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Abstract

Homotopy algebras, such as A, and L, algebras, provide a robust mathematical framework
that ensures gauge invariance and consistency in Quantum Field Theory (QFT) and String Field
Theory (SFT). Leveraging recent developments in the description of correlation functions, this
thesis presents three novel applications of homotopy algebras to both QFT and SF'T.

First, we reformulate the Ward-Takahashi identity using homotopy algebras. This approach
establishes a unified algebraic language for treating quantum symmetries and anomalies, clari-
fying the connection between algebraic structures and physical conservation laws.

Second, we derive scattering amplitudes through the LSZ reduction formula within the
context of homotopy algebras. This formulation provides a consistent and unified formula for
calculating amplitudes that remains valid at the loop level, resolving ambiguities present in
earlier algebraic constructions.

Third, we derive a ”BSFT-like action” via a specific field redefinition. This action exhibits
characteristics remarkably similar to Boundary String Field Theory (BSFT), suggesting that
the formulation of BSF'T—conventionally defined through worldsheet path integrals—can be
understood and regularized through the rigorous language of homotopy algebras.
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1 Introduction

Homotopy algebras, such as A, algebras [1, 2, 3, 4, 5, 6] and L., algebras [7, 8], have played a
pivotal role in the formulation of string field theory (SFT) [9, 10, 11, 12, 13, 14, 15, 16]. In recent
years, homotopy algebras have been utilized not only for constructing actions but also for a
variety of other applications. For instance, homotopy structures can be employed to reproduce
the Feynman diagram expansion [17, 18, 40, 20, 21, 22, 23, 24, 25] and establish connections
between different formulations [26, 27]. Crucially, homotopy algebras can be applied not only
to SE'T but also to a broad range of quantum field theories (QFTs) [28, 29, 30, 31, 32, 33, 34].
One might argue that introducing homotopy algebras to ordinary QFT is excessive, given that
it does not possess the complex gauge redundancies of SF'T. Nevertheless, there are compelling
reasons to adopt this approach. The use of homotopy algebras enables the manipulation of
quantities such as effective actions and observables in closed forms across all perturbative orders.
Furthermore, this formalism provides a universal description independent of specific theoretical
details. This means that insights gained in QFT through homotopy algebras can be directly
translated to SF'T. This is particularly valuable as it allows us to apply the well-developed
analytical techniques of QFT to SFT, a field where analysis remains technically demanding.
In this thesis, building upon the study of correlation functions based on homotopy alge-
bras [35, 36, 37], we present applications derived from this framework in both QFT and SFT.
First, as a primary application to QFT, we reformulate the Ward-Takahashi identity—a
cornerstone of symmetry relations—using the language of homotopy algebras [38]. Symmetry
plays a pivotal role in the analysis of quantum field theory; in particular, global symmetry is a
fundamental concept intimately related to conserved charges and anomalies. While global sym-
metry has been discussed within the framework of homotopy algebras in previous works [39, 40],
these discussions have largely remained at the classical level. We extend this analysis to the
quantum regime. Utilizing the correlation functions proposed in [35, 36, 37|, we derive a quan-
tum expression for the Ward-Takahashi identity. Central to this derivation is the introduction
of a new identity, which we term the algebraic Schwinger-Dyson equation. Furthermore, this
equation refines the proof of the Schwinger-Dyson equation for correlation functions presented
in [35, 36, 37|, thereby facilitating extensions to more general theories. Crucially, the Ward-
Takahashi identity derived in our framework contains a term corresponding to a quantum
anomaly. Since this term is generally ill-defined, appropriate regularization is required. To
address this, we apply regularization using stubs [7], a technique widely utilized in string field
theory and one that has seen significant development in the context of homotopy algebras in
recent years [41, 42, 43, 44]. By employing stubs, we can perform heat kernel regularization
while preserving the underlying homotopy algebraic structure, making it the optimal choice for

our purposes.



As a second application to QFT, we express the LSZ reduction formula—a fundamental
formula for obtaining scattering amplitudes—in terms of homotopy algebras [45]. In the con-
text of homotopy algebras, it is well established that tree-level on-shell scattering amplitudes
are provided by an algebraic construction known as the minimal model. However, the correct
formulation at the loop level remains less understood. While the minimal model can be naively
extended to generate the loop-level Feynman diagram expansion, this approach inherently in-
cludes tadpole diagrams and diagrams associated with mass renormalization, thereby failing to
yield the correct loop-level amplitudes. In standard quantum field theory, the widely accepted
method for obtaining physical amplitudes involves using the L.SZ reduction formula to amputate
external lines from correlation functions. By translating this procedure into the language of
homotopy algebras, we derive a formula that yields the correct scattering amplitudes, starting
from the expression for correlation functions based on homotopy algebras obtained in previous
studies [35, 36, 37]. Furthermore, we investigate the relationship between this LSZ-based for-
mulation and the conventionally known minimal model. Furthermore, the expression for the
amplitude derived here is extended to an off-shell amplitude by lifting the restrictions on the
input [46].

Utilizing the expression for the off-shell amplitude allows for significant applications in SF'T.
The off-shell amplitude can be represented using a specific map known as a cohomomorphism,
which satisfies distinct algebraic properties. Crucially, this cohomomorphism can be employed
to perform a field redefinition. We demonstrate that the action transformed through this
field redefinition exhibits properties remarkably similar to those of the formulation known as
Boundary String Field Theory (BSFT) [47, 48, 49, 50, 51|, particularly within the context of
tree-level open SFT. In light of this similarity, we refer to this redefined action as the BSFT-
like action [46]. Although the BSFT action is formally defined, it remains a somewhat subtle
formulation that inherently contains divergences and requires appropriate regularization. The
BSFT-like action derived here serves as a potential key to connecting this subtle BSF'T formu-
lation with the well-established framework of open SFT based on A, algebras. Furthermore,
leveraging its algebraic construction, the BSFT-like action can be straightforwardly extended
to the L., algebra framework and to the loop level. This implies that the original BSF'T formu-
lation also holds the potential to be extended to closed string field theory and to higher-loop
orders.

The remainder of this thesis is organized as follows. As a preliminary step before dis-
cussing specific applications of homotopy algebras, Sections 2 through 5.1 are devoted to a
comprehensive review of the necessary background material. In Section 2, we review the def-
inition of homotopy algebras and their fundamental algebraic structures. Section 3 discusses
the relationship between homotopy algebras and QF'T, specifically from the perspective of the
Batalin-Vilkovisky (BV) formalism. In Section 4, we review the homotopy transfer, which



serves as the most fundamental application of these algebraic structures. Finally, Subsection
5.1 reviews the formulation of correlation functions based on homotopy algebras, which form
the basis for the applications presented in this thesis. Building upon these foundations, the
subsequent sections introduce specific applications of homotopy algebras to QFT and SFT. In
Subsection 5.2, within the context of correlation functions based on homotopy algebras, we
introduce the algebraic equation corresponding to the Schwinger-Dyson equation. Using this
result, we derive the Ward-Takahashi identity in the language of homotopy algebras in Section
6. In Section 7, we formulate scattering amplitudes using the LLSZ reduction formula within the
homotopy algebra framework. Finally, in Section 8, as an application to SF'T, we demonstrate
that an action similar to that of BSFT can be obtained through a specific field redefinition.
Appendices A and B provide the detailed calculations regarding loop amplitudes that were
omitted from the main text.

Note that although most of the discussions in this thesis primarily focus on A, algebras
and their extension, quantum A, algebras, the arguments presented here hold equally well for

L., algebras and quantum L., algebras unless otherwise specified.

2 Homotopy Algebras

This section introduces homotopy algebras, with a focus on A, algebras, L., algebras, and
their extensions. Informally, a homotopy algebra is an algebraic structure in which the defining
relations of an ordinary algebra are required to hold only up to homotopy. The discussion mainly
concerns A, algebras, which relax the associativity condition of noncommutative algebras, and

L, algebras, which relax the Jacobi identity of Lie algebras.

2.1 Differential graded algebras

Before introducing homotopy algebras, differential graded algebras are described. We begin
with a Z-graded vector space (or, more generally, a graded module; this distinction is not

emphasized in what follows.). We write
V=V, (2.1)
keZ

where V}, denotes the subspace of degree k. Throughout this thesis, only the parity of the degree
is relevant; thus, the terms “even degree” and “odd degree” are used frequently.
A bilinear product ms : V ® V — V is introduced on this space. In particular, if

me Vi @ Vi = Vitign, (2.2)



then my is called a product of degree n. This thesis is concerned primarily with products of
degree 1.
The product of degree 1 is called associative if it satisfies

ma(ma(a,b), c) + (—1)dee (@), (a,ma(b,c)) =0, (2.3)

for all homogeneous a, b, ¢ € V. Here deg (a) denotes the degree of a. For notational simplicity,
when no confusion arises, the degree of a is written simply as a. The product is called graded

commutative if it satisfies
ma(a,b) = (—1)® my(b, a), (2.4)

for all homogeneous a,b € V. The product is called a graded Lie bracket if it is graded
commutative and if it satisfies the graded Jacobi identity

ma(ma(a,b), c) + (—1)"“*) my (ma(b, ¢), a) + (=)™ my (ma(c, a),b) =0, (2.5)

for all homogeneous a,b,c € V.
Next, a differential is introduced on this space. Consider a linear map @) : V' — V of degree
1. The linear map @ is called a differential if it is nilpotent,

Q*=0, (2.6)

and if it acts as a derivation with respect to the product ms, that is, it satisfies the graded

Leibniz rule
Qma(a,b) + ma(Qa,b) + (—1)* ma(a,Qb) =0, (2.7)

for all homogeneous a,b € V.
A graded vector space equipped with a product and a differential is called a differential
graded algebra. Homotopy algebras, such as A, and L, algebras, arise as extensions of this

structure. These homotopy algebras are discussed in later subsections.

2.2 A, algebras

An A, algebra is obtained by relaxing the associativity condition of a differential graded
associative algebra. In an A, algebra, the binary product ms is not strictly associative. Instead,
there exists a 3-linear product m3 : V ® V ® V — V of degree 1, which satisfies

0 =Qms(a,b,c) +ms(Qa,b, c) + (—1)* ms(a, Qb, ¢) + (=1)*ms(a,b, Qc)
+ mg (mg(a, b), c) + (—1)*msy (a, ma (b, c)) , (2.8)



for all homogeneous a, b, c € V. The first line of this equation can be interpreted as a graded
Leibniz rule for the 3-linear product ms. In other words, the equation requires that the failure
of associativity of ms is compensated by the failure of ms to satisfy the Leibniz rule.

Since two types of products, my and mg, are now present, one can also inquire about the
associativity relations that mix them. In an A, algebra, these relations are not satisfied strictly.
Instead, the violations are controlled by higher operations: a 4-linear product my : V&4 — V

of degree 1 and a 5-linear product ms : V¥ — V of degree 1. These products satisfy

0 =Qmq(a,b,c,d) + my(Qa,b,c,d) + (—1)* my(a, Qb, c,d)
(=) ma(a,b, Qe d) + (—1)* P my(a,b, e, Qd)
+ mo(ms(a,b, c),d) + (—1)* ma(a, ms(b, ¢, d))
+ mgz(ma(a,b), c,d) + (=1)*msz(a, ma(b, c), d) + (=1)*** my(a, b,ms(c, d)) (2.9)

for all homogeneous a,b,c,d € V, and

0 =Qms(a,b,c,d.e) +ms(Qa,b,c,d,e)+ (—1)*ms(a, Qb, c,d, e) + (1) ms(a,b,Qc, d, e)
+ (=1 ms(a, b, ¢, Qd, e) + (= 1) mg(a, b, ¢, d, Qe)
+ ma(ma(a, b, c,d),e) + ( 1) ma ( )
+mgs(ms(a,b,c),d,e) + (—1)*mz(a,mz(b, c,d), €) + (—1)*""m3(a, b, ms(c, d, e))
—1)% de)
+ b,

“ma(a, my(b,c,d, e)

a

+my (mQ(au b)7 C, da 6)
+ (=1)*" my (a,b,ma(c, d), e)

a, mo(b, c),

(—D)****em c,ma(d,e)) (2.10)

4((1

for all homogeneous a,b,c,d,e € V. These relations also impose cancellations between the
failure of associativity and the failure of the Leibniz rule, which mutually cancel.
Similarly, higher multilinear products m,, : V" — V of degree 1 can be introduced for all

n > 2. These operations are required to satisfy

a +ta;—
0= an aty...,a + E ! ' 1mn(aly'"aai—vaa’iaai—‘rl?"'7an)
n—1 k—1
al+--+a;—
+ (-1 tmy, (ah ey i1y Mg (G - - O kgit1)s O kgig 2 - - - 7an> ;

k=2 i=1

(2.11)

for all homogeneous ay,...,a, € V. These relations are called the A, relations, and an algebra

equipped with multilinear products {m,,},>2 and a differential @) satisfying them is called an
A algebra.



2.3 L., algebras

An L, algebra is obtained by relaxing the Jacobi identity of a differential graded Lie algebra.
As in the case of A, algebras, higher products are introduced to control the violation of the
Jacobi identity. To distinguish this structure from the A, case, multilinear products of degree
1 in an L., algebra are denoted by {l,,},>2. These multilinear products are graded symmetric,
and they satisfy

0=Ql(a1,...,a,) + Z(—l)aﬁmﬂi_l In(ay, ..., ai-1,Qai, @iy, - -, Gp)
i—1

n—1
+ Z Z(—l)e(o) e (Lii1 (@ (1) - - -y Qo(nekt1) s Go(natt1)s - - -+ Qa(n)) » (2.12)
k=2 o
for all homogeneous aq, ..., a, € V. Here the sum over ¢ runs over all permutations that split

the set of inputs {ai,...,a,} into two ordered blocks: one block of size n — k + 1, labeled by
o(1) <--- <o(n—k+1), and one block of size k—1, labeled by o(n—k+1) < --- < g(n). The
sign €(o) is the graded sign obtained when the homogeneous ay, .. ., a, are reordered according
to 0. This relation again expresses that the failure of the Jacobi identity is canceled by the
failure of the higher multilinear products to satisfy a graded Leibniz rule. These relations are
called L, relations, and an algebra equipped with multilinear products {/,, },,>2 and a differential
@ satisfying them is called an L, algebra.

2.4 Symplectic form and cyclicity

On a graded vector space V, introduce a symplectic form w : V ® V — C of degree —1. The
form w is assumed to be non-degenerate and closed. Furthermore, the form is assumed to be
graded anti-symmetric, in the sense that for all homogeneous a,b € V',

w(a,b) = —(=1)®w(b,a). (2.13)

Let {es} be a (homogeneous) basis of V. The index s is taken to run from 1 to dim V. With
respect to the symplectic form w, one can define a dual basis {€*} by

wles, €)= (=1)% 4. (2.14)
Since w has degree —1, the degrees of e; and €® must satisfy
deg (es) +deg(e®) =1. (2.15)

In particular, this implies that e, and e® have opposite parity: if e, has even degree, then e*
has odd degree, and vice versa. Using the basis {e;} and the dual basis {€°}, one can construct

8



a bivector

U=> &®e cVaV. (2.16)

This element plays the role of the “inverse” of the symplectic form w. More precisely, U satisfies
WwDIRU)=> wle)ee =1, (2.17)

S
where I denotes the identity operator on V. This identity is to be understood as an operator

acting from the left. In the middle expression, when it acts on a homogeneous a € V', one

obtains terms of the form
(=1)" > w(a,e)e,, (2.18)

and a sign appears when €* and e, are moved past a. In other words, contracting w with U
reproduces the identity on V. From this identity, it follows that U is symmetric, as follows:

U= ZES ®es = Z (=17 Zw(gs,ét)et) ® e

s

® t

=2 D (DT aew@ @es = > (1) e 0w, @)e,
S t R 7

et (2.19)
t

Here it is used that the pairing (€*,€') is non-vanishing only when the two entries have opposite
parity.

When a homotopy algebra, such as an A, algebra or an L., algebra, is equipped with a
symplectic form, one can ask for compatibility conditions between the symplectic form and the
multilinear products. Concretely, this means requiring relations of the form

w(ar, mn(as, ..., am41)) = (—1)mleztFaniitl)+az w(az, my(as, ..., ans1,a1)). (2.20)

In this subsection, the multilinear products are denoted by m,,, but the above relations are not
specific to A, algebras; they apply more generally, including the L., case. One can also impose
a compatibility condition between the differential () and the symplectic form as

wlar, Qay) = (—1)MT1%92 gy Qay) . (2.21)

This property is called cyclicity. An algebra whose products and differentials satisfy these
relations is said to be cyclic. The cyclicity condition can also be expressed in terms of the

bivector U. For the multilinear products, the cyclicity can be written in the form

D (—ns@tten ) i (@ ay, . ann) @ eg+ (1T @ @my(ar, . an )] =0, (2.22)

S



while for the differential () it can be written as

d Qe e+ (-1)7 T @Qe, =0. (2.23)
For a proof that these relations are equivalent to the cyclicity conditions (2.20) and (2.21), see
Appendix A of [38].

2.5 Quantum A, /L, algebras

In the context of quantum field theory, it is important to consider extensions of A, and L.,
algebras, referred to as quantum A, and quantum L., algebras. The discussion begins with
the quantum A, algebra.

In a quantum A, algebra, the multilinear products acquire an additional label g. We
introduce a family of products my, : V" — V. The indices (g, n) are constrained as follows:
for g = 0, the multilinear products are defined only for n > 2, while for ¢ > 1, the multilinear
products are defined for all n > 0. The label g is commonly interpreted as genus in the context
of string field theory. Each my,, is taken to have degree 1. The differential ) together with the
my,q satisfies the usual A, relations. The products mg,, with g > 1 satisfy additional relations:

n
0= Qm n(al, c. ,O,n) + (_1)a1+---+a¢,1 m n(ala N7 QCLL’, i1y - - - ,an)
g7 g7
i=1

g n+l k-1
DR WIS
h=0 k=1 i=1
X Mp k (Cll, ceey @1, mg—h,n—k+1<ai7 . 7an—k+i+1); Ap—k+i+2; - - - 7an)
n n—i
_ Z Z Z(_1)0«1+"'+ai+€s(O«i+1+"'+ai+j)
s i=0 j=0
=S
X mganJrQ(al, ey A, €7 iy 1y e Qg gy gy At 1y - - - ,an) , (224)

We set mg; = 0. Consequently, the sum in the second line effectively runs over all (h, k) with
the exception of (0,1) and (g,n + 1). These relations are called quantum A, relations. An
algebra that satisfies the quantum A, relations and whose differential ) and products m,,
are cyclic with respect to w is called a quantum A., algebra. The natural role of this cyclicity
condition will become clear in Section 2.6.

A quantum L., algebra is defined in complete analogy. We introduce a family of degree 1
multilinear products [, : V" — V| that are graded commutative. As before, the index range
is taken to be: for g = 0, the products [y, are defined only for n > 2, and for g > 1, the

10



products [, ,, are defined for all n > 0. The differential ) together with the [y ,, satisfy the usual
L relations. For g > 1, the products [, satisfy the relations:

0=0Qly.(ai1,...,a +Z DaFrast] o (ay, ... a1, Qay, Gig, - - -, Gy)
g n+l1
+ Z Z Z e(a lh k g h,n— k—l—l(ao( 1)y« 7aa(n—k+1))a Ag(n—k+2)y - - - ;aa(n))
h=0 k=1 o
— Z lg,17n+2<gs, €s,071, ... ,an) . (225)

Here, the sum over o in the second line is understood in the same way as in the L., relations
(2.12). These relations are called the quantum L., relations. An algebra that satisfies the
quantum L, relations, and in which both the differential () and the products [, are cyclic
with respect to w, is called a quantum L., algebra.

2.6 Coalgebra representation

It is convenient to describe homotopy algebras in terms of coalgebras. For a graded vector
space V, the tensor algebra 7V is defined as

TV =ve". (2.26)

Here V®° is identified with C, and its single basis is denoted by 1. This basis 1 satisfies
1 A=A®1=A, (2.27)

for A € TV. The tensor algebra carries both a product 57 and a coproduct A. The product v/
is defined by

V(AR B)=A® B, (2.28)

for all A,B € TV. Here ® denotes the tensor product between two copies of the tensor
algebra TV; it is used simply to distinguish this external tensor product from the internal
tensor product ® that appears inside elements of 7V. The coproduct A is defined by
ANl=1x®'1, (2.29)
Alay ®@ -+ @ ay) =1®’(a1®--~®an)

+Za1 " ®a;) @ (Aig1 @ - @ ap)
=1
+(al®...®an) ®/]_’ (230)

11



for all ay,...,a, € V. Let m, : TV — V%" denote the projection onto the n-fold tensor
component. The projections m,, together with the product <7 and the coproduct A, satisfy the
compatibility relations:

V(ﬂ'k ®I Wl)A = Tk+l - (231)

The key operator in the coalgebra approach is the coderivation. A coderivation is defined as a
linear map C : TV — TV satisfying

ANC =T C+Ix C)A, (2.32)

where I denotes an identity operator on the tensor algebra TV
A coderivation @ can be constructed from a differential @) as follow:

n—1

Qro=0, Qm=>» I"@QeI* " forn>1. (2.33)
i=0
A coderivation m,, can also be constructed from the multilinear products m,, as follow:
k—n
m,m, =0 for k < n, My T = Z]I@ ® m, @ [Fk—n-i for k >n. (2.34)
i=0
These coderivations inherit the degrees of the original differential and products, and in partic-
ular are of degree 1. Using this coderivation, the A, relations (2.11) can be expressed in a
dramatically simpler form:

@+ ma)* —0. (2.35)
n=2
In fact,
™ (Q + imn)le =Q*=0, (2.36)
n=2
encodes the nilpotency of @;
m™(Q + i mn)2ﬂ'2 =Qma(I®) +ma(Q@ L) +ma(I® Q) =0, (2.37)

n=2
encodes the Leibniz rule; and m(Q + > 7, my)*m, = 0 for n > 3 encodes the higher A,
relations. By acting from the left with 7, for n > 2, one obtains equations that are equivalent
to the A, relations derived by acting with . For notational convenience, write

m = imn, (2.38)
n=2
M=Q+m. (2.39)

12



In this way, the A, relations can be reformulated as the single statement that the coderivation
M on the tensor algebra TV is nilpotent.

