimum-variance portfolio de-

livers as large an out-of-sample Sharpe ratio as the other efficient portfolios when the

estimated expected returns are used. DeMiguel, Garlappi, and Uppal (2009b) report

that in their back tests, the equally weighted portfolio (1/N portfolio) often has a higher

Sharpe ratio than other optimal portfolios including the tangency portfolio.

Probable explanations of these practical pitfalls are difficulties in estimating ex-

pected returns and sensitivity of the tangency portfolio to the expected returns. Mer-

ton (1980) reports that the estimation of expected returns is more difficult than that of

a covariance matrix of returns. Best and Grauer (1991) show that the mean-variance

efficient portfolios are very sensitive to the values of the expected returns. Therefore,

the estimation errors of expected returns have a large impact on optimal portfolio selec-

tions. Consequently, in practice, the global minimum-variance portfolio, which is not
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mean-variance efficient in theory, and the equally weighted portfolio, which seems to

be naive, can become more efficient than the mean-variance efficient portfolios.

In this chapter, we construct plausible mean-variance optimization problems with

multiple priors and show that in limiting cases, the solutions to these problems in-

clude the equally weighted portfolio and the global minimum-variance portfolio. The

mean-variance problems with multiple priors are robust to estimation errors of mo-

ments of asset returns. We consider two-dimensional multiple priors: the priors for

expected returns and the priors for a covariance matrix of returns. In our framework,

the naive and inefficient strategies such as the equally weighted portfolio and the global

minimum-variance portfolio are characterized by an investor’s suspicion of the estimated

parameters. If an investor strongly doubts the estimated expected returns, her optimal

portfolio becomes similar to the global minimum-variance portfolio. In contrast to that,

it becomes similar to the equally weighted portfolio if an investor strongly doubts the

estimated covariances.

Moreover, our framework is based on dynamic optimization problems and allows

dependency among the asset returns over time. More specifically, the market model

in our framework is the Markovian market model where a Markov process affects the

distribution of returns. This includes various return models such as the factor pricing

models (e.g., capital asset pricing model (CAPM) by Sharpe (1964) and the Fama-

French three factor model by Fama and French (1993)), the Markov regime switching

models (e.g., Hamilton (1989) and Ang and Bekaert (2002)) and so on. Furthermore,

the dynamic approach justifies the investment strategies which seem myopic. For ex-

ample, the strategy investing in the global minimum-variance portfolio during economic

booming and investing in the equally weighted portfolio during economic recession can

be justified by our framework.

In order to investigate the effects of the estimation errors and study the efficiency

of the optimal portfolio in our framework, we conduct back tests using various data

sets. Similar to previous research, our back tests demonstrate that the global minimum-

variance portfolio is sometimes more efficient than the tangency portfolio. On the other

hand, the investment strategy that invests in the equally weighted portfolio during the
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economic booming and the global minimum-variance portfolio during the economic

recession is sometimes the most efficient in all the portfolios. This strategy seems to

be naive. However, since it is characterized by the limiting cases in our framework, the

reason why the investor chooses it is because of the strong suspicion of the estimated

parameters.

In the investment theory, the various methods have been proposed to deal with

the estimation errors. They are classified into two major approaches: the Bayesian

approach and the non-Bayesian approach. In this chapter, we adopt the non-Bayesian

approach, specifically, the max-min approach; maximizing an objective function with

respect to portfolios after minimizing the objective function with respect to priors of

return’s distribution. The max-min problem is popular when dealing with the multi-

ple prior optimization. Goldfarb and Iyengar (2003) solve the mean-variance portfolio

selections with multiple priors under the factor pricing model. Garlappi, Uppal, and

Wang (2007) characterize multiple priors for the expected returns by the confidence

interval around the estimated expected returns and find that their multiple-priors op-

timal portfolios have high Sharpe ratios in their back tests. The max-min approach

is economically axiomatized by Gilboa and Schmeidler (1989) in order to describe the

ambiguity aversion of investors illustrated by Ellsberg (1961).

In addition, we use one concept from the Bayesian approach. The Bayesian approach

is based on the Bayesian statistics, e.g., shrinkage estimators (Jobson and Korkie (1980)

and Jorion (1986)), the Black-Litterman model (Black and Litterman (1990)) and the

other methods such as Pástor and Stambaugh (2000). Ledoit and Wolf (2003) propose

the shrinkage estimator to estimate a covariance matrix of asset returns when facing the

small sample problem that is when the number of assets is larger than the number of

observations. To compute the shrinkage estimator, they minimize the Frobenius norm

of estimated errors of the covariance matrix. Using the idea of Ledoit and Wolf (2003),

we introduce the Frobenius norm of estimation errors of a covariance matrix in order

to deal with multiple priors.

The results obtained by the mean-variance optimization constraining portfolio norms

are similar to the results by our framework. The mean-variance optimization constrain-
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ing portfolio norms is proposed by DeMiguel, Garlappi, Nogales, and Uppal (2009a).

Especially, their 2-norm-constrained portfolio is basically the same as the one of our lim-

iting cases. The differences between our model and the one in DeMiguel et al. (2009a)

are investment horizon and problem formulation. DeMiguel et al. (2009a) consider

static portfolio selections such as

min
u
u′Σ̂u subject to u′u ≤ k,

where u is a portfolio vector and u′ is its transpose. Σ̂ is an estimated covariance

matrix. k represents the upper bound of the constraint. DeMiguel et al. (2009a) solve

the above static minimum-variance problem since it is free from the problem of time-

inconsistency1. The optimal 2-norm-constrained portfolio is based on the covariance

estimator of Ledoit and Wolf (2004). If the upper boundary of the constraint is the

reciprocal of the number of assets, then the optimal portfolio becomes the equally

weighted portfolio.

In contrast to the above problem, we consider the mean-variance-style objective

function such that

Eθ,V

[
T−1∑
t=0

δt
(
Eθ,V [Xt+1|FR,F

t ]− γ̂t
2Xt

Varθ,V (Xt+1|FR,F
t )

)]
,

where Xt is a wealth of the investor at time t and FR,F
t is the information of the

investor at time t. γ̂t/Xt represents the trade-off between the expected return and

associated risks. The superscripts θ and V express multiple priors and δ is a constant

discount rate. Hence, this objective function is an expected value of discounted sum

of objectives in conditional mean-variance problems. The above objective function is

proposed by Chen, Li, and Zhao (2014) to avoid the problem of time-inconsistency.

Chen et al. (2014) consider this objective function with a unique prior, but we consider

the objective function with multiple priors.

Although there are several differences, the results of Pflug, Pichler, and Wozabal

(2012) are essentially the same as our results. Pflug et al. (2012) characterize a degree

of ambiguity as the Kantorovich metric, and show that for various objective functions

1The standard dynamic programming procedure can not be applied to the simple mean-variance
optimization. See Li and Ng (2000) for more details.
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including a mean-standard-deviation objective function and for arbitrary distributions

of asset returns, the investor chooses the equally weighted portfolio under high model

ambiguity. In contrast to Pflug et al. (2012), we focus on mean-variance objective func-

tions and Markovian return models. This allows us to use more simple and clear degrees

of ambiguity than the Kantorovich metric, that is, we use a confidence interval around

the estimated expected return vector and a relative error of the estimated covariance

matrix. Furthermore, our optimization problems are dynamic optimization problems,

whereas optimization problems in Pflug et al. (2012) are static optimization problems.

Therefore, our models have different implications from the model in Pflug et al. (2012).

The rest of this chapter is organized as follows. Section 4.2 formulates and solves

the dynamic mean-variance optimization problem with multiple priors. Section 4.3

investigates limiting behaviors of the solutions. Section 4.4 conducts back tests and

reports their results. Section 4.5 is the concluding section. The most proofs of theorems,

lemmas and propositions in this chapter are in Appendix.

4.2 Mean-Variance Portfolio Selections with Multi-

ple Priors in a Markovian Market

First, we introduce the following notations.

• Rd, the d-dimensional Euclidean space. Specifically, we write R := R1 and R+ :=

{x ∈ R | x ≥ 0}.

• Rm,n, a set of m× n matrices.

• x′, the transpose of a vector or matrix x.

• 0d, the d-dimensional real-valued vector whose all elements are 0.

• 1d, the d-dimensional real-valued vector whose all elements are 1.

• Id, the d-dimensional identity matrix.

• 1lA(ω), an indicator function. If ω ∈ A, then 1lA(ω) = 1. If ω /∈ A, then 1lA(ω) = 0.

• (x)+ := max{x, 0} for all x ∈ R.
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• ∥x∥, a general expression of norms. Specifically, ∥x∥ is the Euclidean norm of

x ∈ Rd and ∥A∥ is the Frobenius norm of A ∈ Rm×n.

Let (Ω,F ,P) be a probability space. We consider optimal portfolio selections of

an investor during T periods. There are one risk-free asset and d risky assets in the

financial market. Moreover, we assume that a sequence of RK-valued random vectors,

denoted by (Ft)
T
t=0, influences distributions of the return vectors of the risky assets:

The return vector of the risky assets at time t, denoted by Rt, satisfies

Rt = µ(Ft) + σ(Ft)ϵt, t ≥ 0,

where (ϵt)
T
t=1 is a sequence of mutually independent and d-dimensional standard normal

random vectors, and µ : RK → Rd and σ : RK → Rd×d are measurable functions.

Furthermore, we assume that Ft and ϵt are mutually independent for each t = 1, . . . , T .

Then, the conditional expectation and variance of Rt given by Ft are

E[Rt | Ft] = µ(Ft),

Var(Rt | Ft) = σ(Ft)(σ(Ft))
′,

for all t ≥ 1. Hence, the conditional mean and variance of the risky assets’ returns are

driven by the movement of (Ft)
T
t=0. For convenience, we write R0 = 0d. The risk-free

rate is a constant over time and it is denoted by rf , and (Re
t )
T
t=1 is the excess return

process, Re
t = Rt − rf1d.

Denote by FR,F = (FR,F
t )Tt=0 and FF = (FF

t )
T
t=0 the filtrations generated by (Rt, Ft)

T
t=0

and (Ft)
T
t=0, respectively. We assume that an investor can observe the value of Ft and

Rt at each t ≥ 0, so her information at time t is represented by FR,F
t . In addition, we

assume the following:

Assumption 4.1 The random process (Ft)
T
t=0 is a time-homogeneous Markov process

with respect to FR,F .

Assumption 4.1 is important for our optimization. Many return models satisfy this

assumption.

Example 4.2
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1. Factor pricing models. Suppose that (Ft)
T
t=0 satisfies Assumption 4.1. Let µ(F ) =

rf1d + BF and σ(F ) = σ, where B ∈ Rd,K and σ ∈ Rd,d are constant matrices.

Then, the return process can be expressed as

Rt = rf1d +BFt + σϵt, t ≥ 1.

The above return process is the one of factor pricing models such as the capital

asset pricing model (CAPM) and the Fama-French three factor model.

2. Stochastic volatility models. Suppose that K = d and that (Ft)
T
t=0 is specified by

log(Ft) = m+B(log(Ft−1)−m) + ηt, t ≥ 1,

where m ∈ Rd is a constant vector and B ∈ Rd,d is a constant diagonal matrix.

(ηt)
T
t=1 is a sequence of d-dimensional i.i.d. random vectors that are independent

of (ϵt)
T
t=1. The return process is defined as

Rt = µ+ diag(
√
Ft)Cϵt, t ≥ 1,

where CC ′ is a constant correlation matrix. Then, (Ft)
T
t=0 satisfies Assumption

4.1.

3. Markov regime-switching models. Suppose that (Ft)
T
t=0 is a K-states,

time-homogeneous Markov chain and that µ and σ are specified by

µ(Ft) = µi, σ(Ft) = σi, if Ft is ith state.

In addition, (Ft)
T
t=0 and (ϵt)

T
t=1 are mutually independent. Then, (Ft)

T
t=0 satisfies

Assumption 4.1.

In usual portfolio optimization, researchers assume that an investor knows the con-

ditional mean µ(Ft) and variance σ(Ft)(σ(Ft))
′, but, the investor needs to estimate

the moments in practice. In the robust optimization literature, researchers take into

account the estimation error of these moments. Similar to the literature, we intro-

duce two statistical error components. Let (θt)
T−1
t=0 be a Rd-valued random process of
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errors of mean and let (Vt)
T−1
t=0 be a Rd,d-valued process of errors of variance. The one-

period-ahead conditional mean and variance with respect to the probability measure

representing the investor’s belief, denoted by Pθ,V , can be expressed as

Eθ,V [Rt+1|FR,F
t ] = E[Rt+1|FR,F

t ] + θt, Varθ,V (Rt+1|FR,F
t ) = Var(Rt+1|FR,F

t ) + Vt, t ≥ 0.

Hence, θt and Vt can be regarded as statistical errors of conditional mean and variance

given FR,F
t at each t. The assumptions regarding (θt)

T−1
t=0 and (Vt)

T−1
t=0 are

Assumption 4.3

1. For each t, θt and Vt are FR,F
t -measurable.

2. For each t, Var(Rt+1|FR,F
t ) + Vt and σ(Ft+1)(σ(Ft+1))

′ + Vt are positive-definite

matrices.

From the definitions of (θt)
T−1
t=0 and (Vt)

T−1
t=0 , Assumption 4.3 is natural.

The important technical issue is whether the probability measure Pθ,V exists or not.

To construct the probability measure Pθ,V , we introduce the random variable,

Zt =
t∏

s=0

ζs, t ≥ 0,

where

ζt+1 =

√
det(σ(Ft+1)(σ(Ft+1))′)

det(σ(Ft+1)(σ(Ft+1))′ + Vt)

× exp

{
−1

2
θ′t

(
σ(Ft+1)(σ(Ft+1))

′ + Vt

)−1
θt + θ′t

(
σ(Ft+1)(σ(Ft+1))

′ + Vt

)−1
σ(Ft+1)ϵt+1

+
1

2
ϵ′t+1

(
Id − (σ(Ft+1))

′
(
σ(Ft+1)(σ(Ft+1))

′ + Vt

)−1
σ(Ft+1)

)
ϵt+1

}
, t ≥ 1

and ζ0 = 1. Then, the following lemma holds.

Lemma 4.4 Under Assumptions 4.1 and 4.3, there exists a probability measure Pθ,V ,

such that

Pθ,V (A) = E[1lAZT ], A ∈ FR,F
T .
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Under Pθ,V ,

Eθ,V [Rt+1|FR,F
t ] = E[Rt+1|FR,F

t ] + θt,

Varθ,V (Rt+1|FR,F
t ) = Var(Rt+1|FR,F

t ) + Vt,

for all t ≥ 0. Furthermore, the conditional distribution of Ft+1 given FR,F
t under Pθ,V

is the same as the conditional distribution of Ft+1 given FR,F
t under P.

The proof of Lemma 4.4 is in Section 4.A. Since (Ft)
T
t=0 is the time-homogeneous

Markov process with respect to FR,F , we can express the conditional mean and variance

of Rt+1 as functions depending on Ft, that is,

m(F ) := E
[
Rt+1

∣∣∣Ft = F
]
= E

[
Rt+1

∣∣∣FR,F
t

]
,

A(F ) := Var(Rt+1

∣∣∣Ft = F ) = Var(Rt+1

∣∣∣FR,F
t ),

for all t ≥ 0. We denote the conditional expected excess return byme(F ) = m(F )−rf1d.

Now, let us formulate the optimization problem of the investor. Let (Xt)
T
t=0 be a

wealth process of the investor. We assume that Xt satisfies a self-financing constraint,

that is,

Xt+1 =
(
(1 + rf) + (Re

t+1)
′ut

)
Xt, t ≥ 0,

where (ut)
T−1
t=0 is a sequence of d-dimensional portfolio vectors for risky assets. For each

ut, the ith element of ut represents the weight of the wealth invested in the ith risky

asset. The investor buys or sells Xt(1 − (1d)
′ut) dollar’s risk-free asset at each t ≥ 0.

The investor’s objective function is

Eθ,V

[
T−1∑
t=0

δt
(
Eθ,V [Xt+1|FR,F

t ]− γ̂t
2Xt

Varθ,V (Xt+1|FR,F
t )

)]
, (4.2.1)

where γ̂ := (γ̂t)
T−1
t=0 is a positive and FF -adapted process which represents the investor’s

trade-off between the expected return and associated risks. We emphasize that γ̂ is not

only FR,F -adapted, but also FF -adapted. The FF -adaptedness of γ̂ is important in the

derivation of the explicit form of the value function.

The trade-off parameter is divided by Xt whereas in the other standard problem,

it is not divided. This parameterization is used by Björk, Murgoci, and Zhou (2014).



120 Regime Switching and Asset Allocation

They provide two natural interpretations of the parameterization. One is an adjustment

of units. The unit of the conditional expected wealth is (dollar), whereas the unit of

the conditional variance is (dollar)2. So the variance needs to be divided by wealth in

order to measure the objective function in dollars. Another interpretation is to measure

the objective function by the rate of return. We replace the wealth in the objective by

the gross return of the wealth, namely, we consider

Eθ,V
[
Xt+1

Xt

∣∣∣FR,F
t

]
− γ̂t

2
Varθ,V

(
Xt+1

Xt

∣∣∣FR,F
t

)
=

1

Xt

{
Eθ,V [Xt+1|FR,F

t ]− γ̂t
2Xt

Varθ,V (Xt+1|FR,F
t )

}
.

Then, Björk et al. (2014) argue that the equilibrium in the above objective is the same

as that in the following objective,

Eθ,V [Xt+1|FR,F
t ]− γ̂t

2Xt

Varθ,V (Xt+1|FR,F
t ).

However, in our settings, the optimal portfolios are different between these two objec-

tives. Our settings, therefore, should be interpreted as the adjustment of units.

We can also interpret our objective function as an approximation of a certainty

equivalent of a CRRA utility. Let

ut(x) :=

 x1−γ̂t − 1

1− γ̂t
, if γ̂t ̸= 1,

log x, if γ̂t = 1,

where γ̂t > 0 is the constant relative risk aversion coefficient at time t. Let us denote by

ct(X) the certainty equivalent of a random variable X under the probability measure

Pθ,V , that is

ct(X) := (ut)
−1
(
Eθ,V [ut(X) | FR,F

t ]
)
,

where (ut)
−1 is the functional inverse of ut. Then, it is well known that ct(X) can be

approximated as follows.

ct(Xt+1) ≈ Eθ,V [Xt+1 | FR,F
t ] +

1

2

u′′t (E
θ,V [Xt+1 | FR,F

t ])

u′t(E
θ,V [Xt+1 | FR,F

t ])
Varθ,V (Xt+1 | FR,F

t ),

where u′t and u′′t are the first and the second derivatives of ut, respectively. Now, we

assume Xt ≈ Eθ,V [Xt+1 | FR,F
t ]. Then, since ut is a CRRA utility, we have

u′′t (E
θ,V [Xt+1 | FR,F

t ])

u′t(E
θ,V [Xt+1 | FR,F

t ])
= − γ̂t

Eθ,V [Xt+1 | FR,F
t ]

≈ − γ̂t
Xt

.



Yuki Shigeta 121

Therefore, we have

ct(Xt+1) ≈ Eθ,V [Xt+1 | FR,F
t ]− γ̂t

2Xt

Varθ,V (Xt+1 | FR,F
t ).

Hence, the expectation of the discounted sum of the certainty equivalents can be ap-

proximated as follows:

Eθ,V

[
T−1∑
t=0

δtct(Xt+1)

]
≈ Eθ,V

[
T−1∑
t=0

δt
(
Eθ,V [Xt+1|FR,F

t ]− γ̂t
2Xt

Varθ,V (Xt+1|FR,F
t )

)]
.

The above approximation coincides with our objective function (4.2.1). Furthermore,

the time varying γ̂ implies that the relative risk aversion coefficient varies over time.

Note that, we assume that Xt is almost surely strictly positive for all t ≥ 0. Strictly

speaking, it does not hold when permitting short selling, whereas it holds if short

selling is not allowed. Nevertheless, we assume the strict positivity of Xt in all cases

for mathematical convenience. Furthermore, the division of the trade-off parameter by

Xt is a crucial assumption for the derivation of the explicit solution to our problem.

Without it, we can not derive the explicit solution. We again refer to this assumption

in the problem without the risk-free asset.

By the Markov property of (Ft)
T
t=0, the objective under Pθ,V can be expressed as

Eθ,V

[
T−1∑
t=0

δt
(
Eθ,V [Xt+1|FR,F

t ]− γ̂t
2Xt

Varθ,V (Xt+1|FR,F
t )

)]

= Eθ,V

[
T−1∑
t=0

δtXtct(Ft, θt, Vt, ut)

]
,

where ct : RK × Rd × Rd,d × Rd → R is a measurable function such that

ct(F, θ, V, u) = 1 + rf +
(
me(F ) + θ

)′
u− γ̂t

2
u′(A(F ) + V )u.

Now, we construct the optimization problem with multiple priors. The investor

selects the portfolio maximizing the expected utility of the worst case. This means that

the investor faces on the following maximization problem:

VT (x, f) = max
(ut)

T−1
t=0 ∈Au

T

min
(θt,Vt)

T−1
t=0 ∈Aθ,V

T

Eθ,V

[
T−1∑
t=0

δtXtct(Ft, θt, Vt, ut)

]
subject to Xt+1 =

(
1 + rf + (Re

t+1)
′ut

)
Xt, t ≥ 0, (4.2.2)

X0 = x, F0 = f,
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where Au
T is a set of admissible portfolios and Aθ,V

T is a set of admissible errors, (θt)
T−1
t=0

and (Vt)
T−1
t=0 . The set of admissible portfolios can be expressed as

Au
T =

{
u = (ut)

T−1
t=0 | u is a Rd-valued and FR,F -adapted process.

}
.

So, the investor is permitted to short sell. We later analyze the case when the investor

is prohibited from short selling.

The set of admissible errors is characterized by two inequalities. For all (θt, Vt)
T−1
t=0 ∈

Aθ,V
T , (θt)

T−1
t=0 is a Rd-valued process and (Vt)

T−1
t=0 is an Rd×d-valued process. Furthermore,

they satisfy Assumption 4.3 and

(ηθt )
2 ≥ θ′t

(
A(Ft) + Vt

)−1

θt, (4.2.3)

(ηVt )
2tr((A(Ft))

2) ≥ tr(V 2
t ), (4.2.4)

where (ηθt )
T−1
t=0 and (ηVt )

T−1
t=0 are positive FF -adopted processes and tr(A) is the trace of

matrix A.

The inequality (4.2.3) represents a confidence interval in statistics. This idea is

introduced by Garlappi et al. (2007). We can express θ′t(A(Ft) + Vt)
−1θt as

θ′t

(
Varθ,V (Rt+1|FR,F

t )
)−1

θt =(
E[Rt+1|FR,F

t ]− Eθ,V [Rt+1|FR,F
t ]

)′(
Varθ,V (Rt+1|FR,F

t )
)−1(

E[Rt+1|FR,F
t ]− Eθ,V [Rt+1|FR,F

t ]
)
,

so θ′t(A(Ft) + Vt)
−1θt is the F statistic of the estimated means in the null hypothesis

of E[Rt+1|FR,F
t ] = Eθ,V [Rt+1|FR,F

t ].

Garlappi et al. (2007) characterize this constraint of (θt)
T−1
t=0 as the confidence in-

terval of the estimated mean vector. Their discussion is justified if the return vectors

of the risky assets are i.i.d.. However, the return vectors in our model are not i.i.d.

in general. Therefore, our constraint (4.2.3) does not represent the confidence inter-

val. Since the financial models are usually estimated by using the maximum likelihood

methods, one should use the inverse of the information matrix as the covariance matrix

in our constraint (4.2.3) in order to characterize this constraint as the confidence inter-

val. However, in this chapter, we use this constraint, similar to Garlappi et al. (2007),

to reduce the mathematical complexity.
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The inequality (4.2.4) can be expressed as

ηVt ≥ tr(V 2
t )

tr((A(Ft))2)
=

∥Varθ,V (Rt+1|FR,F
t )− Var(Rt+1|FR,F

t )∥2

∥Var(Rt+1|FR,F
t )∥2

,

for all t ≥ 0. Therefore, (ηVt )
T−1
t=0 represents the upper boundary of the ratio of the least

square error to the conditional variance. Ledoit and Wolf (2003) consider the shrinkage

estimator minimizing the following objective:

min
α

tr
(
(Σ̂(α)− Σ)2

)
= min

α
∥Σ̂(α)− Σ∥2,

where Σ is an actual covariance matrix of returns and Σ̂(α) is a shrunk estimated

covariance matrix depending on the parameter α. We use the above objective in the

inequality (4.2.4). Therefore, the inequality (4.2.4) represents the upper boundary of

the objective in Ledoit and Wolf (2003).

As in the case of a unique prior, we can apply the dynamic programming procedure

to the optimization problem (4.2.2).

Theorem 4.5 Let (Y T
t )T−1

t=0 be a sequence of random variables, such that

Y T
T−1 = max

uT−1∈Rd
min

(θT−1,VT−1)∈Aθ,V
T |T−1

T−1

{cT−1(FT−1, θT−1, VT−1, uT−1)} ,

Y T
t = max

ut∈Rd
min

(θt,Vt)Aθ,V
T |tt

{
ct(Ft, θt, Vt, ut) + δ Eθ,V

[
Y T
t+1(1 + rf + (Re

t+1)
′ut)

∣∣∣ FR,S
t

]}
,

for all 0 ≤ t ≤ T − 2, where Aθ,V
T |tt is a set of t-th elements in Aθ,V

T . Then, the above

random sequence exists, and

VT (x, f) = E
[
Y T
0 | F0 = f

]
x, x ∈ R, f ∈ RK .

Furthermore, the optimal portfolio process (u∗t )
T−1
t=0 derived by the above dynamic pro-

gramming is time-consistent.

The explicit solution is provided by the following proposition.

Proposition 4.6 Let

Y T
T = 0,

me
t = E

[
(1 + δY T

t+1)(µ(Ft+1)− rf1d)|FR,F
t

]
, get = 1 + δ E

[
Y T
t+1|F

R,F
t

]
,

aet = (me
t)

′
(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

me
t ,
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for all 0 ≤ t ≤ T − 1. Then, (Y T
t )T−1

t=0 in Theorem 4.5 can be expressed as

Y T
t = (1 + rf)g

e
t +

((
√
aet − |get |ηθt )+)2

2γ̂t
,

and the optimal portfolio is

u∗t =
1

γ̂t

(
1− |get |ηθt√

aet

)+ (
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

me
t . (4.2.5)

The proofs of Theorem 4.5 and Proposition 4.6 are in Section 4.B. By the construc-

tion, (Y T
t )T−1

t=0 is FF -adapted. Furthermore, if γ̂t, η
θ
t and ηVt depend only on the value

of Ft for all 0 ≤ t ≤ T − 1, Y T
t also depends only on the value of Ft. Therefore, we can

easily compute it numerically using the Markov property of (Ft)
T
t=0.

The optimal portfolio (4.2.5) is similar to the ambiguity averse minimum-variance

portfolio by Pınar (2014). However, the multiple priors for mean and variance affects

the portfolio (4.2.5) whereas the ambiguity averse minimum-variance portfolio is only

affected by the multiple priors for mean. Therefore, the ambiguity averse minimum-

variance portfolio is a special case of our portfolios.

Note that, we obtain similar results to Proposition 4.6 even if rf varies over time.

Let rf,t+1 be a time-varying risk-free rate at time t+ 1 such that

rf,t+1 = h(Ft), t ≥ 0,

where h is a measurable function from RK onto R. The reason why the risk-free rate at

time t+ 1 depends on the value of Ft is that the risk-free rate needs to be determined

before investment decision. Then, the following portfolio uTV ∗
t is optimal.

uTV ∗
t =

1

γ̂t

(
1− |gTV et |ηθt√

aTV et

)+ (
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

mTV e
t ,

where

Y TV T
T = 0, mTV e

t = E
[
(1 + δY TV T

t+1 )(µ(Ft+1)− h(Ft)1d)|FR,F
t

]
,

gTV et = 1 + δ E
[
Y TV T
t+1 |FR,F

t

]
, aTV et = (mTV e

t )′
(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

mTV e
t ,

Y TV T
t = (1 + h(Ft))g

TV e
t +

((
√
aTV et − |gTV et |ηθt )+)2

2γ̂t
.
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It is clear that Y TV T
t is FR,F

t -measurable for all t ≥ 0. In addition, uTV ∗ is admissible.

The proof is similar to that of Proposition 4.6, so we omit it. The above result indicates

that if the movement of rf,t is independent of ϵt, then the optimal portfolio with the

constant risk-free rate can be naturally extended into the optimal portfolio with the

time-varying risk-free rate.

We next consider an optimization problem with multiple priors without the risk-free

asset. In this case, the investor’s wealth updating formula is

Xt+1 =
(
1 + (Rt+1)

′ut

)
Xt, 0 ≤ t ≤ T − 1,

where ut satisfies 1
′
dut = 1. The objective can be expressed as

Eθ,V

[
T−1∑
t=0

δt
(
Eθ,V [Xt+1|FR,F

t ]− γ̂t
2Xt

Varθ,V (Xt+1|FR,F
t )

)]

= Eθ,V

[
T−1∑
t=0

δtXtĉt(Ft, θt, Vt, ut)

]
,

where ĉt : RK × Rd × Rd,d × Rd → R is a measurable function such that

ĉt(F, θ, V, u) = 1 +
(
m(F ) + θ

)′
u− γ̂t

2
u′(A(F ) + V )u.

Hence, the objective without the risk-free asset has the same form as the objective

with the risk-free asset. This implies that Theorem 4.5 can be applied to the problem

without the risk-free asset.

The optimization problem without the risk-free asset is formulated as

V worf
T (x, f) = max

(ut)
T−1
t=0 ∈Ãu

T

min
(θt,Vt)

T−1
t=0 ∈Aθ,V

T

Eθ,V

[
T−1∑
t=0

δtXtĉt(Ft, θt, Vt, ut)

]
subject to Xt+1 =

(
1 + (Rt+1)

′ut

)
Xt, t ≥ 0, (4.2.6)

X0 = x, F0 = f,

where the set of admissible portfolios Ãu
T is

Ãu
T =

{
u = (ut)

T−1
t=0 | u is a Rd-valued and FR,F -adapted process and 1′

dut = 1
}
.

The following proposition provides the optimal portfolios and the value functions.
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Proposition 4.7 For all 0 ≤ t ≤ T − 1, let

Ŷ T
T = 0,

gt = 1 + δ E[Ŷ T
t+1 | F

R,F
t ], mt = E

[
(1 + δŶ T

t+1)µ(Ft+1) | FR,F
t

]
,

aworft = m′
t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

mt, cworft = m′
t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

1d,

bworft = 1′
d

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

1d, dworft = aworft bworft − (cworft )2,

Ŷ T
t = gt +

cworft − (γ̂t + |gt|ηθt /ψ∗
t )

bworft

+
γ̂t
2
(ψ∗

t )
2,

where ψ∗
t is a unique positive solution of the polynomial equation.

bworft (ψ∗
t )

2 =
dworft

(γ̂t + |gt|ηθt /ψ∗
t )

2
+ 1. (4.2.7)

Then, the value function is

V worf
T (x, f) = E[Ŷ T

0 | F0 = f ]x, (x, f) ∈ R+ × RK ,

and the time-consistent optimal portfolio is

u∗t =
1

γ̂t + |gt|ηθt /ψ∗
t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1
(
mt −

cworft − (γ̂t + |gt|ηθt /ψ∗
t )

bworft

1d

)
,

for all 0 ≤ t ≤ T − 1.

The proof of Proposition 4.7 is in Section 4.C. The equation (4.2.7) is essentially the

same as the equation (A11) in Garlappi et al. (2007), so it must have a unique positive

solution by Garlappi et al. (2007). We give the details of the proofs of the existence of

the unique positive solution to the equation (4.2.7) in Section 4.C.

The main difference between Garlappi et al. (2007) and our model is the covariance

matrix. The optimal solution in Garlappi et al. (2007) can be regarded as the case

when ηVt is zero in our solution. In our case, the multiple priors for covariance affects

the optimal portfolio.

The division of γ̂t by Xt has an important role in the problem without the risk-free

asset. Without this division, we can not derive the explicit solution since the solution

of the polynomial (4.2.7) depends on the value of Xt. This implies that the t-step

value function Ŷ T
t , also depends on the value of Xt. Then, it is difficult to compute
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the conditional expected value of Ŷ T
t given FR,F

t−1 under the probability measure Pθ,V .

Hence, the trade-off parameter’s division by the wealth is crucial.

Now we introduce a short-selling constraint. Let Ãu
+T be a set of admissible portfo-

lios with a short-selling constraint such that

Ãu
+T =

{
u = (ut)

T−1
t=0 | u is a Rd-valued and FR,F -adapted process, 1′dut = 1 and ut ∈ Rd+

}
.

Then, the dynamic optimization problem with a short-selling constraint can be ex-

pressed as

V worf
+T (x, f) = max

(ut)
T−1
t=0 ∈Ãu

+T

min
(θt,Vt)

T−1
t=0 ∈Aθ,V

T

Eθ,V

[
T−1∑
t=0

δtXtĉt(Ft, θt, Vt, ut)

]
subject to Xt+1 =

(
1 + (Rt+1)

′ut

)
Xt, t ≥ 0, (4.2.8)

X0 = x, F0 = f.

Then, the following proposition holds.

Proposition 4.8 For all 0 ≤ t ≤ T − 1, let

Ŷ +T
T = 0,

g+t = 1 + δ E[Ŷ +T
t+1 | FR,F

t ], m+
t = E

[
(1 + δŶ +T

t+1 )µ(Ft+1) | FR,F
t

]
,

Ŷ +T
t = max

ut∈C+

min
(θt,Vt)∈Aθ,V

T |tt

{
g+t +

(
m+
t + g+t θt

)′
ut −

γ̂t
2
u′t

(
A(Ft) + Vt

)
ut

}
,

where C+ is a set of portfolios such that

C+ =
{
ϕ ∈ Rd

+

∣∣∣ 1 = 1′
dϕ.
}
.

