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Bilinearization of the ¢g-Sasano system of type Dél)

and special polynomials associated with its rational
solutions

By

Tetsu MASUDA*

Abstract

We propose a formulation in terms of bilinear relations satisfied by 7-variables for the
g-Sasano system of type D;I), and derive a family of special polynomials associated with its
rational solutions. Each of these polynomials are invariant under the action of the Weyl group

W (Ds).

§1. Introduction

It is known that many of (discrete) Painlevé equations and their higher order gener-
alizations admit two classes of special solutions. One is transcendental classical solutions
expressible in terms of functions of hypergeometric type. Another one is algebraic or
rational solutions.

A typical way for constructing rational solutions to the (discrete) Painlevé systems
is as follows. First one constructs a particular solution on the fixed points with respect
to an automorphism of the Dynkin diagram that specifies the Weyl group as a group of
Backlund transformations for the system under consideration. Applying the Backlund
transformations to the solution, one can generate a family of rational solutions. More-
over, it is known that such a family of rational solutions can be expressed in terms of
Schur functions or the universal characters [7, 1, 2, 3, 4, 6, 10].

In this article we deal with a g-analogue of the Sasano system of type Dgl) [5]. We
present a formulation in terms of bilinear relations satisfied by so-called 7-variables.
Further we illustrate a refined way to construct a class of rational solutions to the
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(discrete) Painlevé systems and its polynomial factors of 7-functions. Applying the
way to the g-Sasano system, we derive a family of special polynomials associated with

rational solutions.

§ 2. A birational realization of the Weyl group of type Dgl)

The author has derived a g-analogue of the Sasano system of type DS\), 43 [5], start-

ing with a realization of the Weyl group as a group of birational transformations pro-

posed by Tsuda and Takenawa [11]. In this section we give a brief review of derivation

of the ¢g-Sasano system of type Dgl).

§2.1. Rational variety and root system

Let f = (fo, f1,..., f5) be the inhomogeneous coordinates of (P*)%. Consider the
following subvarieties:

ChHt ={fu—1=0, fo = —tn, frt1 = 0}, (n=1,2.3.4).
Cot = {fn-1=00, fn = =1/vn, fus1 = 0},
and
C? ={fo=0,i = =i, f2 = 00}, C7? = {fo = 00, i = =1/, f2 = 0},
C{? ={f3=0,fa = —u, [s = 00}, C7° = {f3 =00, fa = —1/04, fs = 0}.

Let € : X — (P1)° be the blowing-up along the above 12 subvarieties.
The second cohomology group of X is given by

5
HYX,2)=NS(X)=PzH, & P zEie P zE.e P ZE],
n=0 ie{+1,+2} ie{+1},n=2,3 ie{+1,+2}

where NS (X) is the Néron-Severi group of X; we denote by H,, the divisor class of
hyperplanes {f, = const.} and by E! the class of exceptional divisors e=1(C?). The
second homology group can be described by

5
H(X,2)=Pzhe @ zZde P zdo Pz,
n=0

ie{+1,+2} ie{+1},n=2,3 ie{+1,+2}
n
where h,, corresponds to a line of degree (0,...,0,1,0,...,0) and e!, to a line re-

stricted in a fibre of the exceptional divisor e 1(C?). Thus the intersection pairing
(,): H*(X,Z) x Hy(X,Z) — Z is defined by (Hy,, hn) = Omon, (B, €l) = —0m n0i;

m’n

and (otherwise) = 0. Introduce the root lattice @ and coroot lattice Q as follows:

7 7
Q=Pza, c H*(X,Z), Q=EPZa, C Hy(X,Z),

n=0 n=0
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where «,, and &,, are given by
ag=E'—E? a;=E'-E?
a, =H, —E - E-1 (n=1,2,3,4),

_ 1 +2 _ 1 —2

and
N | +2 o« -1 —2
< 1 -1 _
G =hp1+hp1—eft—e (n=1,2,3,4),
e | +2 e | —2

respectively. The Dynkin diagram of the canonical root basis is given by

5
21) >é 2 3 4O<: .

7 6

The simple reflection s,, := s,, associated with a root a,, naturally acts on H?(X,Z)
and Ho(X,Z) by
sp(A) = A+ (A, &), A€ H*(X,Z),

Sn(A) = A+ (an, A)ay, A€ Hy(X,Z).

These generate the affine Weyl group W(Dgl)) = (sg,...,87). In addition, one can
introduce involutions ¢ (k = 1,2,3) by

LliEi’_i HEl_i, Eg” HEg_i, efi<—>el_i, e;iﬁegi,

b B o By Ef s By el eyt et v eft,

13: Bt B, EY<> EL el e, eb el
H, < Hy, Hs <+ Hj, hy <> hy, ho < hg.

These realize the automorphisms of the above Dynkin diagram. In fact, the action on
the root vectors is given by

L1 Qg <> Q,

Lo I Q5 <7 Qg,

L3 10 <> 5, Q7 <7 Qg, (1 <> Qg, Q2 <> (3.
They satisfy the following relations

1150 = S7L1, L1S7 = Sot1, 18 = Sit1 (1 #0,7),
L2S5 = Sgl2, L2Se¢ = Ssl2, L2S; = SiLa (1 # 5,6),
L350 = Ssl3, L3Sy = Sol3, L3S7 = Sg¢l3, L3S¢ = St7l3, L35k = Ss—kta(k=1,2,3,4).
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Note that § := apg + a7 + 2(a1 + a2 + ag + a4) + a5 + ag and its dual element § =
Ao+ a7 +2(Aq + g +daig+ay )+ +ag are invariant under the action of W(Dgl)) X, Q=

<L17[/27[/3>-
The half of the anti-canonical class —%KX =Hy+---+Hs— Zn’i E! € H*(X,Z)

can be decomposed in two ways

5 5
—Kx =YD= Dy,
n=0 n=0
where
DY = Hy— E' — B, Dg = Hy — By — B2,
DY = Hy — B}, D = Hy — By !,
DY=Hy,-E'-E*-Ef' Dy =H, - E'-E"?-FE*!,
DY=Hs—-E;' —Ef'-Ef? Dy=H;—-Ef' —E;' - E;?,
DY =H,— E;", Dy° = Hy — B,
DY =Hs—-E;' - E;?, D = Hs — Ef' — B>
Note that divisor classes DY and DZ° are effective and are represented by the strict

transforms of hyperplanes { f,, = 0} and {f,, = oo}, respectively. In parallel, we formally
define an element —1kx € Ha(X,Z) by