Using the coalgebra representation, the quantum A relations (2.24) can likewise be writ-
ten in a compact form. For this purpose, the multiproducts mg, are likewise promoted to
coderivations my . In addition, the basis elements e, of V' can be regard as maps V' — V|
and they can be extended to coderivations e, in the same way:

n—1

esTy = es, e, = Z ¥ ® e, @ [®ni-t forn > 1. (2.40)
=0

The dual basis elements €* are extended to coderivations €® in exactly the same way. Using

these coderivations, an operator
1 ~
U= 3 E e’es (2.41)

is constructed. Using these operators and a formal parameter A, the quantum A, relations
(2.24) can be written in the compact form:

Q@+ Wmy,—hU)’ =0. (2.42)
n=0 g=0
Provided that we set mgo = mg1 = 0, the coefficient of A9 in the component m (Q +

Dm0 2 geo W Mg — hU)Qﬂ'n = 0 of this equation is precisely the quantum A, relations
(2.24). By acting on this equation from the left with 7, one obtains, in addition to the parts
that are equivalent to those obtained from 71, an extra condition of the form

Z [mmg,nés Res+ (1) ® Wlmg,nes] =0. (2.43)
s

This condition is satisfied precisely when m,,, is cyclic. Acting with m, for n > 3 yields no
additional independent conditions. This explains why it is natural to include the cyclicity
condition in the definition of a quantum A, algebra. Note that this condition is necessary for
cyclicity, but when the products are not graded commutative, it is not sufficient. Therefore, in
an approach that takes (2.43) the defining equation of an A, algebra, cyclicity is not strictly
required. In this thesis, however, cyclicity is imposed throughout. For notational simplicity,
and as long as no confusion arises, the same conventions as in the A, case are used here as

well:

m = i i mg. .y, , (2.44)

n=0 g=0
M=Q+m. (2.45)

13



In the A, case, the condition is that M be nilpotent. In the quantum A, case, the nilpotency
is required only after adding the —A U correction, i.e.

(M - rU)* =0. (2.46)

The correction proportional to A is interpreted, in quantum-field-theoretic terms, as a quantum
correction, and A is identified with the Dirac constant. For Euclidean theories, the expression

above is used as it is, whereas in the Lorentzian case, one considers instead the replacement
—hU — 1hU . (2.47)

This can simply be regarded as a redefinition of A by a factor of —i, so that the factor —i is
absorbed into the definition of myg,.

The L, relations can also be written compactly in the coalgebra representation. Since in
an L., algebra the inputs are always graded symmetrized, one considers the graded symmetric

tensor product

aN---Na, = Z(—1)€<U) Ag(1) @+ @ Ag(n) - (248)
Here, the sum over o runs over all permutations of {1,...,n}, and the sign is the graded sign
produced when rearranging aq,...,a, into the order specified by ¢. Using this symmetrized
tensor product, the symmetrized tensor algebra is defined by

SV=v. (2.49)
n=0

The symmetrized tensor algebra inherits the usual coalgebra structure from the ordinary tensor
algebra. Using coderivations on this symmetrized tensor algebra, the L., relations can be
written in a compact form. From the graded commutative multilinear products [,, one can
construct coderivations I,, on the symmetrized tensor algebra. The construction is completely

analogous to the A, case, but written with the symmetrized tensor product, it takes the form

lomp =0  fork<n, l,m= Sy AT for k> (2.50)

L
(k—n)!

Using these coderivations, the L., relations (2.12) are summarized by

Q@+ i l,)" =0. (2.51)
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As in the A case, acting from the left with m; reproduces the L., relations (2.12), and no
additional independent conditions arise from higher projections. For notational simplicity, write

1= f:ln, (2.52)
n=2
L=Q+1. (2.53)

The L. relations are thus equivalent to the statement that the coderivation L on the sym-
metrized tensor algebra SV is nilpotent.

The quantum L., relations can be summarized in exactly the same way. Each graded com-
mutative multilinear product [, ,, is promoted to a coderivation in the same way, and together

with U, one can write

Q@+ Wlyn—hU)* =0. (2.54)
n=0 g=0
Again, provided that we set lo o = lo,1 = 0, the coefficient of 49 in the component obtained by
acting from the left with 7 precisely yields the quantum L., relations. By acting from the left
with 79, one obtains an additional independent condition

D milgne® Ae,=0. (2.55)

In the present case, since the operations [, ,, are graded commutative, this condition is equiv-
alent to cyclicity. Acting with 7, for n > 3 yields no additional independent conditions. For
notational simplicity, and as long as no confusion arises, the same convention as in the L., case

is used here:

= iih" lym . (2.56)

n=0 g=0

L=Q+1. (2.57)

The quantum L, relations state that the operator L — AU is nilpotent. In the Lorentzian case,
one instead uses the replacement —AU — thU.

Whether A, or L., and whether in the classical or quantum case, all of these structures
are defined by a nilpotency condition. For this reason, they share a common overall framework
and many parallel properties.

3 Quantum Field Theory Based on Homotopy Algebras

One of the important applications of homotopy algebras is their application to quantum field
theory. In particular, they can be applied to the Batalin-Vilkovisky (BV) formalism [52, 53].
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n this section, it is explained how to construct QFT actions from homotopy algebras within
the BV formalism, and how the corresponding equations of motion and gauge symmetry are
encoded.

3.1 Relation between the BV formalism and homotopy algebras

The BV formalism is a powerful framework for treating reducible gauge theories. In addition
to the ordinary fields (denoted here by ¢%), antifields with opposite statistics (denoted ¢,) are

introduced, and the action is given as a function S[¢, ¢] that satisfies the master equation
1
5{5,5}—71AS:0. (3.1)

Here the anti-bracket {, } and the BV Laplacian A are defined by

0, F 9,G  9,F 9,G
F G = Sl 3.2
el za:[aqﬁ“ad)a 00, 09" 5
O2F
AF = (—1)" 2L 3.3
(—1) 96100, (3.3)

for all function F,G. Here 0, and 0, denote the left and right derivatives, respectively. Gauge
fixing is performed by eliminating the antifields, and the master equation is precisely the condi-
tion that the partition function does not depend on how this elimination is carried out. When
h = 0, the master equation reduces to

{S?S}:Oa (3.4)

which is called the classical master equation. The original equation, with the A-term included,
is referred to as the quantum master equation. Using homotopy algebras, one can construct
actions that satisfy the master equation. Since the constructions for (quantum) A, and (quan-
tum) L., algebras are almost parallel, the discussion below is given in terms of (quantum) A,
algebras.

To apply homotopy algebras to the BV formalism, consider a graded vector space V' whose
dimension matches that of the field—antifield space. Let its homogeneous basis be {¢,|d*}, and
assume that the symplectic form satisfies

w(cg, d®) = (=1)% 6" (3.5)

The index a is taken to run from 1 to (dim V')/2. In terms of the previous notation, we identify

< s < (di
.. = { Cs for 1 <s < (dimV)/2, (3.6)

s for (dimV)/2 < s <dimV,
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and the dual basis is defined by

- | & for 1 <s < (dimV)/2, (3.7)
“\ e for (dimV)/2 < s <dimV, '
On this basis, the identity (2.17) can be written as
> [w@d) @ co+w(l,e,) ®d] =1. (3.8)

a

Coupling this basis to the fields and antifields, define
d = Z 1)% Gad?] . (3.9)

Here, the degrees are chosen so that the Grassmann parity of the fields and antifields coincides
with the parity of the degree. Moreover, the degrees of ¢* and ¢, are matched, and likewise the
degrees of aa and d® are matched, so that ® has even degree.

We first construct an action that satisfies the classical master equation. It is given in terms
of a cyclic A, algebra by

> 1
M, ) 3.10
; n + ®,m M 1— (ID) ( )
Here ﬁ is understood as the formal series
L iieresy. (3.11)
1—® ’ '

and w and M act nontrivially only on the elements of V; the fields and antifields merely
commute past them, producing the signs determined by their degrees. It is straightforward
to verify that this action satisfies the classical master equation, as follows. By cyclicity, the
derivatives of S can be written as

alS ¢a arS

— (= = (=1)*" M-—— 12
8¢a ( ) 8¢a ( ) (JJ(Ca,’/Tl 1_(1))7 (3 )
1
% = (=1)% o5 =w(d", mM——). (3.13)
0 (9% 1-9
Then substituting into (3.4) gives
1 i 1
{S,S} :2;(#(0,1, 1_(D)W(d ,Wle), (314)
=w(m ML WML) (3.15)
VT e e/ ‘



Here, in the second equality, the identity (3.8) has been used. Using cyclicity, this can be
rewritten as
1
{S,S} = —W(é,ﬂ'lMZm) y (316)
which vanishes by the A, relations.
Next, an action satisfying the quantum master equation is constructed. Using a quantum
A, algebra (cyclicity is implicitly assumed), it is given in the same form

oo

S:Z ! w(<I>,7rlM7rn !
n=0

1-¢

: 3.17
n+1 ) ( )
Here M contains higher-order contributions in A. It is also straightforward to check that this
action satisfies the quantum master equation. The part {5, S} is exactly the same as in (3.16).
Since M now satisfies the quantum A, relations, it is not nilpotent by itself. The contribution
of the BV Laplacian is computed as
1
AS = —Zw(@,ﬂlMCadam) . (318)

a

In the present basis, the operator U can be written as
U =c,d*, (3.19)

so combining the anti-bracket term {S, S} with the BV Laplacian term AS gives precisely

1 1 1 1 1
5{S, S} — hAS = —§w(<I>, m(M? - hMU)——) = —~w(®,m (M — hU)Qm) .

1—¢ 2
(3.20)
The right-hand side vanishes as a consequence of the quantum A, relations. In the Lorentzian

case, as noted in the previous section, the nilpotent operator is M +:h U, and the whole action

is multiplied by —1, so it is given by

1
3

1
S = _nZ%nJr 1w((I>,7r1M7rn

(3.21)

3.2 Equation of motion and gauge symmetry

In this subsection, we focus on the classical action and describe the equations of motion and
gauge symmetries using the language of homotopy algebras derived from an action based on an
Ao algebra. The equation of motion derived from this action is given by

M——=0. (3.22)



Acting on this equation from the left with 7, gives

and the coefficients of this expression in the basis of V' provide the equations of motion for the
fields (and antifields). Higher projections m, do not yield independent equations.
We now turn to gauge symmetries. Consider the transformation

oo n—1

A =QA+ ) Z m, (OFF, A, @"7F1) | (3.24)

n=2 k=
where A is gauge parameter of degree —1. In the coalgebra representation, this transformation
is written as

1 1
=MA——, 3.25
1—-9 1-9’ (3:25)
where A is the coderivation obtained from A in the same way as in (2.40). Here the variation
of 15 is defined by

oA

1 1 1

This transformation corresponds to a gauge transformation. Under this transformation, the

action changes as
0rS = w(A, 71M2ﬁ) . (3.27)
This vanishes immediately as a consequence of the A, relations. Combining the equations of
motion with this gauge transformation shows that the physical space is given by the cohomology
of M onTV.
As a natural quantum extension, one expects the physical space to be determined by the
cohomology of M —hAU . This is confirmed in Section 5 in the discussion of correlation functions;
there, due to gauge fixing, the physical space is identified with the M — AU -closed subspace.

4 Homotopy Transfer

This section provides an overview of homotopy transfer [54, 55]. Roughly speaking, homotopy
transfer is a procedure that transports a homotopy algebra structure (such as an A, or Ly
structure) from a “big” complex to a quasi-isomorphic smaller complex. In physics, it can
be used to integrate out unphysical or heavy degrees of freedom to obtain an effective theory
and to compute on-shell amplitudes. The concrete constructions—based on the homological
perturbation lemma (HPL)—and their physical applications are explained in the following
subsections.
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4.1 Homological perturbation lemma

The homological perturbation lemma is a key tool for carrying out homotopy transfer explicitly.
To use it, consider the following setting. Let V and W be graded vector spaces, and let
p:V — Wandi: W — V be maps between them. Furthermore, let V' and W each
be equipped with degree-odd differentials @ : V. — V and Q' : W — W (so Q* = 0 and
(Q")? = 0), and assume that the maps satisfy the chain-map conditions

Qp=pQ, iQ =Qp. (4.1)
Assume moreover that the maps p and i satisfy

where Iy, denotes the identity operator on W. Under this assumption, the composite map
ip: V. — V satisfies

ipip = ip. (4.3)

So it can be regarded as a projection from V onto ¢:W C V. This projection is denoted by P.
Assume also that there exists a degree-odd map h : V — V (called a contracting homotopy)
satisfying the Hodge-Kodaira decomposition

Qh+hQ+P =1y, (4.4)

where I}, denotes the identity operator on V. Since p and ¢ induce isomorphisms on the
cohomology of V' and W, they are quasi-isomorphisms. This structure is called a deformation

retract (DR). If, in addition, one assumes side conditions

h* =0, (4.5)
hi =0,
ph =0, (4.7)

the structure is called a strong deformation retract (SDR). Schematically, this data is written
as

hC(V.Q) = (W.Q). (4.8)

Homotopy transfer can be carried out for a DR, not only for an SDR. However, in order for
condition (4.2) to remain valid after introducing the perturbation, the data must form an SDR.
An SDR can always be obtained from a DR [54]. Concretely, replacing h — hQh makes (4.5)
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hold; replacing h — h(Qh + h@) makes (4.6) hold; and replacing h — (Qh + hQ)h makes (4.7)
hold. In the end,

(QhQI(QhQN + hQhQ) + hQh(QhQA + hQhQ)Q)hQR(QhQ + hQhQ) (4.9)

gives a homotopy satisfying all side conditions.
The statement of the HPL is as follows. Given an SDR as in (4.8), and a perturbation
0Q) : V — V of the differential on V such that

Q=Q+4Q, Q@ =0, (4.10)
we can define perturbed data
0Q' —p5QH +h5@ (4.11)
p= pm ; (4.12)
Q= mi, (4.13)
h= mh, (4.14)

such that these maps again form an SDR

c(V,Q) = (WQ Q' +4Q"). (4.15)

’L

In other words, @' is nilpotent, the maps satisfy the chain-map conditions

QF=pQ, Q' =Qp, (4.16)
the identity
pi =Ty, (4.17)
Hodge-Kodaira decomposition
Qh+hQ+ P =1y, (4.18)

where P :?ﬁ, and the side conditions
=0, hi=0, ph=0, (4.19)

are all satisfied. Here, for an operator A, the expression ﬁ is understood as the formal series

1 2
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and issues of convergence are not discussed here. A clear review of the proof is given in Appendix
A of [40].

To apply the HPL to homotopy algebras, the data of SDR (4.8) is lifted on the tensor
algebra. The differential () and @' are promoted to coderivations Q and Q’, and the other

maps are lifted as

Py = Ty, pr, = p°" forn>1, (4.21)

imy = T, i, = 1" forn>1, (4.22)
n—1

hmo=0, hm,=>» IPF@h@P® "'  forn>1. (4.23)
k=0

We write P = ¢p. These data satisfy all the required identities and form an SDR

P
hc(TV,Q) = (TW,Q"). (4.24)
i
Adding the coderivation m promoted from the multilinear products as a perturbation, and
assuming that M = @Q + m is nilpotent (i.e. defines an A, structure), the HPL guarantees
that we can construct the perturbed SDR

RC(TV,M) = (TW,M' = Q' +m/). (4.25)

K3

Perturbed data are defined as

m' = pm“_ﬁi, (4.26)
Pepr——. (4.27)
Q= ”ﬁz : (4.28)
~ 1
h = mh (4.29)
Furthermore, from the chain-map condition, one obtains
Q' =pQ:1. (4.30)

In particular, it is straightforward to verify that m/ is again a coderivation. Since M’ = Q'+m/’
is also nilpotent by the HPL, this means that W inherits an A, structure, with a differential
Q' = pQi and multilinear products

m,, = mm'n, . (4.31)
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Next, include, in addition to the perturbation m, the operator U defined in (2.41), and
assume that M — AU = Q + m — AU is nilpotent (i.e., it defines a quantum A, structure).
In this case as well, the HPL applies, and a perturbed SDR can be constructed in exactly the

same way as

RC(TV,M — hU) & (TW, M’ - hU’ = @ +m/ — hU"). (432)

(]

Perturbed data are defined as

m/:me+h(7rlz—hU)i’ (4.33)
U’ = pUi, (4.34)
ﬁ:pIJr(ml—hU)h’ (4.35)
;:I+h(ni—hU)i’ (4.36)
E:I+h(nlz—hv)h‘ (4.37)

The map m/ is again a coderivation. This is slightly less obvious than in the A, case: when
one checks the coderivation condition (2.32) using the coproduct A, the extra term coming
from U that splits as ), e® ®' es seems to produce a deviation. However, this contribution
vanishes due to the fact that pe® ® he, = 0. This identity holds because if the projection
pe® is non-zero (implying ipe® = €*), the corresponding dual basis element e, must satisfy
1pes = es. Consequently, the condition hi = 0 ensures that hey; = 0. Therefore, the nilpotency
of M’ — hU’ obtained from the HPL means that a quantum A, structure is transferred to
TV, with multilinear products given by

(4.38)

o ’
Mg,n = [ﬂ-lm ﬂ-n] coefficient of h9 °

The case of L, and quantum L., algebras is completely analogous; one only replaces the

tensor algebra with its symmetrized version.

4.2 Effective theory and on-shell amplitude

A representative application of homotopy transfer in QFT is integrating out degrees of free-
dom—for example, in the construction of effective theories [40] or in the computation of on-shell
amplitudes [17]. As seen in Section 3, homotopy algebras correspond to QFT data. In particu-
lar, since the graded vector space V' was coupled to the field (and antifield) degrees of freedom,
it is here identified with the space of fields (and antifields) itself.
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Figure 4.1: The thick diagram represents the four-point vertex of the effective theory. By
contrast, the thin diagram on the right is the tree-level Feynman diagram of the original theory,
written in terms of its vertices and propagators. The first term on the right-hand side of (4.40)
corresponds to the four-point vertex shown on the right of the figure, whereas the second and
third terms correspond to the diagram in which two three-point vertices are connected by a
propagator.

As an SDR, take W to be a subspace of V', with p : V' — W the projection and i : W — V'
the inclusion. In this setting, the contracting homotopy h has two physical roles. (i) Gauge
fixing: the condition h® = 0 specifies a gauge. (ii) Propagator for the eliminated modes: for
a field @ = (1 —ip)® = (1 — P)® outside W, the Hodge-Kodaira (4.4) decomposition and
the gauge fixing condition give hQQ® = ®, so h acts as the inverse of the kinetic operator @)
on the complement of W. In this situation, the homotopy algebra induced on TW by the
HPL corresponds to a QFT defined on the restricted field space. Since the maps are quasi-
isomorphisms, the cohomology is preserved, and the restricted theory is physically equivalent
to the original theory. In this sense, the theory constructed from the transferred homotopy
algebra

1 1
S’:Zn+1w(ip<1>,i7r1M'1_pcb), (4.39)

n=1
is the effective theory of the original one.
Let us look concretely at the 3-linear product mj of the A algebra induced on W. It can
be written in terms of the original products my and ms on V as

miy = pms(i,i,1) — pma(hma(i,1),1) — pmo(i, hms(i,i,17)) . (4.40)

This precisely describes the interaction in the effective action: the new four-point vertex is
given by the original four-point interaction together with the diagram in which two original
three-point interactions are connected by a propagator (see Fig. 4.1). Now we are working
with an A, algebra, so only tree-level diagrams appear. If the same computation is carried
out for a quantum A, algebra, loop diagrams are also reproduced, giving the full effective
interaction.

The special case where W is chosen to be the ()-cohomology, i.e. when pQ) = 0 and Qi = 0,
is of particular physical importance. In this case, the induced homotopy algebra on W is called
the minimal model; the differential vanishes Q" = pQi¢ = 0. This minimal model is uniquely
determined up to isomorphisms that preserve the homotopy algebra structure.
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Figure 4.2: Diagrams of this type contribute to mass renormalization. Because an on-shell
state necessarily propagates along the internal line, they generate IR divergences. In ordinary
quantum field theory, such diagrams are removed.

The most important physical role of the minimal model is that it yields the on-shell ampli-
tudes. In an A, algebra, using the minimal model

1
M in = —1, 4.41
pmy + hm' ( )
the tree-level on-shell n 4+ 1-point amplitudes are given by
W(ipcl)l, inMmian(pcI)z K- R pq)n—i-l)) ) (442)
where ®q,..., P, are the fields corresponding to external lines, and each of them is restricted

to the )-cohomology —i.e., to on-shell states—by the projection p. This reproduces the tree-
level Feynman diagrams for exactly the same reason as in the explicit computation of the
effective interaction above, where the same pattern of vertices and propagators appeared. We
assume that the external lines, ®;,...,®,,.1, have general momenta. This means that on-shell
states do not propagate through the internal propagators (or propagate only on a measure-zero
set). The necessity of this assumption is related to the property hP = Ph = 0 satisfied by
the contracting homotopy h, which corresponds to the propagator. This condition precisely
signifies the absence of on-shell state propagation and is equivalent to isolating the principal
value part of the propagator. In conventional quantum field theory, the internal propagator
is given by the Feynman propagator, which differs from the principal value part only by the
on-shell propagating component. We are currently operating under the assumption that this
difference can be neglected.
For a quantum A, algebra, the minimal model is

1 .
P him —nO)"™

Mopin = (4.43)

This construction successfully reproduces loop diagrams. However, it does not yet yield the
correct on-shell amplitude, as it also generates unwanted terms, such as tadpole diagrams
indicating a mismatch between the chosen background and the true vacuum, and diagrams
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associated with mass renormalization , for example, the type illustrated in Fig. 4.2. This
diagram, despite the external lines having general momenta, suffers from internal on-shell state
propagation, which causes divergence. In ordinary quantum field theory, these diagrams are
removed. Within the homotopy-algebra formalism, a procedure to remove such contributions
and obtain the correct loop-level amplitudes is introduced in Section 7 in the discussion of the

LSZ reduction formula.

5 Correlation Functions from Homotopy Algebras

This section explains correlation functions described in terms of quantum A, algebras. The
formula was first obtained for scalar fields in [35], then extended to Dirac fields in [36, 37], and
finally generalized to arbitrary gauge-fixed fields in [38].

Throughout this section, we work in the Lorentzian signature. Thus, the action is given by

1

1
Sz—%n_i_lw(@,mMﬁnl_q)), (5.1)

and the operator M +1hA U is nilpotent. We further assume that the projection P = ip vanishes.
In this case, the Hodge-Kodaira decomposition reduces to

Qh+hQ=1. (5.2)

This assumption implies that the ()-cohomology is trivial, which corresponds to considering a
kinetic operator and propagator whose mass is shifted by the 7€ prescription. For the purpose
of discussing correlation functions, this causes no problem; however, but in situations where
external lines play an essential role, such as in the LSZ reduction formula discussed later, the
assumption has to be reconsidered.

In this section, among the labels of the basis e, the d-dimensional continuous variable
corresponding to spacetime coordinates is explicitly written as x, and the basis is denoted by
eq(z). The dual basis is denoted by €*(z), and the normalization is given by

w(ea(®),&(y)) = (=1)* 5, 0%z — y). (5.3)
The degree of e, () is assumed to be independent of x, so the sign factor is simply written as

(—1)c.