Then, the value function is

V worf
+T (x, f) = E[Ŷ +T

0 | F0 = f ]x,

and the optimal portfolio at time t is

u∗t = arg max
ut∈C+

min
(θt,Vt)∈Aθ,V

T |tt

{
g+t +

(
m+
t + g+t θt

)′
ut −

γ̂t
2
u′t

(
A(Ft) + Vt

)
ut

}
.
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The proof of Proposition 4.8 is in Section 4.C. The t stage problem,

max
ut∈C+

min
(θt,Vt)∈Aθ,V

T |tt

{
g+t +

(
m+
t + g+t θt

)′
ut −

γ̂t
2
u′t

(
A(Ft) + Vt

)
ut

}
,

can be rewritten as follows,

max
ut∈C+

min
(θt,Vt)∈Aθ,V

T |tt

{
g+t +

(
m+
t + g+t θt

)′
ut −

γ̂t
2
u′t

(
A(Ft) + Vt

)
ut

}
=

max
ut∈C+

{
g+t + (m+

t )
′ut −

γ̂t
2
u′t

(
A(Ft) + ηt∥A(Ft)∥Id

)
ut − |g+t |ηθt

√
u′t

(
A(Ft) + ηt∥A(Ft)∥Id

)
ut

}
.

Therefore, the solution to the above problem exists since the above objective is con-

tinuous in ut.

4.3 Limiting Behaviors

In this section, we study limiting behaviors of optimal portfolios. We have postulated

that the parameters (γ̂t)
T−1
t=0 , (η

θ
t )
T−1
t=0 , and (ηVt )

T−1
t=0 are non-negative. We therefore con-

sider the behaviors of the optimal portfolios when these parameters go to infinity.

We first consider the optimal portfolio with the risk-free asset. By Proposition 4.6,

the optimal portfolio with the risk-free asset is

u∗t =
1

γ̂t

(
1− |get |ηθt√

aet

)+ (
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

me
t ,

for all t ≥ 0. Then, me
t and g

e
t are determined independently of the values of γ̂t, η

θ
t and

ηVt . a
e
t can be expressed as

aet = (me
t )

′
(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

me
t

=
1

ηVt
(me

t)
′
( 1

ηVt
A(Ft) + ∥A(Ft)∥Id

)−1

me
t ,

therefore, aet → 0 as ηVt → ∞. This implies that for any fixed γ̂t and η
θ
t ,

lim
ηVt →∞

u∗t = 0d.

So, if the investor has absolutely no confidence in the estimated conditional variance,

she quits investing in the risky assets. Similarly, if ηθt → ∞, then

lim
ηθt→∞

(
1− |get |ηθt√

aet

)+

= 0
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for any fixed ηVt . Therefore, u
∗
t converges to 0d when η

θ
t tends to infinity. These behav-

iors are natural since the investor with strong doubts of the correctnesses of the risky

assets’ parameters prefers investing in the risk-free asset which yields a deterministic

return rf . Thus, the effects of multiple priors are similar to the risk-averse behavior

if the risk-free asset is present. However, with the absence of risk-free asset, limiting

portfolios are two famous portfolios, namely, the global minimum-variance portfolio and

the equally weighted portfolio.

Proposition 4.9

1. With the risk-free asset. If γ̂t, η
θ
t or ηVt tends to infinity, then the investor invests

all wealth in the risk-free asset.

2. Without the risk-free asset.

(a) If γ̂t or η
θ
t tends to infinity and if ηVt is fixed, then the investor invests in the

global minimum-variance portfolio under Pθ,V , that is

lim
ηθt or γ̂t→∞

u∗t =
1

1′
d

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

1d

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

1d,

when permitting short selling. When short selling is not allowed, then the

optimal portfolio again converges to the global minimum-variance portfolio.

lim
ηθt→∞

u∗t = u+GMV
t := arg min

u∈C+

{
u′
(
A(Ft) + ηVt ∥A(Ft)∥Id

)
u
}
.

(b) If ηVt tends to infinity, then the investor invests in the equally weighted

portfolio whether short selling is allowed or not, that is,

lim
ηVt →∞

u∗t =
1

d
1d.

Proof By Proposition 4.7, the optimal portfolio without the risk-free asset is

u∗t =
1

γ̂t + |gt|ηθt /ψ∗
t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1
(
mt −

cworft − (γ̂t + |gt|ηθt /ψ∗
t )

bworft

1d

)
,
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where

aworft = m′
t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

mt, cworft = m′
t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

1d,

bworft = 1′
d

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

1d, dworft = aworft bworft − (cworft )2,

and ψ∗
t is the unique solution of the following quartic equation,

bworft (ψ∗
t )

2 =
dworft

(γ̂t + |gt|ηθt /ψ∗
t )

2
+ 1.

Similar to the case with the risk-free asset, mt and gt are determined independently of

the values of γ̂t, η
θ
t and ηVt , so we can regard them as constants. To study the limiting

behavior of u∗t , it is important to use the quartic equation for ψ∗
t .

The quartic equation can be transformed as follows:(
γ̂t +

|gt|ηθt
ψ∗
t

)2

=
dworft

bworft (ψ∗
t )

2 − 1
. (4.3.1)

The benefit of the above expression is that it separates the terms depending on ηθt and

ηVt . In addition, (
γ̂t +

|gt|ηθt
ψ∗
t

)2

=
dworft

bworft (ψ∗
t )

2 − 1
≥ γ̂2t > 0, (4.3.2)

for all γ̂t, η
θ
t , and ηVt . For any fixed γ̂t and ηVt , two limits of the equation (4.3.1) as

ηθt → ∞ can be expected. One is some positive constant C > 0. Then, we have

lim
ηθt→∞

(
γ̂t +

|gt|ηθt
ψ∗
t

)2

= lim
ηθt→∞

dworft

bworft (ψ∗
t )

2 − 1
= C.

The right equality follows that

lim
ηθt→∞

ψ∗
t = C1

for some constant C1 > 0. However, this implies

lim
ηθt→∞

(
γ̂t +

|gt|ηθt
ψ∗
t

)2

= ∞.

Hence it is a contradiction. Therefore, the equation (4.3.1) diverges when ηθt tends to

infinity. Indeed,

lim
ηθt→∞

dworft

bworft (ψ∗
t )

2 − 1
= ∞

implies that (ψ∗
t )

2 → 1/bworft . Then,

lim
ηθt→∞

(
γ̂t +

|gt|ηθt
ψ∗
t

)2

= ∞.
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This is consistent. Therefore, the limiting portfolio with respect to ηθt is

lim
ηθt→∞

u∗t =
1

bworft

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

1d.

This limiting portfolio is the global minimum-variance portfolio under Pθ,V .

We consider the limiting behavior with respect to ηVt . d
worf
t and bworft can be ex-

pressed as

dworft =
1

(ηVt )
2
dηt , lim

ηVt →∞
dηt = d0 > 0,

bworft =
1

ηVt
bηt , lim

ηVt →∞
bηt = b0 > 0.

Then, the RHS in the equation (4.3.1) becomes

dworft

bworft (ψ∗
t )

2 − 1
=

dηt

bηt η
V
t

(
(ψ∗

t )
2 − ηVt /b

η
t

) .
We first assume that the LHS in the equation (4.3.1) diverges, that is,

lim
ηVt →∞

(
γ̂t +

|gt|ηθt
ψ∗
t

)2

= ∞.

This implies that ψ∗
t converges to 0 when ηVt → ∞. However, for the RHS in the

equation (4.3.1),

lim
ηVt →∞

dηt

bηt η
V
t

(
(ψ∗

t )
2 − ηVt /b

η
t

) = 0.

This is a contradiction. It follows that there exists some positive constant C2 > 0 such

that

lim
ηVt →∞

dηt

bηt η
V
t

(
(ψ∗

t )
2 − ηVt /b

η
t

) = C2.

Then, ηVt

(
(ψ∗

t )
2 − ηVt /b

η
t

)
→ C3 for some positive constant C3 > 0 as ηVt → ∞. This

implies that ψ∗
t diverges. Then the LHS in the equation (4.3.1) also converges to γ̂2t , so

it is consistent with our expectation.

By the definition, it holds that

lim
ηVt →∞

cworft

bworft

= C4,

for some constant C4. Furthermore, we have

lim
ηVt →∞

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

x = 0d,
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for any x ∈ Rd. Moreover, γ̂t + |gt|ηθt /ψ∗
t converges to γ̂t as η

V
t → ∞. Hence,

lim
ηVt →∞

1

γ̂t + |gt|ηθt /ψ∗
t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1
(
mt −

cworft

bworft

1d

)
= 0d.

On the other hand,

lim
ηVt →∞

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

1d

bworft

= lim
ηVt →∞

(
A(Ft)/η

V
t + ∥A(Ft)∥Id

)−1

1d

1′
d

(
A(Ft)/ηVt + ∥A(Ft)∥Id

)−1

1d

=
1

d
1d.

Finally, it holds that

lim
ηVt →∞

u∗t =
1

d
1d.

Hence, the limiting portfolio as ηVt → ∞ is the equally weighted portfolio.

In the case when short selling is not allowed, it holds that u∗t → 1d/d as ηVt → ∞

since 1d/d is an interior point of C+. When ηθt → ∞,

lim
ηθt→∞

u∗t = u+GMV
t = arg min

u∈C+

{
u′
(
A(Ft) + ηVt ∥A(Ft)∥Id

)
u
}
,

since the objective function is proportional to

1

ηθt
(m+

t )
′ut −

γ̂t
2ηθt

u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut − |g+t |

√
u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut

and the effects of the first two terms become small when ηθt becomes large. 2

Interestingly, the optimal portfolio u∗t also converges to the equally weighted port-

folio when ηVt → ∞ and ηθt = 0. This means that the investor chooses the equally

weighted portfolio under the strong uncertainty for variance even if she believes that

the errors of the estimated conditional expected returns do not exist. Therefore, we

conclude that the uncertainty about variances has a stronger impact on the investor’s

portfolio selection than the uncertainty about means.

However, the above result slightly differs from natural intuition. The readers may

think that the investor tends to choose the asset having the highest expected return

if the degree of suspicion for variances ηVt , is sufficiently large. This question can be

resolved through the inequality constraint (4.2.3). If ηVt is sufficiently large, then the

error of variance Vt, is also large. This implies that

θ′t

(
A(Ft) + Vt

)−1

θt
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is very close to 0. Then, the mean errors θt in the investor’s belief can take an arbitrary

value if ηV → ∞. Therefore, the investor’s worst scenario is that the means take large

negative values which are the same across all risky assets. Hence, the investor chooses

the equally weighted portfolio if ηV → ∞.

Without the risk-free asset, the limiting case ηθt → ∞ is the same as the special case

of the 2-norm-constrained optimal portfolio in DeMiguel et al. (2009a). However, our

framework admits dynamic changes of covariance, so the conditional covariance matrix

appears in the limiting portfolio, whereas the unconditional covariance matrix appears

in DeMiguel et al. (2009a) since they consider the static optimization.

Unfortunately, without the risk-free asset, the limiting strategies are not applicable

straightforwardly since the value functions diverge. These limiting portfolios are only

admissible in the initial period of the investment horizon. However, if ηθt and ηVt are

sufficiently large, then the optimal portfolios are very similar to the limiting portfolios,

so we can use the optimal portfolios with large ηθt and ηVt as proxies of the limiting

portfolios. In Section 4.4, we study the cases of large ηθt and ηVt .

Remark 4.10 As mentioned below, in a limiting case, Pflug et al. (2012) reach es-

sentially the same conclusion as us, although there are several differences. Pflug et al.

(2012) show that as a model uncertainty measured by the Kantorovich metric increases,

an optimal portfolio in a mean-standard-deviation optimization problem converges to

the equally weighted portfolio. Specifically, Pflug et al. (2012) consider the following

problem:2

max
u

min
Q: d2(P,Q)≤κ

{
EQ[X]− γ

2

√
VarQ(X)

}
,

subject to X = R′u, (4.3.3)

1 = 1′
du,

where d2 is the Kantorovich metric with order 2, and R is a risky assets’ return vector.

γ is a non-negative trade-off parameter between returns and risks. EQ and VarQ are

expectation and variance operators under a probability measure Q, respectively. κ is a

2We modify the original problem in Pflug et al. (2012) for this to take the same form as in this
chapter. It can be easily seen that the problem (4.3.3) is equivalent to the original problem in Pflug
et al. (2012).
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non-negative constant that represents a degree of uncertainty. Pflug et al. (2012) show

that the solution to the problem (4.3.3) converges to the equally weighted portfolio as

κ→ ∞.

One of the differences between our model and the model in Pflug et al. (2012) is

the measure of uncertainty. Pflug et al. (2012) adopts the Kantorovich metric, while

it is a mathematically sophisticated concept of a distance among probability measures,

it is usually hard to compute, and it is not usually used in practice. In contrast, our

measures of uncertainty are a confidence interval around means and a relative error of

covariances, which are widely used in practice and easy to compute.

Another difference between our model and the model in Pflug et al. (2012) is the

objective function. Let us assume T = 1 in our model, so we consider a static problem.

In order to apply the approach of Pflug et al. (2012) to our objective function, we need

to replace the term of the standard deviation in (4.3.3) to the variance, that is

max
u

min
Q: d2(P,Q)≤κ

{
EQ[X]− γ

2
VarQ(X)

}
,

subject to X = R′u, (4.3.4)

1 = 1′
du.

However, since the objective function in the problem (4.3.4) does not satisfy the as-

sumptions in Proposition 1 in Pflug et al. (2012), we can not use the results of Pflug

et al. (2012). Therefore, the solution to the problem (4.3.4) may not converge to the

equally weighted portfolio. For details about this discussion, we also refer to Wozabal

(2014).

Considering a unique prior case (i.e., κ = 0), we can easily show that the solution to

the problem (4.3.3) is proportional to the solution to the problem (4.3.4). However, the

trade-off parameter γ has different implications in these problems. As seen in Section

4.2, in our model, we can regard γ as a coefficient of (absolute) risk aversion. On the

other hand, economic implication of γ in the problem (4.3.3) is not clear.

Finally, we adopt dynamic mean-variance optimization, whereas the model in Pflug

et al. (2012) is static. Therefore, our model allows an investment strategy that changes

portfolios in reaction to the state variable Ft. In Section 4.4, we will see that this
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investment strategy often performs well in practice.

4.4 Optimality of Naive Investment Strategies in

Back Tests

In this section, we conduct back tests of dynamic optimization with multiple priors.

We use the following three data sets.

1. International Equity Indexes. The four MSCI indexes: US, Japan, UK, and

Germany. Each index is month-end US-dollar valued. The data source is the

Thomson Reuters Datastream.

2. Industry Indexes. The five monthly returns of industry indexes in the US stock

market: Consumer, Manufacture, HiTechnology, Health, and Others. The data

source is the Kenneth French’s web site.

3. Size- and Value-Sorted Portfolios. The six monthly returns of the 2×3 size-

and book-to-market-sorted portfolios in the US stock market by Fama and French

(1993). The data source is the Kenneth French’s web site.

We also use monthly returns of 90-day US treasury bill from the Thomson Reuters

Datastream as risk-free rates. Each dataset consists of monthly returns from January

1975 to December 2014. In order to focus on the diversification within the risky assets,

we consider the asset allocations without the risk-free asset and compare out-of-sample

Sharpe ratios.

4.4.1 Methodology of the Back Tests

In each dataset, we assume that the return vector is modeled by a two-state, recursive

and time-homogeneous Markov regime-switching model, such that

Rt+1 = µ(Ft+1) + σ(Ft+1)ϵt+1, t ≥ 0,

where (Ft)
T
t=0 is a two-state, recursive and time-homogeneous Markov chain. (Ft)

T
t=0

and (ϵt)
T
t=1 are mutually independent. The transition probability matrix of (Ft)

T
t=0 is



136 Regime Switching and Asset Allocation

constant over time by the time-homogeneity of (Ft)
T
t=0. This model satisfies Assumption

4.1.

We assume that one of the states of Ft is a “good state” and another state is a

“bad state”. Whether the market condition is good or bad is determined by the values

of conditional means and variances of the return vectors. Consider the state in which

more than half of means and reciprocals of variances are larger than those in another

state. We call this state the “good state” and call the other state the “bad state”. If

these values are the same, as the good state we choose the state in which the sum of

the marginal conditional means is larger than that in the other state.

We consider two types of investors. The first type assumes that the returns of the

indexes are not regime switching. This type of investor always considers the mean

and variance of the returns are constants. We call this type “IID”. The second type

assumes that the returns are driven by the Markov chain (Ft)
T
t=0. Hence, this type of

investor assumes that the conditional mean and variance of the returns vary over the

time. We call this type “RS”. The IID and RS investors compute their portfolios using

the dynamic optimization without the risk-free asset proposed in Propositions 4.7 and

4.8.

As for the preference parameters, γ̂t and δ are constant over time and states. We set

γ̂t = 1 and δ = 0.99. To study the effect of the multiple priors, we consider six different

values of (ηθt = 0, 1, 2, 3, 4, 5) and five different values of (ηVt = 0.0, 0.5, 1.0, 3.0, 5.0).

These parameters are fixed over time and states. Furthermore, we also consider two

different cases: the one in which short selling is permitted and the one in which it is not

permitted. Therefore, we compute 6×5×2 portfolios for each investor type. The large

ηθt and ηVt represent strong degrees of suspicion of investors, so we can compare the

investors with different levels of suspicion. As benchmarks, we also consider the equally

weighted portfolio (EW), the portfolio maximizing the single-period empirical Sharpe

ratio (max SR), and the single-period global minimum-variance portfolio (GMV). In

addition, we use the value-weighted portfolio (VW) as one of the benchmarks for the

industry indexes and the size- and value-sorted portfolios data set3. Note that the IID

3Unfortunately, we can not obtain the data of the market values of the US dollar-based MSCI
indexes. So, we compute the value-weighted portfolio only for the abovementioned two data sets
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investor’s max SR at time t maximizes the following objective function:

fIID(u) :=
µ′u− rf,t√

u′Σu
,

where µ and Σ are sample mean and variance of returns and rf,t is the risk-free rate at

time t. On the other hand, the RS investor’s max SR at time t with the state Ft = i

maximizes the following objective function,

fRS(u) :=
µ′
iu− rf,t√
u′(σiσ

′
i)u

,

where µi and σiσ
′
i are estimated mean and variance of returns at state i. By the above

definition, max SR delivers the largest Sharpe ratio without estimation errors.

Furthermore, we consider the following six extreme strategies. In these six strategies,

ηθt and η
V
t take different values in the different states of Ft. The first strategy is “GMV

in the good state and EW in the bad state” (GMV-EW). Under this strategy, the

investor invests in the global minimum-variance portfolio in the state of good market

condition and in the equally weighted portfolio in the state of bad market condition.

This strategy can be interpreted as the optimal portfolio when ηVt = 0 and ηθt tends to

infinity in the good state and when ηVt tends to infinity in the bad state. The second

strategy is “EW in the good state and No Error in the bad state” (EW-NE). Under

this strategy, the investor invests in the equally weighted portfolio in the good state

and in the optimal portfolio of Proposition 4.7 and 4.8 with ηθt = ηVt = 0 in the bad

state. This strategy can be interpreted as the optimal portfolio when ηVt = 0 and ηθt

tends to infinity in the good state and when ηθt and η
V
t are 0 in the bad state. The third

strategy is “GMV in the good state and No Error in the bad state” (GMV-NE). Under

this strategy, the investor invests in the global minimum-variance portfolio in the good

state and in the optimal portfolio with ηθt = ηVt = 0 in the bad state. This strategy

can be interpreted as the optimal portfolio when ηVt = 0 and ηθt tends to infinity in the

good state and when ηθt and ηVt are 0 in the bad state. The rest of the strategies are

the reverse strategies of the above three strategies “EW in the good state and GMV

in the bad state” (EW-GMV), “No Error in the good state and EW in the bad state”

(NE-EW), and “No Error in the good state and GMV in the bad state” (NE-GMV).

The abbreviations and the six extreme strategies are summarized in Table 4.1.



138 Regime Switching and Asset Allocation

In the back tests, each investor needs to estimate the distribution parameters from

the data. The rolling window of estimation is fixed to 240 months. At each time, the IID

investor computes the sample mean and variance of the data over the past 240 months

from current time. Similarly, the RS investor estimates the distribution parameters

using the data over the past 240 months from current time. The RS investor estimates

the parameters by the EM algorithm proposed by Hamilton (1990). At the time when

t months have passed after the start of investment, the investors compute the optimal

plans of the portfolios for 240 − t periods and invest in their optimal portfolios in

the initial period. For example, suppose that the investors would like to decide the

portfolios in January 2000. They first compute the optimal portfolio plans for 180

months, from January 2000 to December 2014. Then, they invest in the portfolios in

the initial period in January 2000.

However, the RS investors can not determine their portfolios since the state variable

F in actual data is not observable. To determine their portfolios, they regard the state

having the highest conditional probability as the current state, that is, the current state

at time t is the following it,

it = arg max
i∈{1,2}

P(Ft is in the i th state. | R1, R2, . . . , Rt),

where Rs is the return vector of the indexes at time s = 1, . . . , t.

The optimality of the portfolios derived in Proposition 4.7 and 4.8 are not guaranteed

in the above rolling-window approach. However, in general, investors usually choose

their portfolios based on the latest information. Moreover, the existing literature (e.g.,

Garlappi et al. (2007) and DeMiguel et al. (2009b)) adopts the rolling-window approach.

For these reasons, we also use this approach.

4.4.2 Results of the Back Tests

Tables 4.2, 4.3, and 4.4 display the out-of-sample Sharpe ratios obtained from the back

tests. In all data sets, the extreme strategies tend to deliver larger Sharpe ratios.

In the international diversification (Table 4.2), max SR has larger Sharpe ratios

than the other typical portfolios, GMV and EW, in all cases (whether the investor type

is IID or RS and with or without permitting short selling). When permitting short
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selling, max SR of the IID investor has the largest Sharpe ratio (0.1014) except for the

extreme strategies. However, the IID investor’s optimal portfolio with ηθt = 0.0 and

ηVt = 5.0 when not permitting short selling delivers the largest Sharpe ratio (0.1081)

among all portfolios. Also, the Sharpe ratios when short selling is not permitted tend

to be larger than those when it is permitted. This is consistent with the well-known

results of Jagannathan and Ma (2003), which states that a short-selling constraint can

improve the investment performance.

According to Table 4.2, the two extreme strategies, GMV-EW and GMV-NE, have

good performances whether short selling is permitted or not. GMV-EW with short

selling delivers the largest Sharpe ratio (0.1032) among the portfolios with short selling.

On the other hand, GMV-NE without short selling has the second largest Sharpe ration

(0.1078) among all portfolios. Furthermore, the Sharpe ratios of GMV-EW without

short selling and GMV-NE with short selling, 0.0922 and 0.0891 respectively, are not

small. Among the typical portfolios (max SR, GMV, and EW) and the typical extreme

strategies (GMV-EW and EW-GMV), GMV-EW when permitting short selling has the

largest Sharpe ratio. Taking into account the simplicity of computation, GMV-EW

when permitting short selling works effectively.

Table 4.3 reports the results of the industry indexes data set. According to Table

4.3, GMV has larger Sharpe ratio than max SR, EW and VW in all cases. Precisely, the

IID investor’s GMV with short selling has the largest Sharpe ratio among all portfolios.

Among portfolios without short selling, the RS investor’s GMV has the largest Sharpe

ratio. However, the two extreme strategies, GMV-EW and EW-GMV, are not so bad

either. Both of GMV-EW and EW-GMV defeat max SR, EW, and VW regardless of

whether short selling is permitted or not. Comparing GMV-EW and EW-GMV, EW-

GMV performs better than GMV-EW.When short selling is permitted, the Sharpe ratio

of GMV-EW is 0.2234, whereas the Sharpe ratio of EW-GMV is 0.2564. Without short

selling, the Sharpe ratio of GMV-EW is 0.2281, whereas the Sharpe ratio of EW-GMV

is 0.2473.

Table 4.4 reports the results of the size- and value-sorted portfolios data set. The IID

investor’s optimal portfolio with ηθt = 1.0 and ηV = 0.0 when permitting short selling
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has the largest Sharpe ratio (0.3406) among all portfolios. On the other hand, similar

to the industry indexes data set, GMV has a larger Sharpe ratio than max SR, EW, and

VW in all cases. Furthermore, regardless of whether permitting short selling or not,

GMV-EW defeats max SR, EW, VW, and GMV, except for the IID investor’s GMV.

Precisely, GMV-EW has the largest Sharpe ratio (0.2336) among portfolios without

short selling.

In summary, GMV-EW and GMV tend to perform well in all data sets. DeMiguel

et al. (2009b) report relatively good performances of GMV, so our results are consistent

with their results. Unlike DeMiguel et al. (2009b), EW is less efficient in our data sets.

However, GMV-EW delivers larger Sharpe ratio in the international indexes data set

when short selling is permitted and in the size- and value-sorted portfolios data set when

short selling is not permitted. Furthermore, GMV-EW defeats max SR in the industry

indexes data set regardless of whether permitting short selling or not. Therefore, EW

is efficient under particular situations and GMV-EW effectively uses the efficiency of

EW.

Note that the IID investor’s max SRs deliver larger Sharpe ratios than the RS

investor’s max SRs in all cases. One explanation of this result is the difference between

the objective functions. The RS investor’s max SR maximizes the conditional Sharpe

ratio whereas the IID investor’s max SR maximizes the unconditional Sharpe ratio.

Since our back tests compute out-of-sample Shape ratios, which are sample analogs of

the unconditional Sharpe ratio, it is not surprising that the IID investor’s max SRs

perform better than the RS investor’s max SRs.

As seen in Section 4.3, the extreme strategies can not be justified by our framework

since the value functions also diverge. However, optimal portfolios with sufficiently

large ηθt and ηVt will work as extreme strategies. We show behaviors of the optimal

portfolios with sufficiently large ηθt and ηVt .

We consider the following metrics from the optimal portfolios of EW and GMV:

∥u∗t∥GMV := ∥u∗t − uGMV
t ∥, ∥u∗t∥EW := ∥u∗t − 1d/d∥,

where u∗t is the optimal portfolio at time t. These metrics represent the root square



Yuki Shigeta 141

errors from EW and GMV, so we call these the portfolio errors from EW and GMV.

Figure 4.1 shows the portfolio errors of the international indexes data set from EW and

GMV in the case when short selling is permitted. From the upper figures in Figure 4.1,

we see that the high ηθt reduces the portfolio errors from GMV for both IID and RS

investors. Similarly, the lower figures in Figure 4.1 show that the high ηVt reduces the

portfolio errors from EW for the both investors4. This observation is consistent with

our theoretical results in Section 4.3.

Figure 4.1 suggests that the optimal portfolios with sufficiently large ηθt and ηVt

can be good proxies for the extreme strategies. We try to approximate GMV-EW and

EW-GMV by these optimal portfolios. We denote these approximated portfolios by

mGMV-EW and mEW-GMV. The first letter m means mimicking extreme strategy.

Table 4.5 reports the Sharpe ratios of the optimal portfolios with sufficiently large

ηθt and ηVt . The second, third, fourth, and fifth columns are the specific values of ηθt

and ηVt of the mimicking strategies. In Table 4.5, the averages of the root square errors

of the mimicking strategies from the (original) extreme strategies are sufficiently small

in all the data sets. This implies that the mimicking strategies are good proxies for the

extreme strategies. Consequently, the mimicking strategies’ Sharpe ratios are close to

the original extreme strategies’ Sharpe ratios. Hence, we conclude that the investors

can asymptotically justify the extreme strategies and exploit the portfolio selections

that are extremely robust to the estimation errors.

GMV-EW and GMV-EW are very simple strategies, which means investing in the

global minimum-variance portfolio or the equally weighted portfolio with respect to the

market condition. These strategies seem to be naive and ad hoc, but they are one of

the results of the plausible portfolio optimization; For GMV-EW, the investor assumes

that the estimates of the conditional mean in economic booming and the conditional

variance in recession are not credible at all, whereas for EW-GMV, she assumes that

the estimated variances in economic booming and the estimated means in recession are

not credible. Therefore, the investor chooses GMV-EW or EW-GMV as the extremely

robust portfolio to estimation errors.

4In the lower figures in Figure 4.1, we fix ηθt = 5. Since the portfolio errors from EW with ηθt = 1
is larger than those with ηθt = 5, we do not report the results of ηθt = 1
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4.5 Conclusion

In this chapter, we derive the optimal portfolios in the dynamic mean-variance problems

with multiple priors. Furthermore, we show that the optimal portfolios include the

equally weighted portfolio and the global minimum-variance portfolio in the limiting

cases.

In the back tests, we find that the extreme strategies, especially GMV-EW tends

to be relatively mean-variance efficient in the various data sets. In addition, the port-

folios with sufficiently large ηθt and ηVt can be good proxies for the extreme strategies.

Therefore, we can mathematically justify the extreme strategies although the extreme

strategies seem to be naive; the reason why the investors choose the extreme strate-

gies is that the investors have strong suspicion of the estimated expected return and

covariance.

Our analysis has an important implication about asset pricing. As seen above, the

standard mean-variance analysis does not work in practice, neither does the capital asset

pricing model. However, according to our framework, two mean-variance inefficient in

theory, and naive portfolios, the global minimum portfolio and the equally weighted

portfolio, can be justified as rational selections of the investors. Thus, it is possible

that the two portfolios develop asset pricing models. Then, our framework can be used

to analyze the rational reasoning behind the investors’ choices of these portfolios.

Appendix 4.A Proof of Lemma 4.4

Proof of Lemma 4.4. We first prove that

E
[
exp{u′Rt+1}ζt+1|FR,F

t , Ft+1

]
= exp

{
u′
(
µ(Ft+1) + θt

)
+

1

2
u′(σ(Ft+1)(σ(Ft+1))

′ + Vt)u

}
(4.A.1)
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for all t ≥ 0 and u ∈ Rd. To simplify the notations, we write µt+1 = µ(Ft+1) and

σt+1 = σ(Ft+1). For any fixed constant vector u ∈ Rd, we have

E
[
exp{u′Rt+1}ζt+1|FR,F

t , Ft+1

]
=

∫
Rd

1

(2π)d/2
1√

det(σt+1σ′
t+1 + Vt)

exp

{
−1

2
θ′t

(
σt+1σ

′
t+1 + Vt

)−1

θt + u′µt+1

+
((
σt+1σ

′
t+1 + Vt

)−1

θt + u
)′
σt+1ϵt+1 +

1

2
ϵ′t+1

(
Id − σ′

t+1

(
σt+1σ

′
t+1 + Vt

)−1

σt+1

)
ϵt+1

−1

2
ϵ′t+1ϵt+1

}
dϵt+1

= exp

{
u′(µt+1 + θt) +

1

2
u′
(
σt+1σ

′
t+1 + Vt

)
u

}
×
∫
Rd

1

(2π)d/2
1√

det(σt+1σ′
t+1 + Vt)

× exp

{
−1

2

(
σt+1ϵt+1 −meant+1

)′(
σt+1σ

′
t+1 + Vt

)−1(
σt+1ϵt+1 −meant+1

)}
dϵt+1,

where meant+1 = θt+
(
σt+1σ

′
t+1 +Vt

)
u. Then, the above integral is equal to 1 and the

equation (4.A.1) holds.

If u = 0d, we have

E
[
ζt+1|FR,F

t , Ft+1

]
= E

[
exp{0′

dRt+1}ζt+1|FR,F
t , Ft+1

]
= 1.

Then, the process (Zt)
T
t=0 is a martingale with respect to FR,F since

E
[
Zt+1

∣∣∣FR,F
t

]
= E

[
ZtE

[
ζt+1

∣∣∣FR,F
t , Ft+1

] ∣∣∣FR,F
t

]
= Zt,

for all t ≥ 0. Moreover, E[Zt] = E[Z0] = 1. These equalities imply that we can define

the probability measure Pθ,V such that

Pθ,V (A) = E[1lAZT ], A ∈ FR,F
T .

Let
√
−1 be an imaginary unit. For any fixed u ∈ RK , by the Bayes rule, it holds that

Eθ,V
[
exp{

√
−1u′Ft+1}

∣∣∣FR,F
t

]
= E

[
exp{

√
−1u′Ft+1}ζt+1

∣∣∣FR,F
t

]
= E

[
exp{

√
−1u′Ft+1}E

[
ζt+1

∣∣∣FR,F
t , Ft+1

] ∣∣∣FR,F
t

]
= E

[
exp{

√
−1u′Ft+1}

∣∣∣FR,F
t

]
.



144 Regime Switching and Asset Allocation

This implies that the conditional distribution of Ft+1 given FR,F
t under Pθ,V is the same

as the conditional distribution of Ft+1 given FR,F
t under P. It follows that

Eθ,V
[
Rt+1

∣∣∣FR,F
t

]
= Eθ,V

[
Eθ,V

[
Rt+1

∣∣∣FR,F
t , Ft+1

] ∣∣∣FR,F
t

]
= Eθ,V

[
µ(Ft+1)

∣∣∣FR,F
t

]
+ θt = E

[
µ(Ft+1)

∣∣∣FR,F
t

]
+ θt

= E
[
Rt+1

∣∣∣FR,F
t

]
+ θt,

for all t ≥ 0. Similarly, it holds that

Varθ,V (Rt+1|FR,F
t ) = Varθ,V (Eθ,V [Rt+1|FR,F

t , Ft+1]|FR,F
t )

+ Eθ,V [Varθ,V (Rt+1|FR,F
t , Ft+1)|FR,F

t ]

= Varθ,V (µ(Ft+1)|FR,F
t ) + Eθ,V [σ(Ft+1)(σ(Ft+1))

′|FR,F
t ] + Vt

= Var(µ(Ft+1)|FR,F
t ) + E[σ(Ft+1)(σ(Ft+1))

′|FR,F
t ] + Vt

= Var(Rt+1|FR,F
t ) + Vt,

for all t ≥ 0. 2

Appendix 4.B Proofs of Theorem 4.5 and Proposi-

tion 4.6

To prove Theorem 4.5, we need to show two lemmas. The objective function in the

problem (4.2.2) can be written as

Eθ,V

[
T−1∑
t=0

δtXtct(Ft, θt, Vt, ut)

]
= E

[
T−1∑
t=0

δtXtct(Ft, θt, Vt, ut)Zt

]

= E

[
T−1∑
t=0

δtXtct(Ft, θt, Vt, ut)
t∏

s=0

ζs

]
.