5
_%kX:2h0+---+2h5—Z Zdo ;d?

n,t

where
d3 = hs+hi —ef " —ef?, d¥® =hs+hi —e; ' —e;?,
dY = ho + hy —ed?, d° =ho+ho — €5,
d=hi+hs—e;t —ef?—eft, d =hy+hy —eft —ef? —e3l,
d)=hy+hs—e;' —eft —ef? d =hy+hy—ef' —e;' —e)?,
d) =hs+hs —ez?, d® = hz + hs — e,
dg:h4+h0—€4 642, dg° —h4+h0—6+1—622.

Note that we have the relations

D§ — D3° + DY = D§° — D§ + D3°, DY — D$° + DY = D° — D§ + Dg°,

dy —d* +df = d5° — dJ + d5°, d) —de +d2 = ds° — dY + de.

Let us introduce the lattice D and D by

5 5 5 5
D=z} e @zDy, D=EFzd, e Pzdy.
n=0 n=0 n=0 n=0
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It is easy to see that Q C D+ and Q ¢ D+. Due to
rank H*(X;Z) =18, rank@Q =8, rankD =12 —2 = 10,

we see that Q@ = D+ and Q = D*. The action of the involutions ¢, (k = 1,2,3) on
D df (+ = 0,00) is given by

11:D0 < D, d) s d>® (n=0,2,4),
12: DY < D, d) s d>® (n=1,3,5),

13:D% «» D d0 <5 d, (n=0,1,...,5).

§2.2. Birational representation of the Weyl group

Let us lift the above linear action of the Weyl group W = W(Dgl)) x ) to that of
birational transformations on the rational variety X. First we introduce the multiplica-
tive root variables a; (i = 0,1,...,7) attached to the canonical roots a;. The action of
W is given by

(2.2) Si(aj) — ajai_c“'
and
11(ag) = 1/a7, 1(az) =1/ag, t1(ax) = 1/ar (k #0,7),
(2.3) to(as) =1/ag, t2(ag) =1/as, t2(ax) =1/ax (k #5,6),
' ws(ao) = 1/as, 3(as) = 1/ag, 3(ar) =1/ag, t3(ag) = 1/ar,
L3(CL1) = 1/@4, Lg(ag) = 1/@3, Lg(ag) = 1/&2, L3(a4) = 1/0,1,

)

where C' = (Cij)zj:o is the generalized Cartan matrix of type Dgl . Using the variables

a;, we fix the parameterization of subvarieties C* by

—1/2 1/2 1/2 —1/2
Up = aiag a, , U1 = aiag ay s
Uy, = Uy, = Ay, (n=2,3),
wy = a4a5_1/2a(13/2, Vs = a4a51,/2ag1/2,
and
U = alag/Za;/Q = so(u1), 01 = alaé/2a§/2 = s7(v1),
Uy = a4a§/2aé/2 = s5(uy), 04 = a4aé/2ag/2 = 56(vy4).

Let K(f) be the field of rational functions in f = (fo, ..., f5), where the coefficient
field K = C(a'/*) is generated by at/* (n=0,1,...,7).
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Proposition 2.1.  Let us define the birational transformations s; (i = 0,1,...,7)
by B
S1(f0):a1f0%, 51(f2) = f2f{1+u_11,
s$n(fn-1) = fo- laﬁlfij:l Sn(fnt1) = fn+1%, (n=2,3),
s4(f3) = asfs f;4iv ” sa(fs) = ag' fs %,

and t; (kK =1,2,3) by

u(fon) =1/fon (n=0,1,2),  w(fons1) =1/font1 (n=0,1,2),

t3(fn) =1/fs—n (n=0,1,...,5).
Then these transformations, together with (2.2) and (2.3), realize the extended affine
Weyl group W = W(D&l)) x Q over the field K(f).

Note that q := agar(aiazazas)?asag is invariant under the action of W(DS)). We
also see that the quantities fo fo f4 and f1 f3f5 are W(Dgl))-invariant. We impose bellow
the normalization conditions fo fofs = f1f3sf5 = 1 so that these quantities are invariant
under the action of W.

Let us consider the translation operator T' = t1125210712345643 € W, where s;...; =
s;--- 5. One can regard the iteration of 7" as a discrete time evolution. Since the action

on the multiplicative root variables is given by T" : (as,as) — (qaz,as/q), we see that
1/2

= (a0ar) Faraz plays a role of the independent variable. One can obtain the system
azas(asag)'/?
of g-difference equations
(2.4) T(f,) = Rp(u;d’s f), (n=0,1,...,5),
where a' = (a(l)/4,a;/4 a}/4 (azaz)'/*, a}l/4,aé/4,aé/4) and R,, is a rational function in

indicated variables. Action of a subgroup (so, 7, 1, S232, S4, S5, S¢), Which is isomorphic
to W(Dél)), commutes with that of 7', and describes the symmetry of the above system
of g-difference equations [5]. This system is reduced to the Sasano system [8, 9] of type
Dél) in a continuous limit.