5.1 Formula for correlation functions

First, we discuss the vector space V' corresponding to the space of fields. When P = 0, the
Hodge-Kodaira decomposition (5.2) implies that V' splits into the subspace projected by Qh,
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denoted V(@ and the subspace projected by hQ, denoted V(@):
V =y@h gyt (5.4)
Here, we assume that A is compatible with w in the sence that
w(ha,b) = (—=1)*w(a, hd), (5.5)

for all homogeneous a,b € V. This assumption is adopted throughout the remainder of this
text. Under this assumption, if a basis element e,(x) belongs to V(@") then its dual €*(x)
belongs to V@) and vice versa. Assume that ® is gauge fixed by the condition h® = 0; in
other words, ® € V@) Accordingly, the field can be expanded as

o = Z /ddac () eq() . (5.6)

GQEV(hQ>

For computing correlation functions, the quantity

f:I+h(fni+z'hU)’ (5.7)
plays a central role. It is defined as a formal series:
f=TI—-h(m+ihU)+ (h(m+ihU))* - (5.8)
Using this f, the correlation function is given by
(67 (@1) -+ " (wa)) = (Wl (21, .., wa) | TufL, (5.9)
where
(waran gy x)] = (1) (W] (@ (2) @ m) ® -+ @ (w] (€% (2,) @ m) . (5.10)

Here, €% (x;) is the dual of the basis vector e, (z;) associated with the field ¢* (x;). For gauge-
fixed fields we have e, (7;) € V@ hence the dual satisfies €% (z;) € V@, The bra (w|
corresponding to w is defined by

(W] (a®b) =w(a,b), (5.11)

for all a,b € V. We comment here on the operator (w| (€* ® m1). It acts as a map V' — C. The
tensor product of such maps, (w| (6" @ m) ® (w| (6" ® 1), maps V ® V — C and is defined
for inputs a,b € V by

(W@ @m)® W (@ em)a®b=(=1)"""" (| (" ®a) @ W (= ®b). (5.12)
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Here, the sign factor on the right-hand side originates from the inputs moving past (w| and €2
We recall that (w] is degree-odd. Since

1

<wa1 ..... an<x17"'7xn>|ﬂ-nl—®

= ¢" (1) -+ 9" () , (5.13)

the formula (5.9) may be regarded as its quantum version, and we write this concisely as

f1_<1_1q)> (5.14)

The meaning of this expression is that, in the formal series ﬁ, each monomial ¢* ---¢%" is

replaced by the corresponding correlation function (¢ - - - ¢ ).

Let us confirm that this formula (5.9) indeed gives correlation functions by working out a
simple scalar-field example. First, choose a basis ¢(x) of V("?) of even degree and a basis d(x)
of V(@ of odd degree, and define the symplectic form so that

w(c(z),d(y)) = 6%z —y). (5.15)
In other words, d(x) is the dual of ¢(z) with respect to w. On this basis, the bivector U is
U= / d'z [d(z) ® e(z) + o(z) ® d(z)] (5.16)
Define ¢ by
o = /ddx o(x)e(x). (5.17)
The kinetic operator () acts by
Qc(x) = (—0% + m*)d(z), Qd(xz) =0. (5.18)

Define the multilinear products m,, by

mao (C(l‘)7 C(y)) =

and take all higher products to vanish. With these choices, it is straightforward to check that

_g(sd(;p —y)d(x), mso (others) =0, (5.19)

the resulting data define a quantum A, algebra. In this case, the action is a simple ¢* theory:

S—— / dly <%q§(x)(—@2 Fm)o() - o)) (5.20)

The contracting homotopy h corresponding to the propagator is given by

/ /dd’“ V) he(w) =0, (5.21)

dk2+m2
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O— —00-
(a) (b) ()

Figure 5.1: From left to right, (a) the diagrams correspond to the tadpole contribution, (b) the
1PT contribution, and (c) the disconnected contribution.

More precisely, the ie prescription is implemented by shifting m? — m? — ie in both the kinetic
operator and the propagator. With this choice, () has no cohomology and the projector P
vanishes. However, for notational simplicity, this shift is left implicit in what follows. Let us
verify the correlation—function formula (5.9) in this setup. Consider the two-point correlation

function

(0(x)¢(y)) = (walz,y)| ma f1. (5.22)

1 f2 can be expanded as follows,
mof1 = — ih/ddx c(x) ® hd(x)
+ (ih)? / d?zdy [c(w) ® hima (hd(z), hma(c(y) )
+ c(x) ® hma(hma(c(y), hd(y)), hd(z
+ c(x) ® hmg (c(y), hma(hd(
(
+O(R%). (5.23)

The first term gives the tree-level two-point correlation function:

(w(z, )| / Az ¢(2) @ hd(z) — / d w(d(x), e(2)) w(d(y), hd(2))

dek eik-(mfy)
= / 2R T (5:24)

Among the contributions at order A2, the first four terms give the one-loop correction to the
two-point correlation function. In particular, the top two correspond to tadpole contributions
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(Fig.5.1 (a)),
(wa(z,y)| /ddzddw [c(2) @ hma(hd(2), hma(c(w), hd(w)))
+ ¢(2) @ hig (hma(c(w), hd(w)), hd(z))]
- /ddzddww(d(x),c(z)) [w (d(y),hmg(hd(z),hmg(c(w),hd(w))))
+w <d( ), i (hma(c(w), hd(w)), hd(z)))

_g/dd / ;i;ldl2+ ~w(d(y), hms (hd(x), hd(w)))

B g_Q/ ddk‘ ddl zk(x y)
"2 ) ol @n)dmi(kE + m2)2(2 + m2)

(5.25)

while the bottom two give the contribution from the one-particle-irreducible (1PI) diagrams
(Fig.5.1 (b)),

{(wa(z,y)| /ddzddw [c(2) @ hma(c(w), hma(hd(2), hd(w)))
+ ¢(z) ® hma(c(w), hma(hd(w), hd(z))) ]
_ / dzddw w(d(z), o(z)) [w (d(y), hm (e(w), hma(hd(2), hd(w))))
tw <d(y), hma (c(w), hm (hd(w), hd(z))))]
A’k Al e(rme) it (=2
_y / dzd"w / o i i e (A0 () hl(2))

7 / A’k a% it )
=2 ) @) @) (P m2 (8 ) (kD + m?)

(5.26)

The remaining contributions at order /2 correspond to disconnected two-loop diagrams (Fig.5.1

(©)),
(wa(z,y)| /ddzddw hms (c(2), hd(2)) @ hms (c(w) @ hd(w))
= /ddzddqu(d( ), hma (c (z),hd(z))) w(d(y),hmg(c(u}) ®hd(w))>
_9 / dzdiu ddk a1 L w(d(e). hd(z)) w(d(y). hd(w))

4 (2m)4 k2 + m?2 12 + m?

- (g/ (gw];d m?(k21+ m2)>2' (5.27)

In this way, the formula (5.9) reproduces the correlation functions via the Feynman-diagram

expansion.
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5.2 Algebraic Schwinger-Dyson equation

An important ingredient in the correlation function formula is f1. This quantity satisfies the

relation
(M +ihU)f1=0. (5.28)

We refer to this physically significant identity as the algebraic Schwinger-Dyson equation, as it
generates the standard Schwinger-Dyson equations. Before turning to that derivation, we first
prove this identity. Let us compute the commutator of QQ with f:

Q.11= Q’I+h(rr1+ihU)} !
= _I+h(ml,+ihU) [Q’h(ermU)]InLh(ml,JrihU) :
- _I+h(7r1+@'hU) ((m +ihU) +h(m+mU)2)I+h('rr1+ihU) ’
= _I+h(7r1+@'hU)(I+h(m+ihU))(m+ihU)I+h(rri+ihU) :
— (m+inU)S. (5.29)

where we used quantum A, relations at the third equality. This yields
(M +ihU)f =(Q+m+ihU)f = fQ. (5.30)

Since Q1 = 0, right—multiplying both sides by 1 yields (5.28).
We now demonstrate that the usual Schwinger-Dyson equations follow from the algebraic
Schwinger—Dyson equation. Act on the algebraic Schwinger-Dyson identity from the left with

(%" @ Qh)p s (5.31)

Using the representation (5.14), this can be rewritten as
n—1
1
n . d Rk n—k—1 ~a .
<<1> ® thMm> + zh;;/d z <c1> ® eq(z) ® ® Qhe (m)> ~0. (5.32)
Here e, is restricted to V(@ (by the projector Qh), while €* is restricted to V(hQ) By acting
with
(—1)%entrth (atemtn (g 2| ® (W) (Cansr (Tni1) @ 1), (5.33)

where ¢e,,,, € V{9 one can eliminate the basis elements and extract the coefficients, which
are the correlation functions. Let us compute the contributions of each term. First, the first

term can be written as
1
(-1)€an+1+1 <¢a1 (371) Ce ¢a" (mn) w(eanﬂ (:En—l—l)y 7T1Mm)> . (534)
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Since

w(eale), mMﬁ) (1)t % , (5.35)
the expression (5.34) is its quantum counterpart and can be written as
0S
(07 )0 ) s ) (5.36)
On the other hand, the second term can be calculated as
n—1 —
ih Z(_l)ea”“(ea’”ﬁm%a"“)ﬂ 5aasiiéd($k+1 — Tp+1) <¢a1 (@1) -+ 41 (Tpey1) - ‘<Z5a"(‘r")> :
k=0

(5.37)

Here, ¢%+1(xy41) denotes the exclusion of ¢™+1(x;,1). Ultimately, combining the two contri-

butions, we obtain

0 :<¢“1(x1) a ¢“”($n)wi—?@>

n—1
—1h Z(—l)ean+1(Cak+2+-..+6an+1) 5Z:iiéd(xk+l o anrl) <¢a1 (371) . ¢ak+1 (karl) . ¢an(xn)> .

k=0
(5.38)

This is precisely the Schwinger-Dyson equation itself. Note that the degree of e, is the same as
that of the associating field ¢°.

The Algebraic Schwinger-Dyson equation (5.28) was an identity that holds when f1 is
given by (5.7); conversely, if an element f1 that satisfies (5.28) exists, a correlation function
that satisfies the Schwinger-Dyson equation can be defined from it. This equation can also
be interpreted as the quantum version of the classical equation of motion (3.22). Since M +
th U is nilpotent, its cohomology defines physical space in the quantum theory. However,
the specific introduction of f1 above assumed the existence of h, which corresponds to gauge
fixing; therefore, the cohomology is defined by (M + ihU)-closed. If one could construct
a solution to the algebraic Schwinger-Dyson equation without introducing h, it would mean
that the correlation function is defined without gauge fixing; however, the author is, at least,
unaware of such an algebraic construction method. Furthermore, since f is given merely by
a formal power series expansion here, its non-perturbative existence is unknown. The non-
perturbative construction of solutions to the algebraic Schwinger-Dyson equation is also an
important challenge. Such an attempt has been made in the context of zero-dimensional field
theory in [56].
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6 Ward-Takahashi Identity from Homotopy Algebras

In quantum field theory, the Ward-Takahashi identity

(@ (21) .- ¢ (20) i (2)) = —ih Y 6w — ) (9™ (21) ... 66" () ... ¢ (2) ) , (6.1)

i=1
is recognized as one of the most crucial formulas regarding symmetries. This identity is valid
only under the condition that no anomaly is present. The remainder of this section investigates
how this foundational formula is expressed within the framework of homotopy algebras. The

content of this section is primarily based on [38].

6.1 Infinitesimal symmetry

First, let us examine how the transformation of fields and invariance of the action are expressed
in the language of homotopy algebras. To express the transformation, we introduce a degree-
even multilinear map A, : V" — V. and the transformation is represented by

o= Y /ddx 56 (@) ea(w) = Ao(1) + Ay () + Ag(®, D)+ . (6.2)

ea €V (hQ)

Furthermore, we assume that the operator A, is cyclic:
W(q)l,An(@27...,q)n+1)) = — W(An(@l,...,®n>7®n+1). (63)

Let us denote the coderivations induced by A, as A,. We then construct the operator A as
the infinite sum of these components:

A= f: A, . (6.4)

n=0
As a result, the transformation given in the equation (6.2) admits a compact representation:

1

Henceforth, taking the transformation to be infinitesimal, the variation of the action is expressed

as
0S = — E‘” ! wl &,m[M, Alr, ! : (6.6)
‘=~ n+1 ’ ’ 11—

From this result, we establish that the condition sufficient for the infinitesimal transformation

generated by A to be a symmetry transformation is that A satisfies the commutation relation:

(M, A]=0. (6.7)
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In the subsequent discussion, we restrict our attention solely to symmetry transformations
generated by A that satisfy this condition. Furthermore, we stipulate that A, maps into V(%)
if all of its inputs are elements of V(@) Specifically, this means that A, must satisfy the

condition:
hA (P ®@P;®...0P,)=0, (6.8)

for all ®,...,®, € V*Q)  This assumption ensures that the transformation is compatible
with the gauge fixing condition. To properly define A, cyclically, it is essential to note that

non-trivial values must typically be assigned even when only one of the inputs belongs to V(@M.

6.2 Conserved current and conserved charge

Prior to a detailed discussion of the homotopy description of the Ward-Takahashi identity,
we first address the homotopy description of the conserved current and conserved charge. As
it is well known, when the action remains invariant under an infinitesimal transformation, a
conserved current j*(x) associated with that transformation emerges. This conserved current
obeys the conservation law:

0" (x) ~ 0, (6.9)

where the symbol &~ indicates that the equality holds up to the equation of motion. In the
standard procedure of quantum field theory, the conserved current is derived by replacing the
global infinitesimal parameter ¢ with a local function €(z). In this context, the infinitesimal
transformation is modified as follows: For a symmetry transformation d¢(x), we define 6°¢p(x)
such that:

0°0(x) = e(x) 6o (), (6.10)

where €(x) is an arbitrary infinitesimal function. The conserved current is subsequently obtained
from the variation of the action under this localized transformation, which yields the expression:

58S = —/ddx e(z) 9, j* (). (6.11)

We now translate the aforementioned procedure into the framework of homotopy algebras.
As previously established, the symmetry transformation is described by a degree-even cyclic
operator A, that satisfies the condition (6.7). Correspondingly, we define a degree-even cyclic

operator A with respect to the localized transformation §¢¢(z):

K= / A%z e(x) 06" (1) eq(x) = AG(1) + AT(®) + A5(P, @) + - -, (6.12)

ea €V (hQ)
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The coderivation induced by Af, is denoted as A{,, and we define the coderivation A® as the

summation:

- i AC . (6.13)
n=0

Let us introduce the operator O, defined by
O, = Z / A% e(2) eq(2) (w] (8%(z) @ 1) . (6.14)

Its action on the basis elements e, (z) is

Oceq(r) = €(x) eq(x) . (6.15)

Utilizing this operator, the multilinear map A{,, which generates the coderivation Af, can be
expressed as

A (D, P, ) = O Ay (D4,...,9D,), (6.16)

for all ®,...,®, € V) In addition, the cyclic requirement for AS necessitates that it be
defined as

A (Dy,... D, Byy)=Ay(Dr,....0.D,... &), (6.17)

for ®;,...,®,_; € V) and d € V@M, The operator A€ no longer satisfies the symmetry
condition: [ M, A°] # 0. The variation of the action under this transformation is expressed as

1 1
08 == nHw(@,m[M,Ae]wnl_@),
n=0

_ _Zn%lw (1 @ m[M, A)r,)

n=0

1

5 (6.18)

Given that this expression is the homotopy algebra counterpart of the equation (6.11), we

obtain the conservation law in the following form:

/ddme( ) O 3" Z n+1 (w (Tem[M, AE]Wn)ﬁ. (6.19)

n=0

From the completeness of basis (2.17), the cyclicity of M and A€ and the definition of O,, this

expression can be rewritten as

/ddxe(x)a S /d%e (] (calx )®7T1M)®<w|('é“(a:)®7r1A))ﬁ.

€a GV(hQ)

(6.20)
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Here, we note that since A maps to V@) when all of its inputs belong to V) the element
€%(z) is restricted to V(@M which implies that e, (z) is restricted to V@), To be fully precise, we
restore the notation for the product 57 and the coproduct /A, which were previously suppressed.
The complete expression for the quantity under consideration is

- > /ddxe(:v) v ((w](ea(r) @ mM) & (]| (e%(z) @ mA)) A T (6.21)
eV (hQ) B

The notation for the product 57 and coproduct A is suppressed wherever the context is clear.

From this expression, the divergence of the conserved current, 9,7 (x), is shown to be given in

homotopy algebraic form by

'@ =— ¥ (bl (a@onM)ol (F@emnd)—s, (62
e,V (hQ)
The right-hand side is proportional to the equation of motion (3.22). This leads to the re-
derivation of conservation law in the context of homotopy algebras. As a consistency check, the
right-hand side must vanish upon integration. This fact can be verified as follows. By utilizing
the completeness of the basis (2.17), the integral of the right-hand side can be expressed as

1
By exploiting the cyclicity property, this result is equivalent to

oo

w(®,[M, Alr,

n=0

. 6.24
—3) (6:24)
Since A and M commute, the expression is zero.

To obtain the conserved current from the expression for the current divergence (6.22), one

needs only to integrate after multiplying by a step function in time:

Hity) = /tt iy 0 = / 'z O(t — to) B, J"(x) (6.25)

This allows us to obtain the conserved charge on the time slice at ¢ = t3. This procedure is
realized in the homotopy algebra formalism by the following definitions. The operator Og,,
is defined by replacing e(z) with ©(t — ty) in the definition of O.. Consequently, AR its
coderivation Ag ‘o and the operator A®% are defined analogously. Utilizing this, Q can be
expressed as

H(to)= > [ d% ((w] (ealz) @mM )@ (w| (e“(x) ® 1. A%%) )ﬁ ’
ea €V (hQ)

1
= (w| (7T1A9t0 ® WlM)m , (6.26)
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and further application of cyclicity allows it to be written as

H(ty) = iw(@, [M, A®®|r,

n=0

1
o)

(6.27)

This expression is identical to the result obtained in [57]. In that work, the formula was
derived from a symplectic form constructed within the context of the covariant phase space
formalism [58]. Furthermore, a more general approach was adopted in [57], where a sigmoid
function was utilized instead of a step function. At first glance, Expression (6.26) appears to be
proportional to the equation of motion; however, this is not the case. The expression actually
contains a divergence proportional to the infinite volume of spacetime, which originates from the
step function. Consequently, even if ® is chosen to be a solution to the equation of motion, the
expression does not vanish. Proper treatment of this requires the introduction of a cutoff. For
a detailed discussion on this matter, we refer the reader to [58]. When the time slice undergoes
a small shift, tg — to + tp, the corresponding change in the conserved charge is obtained by
substituting a delta function for the step function in the expression (6.26). Because this result
is a local quantity, it avoids the spacetime volume divergence and is directly proportional to
the equation of motion. In other words, the charge is independent of time up to the equations

of motion:

0
g H(to) = 0. (6.28)

In the subsequent subsection, we quantize the classical analysis presented here, focusing

particularly on the divergence of the conserved current, and obtain the Ward-Takahashi identity.

6.3 Ward-Takahashi identity

Since the formula for the divergence of the conserved current, d, j*(x), has been established,

the subsequent discussion focuses on its expectation value (d, j*(z)). Since f1 is identified

1

with the quantum version of the calculation of the expectation value (0,j"(x)) is achieved

-3
by the direct replacement of & with f1 in the expression (6.22):
(Buj"(@)) == Y (Wl (calz) ®mM)® (W] (e%(x) ®mA)) f1. (6.29)
e, €V (RQ)

This quantity is expected to vanish in the absence of anomalies, but must be non-zero when an
anomaly is present. We now investigate this result from the perspective of homotopy algebras.

Utilizing the fact that M is a coderivation, this expression can be written as

(Buj"(@)) == D (=1 ( Wl (ealr) ®m) @ (w| (e°(2) ®mA)) M f1,
eq €V (hQ)
+ Y D ({wl (alr) ©m) ® (W] (%) @mAM)) f1,  (6.30)
e €V (@)
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however, the second term vanishes because both arguments of the first symplectic form belong
to V("?)_ Here, applying the algebraic Schwinger-Dyson equation allows us to replace M with
—1hU, enabling this expression to be written as

(O g"(x))
=ih Y (1) ( (Wl (ealr) @m) ® (0] (€%(z) ©mA)) U f1,

= ih Z@sz@m/ddy(—l)e”e“?( (W] (ea(z) @(y)) @ (w] (8"(x) ® M Aes(y)) ) F1.

(6.31)

Furthermore, by utilizing the normalization of the basis, we finally obtain

(0u5"(x)) =ih Y (w] (e"(z) @ mAeq(x)) F1. (6.32)

ea €V (hQ)

Generally, the right-hand side of this equation contains divergences. For example, if the symme-
try transformation A is simply linear and corresponds to scaling by a constant, this quantity is
proportional to §¢(0). Consequently, some appropriate regularization is essential. The specifics
of regularization are discussed in detail later. Based on these observations, this quantity is ex-
pected to represent anomalies. We demonstrate in a later section that this quantity is consistent
with known anomalies when applied to specific cases.

Extending the equation (6.19), the expectation value between the fields and 9, j#(z) is given
by

(0% (1) .- 9" (wn) O J" (1))
= — > (lwprmm(an, . a) T @ (W] (calz) ®mM) @ (w] (%(2) ®mA)) f1.

eaev(hQ)

(6.33)

The Ward-Takahashi identity is derivable from this expression. As previously established, the
coderivation M can be shifted to the position immediately preceding f1. Consequently, by
applying the Algebraic Schwinger-Dyson equation, we obtain the following expression:

(@™ (1) ... 0" (2n) Oy J" (2))
=ih Z (—1)6“( (Wit (gy oo xy) | T @ (W] (eq(z) @ m1 ) @ (W] (€%(x) @ 7r1A)) Ufl.

eq €V (hQ)

(6.34)

Among the outputs of U, the basis element belonging to V(@" must enter the form (w| (e, (7)®
71 ), otherwise they vanish; however, the basis element belonging to the other space, V"@) have
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two contributions: one that enters (wi%*(z1,...x,)| m, and one that enters (w| (e*(z)®@m A ).
Consequently, this expression can be written as

(0% (21) ... 9" () Oy j" ()
=1ih Z (=1)% ((wotr (2, ... 2,)| Thea(z) ® (W] (€%(z) @ TA)) f1

+ih > ({ws W2y, )| T @ (w] (B%(2) @ T Aeq(z))) F1. (6.35)

eq €V (hQ)

The second term on the right-hand side corresponds to the anomaly. We proceed to reformulate
the first term to elucidate its physical significance. This term is decomposed into a summation
over n terms, according to the definition of (W@ (xq,...x,)|, where e,(z) is placed in one
of the n positions:

ih ) Z e o o) (] (9 (1) @ m) @ -+ @ (] (8% (@) @ ea(2)) @+

eq €V (hQ) i=1

® (W] (€ @) @ (W] () @ mA)) F1. (6.36)

Following a careful treatment of the sign factors, and utilizing the normalization condition (5.3),
we arrive at the simplified expression:

—@hZ 7 5% — o) ( (6 B (@) @m) @ - © ] (B () O mA) @

® (] (€ (z) ® m)) f1. (637)

Applying the definition of (w@%(xy,...x,)| once more, the expression transforms into
—ih Y 04w — a;) (Wit (2, )| (i @ MA@ T,g) f1 (6.38)

Recognizing that A generates the infinitesimal transformation (6.5) and that the replacement
ﬁ — f 1 implements the expectation value, this term is identified as a contact term equivalent
to

— iy / e 54z — 23) (6% (1) . .. 66 (2) . .. 6™ (21)) - (6.39)
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In summary, the Ward-Takahashi identity is formulated in terms of homotopy algebras as

follows:
- Z ((wir ot (zy, .. )| T @ (W] (ea(z) @ MM) @ (W] (€%(z) ® T A)) f1
eq €V (hQ)
= —ih Z (5d<l’ — ZL’l) (wzl """ an(ZL’I, R )| <7Tz'—1 ® 7T1A & 7Tn—i) f]_
=1
+ih Y (Wit (@) | T © (W] (E9(2) @ T Aeg())) £1. (6.40)

In this expression, the left-hand side represents the expectation value between the fields and
the derivative of the current 0, j#(x). The first term on the right-hand side corresponds to the
contact term, while the second term represents the contribution of the anomaly.