Let ρt be a mapping such that

ρt(W ) = δ E
[
Wζt+1

∣∣∣ FR,S
t

]
, 0 ≤ t ≤ T − 1.

Then, we can express the objective as

JT (x, f, θ, V, u) := Eθ,V

[
T−1∑
t=0

δtXtct(Ft, θt, Vt, ut)

]
= xc0(f, θ0, V0, u0) + ρ0

(
X1c1(F1, θ1, V1, u1) + ρ1

(
· · ·

+ ρT−2

(
XT−1cT−1(FT−1, θT−1, VT−1, uT−1)

)
· · ·
))
,
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for all u ∈ Au
T and (θ, V ) = (θt, Vt)

T−1
t=0 ∈ Aθ,V

T , where X0 = x and F0 = f . The above

recursive structure is important for the optimization. To simplify the notations, we

write

cu,θ,Vt = Xtct(Ft, θt, Vt, ut), 0 ≤ t ≤ T − 1.

We define ρt,r−1 as

ρt,r−1(Wt, . . . ,Wr) = Wt + ρt

(
Wt+1 + ρt+1

(
· · ·+ ρr−1(Wr)

))
.

Then, for all u ∈ Au
T and (θ, V ) ∈ Aθ,V , we have

JT (x, f, θ, V, u) = ρ0,t−1

(
cu,θ,V0 , . . . , cu,θ,Vt−1 , ρt,T−2

(
cu,θ,Vt , . . . , cu,θ,Vt−2 , cu,θ,VT−1

))
,

for all 0 ≤ t ≤ T − 1. We first prove that the order of the minimization with respect to

(θ, V ) can be exchangeable. The proof of the following lemma is essentially the same

as the proof of Lemma 1 in Chen et al. (2014).

Lemma 4.11 Fix any u ∈ Au
T . Then, it holds that

min
(θr,Vr)

T−1
r=t ∈Aθ,V

T |T−1
t

ρt,T−1(c
u,θ,V
t , . . . , cu,θ,VT−1 )

= min
(θr,Vr)

s−1
r=t∈A

θ,V
T |s−1

t

ρt,s−1

(
cu,θ,V0 , . . . , cu,θ,Vs−1 , min

(θr,Vr)
s−1
r=t∈A

θ,V
T |T−1

s

ρs,T−2

(
cu,θ,Vs , . . . , cu,θ,VT−1

))
,

(4.B.1)

for all 0 ≤ t ≤ s ≤ T − 1, where Aθ,V
T |rt is a set of (θs, Vs)

r
s=t which are components of

(θ, V ) ∈ Aθ,V
T from the time t to r.

Proof Fix any u ∈ Au
T , x ∈ R and f ∈ RK . Fix any 0 ≤ t ≤ s ≤ T − 1. We define

(θ̃, Ṽ ) as

(θ̃, Ṽ ) = (θ̃r, Ṽr)
T−1
r=s ∈ arg min

(θr,Vr)
T−1
r=s ∈Aθ,V

T |T−1
s

ρs,T−2

(
cu,θ,Vs , . . . , cu,θ,VT−2 , c

u,θ,V
T−1

)
.

Then, for every (θ, V ) ∈ Aθ,V
T , it holds that

ρs,T−2

(
cu,θ,Vs , . . . , cu,θ,VT−2 , c

u,θ,V
T−1

)
≥ ρs,T−2

(
cu,θ̃,Ṽs , . . . , cu,θ̃,ṼT−2 , c

u,θ̃,Ṽ
T−1

)
.

Since ρr(W ) ≤ ρr(W
′) for all r if W ≤ W ′, it holds that

ρt,s−1

(
Wt, . . . ,Ws−1,Ws

)
≤ ρt,s−1

(
Wt, . . . ,Ws−1,W

′
)
,
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if Ws ≤ W ′. Therefore, we have

ρt,T−1(c
u,θ,V
t , . . . , cu,θ,VT−1 ) ≥ ρt,s−1

(
cu,θ,Vt , . . . , cu,θ,Vs−1 , ρs,T−2

(
cu,θ̃,Ṽs , . . . , cu,θ̃,ṼT−2 , c

u,θ̃,Ṽ
T−1

))
.

Minimizing the above inequality, we obtain

min
(θr,Vr)

T−1
r=t ∈Aθ,V

T |T−1
t

ρt,T−1(c
u,θ,V
t , . . . , cu,θ,VT−1 )

≥ min
(θr,Vr)

s−1
r=t∈A

θ,V
T |s−1

t

ρt,s−1

(
cu,θ,Vt , . . . , cu,θ,Vs−1 , ρs,T−2

(
cu,θ̃,Ṽs , . . . , cu,θ̃,ṼT−2 , c

u,θ̃,Ṽ
T−1

))
= min

(θr,Vr)
s−1
r=t∈A

θ,V
T |s−1

t

ρt,s−1

(
cu,θ,Vt , . . . , cu,θ,Vs−1 , min

(θr,Vr)
T−1
r=s ∈Aθ,V

T |T−1
s

ρs,T−2

(
cu,θ,Vs , . . . , cu,θ,VT−1

))
.

We denote by (θ̂, V̂ ) the following minimizer:

(θ̂, V̂ ) := (θ̂r, V̂r)
s−1
r=t ∈ arg min

(θr,Vr)
s−1
r=t∈Aθ,V

T |s−1
t

ρt,s−1

(
cu,θ,Vt , . . . , cu,θ,Vs−1 , ρs,T−2

(
cu,θ̃,Ṽs , . . . , cu,θ̃,ṼT−1

))
.

Then, (θ, V ) := ((θ̂tV̂t), . . . , (θ̂s−1, V̂s−1), (θ̃s, Ṽs), . . . , (θ̃T−1, ṼT−1)) is in Aθ,V
T |T−1

t . It

follows that

min
(θr,Vr)

T−1
r=t ∈Aθ,V

T |T−1
t

ρt,T−1(c
u,θ,V
t , . . . , cu,θ,VT−1 )

≤ ρt,T−1(c
u,θ,V
t , . . . , cu,θ,VT−1 ) = ρt,s−1

(
cu,θ̂,V̂t , . . . , cu,θ̂,V̂s−1 , ρs,T−2

(
cu,θ̃,Ṽs , . . . , cu,θ̃,ṼT−2 , c

u,θ̃,Ṽ
T−1

))
= min

(θr,Vr)
s−1
r=t∈A

θ,V
T |s−1

t

ρt,s−1

(
cu,θ,Vt , . . . , cu,θ,Vs−1 , min

(θr,Vr)
T−1
r=s ∈Aθ,V

T |T−1
s

ρs,T−2

(
cu,θ,Vs , . . . , cu,θ,VT−1

))
.

Therefore, we can conclude that the equality (4.B.1) holds. 2

By Lemma 4.11, we can minimize the objective function with respect to (θ, V ),

iteratively. Let

ρT−1(uT−1) = min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

cu,θ,VT−1 ,

ρt(W,ut) = min
(θt,Vt)∈Aθ,V

T |tt

{
cu,θ,Vt + δ E

[
Wζt+1|FR,F

t

]}
, 0 ≤ t ≤ T − 2,

ρt,s−1(W, (ur)
s−1
r=t ) = ρt(ρt+1(· · · , ρs−1(W,us−1) · · · , ut+1), ut)

Then, by Lemma 4.11, we derive that

J∗
T (x, f, u) := min

(θ,V )∈Aθ,V
T

JT (x, f, θ, V, u) = ρ0,T−1(ρT−1(uT−1), (ut)
T−2
t=0 ),

for all u = (ut)
T−1
t=0 ∈ Au

T .
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The investor needs to maximize J∗
T (x, f, u) over u ∈ Au

T . In the proof of Lemma

4.11, the monotonicity of ρt plays a key role in the exchangeability of the minimization

with respect to (θ, V ). Similarly, the monotonicity of ρt is important to the the order of

the maximization with respect to u. ρt satisfies the monotonicity, that is, for all y ∈ Rd

and 0 ≤ t ≤ T − 1, ρt(W, y) ≤ ρt(W
′, y) holds if W ≤ W ′. This implies that for any

u ∈ Au
T ,

ρt,r−1(Wr, (us)
r−1
s=t ) ≤ ρt,r−1(W

′, (us)
r−1
s=t ),

if Wr ≤ W ′. Therefore, using the same argument as in Lemma 4.11, we can prove the

following lemma.

Lemma 4.12 For all 0 ≤ t ≤ s ≤ T − 1, it holds that

max
(ur)

T−1
r=t ∈Au

T |T−1
t

ρt,T−1(ρT−1(uT−1), (ur)
T−2
r=t )

= max
(ur)

s−1
r=t∈Au

T |s−1
t

ρt,s−1

(
max

(ur)
T−1
r=s ∈Au

T |T−1
s

ρs,T−2

(
ρT−1(uT−1), (ur)

T−2
r=s

)
, (ur)

s−1
r=t

)
,

where Au
T |rt is a set of (us)

r
s=t which are components of u ∈ Au

T from the time t to r.

Using Lemma 4.12, the dynamic programming of the multiple priors optimization

can be justified. Now, we prove Theorem 4.5 and Proposition 4.6.

Proof of Theorem 4.5 and Proposition 4.6. Consider the time T − 1 problem

max
uT−1∈Au

T |T−1
T−1

ρT−1(uT−1)

= max
uT−1∈Au

T |T−1
T−1

min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

cu,θ,VT−1

= max
uT−1∈Au

T |T−1
T−1

min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

XT−1cT−1(FT−1, θT−1, VT−1, uT−1)

= max
uT−1∈Au

T |T−1
T−1

min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

XT−1

{
1 + rf + (me(FT−1) + θT−1)

′uT−1

− γ̂T−1

2
u′T−1

(
A(FT−1) + VT−1

)
uT−1

}
.

(4.B.2)

Then, the minimization problem in the problem (4.B.2) is reduced to the following

problem,

min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

{
θ′T−1uT−1 −

γ̂T−1

2
u′T−1VT−1uT−1

}
. (4.B.3)
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The Lagrange function of the problem (4.B.3) is

Lθ,V = θ′T−1uT−1 −
γ̂T−1

2
u′T−1VT−1uT−1 − λθ

(
(ηθT−1)

2 − θ′T−1(A(FT−1) + VT−1)
−1θT−1

)
− λV

(
(ηVT−1)

2∥A(FT−1)∥2 − ∥VT−1∥2
)
,

where λθ and λV are Lagrange multipliers. We first consider the case when uT−1 ̸= 0d.

The first order condition for θT−1 is

uT−1 + 2λθ(A(FT−1) + VT−1)
−1θT−1 = 0d.

Hence, we have

θT−1 = − 1

2λθ
(A(FT−1) + VT−1)uT−1.

Since the constraint for θT−1 is binded, it holds that

(ηθT−1)
2 = θ′T−1(A(FT−1) + VT−1)

−1θT−1 =
1

4λ2θ
u′T−1(A(FT−1) + VT−1)uT−1.

Hence,

λθ =
1

2ηθT−1

√
u′T−1(A(FT−1) + VT−1)uT−1,

and

θT−1 = −
ηθT−1√

u′T−1(A(FT−1) + VT−1)uT−1

(A(FT−1) + VT−1)uT−1.

We denote the i× jth element of VT−1 by v
i,j
T−1. Then, the first order condition for vi,jT−1

is

− γ̂T−1u
i
T−1u

j
T−1 + 4λV v

i,j
T−1

= tr
{
(A(FT−1) + VT−1)

−1θT−1θ
′
T−1(A(FT−1) + VT−1)

−1N i,j
}
, if i ̸= j,

− γ̂T−1

2
(uiT−1)

2 + 2λV v
i,j
T−1

= tr
{
(A(FT−1) + VT−1)

−1θT−1θ
′
T−1(A(FT−1) + VT−1)

−1N i,i
}
, if i = j,

where N i,j is a d-dimensional matrix whose i×jth element and j×ith element are 1 and

the other elements are zero. Substituting θT−1 into (A(FT−1)+VT−1)
−1θT−1θ

′
T−1(A(FT−1)+

VT−1)
−1, we have

(A(FT−1) + VT−1)
−1θT−1θ

′
T−1(A(FT−1) + VT−1)

−1

=
(ηθT−1)

2

u′T−1(A(FT−1) + VT−1)uT−1

uT−1u
′
T−1.
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Hence, it holds that

tr
{
(A(FT−1) + VT−1)

−1θT−1θ
′
T−1(A(FT−1) + VT−1)

−1N i,j
}

=


2(ηθT−1)

2

u′T−1(A(FT−1)+VT−1)uT−1
uiT−1u

j
T−1, if i ̸= j

(ηθT−1)
2

u′T−1(A(FT−1)+VT−1)uT−1
(uiT−1)

2, if i = j

It follows that

−γ̂T−1u
i
T−1u

j
T−1 + 4λV v

i,j
T−1 =

2(ηθT−1)
2

u′T−1(A(FT−1) + VT−1)uT−1

uiT−1u
j
T−1,

for all i and j. Using the matrix notation, we have

−γ̂T−1uT−1u
′
T−1 + 4λV VT−1 =

2(ηθT−1)
2

u′T−1(A(FT−1) + VT−1)uT−1

uT−1u
′
T−1.

Hence,

VT−1 =
1

4λV

(
γ̂T−1 +

2(ηθT−1)
2

u′T−1(A(FT−1) + VT−1)uT−1

)
uT−1u

′
T−1.

Since the constraint for VT−1 is also binded, it holds that

(ηVT−1)
2∥A(FT−1)∥2

= ∥VT−1∥2 =
1

16λ2V

(
γ̂T−1 +

2(ηθT−1)
2

u′T−1(A(FT−1) + VT−1)uT−1

)2

∥uT−1∥4.

Therefore, the Lagrange multiplier λV is

λV =
1

4ηVT−1∥A(FT−1)∥

(
γ̂T−1 +

2(ηθT−1)
2

u′T−1(A(FT−1) + VT−1)uT−1

)
∥uT−1∥2.

Hence, we have

VT−1 =
ηVT−1∥A(FT−1)∥

∥uT−1∥2
uT−1u

′
T−1.

Then,

(A(FT−1) + VT−1)uT−1 = (A(FT−1) + ηVT−1∥A(FT−1)∥Id)uT−1

and

θT−1 = −
ηθT−1(A(FT−1) + ηVT−1∥A(FT−1)∥Id)uT−1√
u′T−1(A(FT−1) + ηVT−1∥A(FT−1)∥Id)uT−1

.

If uT−1 = 0d, then every (θT−1, VT−1) ∈ Aθ,V
T |T−1

T−1 is a solution. In this case, we choose

θT−1 = 0d and VT−1 = Od as the solution. In all cases, (θT−1, VT−1) is in Aθ,V
T |T−1

T−1.
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Substituting θT−1 and VT−1 into the original time T−1 optimization problem (4.B.2),

we obtain

max
uT−1∈Au

T |T−1
T−1

XT−1

{
1 + rf + (me(FT−1))

′uT−1

− γ̂T−1

2
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1 (4.B.4)

−ηθT−1

√
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

}
.

We first consider the following case.

aeT−1 := (me(FT−1))
′
(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)−1

me(FT−1) > (ηθT−1)
2. (4.B.5)

The first order condition of this problem (4.B.4) is

me(FT−1)−
(
γ̂T−1 +

ηθT−1

ψT−1

)(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1 = 0d,

where

ψT−1 =

√
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1.

Hence, we have

uT−1 =

(
γ̂T−1 +

ηθT−1

ψT−1

)−1 (
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)−1

me(FT−1).

Furthermore, we also have

ψ2
T−1 = u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

=

(
γ̂T−1 +

ηθT−1

ψT−1

)−2

aeT−1.

Thus, we obtain the following quadratic equation for ψT−1.

γ̂2T−1ψ
2
T−1 + 2γ̂T−1η

θ
T−1ψT−1 + (ηθT−1)

2 − aeT−1 = 0.

By the inequality (4.B.5), the above equation has a unique positive solution such that

ψT−1 =

√
aeT−1 − ηθT−1

γ̂T−1

.

Hence, the optimal portfolio at time T − 1 is

uT−1 =
1

γ̂T−1

(
1−

ηθT−1√
aeT−1

)(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)−1

me(FT−1).
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Let KT−1 = A(FT−1) + ηVT−1∥A(FT−1)∥Id. If the inequality (4.B.5) does not hold, then

the Cauchy-Schwartz inequality leads to

ηθT−1

√
u′T−1KT−1uT−1 ≥

√
aeT−1

√
u′T−1KT−1uT−1

=
√

(me(FT−1))′K
−1
T−1m

e(FT−1)
√
u′T−1KT−1(KT−1)−1KT−1uT−1

≥
∣∣∣(me(FT−1))

′(KT−1)
−1KT−1uT−1

∣∣∣ = ∣∣∣(me(FT−1))
′uT−1

∣∣∣.
Hence,

max
uT−1∈Au

T |T−1
T−1

XT−1

{
1 + rf + (me(FT−1))

′uT−1

− γ̂T−1

2
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

−ηθT−1

√
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

}
≤ max

uT−1∈Au
T |T−1

T−1

XT−1

{
1 + rf + (me(FT−1))

′uT−1 −
∣∣∣(me(FT−1))

′uT−1

∣∣∣}
The solution of the later problem is an arbitrarily vector uT−1 ∈ Au

T |T−1
T−1, such that

(me(FT−1))
′uT−1 ≥ 0. We choose uT−1 = 0d, and then the optimal value of the later

problem becomes XT−1(1 + rf). Moreover, we have

1 + rf + (me(FT−1))
′uT−1 −

γ̂T−1

2
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

− ηθT−1

√
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

= 1 + rf ,

if uT−1 = 0d. Therefore, uT−1 = 0d is also a solution of the former problem.

In each case, we can express the optimal portfolio at time T − 1 as

uT−1 =
1

γ̂T−1

(
1−

ηθT−1√
aeT−1

)+ (
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)−1

me(FT−1).

It is clear that uT−1 ∈ Au
T |T−1
T−1. In addition, the value function is

max
uT−1∈Au

T |TT
ρT−1(uT−1) = Y T

T−1XT−1

Y T
T−1 = max

uT−1∈Rd
min

(θT−1,VT−1)∈Aθ,V
T |T−1

T−1

{cT−1(FT−1, θT−1, VT−1, uT−1)}

= 1 + rf +

(
(
√
aeT−1 − ηθT−1)

+
)2

2γ̂T−1

.
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By the definition, Y T
T−1 is FF

T−1-measurable.

Now, we assume that

max
(ur)

T−1
r=t+1∈Au

T |T−1
t+1

min
(θr,Vr)

T−1
r=t+1∈A

θ,V
T |T−1

t+1

ρt+1,T−1(c
u,θ,V
t+1 , . . . , cu,θ,VT−1 ) = Y T

t+1Xt+1,

for some 0 ≤ t ≤ T − 2. Then, we have

Eθ,V [Y T
t+1Xt+1|FR,F

t ]

= Eθ,V [Y T
t+1(1 + rf + (Re

t+1)
′ut)Xt|FR,F

t ]

= (1 + rf) E
θ,V [Y T

t+1|F
R,F
t ]Xt +

(
Eθ,V [Y T

t+1Rt+1|FR,F
t ]

)′
utXt

= (1 + rf) E[Y
T
t+1|F

R,F
t ]Xt +

(
E[Y T

t+1µ
e(Ft+1)|FR,F

t ] + E[Y T
t+1|F

R,F
t ]θt

)′
utXt,

where we have used Lemma 4.4 and FF
t+1-measurability of Y T

t+1. Therefore, the objective

in the time t problem is

cu,θ,Vt + δ Eθ,V [Y T
t+1Xt+1|FR,F

t ] = Xt

{
(1 + rf)g

e
t + (me

t + get θt)
′ut −

γ̂t
2
u′t(At + Vt)ut

}
.

Hence, the objective function in the time t problem has the same form as the objective

function in the problem (4.B.2). Therefore, the error of the conditional mean is

θt = −sgn(get )η
θ
t (A(Ft) + ηVt ∥A(Ft)∥Id)ut√

u′t(A(Ft) + ηVt ∥A(Ft)∥Id)ut
,

where sgn is a sign function such that

sgn(x) =


1, if x > 0,
−1, if x < 0,
0, if x = 0.

The error of the conditional variance is

Vt =
ηVt ∥A(Ft)∥

∥ut∥2
utu

′
t.

The optimal portfolio at time t is

ut =
1

γ̂t

(
1− |get |ηθt√

aet

)+ (
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

me
t .

It is clear that ut ∈ Au
T |tt and (θt, Vt) ∈ Aθ,V

T |tt. The value function is

Y T
t Xt = max

(ur)
T−1
r=t ∈Au

T |T−1
t

min
(θr,Vr)

T−1
r=t ∈Aθ,V

T |T−1
t

ρt,T−1(c
u,θ,V
t , . . . , cu,θ,VT−1 ),

Y T
t = (1 + rf)g

e
t +

(
(
√
aet − |get |ηθt )+

)2
2γ̂t

.
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By construction, Y T
t is FF

t -measurable.

For any 0 ≤ t ≤ T − 1, by the mathematical induction, the value function at time t

can be expressed as

Y T
t Xt = max

(ur)
T−1
r=t ∈Au

T |T−1
t

min
(θr,Vr)

T−1
r=t ∈Aθ,V

T |T−1
t

ρt,T−1(c
u,θ,V
t , . . . , cu,θ,VT−1 ),

where

Y T
t = (1 + rf)g

e
t +

(
(
√
aet − |get |ηθt )+

)2
2γ̂t

.

The optimal portfolio at time t is

u∗t =
1

γ̂t

(
1− |get |ηθt√

aet

)+ (
A(Ft) + ηVt ∥A(Ft)∥Id

)−1

me
t .

Also, it is obvious that the optimal (u∗t )
T−1
t=0 is time-consistent. 2

Appendix 4.C Proofs of Proposition 4.7 and 4.8

Proof of Proposition 4.7. By Theorem 4.5, we can use the following dynamic program-

ming procedure.

Ŷ T
T−1 = max

uT−1∈Ãu
T |T−1

T−1

min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

{ĉT−1(FT−1, θT−1, VT−1, uT−1)} ,

Ŷ T
t = max

ut∈Ãu
T |tt

min
(θt,Vt)Aθ,V

T |tt

{
ĉt(Ft, θt, Vt, ut) + δ Eθ,V

[
Y T
t+1(1 + (Rt+1)

′ut)
∣∣∣ FR,S

t

]}
.

Consider the time T − 1 problem.

Ŷ T
T−1 = max

uT−1∈Ãu
T |T−1

T−1

min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

{
1 + (m(FT−1) + θT−1)

′uT−1

− γ̂T−1

2
u′T−1

(
A(FT−1) + VT−1

)
uT−1

}
. (4.C.1)

The inner minimization problem in the problem (4.C.1) can be reduced to the following:

min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

{
θ′T−1uT−1 −

γ̂T−1

2
u′T−1VT−1uT−1

}
.
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The above problem is the same as the problem (4.B.3) in the proof of Theorem 4.5.

Therefore, the solutions are

θT−1 = −
ηθT−1(A(FT−1) + ηVT−1∥A(FT−1)∥Id)uT−1√
u′T−1(A(FT−1) + ηVT−1∥A(FT−1)∥Id)uT−1

,

VT−1 =
ηVT−1∥A(FT−1)∥

∥uT−1∥2
uT−1u

′
T−1.

Unlike Theorem 4.5, we do not need to consider the case uT−1 = 0d since 0d /∈ Ãu
T |T−1
T−1.

Therefore, the time T − 1 problem is

Ŷ T
T−1 = max

uT−1∈Ãu
T |T−1

T−1

{
1 + (m(FT−1))

′uT−1 −
γ̂T−1

2
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

−ηθT−1

√
u′T−1(A(FT−1) + ηVT−1∥A(FT−1)∥Id)uT−1

}
.

The Lagrange function of the above problem is

Lu = 1 + (m(FT−1))
′uT−1 −

γ̂T−1

2
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

− ηθT−1

√
u′T−1(A(FT−1) + ηVT−1∥A(FT−1)∥Id)uT−1 + λu(1− 1′

duT−1),

where λu is the Lagrange multiplier. The first order condition is

m(FT−1)− λu1d −
(
γ̂T−1 +

ηθT−1

ψ∗
T−1

)(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1 = 0d,

where

ψ∗
T−1 =

√
u′T−1(A(FT−1) + ηVT−1∥A(FT−1)∥Id)uT−1.

Hence,

uT−1 =

(
γ̂T−1 +

ηθT−1

ψ∗
T−1

)−1 (
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)−1(
m(FT−1)− λu1d

)
.

Since the constraint is binded, we have

1 = 1′
duT−1 =

(
γ̂T−1 +

ηθT−1

ψ∗
T−1

)−1 (
cworfT−1 − λub

worf
T−1

)
.

Therefore, we obtain

λu =
1

bworfT−1

(
cworfT−1 −

(
γ̂T−1 +

ηθT−1

ψ∗
T−1

))
.
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The optimal portfolio is

uT−1 =
1

γ̂T−1 + ηθT−1/ψ
∗
T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)−1

×

(
m(FT−1)−

cworfT−1 − (γ̂T−1 + ηθT−1/ψ
∗
T−1)

bworfT−1

1d

)
.

Then,

bworfT−1 (ψ
∗
T−1)

2

= bworfT−1 u
′
T−1(A(FT−1) + ηVT−1∥A(FT−1)∥Id)uT−1

=
bworfT−1(

γ̂T−1 +
ηθT−1

ψ∗
T−1

)2
aworfT−1 − 2

cworfT−1 −
(
γ̂T−1 +

ηθT−1

ψ∗
T−1

)
bworfT−1

cworfT−1 +

(
cworfT−1 −

(
γ̂T−1 +

ηθT−1

ψ∗
T−1

))2
bworfT−1



=
bworfT−1(

γ̂T−1 +
ηθT−1

ψ∗
T−1

)2
aworfT−1 −

(cworfT−1 )
2

bworfT−1

+

(
γ̂T−1 +

ηθT−1

ψ∗
T−1

)2
bworfT−1


=
aworfT−1 b

worf
T−1 − (cworfT−1 )

2(
γ̂T−1 +

ηθT−1

ψ∗
T−1

)2 + 1 =
dworfT−1(

γ̂T−1 +
ηθT−1

ψ∗
T−1

)2 + 1.

Therefore, we can consider the following polynomial equation for ψ∗
T−1:

bworfT−1 (ψ
∗
T−1)

2 =
dworfT−1(

γ̂T−1 + ηθT−1/ψ
∗
T−1

)2 + 1. (4.C.2)

Expanding it, we obtain

q(ψ∗
T−1) := bworfT−1 γ̂

2
T−1(ψ

∗
T−1)

4 + 2bworfT−1 γ̂T−1η
θ
T−1(ψ

∗
T−1)

3

+
(
bworfT−1 (η

θ
T−1)

2 − (dworfT−1 + γ̂2T−1)
)
(ψ∗

T−1)
2 (4.C.3)

− 2γ̂T−1η
θ
T−1ψ

∗
T−1 − (ηθT−1)

2 = 0.

The equation q(ψ∗
T−1) = 0 is essentially the same as the equation (A11) in Garlappi

et al. (2007), therefore it has a unique positive solution by the discussion in Garlappi

et al. (2007). We show the existence of the unique positive solution to the equation

(4.C.3). Since the equation (4.C.3) is a quartic equation, it has four solutions. Since

q(0) = −(ηθT−1)
2 < 0 and bworfT−1 γ̂

2
T−1 > 0, the equation (4.C.3) has at least two real

solutions: the one is a positive solution and the one is a negative solution. We show

that the positive solution is unique. Consider the following quadratic equation.

d2q(ψ∗
T−1)

d(ψ∗
T−1)

2
= 12bworfT−1 γ̂

2
T−1(ψ

∗
T−1)

2 + 12bworfT−1 γ̂T−1η
θ
T−1ψ

∗
T−1

+ 2
(
bworfT−1 (η

θ
T−1)

2 − (dworfT−1 + γ̂2T−1)
)
= 0. (4.C.4)
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The discriminant of the quadratic equation (4.C.4) is

D = 36(bworfT−1 )
2γ̂2T−1(η

θ
T−1)

2 − 24bworfT−1 γ̂
2
T−1

(
bworfT−1 (η

θ
T−1)

2 − (dworfT−1 + γ̂2T−1)
)

= 12(bworfT−1 )
2γ̂2T−1(η

θ
T−1)

2 + 24bworfT−1 γ̂
2
T−1(d

worf
T−1 + γ̂2T−1) > 0.

Hence, the equation (4.C.4) has two real solutions. Moreover, we have

d2q(ψ∗
T−1)

d(ψ∗
T−1)

2
= 12bworfT−1 γ̂

2
T−1

(
ψ∗
T−1 +

ηθT−1

2γ̂T−1

)2

−
(
bworfT−1 (η

θ
T−1)

2 + dworfT−1 + γ̂2T−1

)
.

Since ηθT−1/(2γ̂T−1) > 0, the equation (4.C.4) has at least one negative solution. Next,

consider the first derivative of q such that

dq(ψ∗
T−1)

dψ∗
T−1

= 4bworfT−1 γ̂
2
T−1(ψ

∗
T−1)

3 + 6bworfT−1 γ̂T−1ηT−1(ψ
∗
T−1)

2

+ 2
(
bworfT−1 (η

θ
T−1)

2 − (dworfT−1 + γ̂2T−1)
)
ψ∗
T−1 − 2γ̂T−1η

θ
T−1 = 0. (4.C.5)

Then, the cubic equation (4.C.5) has at least one positive solution since 4bworfT−1 γ̂
2
T−1 > 0

and −2γ̂T−1η
θ
T−1 < 0. However, since the equation (4.C.4) has at least one negative

solution, we conclude that the equation (4.C.5) has a unique positive solution. Now,

let us consider the quartic equation (4.C.3) again. Since q(0) = −(ηθT−1)
2 < 0 and

bworfT−1 γ̂
2
T−1 > 0 hold, and since the equation (4.C.5) has a unique positive solution, the

equation (4.C.3) has at most one local minimum on ψ∗
T−1 > 0. Furthermore, we also

have
dq(ψ∗

T−1)

dψ∗
T−1

∣∣∣
ψ∗
T−1=0

= −2γ̂T−1η
θ
T−1 < 0.

These facts imply that the equation (4.C.3) has only one positive solution. Therefore,

the positive solution of the equation (4.C.3) is unique. We also write ψ∗
T−1 as the

positive solution of the equation (4.C.3). Then, the optimal portfolio is

uT−1 =
1

γ̂T−1 + ηθT−1/ψ
∗
T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)−1

×

(
m(FT−1)−

cworfT−1 − (γ̂T−1 + ηθT−1/ψ
∗
T−1)

bworfT−1

1d

)
=

1

γ̂T−1 + |gT−1|ηθT−1/ψ
∗
T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)−1

×

(
mT−1 −

cworfT−1 − (γ̂T−1 + |gT−1|ηθT−1/ψ
∗
T−1)

bworfT−1

1d

)
,
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where we have used gT−1 = 1 and mT−1 = m(FT−1). Since the coefficients of the quar-

tic equation (4.C.3) are FR,F
T−1-measurable, its solution ψ∗

T−1 is also FR,F
T−1-measurable.

Therefore, uT−1 is FR,F
T−1-measurable. The value function at time T − 1 is

Ŷ TT−1 = 1 + (m(FT−1))
′uT−1 −

γ̂T−1

2
(ψ∗
T−1)

2 − ηθT−1ψ
∗
T−1

= gT−1 +
1

γ̂T−1 + |gT−1|ηθT−1/ψ
∗
T−1

(
aworfT−1 −

cworfT−1 −
(
γ̂T−1 + |gT−1|ηθT−1/ψ

∗
T−1

)
bworfT−1

cworfT−1

)

− γ̂T−1

2
(ψ∗
T−1)

2 − |gT−1|ηθT−1ψ
∗
T−1

= gT−1 +
cworfT−1

bworfT−1

+
dworfT−1

bworfT−1 (γ̂T−1 + |gT−1|ηθT−1/ψ
∗
T−1)

− γ̂T−1

2
(ψ∗
T−1)

2 − |gT−1|ηθT−1ψ
∗
T−1,

where we have used gT−1 = 1. Using the equation (4.C.2), we have

dworfT−1

bworfT−1 (γ̂T−1 + |gT−1|ηθT−1/ψ
∗
T−1)

− γ̂T−1

2
(ψ∗

T−1)
2 − |gT−1|ηθT−1ψ

∗
T−1

=

(
(ψ∗

T−1)
2 − 1

bworfT−1

)(
γ̂T−1 +

|gT−1|ηθT−1

ψ∗
T−1

)
−
(
γ̂T−1 +

|gT−1|ηθT−1

ψ∗
T−1

)
(ψ∗

T−1)
2

+
γ̂T−1

2
(ψ∗

T−1)
2

= −
γ̂T−1 + |gT−1|ηθT−1/ψ

∗
T−1

bworfT−1

+
γ̂T−1

2
(ψ∗

T−1)
2.

Hence, the value function is

Ŷ T
T−1 = gT−1 +

cworfT−1 −
(
γ̂T−1 + |gT−1|ηθT−1/ψ

∗
T−1

)
bworfT−1

+
γ̂T−1

2
(ψ∗

T−1)
2

and it is FF
T−1-measurable.

Now, we assume that Ŷ T
t+1 is FF

t+1-measurable for some 0 ≤ t ≤ T − 2. Then, we

have

ĉt(Ft, θt, Vt, ut) + δ Eθ,V
[
Y T
t+1(1 + (Rt+1)

′ut)
∣∣∣ FR,S

t

]
= gt + (mt + gtθt)

′ut −
γ̂t
2
u′t

(
A(Ft) + Vt

)
ut.

Then, the minimization problem for (θt, Vt) can be reduced to

min
(θt,Vt)∈Aθ,V

T |tt

{
gtθ

′
tut −

γ̂t
2
u′tVtut

}
.
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Similarly to the time T − 1 problem, the solution of the above problem is

θt = −sgn(gt)η
θ
t (A(Ft) + ηVt ∥A(Ft)∥Id)ut√

u′t(A(Ft) + ηVt ∥A(Ft)∥Id)ut
,

Vt =
ηVt ∥A(Ft)∥

∥ut∥2
utu

′
t.