§2.3. Representation over the field of r-variables

Let us introduce the 7-variables 7% attached to the centers C? of the blowing-up,
and consider the decomposition of the variables

142 +1 —1_-2_+1
fo = ! fl = T2 fy = 1 T3
0— "1 _—2» 1= "1 2 — +1 r2_—1°
T T ) T T1 T3
—1_+1_+2 —1 1 —2
f _ TQ Ty Ty f f Ty
3= 31 _—1_—2° 4= +1’ 5 — +1 +2'

Ty Ty Ty T3
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Proposition 2.2.  Define the birational transformations s; (i = 0,1,...,7) by

So - 7'1+1<—>7'1+2, 37:7'1_1<—>7'1_2, S5 - 74 HTZQ, 56:7'4_1<—>7'4_2,
1/2 41 ~1/2_—1 —1/2 11 1/2 1
" U1/ + + oy / T IR / + Jru/
51(7—1 ) - ] ) 51<T1 ) - 1 )
T T
(2.5) ! !
1/2 _|_ -1/2 _+1 —-1/2 _1+ 1/2 41
( +1) Uy Ty Uy T3 ( —1)_ Uy T3 4 T3
S4\Ty 1 s S4\Ty - 1 )
Ty Ty
1/2_+1 1/2_+1 +2,
+1 o it oy e
82(7—2 )_ —1 9
)
—1/2 +1 —1 —2 1/2 +1 42
(1) = Uy +uy !
S92 7—2 — +1 )
2.6
(2:6) 1/2_+1,_+2 1/2 s+ -2
T1y U3 Ty Ty Ty "oy Pl
83(T3 >_ —1 9
T3
-1/2_41_+2_—1 1/2_+1 —1,-2
( —1) CUg Ty Ty Ty U Ty Ty Ty
83(T3 - 1 )
T3

and ¢, (k= 1,2,3) by
L :TljE YRS 7}2, Lo 7}1

Lo Tj” YRS T:FZ, 7'23El YRS 7}1

:I:

[/3:7_1 <—>T4, T2 HTS.

Then these transformations, together with (2.2) and (2.3), realize the extended affine
Weyl group W = W(D(l)) x Q over the field K(7) of rational functions in 7:.

Finally we remark a sort of regularity of 7-variables. Let us consider the Weyl group
orbit M = WAEF!, B2 EF', EFY B!, EF?} ¢ NS(X) and define the 7-variables on
the lattice M by

TE;:TZ, w(TA) = Twn)y, AEM, weW.

As is shown in [11], 7o (A € M) is a Laurent polynomial in 7%, though one can only
state that 74 (A € M) is a rational function of 7} from the above proposition.

§ 3. r7-variables on the lattice and bilinearization

In this section we present a formulation in terms of bilinear relations satisfied by 7-
variables. It is shown that the orbit M := W.{E;'} can be identified with the weight
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lattice P(D7). Bilinear relations for 7-variables on M are characterized in terms of
the lattice.

§3.1. Bilinearization

Let us present a formulation for the g-Sasano system of type Dgl) in terms of

bilinear relations for 7-variables, starting with the realization of W = W(Dgl)) x
given in Proposition 2.2.

From the action (2.5) and (2.6) of W, one can get the relations for the 7-variables
on the lattice M

o 1/2 —1/2
T T, gt = V1 Tt + vy Tpst

_1/2 + —-1/2
TEngHg—Egl_UQ TEg»lTEflTE;2 Vg TEleTEfZTEgl’

for instance. These are homogeneous with respect to 7-variables if we define the degree
of them by

1 (A e WAE}, Ei})
degTp = .
2 (A € W{Es, EL})

In this subsection we derive bilinear relations for the r-variables of degree 1. The
T-variables of degree 2 are expressed by homogeneous polynomials of degree 2 of the
T-variables of degree 1.

We introduce the notation o; (i = 0,7,5,6) by

42 =2 42 =2
co—T71 , O7—=T1 5, O5—=T4 , 0O6—=Ty ,

and 0;...;; = S;...;(0;). It is easy to see the following from (2.5).

Lemma 3.1.  The 7-variables 77! (n = 2,3) can be expressed in terms of the

n

T-variables of degree 1 by

1/2 o —1/2
a1)7y - =1Uy" 010,007,7 — V1 ' 00,0017,7,

1/2 —1/2
A4)T3 =Yy 055046,6 — Uy = 045,506,6,

1/2

1/2 -
QAq)Tg = = Uy 0455066 —Vy ' 0550466,

{
{
3.1
(3.1) (
(

)

a))ry = 01/200,0017,7 - Uf1/2010,007,77
)
)

where (z) =z — 2~ L.

The variables 7+1

=~ (n = 2,3) admit another expression in terms of the 7-variables

of degree 1.



1
BILINEARIZATION OF THE q—SASANO SYSTEM OF TYPE Dg ) AND SPECIAL POLYNOMIALS 9

Lemma 3.2.  From (2.5) and (2.6), the variables 77! (n = 2,3) can be also ex-
pressed by

+1 _
)Ty = = 06345,5045,5 — 0345,50645,5,

(3.2)

)(ag)

a3){as)Ty " = 05346,6046,6 — 0346,60546,6;
Yar)7s " = 07210,0010,0 — 0210,00710,0,
){ao)

-1
ap)T3 =~ = 00217,7017,7 — 0217,70017,7-

Proof. Applying so to the first relation of (2.5) and eliminating so(75°') by using the
first two relations of (2.6), we get

+1 -1
1/2 T3 1/200 0073 -1 12 —1 200000T3

0210,0 = 6L2U1/ 01— +U1/ — 1 tay v / —57 tv / —¥1
o To or7 T
T w7 2 2 2

Applying s; to the first relation of (2.5), we have

+1 —1
/2Ty 1 —1/2T9

0'7100 = CL7U1 + CL7 ’Ul —_—.
o d o7

Then we see that 87(0'21()’00'710,()) — 0210,00710,0 = <CL2><CL7>7'3 s which is the third ex-
pression of (3.2). 1

Proposition 3.3.  We have the bilinear relations

a0)010,007,7 — (@0@1)00,0017,7 + (a1)c00017,7 = 0,
) (arai)oi0,007,7 + (a1)
) (asaq) (aq)
) (agas) (aq)

00,0017,7 — o710,007 = 0,

a5)045,506,6 — (A504)05 50466 + (A4)050516,6 = 0,

(
(3.3) <
(
(a6)05,5046,6 — (4604)045506,6 + (a44)0645,506 = 0,

1/2
Vy 055046,6 — U4 045 ,506.,6

<a2>(a7> ( ) (a4> (07210,0010,0 - 0210,00’710,0) >
(3.4) (az)(ao) (Ui/2045,506,6 - U4 05 5046 6) = (aa) (00217,7017,7 — O217,70017,7) ,