6.4 Examples

In this subsection, we provide several examples of the formula (6.40). We specifically present
two cases: the U(1) symmetry in complex scalar field theories and the chiral U(1) symmetry in
vector-like gauge theories. We note that the latter case serves as an example where an anomaly

exists.

6.4.1 The U(1) symmetry in complex scalar field theories

We begin by considering the U(1) symmetry within a complex scalar field theory. The action
under consideration is defined as

S = —/ddﬂf [w*(w)(—52+m2)¢(:v)+ I (ol (@)pl)" | (6.41)

2
n=2 n

This action exhibits invariance under the following U(1) transformation:

—iq

p(r) =¢'(x) = e (),

| 6.42
ol(x) = ¢M(z) = e ol(x). (642

The infinitesimal form of this transformation, ¢(z) — ¢(z)+dp(x) and @' (z) — p'(z)+dp'(x),
is given by

dp(z) = —iap(x), ool (z) =iayl(z). (6.43)
In terms of quantum A, algebras, we consider an action of the form

o0

5:-%@@,@@)-2 %w@,mgn_l(@,...,@)), (6.44)

n=1
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where

P — / d'e [ p(z) ¢l (2) + of () c(x)]. (6.45)

Here, the degree-even basis elements that belong to V(*@) are denoted by c¢(z) and cf(x). In
addition to these, we introduce the degree-odd basis elements d and d' belonging to V(@". The
non-vanishing symplectic form is defined by

w(c(z),d(22)) = 6%z — 22),
w(cl(21),d(x2)) = 6%z — 22),

6.46
w(d(ws) ) = —0%(as — ), (6-40)
w(d¥(z2),c(w1)) = —0%(x1 — 2)

Corresponding to the notation of the bases introduced thus far, the basis e,(z) is given by

{ea(@)}amta = {c(0), ! (2),d(x), d' (2)} , (6.47)

and its dual basis e*(z) is given by

{&(@)}am1,.a = {d'(2), (@), e(2), ! (2)}. (6.48)
We define the operator @) by specifying its action on the basis elements as
Qc(z) = (=0 + mY)d(z), Qd(z)=
Qcl(x) = (=0* + m*)d'(z), Qd(z)=

This definition allows the kinetic and mass terms of the action to be expressed concisely via

(6.49)

the symplectic form

1
~59(0.00) == [ dla @) -3 + m)pla). (6.50)
To define the operators ms,_1, which describe the interaction terms, let the 2n — 1 inputs be
denoted by aq(z1), ..., a2,—1(x9,_1). The definition of my, 1 depends on the composition of its
inputs:

1. If a1, ...as,_1 contains n instances of ¢ and n — 1 instances of ¢!, we define:

n(n—1
Mon—1(a1(z1), ..., azn—1(2n—1) ) = ﬁgﬂ (21 = @2) -+ 8% (w1 — @) d(1)
(6.51)
2. If aq,...ag, 1 contains n — 1 instances of ¢ and n instances of ¢!, we define:
n(n—1
m2n—1( a1($1)7 S ,a2n—1(152n—1) ) ﬁ dn 5d(5171 - 5U2) 5d(5171 - 932n—1) dT(ﬂfl) .

(6.52)

41



3. Otherwise, mao,_; is defined to vanish:
mgn_l( CL1(ZE1), e ,agn_l(xgn_l) ) =0. (653)

Associated with the operator (), we introduce the contracting homotopy h, defined by its action

on the basis elements as

he(w) =0, hdlz) = [ dyaz - y)ey).

(6.54)
hel(a) =0, hdia) = [ dy Al -y)cl).
where A(x — y) is the scalar propagator given by
ddk eik(:v—y)
Alx —y) = / o) st (6.55)

Next, we examine the symmetry transformations within the homotopy algebra formalism.
We introduce the degree-even operator A, whose action on the basis elements is defined as

Ac(x) =iac(r), Ad(z) =iad(x),

Ac(z) = —iac(z), Adi(x)=—iadl(z). (6.56)

This operator accurately reproduces the infinitesimal symmetry transformation (6.43), as demon-
strated by the following calculation:

AD = /ddx[cp(x)AcT(x) + ol (z) Ac(z)] (6.57)
= /ddx{ [—iap(z)]c(z) + [ioagoT(x)] c(x)},

= /ddq;[égo(x) ct(x) + 6" (2) c(x)],
e (6.58)

It is straightforward to verify that the symmetry condition, [ M , A] = 0, is satisfied.
The Ward-Takahashi identity in terms of homotopy algebras (6.40) are described by

= > (wprm (@) T @ (W] (ea(2) @ mM ) ® (0] (€°(x) @ mA)) f1

=1

+ih Z (w2, .. x,)| T @ (w] (€9(z) @ m Aeq(z))) f1. (6.59)

ea€{c,ct}
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We first consider the case of the free theory. In this scenario, where M is replaced by @ and
the interaction terms m,, are zero, the identities (6.59) simplify to

= ) (e (@) T ® (@] (ea7) ®MQ) © (W] (€°(x) ® m A)) F1,

ea€{c,ct}
= —ih Y 6w — x;) (Wit (@, )| (T @ MA@ ) £
i=1
+ih Y ((witn (@, x| T @ (w] (8%(2) @ ™ Aeg(x))) f1. (6.60)
ea€{c,ct}

For simplification, we choose n = 2k and set the field components such that e,, = e,, =
.= ¢q, = ¢ and €4, = €q,,, = ... = €q,, = ¢. Under these specifications, the operator

(wartn (g .. x| is written as

(wor ™ (w1, o) | = (Wl (1) @ 1) @ -+ @ (w] (dax) © m)
@ (w] (A (@r1) @) @ - ® (w] (A7 (z2r) @ 1) (6.61)

Using the relationship
T f1=(0%") = <[/ddm (o(z)cl(z) + ol (2) c(m))}®n> : (6.62)
the left-hand side of the equation (6.60) is expanded to
- / dfy d?z (@) - p(ar) @' (wri1) - ' (221)
(

[o(y) ' (2) (W] (c(2) @ Qcl(y)) ® (w] (d'(2) ® Ac(2))
+¢'(y) o(2) (W] (c'(2) © Qely)) ® (W] (d(x) ® Acl(2))] ). (6.63)

The quantity inside the square brackets in the equation (6.63) is calculated by substituting the
definitions (6.49) and (6.56). We first evaluate the first term:

—/ddyddw(y) Pl(2) (Wl (e(2) ® Qcl(y)) @ (w] (d'(x) ® Ac()),

= —ia /ddy d?z (=0 +m*) p(y) ¢'(2) (Wl (c(z) @ d'(y)) ® (W] (d'(z) @ e(2))
= ia @' (x)(—0% + m?)p(z) . (6.64)
Similarly, the second term is calculated as
- [ dydta ) ele) (@l (dx) @ Qelw) ® (vl (dw) © Acl(2))
= ia /ddy A%z (=05 +m*) ' (y) p(2) (w| (' (2) @ d(y)) ® (w] (d(z) @ c(2))

= —iap(z)(—0* + m?)p(x). (6.65)
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Combining these results, the quantity inside the square brackets in (6.63) simplifies to

ia(p(x) Pl (2) — ¢l (2) 0%p(2)) . (6.66)

We recognize that this result is equal to the divergence of the conserved current, d,, j*(x), where
j*(x) is the current associated with the U(1) symmetry (6.43). Therefore, the left-hand side of
the equation (6.60) is exactly equivalent to

(p(x1) p(2) ... plzr) @ (xr41) @ (Thra) - @' (w21) O () ) - (6.67)

Next, we evaluate the first term on the right-hand side of the equation (6.60). Utilizing the
relation (6.58), the operation (m;_; ® m A ® mo,_;)f1 is interpreted as the expectation value

involving the infinitesimal field transformation d®:
(Tic1 @ MA@ Top_y) F1 = (%1 @D © XD (6.68)

Therefore, the first term on the right-hand side of the equation (6.60) is
2%
—ih Y 6@ — @) (wy 2 (2, )| (T @ MA@ Ty) f1
i=1
k
= —ih Y o%a — z)(p(x1) .. p(zim1) 8p(:) p(Tig1) - p(xk) @ (Thi1) . 0T (w21) )
i=1

- mz 0z — ) (p(ar) . p(ar) @ (@nrn) - o (@hpin) 00T (1) @7 (Thpinn) - T (22r) ) -
- (6.69)

Furthermore, the second term on the right-hand side of the equation (6.60) is evaluated as

ih Y (ws™ (2, o) | 72k © (w] (€%(2)) @ ™1 A eg()) f1

ea€{c,ct}
= ih(p(a1) .- p(xr) @M (Trp1) - (o) [ (W] (A7 (2) @ Ac(2)) + (w] (d(2) @ Acl(2))]) .
(6.70)
We obtain the result:
(w] (dT(z) @ Ac(z)) + (W] (d(z) ® Ac'(x)) = ia 6(0) — i §%(0) . (6.71)

This expression is ill-defined and necessitates regularization. However, for convenience in the
current discussion, we ignore this divergence and assume that the term vanishes. The detailed
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discussion concerning regularization is deferred to a later subsection. The resulting identity
derived from the equation (6.60) is

(@(x1) o(z2) ... o(z1) SDT(%H)SOT(%H) e SOT(ﬂfzk) 8uj“(:v) )

= —iﬁZ 0z — zi){ (1) ... p(@im1) 6p(2s) 9(Ti1) - p(wn) @' (1) - " (wan) )

k
- ihz 0z —z)(p(x1) . p(@r) @ (@rg1) o N (@ryinr) 00 (Thss) O (@ryirn) - T (zan) ) -
- (6.72)

This is exactly the known form of the Ward-Takahashi identity for the free complex scalar
theory.

In fact, for the action (6.41), the interaction term involving ms, 1 does not alter the iden-
tity (6.59). In the interacting theory, the term containing

DD (wlle®) @ mma, ) © (W] (€°(x) © M A) (6.73)
n=1 e,e{c,ct}
is added to the identity for the free theory. We demonstrate that this term vanishes. It is
sufficient to evaluate its action on the field power series

w2 = [ [l (pla) (o) + ol(a) e0)

rm (6.74)

Terms for which the number of ¢ and ¢! inputs is unequal trivially vanish due to the definition

of ma,_1. Two types of non-trivial terms remain.

1. The first type is the term where my,,_; takes n components of ¢ and n — 1 components of
c! as inputs, and A takes ¢ as an input. There are (2:) such terms. These are evaluated
as

i S (e @) ¢ () =P @)y (67

n

2. The second type is the term where m.,,_; takes n — 1 components of ¢ and n components
of ¢! as inputs, and A takes ¢/ as an input. There are also (2:) such terms. These are
evaluated as

n!(n—1)!

ia = (o))

R S CCECCD

Consequently, these two contributions cancel each other out. Therefore, the interaction term
does not affect the current identity, and we obtain the same form of the Ward-Takahashi identity
as in the equation (6.72).
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6.4.2 The chiral U(1) symmetry in vector-like gauge theories

Let us consider the chiral U(1) symmetry in a vector-like gauge theory. Consider the action of

a massless Dirac fermion, given by

S = /ddxﬁs(x) i Dsi(x) Uy (), (6.77)

where s and ¢ are spinor indices. We adopt the Einstein summation convention. We omit the

spinor indices if there is no confusion; they run from 1 to 4. The operator I) is defined as
P(x) =1"(0, —iAu(x)), (6.78)
and ¥* is a gamma matrix satisfying
{97} = 29" (6.79)

Furthermore, we treat the gauge field A,(z) as a background field. This theory possesses a
chiral U(1) symmetry, defined by the transformation:

U(x) = e "% U(x), U(x) — U(x) e % (6.80)
where the chiral matrix 5 is given by
7 = 17’y (6.81)
The infinitesimal transformations are given by
0V(z) = —iay; ¥(x), 6U(z) = —iaV(z)7s. (6.82)
The action defined earlier can be rewritten in terms of homotopy algebras as

5:-%@@,@@), (6.83)

where the degree-even element ® € V"Q) is defined by

b — / d'e [U(2) Bu(e) + To(a) 6()] (6.84)

and {0,(x),0,(x)} are the degree-odd basis vectors of V"@)  We introduce the degree-even
basis vectors {\,(z), Xs(z)} of V(@ which satisfy the following normalization conditions with
respect to the symplectic form:

W(Qs(x) ,Xg(y)) = — 0q 54@ -9),

w(bs(2), Mly)) = — 00" (z —y), (6.85)
W(As(f) 7§t(y)> = Ot 54@ -9),

w(As(@),0:(y) ) = 0a 0" (x = y)



Corresponding to the notation of the bases introduced thus far, the basis e,(z) is given by

{ea(2)} = {0:(2), 05(x), As(2), As(2)} (6.86)

and its dual basis €*(x) is given by

{&"(2)} = {As(2), As(2), 0s(), ()} (6.87)

We do not require the introduction of a separate basis vector for the background field A,. We
define the operator () by specifying its action on the basis elements as

QOs(x) =—1i Dgu(z) M(x), QAs(x) =0,

_ _ _ 6.88
QHS(QZ) = Z.)‘t(aj)ﬁtS(x) ) Q)\s(x) =0, ( )

where ﬁ is defined by
P(@) == 00— iAul@), (6.89)

<_
and 0, denotes the differential acting from the right. The action is successfully reproduced in

the homotopy algebra formalism:
1 —
L e(D,QP) = /d4x\Il(:c)ilD(x)\I/(a:). (6.90)

Associated with the operator (), we introduce the contracting homotopy h, whose action on
the basis elements is defined as

hls(x) =0, hA(z)=1 l@(m) /OO dr e_TE)Z(‘T)} 0, (z),
0 oo (6.91)
h0,(z) =0, hX(z)= —ifi(z) {b(x)/ dm—TW(@L.

0
The degree-even operator A, which corresponds to the symmetry transformation (6.82), is

defined by its action on the basis elements
Abs(x) = —ia (15)st Oc(x) , A Ns(x) =dcx (75)st Ae()
Aly(z) = —ia0,(2) (75)1s, AXs(m) = iaM(2) (5) s -

This operator successfully reproduces the infinitesimal symmetry transformation d®, as verified

(6.92)

by the following calculation:

Ad = /d4x [Wy(z) Ay (z) + Uy(x) Aby(2) ]
——ia [ d [¥.(x) (e Bi(o) + Tula) () bi(o)]

_ / d'z [6,(2) B.(x) + 6T, (x) O,(x) ]
e (6.93)
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Moreover, we can confirm that the operator A generates the symmetry, as the commutation
relation [ @, A] = 0 is satisfied. This verification for the f,(x) basis element is performed as

[Q, A]0s(x) = —ia (15)s QO(2) + i Dor(2) AN(2)
= -« (75)51% Qtu(x) )\u(x) — @st(x) (’75)tu >\u<x) )

= —a(vs)st D) Ma(x) + . (V5)st Piu(z) Ai(T)
_o. (6.94)

where the anti-commutation relation {v;,v*} = 0 was utilized. Similarly, we find that the

commutation relation holds for the 6,(z) element:
[Q,A]8,(z) = 0. (6.95)
The Ward-Takahashi identity in terms of homotopy algebras (6.40) is described by

= > (wprm (. a) | T @ (0] (eal2) ©mQ) @ (w] (€°(2) © mA)) £1

ea€{0s,05}
= —ih Z (54(1’ — .QTZ) (w,‘il """ an (.171, ce .Z'n>’ (7'(7;_1 X 7T1A ® Wn—i) f]_ (696)
=1
+ih > (Wit (@, x| T @ (W] (B%(2) @ T Aeg(2))) F1
ea€{0s,05}

For simplicity in the subsequent calculations, we set n = 2k and choose the basis elements e,,
such that e,, = 0,, fori = 1,...,k and e,, = 0,, for i = k+1,...,2k. Since

Xn
T, f1= (%) = < [/ d'z (Uy(z) O5(z) + Uy(2) 93(3:))} > , (6.97)
the left-hand side of the equation (6.96) is written as

- [yt (0 @) ) Ty () - T )

[Te(y) Tu(2) (W] (0s(2) ® QO(y)) ® (w] (As(z) ® Abu(2))
+Ty(y) Tu(2) (W] (0:(2) ® Q0:(y)) ® (w] (Au(2) ® AB(2))] ). (6.98)

Evaluation of the terms inside the square brackets yields the following two results:

- / Aty d'z T,() To(2) (] (6u(2) © QBu()) ® (] (halz) @ AB,(2))
= aT(x) P(x)s(x), (6.99)
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and

- / dly A2 T, (y) U (2) (o] (Bule) © QOu(y)) @ (] (M(x) ® ATu(2))
— —aU(2) P (z) 7 V(z) . (6.100)

Combining these two expressions, the quantity inside the square brackets simplifies to the
divergence of the current as follows:

= [ dtydts (1) Tale) (] (0.60) © QB) (ol (Rulo) @ A6, (2)

+ T(y) Wal2) (] (05(2) 2 QB(y)) @ (w] (A(2) © ABu(2)) |
= 8M[a@5(a:) e \If(x)} ,
= 0, j5 (x), (6.101)

where j£'(z) denotes the conserved current associated with the chiral U(1) symmetry (6.82).
Thus, the left-hand side of the equation (6.96) is found to be equal to the expectation value:

(W, (21) ... Wy (k) Uy, (Thgr) - - Wy, (or) Oy gL (2) ) (6.102)

The first term on the right-hand side of the equation (6.96) is expanded in a manner similar to
the preceding examples as

k
= —ihz 6 — ) (s, (1) o Wy (@sm1) 00, (25) Wi,y (Tign) - - W, ()
i=1

Esk-u (xk-i-l) s \Ijszk (ka) >

—ih Y M@ — ) (e (21) . Ty (1)

i=k+1

\IISIH—I (xk-‘rl) s \IJSi—l(xi—l) 6681 (xl) ESH-I (xi+1) s WSzk (ka) > .
(6.103)

The second term on the right-hand side still contains an ill-defined factor

(W] (As(z) @ Abs(z)) + (w] (A\s(z) ® Aby(2)) = =20 lim try5 0 (z — y) . (6.104)

Yy—T

As is well known, the chiral symmetry is anomalous, and this factor does not vanish after
regularization. We explore the method for regularizing this term from the homotopy algebraic

point of view in the next subsection.
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6.5 Regularization with stubs

As we mentioned in the previous section, we need to regularize the term

ih Y (w|(€%(x) @ m Aea(r)) 1, (6.105)

ea €V (hQ)

to mediate the divergence. To preserve the homotopy algebraic structure, we employ a reg-
ularization method involving stubs. The concept of stubs, widely used in string field theory
(see [7]), and recently applied to quantum field theory [59], is adopted here for regularization.
In this specific regularization scheme, the operators M and U are modified via the heat ker-
nel in a manner that ensures the preservation of the underlying homotopy algebraic structure.
Repeating the derivations using these regularized operators, the correct anomalous term is ob-
tained. It is important to comment on the technical aspects regarding the heat kernel. In the
Lorentzian signature, the heat kernel does not inherently regularize path integrals. The solution
adopted here is to proceed with the calculation formally and then introduce a Wick rotation
when performing the integral involving the heat kernel.

We now explain the detailed treatment of stubs within the context of homotopy algebras.
The incorporation of stubs into the homotopy algebraic formalism is achieved by employing
the Homological perturbation lemma (HPL). This approach has been extensively developed
and utilized in recent literature on the subject [41, 42, 43, 44, 59]. Refer to Subsection 4.1 for
details on HPL. To apply the HPL to adding a stub, we define two degree-even maps, 7 and ¢,

as follows:
Teq(x) = teg(r) = Kyjgeq(x). (6.106)
Here, K/ is a heat kernel labeled by the positive parameter A. The degree-odd map 7 that
satisfies
Qn+nQ +ur =1, (6.107)
for these m and ¢ is defined by
n=(1-Kyh. (6.108)

In the context of scalar field theory, we define K using the heat kernel of the scalar field as
Ky = e A (6.109)

Consequently, the basis vectors ¢(z) and d(z) are mapped as

A

me(x) =ve(z) = e 20 o) wd(x) = vd(z) = e 2 G (z) | (6.110)
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This procedure serves as a regularization method, as demonstrated by an analysis of the contact
terms in the Ward-Takahashi identities. Furthermore, note that the limit A — 0 corresponds
to the original theory without stubs. Unfortunately, the defined maps 7, ¢, and 1 do not satisfy
conditions 7z = I and 71 = nt = 0, although the condition n?> = 0 holds. Consequently, the
perturbed operator

1

M' =
ﬂQL+ﬂmI+n(m—l—ihU)L7

(6.111)

does not act as a coderivation. Here, the boldface operators are those lifted to the tensor
algebra, and their detailed definitions are the same as in Subsection 4.1. According to [41], the
resolution is straightforward: we can simply proceed by formally assuming these conditions are
satisfied (i.e., we pretend they hold). A more precise treatment of this matter is provided in
Appendix A of [42]. Alternatively, we can ensure that these conditions are met by defining the
product appropriately with respect to K/, and K. If we define the products as

Kyjp- Kyjg =Ky Ky =Ky Ky =K, -K\,=K,, (6.112)

then the operator (7 can be treated as a projection.
We define the symplectic form (w'| on 7V by

(W= (w(t®L). (6.113)

The stubbed action S’ is defined using the operator M’ and the symplectic form (w'| as

=1 1
S =— (T M’ — 6.114

This stubbed action S’ is quasi-isomorphic to the original action and reproduces the original
action in the limit A — 0. Starting from this stubbed action, we can construct the counterpart
of the correlation function f1 in the stubbed theory, denoted f’1, as

fll:I+h'(ml'+z'hU')1’ (6.115)
where m’, U’ and h’ are defined by
m =M —-n7Q., U =nU., h'=mh.. (6.116)
The operator h’ is specifically defined to satisfy the following relation
TQth'+h'mQu=1. (6.117)
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As discussed in Subsection 5.2, the algebraic Schwinger-Dyson equation holds for f’1:
(M'+ihU' ) f'1=0. (6.118)

Let us consider the transformation A’ defined as the counterpart of the symmetry transforma-
tion A:

A =rmAeL. (6.119)

This A’ is not a symmetry transformation because it does not commute with M’. However, in
the limit A — 0, where the maps 7w and ¢ approach the identity operator I, the transformation
A’ commutes with M’ and becomes a symmetry transformation. By repeating the arguments
presented in Subsection 6.3 using f’1 and A’, and subsequently setting A\ — 0, we obtain the
regularized anomalous term as

ih lim JN)(rme(z)om A me,(z)e) f1

i > (@ en A e s
= th lim Z (w] (¢me(z) @ em mALTe,(z)e) 1. (6.120)

A—0
e, €V (hQ)

Since the projection ¢ 7 satisfies

Wl (r®I) = (W (I®er) = (W] (im @),

~ ~ _ (6.121)
1mea(r) e (x) =eq(x) @ime(x) =1me (r) ®eme(x),
the regularized anomalous term can also be expressed as
ih lim (w] (e*(z) @ m Avmes(z)e) f/1. (6.122)
A—0 o e h)

In particular, if the symmetry transformation A is linear, as was the case in the examples in
the previous subsection, it can be simplified as
ih lim (w] (€%(x) ® AKyeq(z)). (6.123)

A—0
eq €V (hQ)

This term is regularized due to the smearing effect of the heat kernel on the delta function.