Therefore, the maximization problem for ut is

max
ut∈ÃT |tt

{
gt +m′

tut −
γ̂t
2
u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut

−|gt|ηθt

√
u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut

}
.

Since the above problem has the same form as the time T − 1 problem, the optimal

portfolio is

ut =
1

γ̂t + |gt|ηθt /ψ∗
t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)−1
(
mt −

cworft − (γ̂t + |gt|ηθt /ψ∗
t )

bworft

1d

)
,

where ψ∗
t is the unique positive solution of the following quartic equation:

bworft (ψ∗
t )

2 =
dworft

(γ̂t + |gt|ηθt /ψ∗
t )

2
+ 1.

The value function is

Ŷ T
t = gt +

cworft − (γ̂t + |gt|ηθt /ψ∗
t )

bworft

+
γ̂t
2
(ψ∗

t )
2,

and it is FF
t -measurable.

By the mathematical induction, we therefore conclude that the optimal portfolio

and that the value function is determined as in Proposition 4.7. 2

Proof of Proposition 4.8. In this case, we can also apply the dynamic programming

procedure. Consider the time T − 1 problem,

Ŷ +T
T−1

= max
uT−1∈Ãu

+T |T−1
T−1

min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

{
1 +

(
m(FT−1) + θT−1

)′
uT−1

− γ̂T−1

2
u′T−1

(
A(FT−1) + VT−1

)
uT−1

}
.
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Since g+T−1 = 1 and m+
T−1 = m(FT−1) by the definition, the objective function of the

time T − 1 problem can be expressed as

g+T−1 +
(
m+
T−1 + g+T−1θT−1

)′
uT−1 −

γ̂T−1

2
u′T−1

(
A(FT−1) + VT−1

)
uT−1.

Hence, it suffices to consider the following optimization problem.

max
uT−1∈Ãu

+T |T−1
T−1

min
(θT−1,VT−1)∈Aθ,V

T |T−1
T−1

{
g+T−1 +

(
m+
T−1 + g+T−1θT−1

)′
uT−1

− γ̂T−1

2
u′T−1

(
A(FT−1) + VT−1

)
uT−1

}
.

Solving the inner minimization problem, we can express the above problem as

max
uT−1∈Ãu

+T |T−1
T−1

{
g+T−1 + (m+

T−1)
′uT−1 −

γ̂T−1

2
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

−|g+T−1|η
θ
T−1

√
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

}
.

(4.C.6)

Now, we consider the auxiliary problem of (4.C.6), whose feasible set of portfolios is

C+. If we regard C+ as a correspondence from RK to Rd, then its graph is

Gr(C+) := {(f, ϕ) ∈ RK × Rd | ϕ ∈ C+} = RK × C+.

It is clear that Gr(C+) is a Borel subset on RK × Rd. This implies that C+ is Borel

measurable. Furthermore, the objective function of the problem (4.C.6) is continuous

in uT−1 and also FF
T−1-measurable for any fixed uT−1. Moreover, C+ is a non-empty

compact subset of Rd endowed with the Euclidean topology. Hence, by the measurable

selection theorem (see Appendix D in Hernández-Lerma and Lasserre (1996)), there

exists an FF
T−1-measurable random vector u∗T−1 ∈ C+ such that

g+T−1 + (m+
T−1)

′u∗T−1 −
γ̂T−1

2
(u∗T−1)

′
(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
u∗T−1

− |g+T−1|η
θ
T−1

√
(u∗T−1)

′
(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
u∗T−1

= max
uT−1∈C+

{
g+T−1 + (m+

T−1)
′uT−1 −

γ̂T−1

2
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

−|g+T−1|η
θ
T−1

√
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

}
.
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Moreover, since u∗T−1 ∈ Ãu
+T |T−1

T−1 and Ãu
+T |T−1

T−1 ⊆ C+, we conclude that

g+T−1 + (m+
T−1)

′u∗T−1 −
γ̂T−1

2
(u∗T−1)

′
(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
u∗T−1

− |g+T−1|η
θ
T−1

√
(u∗T−1)

′
(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
u∗T−1

= max
uT−1∈Ãu

+T |T−1
T−1

{
g+T−1 + (m+

T−1)
′uT−1 −

γ̂T−1

2
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

−|g+T−1|η
θ
T−1

√
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

}

= max
uT−1∈C+

{
g+T−1 + (m+

T−1)
′uT−1 −

γ̂T−1

2
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

−|g+T−1|η
θ
T−1

√
u′T−1

(
A(FT−1) + ηVT−1∥A(FT−1)∥Id

)
uT−1

}
= Ŷ +T

T−1.

This implies that u∗T−1 is the maximizer of the problem (4.C.6). Moreover, Ŷ +T
T−1 is

FF
T−1-measurable by the measurable selection theorem.

Now, we hypothesize that at some time t + 1, 0 ≤ t + 1 ≤ T − 1, Ŷ +T
t+1 is FS

t+1-

measurable. Then, we have

Ŷ +T
t := max

ut∈Ãu
+T |tt

min
(θt,Vt)∈Aθ,V

T |tt

{
1 + (m(Ft) + θt)

′ut −
γ̂t
2
u′t

(
A(Ft) + Vt

)
ut

+δ Eθ,V
[
Ŷ +T
t+1 | FR,F

t

]}
= max

ut∈Ãu
+T |tt

min
(θt,Vt)∈Aθ,V

T |tt

{
g+t +

(
m+
t + g+t θt

)′
ut −

γ̂t
2
u′t

(
A(Ft) + Vt

)
ut

}
= max

ut∈Âu
+T |tt

{
g+t + (m+

t )
′ut −

γ̂t
2
u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut

−|g+t |ηθt

√
u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut

}
. (4.C.7)

The problem (4.C.7) has the same form as the problem (4.C.6), andm+
t , g

+
t , γ̂t, A(Ft), η

θ
t

and ηVt are FF
t -measurable. Therefore, we can use the measurable selection theorem

in the same manner as we did in the case of the problem (4.C.6). By the measurable
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selection theorem, there exists an FF
t -measurable random vector u∗t ∈ C+ such that

g+t + (m+
t )

′u∗t −
γ̂t
2
(u∗t )

′
(
A(Ft) + ηVt ∥A(Ft)∥Id

)
u∗t

− |g+t |ηθt

√
(u∗t )

′
(
A(Ft) + ηVt ∥A(Ft)∥Id

)
u∗t

= max
ut∈Ãu

+T |tt

{
g+t + (m+

t )
′ut −

γ̂t
2
u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut

−|g+t |ηθt

√
u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut

}

= max
ut∈C+

{
g+t + (m+

t )
′ut −

γ̂t
2
u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut

−|g+t |ηθt

√
u′t

(
A(Ft) + ηVt ∥A(Ft)∥Id

)
ut

}
= Ŷ +T

t .

Moreover, Ŷ +T
t is FF

t -measurable.

By the mathematical induction, Ŷ +T
t is FF

t -measurable for all 0 ≤ t ≤ T − 1.

Therefore, the value function of the original optimization problem is

V worf
+T (x, f) = E[Ŷ +T

t | F0 = f ]x,

and the optimal portfolio at time t is u∗t . 2
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Appendix 4.D Tables and Figures

Table 4.1. The Abbreviations of Typical Portfolios and Six Extreme Strate-
gies. Panel A displays the abbreviations of typical portfolios, and Panel B displays the details

concerning the extreme strategies. The first column in Panel B lists the abbreviations of the

extreme strategies. The second and third columns represent portfolios in different states. The

forth and fifth columns display behaviors of parameters which justify the extreme strategies.

Panel A
Abbreviation Portfolio

max SR The portfolio maximizing the empirical Sharpe ratio
GMV The single-period global minimum-variance portfolio
EW The equally weighted portfolio
VW The value-weighted portfolio

NE (No Error) The no error portfolio (always ηθt = ηVt = 0)

Panel B

Abbreviation
Portfolio Parameters

Good State Bad State Good State Bad State
GMV-EW GMV EW ηVt = 0 and ηθt → ∞ ηVt → ∞
EW-NE EW No Error ηVt → ∞ ηθt = ηVt = 0
GMV-NE GMV No Error ηVt = 0 and ηθt → ∞ ηθt = ηVt = 0
EW-GMV EW GMV ηVt → ∞ ηVt = 0 and ηθt → ∞
NE-EW No Error EW ηθt = ηVt = 0 ηVt → ∞
NE-GMV No Error GMV ηθt = ηVt = 0 ηVt = 0 and ηθt → ∞
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Table 4.2. International Diversification (d = 4). This table reports the Sharpe ratios of

various strategies obtained from the back test of the international asset allocations. “IID” represents

the investor who believes that the number of market states is 1. “RS” represents the investor who

believes that the number of market states is 2. The abbreviations of portfolios are listed in Table 4.1.

In the case of ηθt = 0 with short selling, we can not compute the optimal portfolios since they diverge.

Therefore, we use the portfolios of ηθt = 1 and ηVt = 0 as the No Error portfolios in the extreme

strategies.

Short selling is permitted.

IID
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.1014 0.0 - 0.0954 0.0941 0.0936 0.0934 0.0933 0.0927

0.5 - 0.0878 0.0872 0.0869 0.0868 0.0867 0.0864
ηVt 1.0 - 0.0849 0.0843 0.0842 0.0841 0.0840 0.0838

3.0 - 0.0818 0.0815 0.0814 0.0814 0.0813 0.0812
5.0 - 0.0810 0.0808 0.0807 0.0807 0.0807 0.0806

RS
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.0889 0.0 - 0.0837 0.0855 0.0859 0.0860 0.0861 0.0863

0.5 - 0.0856 0.0852 0.0850 0.0849 0.0849 0.0847
ηVt 1.0 - 0.0835 0.0831 0.0830 0.0829 0.0829 0.0827

3.0 - 0.0813 0.0811 0.0810 0.0809 0.0809 0.0808
5.0 - 0.0808 0.0805 0.0805 0.0804 0.0804 0.0803

Short selling is not permitted.

IID
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.1014 0.0 0.1025 0.1028 0.1021 0.1018 0.1017 0.1016 0.1012

0.5 0.0896 0.0878 0.0872 0.0869 0.0868 0.0867 0.0864
ηVt 1.0 0.1078 0.0849 0.0843 0.0842 0.0841 0.0840 0.0838

3.0 0.1019 0.0818 0.0815 0.0814 0.0814 0.0813 0.0812
5.0 0.1081 0.0810 0.0808 0.0807 0.0807 0.0807 0.0806

RS
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.0889 0.0 0.0597 0.0973 0.0952 0.0942 0.0937 0.0934 0.0920

0.5 0.0674 0.0856 0.0852 0.0850 0.0849 0.0849 0.0847
ηVt 1.0 0.0583 0.0835 0.0831 0.0830 0.0829 0.0829 0.0827

3.0 0.0577 0.0813 0.0811 0.0810 0.0809 0.0809 0.0808
5.0 0.0570 0.0808 0.0805 0.0805 0.0804 0.0804 0.0803

EW Extreme Strategies
0.0795 Short selling is permitted. Short selling is not permitted.

GMV-EW EW-NE GMV-NE GMV-EW EW-NE GMV-NE
0.1032 0.0664 0.0891 0.0922 0.0949 0.1078

EW-GMV NE-EW NE-GMV EW-GMV NE-EW NE-GMV
0.0636 0.0976 0.0809 0.0783 0.0457 0.0433
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Table 4.3. Diversification across Industries (d = 5). This table reports the Sharpe

ratios of various strategies obtained from the back test of the asset allocations across industries. “IID”

represents the investor who believes that the number of market states is 1. “RS” represents the investor

who believes that the number of market states is 2. The abbreviations of portfolios are listed in Table

4.1. In the case of ηθt = 0 with short selling, we can not compute the optimal portfolios since they

diverge. Therefore, we use the portfolios of ηθt = 1 and ηVt = 0 as the No Error portfolios in the

extreme strategies.

Short selling is permitted.

IID
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.2210 0.0 - 0.2732 0.2791 0.2808 0.2817 0.2821 0.2839

0.5 - 0.2213 0.2220 0.2222 0.2224 0.2224 0.2227
ηVt 1.0 - 0.2165 0.2169 0.2170 0.2171 0.2171 0.2173

3.0 - 0.2127 0.2129 0.2129 0.2130 0.2130 0.2131
5.0 - 0.2119 0.2120 0.2121 0.2121 0.2121 0.2121

RS
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.1968 0.0 - 0.1912 0.2524 0.2601 0.2632 0.2649 0.2707

0.5 - 0.2238 0.2269 0.2278 0.2283 0.2286 0.2297
ηVt 1.0 - 0.2181 0.2202 0.2209 0.2212 0.2214 0.2222

3.0 - 0.2129 0.2141 0.2145 0.2147 0.2148 0.2153
5.0 - 0.2118 0.2127 0.2130 0.2131 0.2132 0.2136

Short selling is not permitted.

IID
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.2210 0.0 0.1822 0.2496 0.2547 0.2561 0.2570 0.2576 0.2596

0.5 0.1643 0.2213 0.2220 0.2222 0.2224 0.2224 0.2227
ηVt 1.0 0.1724 0.2165 0.2169 0.2170 0.2171 0.2171 0.2173

3.0 0.1783 0.2127 0.2129 0.2129 0.2130 0.2130 0.2131
5.0 0.1487 0.2119 0.2120 0.2121 0.2121 0.2121 0.2121

RS
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.1968 0.0 0.0660 0.2394 0.2502 0.2543 0.2573 0.2592 0.2664

0.5 0.0796 0.2239 0.2269 0.2278 0.2283 0.2286 0.2297
ηVt 1.0 0.0769 0.2181 0.2202 0.2209 0.2212 0.2214 0.2222

3.0 0.0653 0.2129 0.2141 0.2145 0.2147 0.2148 0.2153
5.0 0.0841 0.2118 0.2127 0.2130 0.2131 0.2132 0.2136

EW Extreme Strategies
0.0795 Short selling is permitted. Short selling is not permitted.

GMV-EW EW-NE GMV-NE GMV-EW EW-NE GMV-NE
VW 0.2234 0.2457 0.2592 0.2281 0.1199 0.1344
0.1825 EW-GMV NE-EW NE-GMV EW-GMV NE-EW NE-GMV

0.2564 0.1657 0.1964 0.2473 0.1410 0.1678
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Table 4.4. Diversification among Sizes and Values (d = 6). This table reports the

Sharpe ratios of various strategies obtained from the back test of the asset allocations among the 2×3

size- and book-to-market-sorted portfolios by Fama and French (1993). “IID” represents the investor

who believes that the number of market states is 1. “RS” represents the investor who believes that

the number of market states is 2. The abbreviations of portfolios are listed in Table 4.1. In the case

of ηθt = 0 with short selling, we can not compute the optimal portfolios since they diverge. Therefore,

we use the portfolios of ηθt = 1 and ηVt = 0 as the No Error portfolios in the extreme strategies.

Short selling is permitted.

IID
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.2139 0.0 - 0.3406 0.3293 0.3243 0.3215 0.3197 0.3122

0.5 - 0.2237 0.2228 0.2224 0.2223 0.2222 0.2218
ηVt 1.0 - 0.2176 0.2170 0.2168 0.2167 0.2166 0.2164

3.0 - 0.2126 0.2123 0.2122 0.2122 0.2121 0.2120
5.0 - 0.2115 0.2113 0.2112 0.2111 0.2111 0.2110

RS
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.2081 0.0 - 0.2389 0.2473 0.2486 0.2489 0.2491 0.2488

0.5 - 0.2184 0.2195 0.2198 0.2200 0.2200 0.2203
ηVt 1.0 - 0.2147 0.2154 0.2156 0.2157 0.2158 0.2160

3.0 - 0.2113 0.2117 0.2118 0.2119 0.2119 0.2120
5.0 - 0.2105 0.2108 0.2109 0.2109 0.2110 0.2110

Short selling is not permitted.

IID
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.2139 0.0 0.2202 0.2260 0.2263 0.2255 0.2253 0.2257 0.2256

0.5 0.2289 0.2237 0.2228 0.2224 0.2223 0.2222 0.2218
ηVt 1.0 0.2207 0.2176 0.2170 0.2168 0.2167 0.2166 0.2164

3.0 0.2271 0.2126 0.2123 0.2122 0.2122 0.2121 0.2120
5.0 0.2291 0.2115 0.2113 0.2112 0.2111 0.2111 0.2110

RS
ηθt GMV

max SR 0.0 1.0 2.0 3.0 4.0 5.0 ∞
0.2081 0.0 0.1791 0.2101 0.2133 0.2146 0.2155 0.2158 0.2175

0.5 0.1874 0.2184 0.2195 0.2198 0.2199 0.2200 0.2203
ηVt 1.0 0.1949 0.2147 0.2154 0.2156 0.2157 0.2158 0.2160

3.0 0.1856 0.2113 0.2117 0.2118 0.2119 0.2119 0.2120
5.0 0.1999 0.2105 0.2108 0.2109 0.2109 0.2110 0.2110

EW Extreme Strategies
0.0795 Short selling is permitted. Short selling is not permitted.

GMV-EW EW-NE GMV-NE GMV-EW EW-NE GMV-NE
VW 0.2763 0.1697 0.2281 0.2336 0.1790 0.1979
0.2010 EW-GMV NE-EW NE-GMV EW-GMV NE-EW NE-GMV

0.1876 0.2861 0.2592 0.1939 0.2069 0.1920
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Table 4.5. The Results of the Mimicking Strategies’ Sharpe Ratios Obtained
from the Back Tests. The second and third columns display parameters in the good state,

and the fourth and fifth columns display parameters in the bad state. The sixth column shows

whether short selling is permitted or not. The seventh column reports the Sharpe ratios of the

mimicking extreme strategies. The eighth column reports the Sharpe ratios of the original

extreme strategies. The ninth column reports the average root square errors between the

original extreme strategies and the mimicking strategies. The extreme strategies are listed in

Table 4.1.

International Indexes
Good State Bad State

Short Selling Sharpe Ratio
Original

Ave. RSE
ηθt ηVt ηθt ηVt Sharpe Ratio

mGMV-EW 30 0 10 5
Yes 0.1038 0.1032 0.0116
No 0.0929 0.0922 0.0102

mEW-GMV 10 5 30 0
Yes 0.0640 0.0636 0.0116
No 0.0788 0.0783 0.0112

Industry Indexes
Good State Bad State

Short Selling Sharpe Ratio
Original

Ave. RSE
ηθt ηVt ηθt ηVt Sharpe Ratio

mGMV-EW 30 0 10 5
Yes 0.2252 0.2234 0.0134
No 0.2303 0.2281 0.0089

mEW-GMV 10 5 30 0
Yes 0.2567 0.2564 0.0095
No 0.2470 0.2473 0.0079

Size- and Value-Sorted Portfolios
Good State Bad State

Short Selling Sharpe Ratio
Original

Ave. RSE
ηθt ηVt ηθt ηVt Sharpe Ratio

mGMV-EW 30 0 10 5
Yes 0.2776 0.2763 0.0248
No 0.2343 0.2336 0.0118

mEW-GMV 10 5 30 0
Yes 0.1882 0.1876 0.0199
No 0.1945 0.1939 0.0117
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Figure 4.1. Portfolio Errors of International Indexes Data Set When Short
Selling Is Permitted. The following four figures display portfolio errors ∥u∗t ∥GMV and

∥u∗t ∥EW at each time t. The upper two figures show the portfolio errors from GMV, ∥u∗t ∥GMV ,

with ηVt = 0. The lower two figures represent the portfolio errors from EW, ∥u∗t ∥EW , with

ηθt = 5. The left two figures represent the portfolio errors of the IID investor and the right

two figures show those of the RS investor.
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Chapter 5

Optimal Switching under Ambiguity
and Its Applications in Finance

5.1 Introduction

Optimal switching problems are widely used to describe many situations in finance and

economics. For example, they are applied to natural resource extractions (Brennan and

Schwartz (1985) and Brekke and Øksendal (1994)), reversible investments (Ly Vath and

Pham (2007)), and entry and exit decisions of firms (Dixit (1989)). In plain words, the

optimal switching problems are the problems that a decision maker chooses her actions

from a discrete state space to maximize her profit (objective function).

In this chapter, our aims are to construct optimal switching problems under am-

biguity and to derive general properties of solutions to these problems. A concept of

ambiguity aversion is one of prominent issues in recent finance and economics. The

ambiguity aversion (also known as the Knightian uncertainty aversion or the model

uncertainty aversion) is the behavior that an economic agent prefers avoiding the event

whose occurrence probability is unknown. Ellsberg (1961) first provides illustrative

examples of the ambiguity aversion and Gilboa and Schmeidler (1989) and Schmeidler

(1989) economically axiomatize the ambiguity aversion. After these works, Chen and

Epstein (2002) establish a model of the ambiguity aversion in continuous time and

Riedel (2009) and Cheng and Riedel (2013) construct optimal stopping problems under

ambiguity.

Using a concept of the ambiguity aversion, one can describe the properties not

captured by a usual trade-off between returns and risks. Therefore, we can consider a

171
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more practical optimal switching problem. In existing literature, Hamadène and Zhang

(2010) mention that their model can be applied to the optimal switching problems

under ambiguity, but in our knowledge, there does not exist a study of general results

of optimal switching problems under ambiguity. Therefore, it is worth studying optimal

switching problems under ambiguity.

To deal with optimal switching problems under ambiguity, we use frameworks of

backward stochastic differential equations (hereafter BSDEs). BSDEs are introduced by

Bismut (1978) and Pardoux and Peng (1990) establish a general theory of BSDEs. Many

researchers (e.g., El Karoui, Peng, and Quenez (1997b), Rouge and El Karoui (2000),

Chen and Epstein (2002) and Cheng and Riedel (2013)) apply the theory of BSDEs

to various problems in finance and economics. Recently, a theory of multidimensional

reflected BSDEs (hereafter multidimensional RBSDEs) is developed by Hamadène and

Zhang (2010), Hu and Tang (2010) and Hamadène and Morlais (2013) to study the

optimal switching problems. This approach makes us naturally incorporate ambiguity

aversion into the optimal switching problems. Therefore, multidimensional RBSDEs

have an important role in this study.

In this chapter, our contributions are as follows.

1. We characterize the optimal switching problems under ambiguity in both of the

finite horizon and infinite horizon using multidimensional RBSDEs.

2. We show that value functions of the optimal switching problems under ambiguity

are viscosity solutions to some system of partial differential equations.

3. Unlike existing literature, we do not assume non-negativity of switching costs.

We first define the optimal switching problems under ambiguity and characterize them

using the theory of multidimensional RBSDEs by Hamadène and Zhang (2010). Hamadène

and Zhang (2010) assume non-negativity of the switching costs and this assumption has

an important role in their study. However, there are optimal switching problems that

definitely need negative switching costs (i.e., positive switching benefits) such as the

buy low and sell high problem (Zhang and Zhang (2008)) and the pair-trading prob-

lem (Ngo and Pham (2016)). Therefore, we do not assume the non-negativity of the
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switching costs, and we need to modify the proof of Hamadène and Zhang (2010) to

allow negative switching costs. In order to allow negative switching costs, we add a

weak assumption of the switching costs. Since existing literature usually assumes non-

negativity of switching costs (for example, Hamadène and Zhang (2010), Hu and Tang

(2010) and Hamadène and Morlais (2013)), our results are more general than those of

the existing literature in the sense of allowing negative switching costs. Furthermore,

using the results of Hamadène and Morlais (2013), we show that value functions of the

optimal switching problems under ambiguity are viscosity solutions of some system of

partial differential equations.

Moreover, we show that under some conditions, the value function in the finite

horizon problem converges to the value function in the infinite horizon. El Asri (2010)

studies the infinite horizon problem using multidimensional RBSDEs under a non-

negativity assumption of switching costs, but the most of existing studies mainly focus

to the finite horizon problem. Therefore, our results may provide new insights in the

optimal switching problems using multidimensional RBSDEs.

Finally, we give some examples of optimal switching problems under ambiguity

in finance. We show that under certain conditions, the optimal switching problems

under ambiguity can be interpreted as the optimal switching problems under a certain

probability measure determined a priori. Therefore, the results of existing literature

can be used to optimal switching problems under ambiguity. However, the problems

not meeting these conditions provide more interesting results. In Section 5.6.3, we

consider the buy low and sell high problem under ambiguity, which does not satisfy

these conditions. Our results indicate that effects of ambiguity in this problem can not

be reproduced by a simple change of the probability measure.

The rest of this chapter is organized as follows. Section 5.2 defines the optimal

switching problems under ambiguity in the finite horizon using the concept of multiple

priors introduced by Chen and Epstein (2002). Section 5.3 introduces multidimensional

RBSDEs and proves the existence of their solutions. Section 5.4 verifies that the value

functions of the optimal switching problems under ambiguity are characterized by the

solutions to the multidimensional RBSDEs, and derives the system of partial differential
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equations, which the value functions satisfy. Section 5.5 considers the infinite horizon

problem. Section 5.6 provides some applications of optimal switching problems under

ambiguity in finance. Lengthy proofs are in Appendix.

5.2 Preliminaries and Problem Formulation

Let (Ω,F ,P) be a probability space endowed with a d-dimensional Brownian motion

W = (Wt)t≥0. Let T > 0 be a finite constant time. We first consider an optimal

switching problem during [0, T ]. Let F = (Ft)t≥0 be an augmentation of the natural

filtration generated by W .

We denote by α = (αt)t≥0 a control process such that

αt =
∑
k≥0

ik1l[τk,τk+1)(t), (5.2.1)

where (ik)k≥0 is a regime process taking values in a discrete state space I = {1, . . . , I},

I > 0, and (τk)k≥0 is a non-decreasing sequence of stopping times. 1lA(x) is an indicator

function such that for a given set A,

1lA(x) =

{
1, if x ∈ A,
0, otherwise.

We suppose that each ik is Fτk-measurable. Under a control α, a decision maker chooses

a regime ik on [τk, τk+1) for all k ≥ 0. For convenience, we also write a control as a

sequence of pairs of regimes and stopping times: α = (τk, ik)k≥0.

Let X = (Xt)0≤t≤T be a d-dimensional stochastic process satisfying the following

stochastic differential equation (hereafter SDE):

dXt = b(t,Xt, αt)dt+ σ(t,Xt, αt)dWt, (5.2.2)

where α = (αt)0≤t≤T is a control process. b and σ are measurable functions satisfying

the following.

Assumption 5.1 b : [0, T ]× Rd × I → Rd and σ : [0, T ]× Rd × I → Rd×d satisfy the

following Lipschitz condition and quadratic growth condition:

∥b(t, x, i)− b(t, y, i)∥+ ∥σ(t, x, i)− σ(t, y, i)∥ ≤ L∥x− y∥, (5.2.3)

∥b(t, x, i)∥2 + ∥σ(t, x, i)∥2 ≤ L2(1 + ∥x∥2), (5.2.4)
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for every t ∈ [0, T ], i ∈ I, and x, y ∈ Rd, where L is a positive constant and ∥x∥ is the

Euclid norm of x ∈ Rd.

Let Lqt (Rd) be a set of d-dimensional, q-th integrable (that is, an Lq norm on (Ω,F ,P)

is finite), and Ft-measurable random vectors. Let T T
t be a set of stopping times taking

values in [t, T ]. Let Ĩt be a set of Ft-measurable random variables taking values in I.

We define K̃q
T and KT as follows,

K̃q
T :=

{
(ν, η, ι) | ν ∈ T T

0 , η ∈ Lqν(Rd), ι ∈ Ĩν
}
, (5.2.5)

KT := [0, T ]× Rd × I. (5.2.6)

By Assumption 5.1, for every (ν, η, ι) ∈ K̃2
T and progressively measurable control α

starting from αν = ι, there exists a unique strong solution to the SDE (5.2.2) on

[ν, T ] starting from Xν = η and controlled by α. We denote this controlled process

by Xν,η,ι,α = (Xν,η,ι,α
s )ν≤s≤T . Furthermore, it is well known that the moments of X is

upper bounded (e.g., Corollary 2.5.12 in Krylov (1980) and Theorem 5.2.9 in Karatzas

and Shreve (1991)). We shortly summarize the results of the moment estimates of X.

Proposition 5.2 Under Assumption 5.1, for every q > 0, there exist constants Cq,X ≥

1 and Cq > 0 such that

E

[
max
t≤s≤T

∥X t,x,i,α
s ∥q

]
≤ Cq,X(1 + ∥x∥q)eCq(T−t), (5.2.7)

for all 0 ≤ t ≤ T, x ∈ Rd, i ∈ I and control α. Note that Cq,X and Cq do not depend

on t, T, x, i and α. Furthermore, if a constant ρ is sufficiently large such that ρ > Cq,

then there exists a positive constant C∞
q,X such that

E

[
max
s≥t

e−ρs
(
1 + ∥X t,x,i,α

s ∥q
)]

≤ C∞
q,X(1 + ∥x∥q)e−(ρ−Cq)t, (5.2.8)

for all 0 ≤ t, x ∈ Rd, i ∈ I and control α. Note that C∞
q,X does not depend on t, x, i

and α.

The proof of Proposition 5.2 is in Appendix 5.A. Moreover, we can easily show that the

results of Proposition 5.2 hold in the case when the initial time is a stopping time. For

every ν ∈ T T
0 , η ∈ L2q

ν (Rd), i ∈ I and control α, we have

E

[
max
ν≤s≤T

∥Xν,η,i,α
s ∥q

∣∣∣ Fν

]
≤ Cq,X(1 + ∥η∥q)eCq(T−ν).
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We first consider an optimal switching problem without ambiguity. An objective

function of the optimal switching problem without ambiguity is

Jna(t, x, i, α) := E

[∫ T

t

Dt,x,i,α
s ψ(s,X t,x,i,α

s , αs)ds

+Dt,x,i,α
T g(X t,x,i,α

T , αT )−
∑

t≤τk≤T

Dt,x,i,α
τk

cik−1,ik(τk, X
t,x,i,α
τk

)
∣∣∣ Ft

]
,

(5.2.9)

where ψ, g, and c are measurable functions. ψ represents running rewards for the

switching problem without ambiguity. g represents a terminal payoff. c is a switching

cost function. ci,j(t, x) represents a switching cost from regime i to j at time t and

Xt = x. Dt,x,i,α is a discount factor such that for any (t, x, i) ∈ KT and control α,

Dt,x,i,α
s = exp

{
−
∫ s

t

ρ(t,X t,x,i,α
u , αu)du

}
, s ∈ [t, T ], (5.2.10)

where ρ(t, x, i) is a bounded measurable function. By the definition (5.2.10), we allow

the discount rate to be random and controllable. Therefore, the objective function

(5.2.9) represents the expected and discounted total profit on [t, T ].

For all ν ∈ T T
0 and ι ∈ Ĩν , let Aι[ν, T ] be a set of controls such that

Aι[ν, T ]

:=

α = (αs)ν≤s≤T

∣∣∣ E

[∣∣∣∑ν≤τk≤T cik−1,ik(τk, X
ν,x,ι,α
τk

)
∣∣∣2] <∞, ∀x ∈ Rd,

and αν = ι.

 .

(5.2.11)

We call a control in Aι[ν, T ] an admissible control. The optimal switching problem

without ambiguity is

sup
α∈Ai[t,T ]

Jna(t, x, i, α), (5.2.12)

for all (t, x, i) ∈ KT .

The optimal switching problems expressed as (5.2.12) are well studied in many

researchers (e.g., Brekke and Øksendal (1994), Ly Vath and Pham (2007), Djehiche,

Hamadène, and Popier (2009), and Bayraktar and Egami (2010)). However, one of

the weakness of the optimal switching problem (5.2.12) is not to take into account

ambiguity. The problem (5.2.12) assumes that the decision maker knows the functional
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form of the distribution parameters b and σ a priori, whereas we do not know them in

practice. Therefore, it needs to take into account uncertainty about the distribution of

X in order to derive more useful switching strategies. Hence, we consider an optimal

switching problem under ambiguity hereafter.

We first define a set of degrees of ambiguity. For t ∈ [0, T ], let Θt be a set of

d-dimensional Ft-measurable random variables. We assume the form of Θt as follows.

Assumption 5.3

1. There exists a non-negative constant C such that

P(∥θt∥ ≤ C, ∀θt ∈ Θt, t ∈ [0, T ]) = 1.

2. Θt is convex and compact valued for all t ∈ [0, T ].

3. Θt is a progressively measurable correspondence for all t ∈ [0, T ].

4. 0 ∈ Θt dt⊗ P-a.e..

Let

Θ[t, T ] =

{
θ = (θs)t≤t≤T

∣∣∣ θ is right-continuous with left limits and
θs ∈ Θs for all s ∈ [t, T ].

}
. (5.2.13)

For all θ ∈ Θ[t, T ], we define a density process ζθ,t = (ζθ,ts )t≤s≤T such that

ζθ,ts := exp

{
−
∫ s

t

θ′udWu −
1

2

∫ s

t

∥θu∥2du
}
, s ∈ [t, T ], (5.2.14)

where x′ is a transpose of a vector x ∈ Rd. By Assumption 5.3, for all θ ∈ Θ[t, T ], ζθ,t

is a martingale with respect to F. Therefore, for all θ ∈ Θ[t, T ], we can define a new

probability measure such that

PθT (A) := E[1lAζ
θ,t
T ], A ∈ FT . (5.2.15)

We denote by EθT the expectation operator under the probability measure PθT .

Under the probability measure PθT , by the Girsanov theorem, the SDE (5.2.2) can

be expressed as

dXt =
(
b(t,Xt, αt)− σ(t,Xt, αt)θt

)
dt+ σ(t,Xt, αt)dW

θ
t , t ∈ [0, T ],
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whereW θ is a d-dimensional Brownian motion under PθT . This implies that we can take

account of the ambiguity about the drift of X under PθT .

Θ represents a set of priors of the decision maker. Chen and Epstein (2002) establish

a decision making problem under ambiguity in continuous time, which means that the

decision maker would like to avoid the event whose occurrence probability is unknown.