(as)(ae) <U1/2010,007,7 - U1 00 0017 7) = (a1) (06345,5045,5 — 0345,50645,5) 5

(az)(as) (U%/2UO,00'17,7 - Ul 010 007 7) (a1) (05346,6046,6 — 0346,60546,6) »
and

a3)(a6)046345,505,5 — (A304)(A406)06345,5045,5 + (A4)(A30406)0345,50645,5 = 0,
(3.5)

a2)\07)017210,000,0 — a1a7)07210,0010,0 T (A1){(@10207)0210,00710,0 = 0,

o~ o~~~

)(ae) (asas)
a3)(as)045346,606,6 — (A304)
){a7) (a102)
){ao) (a102)

o~ o~ o~ ——

) (@) )
405)05346,6046,6 + (a4)(30405)0346 60546,6 = 0,

) {a1)( )

) {a1)( )

a2){@0)010217,707,7 — apa1)00217,7017,7 + (a1){aoaraz)o217 70017,7 = 0.



10 TETSU MASUDA

+

Proof. The variables 75! and 75° are invariant under the action of s; (i # 2) and

si (i # 3), respectively. Then one can get the bilinear relations (3.3) and (3.5) from
the expressions (3.1) and (3.2), respectively. The bilinear relations (3.4) are directly
obtained from (3.1) and (3.2). 1

By tedious calculation we see that the relations (2.5) and (2.6) are recovered from
the bilinear relations (3.3) and (3.4). We also get the following by direct computation.

Proposition 3.4.  Let By, By and B3 be a set of all the bilinear relations obtained
by the action of W = W(Dgl)) x € on the relations (3.3),(3.4) and (3.5), respectively.
Then any bilinear relation that belongs to B; or Bs can be derived from those of B,.

§3.2. r7-variables on the lattice

The lattice M = W.{E! E, EL, Ei} is decomposed into two orbits by the action
of the Weyl group W as

M=MYUuMBE MU =w{E}, MPE=w{E".

Note that degmy = d if A € M4, Each of M4 is further decomposed into four orbits
by the action of W(Dgl)) as

MY = auMT oM UM, MP = MU My UM UM,
where MF is the W(Dgl))—orbit of EX!.
Proposition 3.5.  Each of eight orbits can be expressed by

M; = {A € NS(X)|I° = (1,0,0,0,0,0),I> = (0,0,1,0,0,0), (A
My ={A € NS(X)|I° = (0,0,1,0,0,0), 1% = (1,0,0,0,0,0), (A,
My = {A € NS(X)|I° = (0,0,0,1,0,0),1% = (0,0,0,0,0,1), (A

(X) ( ) ( ) {A

M; = {A € NS(X)|I° = (0,0,0,0,0,1), 1= = (0,0,0,1,0,0

My ={AeNS(X)|I°=

(X) 0,1,0,0,0,0), I = (0,0,0,1,0,0),
My ={A e NS(X)|I° =

(X)

(X)

), (A, A
0,0,0,1,0,0), 1 = (0,1,0,0,0,0), (A, A
M = {A e NS(X)|I° = (0,0,1,0,0,0), 1> = (0,0,0,0,1,0), (A, A
M = {A e NS(X)|I° = (0,0,0,0,1,0),1° = (0,0,1,0,0,0), (A, —1},

where I'* = I*(A) = (i, ..., 1%),i5 =% (A) = (A,d}) (x = 0,00) and A is a dual element
of A.

) =
)=
)=
A) =

A~~~ I~ —~

Let us introduce a map m : NS (X) — Z8 by

T?L(A) = (mo,m7,m1,m2,m3,m4,m5,m6), mg = <A, dl> (Z = 07 ]-7 .- '77)7
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and |m(A)| by |[m(A)| := mo + m7 + 2(mq + mg + mg + my) + ms + mg = <A,5).

Proof. Here we show the proposition on M;". Let us denote by N;" the set of right-hand
side;

N1+ :={A € NS(X) |IO = (1,0,0,0,0,0),I> = (0,0,1,0,0,0), (A, \) = —1}.
4
It is obvious that M;" c N;". Noticing that 0 = Z(d% +d2°), for any A € N
n=1
there exists w € W(Dgl)) such that A’ = w(A) satisfies m(A") = (1,0,0,0,0,0,0,0),
(0,1,0,0,0,0,0,0), (0,0,0,0,0,0,1,0) or (0,0,0,0,0,0,0,1) due to |7(A)| = 1. Since
A’ € NjF, we see that A’ = F;"2. This means that A € M;". 1

Let us investigate the lattice MY more precisely. Consider the restriction of 7 to
MU and introduce a set L C Z8 by

L={peZ®||pul = po+pr+2(u + p2 + ps + pa) + p5 + p = 1} .
Lemma 3.6.  The restriction 7 |,,n is an injective, and Im |, = L.

The above lemma can be proved by noticing that all the element w € W =

W(Dg)) x() leave the intersection pairing (, ) invariant. Therefore the lattice M1 (= L)
7

can be identified with the weight lattice P(D7) = @an by the correspondence

n=1

7
L3pe Y pnwy € P(Dr).
n=1
An infinite number of 7-variables assigned to M) = P(D;) satisfies all the bilinear
relations that belong to By, By and Bs. Hereafter we consider this overdetermined system

for the 7-variables assigned to M.

§ 3.3. Characterization of bilinear relations

Here we characterize bilinear relations that belong to By, B and Bs in terms of the
lattice. We consider the first and second relations of (3.3), the third of (3.4) and the
first of (3.5) as representatives.

At first, let us discuss the first and second relations of (3.3). The pairs of the
T-variables appeared there have a common barycenter, twice of which is H; € NS (X).
Note that A = H; is the unique element of NS(X) that satisfies the conditions

I°(A) = I°(A) = (1,0,1,0,0,0), (A,\)=0, m(A)=(0,0,0,1,0,0,0,0),

where \ is a dual element of A. Consider decompositions H; = A + A’ (A, A’ € M),
It is easy to see from (3.6) that A € M1, A’ € M~!. Further we have a following:
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Lemma 3.7.  The possible decompositions H; = A + A’ (A, A’ € M) are given
by
Hy= B + (H, - Ef?)
= Ef + (Hi - E)
= (Hy— B ?)+ E;?
= (H—E )+ E

For each decomposition we have (A’ — A, N — \) = —4.