Let us now compute the anomaly for the example introduced in the previous subsection.
We first consider the case of the U(1) symmetry in complex scalar theories. The symmetry
transformation A is defined by equation (6.56). The stub is chosen such that the maps 7 and
¢ are defined by the heat kernel K :

me(r) =e(x) = e~ 2(-0%+m?) c(x), md(x)=1d(z)= e~ 2(-0%+m?) d(zx),

A am? . (6.124)
rcl(z) =0l (2) = e 20T M (2) ) ndi(z) = odi(z) = e 2000 @i (1) .
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The anomalous term can then be evaluated as follows:

ik lim Z (w] (€%(z) @ AK) eq(x))

A—0

a€{c,ct}
— ha }\IE)I})?EI_I)I}C [67,\(783+m2) 5d($ . y> . e*)\(fangmQ) §d(:€ o y)} ’
ddk by 2 2 ddk 2 2
=1 i —A(k*+m?) _ —A(k24+m?2)
tha i U @m) ¢ / @n) ¢ ’
~0, (6.125)

where the third line was obtained by carrying out the Wick rotation. Therefore, we confirm
that there is no anomaly in this specific case.

Next, let us consider the chiral U(1) symmetry in vector-like gauge theories. The symmetry
transformation A is defined by equation (6.92). The stub can be chosen as

70.(x) = 10u(z) = (D) O(x), TA(2) = L Ao(2) = (P O)y Ni(), (6.126)
W@S(x) = L?S(a:) = gt(x) (6_)‘§2(‘”))t5 , Wxs(x) = Lxs(x) = _t(x) (e_’\ﬁz(:”))ts . '
The anomalous term can then be calculated as

ih }\13(1) [{w] (As(z) ® AR, b5(2)) + (w| (As(z) @ AK)0,(2))]

_ B —AD2(x) sA(,. 4o 0N —AD2(x)

=ha }\ILI(I) ;1516 tr [yse Mz —y)+0(xr—y)e V) (6.127)

. d'k —ike _—AD2(z) ike ike —AP2(z) —ike
_hozili% Wtr[%e e e e e e },

where the last line was obtained by carrying out the Wick rotation. As is well known, this
quantity can be evaluated using standard techniques. Since the covariant derivative satisfies

e ™ D, e =D, +ik,, (6.128)
we obtain
o kT AP (2) yikz _ ef)\(kfiD)QJr%'y”'y”FW : (6.129)
where F),,, denotes the field strength of the background field A, defined as
F.=1iD,,D,]. (6.130)

Integration over the momentum & yields a factor of A™2, and using the gamma matrix trace

identities:

trys = trysyHy” =0, trysyiay 7 = —4i et (6.131)
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the anomalous term evaluates to

ih lim [ (w] (As(2) ® AK)05()) + (w] (As(z) @ AK) 05(2))]

1k . . . .
=ha«a }\1;1(1) W tr [,}/5 e*lkx e*)\QQ(Z) elkl’ + s ezkz ef)\ﬁz(x) efzk:p] ’
1ha s
= — o3 Y Y P Fe
hoa o
- 16%26# " Fyw Foo - (6.132)

This resulting quantity is the well-known chiral anomaly. Thus, the use of stubs allows for
regularization that respects the underlying homotopy algebraic structure. This validates the
Ward-Takahashi identity derived in this framework, ensuring its correctness even in the presence

of anomalies.

7 LSZ Reduction Formula from Homotopy Algebras

In Subsection 4.2 we saw, in the context of homotopy transfer, that the minimal model repro-
duces on-shell amplitudes (at least at the tree level). Section 5 then introduced a homotopy-
algebraic formula for correlation functions. In quantum field theory, the Lehmann—Symanzik—
Zimmermann (LSZ) reduction formula extracts amplitudes from correlation functions by am-
putating external lines. This suggests that, within the homotopy-algebra framework as well,
there exists a procedure to obtain amplitudes from correlators. Moreover, via the LSZ reduction
formula, one can remove the diagrams associated with mass renormalization even at the loop
level. The goal of this section is to formulate and understand this procedure in the language of
homotopy algebras. The discussion follows [45].

In the previous two sections, we considered a kinetic operator () and a contracting homotopy
h satisfying Qh + h() = I. This corresponded to shifting the mass by the ie prescription. In
this section, we turn to on-shell amplitudes. Since on-shell states are defined with respect to
the kinetic operator without the ie shift, this operator must be distinguished from the shifted
one and written separately. In this section, ) and h denote the unshifted operators (no ie
shift), and they satisfy Qh + h@Q = I — P, where P is the projector onto the @)-cohomology. In
this setting, the vector space V' decomposes into the subspaces V(@M 1 ("Q) and the subspace
projected by P, which we denote by V(7). Meanwhile, denote the ie-shifted operators by a

family @, h parametrized by €. For € > 0, we impose
the + heQe = I[, (71)

as well as the other SDR conditions and compatibility condition with w, and they approach the
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unsifted operators in the limit € — 0 '
11_{% Q.= Q, 11_{% he=nh. (7.2)

Additionally, we assume that ® satisfies h® = 0 and h.® = 0. Although not written explicitly,
the multilinear products m,, generally need to be deformed for ¢ > 0 so that they satisfy the
quantum A, relations with respect to Q.. In a gauge-fixed theory, however, these relations are
automatically satisfied, so this point can be safely ignored. We denote by Q. and h, the lifts of
Q. and h, to operators on the tensor algebra, in the same way that @ and h are the lifts of @
and h. It is crucial to note that although h. approaches h in the limit € — 0, the corresponding
lifted operators h. and h are distinct. The definition of h. is

n—1
hemo=0,  her, =Y I ®@h  forn>1, (7.3)
k=0

whereas the definition of h is

n—1
hmo=0, hm,=>» I*@h@P® "' forn>1. (7.4)
k=0
The two operators are different because we assume that P # 0.
As in the previous section, we write the basis as e,(x), separating discrete and continuous

labels. We may also use the simplified notation e; when the distinction is unnecessary.

7.1 LSZ reduction formula

Let us extract amplitudes from the homotopy—algebraic correlator formula (5.9) via the LSZ
reduction. As a preliminary step, we remove the tadpole contributions. The tadpole diagram
is encoded in the one-point correlation function, which we denote by

1
1
T+ he(m +ihU)

o, = (7.5)
If this quantity does not vanish, one can shift & — &, + ® and expand the theory around &, to
set the one-point correlation function to zero. In what follows, the theory is implicitly assumed
to have a vanishing one-point function.

Let us revisit the formula for the correlation function. We write

(0% (1) -+ 9% (wn)) = {wpt (21, )| T fel (7.6)

L Although h. may not connect smoothly to k, in that case the limit is understood as a formal replacement
of he by h.
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where f. is defined by

1
fe= I+h(m+ihU)’ )

and
(Wit (g, m)| = (1) (W] (@ (21) @) @ -+ @ (w] (€ (z) @m1),  (7.8)

for all €, (1),...,¢,, (x,) € V@, The subscript ¢ emphasizes that f, is defined in terms of
1€ shifted contracting homotopy h.. Here, by using the identity

Z/dd:phe ) ® eq(x Z/dd )8 (x) @ heeq(x), (7.9)

which is derived from (5.5), one can check that every output of fc1 carries an h.. Finally,
contracting with (w % (zy,...,x,)| strips off the basis elements and extracts the coefficients,
i.e., the correlation functions. Naively, one might hope to amputate the external lines—and
thus obtain amplitudes—Dby removing the h. factors. Indeed, by acting on ()., one can elim-
inate h. from the output. This works at the tree level. At the loop level, however, such an
amputation fails to remove the diagrams associated with mass renormalization. To eliminate
those contributions, one must amputate using the operator corresponding to the inverse of the

exact two-point correlation function @6, which satisfies
Qeﬂﬁ,fel - _ihﬂ-QUl y (710)

where Qe is a coderivation promoted from @6. For example, in the scalar-field case, if the exact

two-point function is

) ddk, —ik (:E1—.’L'2)
iR / e, de, / g € ) o(m1) ® e(x2) (7.11)
then @6 is given by
ddk 2\ —ik (z—y)
Queto) = [ KO e dfy), (7.12)

Expressed in terms of the self-energy I1(k?), K(k?) is given by
K(K*) = k* +m® —ie — TI(k?) . (7.13)
Using this operator, the n-point on-shell amplitude is given by

. n—1
(%) lim 7, (wn(@1, ., @) mfel (7.14)
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where
(WP, @) = (1) (W] (QePr @ m) @ @ (W] (QePp @ 7). (7.15)

Here each ®; lies in the cohomology of @ = lim._,o @6. At first glance, it might seem that @E@i
should vanish in the limit € — 0, since Q\e approaches @, and ®; belongs to the cohomology of
@. However, this is safe because the terms @ecbi are used to amputate the external lines and
are removed from the expression before the limit ¢ — 0 is finally taken. Furthermore, as was
commented in the discussion regarding the minimal model, we assume that the external lines,
®q,...,P,, carry general momenta.

This expression seems to differ from the minimal model

1
I+ h(m+ihU)

vy (cpl, nPm Pr, 10,0 @ @n) , (7.16)

which is known to yield the on-shell amplitude. First, (7.14) includes disconnected contributions
and is built with the ie sifted contracting homotopy h.. By contrast, (7.16) contains only
connected diagrams and uses the unsifted contracting homotopy h. Although h. — h as e — 0,
their lifts to the tensor algebra differ. Consequently, in the lifted operator one always has the
rightmost action by h; i.e., he places he on the last tensor factor. By contrast, since P # 0 for
h, there is no constraint pushing A to the last slot; unless P annihilates the tensor factors to
the right of the position where h acts, h can act on any tensor factor. This mismatch survives

the limit ¢ — 0 and leads to distinct contributions. For example, compare
Timahema (P @ O @ ®3) (7.17)
and
mmahmy (9 @ @, @ ®s) (7.18)
for fields @1, @5, @3 that are annihilated by A ( and also by h. ). The former evaluates to
ma (1, hema(Pa, ©3)) (7.19)
whereas the latter becomes
ma (@1, hma(Pa, @3)) + ma (hma (D1, P2), PP3) . (7.20)

When P®3 # 0, the two expressions do not coincide even in the limit € — 0.
In the following subsections, we bridge this gap. In fact, if one extracts the connected part
of (7.14), it agrees with (7.16).
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7.2 Connected correlation functions and connected amplitudes

First, let us extract the part of fel that corresponds to connected diagrams. Let us recall the
example of the two-point correlation function from (5.23). Here, the correlation function can

be written as:

Tofel = — ihZ/ddx eq(r) ® hee(x)

2(hee®(x), hee’(y)))
+ ea(:c) X hem0,2 (eb(y)7 h6m0,2(hﬁéb(y>7 h€€u<x)))
+ eq(x) ® hemg (hem0,2(€b(1/)v heéb@/) ) eéﬂ@))
()

+O(R%). (7.21)

This expression contained the term

— zhz / A%z e,(r) ® hee®(x)

)
y ),hEE“(:c))] , (7.22)

which corresponds to the connected diagrams, and the term
(ih)? Z / d?zd?y hemo2(eq (), hee®(x)) @ hemo2(es(y), he’(y)), (7.23)
a,b

which corresponds to the disconnected diagrams. A key feature of the connected parts is that
mso does not appear in any position other than the rightmost one. This property holds in the
general case.

To make this feature of the connected parts more explicit, we compute 7, f1. Alternatively,
using relation (2.31), this can also be expressed as

V(Trn_l ®/ Wl)Afl (724)
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Here, we provide a useful identity to proceed with the calculation. For an arbitrary contracting
homotopy h that satisfies the SDR conditions (not necessarily h.), the following relation holds:

1
AI—irh(anihU)P

1 1
_ P P)A
(I—I—hm+ith I hm+inhU > ’

oo " 1
_|_Z_;/dda:1...ddxn {(Hem(%)) I+hm+ithP

T L S 1
~ihh &% (z; P|A. 7.25
®E<I+hm+z’th< MRENE)) ) T hm + ihh U (7.25)

In the specific case where h = h,, P corresponds to mg. Applying this formula, 7, fc1 can be

written as follows:

© 11 fhe& (x) - - - fohe& (1) fol. (7.26)

From this expression, it is clear that the connected part (characterized by the absence of
the m operation except in the rightmost position) is given by

> 2 /dd‘“"'ddxn(—1)6“1+"'+e“"(—ih)"eal(wl)---ean(wn)l

n=0 ay,...,a

X Wlfehega" (.’Bn) cee fehegal (.’,Cl)fel . (727)

The connected part of the n-point correlation function, (¢ (z1)---¢* (25))conn, can then be
obtained by acting with the operator (—1)" (w| (" (z1) ® m1) - - - {w] (€*"(x,,) ® 71) on this ex-
pression:

<¢a1 (.171) e ¢an ($1)>conn
= (it S (1 e (s e, ) 4elo)

oESH_1

X w(8 (@), 11 SR (@ 1)) -+ feh &™) (To(n1)) fel ) . (7.28)

Here, S,_; is the symmetric group of degree n — 1, and (—1)<() is the sign factor arising

from permuting e,,,...,€,, , into the order €ap1ys- -1 Ca This expression includes the

o(n—1)"
connected correlation functions for all cyclic permutations of the external fields ¢, ... ¢%. In
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particular, the component corresponding to the specific ordering ¢* (z1),. .., ¢ (z,) (such as
clockwise along the disk boundary) is denoted ({(¢* (z1) -+ ¢**(xy)))conn and is given by

<<¢a1 (l’1> e ¢an+1 (xn)>>conn
— (—if)" Y (= 1) trevCear o eanu(aan (20), T fehe€ = (2n_1) - - fohe® (1) fel) . (7.29)

where (—1)™"(¢x-¢a11) ig the sign factor resulting from reversing the order of e,,, . . ., €4, -
From this expression, to obtain the on-shell amplitude via the LSZ reduction formula, we
need to replace the external lines % with @E(I),», multiply the factor (%)n_l and then take the
limit ¢ — 0. However, it must be noted that €® is a coderivation promoted from e®. Therefore,
the substituted expression @efbi must also be lifted to a coderivation. Let D(a) for a € V' be
the coderivation defined by
n—1
D(a)m = a, D(a)m, = ZH@ ®a @1 forn>1. (7.30)

=0

Ultimately, the connected amplitude can be written as follows:

- 11_{%(") (@eq)na ﬂ'lfeheD(Q\eq)nfl) e feheD<©eq)1).f€1> ) (731>

7.3 Relation to the minimal model

Let us compare the expression (7.31) for the connected amplitude with the minimal model
(7.16). In fact, the two expressions agree at the tree-level. At the loop-level, the expression

(7.31) agrees with the minimal model if we replace Q. with Q.. This yields
~limw(Q@u, mifhD(QPy 1) - FehD(QP)FL) (7.32)
e—

for all ®,,...,®, € V). This substitution, where @6 is replaced by @), is precisely equivalent
to performing a naive amputation of the external lines (i.e., neglecting mass shift factors). First,

utilizing the cyclicity of Q. and the formula (5.29), this expression can be written as

~limw (@, mm fhD(QPy 1) - foh D(Q:)f1)

n li_r%cu((bn, 11 f.QhD(Q. Py 1) f.he D(Q.®)) f€1) . (7.33)

Regarding the second term, since the contracting homotopies h and h. annihilate ®;, the left-

most factor fe reduces to the identity operator I. This yields

limco (@0, 71Qch D(Q®y 1) -+ feheD(Qu®1) f1) (7.34)
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This term vanishes trivially when n > 3, because the projection m; acts on a tensor product
involving at least two factors. In the case of n = 2, the term w((I)g, QECIDI) survives. However,
as € — 0, Q. becomes Q. Since ®; and ®, are elements of V), the action of Q) on ®; causes
the entire expression to vanish. Therefore, the second term in (7.33) vanishes. To proceed with
the calculation of the remaining terms, let us analyze the operator hD(Q.®;). We consider
the action of this operator on a generic element a; ® --- ® ag, where all a; vanish under the
action of h.. The operator D(Q.®;) acts in the form:

QP ®a®- - @ ay

k-1
+ )y ()T @ @ QP @ a1 @ - @ ay,
=1

1)@t @ @ a @ QD (7.35)

N~

+

However, since h, acts only on the rightmost tensor factor, only the contribution where Q.®;
is located at the rightmost position survives the action of h.. This action of h, then removes
Q., simplifying the expression to

heD(QP:)(a1 ® - @ a) = a1 ® -+ @ ar @ heQcP; . (7.36)

Taking the previous result into account, and leveraging the relation h.Q.®; = ®; (since P; is
annihilated by h.), the remaining term in (7.33) is expressed as

- yggw(cbn, mmf, ( o fe(f(fl0 D)@ By) - ® <I>n—1)) : (7.37)

Here, the operator f¢ acts solely on the argument contained within the parenthesis that directly
succeeds it.
On the other hand, let us consider
- 1 - N ( —h(m +ih U))n . (7.38)
I+ h(m+ihU) —

n

f

The operator h has two patterns of action: (i) h acts on the rightmost factor, or (ii) h acts at
an intermediate position, but the element immediately following it is subject to the projection
P (which also covers the rightmost factor). The former pattern of action is identical to that
of he. Due to the identity Ph = 0, once pattern (i) has occurred (i.e., h has acted on the

rightmost factor), pattern (ii) is precluded from appearing anywhere in the subsequent chain
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of operators. Consequently, for ®;,...®, € V) the action of f can be written as

f(®,0--@d,)

=1lim> Y (—hd(m+ihU))"[( = h(m+ih0)) (@1 @ - ® §y1) @ PD,] |
k=0 =0

Here, the action corresponding to pattern (i) is realized by lim,_,q h.. By applying this recur-
sively and finally utilizing the relation f1 = f.1, we obtain

F(O,0 00, = li_r)%ﬂ(---fe(fe(fel@P(I)l) ®P<I>2)---®P®n> . (7.40)

Since P®; = ®;, the right-hand side is precisely the term included in (7.37). Consequently, the
expression (7.37) can ultimately be written as

1
I+h(m+ihU)

which is exactly the minimal model itself.

—w <(I)n7 ™m T, ((I)l R ® (I)nfl)) , (741)

Furthermore, it is possible to obtain an expression corresponding to (7.37) from (7.31)
without performing the substitution @6 — .. This procedure corresponds to the correct
amputation of the external lines. This is achieved simply by the substitution ®; — h.Q.P;:

- 11_1;%60(]”&6@6@”, 71'1’rnfe < T fe(fe(fel & he@eq)l) @ he@eq)2) e ® he@eq)n1)> . (742)

where the transformed ®; belongs to the cohomology of @\ We must re-emphasize the caution:
although taking the limit € — 0 might seemingly cause the expression to vanish, this procedure
is safe because @5 is utilized to amputate the external lines and is subsequently eliminated
before the final limit is taken.

7.4 Off-shell amplitude

The minimal model (7.16) restricted its input to the space V ). Correspondingly, the expression
(7.37) obtained via the LSZ reduction formula also limited its input to V"), Alternatively, the
expression (7.42), obtained through the correct amputation of external lines, restricted the
input to the cohomology of @ However, the majority of the calculations required to obtain
expression (7.37) hold true provided that the input is simply annihilated by h and h.. The only
step where the restriction ®; € V) was utilized was in evaluating the second term in (7.33),
where we specifically required w(®,, Q®;) = 0. Consequently, if we do not restrict the input to
V®) but instead extend it to the larger space V) @ V(@) we obtain the following expression:

02w (P2, QP1) — limw (cbn, mimfe ( f(f(f1@P)@Dy) - ® <I>n—1)) o (T43)
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where, 0, 2 equals 1 if n = 2 and 0 otherwise. This expression is defined on a space broader than
V) (the on-shell space) and can therefore be interpreted as an off-shell amplitude. However,
since this expression is derived using a naive amputation of the external lines, one must use
the substitution ®; — hEQ\GCDi to obtain the correct amplitude, as discussed at the end of
the previous subsection. The first term can be interpreted as the tree-level two-point off-shell
amplitude. This term vanishes in the on-shell regime, which corresponds to the absence of the
two-point on-shell amplitude in the minimal model. In conventional field theory, the two-point
on-shell amplitude is generally non-zero, but our current formalism cannot reproduce it. A
method for obtaining the two-point on-shell amplitude within the context of homotopy algebra
by considering boundary terms has been proposed in [60]. However, since the scope of this
work does not include the consideration of boundary contributions, we shall consequently omit
the two-point on-shell amplitude from our subsequent analysis.

Now, let us consider the consequences of extending the input space to include elements
belonging to V(@ If an element of V(@M is directly inserted as the input for expression (7.43),
it generates contributions that are distinct from the diagrams produced by the minimal model,
resulting in terms that cannot be interpreted as an amplitude. As long as the input is restricted
to the space V) @ V(@) (where elements are annihilated by h), the contracting homotopy h
only acts on m,, or U. These actions correspond to propagators connecting vertices or forming
loops. However, if the input includes elements from V(@" (which are not annihilated by h),
contributions arise where h acts directly on these input elements. Such contributions cannot
be interpreted as an amplitude. Therefore, let us now consider an expression that can expand
the input space to include V(@" while preserving the generated diagrams.