To incorporate ambiguity into an optimal switching problem, we use the concept of

Chen and Epstein (2002). In their model, the decision maker chooses her subjective

probability measure before choosing her decision as if her expected utility is minimized.

They succeed to pose such a decision making problem under Assumption 5.3. They

called Assumption 5.3 the rectangular condition.

The objective function under ambiguity is

J(t, x, i, α) := inf
θ∈Θ[t,T ]

EθT

[∫ T

t

Dt,x,i,α
s

(
ψ(s,X t,x,i,α

s , αs)− θ′sϕ(s,X
t,x,i,α
s , αs)

)
ds

+Dt,x,i,α
T g(X t,x,i,α

T , αT )−
∑

t≤τk≤T

Dt,x,i,α
τk

cik−1,ik(τk, X
t,x,i,α
τk

)
∣∣∣ Ft

]
,

(5.2.16)

where ϕ is a measurable function from [0, T ]×Rd×I onto Rd. ϕ determines a running

premium for ambiguity. Our settings allow choices of ambiguity levels to affect the

running rewards through the term θ′·ϕ(·, X t,x,i
· , α·). The optimal switching problem

under ambiguity is

sup
α∈Ai[t,T ]

J(t, x, i, α), (5.2.17)

for all (t, x, i) ∈ KT .

Furthermore, we assume the functions, ρ, ψ, ϕ, g, and c as follows.

Assumption 5.4

1. ρ(·, ·, i) is a continuous, non-negative and upper bounded function for all i ∈ I.

2. Polynomial growth condition

ψ(·, ·, i), ϕ(·, ·, i), g(·, i) and ci,j(·, ·) are continuous for all i, j ∈ I, and ci,i(t, x) =

0 for all (t, x, i) ∈ KT . Furthermore, there exist positive constants Cf and q such

that

|ψ(t, x, i)|+ ∥ϕ(t, x, i)∥+ |g(x, i)|+ |ci,j(t, x)| ≤ Cf (1 + ∥x∥q), (5.2.18)
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for all (t, x, i, j) ∈ [0, T ]×Rd× (I)2. Without loss of generality, we assume q ≥ 1.

3. Non-free loop conditions

(a) For all finite loop (i0, i1, . . . , im) ∈ Im+1 with i0 = im and i0 ̸= i1 and for all

(t, x) ∈ [0, T ]× Rd, c satisfies

ci0,i1(t, x) + · · ·+ cim−1,im(t, x) > 0. (5.2.19)

(b) g satisfies the following inequality,

g(x, i) ≥ max
j∈I\{i}

{g(x, j)− ci,j(T, x)}, (5.2.20)

for all (x, i) ∈ Rd × I.

4. Strong triangular condition

Let

N =

{
i ∈ I

∣∣∣ ∃j ∈ I, j ̸= i,

∫
[0,T ]×Rd

1l{ci,j(t, x) < 0}(t, x)dtdx > 0

}
,

Ci = − min
j∈I, x∈Rd, t∈[0,T ]

ci,j(t, x)

1 + ∥x∥q
, i ∈ N ,

where q is defined in Assumption 5.4.2. Then, for all i ∈ N ,

ck,j(t, x) ≤ ck,i(t, x)− Ci(1 + Cq,X(1 + ∥x∥q)eCq(T−t)), (5.2.21)

for all t ∈ [0, T ], x ∈ Rd and (j, k) ∈ I with j ̸= i and k ̸= i, where Cq,X and Cq

are defined in Proposition 5.2.

Assumption 5.4.1 implies that the discount rate is upper bounded and non-negative.

The non-negativity is usual, and the assumption of upper boundedness guarantees

the Lipschitz condition of a generator in the BSDE literature. Assumption 5.4.2 and

Proposition 5.2 guarantee the value function of our optimal switching problem to be

finite. Therefore, it is needed in order to consider meaningful problems.

The non-free loop conditions (Assumption 5.4.3) say that whenever one first stands

in some regime (call regime A), next instantaneously goes to the other regimes, and

finally goes back to the regime A at the same time, then she has to pay a positive cost.
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Hence, the non-free loop conditions exclude the possibility that one can gain a positive

profit by a looping switching strategy at the same time. If the non-free loop conditions

are not postulated, then the value function diverges as the decision maker obtains an

infinitely large reward by such a looping strategy. Since it is an arbitrage, the non-free

loop conditions are natural in the optimal switching problems.

Unlike the previous literature, we do not assume non-negativity of the cost func-

tions. Our specification of ambiguity allows this generalization. However, we need an

additional assumption in this case. If some cost function can take a negative value, it

needs to satisfy the strong triangular condition (Assumption 5.4.4).

The strong triangular condition means that the switching benefits are not too large

to take these benefits. Heuristically speaking, if one first stands in the regime k and

if ci,j < 0, then the cost that she goes to the regime j via the regime i is at least as

large as the cost that she directly goes to the regime j. The strong triangular condition

implies the standard triangle inequality. Indeed, by the inequality (5.2.21), we have

ck,i(t, x) + ci,j(t, x) ≥ ck,i(t, x)− Ci(1 + ∥x∥q)

≥ ck,i(t, x)− Ci(1 + Cq,X(1 + ∥x∥q)eCq(T−t)) ≥ ck,j(t, x),

for all i ∈ N , (j, k) ∈ I, (t, x) ∈ [0, T ] × Rd with k ̸= i and j ̸= i. Therefore, our

triangular condition (5.2.21) is stronger than the standard triangle inequality.

By Proposition 5.2 and Assumption 5.4, we can show that an expected total cost

does not diverge for every admissible control.

Proposition 5.5 Under Assumption 5.1 and 5.4,

E

[
−
∑

t≤τk≤T

Dt,x,i,α
τk

cik−1,ik(τk, X
t,x,i,α
τk

)

]
≤ Cf (1 + Cq,X(1 + ∥x∥q)eCq(T−t)), (5.2.22)

for all (t, x, i) ∈ KT and α = (τk, ik)k≥0 ∈ Ai[t, T ].

Proof of Proposition 5.5. Fix an arbitrary (t, x, i) ∈ KT and α = (τk, ik)k≥0 ∈ Ai[t, T ].

We first prove

E

[
−

n∑
k=1

Dt,x,i,α
τk

cik−1,ik(τk, X
t,x,i,α
τk

)

]
≤ Cf (1 + Cq,X(1 + ∥x∥q)eCq(T−t)),
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for all n ≥ 1. If P(in−1 ∈ N | Fτn−1) = 0, then cin−1,in(τn, X
t,x,i,α
τn ) ≥ 0. Hence, we have

−Dt,x,i,α
τn−1

cin−2,in−1(τn−1, X
t,x,i,α
τn−1

)−Dt,x,i,α
τn cin−1,in(τn, X

t,x,i,α
τn )

≤ −Dt,x,i,α
τn−1

cin−2,in−1(τn−1, X
t,x,i,α
τn−1

). (5.2.23)

If P(in−1 ∈ N | Fτn−1) > 0, then, by Proposition 5.2, we have

E
[
−Dt,x,i,α

τn−1
cin−2,in−1(τn−1, X

t,x,i,α
τn−1

)−Dt,x,i,α
τn cin−1,in(τn, X

t,x,i,α
τn )

∣∣∣ Fτn−1

]
≤ −E

[
Dt,x,i,α
τn−1

(
cin−2,in−1(τn−1, X

t,x,i,α
τn−1

)− Cin−1

(
1 + ∥X t,x,i,α

τn ∥q
))

1l{in−1∈N}

+Dt,x,i,α
τn−1

cin−2,in−1(τn−1, X
t,x,i,α
τn−1

)1l{in−1 /∈N}

∣∣∣ Fτn−1

]
≤ −E

[
Dt,x,i,α
τn−1

(
cin−2,in−1(τn−1, X

t,x,i,α
τn−1

)

− Cin−1

(
1 + Cq,X

(
1 + ∥X t,x,i,α

τn−1
∥q
)
eCq(T−τn−1)

))
1l{in−1∈N}

+Dt,x,i,α
τn−1

cin−2,in−1(τn−1, X
t,x,i,α
τn−1

)1l{in−1 /∈N}

∣∣∣ Fτn−1

]
.

By Assumption 5.4.4, there exists an Fτn−1-measurable random variable ĩn−1 taking

values in I such that

− E
[
Dt,x,i,α
τn−1

(
cin−2,in−1(τn−1, X

t,x,i,α
τn−1

)

− Cin−1

(
1 + Cq,X

(
1 + ∥X t,x,i,α

τn−1
∥q
)
eCq(T−τn−1)

))
1l{in−1∈N}

∣∣∣ Fτn−1

]
≤ −E

[
Dt,x,i,α
τn−1

cin−2 ,̃in−1
(τn−1, X

t,x,i,α
τn−1

)1l{in−1∈N}

∣∣∣ Fτn−1

]
.

Hence, we obtain

E
[
−Dt,x,i,α

τn−1
cin−2,in−1(τn−1, X

t,x,i,α
τn−1

)−Dt,x,i,α
τn cin−1,in(τn, X

t,x,i,α
τn )

∣∣∣ Fτn−1

]
≤ −E

[
Dt,x,i,α
τn−1

(
cin−2 ,̃in−1

(τn−1, X
t,x,i,α
τn−1

)1l{in−1∈N}

+ cin−2,in−1(τn−1, X
t,x,i,α
τn−1

)1l{in−1 /∈N}

) ∣∣∣ Fτn−1

]
≤ −E

[
Dt,x,i,α
τn−1

cin−2,i∗n−1
(τn−1, X

t,x,i,α
τn−1

)
∣∣∣ Fτn−1

]
, (5.2.24)

where

i∗n−1 = arg min
j∈I\{in−2}

{
cin−2,j(τn−1, X

t,x,i,α
τn−1

)
}
,

and i∗n−1 is obviously Fτn−1-measurable. Therefore, the inequalities (5.2.23) and (5.2.24)
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lead to

E

[
−

n∑
k=1

Dt,x,i,α
τk

cik−1,ik(τk, X
t,x,i,α
τk

)

]
≤ E

[
−Dt,x,i,α

τ1
ci,i∗1(τ1, X

t,x,i,α
τ1

)
]

≤ Cf
(
1 + E

[
∥X t,x,i,α

τ1
∥q
])

≤ Cf

(
1 + E

[
max
t≤s≤T

∥X t,x,i,α
s ∥q

])
≤ Cf (1 + Cq,X(1 + ∥x∥q)eCq(T−t)).

Since α ∈ Ai[t, T ], by the Lebesgue dominated convergence theorem, we obtain the

inequality (5.2.22). 2

Proposition 5.5 has an important role in our switching problem. The other studies

assuming non-negativity of switching costs naturally derive a lower boundary of the

total expected costs, that is 0. However, we do not naturally say that the total costs

are non-negative since our switching costs can take a negative value. Therefore, we

need to estimate a lower boundary of the total expected costs by Proposition 5.5.

Remark 5.6 Even if the cost functions do not satisfy the strong triangular condition,

it is possible that Proposition 5.5 holds. In this case, the following discussion in this

chapter also holds. Essentially, we need

E

[
−
∑

t≤τk≤T

Dt,x,i,α
τk

cik−1,ik(τk, X
t,x,i,α
τk

)

]
≤ C(1 + ∥x∥q),

for all (t, x, i) ∈ KT and α ∈ Ai[t, T ], where C is a positive constant not depending on

(t, x, i) and α.

5.3 Multidimensional Reflected BSDEs

Next, we consider a representation of the objective function by BSDEs.

For all ν ∈ T T
0 , we denote by S2[ν, T ] the set of real-valued progressively measurable

processes Y such that

E

[
sup
ν≤t≤T

|Yt|2
]
<∞,

and by H2
d[ν, T ] the set of Rd-valued progressively measurable processes Z such that

E

[∫ T

ν

∥Zt∥2dt
]
<∞.



Yuki Shigeta 183

Especially, we denote by S2
c [ν, T ] a set of all continuous processes in S2[ν, T ] and by

K2[ν, T ] a set of all non-decreasing processes in S2[ν, T ].

We consider the following BSDE: For given (ν, η, ι) ∈ K̃2q
T , θ ∈ Θ[ν, T ] and α ∈

Aι[ν, T ],

−dY ν,η,ι,θ,α
t =

(
ψ(t,Xν,η,ι,α

t , αt)− ρ(t,Xν,η,ι,α
t , αt)Y

ν,η,ι,θ,α
t

− θ′t

(
ϕ(t,Xν,η,ι,α

t , αt) + Zν,η,ι,θ,α
t

))
dt

− (Zν,η,ι,θ,α
t )′dWt − dAν,η,ι,αt , t ∈ [ν, T ],

Y ν,η,ι,θ,α
T = g(Xν,η,ι,α

T , αT ), Aν,η,ι,αt =
∑

t≤τk≤T

cik−1,ik(τk, X
ν,η,ι,α
τk

), t ∈ [ν, T ], (5.3.1)

(Y ν,η,ι,θ,α, Zν,η,ι,θ,α) ∈ S2[ν, T ]×H2
d[ν, T ].

Since g(Xν,η,ι,α
T , αT ) ∈ L2

T (R) and (ϕ(t,Xν,η,ι,α
t , αt))ν≤t≤T , (ψ(t,Xν,η,ι,α

t , αt))ν≤t≤T ∈

H2
1[ν, T ] and since θ and ρ are uniformly bounded by Assumption 5.1, 5.3 and 5.4,

the BSDE (5.3.1) has a unique solution in S2[ν, T ]×H2
d[ν, T ]. Furthermore, by Propo-

sition 2.2 in El Karoui et al. (1997b), the solution of the BSDE (5.3.1), also denoted by

(Y ν,η,ι,θ,α
t , Zν,η,ι,θ,α

t )ν≤t≤T , can be represented as the following form.

Y ν,η,ι,θ,α
t =

1

Dν,η,ι,α
t ζθ,νt

E

[∫ T

t

Dν,η,ι,α
s ζθ,νs

(
ψ(s,Xν,η,ι,α

s , αs)− θ′sϕ(s,X
ν,η,ι,α
s , αs)

)
ds

+Dν,η,ι,α
T ζθ,νT g(Xν,η,ι,α

T , αT )−
∑

t≤τk≤T

Dν,η,ι,α
τk

ζθ,ντk cik−1,ik(τk, X
ν,η,ι,α
τk

)
∣∣∣ Ft

]

= EθT

[∫ T

t

Dν,η,ι,α
s

Dν,η,ι,α
t

(
ψ(s,Xν,η,ι,α

s , αs)− θ′sϕ(s,X
ν,η,ι,α
t , αs)

)
ds

+
Dν,η,ι,α
T

Dν,η,ι,α
t

g(X0,x,i,α
T , αT )−

∑
t≤τk≤T

Dν,η,ι,α
τk

Dν,η,ι,α
t

cik−1,ik(τk, X
ν,η,ι,α
τk

)
∣∣∣ Ft

]
, (5.3.2)

where we have used the Bayes rule in the second equality.

Now, we also consider another BSDE such that

−dY ν,η,ι,α
t =

(
ψ(t,Xν,η,ι,α

t , αt)− ρ(t,Xν,η,ι,α
t , αt)Y

ν,η,ι,α
t

− max
θt∈Θt

{
θ′t

(
ϕ(t,Xν,η,ι,α

t , αt) + Zν,η,ι,α
t

)})
dt

− (Zν,η,ι,α
t )′dWt − dAν,η,ι,αt , t ∈ [ν, T ], (5.3.3)

Y ν,η,ι,α
T = g(Xν,η,ι,α

T , αT ), Aν,η,ι,αt =
∑

t≤τk≤T

cik−1,ik(τk, X
ν,η,ι,α
τk

), t ∈ [ν, T ],

(Y ν,η,ι,α, Zν,η,ι,α) ∈ S2[ν, T ]×H2
d[ν, T ].
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The BSDE (5.3.5) also has a unique solution in S2[ν, T ]×H2
d[ν, T ]. From the comparison

theorem, the solution of the BSDE (5.3.5) is a minimum value of Y ν,η,ι,θ,α
t over θ ∈

Θ[ν, T ], that is, the following inequality holds.

Y ν,η,ι,θ,α
t ≥ Y ν,η,ι,α

t , (5.3.4)

P-almost surely for all t ∈ [ν, T ] and θ ∈ Θ[ν, T ].

Combining the inequality (5.3.4) with the equality (5.3.2), we deduce that

Y t,x,i,α
t = inf

θ∈Θ[t,T ]
EθT

[∫ T

t

Dt,x,i,α
s

(
ψ(s,X t,x,i,α

s , αs)− θ′sϕ(s,X
t,x,i,α
s , αs)

)
ds

+Dt,x,i,α
T g(X t,x,i,α

T , αT )−
∑

s≤τk≤T

Dt,x,i,α
τk

cik−1,ik(τk, X
t,x,i,α
τk

)
∣∣∣ Ft

]
= J(t, x, i, α),

for all (t, x, i) ∈ KT and α ∈ Ai[t, T ]. Therefore, Y
t,x,i,α
t is the objective function under

ambiguity.

For the sake of brevity, we assume as follows.

Assumption 5.7 Suppose that Θt is measurable with respect to the σ-algebra gener-

ated by Xt and αt for all t ∈ [0, T ]. We denote by Θx,i
t a Θt with Xt = x and αt = i.

For all (t, x, i) ∈ KT and z ∈ Rd, let

ς(t, x, i, z) := max
θt∈Θx,i

t

{
θ′t

(
ϕ(t, x, i) + z

)}
.

Then, suppose that ς is a deterministic and measurable function. Moreover, suppose

that ς(·, ·, i, ·) is continuous for all i ∈ I.

By Assumption 5.3.1 and 5.4, ς satisfy the polynomial growth condition with respect to

x and z and the Lipschitz condition with respect to z: There exists a positive constant

Cς such that

|ς(t, x, i, z)| ≤ Cς(1 + ∥x∥q + ∥z∥), |ς(t, x, i, z)− ς(t, x, i, z̃)| ≤ Cς∥z − z̃∥,

for all (t, x, i, z, z̃) ∈ KT × (Rd)2.
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Under Assumption 5.7, the BSDE (5.3.3) can be expressed as

−dY ν,η,ι,α
t =

(
ψ(t,Xν,η,ι,α

t , αt)− ρ(t,Xν,η,ι,α
t , αt)Y

ν,η,ι,α
t − ς(t,Xν,η,ι,α

t , αt, Z
ν,η,ι,α
t )

)
dt

− (Zν,η,ι,α
t )′dWt − dAν,η,ι,αt , t ∈ [ν, T ], (5.3.5)

Y ν,η,ι,α
T = g(Xν,η,ι,α

T , αT ), Aν,η,ι,αt =
∑

t≤τk≤T

cik−1,ik(τk, X
ν,η,ι,α
τk

), t ∈ [ν, T ],

(Y ν,η,ι,α, Zν,η,ι,α) ∈ S2[ν, T ]×H2
d[ν, T ].

Now, let us consider the multidimensional RBSDE. For given ν ∈ T T
0 and η ∈

L2q
ν (Rd) and for all i ∈ I,

−dY ν,η,i
t =

(
ψ(t,Xν,η,i

t , i)− ρ(t,Xν,η,i
t , i)Y ν,η,i

t − ς(t,Xν,η,i
t , i, Zν,η,i

t )
)
dt

− (Zν,η,i
t )′dWt + dKν,η,i

t , t ∈ [ν, T ],

Y ν,η,i
T = g(Xν,η,i

T , i), Kν,η,i
ν = 0, Y ν,η,i

t ≥ max
j∈I\{i}

{Y ν,η,j
t − ci,j(t,X

ν,η,i
t )}, t ∈ [ν, T ],∫ T

ν

(
Y ν,η,i
t − max

j∈I\{i}
{Y ν,η,j

t − ci,j(t,X
ν,η,i
t )}

)
dKν,η,i

t = 0, (5.3.6)

(Y ν,η,i, Zν,η,i, Kν,η,i) ∈ S2[ν, T ]×H2
d[ν, T ]×K2[ν, T ], i ∈ I,

where Xν,η,i = (Xν,η,i
t )ν≤t≤T is a strong solution to the following SDE,

dXt = b(t,Xt, i)dt+ σ(t,Xt, i)dWt, t ∈ [ν, T ], Xν = η. (5.3.7)

In the next section, we show that the solution Y t,x,i
t of the multidimensional RBSDE

(5.3.6) is a value function of the optimal switching problem under ambiguity. In this

section, we first prove the existence of solutions to the multidimensional RBSDE (5.3.6).

Theorem 5.8 Under Assumption 5.1, 5.3, 5.4 and 5.7, the multidimensional RBSDE

(5.3.6) has a solution in (S2
c [ν, T ]×H2

d[ν, T ]×K2[ν, T ])I for any ν ∈ T T
0 and η ∈ L2q

ν (Rd).

In the case when the switching costs are non-negative, Theorem 5.8 are proved by

Theorem 3.2 in Hamadène and Zhang (2010) and Theorem 2.1 in Hu and Tang (2010).

We use the strategy of the proof of Theorem 3.2 in Hamadène and Zhang (2010), but

there is a problem for a priori estimates of Picard’s iterations of the multidimensional

RBSDE (5.3.6). Hamadène and Zhang (2010) define the process in S2[ν, T ] that is

larger than all Picard’s iterations, however, this process may not be larger than Picard’s
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iterations in our problem since we allow the switching costs to be negative. Therefore,

we can not use the results of Hamadène and Zhang (2010) straightforwardly. However,

thanks to Proposition 5.5, we can define the other process in S2[ν, T ] that is larger than

all Picard’s iterations in our problem.

Proof of Theorem 5.8. Throughout this proof, we fix an arbitrary ν ∈ T T
0 and η ∈

L2q
ν (Rd).

Step.1 Picard’s iterations. Let (Y ν,η,i,0, Zν,η,i,0) be a solution to the following BSDE.

−dY ν,η,i,0
t =

(
ψ(t,Xν,η,i

t , i)− ρ(t,Xν,η,i
t , i)Y ν,η,i,0

t − ς(t,Xν,η,i
t , i, Zν,η,i,0

t )
)
dt

− (Zν,η,i,0
t )′dWt, t ∈ [ν, T ],

Y ν,η,i,0
T = g(Xν,η,i

T , i), (Y ν,η,i,0, Zν,η,i,0) ∈ S2[ν, T ]×H2
d[ν, T ],

for all i ∈ I. Then, by Assumption 5.1, 5.3, 5.4 and 5.7, the above BSDE has a unique

solution. For any n ≥ 1, we consider the following RBSDE recursively.

−dY ν,η,i,n
t =

(
ψ(t,Xν,η,i

t , i)− ρ(t,Xν,η,i
t , i)Y ν,η,i,n

t − ς(t,Xν,η,i
t , i, Zν,η,i,n

t )
)
dt

− (Zν,η,i,n
t )′dWt + dKν,η,i,n

t , t ∈ [ν, T ],

Y ν,η,i,n
T = g(Xν,η,i

T , i), Kν,η,i,n
ν = 0,

Y ν,η,i,n
t ≥ max

j∈I\{i}
{Y ν,η,j,n−1

t − ci,j(t,X
ν,η,i
t )}, t ∈ [ν, T ], (5.3.8)∫ T

ν

(
Y ν,η,i,n
t − max

j∈I\{i}
{Y ν,η,j,n−1

t − ci,j(t,X
ν,η,i
t )}

)
dKν,η,i,n

t = 0,

(Y ν,η,i,n, Zν,η,i,n, Kν,η,i,n) ∈ S2[ν, T ]×H2
d[ν, T ]×K2[ν, T ], i ∈ I.

Under Assumption 5.1, 5.3, 5.4 and 5.7, by Theorem 5.2 in El Karoui, Kapoudjian,

Pardoux, Peng, and Quenez (1997a), the RBSDE (5.3.8) has a unique solution for all

n and i. Furthermore, by the comparison theorem (Theorem 4.1 in El Karoui et al.

(1997a)), we have Y ν,η,i,n−1
t ≤ Y ν,η,i,n

t , P-a.s. for all i and n.

Step.2 Non-ambiguity processes. Consider the following BSDE.

−dU ν,η,i,0
t =

(
ψ(t,Xν,η,i

t , i)− ρ(t,Xν,η,i
t , i)U ν,η,i,0

t

)
dt− (V ν,η,i,0

t )′dWt, t ∈ [ν, T ],

U ν,η,i,0
T = g(Xν,η,i

T , i), (U ν,η,i,0, V ν,η,i,0) ∈ S2[ν, T ]×H2
d[ν, T ], i ∈ I.
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Then, the above BSDE has a unique solution. Similarly, we consider the following

RBSDE for any n ≥ 1.

−dU ν,η,i,n
t =

(
ψ(t,Xν,η,i

t , i)− ρ(t,Xν,η,i
t , i)U ν,η,i,n

t

)
dt

− (V ν,η,i,n
t )′dWt + dSν,η,i,nt , t ∈ [ν, T ],

U ν,η,i,n
T = g(Xν,η,i

T , i), Sν,η,i,nν = 0,

U ν,η,i,n
t ≥ max

j∈I\{i}
{U ν,η,j,n−1

t − ci,j(t,X
ν,η,i
t )}, t ∈ [ν, T ],∫ T

ν

(
U ν,η,i,n
t − max

j∈I\{i}
{U ν,η,j,n−1

t − ci,j(t,X
ν,η,i
t )}

)
dSν,η,i,nt = 0,

(U ν,η,i,n, V ν,η,i,n, Sν,η,i,n) ∈ S2[ν, T ]×H2
d[ν, T ]×K2[ν, T ], i ∈ I.

Then the above RBSDE has a unique solution and we obtain that U ν,η,i,n
t ≥ U ν,η,i,n−1

t , P-

a.s. for all (t, i) ∈ [ν, T ] × I and n ≥ 1 by the comparison theorem. By the definition

of ς and Assumption 5.3.4, we have

ς(t, x, i, z) ≥ 0, ∀(t, x, i, z) ∈ [0, T ]× Rd × I × Rd.

Hence, applying the comparison theorem again to U ν,η,i,n
t and Y ν,η,i,n

t , we obtain that

Uν,η,i,n
t ≥ Y ν,η,i,n

t , P-a.s. for all (t, i) ∈ [ν, T ]× I and n ≥ 1. Furthermore, U ν,η,i,n has a

Snell envelope representation such that

U ν,η,i,n
t = esssup

τ∗∈T T
t

E

[∫ τ∗

t

Dν,η,i
s

Dν,η,i
t

ψ(s,Xν,η,i
s , i)ds +

Dν,η,i
T

Dν,η,i
t

g(Xν,η,i
T , i)1l{τ∗=T}

+
Dν,η,i
τ∗

Dν,η,i
t

max
j∈I\{i}

{
U ν,η,j,n−1
τ∗ − ci,j(τ

∗, Xν,ξ,i
τ∗ )

}
1l{τ∗<T}

∣∣∣ Ft

]
, (5.3.9)

for all t ∈ [ν, T ] and n ≥ 1, where

Dν,η,i
t = exp

{
−
∫ t

ν

ρ(s,Xν,η,i
s , i)ds

}
, t ∈ [ν, T ].

Step.3 A priori estimates. Fix an arbitrary t ∈ [ν, T ]. Let (τ0, i0) = (t, i) and

τk = inf

{
s ∈ [τk−1, T ]

∣∣∣ U ν,η,ik−1,n−(k−1)
τn = max

j∈I\{in−1}

{
U ν,η,j,n−k
τn − cik−1,j(τk, X

ν,η,i,α
τk

)
}}

,

ik is such that U ν,η,ik−1,n−(k−1)
τn = U ν,η,ik,n−k

τn − cik−1,ik(τk, X
ν,η,i,α
τk

),
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for all k = 1, . . . , n. Then, we define αn = (τk, ik)k≥0 and it holds that

U ν,η,i,n
t = E

[∫ T

t

Dt,Xν,η,i
t ,i,αn

s ψ(s,Xν,η,i,αn

s , αnt )ds +D
t,Xν,η,i

t ,i,αn

T g(Xν,η,i,αn

T , αnT )

−
n∑
k=1

Dt,Xν,η,i
t ,i,αn

τk
ci,j(τk, X

ν,η,i,αn

τk
)1l{τk<T}

∣∣∣ Ft

]
, (5.3.10)

by Proposition 2.3 in El Karoui et al. (1997a). Furthermore, by the polynomial growth

condition for c, it is easy to check that αn is in Ai[ν, T ]. Thus, by Proposition 5.5, we

have

E

[
−

n∑
k=1

Dt,Xν,η,i
t ,i,αn

τk
ci,j(τk, X

ν,η,i,αn

τk
)1l{τk<T}

∣∣∣ Ft

]
≤ Cf (1 + Cq,X(1 + ∥Xν,η,i

t ∥q)eC2qT ).

On the other hand, by Proposition 5.2, there exists a constant CT > 0 such that

E

[∫ T

t

Dt,Xν,η,i
t ,i,αn

s ψ(s,Xν,η,i,αn

s , αnt )ds+D
t,Xν,η,i

t ,i,αn

T g(Xν,η,i,αn

T , αnT )
∣∣∣ Ft

]
≤ E

[∫ T

t

|ψ(s,Xν,η,i,αn

s , αnt )|ds+ |g(Xν,η,i,αn

T , αnT )|
∣∣∣ Ft

]
≤ CT (1 + ∥Xν,η,i

t ∥q).

Finally, there exists a positive constant CM > 0 such that

U ν,η,i,n
t = E

[∫ T

t

Dt,Xν,η,i
t ,i,αn

s ψ(s,Xν,η,i,αn

s , αnt )ds +D
t,Xν,η,i

t ,i,αn

T g(Xν,η,i,αn

T , αnT )

−
n∑
k=1

Dt,Xν,η,i
t ,i,αn

τk
ci,j(τk, X

ν,η,i,αn

τk
)1l{τk<T}

∣∣∣ Ft

]
≤ CM(1 + ∥Xν,η,i

t ∥q),

for all n ≥ 1. Note that CM does not depend on n and t. This implies that

U ν,η,i,n
t ≤M ν,η

t := CM

(
1 +

∑
j∈I

∥Xν,η,j
t ∥q

)
,

for all t ∈ [ν, T ], i ∈ I and n ≥ 1. By Proposition 5.2, M ν,η is in S2[ν, T ]. Since

Y ν,η,i,0
t ≤ Y ν,η,i,n

t ≤ U ν,η,i,n
t ≤ Mν,η

t for all t ∈ [ν, T ], i ∈ I and n ≥ 1 and since

Y ν,η,i,0 ∈ S2[ν, T ] for all i ∈ I, there exists a finitely positive constant Ca such that

∑
i∈I

E

[
sup
ν≤t≤T

|Y ν,η,i,n
t |2

]
≤ Ca, (5.3.11)
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for all n ≥ 0. Furthermore, by the polynomial growth condition for c, Proposition 5.2

and the inequality (5.3.11), there exists a positive constant Cb such that

E

[
sup
ν≤t≤T

∣∣∣( max
j∈I\{i}

{Y ν,η,j,n−1
t − ci,j(t,X

ν,η,i
t )}

)+∣∣∣2] ≤ Cb,

for all n ≥ 0. Hence, Proposition 3.5 in El Karoui et al. (1997a) leads to that there

exists a finitely positive constant Cc such that

E

[
sup
ν≤t≤T

|Y ν,η,i,n
t |2 +

∫ T

ν

∥Zν,η,i,n
t ∥2dt+ |Kν,η,i,n

T |2
]
≤ Cc, (5.3.12)

for all n ≥ 0 and i ∈ I.

Step.4 The rest of this proof is exactly the same as step 3-5 in the proof of The-

orem 3.2 in Hamadène and Zhang (2010). Thanks to the inequality (5.3.12), we can

use the monotone limit theorem by Peng (1999) and show that a limit of (Y ν,η,i,n)n≥0

and associated processes (Zν,η,i, Kν,η,i) satisfy properties of the solution to the multidi-

mensional RBSDE (5.3.6). This limit, denoted by (Y ν,η,i), and (Kν,η,i) are continuous

by the non-free loop condition. By the continuity of (Y ν,η,i) and (Kν,η,i), we conclude

that a triplet (Y ν,η,i, Zν,η,i, Kν,η,i) is a S2[ν, T ]×H2
d[ν, T ]×K2[ν, T ] limit of the sequence

(Y ν,η,i,n, Zν,η,i,n, Kν,η,i,n)n≥0. 2

Remark 5.9 According to Corollary 3.3 in Hamadène and Zhang (2010), the solution

(Y ν,η,i) constructed in Theorem 5.8 is a minimum solution of the multidimensional

RBSDE (5.3.6): For any solution (Ỹ ν,η,i) of the multidimensional RBSDE (5.3.6),

Ỹ ν,η,i
t ≥ Y ν,η,i

t ,P-a.s.,

for all t ∈ [ν, T ] and i ∈ I.

Theorem 5.8 provides the existence of the multidimensional RBSDE (5.3.6). Other

articles prove the uniqueness of the solution after proving the existence. However, we

do not prove the uniqueness. Instead, we prove the pathwise uniqueness of the minimal

solution of the multidimensional RBSDE (5.3.6) since this is a sufficient condition for

the verification of the optimal switching problem under ambiguity.
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Proposition 5.10 Suppose that Assumption 5.1, 5.3, 5.4 and 5.7 are satisfied. For

any (ν, ν̃) ∈ (T T
0 )2 and η ∈ L2q

ν (Rd) such that ν ≤ ν̃ P-a.s., we consider the minimum

solutions of the multidimensional RBSDE (5.3.6) Y ν,η,i and Y ν̃,Xν,η,i
ν̃

,i. Then,

Y ν,η,i
t = Y

ν̃,Xν,η,i
ν̃

,i
t P-a.s., (5.3.13)

for all i ∈ I and t ∈ [ν̃, T ].

Proof of Proposition 5.10. By Assumption 5.1, the SDE (5.3.7) has a strong solution

for all i ∈ I. This implies that

Xν,η,i
t = X

ν̃,Xν,η,i
ν̃

,i
t P-a.s.,

for all i ∈ I and t ∈ [ν̃, T ]. Hence, (Y ν,η,i, Zν,η,i, K̂ν,η,i = Kν,η,i − Kν,η,i
ν̃ ) satisfies the

following multidimensional RBSDE on [ν̃, T ].