Lemma 3.8.  We have dim |H;| = 2, where |H1| is a linear system defined by the
element H; € NS (X).

Proof. Let ®(A) be the defining polynomial of the hypersurface corresponding to
the element A = Zi:l dpnHy — 3, 5 10 E! € NS(X). This hypersurface is of degree

n

d = (dyi,ds,ds3,dy) in the coordinates f = (f1, fo, f3, f1) and passes through C? with
multiplicity p. Then we have ®(H;) = af; + b (a,b € C), which means dim |H;| = 2. I

From the decompositions of H; given in Lemma 3.7 we get four pairs of 7-variables

(3-7) 0o0o017,7, 00,0017,7, 0710,007, 010,007,7-

Lemma 3.8 implies that there exists a linear relation among any three of four pairs. The
first and second relations of (3.3) are typical ones.

Next we discuss the third relation of (3.4). The pairs of the 7-variables appeared
in left-hand side have a common barycenter, twice of which is H;. Since twice of
the common barycenter of the pairs of the 7-variables appeared in right-hand side is
H;+2H, — E;l — Es_l — E4_1 — E4_2, the four pairs of 7-variables do not have a common
barycenter apparently. However, we see

(3.8) Hi + D+ DY+ D =Hy+2H, — Ef' — E;' — B — B2 4+ DY,

then two barycenters are equivalent to each other modulo an element of the lattice D.
We see that A = Hz +2H, — ES' — E;' — E; ' — E; % is the unique element of NS(X)
that satisfies the conditions

I°(A) = (0,0,0,2,0,0), I =(0,0,0,0,0,2), (A,\) =0,
m(A) = (0,0,0,1,0,0,0,0),

where )\ is a dual element of A.

Lemma 3.9.  The possible decompositions of H3+2H4—E§“1 —E3_1 —E4_1 —E4_2 =
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A+ A (A, A € M) are given by
H3 +2H, —Ef' —E;' - E;' - E;?
=FE?+(Hs+2H,— E' —~E;' —E;' —E;? - E?)
=FE '+ (Hs+2H, - FES' —~E;' —E;' —E;? - EfY)
= (Hi—E; )+ (Hs+ Hy— BEf' — E;' — E;?)
=(Hy—E;*)+ (H3+ H,— Ef' —E;'—E[Y).
For each decomposition we have (A" — A, N — \) = —4.

From the above decompositions we get four pairs of 7-variables

(3.9) 050546345,5, 05,5046345,5, 0455063455, 0645,50345,5-

Let us consider a linear system |A| defined by A = Hy + Hs + 2H, — E;'l — E;l —
E;' — E;' — E;? € NS(X), where A is equivalent to both sides of (3.8). Then we
have dim |A| = 3. This means that there exists a linear relation among any four pairs of
T-variables, two pairs of which come from (3.7) and others come from (3.9). The third
relation of (3.4) is typical one.

Finally let us mention the first relation of (3.5). Since we have dim |A| = 2, where
A=H3+2H,—Ef' - E;'—E;' — E;?, there exists a linear relation among any three
of four pairs of (3.9). The first relation of (3.5) is typical one.

§4. Construction of special polynomials associated with rational solutions

Let us consider the transformation 7 := 1110 € W = W(Dgl)) x €2 which is an auto-
morphism of the Dynkin diagram (2.1). Note that this commutes with the translation T,
which means the transformation 7 is a symmetry of the system of ¢-difference equations
(2.4). It is obvious that the system has a particular solution f, = 1(n = 0,1,...,5)
when the parameters satisfy ag = a7 and a5 = ag, which lies on the fixed points with
respect to m. Applying Béacklund transformations to this solution, one can get a fam-
ily of solutions expressed by rational functions of six parameters including ¢q. Each
of solutions possesses internal symmetry described by an extention of the affine Weyl
group of type Dél), which can be realized as the centralizer of 7 of the Weyl group
W = W(Dgl)) x ). The remaining symmetry, which is isomorphic to the Weyl group
of type (A1 + A1)(M)| generates a family of solutions. In this section we construct the
T-functions associated with the rational solutions in a refined way.

§4.1. Preliminaries

The centralizer of m = 1115 of the Weyl group W = W(Dgl)) x ) is given by

Cw (m) = (507170, 51, 52, 53, 54, 556465, S075 556, L1, L2, 13),
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which is isomorphic to an extended affine Weyl group of type Dél). The simple roots
Bi (i=0,1,...,5) and coroots B3; (i = 0,1,...,5) are given by
Bo=ao+ar+ar, Bi=a;(i=1234), B =as+as+ag,
Bo=do+ar+ar, Bi=da(i=1234), f5=ds+ds+de.
Note that we have

Bo+B1+2Ba+03)+Pa+Ps =ar+ar+2(a1 +ae+as+as) + a5 +ag =6,

and the Dynkin diagram is given by
Bo Ba
Q
> B2 B3 /O
o \o
B1 Bs

We denote the simple reflection associated with a root §; (i = 0,1,...,5) by w; (i =
0,1,...,5), which can be expressed by

wo = So7170, Wi =8; (1 =1,2,3,4), w5 = Ss6465-

Each of the transformations sg7, s56 and ¢y (kK = 1,2,3) behaves itself as an automor-
phism of the above Dynkin diagram. To be more precise, ¢; and 1o keep the simple
roots (; (i = 0,1,...,5) invariant, and the action of the other transformations is given
by

so7 : o <> B,

$56 1 B4 <> Bs,

t3 Bk <> Bs—k (k:(),l,...,5).
They satisfy the following relations

)

So7Wo = W1S07, SorWi = WoSo7, SorW; = W;So7 (1 # 0,1
S56W4 = W5S56, Ss6Ws5 = WaSs6, SpeW; = W;Ss6 (i # 4,5)

L3W; = Ws—4l3 (220,1,,5)
Next we introduce ’yi(k) (1=0,1; k=1,2) by
vé” = oo + a1 + o + a3 + ag + o, %1)

7(()2) =qp+ o] +ax+ a3+ ay+ as, %2)

= a7+ a1 +ax + a3z + oy + as,

=a7 + a1+ o+ a3+ ayg + ag,

5
which are orthogonal to @Zﬁi = Q(Dél)), and satisfy the relations 7(()1) - 79) —
i=0

1
752) + %2) = §. They generate two root lattices @nyi(k) = Q(Agl)) (k = 1,2), which
i=0
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(k

?