In the tree-level case, where f. is replaced by fe(o) =3 +i1€m’
is available [46]. Here, the operator m is understood not to include quantum corrections and

a relatively simple expression

merely satisfies the A, relations. Our starting point is to consider a cohomomorphism F

satisfying the relation
mF =m (I— hmF). (7.44)
Here, a cohomomorphism is a map F' : TV — TV that satisfies the relation
AF = (F®' F)A, (7.45)

with respect to the coproduct A. Furthermore, F is entirely determined by its component 71 F’,
with the higher components given by the tensor powers:

F=m+)Y (mF)™". (7.46)
n=1
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Formally, such a cohomomorphism F' can be constructed by solving the defining relation re-
cursively, yielding the expression for the first component as

mF =ml—mhm + mihmD(mhm) — mhm v/ (D(mhm) ®' D(Wlhm))A + - . (7.47)

where D(mC) for a map mC : TV — V represents the coderivation generated by m C, as
defined by

D(mC) =Y D(mCr,), (7.484)
n=0
k—n
D(mCmy)m =0 for k < n, D(m Cmy)y = ZH@ ® mCr, @ [®F for k >n
i=0
(7.48b)

where deg (C) denotes the degree of m;C. Here, C is not necessarily a coderivation, but if it
is, the relation D(mC) = C holds.

To express this in a closed form, we proceed as follows: First, consider V' as a copy of the
vector space V and let {e/} be a basis of V/. We assume that h vanishes upon acting on V".
Here, we introduce three new linear maps, €:V =2V P VpV >V and J: VpV' = V.
Here are the definitions of the maps ¥, 3, and J acting on the basis elements. The map T acts
as a transference, mapping the basis of V' directly to the basis of V":

Te, =e,. (7.49)
Conversely, 8 acts as a projection onto V":
Pe, =0, Pel, = e, (7.50)
Finally, J integrates the elements of V and V' into V:
Jes = ey, Jel, =es. (7.51)
From these definitions, it immediately follows that

1T =1y, (7.52)
PT =7, (7.53)

We promote these to operators on the tensor algebra as follows:

T = T, T, =J%" forn>1, (7.54)
B = 7, P, = I form>1, (7.55)
J=m, Im,=3""  forn>1, (7.56)
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Furthermore, we define h and m as follows:

n—1

bro=0, b= (Iyev)*@h@P* ' forn>1, (7.57)
k=0

m = D(mm7J). (7.58)

Using these operators, the cohomomorphism F' satisfying condition (7.44) can be constructed

as

1

F=7J—% 7.59
I+ bHhm ( )

However, for the subsequent discussion, the specific form of this expression is not crucial; what
is important is that it satisfies condition (7.44).
This cohomomorphism F' possesses a left inverse, which is also a cohomomorphism and is

given by
7T1F_1 =T (I + hm) . (760)

Indeed, it is straightforward to verify that this is the left inverse. Given that the composition of

cohomomorphisms is again a cohomomorphism, it is sufficient to check only the 7; component:

mF'F =7(I+hm)F,
=mF +mhmF,

Showing that F~! is also a right inverse is less trivial. In general, we compute the following

composition:

mFF ' =m (I —-hmF)F,
=mF ' —mhmFF,
=mI+mhm — 1 hmFF™'. (7.62)

The resulting recursive expression makes it non-trivial whether the second and third terms
on the right-hand side cancel out. However, within the framework of perturbation theory,
solving this expression recursively reveals that the second and third terms cancel at every
order. Therefore, within perturbation theory, F~! acts as both the left and right inverse of F.
In the following discussion, we assume this perturbative behavior and its inverse F~! satisfies

the full relations

F'F=FF'=1I. (7.63)
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This cohomomorphism F' satisfies
F(# @@ ®,) = lmm fORD(Q,) - fORDQb) O,
e—

=l fO (- FOFOEO1Iom) 0 0) o), (6
€E—

for all inputs ®4,...,®, € V) @ V*Q) Note that fe(o)l = 1. We intentionally write f€(0)1
here to facilitate comparison with the loop-level case. Moreover, the set of generated diagrams
remains invariant even if the input includes elements from V(@") because the contracting ho-
motopy h always appears in the form 7 h. Consequently, this expression allows us to write
down the off-shell amplitude that is valid even for inputs in V(@". The proof of (7.64) is as
follows: The proof utilizes the identities

AFO = [fO @ my+ I @ fO]A, (7.65)
Ah.D(Q.®) = [h.D(Q.P) ® 7+ I @ hD(Q.P)]A. (7.66)

The first identity holds true specifically on the subspace that is annihilated by the contracting
homotopy h. Utilizing these identities, we proceed to demonstrate the relation

lim F1fOnDQ®D,) - fOhrDQP)fO1=d, @ -2 ,. (7.67)
€E—r
Let us first examine the case where n = 1. The 7, component can be calculated as follows:

mF 7 fORD(Q.0)) fO1 = V(my & m)AF £ O D(Q.0) fO1,
= F fOn DQ.0)1@mF 1
+m F'1emF th.D(Q.®))1. (7.68)

The first term on the right-hand side vanishes because the identity F~'1 = 1 holds. (This
relies on the standard tree-level assumption that m1 = 0.) The second term remains only
when k£ = 1. In this case, the expression can be calculated as

1

: ~1.£(0) — —
gy P £ R D(Q )1 =l (T + hom) 1

D, . (7.69)

As previously mentioned, h and h, are distinct in the limit ¢ — 0. However, myh = h and

1

Tinom simplifies to 1. Consequently,

mhe = he coincide. Therefore, the expression 7 (I +hm)
we can first state the result for the n = 1 case as

lim F1fOnDQD)f 91 =a,. (7.70)
€E—
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Next, we employ mathematical induction: assuming the validity of relation (7.67) for all degrees
up to n = m, we demonstrate its validity for n = m + 1. Utilizing identities (7.65) and (7.66),

we obtain
lim AF ™ fORD(Q 1) - FOhD(QP:) fO1
—lim |[F ' fORD(Q@i1) - FORD(QP1)1 & F 1
+F 10 F U UfORD(QPpi1) - FOhD(Qc1)1

+Y F T fORDQ®pii1) - fORD(QP1)1
k=1

@ FfOh.D(Q®Ppi1) - FORD(Q®ki2)1] (7.71)

From the inductive hypothesis, the third term on the right-hand side is equal to
D 2@ @ Py @ Prppy2 @+ @ Py (7.72)
k=1

We now calculate the 7, component using the identity 7, = /(71 & m1)A. The first term
vanishes for the same reason as in the n = 1 case. In the second term, only the £ = 1
component of the left side of the ® product survives; however, in this instance, the right side
always involves two or more tensor factors, causing the entire term to vanish. The third term
survives only when k& = m + 1 and only when the right-hand side of the ® product has exactly
one tensor factor. We ultimately obtain

lim F'fOrD(QPpi1) - F PR DQP)fP1=3® - @Pps. (7.73)

e—0

This completes the proof of identity (7.64). Consequently, the tree-level off-shell amplitude can

be written as
5n,2 W((I)Q, Q(I)l) — W <(I)n, ’/TlmF(CI)l R ® q)nl))> . (774)

This expression is applicable to the entire vector space, V. = VPV @M gV (@) Furthermore,
the component mymF is cyclic. This property can be shown as follows. It suffices to show that
(| (mmF @m +m@mmF) =0. (7.75)

Using the definitions of F' and F~!, we compute the following expression:

(w] (7T1mF QM +mT® 7r1mF) = (w] (7T1m mF'4+mF'® 7T1m)F ,
= (w|(mm@m +m @mm)F
+ (w| (mm R hmim + hmrim ® 7r1m)F. (7.76)
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The first term on the right-hand side vanishes due to the cyclicity of m. Furthermore, the
second term vanishes because of the assumed property of the contracting homotopy h given in
equation (5.5). This concludes the proof that mymF is cyclic, which subsequently allows us to
state the following identity for the amplitude:

w(@n,mmF(CI)l ® - ® c1>n_1)>> ~ w(@l,ﬂlmF(Cbz ®--® c1>n)>> . (7.77)

This relation is precisely the statement of crossing symmetry. Note that the ability to write
cyclicity in the form of (7.75) stems from the fact that the A, algebra is defined on TV.
Conversely, L., algebra, which is defined on SV, cannot be written in this straightforward
manner and thus requires a different treatment.

The loop-level case is more complicated and cannot be expressed using a cohomomorphism.
However, the amplitude can be written in terms of an operator F satisfying

=1
F=m+)Y, EFA” . (7.78)
n=1

Here, F' is an extension of the tree-level operator, satistying

k

TR - NS
T F = ) (=)=t +Skmesl/\---/\esk/\m(I—hm}')D(hek)---D(he1).

S15-35k

(7.79)

The operator A denotes the symmetrized tensor product (2.48). It is important to note the ap-
pearance of the symmetrized tensor product, even though we are working within the framework
of quantum A, algebra at the loop level. In the classical limit (A — 0), only the component
m F' remains non-trivial, and the operator F coincides with the tree-level cohomomorphism F'.
This operator F is not a cohomomorphism ? because it does not satisfy the required property,
ANF # (.’F Q' F )A. In fact, the loop-level off-shell amplitude obtained via naive amputation
can be written using the operator F as

(Sn’Q CL)((I)Q, Q(I)l) — W <(I)n, 7r1m.7-'((1)1 Q- ® CI)nl))) . (78())

As the derivation is rather technical, we defer the full proof to Appendix A. Furthermore, the
component mymJF is also cyclic, leading to the crossing symmetry of the amplitude. We defer
the detailed proof to Appendix B.

2In the context of quantum L., algebra, a similarly constructed object is referred to as an IBL., algebra.
However, the author is currently unaware of the general terminology for this structure within the present
quantum A., algebra framework.
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8 BSFT-like Action

The cohomomorphism F', defined by equation (7.44) and derived from the tree-level off-shell
amplitude in the preceding section, yields an interesting observation. This invertible cohomo-
morphism allows for a field redefinition in the theory. This field redefinition can be utilized
to rewrite the classical action that is originally constructed based on the A, algebra struc-
ture. Specifically, if we consider the action of (bosonic) open string field theory based on A
algebras as the original action, the redefined action exhibits properties analogous to the action
of Boundary String Field Theory (BSFT) [47, 48, 49, 50, 51]. Consequently, this redefined
action is referred to as the BSFT-like action. The relationship between the A, algebra and
BSFT remains an open question. The existence of this BSFT-like action strongly suggests that
the BSFT action can be rewritten as an A, algebra-based action through a field redefinition,
hinting at a deep and unclarified equivalence between the two formalisms. This section is based
on [46].

In this section, we denote the basis simply as e, as there is no need to distinguish between

discrete and continuous labels.

8.1 BSFT-like action from field redefinition

Let us consider the classical action S based on the A, algebra

= 1 1
S=— o, m M, : 8.1

;n—Flw( M) (8:1)
We consider the action corresponding to open string field theory later, but for the present, we
continue the discussion of general field theory based on A, algebra. Here, we redefine the field

® using the cohomomorphism F':

F=m+)Y (mF)™", (8.2)
n=1
mEF =m (I - hmF) , (8.3)

obtained in the previous section, introducing a new field ¥ such that

1
O =mF—— 4
T (8.4)

Since F' is a degree-even map, the new field ¥ must also be degree-even. The new field VU is
gauge-fixed in the same manner as ®. This implies that ¥ belongs to the space V) @ V(@)
Therefore, the field ¥ is annihilated by the contracting homotopy h. When the field ¥ is
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expanded in the basis of the space V) @ V(@) a5

U = > e, (8.5)

escVP)pV (hQ)

the coefficients 1® are the elements that correspond to the fields in conventional field theory.
Furthermore, since F' is a cohomomorphism and is entirely determined by its m; component,
the following identity holds:

1 1

Conversely, this identity implies that the field ¥ can be expressed in terms of ¢ as

1
UV=mF'1—. .
1 11— (8 7)

By rewriting the field redefinition equation, the field ¥ can be expressed as

U= P@—l—mhML. (8.8)
1—-9

Here, we used (4.4) and gauge fixing condition h® = 0. This equation clearly establishes the
relationship between the original field ® and the redefined field ¥. For a solution ® of the
equation of motion M ﬁ = 0, the corresponding ¥ belongs to the ()-cohomology. When the
(Q-cohomology is trivial, such as in bosonic open string field theory (OSFT) on the tachyon
vacuum, the corresponding ¥ for any solution of the equation of motion for ® is always zero.
This outcome might seem strange because, in this case, ¥ cannot distinguish between trivial
and non-trivial solutions. However, this issue stems from the subtlety of the existence of the
operator F' and the fact that F~! being a right inverse of F' is non-trivial in a non-perturbative
setting. Since we are considering only the perturbation theory in this work, this issue does
not pose a problem. In general, even if ¥ belongs to the ()-cohomology, the corresponding ®,
defined by equation (8.4), does not necessarily solve the equation of motion M ﬁ = 0. The
equation of motion for ® is equivalent to the following equation, which is expressed entirely in
terms of the redefined field ¥

1
F'MF——=0. 8.9
T U (8.9)
Let us now evaluate the composite operator F~'MF. First, since M is a coderivation and
both F~! and F are cohomomorphism , it immediately follows that the composite operator

F~'MF is also a coderivation. Therefore, it is determined only by the m; component. Using
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the A relations and Qh + h@Q + P = I, we can calculate as

mF 'MF =m (I +hm)(Q+m)F,,
=Qm(I — hmF)+ mmF +mhm(Q+m)F
—mQ+m(I - Qh— hQ)mF,
=mQ +mPmF, (8.10)

This equality holds as a coderivation:
F'MF =Q+D(mPmF), (8.11)

Since M is nilpotent, the left-hand side of (8.11) also squares to zero. Ultimately, the equation
of motion (specifically, m component of it) is given by

1
QU +mPmF—— =0. (8.12)
1-v
By acting with the projections P and I — P onto ()-cohomology from the left, this equation of

motion requires that the first and second terms, respectively, are zero:

QY =0, ﬂleF; =0. (8.13)
1—-v
Given that ¥ € VP) @V (@) the first equation implies that ¥ belongs to the Q-cohomology. The
second equation imposes an additional condition. The operator mymF, as seen in the previous
section, gives the amplitude. Therefore, since the input ¥ belongs to the Q-cohomology (by the
first equation) and the output is also restricted to @-cohomology by P, this condition requires
that the sum of the on-shell amplitudes vanishes.

Let us rewrite the action (8.1) using this field redefinition as

= 1 1 1
5= ( F—— mM nF—) 8.14
;n—l—lw T T 7 (8.14)

For computational convenience, we employ the following equivalent expression:

! 9 1 1
S = —/0 dtw<§7r1F1——\Il(t)77T1MF1——\I/(t)> s (815)

where U(t) is a smooth function satisfying:

U(1)=V,  W(0)=0. (8.16)
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In order to rewrite it this way, we used the cyclicity of M. Since the left input of the symplectic
form w in equation (8.15) is annihilated by the contracting homotopy h, we can insert the
operator F~! into the right input and apply the identity (8.10) to rewrite the expression as

S = /dtw(aat Fl_;w,@lf(t)) /dw(a@t Fl_;w,mpmpl_;w)
(8.17)

Let D( Oyt )) denote the coderivation generated by the ¢-derivative %\If(t). The t-derivative
of the component m F ( 3 is then expressed as

0 1 0 1
—mlF———=mFD U(t)) ————. 1
ot T —w) (Y™ 1= T() (8.18)
Substituting this result into the action, we obtain the following expression:
! 0 1
= FD U(t)) ——— QU 1

s /Odtw<7ﬁ (= ”)1—%)’@ 1), (8.19)

! a 1 1

For the second term of this expression, utilizing the identity Pm F = P, we rewrite the expres-

sion as

- /O1 dtw(%‘lf(t),umFl_—l\Ij(t)> . (8.21)

We now compute the first term using the definition of F':

/01 dtw(wlFD(aat\I/( ))1_;%,@@(75))
)

= —/01 dtw(%\l/(t),@\l/(t)) /0 dtw(mhmFD(at\I/( N0 (),Q\IJ( ))
_ /dW(g W(t), QU(t ))+/01dtw<hQ\p(t),mmFD(%\If(t))l_;w>. (8.22)

Applying the identity Qh + h() = 1 — P to the second term of this expression results in
! %) 1
dtw( (I — P)W(t FD(—=V(t)———) . 2
| ave((t=Pyu) mimPD(Gv0) =) (8.23)

Next, we insert the following trivial identity (zero):

0= —/01 dtw(%\l}(t),mmFl_;\P(t)) +/01 dtw(%\l/(t),mmFl_;\Ij(t)) (8.24)
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Combining all terms, we ultimately obtain the action S in the following form:

S:_/Oldtw(%qj(t)’Q\Ij(t)> _/Oldtu}(%\l/(t)’mmFl—;\P(t))

+/0 dtw((ﬂ_P)\y(t),mmFD(%xp(a)l_;W). (8.25)

Thanks to the cyclicity of mymUF' as established in the previous section, the action’s integrand
can be written as a total derivative with respect to t. This allows us to explicitly perform the

t-integration and obtain the following expression for the action S:

) n w((]l ~ P)Y, mmFﬁ) . (8.26)

1 = 1 1
S = —5w(¥,Q) - ; —w(vmmET,

For clarity, we define the following operator:

mW = —-Q +mmkF. (8.27)

As previously shown, the first term () corresponds to the two-point amplitude, while the second
term mymUF' encodes the higher-point amplitudes. Note that the relative sign between these
two contributions is opposite. The tree-level action S can now be compactly written as

1

S:—inilw(\p,mwmquj) +w<(]I—P)\IJ,7r1Wm>. (8.28)

We refer to this final expression as the BSFT-like action. Furthermore, the variation of this
BSFT-like action can be written as
1 1
= —w(m FD(A¥)—— MF—) 2

s w<7r1 (A0)— mMF——) (8.29)
where D(dW¥) denotes the coderivation generated by dW. The name BSFT-like is motivated by
the fact that if the original action is taken to be the open string field theory action, then this
action (8.28) and its variation (8.29) exhibit properties similar to those of Boundary String Field
Theory (BSFT). A brief review of BSFT appears in the following section, and a comparison
between BSFT and the BSFT-like action is conducted in the section immediately succeeding
it.

8.2 Overview of Boundary String Field Theory

Boundary String Field Theory (BSFT) is one of the formulations of open string field theory.
Crucially, BSFT is currently formulated only at the tree-level. While conventional SFT defines
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its fields as elements of the string Hilbert space, BSF'T adopts a different approach. In BSF'T,
the field degrees of freedom correspond to the boundary perturbations introduced into the
worldsheet theory. Specifically, we consider the action Igpr corresponding to the closed string
background and a set of local boundary operators V(#) defined on that background. The
perturbed action is then given by

[QFT = ICFT — %de V(Q) , (830)

where 0 is the coordinate along the boundary. The resulting perturbed action Igpr is generally
not conformally invariant. This is the reason we denote the perturbed action as Iqpr. The
degrees of freedom in BSF'T correspond precisely to the freedom in choosing the local boundary
operator V(6), which is equivalent to the freedom in choosing the perturbed action Iqgpr.

The variation of the BSFT action was originally given in [47] as

dSBSFT == %d@l %d82<d(CV(61)){QB, CV(QQ)} >IQFT s (831)

where (-) denotes the correlation function on the disk, which is calculated as the expectation

IqrT
value Wit}?respect to the perturbed worldsheet action Igpr, and ) denotes the BRST operator
associated with Igpr. Naively, the expression appears to vanish when {Qg, ¢V (0)} = 0, but this
expectation is incorrect. The reason is that the expression in 8.31 involves contact divergences
between the boundary insertions, which necessitate the introduction of an appropriate cut-
off and subsequent renormalization. Although a universal regularization and renormalization
scheme applicable to all cases is, to the best of the author’s knowledge, unavailable, the appear-
ance of nonlinear corrections in {Qg,cV (0)} has been demonstrated in several explicitly com-
putable settings. As a result of this necessary regularization procedure, the anti-commutator
acquires nonlinear corrections in the renormalized expression. Incorporating these corrections

and with appropriate regularization, the variation of the BSF'T action can be written as

dSpspr = 7{ a6, 7{ d02<d(cV(01)) {Q,CV(QQ)}> : (8.32)

IgrT

where Q is a nilpotent operator that is no longer linear in V' (6):
{Q.cV(0)} = {Qs, cV(0)} + O(V). (8-33)

This variation of the BSFT action is known to be proportional to the worldsheet S-function.

This relationship is given by

oS .
o = ;Gstﬁ . (8.34)
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Here, 1* denotes the coupling of the local boundary operator Vi(6), 8° is the worldsheet (-
function corresponding to that coupling and G denotes the Zamolodchikov metric defined
on the worldsheet action Igpr. In particular, when V(6) is a marginal operator such that
{@s,cV(0)} =0, the higher-order terms of the non-linear operator Q are determined through
string amplitudes [61]:

(d(cV(m){Q.cV(0)}),, .. = d vy, v), (8.35)

n=2 n

where V™ denotes the n-point string amplitude 3.
The (bosonic) BSFT action derived through this variation is given by

0
Seser = Zp, — » _f3° 5 ¢SZD2 : (8.36)

where, Zp, is the disk partition function of Igpr. In particular, the disk partition function Zp,,
when expanded around Icpr, can be written as

o0

Zp, =Y %< Jqf a0,V (0,) }{ A0,V (0) - - 7{ 0.V (6)) (8.37)

n=0

However, this formal expression involves contact divergences and therefore requires appropriate
regularization and renormalization. In the case of superstrings, it is expected that the action
is given by the first term alone [63, 64]. However, since this topic is beyond the scope of the
current discussion, we do not consider it further here.

BSFT is particularly well-suited for studying tachyon condensation [65, 66] and the structure
of D-branes [67, 68]. Unlike conventional SFT, BSFT constructs the action directly from

worldsheet path integrals, resulting in a manifestly background-independent formulation.