−dY ν,η,i
t =

(
ψ(t,X

ν̃,Xν,η,i
ν̃

,i
t , i)− ρ(t,X

ν̃,Xν,η,i
ν̃

,i
t , i)Y ν,η,i

t

− ς(t,Xν,η,i
ν̃ , i, Zν,η,i,n

t )
)
dt− (Zν,η,i

t )′dWt + dK̂ν,η,i
t , t ∈ [ν̃, T ],

Y ν,η,i
T = g(X

ν̃,Xν,η,i
ν̃

,i

T , i), K̂ν,η,i
ν̃ = 0,

Y ν,η,i
t ≥ max

j∈I\{i}
{Y ν,η,j

t − ci,j(t,X
ν̃,Xν,η,i

ν̃
,i

t )}, t ∈ [ν̃, T ], (5.3.14)∫ T

ν̃

(
Y ν,η,i
t − max

j∈I\{i}
{Y ν,η,j

t − ci,j(t,X
ν̃,Xν,η,i

ν̃
,i

t )}
)
dK̂ν,η,i

t = 0,

(Y ν,η,i, Zν,η,i, K̂ν,η,i) ∈ S2[ν̃, T ]×H2
d[ν̃, T ]×K2[ν̃, T ], i ∈ I.

Since for each i, the multidimensional RBSDE (5.3.14) is the same as the multidimen-

sional RBSDE (5.3.6) starting from (ν̃, Xν,η,i
ν̃ , i), it holds that Y ν,η,i

t ≥ Y
ν̃,Xν,η,i

ν̃
,i

t P-a.s.

for all i ∈ I and t ∈ [ν̃, T ] because of the minimality of Y ν̃,Xν,η,i
ν̃

,i (see Remark 5.9).

On the other hand, recursively applying the comparison theorem to the Picard’s

iterations of Y ν,η,i
t constructed in Theorem 5.8 on [ν̃, T ] leads to that

Y ν,η,i,n
t ≤ Y

ν̃,Xν,η,i
ν̃

,i
t P-a.s.,

for all n ≥ 0, i ∈ I and t ∈ [ν̃, T ]. Taking a limit of the above inequality, we obtain

that Y ν,η,i
t ≤ Y

ν̃,Xν,η,i
ν̃

,i
t for all i ∈ I and t ∈ [ν̃, T ]. Hence, the equality (5.3.13) holds.

2
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5.4 Verification and a Viscosity Solution

In this section, we show that the minimum solution in Theorem 5.8 can be interpreted

as the value function of the optimal switching problem under ambiguity. Proposition

5.11 provides a verification of Y . The proof of Proposition 5.11 is standard, so it is in

Appendix 5.B.

Proposition 5.11 Suppose that Assumption 5.1, 5.3, 5.4 and 5.7 are satisfied.

1. For an arbitrary (ν, η, ι) ∈ K̃2q
T , let Y ν,η,ι be a minimum solution of the multidi-

mensional RBSDE (5.3.6). Then,

Y ν,η,ι
t ≥ Y ν,η,ι,α

t , ∀t ∈ [ν, T ], (5.4.1)

for all α = (τk, ik)k≥0 ∈ Aι[ν, T ].

2. Let α∗ = (τ ∗k , i
∗
k)k≥0 be a control such that (τ ∗, i∗0) = (ν, ι) and that for all n ≥ 1,

τ ∗n := inf

{
s ∈ [τ ∗n−1, T ]

∣∣∣ Y τ∗n−1,X
∗
τ∗n−1

,i∗n−1

s = max
j∈I\{i∗n−1}

{Y
τ∗n−1,X

∗
τ∗n−1

,j

s − ci∗n−1,j
(s,X∗

s )}
}
,

i∗n is such that Y
τ∗n−1,X

∗
τ∗n−1

,i∗n−1

τ∗n
= Y

τ∗n−1,X
∗
τ∗n−1

,i∗n

τ∗n
− ci∗n−1,i

∗
n
(τ ∗n, X

∗
τ∗n
),

where X∗ = Xν,η,ι,α∗
. Then, α∗ is an admissible control and

Y ν,η,ι
t = Y ν,η,ι,α∗

t , ∀t ∈ [ν, T ]. (5.4.2)

By Proposition 5.11, we obtain that

Y t,x,i
t = sup

α∈Ai[t,T ]

Y t,x,i,α
t = sup

α∈Ai[t,T ]

J(t, x, i, α), (5.4.3)

for all (t, x, i) ∈ KT . Hence, Y
t,x,i
t is the value function of the optimal switching problem

under ambiguity. Furthermore, α∗ defined in Proposition 5.11.2 is an optimal control

of the problem.

We next study a relationship between the multidimensional RBSDE (5.3.6) and

partial differential equations (hereafter PDEs). Let u : [0, T ] × Rd × I → R be a

function. Consider the following PDE,
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min{−ut(t, x, i)− Liu(t, x, i)− ψ(t, x, i) + ρ(t, x, i)u(t, x, i) + ς(t, x, i, σ′(t, x, i)∇u(t, x, i)),
u(t, x, i)− max

j∈I\{i}
{u(t, x, j)− ci,j(t, x)}} = 0, (t, x, i) ∈ KT , (5.4.4)

u(T, x, i) = g(x, i), (5.4.5)

where ut(t, x, i) =
∂u(t,x,i)

∂t
, ∇u(t, x, i) = ∂u(t,x,i)

∂x
and

Lif(t, x) = (∇f(t, x))′b(t, x, i) + 1

2
tr

(
σσ′(t, x, i)

∂f(t, x)

∂x∂x′

)
.

If the PDE (5.4.4) has a classical solution, then we can easily show that this solution

is a value function of the optimal switching problem under ambiguity. However, the

classical solution does not always exist. We shall consider a more general concept of

solutions, i.e., a viscosity solution. Let C1,2([0, T )× Rd × I) be a set of functions that

are continuously differentiable with respect to t and twice continuously differentiable

with respect x on [0, T )× Rd × I.

Definition 5.12 (Viscosity solution)

1. Viscosity supersolution.

A lower semi-continuous function (u(·, ·, 1), . . . , u(·, ·, I)) is a viscosity superso-

lution of the PDE (5.4.4) if for any (t, x, i) ∈ [0, T ) × Rd × I and any φ ∈

C1,2([0, T )×Rd×I) such that v(·, ·, i)−φ(·, ·, i) attains a local minimum at (t, x)

for all i ∈ I,

min{−φt(t, x, i)− Liφ(t, x, i)

− ψ(t, x, i) + ρ(t, x, i)u(t, x, i) + ς(t, x, i, σ′(t, x, i)∇φ(t, x, i)),

u(t, x, i)− max
j∈I\{i}

{u(t, x, j)− ci,j(t, x)}} ≥ 0,

u(T, x, i) ≥ g(x, i).

2. Viscosity subsolution.

A upper semi-continuous function (u(·, ·, 1), . . . , u(·, ·, I)) is a viscosity subsolution

of the PDE (5.4.4) if for any (t, x, i) ∈ [0, T )× Rd × I and any φ ∈ C1,2([0, T )×
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Rd×I) such that v(·, ·, i)−φ(·, ·, i) attains a local maximum at (t, x) for all i ∈ I,

min{−φt(t, x, i)− Liφ(t, x, i)

− ψ(t, x, i) + ρ(t, x, i)u(t, x, i) + ς(t, x, i, σ′(t, x, i)∇φ(t, x, i)),

u(t, x, i)− max
j∈I\{i}

{u(t, x, j)− ci,j(t, x)}} ≤ 0,

u(T, x, i) ≤ g(x, i).

3. Viscosity solution.

A locally bounded function (u(·, ·, 1), . . . , u(·, ·, I)) is a viscosity solution of the

PDE (5.4.4) if its lower semi-continuous envelope is a viscosity supersolution of the

PDE (5.4.4), and if its upper semi-continuous envelope is a viscosity subsolution

of the PDE (5.4.4).

More details of the viscosity solutions are in Crandall, Ishii, and Lions (1992). We

define a set of functions CP([0, T ]× Rd) as follows.

CP([0, T ]× Rd)

:=

f : [0, T ]× Rd → R
∣∣∣ f is jointly continuous and

there exist positive constants C and q such that
|f(t, x)| ≤ C(1 + ∥x∥q), ∀(t, x) ∈ [0, T ]× Rd.

 .

(5.4.6)

Let

v(t, x, i) := Y t,x,i
t , (5.4.7)

for (t, x, i) ∈ KT , where Y
t,x,i
t is a minimum solution of the multidimensional RBSDE

(5.3.6).

Now, we will prove that v is a unique viscosity solution of the PDE (5.4.4) in

CP([0, T ]×Rd). Hamadène and Morlais (2013) study the viscosity solution of the PDE

similar to (5.4.4). Main differences between our model and the model in Hamadène and

Morlais (2013) are as follows.

1. Hamadène and Morlais (2013) consider that a generator of RBSDE for Y i depends

on the other Y j, but we consider the case when it does not depend on the other

Y j.
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2. They assume that switching costs are non-negative, but we allow negative switch-

ing costs.

3. They assume that a dynamics of the forward variable X does not depend on a

control process, but we allow the dynamics of X to depend on the control.

In fact, the results of Hamadène and Morlais (2013) can be applied to our model.

Hamadène and Morlais (2013) prove the existence and uniqueness of the viscosity so-

lution without using non-negativity of the switching costs. Furthermore, the control-

lability of X does not affect to their results. Hence, we can provide the existence and

uniqueness of the solution to the PDE (5.3.6) in the viscosity sense and prove that the

value function is a unique viscosity solution to (5.3.6).

Proposition 5.13 Suppose that Assumption 5.1, 5.3, 5.4 and 5.7 are satisfied. Let

v⃗ := (v(·, ·, 1), . . . , v(·, ·, I)).

Then, v⃗ is a unique viscosity solution of the PDE (5.4.4) in (CP([0, T ]× Rd))I .

Proof of Proposition 5.13. Let (t, x, i) ∈ KT . Let (Y t,x,i,n)n≥0 be a sequence of the

Picard’s iterations defined in Theorem 5.8. Then, by El Karoui et al. (1997b), there

exists vn(·, ·, i) ∈ CP([0, T ]× Rd) for all n ≥ 0 and i ∈ I such that

Y t,x,i,n
s = vn(t,X

t,x,i
s , i),

for all s ∈ [t, T ]. Furthermore, we define v ∈ CP([0, T ]× Rd) as

v(t, x) :=M t,x
t ,

where M t,x is defined in Theorem 5.8. Recall that Y t,x,i,n → Y t,x,i in the mean-square

sense. Therefore, v⃗ is a lower semi-continuous function and it satisfies the polynomial

growth condition with respect to x since v0 ≤ vn ≤ v and vn ≤ vn+1 for all n ≥ 1.

On the other hand, Corollary 1 in Hamadène and Morlais (2013) provides the con-

tinuity and uniqueness of a viscosity solution to the PDE (5.3.6). Furthermore, by

Theorem 1 in Hamadène and Morlais (2013), v⃗ is a viscosity solution of the PDE

(5.3.6). Hence, we conclude that v⃗ is a unique viscosity solution of the PDE (5.3.6) in

(CP([0, T ]× Rd))I . 2
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5.5 The Infinite Horizon Problem

In this section, we consider the infinite horizon optimal switching problem under am-

biguity. Let Ai[ν,∞) be a set of admissible controls like (5.2.1) but τk → ∞ P-almost

surely. Furthermore, we assume as follows.

Assumption 5.14

1. Time-homogeneity. b, σ, ψ, ϕ, ς, and c do not depend on t. There exists a positive

constant ρ such that

ρ(t, x, i) = ρ > 0,

for all (t, x, i) ∈ [0,∞)×Rd×I. Θt only depends on the values of Xt and αt. We

denote Θt with Xt = x ∈ Rd and αt = i ∈ I by Θx,i.

2. Sufficiently large discount. ρ is sufficiently large in the following sense. There

exist constants C ≥ 0 and c∞ > 0 such that

E
[
e−ρtζθ,0t ∥Xx,i,α

t ∥q
]
≤ C(1 + ∥x∥q)e−c∞t, (5.5.1)

E

[
sup
s≥t

e−ρs∥Xx,i,α
s ∥q

]
≤ C(1 + ∥x∥q)e−c∞t, (5.5.2)

for all (t, x, i) ∈ [0,∞)×Rd×I, θ ∈ Θ[0,∞) and α ∈ Ai[0,∞), where Xx,i,α is a

solution to the SDE (5.2.2) starting at Xx,i,α
0 = x and controlled by α ∈ Ai[0,∞).

3. Polynomial growth conditions. ψ, ϕ and c are continuous and satisfy the polyno-

mial growth condition in Assumption 5.4.2.

4. Non-negative reward condition.

ψ(x, i)− ς(x, i, 0) ≥ 0, (5.5.3)

for all (x, i) ∈ Rd × I.

5. Temporary terminal condition. There exist polynomial growth functions g(x, 1),

. . . , g(x, I) such that
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(a)

g(x, i) ≤ 0, (5.5.4)

for all i ∈ I and x ∈ Rd;

(b)

g(x, i) ≥ max
j∈I\{i}

{g(x, j)− ci,j(x)}, (5.5.5)

for all i ∈ I and x ∈ Rd;

(c)

inf
θt∈Θ[T,T̃ )

E
[
e−ρT̃ ζθ,T

T̃
g(Xν,η,i

T̃
, i)
∣∣∣ FT

]
≥ e−ρTg(Xν,η,i

T , i), (5.5.6)

for all 0 ≤ T ≤ T̃ , ν ∈ T T
0 , η ∈ L2q

ν (Rd) and i ∈ I.

6. Non-free loop condition in the infinite horizon. For all finite loop (i0, i1, . . . , im) ∈

Im+1 with i0 = im and i0 ̸= i1 and for all x ∈ Rd, c satisfies

ci0,i1(x) + · · ·+ cim−1,im(x) > 0. (5.5.7)

7. Strong triangular condition in the infinite horizon.

ck,j(x) ≤ ck,i(x)− Ci(1 + C∞
q,X(1 + ∥x∥q)), (5.5.8)

for all i ∈ N , (j, k) ∈ I and x ∈ Rd with j ̸= i and k ̸= j, where Ci, C
∞
q,X and q

are defined in Proposition 5.2 and Assumption 5.4.

The time-homogeneity (Assumption 5.14.1) is a standard condition. With taking

account of the time-homogeneity and the Markov property of X, the starting time does

not matter to the optimal switching problem. The sufficiently large discount condition

(Assumption 5.14.2) is also standard. If it is not postulated, then the value function can

diverge. Therefore, we need this condition to consider meaningful problems. However,

the condition (5.5.1) is slightly strong. Indeed, it is sufficient to satisfy (5.5.1) with

θ = 0 and (5.5.2) in order to prove the finiteness of the value function (Proposition

5.15). The condition (5.5.1) is needed to prove the convergent property of the value

function from the finite horizon to the infinite horizon (Proposition 5.18).
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Under the non-negative reward condition (Assumption 5.14.4), the rewards of the

optimal switching problem in the infinite horizon is non-negative. Indeed, by the defi-

nition of ς, we have

ψ(Xx,i,α
t , αt)− θ′tϕ(X

x,i,α
t , αt) ≥ ψ(Xx,i,α

t , αt)− ς(Xx,i,α
t , αt, 0) ≥ 0,

for all (t, x, i) ∈ [0,∞) × Rd × I, θt ∈ Θt and α ∈ Ai[0,∞). The non-negative reward

condition guarantees that an optimal switching problem in a longer finite horizon has a

large value function. This restriction is needed to exchange the orders of taking limits

of Picard’s iterations n and time horizons T . This is slightly restrictive, however, it can

be replaced to a lower bounded condition (Remark 5.16).

The temporary terminal conditions (Assumption 5.14.5) are assumed for purely

technical reasons. However, they are not so restrictive. If all switching costs are non-

negative, then we can choose g(x, i) = 0 for all (x, i) ∈ Rd × I satisfying all the

temporary terminal conditions. Once we find the constants g1, . . . , gI satisfying the

inequality (5.5.5), then g1 − maxj∈I gj, . . . , gI − maxj∈I gj satisfy all the temporary

terminal conditions. If g(x, i) satisfies the inequalities (5.5.4) and (5.5.5) and if g(·, i) is

twice continuously differentiable for all i ∈ I, then one of sufficient conditions to satisfy

the inequality (5.5.6) is

Lig(x, i)− ρg(x, i)− (∇g(x, i))′σ(x, i)θ ≥ 0, (5.5.9)

for all (x, i) ∈ Rd × I and θ ∈ Θx,i. The condition (5.5.9) can be derived by applying

the Ito’s lemma to e−ρtζθt g(Xt, i). If the switching costs are constants, we can easily

find the constants satisfying the temporary terminal conditions. On the other hand, in

the major applications such as the buy low and sell high problem and the pair-trading

problem, we can also find the functions satisfying the temporary terminal conditions.

The other assumptions are essentially the same as the finite horizon problem.

The objective function in the infinite horizon is

J(x, i, α) = inf
θ∈Θ[0,∞)

E

[∫ ∞

0

e−ρtζθt

(
ψ(Xx,i,α

t , αt)− θ′tϕ(X
x,i,α
t , αt)

)
dt

−
∞∑
k=1

e−ρτkζθτkcik−1,ik(X
x,i,α
τk

)

]
, (5.5.10)
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for (x, i) ∈ Rd × I and α ∈ Ai[0,∞). The optimal switching problem under ambiguity

in the infinite horizon is

v∞(x, i) := sup
α∈Ai[0,∞)

J(x, i, α), (5.5.11)

for (x, i) ∈ Rd × I. We can easily show that v∞ is polynomial growth with respect to

x.

Proposition 5.15 Under Assumption 5.1 and 5.14, there exists a positive constant C

such that

0 ≤ v∞(x, i) ≤ C(1 + ∥x∥q),

for all x ∈ Rd and i ∈ I. Thus, v∞ is polynomial growth with respect to x.

Proof of Proposition 5.15. It is clear that v∞ is non-negative by the non-negative

reward condition. Fix an arbitrary x ∈ Rd and i ∈ I. Then, by the polynomial growth

condition of ψ and c and the strong triangular condition, we have

J(x, i, α) ≤ E

[∫ ∞

0

e−ρtψ(Xx,i,α
t , αt)dt−

∞∑
k=1

e−ρτkcik−1,ik(X
x,i,α
τk

)

]
≤ C(1 + ∥x∥q),

for all α ∈ Ai[0,∞), where C is the positive constant not depending on x, i and α.

Hence, we obtain the desired result. 2

Remark 5.16 Assumption 5.14.6 (the inequality (5.5.3)) can be replaced to a lower

bounded condition. We assume that there exists some constant cψ,ς such that

ψ(x, i)− ς(x, i, 0) ≥ cψ,ς ,

for all (x, i) ∈ Rd × I. Then,

J(x, i, α)− cψ,ς
ρ

= J(x, i, α)−
∫ ∞

0

e−ρtcψ,ςdt

= inf
θ∈Θ[0,∞)

E

[∫ ∞

0

e−ρtζθt

(
ψ(Xx,i,α

t , αt)− θ′tϕ(X
x,i,α
t , αt)− cψ,ς

)
dt

−
∞∑
k=1

e−ρτkζθτkcik−1,ik(X
x,i,α
τk

)

]
,
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for all (x, i) ∈ Rd × I and α ∈ Ai[0,∞). By the definition ς, we have

ψ(Xx,i,α
t , αt)− θ′tϕ(X

x,i,α
t , αt)− cψ,ς ≥ ψ(Xx,i,α

t , αt)− ς(Xx,i,α
t , αt, 0)− cψ,ς ≥ 0,

for all (t, x, i) ∈ [0,∞)× Rd × I, θt ∈ Θt and α ∈ Ai[0,∞). Hence, we can replace the

original rewards to non-negative rewards. cψ,ς may be negative, but it is finite.

Remark 5.17 Similarly to Remark 5.6, the strong triangular condition in the infinite

horizon is not necessarily needed. Instead of the strong triangular condition, it is

sufficient to hold the following inequality

E

[
−

∞∑
k=1

e−ρτkcik−1,ik(X
x,i,α
τk

)

]
≤ C(1 + ∥x∥q),

for all x ∈ Rd, i ∈ I and α ∈ Ai[0,∞), where C is a positive constant not depending

on (x, i) and α. Furthermore, if the above inequality is satisfied, then we do not also

need the inequality (5.5.2).

We consider the following multidimensional RBSDE on [ν, T ] for ν ∈ T T
0 and η ∈

L2q
ν (Rd),

−dŶ T,ν,η,i
t =

(
ψ(Xν,η,i

t , i)− ρŶ T,ν,η,i
t − ς(Xν,η,i

t , i, ẐT,ν,η,i
t )

)
dt

− (ẐT,ν,η,i
t )′dWt + dK̂T,ν,η,i, t ∈ [ν, T ],

Ŷ T,ν,η,i
T = g(Xν,η,i

T , i), K̂T,ν,η,i
ν = 0,

Ŷ T,ν,η,i
t ≥ max

j∈I\{i}

{
Ŷ T,ν,η,j
t − ci,j(X

ν,η,i
t )

}
, t ∈ [ν, T ],∫ T

0

(
Ŷ T,ν,η,i
t − max

j∈I\{i}

{
Ŷ T,ν,η,j
t − ci,j(X

ν,η,i
t )

})
dt = 0, (5.5.12)

(Ŷ T,ν,η,i, ẐT,ν,η,i, K̂T,ν,η,i) ∈ S2[ν, T ]×H2
d[ν, T ]×K2[ν, T ], i ∈ I,

where g is the function satisfying the temporary terminal conditions. By Theorem 5.8

and Proposition 5.10, there exists a unique minimum solution of the multidimensional

RBSDE (5.5.12). Now, we show that the solution to the multidimensional RBSDE

(5.5.12) converges to the value function (5.5.11) as T → ∞.

Proposition 5.18 Under Assumption 5.1, 5.3, 5.7 and 5.14, Ŷ T,ν,η,ι
t ≤ Ŷ T̃ ,ν,η,ι

t for all

ν ∈ T T
0 , ν ≤ t ≤ T ≤ T̃ , η ∈ L2q

ν (Rd) and ι ∈ Ĩν . Furthermore, for all (t, x, i) ∈
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[0,∞)× Rd × I,

lim
T→∞

Ŷ T,t,x,i
t = v∞(x, i). (5.5.13)

Finally, v∞(·, i) is continuous for all i ∈ I.

Since the proof of Proposition 5.18 is too long, we put it in Appendix 5.C.

We next study the relationships between v∞ and PDE. Consider the following PDE.

min{−Liu(x, i)− ψ(x, i) + ρu(x, i) + ς(x, i, σ′(x, i)∇u(x, i)),

u(x, i)− max
j∈I\{i}

{u(x, j)− ci,j(x)}} = 0, (x, i) ∈ Rd × I, (5.5.14)

where

Lif(x) = (∇f(x))′b(x, i) + 1

2
tr

(
σσ′(x, i)

∂f(x)

∂x∂x′

)
.

Then the following proposition holds.

Proposition 5.19 Under Assumption 5.1, 5.3, 5.7 and 5.14, v∞ is a viscosity solution

of the PDE (5.5.14).

The proof of Proposition 5.19 is in Appendix 5.D. By Proposition 5.19, we can study the

optimal switching problem under ambiguity through the PDE (5.5.14). Moreover, we

can easily show the uniqueness of the solution to the PDE (5.5.14) using the method of

Proposition 3.1 in Hamadène and Morlais (2013), so we omit the proof of the uniqueness.

5.6 Financial Applications

5.6.1 Monotone Conditions

We first prove that under certain conditions, the optimal switching problem under

ambiguity can be interpreted as the optimal switching problem with a shift of the drift

of X not depending on its value function. We first assume the followings.

Assumption 5.20 Monotone conditions. We assume d = 1.

1. κ-ignorance. There exist non-negative constants κ1, . . . , κI such that

Θx,i
t = [−κi, κi],

for all i ∈ I, x ∈ Rd and t ∈ [0,∞).
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2. For every x, y ∈ R, X satisfies,

x ≤ y ⇒ X t,x,i
s ≤ X t,y,i

s , P-a.s., (5.6.1)

for all t, s ∈ [0, T ], i ∈ I with t ≤ s.

3. ρ does not depend on a value of x.

4. For every (t, i) ∈ [0, T ]× I, ψ(t, ·, i) is non-decreasing.

5. ϕ(t, x, i) = 0 for every (t, x, i) ∈ KT .

6. For every i ∈ I, g(·, i) is non-decreasing.

7. For every (t, i, j) ∈ [0, T ]× (I)2, ci,j(t, ·) is non-increasing.

Chen and Epstein (2002) call Assumption 5.20.1 κ-ignorance. The other conditions

guarantee the monotonicity of the value function with respect to the initial value of X.

Under Assumption 5.20, we can prove the following result.

Proposition 5.21 Suppose that Assumption 5.1, 5.3, 5.4, 5.7 and 5.20 are satisfied.

For all (t, x, i) ∈ KT and α ∈ Ai[t, T ], let
−κX t,x,i,α be a solution to the following SDE,

d−κX t,x,i,α
s =

(
b(s, −κX t,x,i,α

s , αs)− καs|σ(s, −κX t,x,i,α
s , αs)|

)
ds+ σ(s, −κX t,x,i,α

s , αs)dWs,

−κX t,x,i,α
t = x.

Then, the value function v(t, x, i) satisfies

v(t, x, i) = sup
α∈Ai[t,T ]

E

[∫ T

t

−κDt,i,α
s ψ(s, −κX t,x,i,α

s , αs)ds +
−κDt,i,α

T g(−κX t,x,i,α
T , αT )

−
∑

t≤τk≤T

−κDt,i,α
τk

cik−1,ik(τk,
−κX t,x,i,α

τk
)
∣∣∣ Ft

]
, (5.6.2)

where

−κDt,i,α
s = exp

{
−
∫ s

t

ρ(u, αu)du

}
, s ∈ [t, T ].

Furthermore, x→ v(t, x, i) is non-decreasing for all (t, i) ∈ [0, T ]× I.
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Proof of Proposition 5.21. By the κ-ignorance and ϕ = 0, we have

ς(t, x, i, z) = κi|z|,

for all (t, x, i, z) ∈ KT × R. Now, fix an arbitrary t ∈ [0, T ] and x, x̃ ∈ R with x ≤ x̃.

Then, by the monotone conditions 2-6, we have

ψ(s,X t,x,i
s , i)− ρ(s, i)y − κi|z| ≤ ψ(s,X t,x̃,i

s , i)− ρ(s, i)y − κi|z|, (5.6.3)

g(X t,x,i
T , i) ≤ g(X t,x̃,i

T , i), (5.6.4)

for all (s, i, y, z) ∈ [t, T ]× I × R× R. Furthermore, by the monotone conditions 2 and

7, we have

max
j∈I\{i}

{
yj − ci,j(s,X

t,x,i
s )

}
≤ max

j∈I\{i}

{
yj − ci,j(s,X

t,x̃,i
s )

}
, (5.6.5)

for all (s, i) ∈ [t, T ] × I and (y1, . . . , yI), (y1, . . . , yI) ∈ RI with yk ≤ yk for all k ∈ I.

Let (Y t,x,i,n)i∈I, n≥0 and (Y t,x̃,i,n)i∈I, n≥0 be the Picard’s iterations defined in Theorem

5.8 with starting x and x̃, respectively. Then, by the inequalities (5.6.3), (5.6.4) and

(5.6.5), recursively applying the comparison theorem leads to that

Y t,x,i,n
s ≤ Y t,x̃,i,n

s ,

for all i ∈ I, s ∈ [t, T ] and n ≥ 0. Taking a limit of the above inequality, we have

v(t, x, i) = Y t,x,i
t ≤ Y t,x̃,i

t = v(t, x̃, i), (5.6.6)

for all i ∈ I. Since we arbitrarily choose t, x and x̃ with x ≤ x̃, the inequality (5.6.6)

implies that a mapping x→ v(t, x, i) is non-decreasing for all t ∈ [0, T ] and i ∈ I.

Now, let us consider the following PDE,

min{−wt(t, x, i)− L−κ,iw(t, x, i)− ψ(t, x, i) + ρ(t, i)w(t, x, i),

w(t, x, i)− max
j∈I\{i}

{w(t, x, j)− ci,j(t, x)}} = 0, (t, x, i) ∈ KT , (5.6.7)

w(T, x, i) = g(x, i),

where

L−κ,if(t, x) = (b(t, x, i)− κi|σ(t, x, i)|)∇f(t, x) +
1

2
(σ(t, x, i))2

∂2f(t, x)

∂x2
.
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The PDE (5.6.7) has a unique continuous viscosity solution. Let (t, x) ∈ [0, T )×R and

let φ ∈ C1,2([0, T ) × R × I) be a test function such that v(·, ·, i) − φ(·, ·, i) attains a

local minimum at (t, x) for all i ∈ I. Since y → v(s, y, j) is monotone non-decreasing

for all (s, j) ∈ [0, T )× I, we have ∇φ(t, x, i) ≥ 0 for all i ∈ I. Since v is the viscosity

supersolution of the PDE (5.4.4) by Proposition 5.13, we have

min{−φt(t, x, i)− L−κ,iφ(t, x, i)− ψ(t, x, i) + ρ(t, i)v(t, x, i),

v(t, x, i)− max
j∈I\{i}

{v(t, x, j)− ci,j(t, x)}}

= min{−φt(t, x, i)− Liφ(t, x, i)− ψ(t, x, i) + ρ(t, i)v(t, x, i) + κ|σ(t, x, i)∇φ(t, x, i)|,

v(t, x, i)− max
j∈I\{i}

{v(t, x, j)− ci,j(t, x)}} ≥ 0,

for all i ∈ I. Hence, v is a viscosity supersolution of the PDE (5.6.7). The comparison

theorem of the viscosity solutions gives v ≥ w. Using the similar argument, we also

have v ≤ w. Thus, v = w. Since a value function of the optimal switching problem in

the right hand side of our desired equality (5.6.2) is a unique viscosity solution of the

PDE (5.6.7), we obtain the equality (5.6.2). 2

In the infinite horizon case, Proposition 5.21 also holds under the same conditions

as Assumption 5.20. Proposition 5.21 implies that under the monotone conditions, the

optimal switching problem under ambiguity can be regarded as usual optimal switching

problems. Thus, we can use existing results in the literature of the optimal switching

if the monotone conditions are satisfied. In fact, under the monotone conditions, it

is sufficient to solve the PDE (5.6.7) instead of the PDE (5.4.4) to derive the value

function.

The monotone conditions and Proposition 5.21 are very similar to the results of

Cheng and Riedel (2013). Cheng and Riedel (2013) study the optimal stopping problem

under ambiguity and show that if a payoff function f(t, x) is non-decreasing in x and

κ-ignorance is satisfied, then the optimal stopping problem under ambiguity can be

regarded as the standard optimal stopping problem in which the drift of X shifts into

b−κ|σ| (Theorem 4.1 in Cheng and Riedel (2013)). Our result implies that the optimal

switching problem under ambiguity holds the same property as the optimal stopping

under ambiguity.
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In Section 5.6.2 and 5.6.3, we consider two applications of the optimal switching

problem under ambiguity in finance. The first application in Section 5.6.2 is a selection

of investment funds and it satisfies the monotone conditions. However, the second

application (the buy low and sell high problem) in Section 5.6.3 does not satisfy the

monotone conditions and it definitely needs negative switching costs.

5.6.2 Selection of Investment Funds

In this section, we consider an optimal selection of two investment funds under ambi-

guity in the infinite horizon. Let d = 1 and I = {1, 2}. Assume that X satisfies the

following SDE,

dXt = bαtXtdt+ σαtXtdWt, (5.6.8)

where bi ∈ R, σi > 0, i = 1, 2 are constants. The solution to the SDE (5.6.8) is

Xx,i,α
t = x exp

{∫ t

0

(
bαs −

1

2
σ2
αs

)
ds+

∫ t

0

σαsdWs

}
,

for all α ∈ Ai[0,∞). Assume that ϕ = 0 and that ψ is

ψ(x) = xp, x ∈ [0,∞), 0 < p < 1.

The switching costs c1,2 and c2,1 are constants over x, and they satisfy c1,2 + c2,1 > 0.

The constant discount rate ρ, satisfies

ρ > pmax
i∈I

{
bi −

1− p

2
σ2
i

}
.

The set of multiple priors is

Θx,i = [−κi, κi], κi ≥ 0,

for all x ∈ R and i ∈ I. In the above settings, an optimal switching problem of interest

is

v∞(x, i) = sup
α∈Ai[0,∞)

inf
θ∈Θ[0,∞)

E

[∫ ∞

0

e−ρtζθ,0t (Xx,i,α
t )pdt−

∞∑
k=1

e−ρτkζθ,0τk cik−1,ik

]
. (5.6.9)

Since the problem (5.6.9) satisfies Assumption 5.1, 5.3, 5.7 and 5.14, we can use the

results in Section 5.5. Furthermore, the problem (5.6.9) also satisfies the monotone

conditions (Assumption 5.20).
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Without ambiguity (i.e., κi = 0 for all i ∈ I), the problem (5.6.9) is well studied by

Ly Vath and Pham (2007). We shortly summarize their results as follows.

Proposition 5.22 (Theorem 4.1 in Ly Vath and Pham (2007)) Let

Ki =
1

ρ− bip+
1
2
σ2
i p(1− p)

, (5.6.10)

for all i ∈ I. Let i, j ∈ I, i ̸= j.

1. If Ki = Kj, then it is always optimal to switch from regime i to j if the corre-

sponding switching cost is non-positive, and never optimal to switch otherwise.

2. If Kj > Ki, then the following switching strategies depending on the switching

costs are optimal.

(a) ci,j ≤ 0: it is always optimal to switch from regime i to j if one first stands

in i and it is always optimal not to switch from j to i otherwise.

(b) ci,j > 0:

i. cj,i ≥ 0: there exists x∗i ∈ [0,∞) such that if one first stands in regime

i, then it is optimal to switch from i to j whenever X exceeds x∗i . If one

first stands in regime j, then it is optimal not to switch from j to i.

ii. cj,i < 0: there exist x∗i , x
∗
j ∈ [0,∞) with x∗j < x∗i such that if one first

stands in regime i, then it is optimal to switch from i to j whenever X

exceeds x∗i and that if one first stands in regime j, then it is optimal to

switch from j to i whenever X falls below x∗j .