®),

are orthogonal to each other. Denote the reflection associated with a root ~; ) by r

The group generated by r( )(z = 0,1; k = 1,2) is isomorphic to the Weyl group of
type (A1 + A1), and commutes with (wg, wy, ..., ws) = W(Dél)). The action of the
transformations sg7, s56 and ¢, (kK = 1,2,3) on the simple roots ’yi(k) (i=0,1;k=1,2)
is given by

S07: (1) N 7%2), (2) o %1)’

S56 I’Y(l) Ad 7(2) 7%1) A 7%2),

IR R S PR

1 2 1 2
L2 3’7(())<_>7(())7 7£)H7£ )7

1 1
FRNCIDN )
We decompose the lattice M into a family of five-dimensional lattices according

v( ) < (2).

to the values of the intersection pairing with the coroots ¥,/ and ¥;"/;

M[l - H Ml ;M Ml m {A € M[l] ‘ <A V(1)> lv <A7f?§2)> = _m}'
I,mEZ

Let us introduce a map j : M1 — Z6 by
j(A) = (j07j17j27j37j47j5)7 Jl = _<A7B’L>7 A € M[l]

Then we have [j(A)] := jo + j1 + 2(j2 + j3) + ja + js = —1. Further we define a map ¢

by N
o: MM - L x7?
W W ,
A = ((A), (I,m))
where L := {j ez | lj(A)] = —1}. It is easy to see that the map ¢ is injective. Then

we express 75 (A € M) by 7y = Tl I Below. In terms of this notation, the action of
the subgroup /V[v/((Dg) +2A,)M) C W on the 7-variables can be described by
w; (§(A))

(J1,J0,325--+,5) (Jos-++593,75,74)

w;(Ta) = Tim . Sor(Ta) = T m—1,—1-1 > s56(Ta) = Tl g
A .55.7.715.5.
() = 250 () = Ty wal(ma) = 7O ),
1 A
) =m0, Pm) =70,

where w;(jx) = jr — Cirji with C = (Cix)? ._, being the generalized Cartan matrix of
(1)
type Dz .
Let us consider the action of translation operators
T1,2 = TS107123456432, 12,3 = TS210712345643, 13:4 = TS3210712345645
To7,1 = ™S071234564321,  L14;56 = TS4321071234565

_ _ o1
T5,7 = pS017213024136724130217, L6;7 = P~ S017213024135724130217 5
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where p = 1319 and ™ = p? (= 1112). The subscripts denote the action on the simple
roots of Q(Dgl) ), namely we have for instance

Tyo :a—a+(0,0,1,—-1,0,0,0,0) 9,
T07;1 o= o+ (1, 1,-1,0,0,0,0, 0) (5,

where a = (ag, a7, a1, a2, g, o, a5, ag). It is easy to see that T2, To.3, T5.4, To7,1, Ta;56 €

(Jo,91,42,33,44,75)

Cw (7). The action on the T-variables 7o = 7,77 is described by

(Jo,j1,92,33,Ja+1,55—1)

(Jo+1,51—1,52,53,54,75)
Tora(Ta) = Ty , Tuse(Ta) =75, :
(Jo+17]1+17]2 1,j3,44,35) (Jo,g1,d2+1,33—1,44,J5)
(41) T1 Q(TA) —7’ T2 3( ) Tl s
bl 9 1’ 1’ 9 1
T3;4(7'A) _ Tl(jr?z’]l J2,33+1,ja—1,75 )’
and
(Jo— 1,31732,J3,J4,J5+1) (Jo— 17]17]2,337]47J5+1)
T5'7(TA) _ Tl m—1 ) T6;7(TA) =Ti_1 m
It is obvious that <T1 12, T2 i3 T3 4y T07 1, T4 ;56 T5 7, T6 7> {E+ } = . Since we have

T5.7,T6.7 € W((D5 +24,) M) := (w, . . ’LU577“(()1) Tgl) (2) 7“% ) . 807, 856, L1, L2, L3),

we find that W ((Ds + 241)V) {E{?} = M,

§4.2. Classification of bilinear relations

As we stated in Section 3, the g-Sasano system of type Dgl) under consideration
can be regarded as an overdetermined system of all the bilinear relations of By satisfied
by the T-variables 74 = lefn) assigned to A € M.

Proposition 4.1.  The set of bilinear relations By are decomposed into four orbits
by the action of the subgroup W ((Ds 4+ 24;)M)) € W. A representative of each orbit
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is given by
~1/4 —1/4
<a7a1a2a3>(a6)a0 a,
1/2_(0,~1,1,-1,0,0) _(0,1,-1,0,0,0) ~1/2.(1,0,-1,0,0,0) _(~1,0,1,-1,0,0)
X(% 70,0 70,0 —a 70,0 70,0

(0,0,0,0,—1,0) (o 0,0,—1,1,0) (0,0,0,0,0,—1) _(0,0,0,—1,0,1)
(az) 70,1 0,—1 —T1,0 T_1,0 )

1/2 (0,0,0,0,—1,0) (000 —~1,1,0) —1/2 (0,0,0,—1,1,0) (0000 —1,0)
(az)(ar) <U4 Ty, —1 T_1,0 —Uy  Tp-1 T_1,0

— (07_1717 1 0 O) (0717 1 O 0 0) (_170717_17070) (1,07_1707070)
= (a4) 70,0 —1,-1 —T_1,-1 70,0 )
(4.2)
1/2_(0,1,-1,0,0,0) _(0,~1,0,0,0,0) _ —1/2 (0,~1,0,0,0,0)__(0,1,~1,0,0,0)
(az)(ae) (uy "17 —1 70,0 Uy 0 T_q,-1 70,0
. (0,0,—1,1,—1,0) (0 0 0,-1,1,0) (o 0 —1,1,0,—1) (0 0,0,—1,0,1)
= (a1) 7'—1,0 To,— To,— 1,0 )

(a3) (a1>a§/4ag1/4 ((a7a1a2a3a4)1/275?;01’()’0"1’0)75?1’0’0’0’0"1)

—_1/2_(0,0,0,0,0,—1) (0 0,0,0,—1,0)
—(araazazay) ™ 1.0 T 10
— (0717 717 1 _1) (0 17070) (07_170717 1 ) ( ’ 7 17070)
= (araiazazay) 70,0 70,0 — 70,0 70,0 .