8.3 Comparison between BSFT-like and BSFT

First, let’s compare the variation of the BSFT-like action (8.29) with the variation of the
standard BSFT action (8.32). We use the identity

1 1 1
D( F-lMF—)— —F'MF—— .
™ 1-0/1-v -0’ (8.38)

to rewrite the expression for the variation of the BSFT-like action as follows:

,wlFD(mF‘lMF;);> . (8.39)

ds = —w (wlFD(d\If) —) o

1—-v

3Although it is now known that the on-shell two-point amplitude in string theory is non-zero [62], Refer-
ence [61] was published prior to this understanding and therefore does not explicitly address it. Consequently,
we disregard the on-shell two-point amplitude for the purposes of the current discussion.
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We now define a new symplectic form wy as

w(A B) = w(mFD(A)lL, wlFD(B)$> | (8.40)

for A,B € V and D(A) denotes a coderivation generated from A € V. This new symplectic
form satisfies the graded anti-symmetric property. Using this definition, the variation of the
BSF'T-like action can be rewritten as

|
dS = —wy (d\I/, ﬂlF‘lMFm) . (8.41)

This form facilitates a direct comparison with the variation of the BSFT action (8.32). Con-
sidering that the initial action based on A, algebra corresponds to the (bosonic) open string
field theory action, the string field ¥ can generally be written using a local boundary operator
V(0) as

T = ¢V (0)0) . (8.42)

Furthermore, the symplectic form w is defined from the two-point correlation function on the
worldsheet, typically constructed using the BPZ inner product. In this context, the new sym-

plectic form wy is analogous to

f a6, f d02<A(91) B(92)>IQFT , (8.43)

in the sense that both are symplectic forms depending non-linearly on the local boundary
operator V(f). Since wy depends on the choice of the interaction terms m, and symplectic
form w, there is a possibility that both symplectic forms could be made exactly identical,
depending on how m, and w are chosen. Since M is nilpotent, the operator F~'MF is also
nilpotent. Furthermore, this operator can also be written in the form of (8.10). From this form,
it is clear that the operator is nonlinear, and its linear part corresponds to the kinetic operator
(which, in this context, is the BRST operator @g). In this regard, F"'MF is analogous to
the nilpotent operator Q found in renormalized BSFT. Let us specifically consider the case
where the input field ¥ belongs to V) (i.e., the corresponding local boundary operator V(6)
is marginal). In this scenario, the linear part of the operator m F 1M F vanishes, and the
operator simplifies to m; PmF'. The variation of the BSFT-like action in this case can then be

written as
1
ds |marginalz _w(dquﬂlmeﬁ) . (844)

This expression is precisely consistent with (8.35), as it corresponds to the sum of on-shell
amplitudes.
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Next, let’s focus on and compare the forms of the BSFT-like action (8.28) and the BSFT
action (8.36). The first term of the BSFT-like action, given by

=1 1
— U, mW n—) 8.45
;wrl“( MWy (8.45)

can be interpreted as the sum of off-shell amplitudes. Note that the n-point amplitude term is

naturally associated with the factor of 1/n. In open string theory, the tree-level amplitude is
equivalent to the disk correlation function calculated on the worldsheet. Therefore, the action’s
first term can also be interpreted as the sum of disk correlation functions. On the other hand,
the first term of the BSFT action itself is the disk partition function Zp,. While Zp, can be
formally expanded around Icpr as shown in (8.37), if we rewrite the expression such that the
boundary insertion coordinates 6y, ...,0, are ordered sequentially (¢; < 6y < --- < 6,), the

partition function is given by

Zp, =Y l< jél%gm% d6:d0s - - - d, V(6,)V () - - - V(@n)> . (8.46)

oo

n I
n=0 CFT

This expression, including the factor 1/n, corresponds to the first term of the BSFT-like action
(8.45). There is a crucial difference, however: while expression (8.46) requires appropriate
regularization due to the presence of contact divergences, expression (8.45) is a formulation
that inherently does not give rise to divergences. Excluding this difference in the divergence
structure, both actions could potentially be made identical, depending on the specific choice of

the interaction terms m, and the symplectic form w. Let us examine the second term in the
BSFT-like action:

w((]l— P)\I/,mwﬁ). (8.47)
This term can be rewritten as
w((ﬂ ~ P)7, mWﬁ) - Z(—1)%((]1 - P)\I/,'€S> w(es, mwﬁ) , (8.48)

S

When the field ¥ satisfies the equation of motion (8.13), it follows that ¥ € V(7). Consequently,
the factor w((]I — P)U, E“) vanishes in this case. Furthermore, since ¥ is annihilated by h, the
¢ elements belonging to the subspace V@) do not contribute to the factor w((]l — P)V, ES) .
Consequently, regarding the second factor, w (es, 7T1Wﬁ>, the basis elements eg belonging to

the subspace V(@M also do not contribute. The remaining basis can thus be regarded as the one
spanning the field ¥, consistent with (8.5). Given that W is cyclic, the factor w(es, 7T1Wﬁ>

can be written as

a o0
awznilw(\p,mwml_l@). (8.49)

n=1
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Taking this into account, the second term of the BSFT-like action is structured as
—(Terms that vanishes when WU satisfies the EOM) x (Derivative of the First Term). (8.50)

This structure is analogous to the second term of the BSFT action:

—zs:ﬁsaZSZDQ. (8.51)
Recall that the equation of motion for BSFT is proportional to the worldsheet [-functions.
However, there is a distinction: the second term of the BSFT-like action vanishes under the
weaker condition ¥ € V), whereas the second term of the BSFT action generally does not
vanish under the corresponding condition alone (i.e., when V() is marginal). In summary,
while both the first and second terms of the two actions exhibit broad structural similarities,
there are also subtle differences. However, if we restrict the field to ¥ € V)| the BSFT-like
action simplifies to

=1 1 1
[ <\Il P Pr, ) 8.52
;nJrlw Ry e (8:52)

which is a sum of on-shell amplitudes. Similarly, from (8.35), it is immediately apparent that
the BSFT action also reduces to a sum of on-shell amplitudes:

o0

1
SBSFT:ZEV”(V,...,V). (8.53)

n=3 n

Therefore, the two actions coincide in this regime. In other words, while the first and second
terms of the BSF'T-like action and the BSFT action differ slightly from each other individually,
these differences cancel out—at least within the range of ¥ € V(¥)—resulting in identical ex-
pressions. Considering that each term in the BSFT action was an ill-defined quantity requiring
regularization, it is reasonable to interpret the BSFT-like action as a regularized formulation
where each individual term is rendered well-defined.

It is worth commenting on the algebraic structure of the BSFT-like action. The variation
of the BSFT-like action (8.29) is described in terms of the symplectic form wy and a nilpotent
coderivation—specifically, the products m F~'M Fr,, which satisfy the A, relations. In this
respect, the structure is identical to that of a standard action based on A, algebras (8.1).
However, a crucial distinction in the present case is that the products 7 F~'M Fr, are not
cyclic with respect to the symplectic form wy. This lack of cyclicity is the precise reason why
the form of the action deviates significantly from that of a standard case. Nevertheless, when
restricted to the subspace ¥ € V)| cyclicity is restored. Consequently, the action recovers the
standard form based on A, algebras, and the minimal model is obtained.
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8.4 Extension of BSFT-like action

Thus far, we have constructed the BSFT-like action based on A, algebra, bearing in mind
its correspondence with BSFT, which serves as the tree-level theory of open string field the-
ory. By virtue of this algebraic construction, the method is readily extensible to L., algebra.

Furthermore, let us consider the extension from tree-level to loop-level.

8.4.1 BSFT-like action for L., algebras

Let us extend the construction of the BSFT-like action to the framework of L., algebra.Since
tree-level closed string field theory is described by an L, algebra [7], this suggests the existence
of a formulation for closed string field theory where the string field degrees of freedom are
defined by a worldsheet QFT, analogous to BSFT.

Let us start with the action based on the L., algebra:

. <I> ,mMmLm,(PA---AND )) . (8.54)
By defining the exponential e® as
1
—1+<I>+2'<I>A<I>+3<I>/\<I>/\CI>+ (8.55)
the action can be written as
= 1
S=- ; (@, mLme?) (8.56)

In this form, the structure is nearly identical to the A, algebra case, requiring only the simple
substitution ﬁ — e®. The cohomomorphism F' is constructed using the exact same procedure

as in the A, algebra case:

= o + Z (mF)" (8.58)

Here, we express the operator using symmetrization to reflect its action on the symmetric tensor
algebra. Using this cohomomorphism F to redefine the field as ® = m Fe¥, and following a
procedure parallel to the A, algebra case, the action can be rewritten as

S = —%w(\ll, QV) +w((I— P)U, miFe) — /1 dtw(g\lf(t), milFe’ ™). (8.59)

0 ot
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Here, U(t) is defined by (8.16). Assuming the cyclicity of mIF, the calculation proceeds parallel
to the A, algebra case, leading to the result

_ - 1 4 ]
S = —;n+1w<\11,7r1W7rne )+w<(]I—P)\IJ,7r1We ) (8.60)

We address the proof for the cyclicity of ml F' subsequently; for now, we first turn our attention
to commenting on this result. This expression has the exact same form as the BSFT-like action
obtained in the A, algebra case. This structural identity leads to a powerful interpretation:
specifically, if we consider the action based on L., algebra to be that of closed string field
theory, the redefined field ¥ corresponds to a local bulk operator on the worldsheet CFT. The
first term of the action is then interpreted as the sphere partition function of the QFT, shifted
by that local bulk operator. Furthermore, a formulation that relates the worldsheet QFT
degrees of freedom to spacetime fields has also been proposed in [69]. However, the expression
we derived appears different from this previous formulation at first glance. Specifically, the
formula in [69] gives the spacetime action as a product of the C-function on the plane and the
partition function on the sphere. Although the two formalisms are expected to be equivalent,
the precise relationship between them is currently unknown.

Let us demonstrate the cyclicity of mlF. The cyclicity condition in A, algebra could be
expressed as (7.75); however, since L, algebra is described on the symmetric tensor algebra
SV, cyclicity cannot be written in this form. Instead, the condition:

N miFe Ae, =Y (wllFES ®es+ (—1)%es ® ﬂllFés) ~0, (8.62)

S

is equivalent to the cyclicity condition, and we now proceed to prove this condition. First,

mlFe® can be written as

mlFe® =ml(F AnmFe*AF),
=ml(FAm(I—hlF)e°AF). (8.63)
Using this, we obtain
S miFE @e, =Y [mUFATAF) @e,~ml(FAMBFENF) @e,| . (3.64)

Here, applying the cyclicity of I to the first term allows us to exchange the order of [(F Ae® A F)
and e, (with the appropriate sign factor). In the second term, we would also ideally use cyclicity
to move the factor ey to the left-hand tensor factor. However, performing this manipulation
requires assuming the cyclicity of mlF'. Since this cyclicity is precisely the property we are
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currently trying to demonstrate, using it as an assumption at this stage is not permissible. To
circumvent the problem of circular reasoning, we separate mlF by the degree of the interaction
l. Let [WllF](”) denote the components up to degree n. We proceed with the proof using
mathematical induction on this degree n. The base case, [mIF|V) = ml, is cyclic. For the
inductive step, we assume cyclicity holds up to degree n and then continue the calculation for
degree n+1. Considering the component of (8.64) at degree n+1, the factor m I F in the second
term on the right-hand side is of degree n or less. Therefore, by the inductive hypothesis, it is

cyclic, which allows us to calculate as

Y ImIF|" e @e, =) (—1)He [es @ml(F AT AF)

1 (n+1)
~mU(F Ahe, NF) @ miFe|

= (=1t [es @ml(FAe AF)

S

— (-1)"ml(F Ae® AF) @ mIFD(he,)

=Y (- e, @mU(F AS AF)

s

Y

] (n+1)

(n+1)
—e,omIFD(nh(F AT AR (865)
In the first term of the final expression, 7T1l(F Aes N F) can also be written as

ml(FAS ANF)=mlFF'e°F,
=mlFD(mF'e’F),
= mlFD(m (I + hl)e°F) ,
=mlFe® + mIFD(mhl(FASAF)). (8.66)

Combining this result with the second term, we finally obtain

Y [mIF|" et @e, =Y (—1)F e, @ [mIF|"TVer. (8.67)

S S

This establishes the desired cyclicity. This result guarantees that the discussion of the BSFT-
like action can proceed in the L., algebra framework with complete parallelism to the A,

case.
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8.4.2 BSFT-like action in loop-level

We can consider a naive extension of the BSF'T-like action, which is written in terms of tree-level
amplitudes by replacing those amplitudes with loop-level amplitudes:

= 1 1 1
— nZ:; — 1w<\l’,7TlW7Tnm) + CL)((]I — P)\I/,’YTle) y (868)
7T1W = —Q + 7T1m.7-'. (869)

Here, the operator m; W, as noted at the end of the preceding chapter, yields the loop-level
off-shell amplitude. In the string context, considering the quantum A, algebra for loop-level
analysis is technically inappropriate because open string field theory is not closed at the loop
level and requires the inclusion of closed strings. However, since our discussion here is strictly
confined to the algebraic structure, we ignore this physical inconsistency and proceed with the
Ao framework. We note that the same arguments hold for quantum L., algebra; therefore, the
reader should mentally translate the results to the L., framework when considering the closed
string context.

Does this naively extended loop-level expression have any physical meaning? One might
naively suspect that this expression is obtained by performing the field redefinition ® = m F ﬁ
on the quantum action based on quantum A, algebra. However, this is incorrect. The core
problem is that, unlike the tree-level operator F', the loop-level operator F is not a cohomo-
morphism (meaning that the relation AF = (F @' F)A fails to hold). Therefore, the identity
ﬁ =F ﬁ does not hold, and the arguments used for the tree-level BSFT-like action cannot
be applied.

To obtain this loop-level expression, while maintaining the tree-level derivation procedure,

we must identify the initial action before field redefinition as the 1PI effective action I':

1
1—\I/>'

1
I'=— Z . 1w(<I>,7r1M(F)7rn

n=1

(8.70)

Here, the operator M@ can be decomposed as M) = Q + mT) | and this operator satisfies

the A, relations, (M®)2 = 0. A crucial property of the 1PI effective interaction is that
the minimal model of this operator M@ reproduces the minimal model of the quantum A,

algebra:

1 1
— — __p-P
T+ hm® " T+ h(m +ihU)

Pm® (8.71)

We assume that the tadpole term m 7, is absent. Since the operator M) satisfies the
A relations, we can directly apply the discussion from the previous section. By defining the
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cohomomorphism F) as
mF® =7 (I - hm®F®) (8.72)

we find that the operator m;ym @ FT) yields the tree-level diagram described by the 1PI effective
interaction. Crucially, this expression is then equivalent to the off-shell loop amplitude mymF.
By performing the field redefinition ® = 7 F® - on the 1PI effective action (8.70), we can
derive the loop-level expression (8.68) using the exact same argument as in the tree-level case.
This result suggests a profound physical interpretation: any action defined using loop-level
correlation functions—such as the action defined in BSF'T using the annulus partition function
instead of the disk, or the action defined in closed string field theory using the partition function

on a Riemann surface with handles—should be interpreted as the 1PI effective action.

9 Conclusion and Discussion

In this thesis, we have reviewed the fundamentals of homotopy algebras and their basic appli-
cations to physics in Section 2 through 4. In the first subsection of Section 5, we reviewed cor-
relation functions, focusing on recent developments in the field. Building on these foundations,
the second part of Section 5 and the subsequent sections discuss more advanced applications,
specifically the Schwinger-Dyson equation, the Ward-Takahashi identity, the LSZ reduction
formula, and the BSFT-like action. In what follows, we present conclusions and discussions on
these respective subjects.

Schwinger-Dyson Equation and Ward-Takahashi Identity

In the second subsection of Section 5, we introduced the identity
(M +:hU)f1=0, (9.1)

and demonstrated that it reproduces the standard Schwinger-Dyson equation of conventional
quantum field theory. Furthermore, this identity can be interpreted as an equation governing
f1. From this perspective, it implies that the correlation functions are determined by the
cohomology of the operator M + iAU.

In Section 6, by applying this identity to the expectation value of the divergence of the
conserved current, we derived the Ward-Takahashi identity in terms of homotopy algebras:

(Ouj"(x)) =ik > (w]("(z) ® m Aea(x)) f1. (9.2)
e, €V (@)

In this formula, the right-hand side contains divergences. These divergences stem from contact
terms and anomalies, necessitating appropriate regularization. In our approach, we render

the theory finite by attaching stubs, with the original theory recovered in the limit of the
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stub parameter A — 0. Furthermore, these divergences are linked to the renormalization of
composite operators. The replacement procedure

ﬁ L f1 (9.3)
corresponds to taking the expectation values of the fields. We have provided a formal treatment
of this process for the general case. For the examples discussed in Subsection 6.4, our results are
consistent with those obtained via standard prescriptions. We anticipate that our formulation
remains consistent with standard quantum field theory methods in general. The handling of
these divergences is rooted in the definition of composite operators within the framework of
homotopy algebras, a subject that warrants further in-depth investigation.

Finally, we discuss directions for future research. A primary motivation of this study is the
application of our method to string field theory. Given the universality of the homotopy algebra
description, we expect our framework to contribute significantly to the discovery and analysis
of symmetries and anomalies within string field theory. While the present work is based on
perturbative expansion, recent progress has been made toward a nonperturbative description
of correlation functions in terms of homotopy algebras [56]. By combining our results with
these developments, we hope to elucidate nonperturbative anomalies from a homotopy-algebraic
perspective. Another promising avenue is the extension of this work to higher-form symmetries
[70]. Since understanding the Ward-Takahashi identity is crucial for characterizing higher-form
symmetries, our algebraic formulation offers a powerful vantage point. We anticipate that this
algebraic approach will provide effective tools for analyzing such symmetries.

LSZ Reduction Formula
In Section 7, we proposed a formula based on homotopy algebra that provides the well-

defined loop-amplitude:

(%)n_ lim 7, (w(@r. o @) 7l (9.4)
(Wa(@1,..., @) = (—1)" (W] (Q®y @) @ ® (W] (QPp @ 7). (9.5)

This expression corresponds to the LSZ reduction formula. Here, @6 is the inverse operator of
the exact propagator. It serves to appropriately amputate the external lines, thereby yielding a
consistent loop on-shell amplitude. We also showed that the expression obtained by replacing
@\6 with (). and extracting the connected component agrees with the conventionally known
amplitude formula provided by the minimal model. Furthermore, we obtained the expression
for the off-shell amplitude by generalizing the input space of this amplitude formula. At the
tree level, this expression can be written using the cohomomorphism F' as

57172 W((I)27 Qq)l) —w <(I)n7 WlmF(CI)l K- R @n—1)>> . (96)
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At the loop level, the amplitude cannot be expressed using a standard cohomomorphism. How-
ever, the amplitude obtained via naive amputation can be represented by the following formu-

lation:
(5,172 CU((I)Q, chl) — w(@n,mm}'(@l R ® (I)nl))) . (97)

For the details regarding this expression, refer to Appendix A.

The loop-amplitude formula we proposed necessitates the use of the inverse operator of the
exact propagator. This operator is precisely the kinetic operator of the 1PI effective action.
This crucial observation provides strong motivation to explore methods for constructing the 1PI
effective action within the language of homotopy algebra. Furthermore, since this construction
involves deriving a classical homotopy algebra structure from quantum homotopy algebra data,
it presents an intriguing mathematical problem in its own right. As its name implies, the
1PI effective action generates 1PI diagrams in perturbation theory. To extend the definition
beyond perturbation theory, one possibility involves characterizing the 1PI effective action
via the Legendre transformation and implementing this process within the homotopy algebra
framework. Non-perturbatively, the Legendre transformation is only applicable for convex
functions. This restriction may be related to the definition of quantum theory in terms of
Lefschetz thimbles. Although the connection between the formula for correlation functions
based on quantum A, algebras and Lefschetz thimbles was uncovered in [56], a crucial open
problem remains: identifying a principle for how contributions from multiple Lefschetz thimbles
should be combined within the quantum A, framework. We anticipate that research focused on
a non-perturbative definition of the 1PI effective action will provide vital clues toward solving
this important open problem as well.

BSFT-like Action

In Section 8, we proposed a method for obtaining the formulation we termed the BSFT-

like action by redefining the field of the A, action. This redefinition was specifically achieved
by employing a cohomomorphism designed to generate off-shell amplitudes. This resulting
BSFT-like action exhibits important similarities to a formulation known as boundary string
field theory. This strongly suggests that BSFT and the well-defined A, formulation of open
string field theory are fundamentally connected via a field redefinition. In particular, a strict
correspondence was observed when restricting the field of the BSFT-like action to the BRST
cohomology, excluding the contribution of the two-point on-shell amplitude. Furthermore, we
demonstrated a direction for extending the BSFT formulation to the closed string and loop-
level contexts. This was achieved by applying the methodology developed in the A, algebra
framework to the L., algebra, which governs closed string field theory and the 1PI effective

action.
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An important direction for future work is to investigate whether this approach indeed pro-
vides a proper regularization of BSFT. Beyond our perturbative analysis, exploring the non-
perturbative aspects of this framework is crucial. Understanding whether the field redefinition
remains well-defined outside of perturbation theory could provide further insights into the fun-
damental structure of string field theory. We have consistently neglected the on-shell two-point
amplitude throughout this thesis; addressing its proper inclusion remains an open problem. A
promising direction to resolve this issue is suggested in [60], where the inclusion of boundary
terms plays a key role. It remains important to understand how our current framework is

modified when such boundary contributions are taken into account.
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A Proof of (7.80)

The calculations here are complex, so to simplify them as much as possible, we employ the
Einstein summation convention for the basis indices. We also assume that e, is degree-even
and €e* is degree-odd. While this assumption might appear to sacrifice generality, it can always
be achieved formally by introducing a degree-odd number and redefining the basis.

This appendix demonstrates the following identity required to obtain the loop-level off-shell
amplitude expression (7.80):

hr%j:ilfeheD(Qech) e feheD(Qe(Pl)fel - (I)l K- ® CI)n7 (Al)

for all ®,...,®, € VIP) @ V(*Q) Here, the operator F ! is defined by

Fl= WO+ZE(F_1)M, (A.2)
Fl_i (_h>k Aee A A (I—l—h )D(h~5k)D(h~S1) (A3)
= 0T 1>!es1 s, N\ Tl m e el). .