For details of x∗i and x∗j and the functional form of the value function, we refer to

Ly Vath and Pham (2007). By Proposition 5.22, the types of the switching strategies

are determined by Ki defined in (5.6.10) and the switching costs. The most interesting

case is Proposition 5.22.2.(b).ii in which the decision maker continuously switches the

regimes.

The problem (5.6.9) can be interpreted as an optimal selection of investment funds.

An investor chooses a fund to maximize her expected utility with multiple priors. The

switching costs are interpreted as costs or benefits in changing funds.
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We now assume K2 > K1 and c1,2 > 0 > c2,1. Then, heuristically speaking, the

fund 2 (regime 2) is more attractive than the fund 1 (regime 1), but one requires the

positive switching cost c1,2 to switch from the fund 1 to the fund 2. On the other hand,

one gets the switching benefit −c2,1 when switching from the fund 2 to the fund 1. We

can also interpret the fund 2 as a new fund well performing and the fund 1 as an old

fund less performing. To obtain customers, the fund 1 begins the campaign that one

switching from the fund 2 to the fund 1 obtains the benefit −c2,1. Then, the investor

has a motivation switching between the fund 1 and 2.

However, in practice, the investor may doubt the good performance of the fund 2

since the fund 2 is new and less experienced. She therefore considers that the fund 2

has a premium of ambiguity. Mathematically, this implies that κ2 > 0 and κ1 = 0. We

now consider the case that κ2 > 0 and κ1 = 0.

Since the problem (5.6.9) satisfies the monotone conditions, we can use the results

of Ly Vath and Pham (2007). Let

Kκ
2 =

1

ρ− (b2 − κ2σ2)p+
1
2
σ2
2p(1− p)

> 0.

Then, we have

Kκ
2 −K1 =

pKκ
2K1

2

(
(1− p)(σ2

1 − σ2
2)− 2(b1 − b2)− 2κ2σ2

)
.

Therefore, the sign of (1− p)(σ2
1 − σ2

2)− 2(b1 − b2)− 2κ2σ2 determines the type of the

switching strategy. On the other hand, we have

K2 −K1 =
pK2K1

2

(
(1− p)(σ2

1 − σ2
2)− 2(b1 − b2)

)
> 0.

Hence, (1− p)(σ2
1 − σ2

2)− 2(b1 − b2) is positive. However, if κ2 is sufficiently large such

that (1−p)(σ2
1−σ2

2)−2(b1−b2) < 2κ2σ2, then K
κ
2 < K1. Therefore, the large ambiguity

with respect to the fund 2 can change the type of the switching strategy.

To illustrate effects of ambiguity, we conduct a numerical simulation. Let b1 =

0.03, b2 = 0.07, σ1 = 0.1, σ2 = 0.3, p = 0.5, ρ = 0.03, c1,2 = 30000, and c2,1 = −1000.

Then,

K1 = 61.53846 · · · < 160 = K2.
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Hence, the investor continuously switches between the fund 1 and 2 without ambiguity.

On the other hand, we have

(1− p)(σ2
1 − σ2

2)− 2(b1 − b2)

2σ2
=

1

15
= 0.0666 · · · .

Thus, if κ2 > 1/15, then the type of switching strategy changes to that one always

chooses the fund 1.

Figure 5.1 displays the switching thresholds x∗1 and x∗2 with different degrees of

ambiguity κ2. If one is investing in the fund 1 at time t and if Xt ≥ x∗1, then she

switches from the fund 1 to the fund 2. On the other hand, if one is investing in the

fund 2 at time t and if Xt ≤ x∗2, then she switches from the fund 2 to the fund 1.

According to Figure 5.1, in a higher degree of ambiguity κ2, both of the thresholds

x∗1 and x∗2 are large. This implies that if κ2 is large, then the investor investing in the

fund 1 needs sufficiently large wealth X to switch from the fund 1 to the fund 2. On

the other hand, if κ2 is large, then the investor investing in the fund 2 switches to the

fund 1 with smaller wealth than that in small κ2. Each behavior is well convincing.

The large ambiguity makes the fund 2 less attractive, so the investor tends to choose

the fund 1.

Remark 5.23 If κ1 > 0, then let

Kκ
1 =

1

ρ− (b1 − κ1σ1)p+
1
2
σ2
1p(1− p)

> 0,

and

Kκ
2 −Kκ

1 =
pKκ

2K
κ
1

2

(
(1− p)(σ2

1 − σ2
2)− 2(b1 − b2)− 2(κ2σ2 − κ1σ1)

)
.

Hence, in this case, if (1− p)(σ2
1 − σ2

2)− 2(b1 − b2) < 2(κ2σ2 − κ1σ1), then K
κ
2 < Kκ

1 .

5.6.3 Buy Low and Sell High

Next, we consider an optimal trading (buy and sell) rule under ambiguity. Without

ambiguity, this problem in trading a mean-reverting asset is well studied by Zhang and

Zhang (2008). We adopt their settings and consider an optimal trading rule under

ambiguity. Let d = 1. A trader concerns with trading of a certain asset. A cumulative
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log return of this asset at time t is denoted by Xt and it satisfies the following SDE.

dXt = a(b−Xt)dt+ σdWt, (5.6.11)

where a > 0, b ∈ R and σ > 0 are constants. Therefore, the asset price at time t

is given by St = exp(Xt). We denote the solution to the SDE (5.6.11) starting from

X0 = x by Xx. Furthermore, this asset does not have any dividend and coupon. This

implies ψ = 0 and ϕ = 0.

Let I = {1, 2}. The regime i = 1 means that the trader’s position is flat. Hence,

she wants to buy the asset at as low a price as possible. The regime i = 2 means that

the trader’s position is long. Hence, she wants to sell the asset at as high a price as

possible. If the trader goes from the regime 1 to the regime 2, in other words, if she

buys the asset, then the switching cost function is

c1,2(x) = ex(1 +K), (5.6.12)

where K ∈ (0, 1) is a constant percentage of slippage or commission per transaction.

On the other hand, if the trader goes from the regime 2 to the regime 1, in other words,

if she sells the asset, then the cost (benefit) function is

c2,1(x) = −ex(1−K). (5.6.13)

The set of multiple priors is

Θx,i = [−κ, κ], κ ≥ 0,

for all x ∈ R and i ∈ I. Therefore, we assume κ-ignorance.

The buy low and sell high problem under ambiguity can be interpreted as the fol-

lowing optimal switching problem,

v(x, i) = sup
α∈Ai[0,∞)

inf
θ∈Θ[0,∞)

E

[
−

∞∑
k=1

e−ρτkζθ,0τk cik−1,ik(X
x
τk
)

]
. (5.6.14)
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More directly, the problem (5.6.14) can be expressed as

v(x, 1)

= sup
α∈Ai[0,∞)

inf
θ∈Θ[0,∞)

E

[
∞∑
k=1

(
e−ρτ2kζθ,0τ2ke

Xx
τ2k (1−K)− e−ρτ2k−1ζθ,0τ2k−1

e
Xx

τ2k−1 (1 +K)
)]

,

v(x, 2)

= sup
α∈Ai[0,∞)

inf
θ∈Θ[0,∞)

E
[
e−ρτ1ζθ,0τ1 e

Xx
τ1 (1−K)

+
∞∑
k=1

(
e−ρτ2k+1ζθ,0τ2k+1

e
Xx

τ2k+1 (1−K)− e−ρτ2kζθ,0τ2ke
Xx

τ2k (1 +K)
)]

.

The cost/benefit functions (5.6.12) and (5.6.13) do not satisfy the polynomial growth

condition and the strong triangular condition. However, changing variables from X to

S, then these functions satisfy the polynomial growth condition. Furthermore, we can

easily prove Proposition 5.5 in the problem (5.6.14) (see Lemma 4 in Zhang and Zhang

(2008) and Remark 5.17 in this chapter). Therefore, we can apply the method in Section

5.5. Note that for sufficiently large constant C ≥ 0, the following function satisfies the

temporary terminal conditions:

g(x, i) = −1l{i=1}e
x(1−K)− C.

It is easy to show that g satisfies the sufficient condition (5.5.9) for sufficiently large C.

According to Proposition 5.19, the value function v is a viscosity solution of the

following system of PDEs.

min{−Lv(x, 1) + ρv(x, 1) + κσ|∇v(x, 1)|, v(x, 1)− v(x, 2) + ex(1 +K)} = 0, (5.6.15)

min{−Lv(x, 2) + ρv(x, 2) + κσ|∇v(x, 2)|, v(x, 2)− v(x, 1)− ex(1−K)} = 0,
(5.6.16)

where

Lf(x) = a(b− x)∇f(x) + σ2

2

∂2f(x)

∂x2
.

Unfortunately, the problem (5.6.14) does not satisfy the monotone conditions, therefore

we need to solve the system of PDEs (5.6.15) and (5.6.16). It seems to be difficult to

solve this system since it contains the absolute values of the first derivatives of v.

However, we can find a continuous solution to the system of PDEs (5.6.15) and (5.6.16)
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using the smooth-fit techniques (details of the smooth-fit techniques are in Chapter 5

in Pham (2009)).

First, let C1 be a continuation region of the regime 1 such that

C1 = (x1,∞),

for some x1. Thus, the trader in the flat position buys the asset whenever the asset

price falls below ex1 . Also let C2 be a continuation region of the regime 2 such that

C2 = (−∞, x2),

for some x2. Thus, the trader in the long position sells the asset whenever the asset

price exceeds ex2 . Naturally we impose x1 ≤ x2. We assume that

∇v(x, 1) ≤ 0, ∀x ∈ C1, and ∇v(x, 2) ≥ 0, ∀x ∈ C2. (5.6.17)

By Zhang and Zhang (2008), the PDE,

−LV (x, 1) + ρV (x, 1)− κσ∇V (x, 1) = 0,

on C1 has a solution such that

V (x, 1) = C1φ1(x),

where C1, m =
√
2a/σ, and λ = ρ/a are constants, and

φ1(x) =

∫ ∞

0

tλ−1e−0.5t2+m(b+κσ/a−x)tdt,

Similarly, the PDE,

−LV (x, 2) + ρV (x, 2) + κσ∇V (x, 2) = 0,

on C2 has a solution such that

V (x, 2) = C2φ2(x),

where C2 is a constant and

φ2(x) =

∫ ∞

0

tλ−1e−0.5t2−m(b−κσ/a−x)tdt.
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Now, let us guess that candidates of the solution to the PDEs (5.6.15) and (5.6.16) are

v(x, 1) = V (x, 1), on C1,

= V (x, 2)− ex(1 +K), not on C1, (5.6.18)

v(x, 2) = V (x, 2), on C2,

= V (x, 1) + ex(1−K), not on C2. (5.6.19)

Let

φ∗
1(x) =

∫ ∞

0

tλe−0.5t2+m(b+κσ/a−x)tdt, φ∗
2(x) =

∫ ∞

0

tλe−0.5t2−m(b−κσ/a−x)tdt.

Then, ∇V (x, 1) = −mC1φ
∗
1(x) and ∇V (x, 2) = mC2φ

∗
2(x). Hence by the conditions

(5.6.17), we need C1 ≥ 0 and C2 ≥ 0. By the smooth-fit conditions, we need
V (x1, 1) = V (x1, 2)− ex1(1 +K),
∇V (x1, 1) = ∇V (x1, 2)− ex1(1 +K),
V (x2, 2) = V (x2, 1) + ex2(1−K),
∇V (x2, 2) = ∇V (x2, 1) + ex2(1−K),

(5.6.20)

{
v(x, 1) ≥ v(x, 2)− ex(1 +K), on (x1,∞),
v(x, 2) ≥ v(x, 1) + ex(1−K), on (−∞, x2),

(5.6.21){
(−L+ ρ+ κσ|∇|)(V (x, 2)− ex(1 +K)) ≥ 0, on (−∞, x1),
(−L+ ρ+ κσ|∇|)(V (x, 1) + ex(1−K)) ≥ 0, on (x2,∞).

(5.6.22)

After simple algebraic computation, the equalities (5.6.20) can be expressed as(
C1

C2

)
= ex1(1 +K)

(
−φ1(x1) φ2(x1)
φ∗
1(x1) φ∗

2(x1)

)−1(
1

1/m

)
= ex2(1−K)

(
−φ1(x2) φ2(x2)
φ∗
1(x2) φ∗

2(x2)

)−1(
1

1/m

)
≥ 0. (5.6.23)

By the definitions of v, the inequalities (5.6.21) are equivalent to

V (x, 1) ≥ V (x, 2)− ex(1 +K), V (x, 2) ≥ V (x, 1) + ex(1−K), (5.6.24)

on (x1, x2). For the first inequality of (5.6.22), we have

(−L+ ρ+ κσ|∇|)(V (x, 2)− ex(1 +K)) = (−L+ ρ+ κσ|∇|)(−ex(1 +K))

= −
(
ρ− a(b− x)− σ2

2
− κσ

)
ex(1 +K) ≥ 0

on (−∞, x1) since (−∞, x1) ⊆ C2. Thus, the condition expressed by the first inequality

is equivalent to

x1 ≤
1

a

(
σ2

2
+ ab+ κσ − ρ

)
. (5.6.25)
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Similarly, the condition expressed by the second inequality of (5.6.22) is equivalent to

x2 ≥
1

a

(
σ2

2
+ ab− κσ − ρ

)
. (5.6.26)

Finally, we need

ex2(1−K) > ex1(1 +K) ⇔ x2 − x1 > log(1 +K)− log(1−K). (5.6.27)

Hence, if C1, C2, x1 and x2 satisfy the conditions (5.6.23)-(5.6.27), then the candidates

of the solutions (5.6.18) and (5.6.19) are true viscosity solutions of the PDEs (5.6.15)

and (5.6.16).

To illustrate effects of ambiguity, we conduct a numerical simulation. Let a =

0.8, b = 2, σ = 0.5, ρ = 0.5, and K = 0.01. The values of these parameters are

the same as Zhang and Zhang (2008). We compute thresholds (x1, x2) with different

degrees of ambiguity κ.

Figure 5.2 displays the thresholds. According to Figure 5.2, in a larger degree of

ambiguity, both of the optimal thresholds become small. The long position trader (that

is, the initial regime is 2) considers the worst case that the steady mean of X is smaller

than that without ambiguity. Therefore, she sells the asset at a lower price than that

without ambiguity.

On the other hand, in the flat position case (that is, the initial regime is 1), the

trader also buys the asset at a lower price than that without ambiguity. That is because

a gain of the trader in the flat position does not realize until she sells the asset. Now,

we assume that the trader considers the case when the steady mean of X is larger than

that without ambiguity. Then, she can expect a bigger profit in her belief than that in

the true probability measure. This is a contradiction since she considers the worst case.

Therefore, even if the trader has the flat position, she considers the case that the steady

mean of X is smaller than that without ambiguity. Hence, the optimal thresholds of

buying the asset under ambiguity is lower than that without ambiguity.

Zhang and Zhang (2008) conduct the comparative statics with varying the steady

mean of X, i.e., b. Their results are that in a small b, both of the optimal thresholds

are also small. These are similar to the results in large ambiguity. However, the results

under large ambiguity can not be reproduced by a small b. By the equality (5.6.23)
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with κ = 0, the optimal thresholds under the steady mean b are equal to the optimal

thresholds under the steady mean b̃ plus b − b̃ for all b, b̃ ∈ R if the other parameters

are the same. Therefore, the optimal thresholds are linear in the steady mean b.

On the other hand, Figure 5.3 displays equal differences of the optimal thresholds

with different degrees of ambiguity. According to Figure 5.3, the equal differences are

not constant, therefore the optimal thresholds are not linear in the degree of ambiguity

κ. Our PDEs (5.6.15) and (5.6.16) cause these non-linearities. The PDEs (5.6.15)

and (5.6.16) can not be expressed as any variational inequality of an optimal switching

problem without ambiguity since these do not satisfy the monotone conditions. Indeed,

the difference x2 − x1 without ambiguity is constant over b, whereas x2 − x1 is small

with large κ. Thus, the optimal switching problem under ambiguity can generate this

interesting result which can not be reproduced by the problem without ambiguity.

Appendix 5.A The Moment Estimates of X

Proof of Proposition 5.2. Since x → ∥x∥q is twice continuously differentiable for all

q ≥ 4, we can apply the Ito’s lemma to ∥X t,x,i,α
s ∥q. Then, for all s ∈ [t, T ], using the

quadratic growth condition for b and σ, we have

∥X t,x,i,α
s ∥q = ∥x∥q +

∫ s

t

q∥X t,x,i,α
r ∥q−2(X t,x,i,α

r )′b(r,X t,x,i,α
r , αr)dr

+
1

2

∫ s

t

(
q(q − 2)∥X t,x,i,α

r ∥q−4∥σ′(r,X t,x,i,α
r , αr)X

t,x,i,α
r ∥2

q∥X t,x,i,α
r ∥q−2∥σ(r,X t,x,i,α

r , αr)∥2
)
dr

+

∫ s

t

q∥X t,x,i,α
r ∥q−2(X t,x,i,α

r )′σ(r,X t,x,i,α
r , αr)dWr

≤ ∥x∥q + Ĉq

∫ s

t

(
1 + ∥X t,x,i,α

r ∥q
)
dr

+ q

∫ s

t

∥X t,x,i,α
r ∥q−2(X t,x,i,α

r )′σ(r,X t,x,i,α
r , αr)dWr,

where Ĉq is the constant only depending on q and L. The above stochastic integral in

the right hand side is a local martingale. Hence, there exists an increasing sequence of

stopping times (τn)n≥1 such that τn → ∞ and

E[∥X t,x,i,α
s∧τn ∥q] ≤ ∥x∥2 + Ĉq E

[∫ s∧τn

t

(
1 + ∥X t,x,i,α

r ∥q
)
dr

]
,
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for all s ∈ [t, T ] and n ≥ 1, where a∧b = min{a, b}. By the Fatou lemma, the monotone

convergence theorem and the continuity of X t,x,i,α, taking a limit, we have

1 + E[∥X t,x,i,α
s ∥q] ≤ 1 + lim inf

n→∞
E[∥X t,x,i,α

s∧τn ∥q]

≤ 1 + ∥x∥2 + Ĉq E

[∫ s

t

(
1 + ∥X t,x,i,α

r ∥q
)
dr

]
= 1 + ∥x∥2 + Ĉq

∫ s

t

E
[
1 + ∥X t,x,i,α

r ∥q
]
dr.

By the Gronwall lemma, we have

E[∥X t,x,i,α
s ∥q] ≤ 1 + E[∥X t,x,i,α

s ∥q] ≤ (1 + ∥x∥q)eĈq(s−t), (5.A.1)

for all 0 ≤ t ≤ s and x ∈ Rd. Similarly, we have

max
t≤s≤T

∥X t,x,i,α
s ∥q ≤ ∥x∥q + Ĉq

∫ T

t

(
1 + ∥X t,x,i,α

r ∥q
)
dr

+ q max
t≤s≤T

∫ s

t

∥X t,x,i,α
r ∥q−2(X t,x,i,α

r )′σ(r,X t,x,i,α
r , αr)dWr.

By the Burkholder-Davis-Gundy inequality and Jensen inequality, we have

E

[
max
t≤s≤T

∫ s

t

∥X t,x,i,α
r ∥q−2(X t,x,i,α

r )′σ(r,X t,x,i,α
r , αr)dWr

]
≤ E

[(∫ T

t

∥X t,x,i,α
r ∥2q−4∥σ′(r,X t,x,i,α

r , αr)X
t,x,i,α
r ∥2dr

)1/2
]

≤ E

[(∫ T

t

∥X t,x,i,α
r ∥2q−2∥σ(r,X t,x,i,α

r , αr)∥2dr
)1/2

]

≤ LE

[(∫ T

t

∥X t,x,i,α
r ∥2q−2

(
1 + ∥X t,x,i,α

r ∥2
)
dr

)1/2
]

≤
√
2L

(∫ T

t

E
[
1 + ∥X t,x,i,α

r ∥2q
]
dr

)1/2

.

Furthermore, using the inequality (5.A.1), we have(∫ T

t

E
[
1 + ∥X t,x,i,α

r ∥2q
]
dr

)1/2

≤
(∫ T

t

(1 + ∥x∥2q)eĈ2q(r−t)dr

)1/2

≤ 1

Ĉ
1/2
2q

(1 + ∥x∥q)eĈ2q(T−t)/2.

Thus, we obtain

E

[
max
t≤s≤T

∥X t,x,i,α
s ∥q

]
≤ 1 + E

[
max
t≤s≤T

∥X t,x,i,α
s ∥q

]
≤ Cq,X(1 + ∥x∥q)eCq(T−t),
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where

Cq,X = max

{
1, Ĉq,

√
2

Ĉq
qL

}
, Cq =

Ĉ2q

2
.

If q ∈ (0, 4), then by the Jensen inequality, we have

E

[
max
t≤s≤T

∥X t,x,i,α
s ∥q

]
= E

[(
max
t≤s≤T

∥X t,x,i,α
s ∥4

)q/4]
≤
(
E

[
max
t≤s≤T

∥X t,x,i,α
s ∥4

])q/4
≤ C

q/4
4,X(1 + ∥x∥4)q/4e(qC4/4)(T−t)

≤ C
q/4
4,X(1 + ∥x∥q)e(qC4/4)(T−t).

It is easy to show the inequality (5.2.8) applying the Ito’s lemma to e−ρs(1+∥X t,x,i,α
s ∥q).

2

Appendix 5.B Verification of Y

Proof of Proposition 5.11. Step.1 Y is at least as large as any objective function. We

define a sequence of random variables as follows.

X0 := η, Xk := Xτk−1,X
k−1,ik−1

τk
, k ≥ 1.

By the definition, Xk ∈ L2q
τk
(Rd) for all k. Furthermore, for all k ≥ 1 and t ∈ [τk−1, τk),

the strong uniqueness of X leads to that

Xν,η,ι,α
t = X

τk−1,X
k−1,ik−1

t , (5.B.1)

P-almost surely.

Let N = inf{k | τk ≥ T} and τ0 = ν. By the admissibility of α = (τk, ik)k≥0, N is

finite P-almost surely. Let Z
ν,η,ι,α

be a stochastic process such that

Z
ν,η,ι,α

t =
N∑
k=1

Z
τk−1,X

k−1,ik−1

t 1l[τk−1,τk)(t), t ∈ [0, T ], (5.B.2)

Let Dk be a stochastic process on [τk−1, τk] such that

Dk
t = exp

{
−
∫ t

τk−1

ρ(s,Xτk−1,X
k−1,ik−1

s , ik−1)ds

}
, t ∈ [τk−1, τk].
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By the equality (5.B.1), we have

Dν,η,ι,α
t = D1

t , t ∈ [τ0, τ1],

Dν,η,ι,α
t = Dν,η,ι,α

τk−1
Dk
t , t ∈ [τk−1, τk], k ≥ 2. (5.B.3)

Then, for any k ≥ 1, applying the Ito’s lemma to Dk
t Y

τk−1,X
k−1,ik−1

t leads to

Y τk−1,X
k−1,ik−1

τk−1
≥ Dk

τk
Y τk−1,X

k−1,ik−1
τk

+

∫ τk

τk−1

Dk
s

(
ψ(s,Xτk−1,X

k−1,ik−1
s , ik−1)

− ς(s,Xτk−1,X
k−1,ik−1

s , ik−1, Z
τk−1,X

k−1,ik−1
s )

)
ds

−
∫ τk

τk−1

Dk
s (Z

τk−1,X
k−1,ik−1

s )′dWs,

where we have used the non-negativity of Dk
t and monotonicity of K

τk−1,X
k−1,ik−1

t . Fur-

thermore, by the pathwise uniqueness of X and Y (see Proposition 5.10, (5.B.1) and

(5.B.2)), we have

Y τk−1,X
k−1,ik−1

τk−1

≥ Dk
τk
Y τk,X

k,ik−1
τk

+

∫ τk

τk−1

Dk
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

−
∫ τk

τk−1

Dk
s (Z

ν,η,ι,α

s )′dWs, (5.B.4)
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Since each Y
τk,X

k,ik−1
τk dominates the lower barrier, we obtain

Y ν,η,ι
ν ≥ D1

τ1
Y τ1,X1,i0
τ1

+

∫ τ1

τ0

D1
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

−
∫ τ1

τ0

D1
s(Z

ν,η,ι,α

s )′dWs

≥ D1
τ1

(
Y τ1,X1,i1
τ1

− ci0,i1(τ1, X
τ1,X1,i0
τ1

)
)

+

∫ τ1

τ0

D1
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

−
∫ τ1

τ0

D1
s(Z

ν,η,ι,α

s )′dWs

= D1
τ1
Y τ1,X1,i1
τ1

−D1
τ1
ci0,i1(τ1, X

ν,η,ι,α
τ1

)

+

∫ τ1

τ0

D1
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

−
∫ τ1

τ0

D1
s(Z

ν,η,ι,α

s )′dWs

≥ D1
τ1
Y τ1,X1,i1
τ2

−D1
τ1
ci0,i1(τ1, X

ν,η,ι,α
τ1

)

+

∫ τ1

τ0

D1
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

+D1
τ1

∫ τ2

τ1

D2
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

−
∫ τ1

τ0

D1
s(Z

ν,η,ι,α

s )′dWs −D1
τ1

∫ τ2

τ1

D2
s(Z

ν,η,ι,α

s )′dWs

= D1
τ1
Y τ2,X2,i1
τ2

−D1
τ1
ci0,i1(τ1, X

ν,η,ι,α
τ1

)

+

∫ τ2

τ0

Dν,η,ι,α
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

−
∫ τ2

τ0

Dν,η,ι,α
s (Z

ν,η,ι,α

s )′dWs,

where we have used Proposition 5.10 and the relationship (5.B.1). By repeating this

up to n ≥ 1, we have

Y ν,η,ι
ν ≥ Dν,η,ι,α

τn Y τn,Xn,in−1
τn −

n−1∑
k=1

Dν,η,ι,α
τk

cik−1,ik(τk, X
ν,η,ι,α
τk

)

+

∫ τn

τ0

Dν,η,ι,α
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

−
∫ τn

τ0

Dν,η,ι,α
s (Z

ν,η,ι,α

s )′dWs,
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for all n. Since τn → T P-a.s. and Y ν,η,ι is continuous, taking a limit, we have

Y ν,η,ι
ν ≥ Dν,η,ι,α

T g(Xν,η,ι,α
T , αT )−

∑
ν≤τk≤T

Dν,η,ι,α
τk

cik−1,ik(τk, X
ν,η,ι,α
τk

)

+

∫ T

ν

Dν,η,ι,α
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

−
∫ T

ν

Dν,η,ι,α
s (Z

ν,η,ι,α

s )′dWs.

Similarly to the above, we have

Dν,η,ι,α
t Y ν,η,ι

t ≥ Dν,η,ι,α
T g(Xν,η,ι,α

T , αT )−
∑

t≤τk≤T

Dν,η,ι,α
τk

cik−1,ik(τk, X
ν,η,ι,α
τk

)

+

∫ T

t

Dν,η,ι,α
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α

s )
)
ds

−
∫ T

t

Dν,η,ι,α
s (Z

ν,η,ι,α

s )′dWs, (5.B.5)

for all t ∈ [ν, T ]. On the other hand, we have

Dν,η,ι,α
t Y ν,η,ι,α

t = Dν,η,ι,α
T g(Xν,η,ι,α

T , αT )−
∑

t≤τk≤T

Dν,η,ι,α
τk

cik−1,ik(τk, X
ν,η,ι,α
τk

)

+

∫ T

t

Dν,η,ι,α
s

(
ψ(s,Xν,η,ι,α

s , αs)− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α
s )

)
ds

−
∫ T

t

Dν,η,ι,α
s (Zν,η,ι,α

s )′dWs,

for all t ∈ [ν, T ]. Hence, it holds that

Dν,η,ι,α
t

(
Y ν,η,ι
t − Y ν,η,ι,α

t

)
≥ −

∫ T

t

Dν,η,ι,α
s

(
ς(s,Xν,η,ι,α

s , αs, Z
ν,η,ι,α

s )− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α
s )

)
ds

−
∫ T

t

Dν,η,ι,α
s (Z

ν,η,ι,α

s − Zν,η,ι,α
s )′dWs

=

∫ T

t

Dν,η,ι,α
s ∆′

s(Z
ν,η,ι,α

s − Zν,η,ι,α
s )ds−

∫ T

t

Dν,η,ι,α
s (Z

ν,η,ι,α

s − Zν,η,ι,α
s )′dWs, (5.B.6)

where (∆s)ν≤s≤T is a d-dimensional adopted process as follows: Now, we denote by xi,s

the ith component of a random vector process (xu)u≥0 at time s.

Let Z
ν,η,ι,α, i

s = (Z
ν,η,ι,α

1,s , . . . , Z
ν,η,ι,α

i−1,s , Z
ν,η,ι,α

i,s , Zν,η,ι,α
i+1,s , . . . , Z

ν,η,ι,α
d,s )′ and

let Zν,η,ι,α, i
s = (Z

ν,η,ι,α

1,s , . . . , Z
ν,η,ι,α

i−1,s , Z
ν,η,ι,α
i,s , Zν,η,ι,α

i+1,s , . . . , Z
ν,η,ι,α
d,s )′. ∆i,s is

∆i,s = −ς(s,X
ν,η,ι,α
s , αs, Z

ν,η,ι,α, i

s )− ς(s,Xν,η,ι,α
s , αs, Z

ν,η,ι,α, i
s )

Z
ν,η,ι,α

i,s − Zν,η,ι,α
i,s

,
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if Z
ν,η,ι,α

i,s ̸= Zν,η,ι,α
i,s and ∆i,s = 0 otherwise. Then, (∆s)ν≤s≤T is uniformly bounded since

z → ς(s,Xν,η,ι,α
s , αs, z) is uniformly Lipschitz for all s. This implies that the following

process,

ζ∆s = exp

{∫ s

ν

∆′
udWu −

1

2

∫ s

ν

∥∆u∥2du
}
, s ≥ ν

is a martingale. Hence, we can define a new probability measure such that

P∆
T (A) := E[1lAζ

∆
T ], A ∈ FT .

Furthermore, by the Girsanov theorem, the following process,

W∆
t :=

∫ t

ν

∆sds−Wt, t ∈ [ν, T ],

is a d-dimensional Brownian motion under P∆
T . We denote by E∆

T an expectation oper-

ator under P∆
T . Since Z

ν,η,ι,α
and Zν,η,ι,α are in H2

d[ν, T ], it holds that

E∆
T

[∫ T

ν

(Dν,η,ι,α
s )2∥Zν,η,ι,α

s − Zν,η,ι,α
s ∥2ds

]
<∞.

This implies that the stochastic integral∫ u

ν

Dν,η,ι,α
s (Z

ν,η,ι,α

s − Zν,η,ι,α
s )′dW∆

s , u ∈ [ν, T ],

is a martingale under P∆
T . Hence, taking conditional expectation of the inequality

(5.B.6) under the probability measure P∆
T given by Ft, we obtain

Y ν,η,ι
t − Y ν,η,ι,α

t ≥ 0,

P-almost surely for all t ∈ [ν, T ].

Step.2 Optimality of Y . We first prove the admissibility of α∗. Let Z
ν,η,ι,α∗

s be a

stochastic process defined as (5.B.2). Then, by the definition α∗, K
τk−1,X

∗
τk−1

,i∗k−1

s = 0

for all k ≥ 1 and s ∈ [τ ∗k−1, τ
∗
k ]. Furthermore, it holds that

Y
τ∗k−1,X

∗
τ∗
k−1

,i∗k−1

τ∗k
= Y

τ∗k−1,X
∗
τ∗
k−1

,i∗k

τ∗k
− ci∗k−1,i

∗
k
(τ ∗k , X

∗
τ∗k
),

for all k ≥ 1. Hence, the following equality holds.

Dν,η,ι,α∗

t Y ν,η,ι
t = Dν,η,ι,α∗

t∨τ∗n Y
τ∗n,X

∗
τ∗n
,i∗n−1

t∨τ∗n −
n∑
k=1

Dν,η,ι,α∗

τ∗k
ci∗k−1,i

∗
k
(τ ∗k , X

∗
τ∗k
)1l[ν,τ∗k ](t)

+

∫ t∨τ∗n

t

Dν,η,ι,α∗

s

(
ψ(s,X∗

s , α
∗
s)− ς(s,X∗

s , αs, Z
ν,η,ι,α∗

s )
)
ds

−
∫ t∨τ∗n

t

Dν,η,ι,α∗

s (Z
ν,η,ι,α∗

s )′dWs, (5.B.7)
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for all n ≥ 1, where a ∨ b = max{a, b}. Let N∗ = inf{k | τ ∗k ≥ T} and B = {N∗ =

+∞}. Suppose that P(B) > 0. Then, as I is a finite set, there exists a finite loop

i0, i1, . . . , im, i0, i0 ∈ I, i0 ̸= i1 such that

Y
ν,η,il−1

τ∗kq+l

= Y ν,η,il
τ∗kq+l

− cil−1,il(τ
∗
kq+l

, X∗
τ∗kq+l

) on B,

for all l = 1, . . . ,m+1, q ≥ 0 and im+1 = i0, where (τ
∗
kq
)q≥1 is a subsequence of (τ ∗k )k≥0.