In this subsection we give a sketch of our brute-force proof of the above proposition.

. . . . . .. 1,0,0,0,0,0
It is sufficient to discuss the bilinear relations containing 7,+2 = T(go ),
1

since any A € M can be transformed to E}? by the action of W((Dg, +24,)M). If a
bilinear relation of By possesses a term TATR$2, then A € M; or A € M, +. Note that

the stabilizer subgroup S of Cyy (7) with respect to all the elements 7( ) , %2) and E 2

is given by S := (w1, wag, w3, wy, ws) X (w) with being w = t9556.

First we consider the case where A € M;". There are 560 elements A € M;" satisfing
(A B, X\ +ef?) = 0, where X is a dual element of A. These are classified into the
following types:

A€ M:I:2,07 M07:|:2 140 x 4 = 160,
(4.3) A€ My 180 % 4 = 320,
A € MO,O : 80.

We explain elements of M_; _1 and My in detail.

Any of 80 elements of M_; _; can be obtained from 2H; + Hy — Efrz — E1_1 —
ET 2 ES' — E;! by applying S. Then it is sufficient to consider the bilinear relations
containing the pair of 7-variables TE:2Tof 4 Hy— B3>~ BL — B2 B — By twice of whose
barycenter is 2H, + Hy — E;' — E;* — Ef' — E;'. Its possible decompositions are
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given by
2H, + Hy — E;' —E;? - Ef' — E;!

=E?+ (201 + H, — B* - B;' — B - Ef' — B, ')
=Ef'+ (2H1 + Hy — Ef' — E7' — E7? — ES' — EJY)
=(H—E ")+ (Hi+H,— E;>—Ef" —E; ')
= (Hi—E?) + (Hi+ H,— E;'— Ef' — E;Y).

For each decomposition, we denote by

(4.4) (Moo, M_1 1), (M_1,-1,Moo), (M_1,-1,Moo), (Moo, M_1_1)

the data of sub-lattices to which the corresponding 7-variables are assigned. The first
one, for instance, means that F;® € My oand 2H,+Hy—E{*~E;'~E;*~Ej'~E;' ¢
M_1 _1. Note that we have

H4+D?+Df°+Dg:2H1+H2_E1—1_E1—2_E2+1_E2_1_|_DZO
by applying ¢35 € W to (3.8). The possible decompositions of Hy are given by

Hy=Ef*+ (Hy— E?)
=Ef'+ (Hi— Ef)
= (Hs— E;*)+ E;?
= (Hy— E; ')+ E;

and then we get the data of sub-lattices
(4.5) (M_10,Mo,—1), (Mo,—1,M_10), (M_-10,Mo—1), (Mo—1,M_1p0)

for each decomposition. There exists a linear relation among any four pairs of 7-
variables, two of which come from (4.4) and others come from (4.5). The datum of

sub-lattices for resulting relations can be described by
(M_1,0,My 1) : (M_10,Mo,—1) | (M_1,_1,Mop) : (M_1,_1,Mopy)-
A typical relation is given by
(az)(ar) (Ui/205,50'46,6 - u21/2045,506,6> = (a4) (07210,0010,0 — 0210,00710,0) 5

which is equivalent to the second relation of (4.2).
Any element of My can be obtained from

3H, +2Hy + Hy — Ef' — B> - E;' —2E* - 2B —2E; ' — Ef' — E;!
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by applying the stabilizer S. Then it is sufficient to consider the bilinear relations con-

taining the term TE‘fr2 T3H1+2H2+H3—E1+1 _EF?_p{' oE;? oEf' 2m; ' Ef' Bl Twice of
the barycenter and its possible decompositions are given by

3H, +2H, + Hy — Ef' — By — 2B % —2Ef' —2E;' — Ef' — E;!
= B{?+(3H; + 2Hy + H3 — BEf' — Ef?* — E{' —2E7% — 2B — 2B, — Ef' — E; )
= (H1 — BEy?)+(2H1 +2Hy + Hys — B — E; ' — BEy? — 2B — 2B, ' — Ef' — E;Y)
= (Hi+Hs — E;? — ES' — E; 1)
+(2H1 + Hy+ H; — Bf' —E/' —E; > —ES' — E; ' —Ef' — B3
= (Hi+ Hy+ Hs — By - ESf' —E;' — Ef' - E; ')
+(2H, + Hy — Ef' — B{' — E7? — ES' — E3Y).

For each decomposition, the data of sub-lattices are given by

(4.6) (Moo, Moo), (Moo, Moyo), (Moo, Moo), (Moo, Mop)-
We have
Hy+Hy+Hs+Hy— B —E? -~ Ef' — By — ES' — E3' + DY + DS° + DS
=3H, +2Hy+ H3 — E{' — E[' — 2B — 2B —2E; ' — ES' — E7' + Dy°
by applying s7123t3 € W to (3.8). The possible decompositions of Hy + Hy + Hs + Hy —
Ef' — B2 - Ef' —E;' — Ef' — E;' are given by
H +Hy+Hy+Hy— E' —~E >~ ESf' —E;' — Ef' — EJ?
=B+ (Hi+Hy+ Hs+ Hy— Ef' — B —Ef' — E;' — Ef' — E;' — Ef?)
=Ef'+ (Hi+Ho+ Hs+ Hy— Ef' — B —Ef' —E;' —Ef' — E;' — EfY)
= (Hi+Ho+ Hs + Hy— Ef' —E{? —ES' —E;' - Ef' —E;' — E[?) + E;?
=(Hi+Hy+Hs+Hy—Ef' —E{?—E;'—E;' —Ef'—E;'—E") + E; Y,
and then we get for each decomposition the data of sub-lattices

(4.7) (M_1,0,Mip), (Mo,—1,Mo1), (Moq1,Mo—1), (Mio,M_10).