This F~! is an extension of the operator (7.60) introduced in the tree-level discussion. We
show later that this definition indeed corresponds to the inverse of F.
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First, we establish the following formula:

-1 _ - (_h)k L. —1 / —1 Sk L. . =81
AF=>" (e e F & FID(hE) - D(he™) ) A (A.4)
k=0 )

Because of the cyclicity of m, each component of the output of F~! is invariant under cyclic

permutation up to a sign factor. For example,
es @m (I + hm)D(he®) = m (I + hm)D(he®) @ ey . (A.5)

It means that all elements of the output of F~! are equal. Let’s first use the expression %AM
as a simple model for the action of F~!. The coproduct /A acts on this model as follows:

AlAM = AA®
4]

=1 A%+ AR AP + AP @ A®? + AP @' A+ A% @' 1

1

1
/ N4 /
——1®—4!A +A® 3]

1 1 1 1
A/\3+EAM@/EAA2+§AA3®/A+ZAA4®/1' (A.6)

This result demonstrates that the prefactor of each term is determined by the multiplicity of
elements on each side of the ® product. By using this result, the action of A on F~! can be
calculated as follows:

&K () ,
=ZZ“(;€_—HD!€SIA“'A%® Coppr N oo Neg,

Ami(I+hm)D(he™) - D(he™) + F @' 1

o k
—h B )
= ZZ ( l'> €s, R /\681 ®’ 7Tk71+1F71D(hesl> . ~'D(hesl) —i—F*l ®, 1

k=0 =0
0 —hl . ~

=D ll) e N Ney ® FID(he™) - D(he) + F~ @' 1. (A7)
1=0 '

Next, let’s consider the expression %AAQ A %BAQ as a model for the action of F~' A F~1. The
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coproduct A acts on this expression as follows:

1
A A/\2 B/\2
ST

=A[ARA9QB®®B+A®B®ARB+A®B®B®A
+BRA®ARB+BRA®B®A+B®B®A®A|

1 1 1 1
:L@EA“A—E“+A®AA5B“+Iwy§A@AB+AAB®AAB

2!
1 1 1
+_AA2®/2—B/\2+—AA2/\B®/B
1 1
_|_2'B/\2® A/\2_|_A/\ B/\2®A
1
—+§AMA§#%2®1. (A.8)

In this case as well, the prefactor of each term is determined by the multiplicity of elements on
each side of the ® product. Furthermore, we can classify the terms on the right-hand side into
four lines based on the presence of the elements A or B to the right of the ®’ product The first
line contains terms with at least one A and at least one B to the right of ®’. The second line
contains terms with at least one B but no A to the right of ®". The third line contains terms
with at least one A but no B to the right of ®’. Finally, the fourth line contains terms with
neither A nor B to the right of ®'.

1 -1 1
AEF ANF
1 2. (=h)* N N
- 5 [Z (]i +)1>'€S1 ARRRNA €sy, /\7Tl(I+ hm)D(hes’“) . ~D(hesl)
' k=0 )
= (=h) B B
A e A Aew AmI+hm) D) - D)

1 S FL h)k+l
EZZZZZI _Z+1 (l—j—{—l)!etl/\”‘/\etj/\631/\"'/\681-

® es N Nes, N\mF T D(he*) - D(he™)
ANeg, N+ Ney NmF ' D(he") - - D(he")

—— 7 __FlAe, A-e-Ae,
+kz%;i!(k:—l+1)! Con s
® €50y Ao Aes, AT F ' D(he**) - - D(he™)

1

EF ANF @'l

38



1 > k+l
:2—22 k"l' €t1 -/\etl/\esl/\”-/\esk
k=0

® FID(he™) - - D(he') A F-'D(het) - - D(he")

+Z k‘ esl o Aeg, AFTLQ FID(he™) - D(he™)
k=0

1
+ g F AR e L (A.9)

Here, the first term of the right-hand side can be written as

1 > (_h)k+l
SO e, N Ney Neg Ao Neg,
® F'D(he™) - D(he®) A F'D(he") - - - D(he')

1 S (—h)
_gzzﬁesw..msk

® F'D(he*)--- D(he®+) A F'D(he") - - - D(he™)

> —hk /1 1 Sk 551
:Z< )€SIA.../\eSk®2|(F AFY)D(he*)--- D(he™). (A.10)

S (_h)k 1 ~s ~s5
=> esl/\~-/\esk®2'(F AF)D(he™) - D(he™)

o0 —h _ _
+Z( k!) e, N ANeg, NF @ F'D(he™r) - -- D(he™)

F'AF'@'1. (A.11)

Similarly, by extending this result, we obtain the general action of the coproduct A on the
tensor power of F~1:

1, An_z" Z“’ (—h)* 1,
AE(F )= 1=0 k=0 k! esl.”es’“ﬁ(F )
1 el ~
®’ (n_l)!(F‘l)A 'D(het) - D(he™), (A.12)

where we define the zeroth power as (F~1)"? = 15. By summing this equation over all n, we
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finally arrive at the overall formula (A.4). Furthermore, by utilizing cyclicity, we can show that

0 ik
AF =Y % (f—ID(thk)D(hESn-l) - D(he™) @ ey €, esk?—"l)A, (A.13)
k=0 ’

holds.

Let us use this identity to demonstrate (A.1). To begin, the m; component can be calculated
as

hr% Trlj:il.feheD(Qeq)n) e feheD(QEq)l)fe]‘ ’

) 1
— ll_rfé 1 (]I + hm) T T h€<m i ih U) heD(Qe@n) e feheD(Qe(I)l>.fe]- )
. ) 1
= limm, (I +h(m +ihU)) T+ ham D) heD(Q.®,) - feheD(Q D) fc1,
- hr% 7T1h,ED(QECI)n) T feheD(Qe@l)fel )
e—>

d f =1
_Jo for n=1, (A.14)

0 for n#1.

We proceed by mathematical induction. We take the following relation as our inductive hy-
pothesis:

PR, for n=m,

0 for n#m,

h_{% ij:_lfeheD(Qe@n) T feheD(Qeq)l).fe]- = { <A15)

holds true as our inductive hypothesis, we now aim to show that the m,,.1 component also
satisfies the analogous identity. First, utilizing identity (A.4), 7,1 F ' can be written as

7Tm+1.7:71 = V(?Tl ®/ Wm)A]:il ,
g <7r1.7-' & T F — he, & wm}"’lD(h'és)> A. (A.16)

Next, let us consider the action of the coproduct A on feheD(Q.®,) - feheD(QP1)fel. To
calculate this, we use the following formulas:

Af - Z hkesl T eskfe ®/ fehegSk e fehegsl feﬂ'O
k=0

+) hfe,, ey, @ fehee™ - fhee fo(I —m), (A.17)
k=0

AfhD(Q®) =) he, - ey fheD(QD) &' fehe --- fch e fro
k=0

+Y he, ey, @ feh&™ - feh & foheD(Q.D), (A.18)
k=0
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where e, - - - e, for £ =0 is I. For notational simplicity, we introduce the following abbrevia-

tions for products of operators:

E(s1,s5;) =e€s, - €5, , (A.19)

E(sy,s,) = fchee® - fehee®™ . (A.20)
Utilizing these formulas and notations, we obtain

_Z Z hk+ +knE 31 78k)) E(Sg 78k )feh D(Qe z) "feheD(Qeq)l).fel

i=0 ky,....kn=0

@ E(s\", i) fehe D(Qe®,) - E(s\) (")) £ D(Qui 1) E(s), s\)) £
(A.21)

We note that the term corresponding to ¢ = 0 is given by

0 n n
> BB ) B s fel
ko,....,kn=0

®/E(31 ) n))feh D(Q:®,) - E(Sl ’8k1>f6h’ D(Q.®)E (31 ’Sko)fe ) (A.22)

and the term corresponding to : = n is expressed as
Z R E(s?, s¢)) fehe D(Qc®,,) - - - fohe D(Q. 1) f1E(sV”, s) fo1. (A.23)

Utilizing this result, we obtain
\V4 (7‘-1? ®/ Wmf)AfeheD(Qeq)n) T feheD<Qeq)1)fel

— i i hk:i-i-"'—i-kn

i=0 kj,...,kn=0
mF BV s) - B, sp)) foheD(Qu®;) -+ - foheD(Q D)) f1
D mnF E(s\" s{) feheD(Qe®) - E(s{V 5{T) fehe Q@i  E(s, 5))) £1.
(A.24)

Next, let us consider the second term on the right-hand side of (A.16). Utilizing the identity
for F,

F'D(he") = F'D(he*) A F 1, (A.25)
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which follows immediately from the definition (A.2), it can be written as

—hv (mes @ mF ' D(he®)) A
=~y (me, @ mu(F'D(e) A F ) ) A,

= 3 ((l i)l; \V4 (71’163 & (e Ao Aey ANmF ' D(he") - - D(he")D(he®) A ‘7:71)>A :
(A.26)
Furthermore, by using the identity m F~! = m F ! together with cyclicity, we obtain
—h (mes @ 1, F ' D(he®)) A
=> _l—,)l V (mF ey ey @ A ARE AT FY A (A.27)

Applylng this to feheD(Qeq)n) e feheD(Qe(I)l)fe]- yields

—hV (77-165 ®/ 7"-m-¢' 1D( ))Afeh D(Qe n)"'feheD(Qe(I)l)fe]-

_ Z Z Z hk +-tkn+l

=0 k;
’/Tlf_ €y € E(Sgl)>51(;)) : E(Sg 7Sk )feh D(Qe z) "feheD(Qe(I)l)fe]-

® he" A--- A het
/\7Tm lj: IE(S1 S )fe (Qe(bn)"'E(SgiJrla ](;_T_} )fe (Qe z+1) (51 73k )fe

(A.28)
From the inductive hypothesis (A.15), m,,_;F ' can be written as
(D) (D) ~<z‘+1) s ~<n) ~s(m)
he’t @ --- @ he’t @ ;11 ® he’ - @ he'Fit @ Do®-- @D, ®he™ - ® he’kn |
(A.29)
and the factor on the right side of ® in (A.28) is then interpreted as the result of inserting
the elements he'', ... he" into this structure, while preserving the original relative order of the
terms given in (A.29). Let I; be the number of elements from the set he™,... he" that are

inserted to the left of ®;. Similarly, let /;,; be the number of elements inserted between ®;,4
and ®,,5, and so on, until /,,, which is the number of elements inserted to the right of ®,,.
The contribution from the factor on the right side of ® in (A.28) resulting from this insertion

procedure can be concisely written as

T T E(s(”, 50 ) FeD(Qe®y) -+ E(si T s )£ D(Qi)E (s s, ) fel.
(A.30)
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Correspondingly, by moving e,,, ..., e; on the left side of ®, it can be written as

mF L E(s\, 51 B\ 50, ) FeheD(Qe®:) - fehe D(Qc®y) £l (A.31)

The multiplicity for each insertion pattern is given by

ki1 Hy; k01 Hi, (A.32)
Here, ,H; is defined as
(k+1-1)
H=—" "7 A.
= T ) (A.33)

Ultimately, we obtained the following expression:

Z Z Z l +...lnh(k¢+li)+“'+(kn+l") kiJrlHli M S | Hln

i=0 ky,ookn=01;,....l,=0
mF LE(s! 7s,ﬂf)+l> E(s, s, ) FheD(QD,) - fehe D(Q.®)) f1
T F (s 517, ) feheD(Qcy) - E(s (70 ) fehe D(Q®i) E(s s, ,) fel

’ kz+l+l7,+1
- Z Z hk+ +knﬂ- F- lE(sl ) Z) E(Sgn)asl(g:))fehe-l)(Qeq)z) feheD(Qeq)l)fe]-
=0 Ky, k=0
@ mnF ' E(s", 5 feheD(Qe®n) - B(sy T s )) feh e D(Q®i) E(sy, s ) Sl
(A.34)
Here, the second term serves to remove the contribution corresponding to the case where [; =
=1, =0.
Evaluating the full expression 7rm+1.7:_1feheD(Q€(I>n) - feheD(Q Py) fel using these re-

sults shows that the contribution from (A.24) and the second term in equation (A.34) cancel
each other. This leads

7Tm+1-7:71feheD(Q5q)n) Tt feheD(QECI)l)fel
=Y D> (et tGat g Hy,

7T1-7:_1E(3§i)a51(e?+li) : E(Sgn)asgcn)ﬂn)f D(Qc®;) -+ fecheD(QcD1) f1
@ LE(s(, 50 ) Fehe D(Qc®y) - E(s{ ™ st ) fehe D(Qc®inn ) E(sV s, ) fel

(A.35)
Let us concentrate on the factor depending on the index [;:
Z Z #') x (factor depending on k; +1;) . (A.36)

k;=01;=0
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Redefining the summation index k; 4+ [; as k;, the expression becomes

ki

= k;!
Z Z(—l)liﬁ x (factor depending on k;) . (A.37)
k=0 1;=0 e T

The term corresponding to the indices where k; > 1 can be recognized as the binomial expansion

of (1 —1)ki:

k;

(&) ks
T (I D A.38
> U e oy = (D (4.38)
1,=0
which therefore vanishes. Consequently, only the term with k; = 0 survives, yielding the

following result:

Z WlfilfeheD(Q6q)i) Tt feheD(qu)l)fe]- ® ﬂ-mj:ilfeheD(Qeq)n) e feheD(QEq)i+l)fel .
- (A.39)

From the inductive hypothesis (A.15), the factor to the right of ® is non-zero only when
n — 1 = m, and the factor to the left of ® is non-zero only when ¢ = 1. This establishes the

desired result:

q) . q)n f — 1 7
h—l;% 7Tm+1.7:_1f€heD<QE(I)n> T feheD(Qeq)l)fe]. = { 1@ ® or n=m-+

for n#m-+1.
(A.40)

It now remains only to demonstrate that the inverse of the operator F ! defined in equation
(A.2) is indeed the operator F defined in equation (7.78), in order to complete the proof.
Here, we treat JF as an unknown operator and require that it satisfies the inverse relations
FF ' = F'F =1 Then we verify that this requirement forces F to take the form given
in equation (7.79). It is important to note that F' is not the inverse of F~!; however, F is
imposed to be the inverse of F .

Starting from the identity m I = m F 'F, we use the definition of F~' to obtain

7TlI :7T1(I+ hm).’F
:7T1F + 7T1hm.7-'. <A41>

Thus, we can rearrange the terms to find

mF =m(I — hmF). (A.42)
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We perform the proof by mathematical induction. We begin by assuming the form of 7, F:
hkfl

Ml ==

es Ao Aes . Ami(I — hmF)D(he™1) - - D(he™). (A.43)

We then proceed to demonstrate that the corresponding identity holds for w1 F. To proceed
with the mathematical induction, we first establish the following formula:

T F =) gka AT 1, F . (A.44)

k=1

This identity holds for all n > 1. The proof proceeds as follows. A morphism of the form (7.78)

can be rewritten as

T = Z Z(S(Zml ) 1ln'(7r FYU A A (mp F)N (A.45)

11=0 ln=0 m=1

where 0(n) is defined by

5(n) = 1 for n=0, (A 46)
0 for n#0.

Substituting (A.45) into the left-hand side of (A.44), we obtain

ZZ Z (ni:lmz n+k>i#

k=11=0  lp_p=0 —k-
(YN A A (mp BYETE A A (g )N (A.47)

Redefining the index I, + 1 as [, the expression transforms into

DIDIEPS (o)t

k=11,=0 lp=1 ln—k=0
()M A A (B A A (T F) N (A.48)

This result can also be expressed as

n

Yy Y Z%Zmzm >—

k=1 1;=0 Ip=1 1n=0 m=1
(YN Ao A (mp F)E A A (g )N (A.49)

because when [, > 1, all [; for i > n — k + 1 must be zero in order to hold > " _ ml,, = n.

Furthermore, since the contribution vanishes trivially when [, = 0, the summation over [ can
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indeed begin at [, = 0:

- koo
Z"'Z"'Z5<Zmlm_”>ﬁm
A (e F)E N A (T F)N (A.50)

Summing over the index &k and using the identity >, _, kl;, = n, the expression simplifies to

i n oo 00 00 n 1
EWkF/\Wn_k]::ZZ...Z...Z(S( 1mlm—n>m

k=11=0  1,=0 l,=0 m=
(YN A A (mp F)E A A (T )N (A.51)

Since the right-hand side is equal to m,F, this completes the proof of formula (A.44).
We now proceed with the mathematical induction using this formula. From the inverse
identity FF ! = I, we analyze the 7, component:

n

k
md =m,FF ' =>" E(MF AT 1 F)F L. (A.52)
k=1

In the right-hand side, the output components of F~! are distributed: some outputs feed into
the first factor m,F, while the remaining outputs feed into the second factor m,_,F. The way
the outputs of the operator F ' split is governed by the same principle as detailed in equation
(A.4) or (A.13). Using this principle, it can be written as

n oo Y
7T7"LI - Z Z E( h) WkFBSl T 651‘7:_1 A Wn—kff_lD(h’é/sl) cee D(hgﬁ) )

n
k=1 1=0
n n—k k’ (—h)l
=Y > i mFe, e, F ' Amy D(he")- - D(he™),
k=1 =0 )
n k(—h n—k _ _
= —kaFeSl ey FTUNREEN - A he™
n(n—k)! "
k=1
— k (_h)l —1 ~s ~5
+ T mFes e, F ANhe N Nhe®™ NI . (A.53)
k=1 [1=0 n )
Here, we define
- k (_h)mik -1 ~Suy ~5
WmZ;EkaFesl---esmk.’F A he A A he. (A54)

It is easy to see that

Wy =mFF'=mlI. (A.55)
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In the following, we demonstrate that W,,, = 0 for m > 2 by employing mathematical induction.
By using (A.53) into the definition of W5, we obtain

1
Wy = ol — 5mFJ-'*l AmI=0. (A.56)

Assuming the inductive hypothesis holds, i.e., W,,, = 0 for all m > 2, the next component W,
can be expressed as

B

ko (—h)

w1 Fes el

Wm+1 :7Tm+1I -

m m—
k=1 I=

N h’é’Sl VANERIVAY hgsl A 7Tm—k—l+lI . (A57)

Redefining the summation index [ + k as [, the second term can be written as

l
= — —— Wi ATl . A58
;m—i-l LA Tmotd ( )

Since W, = m I and W,,, = 0 for all m > 2, only the term corresponding to the index [ = 1

survives in the summation. This remaining term simplifies to

—— AT = =T . (A.59)
Therefore, we find that the expression for W,,,; vanishes:

Combining the base case (m = 1) and the result of the inductive step (m > 2), we conclude
that the component W,, is universally given by

§ f —1
W,, = {7” o= (A.61)

Using the definition (A.54) and the established result that W = 0 for & > 2, we obtain

R A - .
7TlF'7:7 T l_zl E (k? — l)' TrlFes1 U 651@_1?7 AN he =t A A\ he® . (A62>
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Here, the left-hand side corresponds to the & = m term in expression (A.54). By using the
inductive assumption (A.43), w1 F'F can be calculated as

o I ( h)k +1 hl 1
e BT Zk+1(k—l+1) e e

Ami (I — hmF)D(he"")--- D(he" ey, - - es, ., F ' AR 11 A+ A he™ |

k (—1)k=HHL(R)k
lz:k‘—i-l (k—1+ 111 —1)!

AT (I — hmF)D(he"-1)--- D(hé")D(he* 1+ .. D(he*)F ',

k Bk (_1)k—l+1k!
B _; k+ Dl (k—1+1)I(—1)

es, N Neg, Ami(I — hmF)D(he')--- D(he? ) F . (A.63)

(VAR Negy N Ney, |

65k—l+1

The summation over [ can be evaluated as follows:

k l+1/€' k k!

k S o
Z —z+ NI —1)! ;(_1) m:—HZ(—l) TRk (A.64)

=1 1=0

Since the summation over [ in the second term of the right-hand side can be interpreted as the
binomial expansion of (1 — 1)¥, which vanishes for & > 1, that term cancels out. Therefore, the

expression for the 7, component simplifies to
k

(k+1)!

T FF 1 = es, N Neg, Ami(I — hmF)D(he) - D(he¥ ) F 1. (A.65)

By applying F from the right to both sides, we obtain the desired result:
k

7Tk+1F = mﬁ;l VANRIERIAN €sy, VAN 7T1(I - hmf)D(hgsk) D(thl) (A66)

In conclusion, F satisfying FF ' = F 'F = I is given by
— S 1 F/\n
F =m+ Z |

F=2%" NI m(I — hmF)D(he™) - -- D(he™). (A.67)

This successfully completes the proof.
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B Cyclicity of mmF

In this appendix, we demonstrate that mmJJF is cyclic, utilizing the operator F defined in
(A.67). Before proceeding, we must first calculate AF. Using the inverse relation F 'F = I
and the expression of AF (A.13), we obtain

o BVANES

k=0

_h’)k —1 ~ ~ / -1
- (J-' D(he™) - D(he) & ey, -+ €5, F )A]—'. (B.1)

We now let the operator
hl
> 7 (eu - ewF & FD(he)- - D(he")) (B.2)
1=0

act on this expression from the left. Here, the composition

k
(e - ewF & FD(e) - D(he) ) (F'D(he™) - D(he) &' 4y -+ €0, F ') (B.3)

ey, ey, F R FD(he) - .D(hgﬂ)) <.’F 'D(he*) - D(he*') @ e, - ~~esk.7-'_1)

= ZZ —_k‘l' €, - D(he**)--- D(he™) @’ .’F'D(h k). ,D(hg’cl)eSI L esk}kl,

k=0 [=0
N . A

=>. > k;g(m i € & FD(hE™) - D(he)F K (B.4)
m=0 k=0

In the last line, the summation over k represents the binomial expansion (1—1)", which vanishes

unless m = 0. Consequently, this expression is calculated to be

| hm N ~
ZZk| m 1 €spy ®/ FD(heSm)...D(h€81>.7:—1

m=0 k=0

=I® FF ',
=I®'I. (B.5)
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Therefore, AF can be written as

> hk / s =S
Aj:zzﬁ(esl...esv’]:@ :F'D(he ’“)D(h@ 1))A (B6>
k=0

Furthermore, by utilizing the expression in (A.4) for AF !, we obtain

AF =Y = (FDhE) D) - D(he) & eye,, e, F ). (B.7)

k=0

This demonstration requires showing that
(W (rmMFRJT+ITmmF)=0, (B.8)
is satisfied. To this end, we compute
(W vV (mm T+1Q mm)AF. (B.9)

While this term is zero due to the cyclicity of m, we can also express it in an alternative form
by using (B.6) or (B.7):

(W7 (Mm@ T+1Q mm)AF

w| (mmFD @ mF + mF @ mmF) + h{w| (mmFD(he®) @ e, + e, ® mmFD(he”)),
w| (7r1m.’F RI+I® 7r1m.’F) — (w| (7r1m.’F'D Q@ mhmF + mhmF ® 7r1m.’F')

+ h(w| (rmFD(he*) ® e5 + ¢, @ mmF D(he”)) . (B.10)

=
=

Here, the second term on the right-hand side vanishes due to the property of & (5.5). Therefore,
we fined

(W] (mmF @1+ 1@ mmF) = —h(w| (mmFD(he®) ® e; + e, @ mmFD(he®)) . (B.11)

This identity allows us to inductively demonstrate the cyclicity of mymZF. First, in the zeroth
order of A, the right-hand side of the expression vanishes. Consequently, in this order, we find
that mymJZJ is cyclic. This result precisely corresponds to the fact that the tree-level component
mmF is also cyclic. Next, we assume that mymJZF is cyclic up to the k-th order in h. Focusing
on the (k+1)-th order in & in (B.11), we can verify that the right-hand side vanishes by utilizing
the cyclicity of mJF at the k-th order in h. Consequently, this demonstrates that mymF is also
cyclic at the (k + 1)-th order in A. This completes the proof that the cyclicity property holds

for mymJJ to all orders in A.
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