Let τ = limq→∞ τ ∗kq . Then τ < T on B and

Y
ν,η,il−1

τ = Y ν,η,il
τ − cil−1,il(τ ,X

∗
τ ) on B,

for all l = 1, . . . ,m+ 1. This implies that

m+1∑
l=1

cil−1,il(τ ,X
∗
τ ) = 0 on B,

which is contradiction to Assumption 5.4.3. Therefore, P(B) = 0 and N∗ is finite

P-almost surely. Hence, taking the limit of (5.B.7), we have

Dν,η,ι,α∗

t Y ν,η,ι
t = Dν,η,ι,α∗

T g(X∗
T , α

∗
T )−

∑
t≤τ∗k≤T

Dν,η,ι,α∗

τ∗k
ci∗k−1,i

∗
k
(τ ∗k , X

∗
τ∗k
)

+

∫ T

t

Dν,η,ι,α∗

s

(
ψ(s,X∗

s , α
∗
s)− ς(s,X∗

s , αs, Z
ν,η,ι,α∗

s )
)
ds

−
∫ T

t

Dν,η,ι,α∗

s (Z
ν,η,ι,α∗

s )′dWs. (5.B.8)

Since (Y ν,η,ι, Z
ν,η,ι,α∗

) ∈ S2[ν, T ] × H2
d[ν, T ] and since Assumption 5.1, 5.3, 5.4 and 5.7

are satisfied,
∑

ν≤τ∗k≤T
ci∗k−1,i

∗
k
(τ ∗k , X

∗
τ∗k
) is quadratic integrable under P. Hence, α∗ is

admissible.

We consider the solution of the BSDE (5.3.5) at (ν, η, ι, α∗),

denoted by (Y ν,η,ι,α∗
, Zν,η,ι,α∗

). Then, combining (5.B.8) and (Y ν,η,ι,α∗
, Zν,η,ι,α∗

), we

obtain that

Dν,η,ι,α∗

t

(
Y ν,η,ι
t − Y ν,η,ι,α∗

t

)
=

∫ T

t

Dν,η,ι,α∗

s ∆′
s(Z

ν,η,ι,α∗

s − Zν,η,ι,α∗

s )ds−
∫ T

t

Dν,η,ι,α∗

s (Z
ν,η,ι,α∗

s − Zν,η,ι,α∗

s )′dWs,

where (∆s)0≤s≤T is the stochastic process defined in Step.1. As well as Step.1, we

conclude that

Y ν,η,ι
t = Y ν,η,ι,α∗

t ,
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P-almost surely for all t ∈ [ν, T ]. 2

Appendix 5.C Verification in the Infinite Horizon

Proof of Proposition 5.18. Step.1 Monotonicity of Ŷ . Fix an arbitrary 0 ≤ T ≤ T̃ , ν ∈

T T
0 and η ∈ L2q

ν (Rd). Let (Ŷ T,ν,η,i,n, ẐT,ν,η,i,n, K̂T,ν,η,i,n)n≥0 be the Picard’s iterations of

(Ŷ T,ν,η,i, ẐT,ν,η,i, K̂T,ν,η,i) constructed in Theorem 5.8.

Also let (Ŷ T̃ ,ν,η,i,n, Ẑ T̃ ,ν,η,i,n, K̂ T̃ ,ν,η,i,n)n≥0 be the Picard’s iterations of

(Ŷ T̃ ,ν,η,i, Ẑ T̃ ,ν,η,i, K̂ T̃ ,ν,η,i) constructed in Theorem 5.8. Then, by the non-negative reward

condition, temporary terminal condition and Proposition 2.2 in El Karoui et al. (1997b),

we have

e−ρT Ŷ T̃ ,ν,η,i,0
T = inf

θ∈Θ[T,T̃ ]
E
[
e−ρT̃ ζθ,T

T̃
g(Xν,η,i

T̃
, i)

+

∫ T̃

T

e−ρtζθ,Tt

(
ψ(Xν,η,i

t , i)− θ′tϕ(X
ν,η,i
t , i)

)
dt
∣∣∣ FT

]
≥ inf

θ∈Θ[T,T̃ ]
E
[
e−ρT̃ ζθ,T

T̃
g(Xν,η,i

T̃
, i)
∣∣∣ FT

]
≥ e−ρTg(Xν,η,i

T , i).

Hence, Ŷ T̃ ,ν,η,i,0
T ≥ g(Xν,η,i

T , i) for all i ∈ I. On the other hand, for all i ∈ I,

(Ŷ T̃ ,ν,η,i,0
t , Ẑ T̃ ,ν,η,i,0

t ) is the solution to the following BSDE on [ν, T ],

−dyt =
(
ψ(Xν,η,i

t , i)− ρyt − ς(Xν,η,i
t , i, zt)

)
dt− z′tdWt,

yT = Ŷ T̃ ,ν,η,i,0
T , (y, z) ∈ S2[ν, T ]×H2

d[ν, T ].

By the comparison theorem, Ŷ T̃ ,ν,η,i,0
t ≥ Ŷ T,ν,η,i,0

t for all t ∈ [ν, T ] and i ∈ I. Similarly,

by the non-negative reward condition, temporary terminal condition and Proposition

7.1 in El Karoui et al. (1997a), we have

Ŷ T̃ ,ν,η,i,n
T ≥ g(Xν,η,i

T , i),

for all n ≥ 1. Hence, recursively applying the comparison theorem, we obtain that

Ŷ T̃ ,ν,η,i,n
t ≥ Ŷ T,ν,η,i,n

t for all t ∈ [ν, T ], i ∈ I and n ≥ 1. Taking a limit, we also have

Ŷ T̃ ,ν,η,i
t ≥ Ŷ T,ν,η,i

t for all t ∈ [ν, T ] and i ∈ I.
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Step.2 n-step dominated. Since T → Ŷ T,ν,η,i,n
t is increasing by Step.1 and since

n → Ŷ T,ν,η,i,n
t is also increasing, we can exchange the orders of taking the limits such

that

lim
T→∞

Ŷ T,ν,η,i
t = lim

T→∞
lim
n→∞

Ŷ T,ν,η,i,n
t = lim

n→∞
lim
T→∞

Ŷ T,ν,η,i,n
t = lim

n→∞
Ŷ ∞,ν,η,i,n
t ,

where

Ŷ ∞,ν,η,i,n
t = lim

T→∞
Ŷ T,ν,η,i,n
t , n ≥ 1.

By Proposition 2.2 in El Karoui et al. (1997b) and the comparison theorem, it holds

that

e−ρν Ŷ T,ν,η,i,0
ν = inf

θ∈Θ[ν,T ]
E
[
ζθ,νT e−ρTg(Xν,η,i

T , i)

+

∫ T

ν

e−ρtζθ,νt

(
ψ(Xν,η,i

t , i)− θ′tϕ(X
ν,η,i
t , i)

)
dt
∣∣∣ Fν

]
, (5.C.1)

for all T ≥ ν. Now, we choose an arbitrary θ ∈ Θ[ν,∞). Then, by the equality (5.C.1)

and the temporary terminal condition, we have

e−ρν Ŷ T,ν,η,i,0
ν ≤ E

[∫ T

ν

e−ρtζθ,νt

(
ψ(Xν,η,i

t , i)− θ′tϕ(X
ν,η,i
t , i)

)
dt
∣∣∣ Fν

]
,

for all T ≥ ν. By the Lebesgue dominated convergence theorem, we have

e−ρνŶ ∞,ν,η,i,0
ν ≤ E

[∫ ∞

ν

e−ρtζθ,νt

(
ψ(Xν,η,i

t , i)− θ′tϕ(X
ν,η,i
t , i)

)
dt
∣∣∣ Fν

]
.

Since θ is arbitrary, we obtain that

e−ρν Ŷ ∞,ν,η,i,0
ν ≤ inf

θ∈Θ[ν,∞)
E

[∫ ∞

ν

e−ρtζθ,νt

(
ψ(Xν,η,i

t , i)− θ′tϕ(X
ν,η,i
t , i)

)
dt
∣∣∣ Fν

]
. (5.C.2)

Now, we assume that for some n ≥ 1,

e−ρτ̃ Ŷ∞,τ̃ ,η̃,j,n−1
τ̃ ≤ sup

α∈Aj,n−1[τ̃ ,∞)

inf
θ∈Θ[ν,∞)

E

[∫ ∞

τ̃

e−ρtζθ,τ̃t

(
ψ(X τ̃ ,η̃,j,α

t , αt)− θ′tϕ(X
τ̃ ,η̃,j,α
t , αt)

)
dt

−
n−1∑
k=1

e−ρτkζθ,τ̃τk cik−1,ik(X
τ̃ ,η̃,j,α
τk

)
∣∣∣ Fτ̃

]
,

where τ̃ ∈ Tν and η̃ ∈ L2q
τ̃ (Rd), and α ∈ Aj,n−1[τ̃ ,∞) is a set of the admissible controls

on [τ̃ ,∞) changing the regimes at most n−1 times. On the other hand, by Proposition
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7.1 in El Karoui et al. (1997a) and the uniqueness of Ŷ , it holds that

e−ρν Ŷ T,ν,η,i,n
ν = sup

τ̃∈T T
τ

inf
θ∈Θ[ν,T ]

E
[
e−ρT ζθ,νT g(Xν,η,i

T , i)1l{τ̃=T}

+ e−ρτ̃ζθ,ντ̃ max
j∈I\{i}

{
Ŷ
T,τ̃ ,Xν,η,i

τ̃
,j,n−1

τ̃ − ci,j(X
ν,η,i
τ̃ )

}
1l{τ̃<T}

+

∫ τ̃

ν

e−ρtζθ,νt

(
ψ(Xν,η,i

t , i)− θ′tϕ(X
ν,η,i
t , i)

)
dt
∣∣∣ Fν

]
. (5.C.3)

Let τ ∗ be an optimal stopping time of the maximization problem in the right hand side

of (5.C.3). Then, by Proposition 2.3 in El Karoui et al. (1997a), we have

τ ∗ = inf

{
t ∈ [ν, T ] | Ŷ T,t,Xν,η,i

t ,i,n
t = max

j∈I\{i}

{
Ŷ
T,t,Xν,η,i

t ,j,n−1
t − ci,j(X

ν,η,i
t )

}}
.

Hence,

e−ρT ζθ,νT g(Xν,η,i
T , i)1l{τ∗=T} + e−ρτ

∗
ζθ,ντ∗ max

j∈I\{i}

{
Ŷ
T,τ∗,Xν,η,i

τ∗ ,j,n−1

τ∗ − ci,j(X
ν,η,i
τ∗ )

}
1l{τ∗<T}

= e−ρτ
∗
ζθ,ντ∗
(
Ŷ
T,τ∗,Xν,η,i

τ∗ ,j∗,n−1

τ∗ − ci,j∗(X
ν,η,i
τ∗ )1l{τ∗<T}

)
,

where j∗ satisfies

Ŷ
T,τ∗,Xν,η,i

τ∗ ,i,n

τ∗ = Ŷ
T,τ∗,Xν,η,i

τ∗ ,j∗,n−1

τ∗ − ci,j∗(X
ν,η,i
τ∗ ),

if τ ∗ < T , and j∗ = i otherwise. By the monotonicity of Ŷ , we have

Ŷ
T,τ∗,Xν,η,i

τ∗ ,j∗,n−1

τ∗ ≤ Ŷ
∞,τ∗,Xν,η,i

τ∗ ,j∗,n−1

τ∗ .

Hence, we obtain
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e−ρν Ŷ T,ν,η,i,n
ν ≤ inf

θ∈Θ[0,T ]
E

[∫ τ∗

ν
e−ρtζθ,νt

(
ψ(Xν,η,i

t , i)− θ′tϕ(X
ν,η,i
t , i)

)
dt

+ e−ρτ
∗
ζθ,ντ∗ Ŷ

∞,τ∗,Xν,η,i
τ∗ ,j∗,n−1

τ∗ − e−ρτ
∗
ζθ,ντ∗ ci,j∗(X

ν,η,i
τ∗ )1l{τ∗<T}

∣∣∣ Fν]
≤ inf

θ∈Θ[ν,τ∗)
E

[∫ τ∗

ν
e−ρtζθ,νt

(
ψ(Xν,η,i

t , i)− θ′tϕ(X
ν,η,i
t , i)

)
dt

− e−ρτ
∗
ζθ,ντ∗ ci,j∗(X

ν,η,i
τ∗ )1l{τ∗<T}

+ ζθ,ντ∗ sup
α∈Aj∗,n−1[τ

∗,∞)
inf

θ∈Θ[τ∗,∞)
E

[∫ ∞

τ∗
e−ρtζθ,τ

∗

t

(
ψ(X

τ∗,Xν,η,i
τ∗ ,j∗,α

t , αt)

− θ′tϕ(X
τ∗,Xν,η,i

τ∗ ,j∗,j,α
t , αt)

)
dt

−
n−1∑
k=1

e−ρτkζθ,τ
∗

τk
cik−1,ik(X

τ∗,Xν,η,i
τ∗ ,j∗,α

τk )
∣∣∣ Fτ∗] ∣∣∣ Fν]

≤ sup
α∈Ai,n[ν,∞)

inf
θ∈Θ[ν,∞)

E

[∫ ∞

ν
e−ρtζθ,νt

(
ψ(Xν,η,i,α

t , αt)− θ′tϕ(X
ν,η,i,α
t , αt)

)
dt

−
n∑
k=1

e−ρτkζθ,ντk cik−1,ik(X
ν,η,i,α
τk

)
∣∣∣ Fν] ,

where we used the uniqueness of the strong solution of X. Taking a limit, we have

e−ρν Ŷ ∞,ν,η,i,n
ν ≤ sup

α∈Ai,n[ν,∞)

inf
θ∈Θ[ν,∞)

E

[∫ ∞

ν

e−ρtζθ,νt

(
ψ(Xν,η,i,α

t , αt)− θ′tϕ(X
ν,η,i,α
t , αt)

)
dt

−
n∑
k=1

e−ρτkζθ,ντk cik−1,ik(X
ν,η,i,α
τk

)
∣∣∣ Fν

]
. (5.C.4)

By the inequalities (5.C.2) and (5.C.4), we can prove that the inequality (5.C.4) holds

for all n ≥ 1 using the induction method. Since Ai,n[t,∞) ⊆ Ai[t,∞) for all n ≥ 1, the

inequality (5.C.4) leads to

lim
T→∞

Ŷ T,t,x,i
t = lim

n→∞
Ŷ ∞,t,x,i,n
t ≤ v∞(x, i), (5.C.5)

for all (t, x, i) ∈ [0,∞)×Rd ×I. By the monotonicity of Ŷ and the inequality (5.C.5),

we have

Ŷ T,t,x,i
t ≤ v∞(x, i), (5.C.6)

for all (t, T, x, i) ∈ [0,∞)2 × Rd × I.

Step.3 Convergence. To prove the opposite inequality of (5.C.5), we use the ϵ-

optimal argument such as Corollary 2.1 in Bayraktar and Egami (2010). Fix any
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(t, x, i) ∈ [0,∞) × Rd × I. Let JT (t, x, i, α) be an objective function in the finite

horizon [0, T ]. Then, by the time-homogeneity, we have

Y T,t,x,i
t = Y T−t,0,x,i

0 ≥ JT−t(0, x, i, α),

for all 0 ≤ t ≤ T, x ∈ Rd, i ∈ I and α ∈ Ai[0, T − t]. Now, we fix an arbitrary t ≥ 0

and x ∈ Rd. For any ϵ > 0, we choose a control αϵ = (τ ϵk, i
ϵ
k)k≥0 ∈ Ai[0,∞) such that

J(x, i, αϵ) ≥ v∞(x, i)− ϵ.

For all T ≥ t, define

αϵ,T−ts := αs, s ∈ [0, T − t].

Then, αϵ,T−t ∈ Ai[0, T − t] for all T ≥ t. For all T ≥ t, let

θT−t := arg inf
θ∈Θ[0,T−t]

E

[∫ T−t

0

e−ρsζθ,0s

(
ψ(X0,x,i,αϵ

s , αϵs)− θ′sϕ(X
0,x,i,αϵ

s , αϵs)
)
ds

−
∞∑
k=1

e−ρτ
ϵ
kζθ,0τϵk ci

ϵ
k−1,i

ϵ
k
(X0,x,i,αϵ

τϵk
)1l{τk<T−t} + e−ρ(T−t)ζθ,0T−tg(X

0,x,i,αϵ

T−t , αϵT−t)

]
.

Also let

θ∞,T−t
s :=

{
θT−ts , if s < T − t,
0, otherwise,

for all T ≥ t. It is easy to check θ∞,T−t ∈ Θ[0,∞). Then, we have

J(x, i, αϵ)

≤ E

[∫ ∞

0

e−ρsζθ
∞,T−t,0
s

(
ψ(X0,x,i,αϵ

s , αϵs)− (θ∞,T−t
s )′ϕ(X0,x,i,αϵ

s , αϵs)
)
ds

−
∞∑
k=1

e−ρτ
ϵ
kζθ

∞,T−t,0
τϵk

ciϵk−1,i
ϵ
k
(X0,x,i,αϵ

τϵk
)

]

= JT−t(0, x, i, αϵ,T−t) + E

[
ζθ

∞,T−t,0
T−t

∫ ∞

T−t
e−ρsψ(X0,x,i,αϵ

s , αϵs)ds

−ζθ
∞,T−t,0
T−t

∞∑
k=1

e−ρτ
ϵ
kciϵk−1,i

ϵ
k
(X0,x,i,αϵ

τϵk
)1l{τϵk>T−t} − e−ρ(T−t)ζθ

∞,T−t,0
T−t g(X0,x,i,αϵ

T−t , αϵT−t)

]
,

for all T ≥ t. By the polynomial growth condition and the strong triangular condition,

we have

E

[∫ ∞

T−t
e−ρsψ(X0,x,i,αϵ

s , αϵs)ds−
∞∑
k=1

e−ρτ
ϵ
kciϵk−1,i

ϵ
k
(X0,x,i,αϵ

τϵk
)1l{τϵk>T−t}

∣∣∣ FT−t

]
≤ C1(1 + ∥X0,x,i,αϵ

T−t ∥q)e−ρ(T−t),
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for all T ≥ t, where C1 is a positive constant not depending on T, t and x. Thus, we

have

E

[
ζθ

∞,T−t,0
T−t

∫ ∞

T−t
e−ρsψ(X0,x,i,αϵ

s , αϵs)ds

−ζθ
∞,T−t,0
T−t

∞∑
k=1

e−ρτ
ϵ
kciϵk−1,i

ϵ
k
(X0,x,i,αϵ

τϵk
)1l{τϵk>T−t} − e−ρ(T−t)ζθ

∞,T−t,0
T−t g(X0,x,i,αϵ

T−t , αϵT−t)

]
≤ C2 E

[
ζθ

∞,T−t,0
T−t

(
1 + ∥X0,x,i,αϵ

T−t ∥q
)
e−ρ(T−t)

]
≤ C3(1 + ∥x∥q)e−c∞(T−t),

for all T ≥ t, where C2, C3 and c∞ are positive constants not depending on T, t and x.

This implies that for sufficiently large T̃ , it holds that

J(x, i, αϵ) ≤ JT−t(0, x, i, αϵ,T−t) + C3(1 + ∥x∥q)e−c∞(T−t) ≤ JT−t(0, x, i, αϵ,T−t) + ϵ,
(5.C.7)

for all T ≥ T̃ . Hence, we have

lim inf
T→∞

Y T,t,x,i
t ≥ lim inf

T→∞
JT−t(0, x, i, αϵ,T−t) ≥ J(x, i, αϵ)− ϵ ≥ v∞(x, i)− 2ϵ.

Since ϵ is arbitrarily chosen, we obtain

lim inf
T→∞

Ŷ T,t,x,i
t ≥ v∞(x, i), (5.C.8)

for all (t, x, i) ∈ [0,∞) × Rd × I. Thus, we obtain the desired equality (5.5.13). For

all i ∈ I, the convergence of (5.C.8) is locally uniform with respect to t and x by the

inequality (5.C.7). Furthermore, Y T,t,x,i
t is continuous in t and x for all T ≥ 0 and i ∈ I.

Therefore, v∞(x, i) is continuous in x for all i ∈ I. 2

Appendix 5.D A Viscosity Solution in the Infinite

Horizon

Proof of Proposition 5.19. Let vT (t, x, i) = Ŷ T,t,x,i
t for 0 ≤ t ≤ T, x ∈ Rd and i ∈ I. By

the definition, we have

vT (t, x, i) ≥ max
j∈I\{i}

{vT (t, x, j)− ci,j(x)},
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for all 0 ≤ t ≤ T, x ∈ Rd and i ∈ I. Hence, taking a limit, we have

v∞(x, i) ≥ max
j∈I\{i}

{v∞(x, j)− ci,j(x)},

for all (x, i) ∈ Rd × I.

Furthermore, we can show the followings.

Lemma 5.24 For all T > 0, x ∈ Rd and i ∈ I, vT (·, x, i) is non-increasing. Further-

more, there exists a positive constant C such that

|vT (t, x, i)− vT (s, x, i)| ≤ C(1 + ∥x∥q), (5.D.1)

for all 0 ≤ s ≤ t ≤ T, x ∈ Rd and i ∈ I.

We will show Lemma 5.24 after the proof of Proposition 5.19.

Let C2(Rd) be a set of twice continuously differentiable functions from Rd onto R.

Let B(x) = {y ∈ Rd | ∥y − x∥ ≤ 1} be a unit ball on Rd centered on x. Now, let us

show the viscosity solution property of v∞.

Step.1 Viscosity subsolution. We arbitrarily choose φ ∈ C2(Rd) and x ∈ Rd such

that max{v∞(·, i)− φ} = v∞(x, i)− φ(x) = 0. Let

φ̂(x) := φ(x) + ∥x− x∥4.

Let (tk, xk) ∈ [0, k]×B(x) for all k = 1, 2, 3, . . . such that

max{vk(·, ·, i)− φ̂} = vk(tk, xk, i)− φ̂(xk).

Since vk(·, x, i) is non-increasing for all x ∈ Rd by Lemma 5.24, we have tk = 0 for all k.

We choose a subsequence of (xk)k≥1 which converges to some x0 ∈ Rd. For convenience,

we also denote this subsequence by (xk)k≥1. Then, since (xk)k≥1 ⊆ B(x), the Dini

theorem leads to

lim
k→∞

vk(0, xk, i) = v∞(x0, i).

Thus, we have

0 ≤ v∞(x, i)− φ(x)− (v∞(x0, i)− φ(x0))

≤ lim
k→∞

(
vk(0, x, i)− φ̂(x)− (vk(0, xk, i)− φ̂(xk))− ∥xk − x∥4

)
≤ lim

k→∞

(
− ∥xk − x∥4

)
= −∥x0 − x∥4.
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Hence, x0 = x.

Now, by Proposition 5.13, for all k ≥ 1, we have

0 ≥ −∂φ̂(xk)
∂t

− Liφ̂(xk)− ψ(xk, i) + ρvk(0, xk, i) + ς(xk, i, σ
′(xk, i)∇φ̂(xk))

= −Liφ̂(xk)− ψ(xk, i) + ρvk(0, xk, i) + ς(xk, i, σ
′(xk, i)∇φ̂(xk)).

Hence, by the Dini theorem, taking a limit of the above inequality, we have

0 ≥ −Liφ(x)− ψ(x, i) + ρv∞(x, i) + ς(x, i, σ′(x, i)∇φ(x)).

This implies that v∞ is a viscosity subsolution of the PDE (5.5.14).

Step.2 Viscosity supersolution. We arbitrarily choose φ ∈ C2(Rd) and x ∈ Rd such

that min{v∞(·, i)− φ} = v∞(x, i)− φ(x) = 0. For m = 1, 2, 3, . . . , let

φm(t, x) := φ(x)− ∥x− x∥4 − t

m

Now, fix an arbitrary m temporarily. Let (tk, xk) ∈ [0, k]× B(x) for all k = 1, 2, 3, . . .

such that

min{vk(·, ·, i)− φm} = vk(tk, xk, i)− φm(tk, xk).

For any k ≥ 1, t ∈ [0, k] and x ∈ B(x), by Lemma 5.24, we have

vk(0, x, i)− φm(0, x)− (vk(t, x, i)− φm(t, x)) ≤ − t

m
+ C

(
1 + ∥x∥q

)
≤ − t

m
+ C

(
1 + max

y∈B(x)
∥y∥q

)
.

We now suppose that

t > mC
(
1 + max

y∈B(x)
∥y∥q

)
. (5.D.2)

Then,

vk(0, x, i)− φm(0, x)− (vk(t, x, i)− φm(t, x)) ≤ − t

m
+ C

(
1 + max

y∈B(x)
∥y∥q

)
< 0,

for all t satisfying the inequality (5.D.2). This implies that for sufficient large k̃, all tk

with k ≥ k̃ are in the following compact subset.[
0,mC

(
1 + max

y∈B(x)
∥y∥q

)]
.



Yuki Shigeta 229

Now, we choose a subsequence of (tk, xk)k≥k̃ converging some (t0, x0). We also write

this subsequence as (tk, xk)k≥1 for convenience. Then, by the Dini theorem, we have

lim
k→∞

vk(tk, xk, i) = v∞(x0, i).

Hence, we have

0 ≤ v∞(x0, i)− φ(x0)− (v∞(x, i)− φ(x))

≤ lim
k→∞

(
vk(tk, xk, i)− φm(tk, xk)− (vk(tk, x, i)− φm(tk, x))− ∥xk − x∥4

)
≤ lim

k→∞

(
− ∥xk − x∥4

)
= −∥x0 − x∥4,

so x0 = x.

Now, by Proposition 5.13, we have

0 ≤ −∂φm(tk, xk)
∂t

− Liφm(tk, xk)− ψ(xk, i) + ρvk(tk, xk, i)

+ ς(xk, i, σ
′(xk, i)∇φm(tk, xk))

=
1

m
− Liφm(tk, xk)− ψ(xk, i) + ρvk(tk, xk, i) + ς(xk, i, σ

′(xk, i)∇φm(tk, xk)),

for all k ≥ 1. Thus, by the Dini theorem, taking a limit with respect to k, we have

0 ≤ 1

m
− Liφ(x)− ψ(x, i) + ρv∞(x, i) + ς(x, i, σ′(x, i)∇φ(x)).

Since m is arbitrarily chosen, tending m to infinity, we have

0 ≤ −Liφ(x)− ψ(x, i) + ρv∞(x, i) + ς(x, i, σ′(x, i)∇φ(x)).

This implies that v∞ is a viscosity supersolution of the PDE (5.5.14). 2

Proof of Lemma 5.24. For all 0 ≤ h ≤ t ≤ T, x ∈ Rd and i ∈ I, we have

vT (t, x, i) = Ŷ T,t,x,i
t = Ŷ T−h,t−h,x,i

t−h (time-homogeneous Markov property)

≤ Ŷ T,t−h,x,i
t−h (monotonicity of Ŷ )

= vT (t− h, x, i).

Hence, vT (·, x, i) is non-increasing for all T > 0, x ∈ Rd and i ∈ I.
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Now, we prove the inequality (5.D.1). Since t → vT (t, x, i) is non-increasing for all

T, x and i, it suffices to derive an upper boundary of vT (0, x, i)− vT (T, x, i). Then, by

the polynomial growth conditions for ϕ, ψ, g, and c and Propositions 5.2 and 5.5, it is

easy to show that

vT (0, x, i)− vT (T, x, i) = Ŷ T,0,x,i
0 − g(x, i)

≤ sup
α∈Ai[0,T ]

inf
θ∈Θ[0,T ]

E

[∫ T

0

ζθ,0t e−ρt
(
ψ(X0,x,i,α

t , αt)− θ′tϕ(X
0,x,i,α
t , αt)

)
dt

+ζθ,0T e−ρTg(X0,x,i,α
T , i)−

∑
0≤τk≤T

ζθ,0τk e
−ρτkcik−1,ik(X

0,x,i,α
τk

)

]
− g(x, i)

≤ sup
α∈Ai[0,T ]

E
[
e−ρT g(X0,x,i,α

T , i)− g(x, i)

+

∫ T

0

e−ρtψ(X0,x,i,α
t , αt)dt −

∑
0≤τk≤T

e−ρτkcik−1,ik(X
0,x,i,α
τk

)

]
≤ C(1 + ∥x∥q),

where C is a positive constant not depending on T and x. 2

Appendix 5.E Figures

Figure 5.1. The Optimal Switching Thresholds in the Selection of Investment
Funds. The vertical axis is a logarithmic scale. x∗1 under different κ2 is plotted in the solid

line. x∗2 under different κ2 is plotted in the dashed line.
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Figure 5.2. The Optimal Switching Thresholds in the Buy Low and Sell
High Problem. x1 under different κ is plotted in the solid line. x2 under different κ is

plotted in the dashed line.
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Figure 5.3. The Equal Differences of the Optimal Switching Thresholds in
the Buy Low and Sell High Problem. x1 under different κ is plotted in the solid line.

x2 under different κ is plotted in the dashed line. Each interval of κ is 0.08.
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L’intégrale Stochastique. Séminaire de Probabilités XII, Lecture Notes in Mathemat-
ics 649, 180–264.

Brekke, K. A., and B. Øksendal. (1994). Optimal Switching in an Economic Activity
under Uncertainty. SIAM Journal on Control and Optimization 32(4), 1021–1036.
URL http://dx.doi.org/10.1137/S0363012992229835.

Brennan, M. J., and E. S. Schwartz. (1985). Evaluating Natural Resource Investments.
Journal of Business 58(2), 135–157. URL http://www.jstor.org/stable/2352967.

Chen, Z., and L. Epstein. (2002). Ambiguity, Risk, and Asset Re-
turns in Continuous Time. Econometrica 70(4), 1403–1443. URL
http://dx.doi.org/10.1111/1468-0262.00337.

Cheng, X., and F. Riedel. (2013). Optimal Stopping under Ambiguity in Con-
tinuous Time. Mathematics and Financial Economics 7(1), 29–68. URL
http://dx.doi.org/10.1007/s11579-012-0081-6.

Crandall, M. G., H. Ishii, and P.-L. Lions. (1992). User’s Guide to
Viscosity Solutions of Second Order Partial Differential Equations.
Bulletin of the American Mathematical Society 27(1), 1–67. URL
http://dx.doi.org/10.1090/S0273-0979-1992-00266-5.

Dixit, A. (1989). Entry and Exit Decisions under Uncertainty. Journal of Political
Economy 97(3), 620–638. URL http://www.jstor.org/stable/1830458.

Djehiche, B., S. Hamadène, and A. Popier. (2009). A Finite Horizon Optimal Multiple
Switching Problem. SIAM Journal on Control and Optimization 48(4), 2751–2770.
URL http://dx.doi.org/10.1137/070697641.

El Asri, B. (2010). Optimal Multi-Modes Switching Problem in In-
finite Horizon. Stochastics and Dynamics 10(02), 231–261. URL
http://dx.doi.org/10.1142/S0219493710002930.

El Karoui, N., C. Kapoudjian, E. Pardoux, S. Peng, and M. C. Quenez.
(1997)a. Reflected Solutions of Backward SDE’s, and Related Obstacle
Problems for PDE’s. The Annals of Probability 25(2), 702–737. URL
http://dx.doi.org/10.1214/aop/1024404416.

El Karoui, N., S. Peng, and M. C. Quenez. (1997)b. Backward Stochastic
Differential Equations in Finance. Mathematical Finance 7(1), 1–71. URL
http://dx.doi.org/10.1111/1467-9965.00022.

Ellsberg, D. (1961). Risk, Ambiguity, and the Savage Axioms. Quarterly Journal of
Economics 75(4), 643–669. URL http://dx.doi.org/10.2307/1884324.



Yuki Shigeta 233

Gilboa, I., and D. Schmeidler. (1989). Maxmin Expected Utility with Non-
Unique Prior. Journal of Mathematical Economics 18(2), 141–153. URL
http://dx.doi.org/10.1016/0304-4068(89)90018-9.

Hamadène, S., and M.-A. Morlais. (2013). Viscosity Solutions of Systems of PDEs with
Interconnected Obstacles and Switching Problem. Applied Mathematics and Opti-
mization 67(2), 163–196. URL http://dx.doi.org/10.1007/s00245-012-9184-y.

Hamadène, S., and J. Zhang. (2010). Switching Problem and Related System of Re-
flected Backward SDEs. Stochastic Processes and their Applications 120(4), 403–426.
URL http://dx.doi.org/10.1016/j.spa.2010.01.003.

Hu, Y., and S. Tang. (2010). Multi-Dimensional BSDE with Oblique Reflection and
Optimal Switching. Probability Theory and Related Fields 147(1-2), 89–121. URL
http://dx.doi.org/10.1007/s00440-009-0202-1.

Karatzas, I., and S. E. Shreve. (1991). Brownian Motion and Stochastic Calculus. 2nd
ed. Springer-Verlag New York.

Krylov, N. V. (1980). Controlled Diffusion Processes. Springer-Verlag Berlin Heidelberg.

Ly Vath, V., and H. Pham. (2007). Explicit Solution to an Optimal Switching Problem
in the Two-Regime Case. SIAM Journal on Control and Optimization 46(2), 395–426.
URL http://dx.doi.org/10.1137/050638783.

Ngo, M.-M., and H. Pham. (2016). Optimal Switching for the Pairs Trading Rule: A
Viscosity Solutions Approach. Journal of Mathematical Analysis and Applications
441(1), 403–425. URL http://dx.doi.org/10.1016/j.jmaa.2016.03.060.

Pardoux, E., and S. Peng. (1990). Adapted Solution of a Backward Stochas-
tic Differential Equation. Systems and Control Letters 14(1), 55–61. URL
http://dx.doi.org/10.1016/0167-6911(90)90082-6.

Peng, S. (1999). Monotonic Limit Theorem of BSDE and Nonlinear Decomposition
Theorem of Doob-Meyer’s Type. Probability Theory and Related Fields 113(4), 473–
499. URL http://dx.doi.org/10.1007/s004400050214.

Pham, H. (2009). Continuous-Time Stochastic Control and Optimization with Financial
Applications. Springer-Verlag Berlin Heidelberg.

Riedel, F. (2009). Optimal Stopping with Multiple Priors. Econometrica 77(3), 857–
908. URL http://dx.doi.org/10.3982/ECTA7594.

Rouge, R., and N. El Karoui. (2000). Pricing via Utility Maximiza-
tion and Entropy. Mathematical Finance 10(2), 259–276. URL
http://dx.doi.org/10.1111/1467-9965.00093.

Schmeidler, D. (1989). Subjective Probability and Expected Utility without Additivity.
Econometrica 57(3), 571–587. URL http://dx.doi.org/10.2307/1911053.

Zhang, H., and Q. Zhang. (2008). Trading a Mean-Reverting As-
set: Buy Low and Sell High. Automatica 44(6), 1511–1518. URL
http://dx.doi.org/10.1016/j.automatica.2007.11.003.