There exists a linear relation among any four pairs of 7-variables, two of which come
from (4.6) and others come from (4.7). The datum of sub-lattices for resulting relations

is one of the following:
(Mi,0, M_19) : (M1,0,M_10) | (Mo,0, Mo,0) : (Mo,0,Moy),
(Mo, M_10) : (Mo,1,Mo,—1) | (Mo,0, Mo,0) : (Mo,0, Mo,),
(Mo, Mo,—1) : (Mo, Mo,—1) | (Moo, Mo,o) : (Moo, Moy) -
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It is easy to see that the first and third ones can be derived from the second. A typical
relation of the second type is given by

1/4 —1/4 1/2 —1/2
(az)(a1)as' "ag <(a7a1a2a3a4) 205 50712316,6 — (ara1azazas) 20712345 5066
= (araiazazay) (0137210,007210,0 — 037210,0017210,()),

which is equivalent to the fourth relation of (4.2).

Next we consider the case where A € M; . There are 280 elements A € M
satisfying (A + B %, A + e ?) = 0, where ) is a dual element of A. These are classified
into the following types:

Ae M:I:2,07 Moyjﬁ 110 x 4 = 40,
(4.8) A€ My 140 x 4 = 160,
A e MO,O : 80.

We explain elements of M_; _1 and My in detail.

Any of 40 elements of A € M_; _; can be obtained from H; — Ef’Q by applying the
stabilizer S. Then it is sufficient to consider the bilnear relations containing the pair of
T-variables T2 TH, — B2 twice of whose barycenter is Hy. Its possible decompositions
are given as stated in Lemma 3.7. For each decomposition, the data of sub-lattices are
given by

(4.9) (Moo, M_1, 1), (M—1,-1,Mop), (Moo, M_1,-1), (M_1_1,Mpp).

Recall that we have (3.8). The possible decompositions of Hs + 2H, — E;rl — Es_l —
E,; - E,; 2 are given as stated in Lemma 3.9. Then we get for each decomposition the
data of sub-lattices

(4.10)  (M-10,Mo,—1), (Mo,—1,M-10), (Mo,—1,M-10), (M-1,0,Mo-1).

There exists a linear relation among any four pairs of 7-variables, two of which come
from (4.9) and others come from (4.10). The datum of sub-lattices for resulting relations
is

(M_y, 1, Moo) : (M_1,-1,Mop) | (M_10,Mo,—1) : (M_1,0,Mo,1).

A typical relation is given by
1/2 —1/2 .
<G3><a6> Uy 010,007,7 — Uy 00,0017,7 )] = <01> (06345,5045,5 - 0345,50645,5) )

which is equivalent to the third relation of (4.2).
Since any element of My o can be obtained from 2H; + Hy — Ele — Eer — E1_2 —
ES' — E;! by applying the stablilizer S, it is sufficient to consider the bilinear relations
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containing the term TEd2 ToH, + Ho—EF ' — B — B — B — By Twice of the barycenter and
its possible decompositions are given by

2H, + Hy — E{' — E;? — Ef' — B!
=E*+ (2H, + Hy — Ef' - Ef* — E;? — Ef' — E; ')
= (2Hy +Hy — Ef' —E{' —E{*—Ej' —E;') + B!
= (Hi+ Hy— E{? —Ef" —E; ") + (Hy — Ef)
= (H1—E*) + (Hi+ Hy— Ef' —ES' — E; ).

For each decomposition, the data of sub-lattices are given by

(4.11) (Moo, Moo), (Moo, Moo), (Moo, Moo), (Moo, Mop)-

Note that we have
2H, + Hy — B! — E{? — Ef' — E;' + D + DY 4+ Dg°
=H+Hy+H3+2Hy — E' —E[ >~ Ef' —E;' —Ef'—FE;' - E;)' - E;2+ DY
by applying s712 € W to (3.8). The possible decompositions of Hy + Ho + Hs + 2H4 —
Ef' - E?-Ef' —E;' —Ef' —E;' — E;' — E;? are given by
H, + Hy+ H3 +2H, — B{' — B> - Ef' —Ef' —E;' — E;?
=EB*+ (Hi+ Ho+ Hs + 2H, — Ef' — E;? - Ey' — E5' — Ef* - E;' — E,?)
=B+ (Hi+ Ho+ Hs +2H, — Ef' — E;? - Ey' — E5' — Ef' — E;' — E?)
= (Hy— E;?) + (Hi+ Hy+ H3 + Hy — B — E{? - B — BEf' — B
= (Hy— E;") + (Hi + Hy + Hy3 + Hy — B — By ? - B — Ef' — E;?),
and then we get for each decomposition the data of sub-lattices

(4.12) (M_10,Mio), (Mo—1,Mo1), (M_10,Mio), (Mo_1,Mp1).

There exists a linear relation among any four pairs of 7-variables, two of which come from
(4.11) and others come from (4.12). The datum of sub-lattices for resulting relations is
one of the following;:

(Mo,0, Mo,0) : (Moo, Moyo) | (M-1,0,M10) : (M_1,0, M),

(Mo,0, Mo,0) : (Moo, Moyo) | (M-1,0,M10) : (Mo,—1,Mo 1),

(Mo,0, Mo,0) : (Moo, Moyo) | (Mo,~1, Mo,1) = (Mo,—1,Mo1)-
It is easy to see that the first and third ones can be derived from the second. A typical

relation of the second type is given by

—1/4 —1/4( 1/2 _1/2
(ararazasz)(ac)a, ' a; (ag 0721000177 — 0~ 20710, 00917.7

= (ag) <07126345,5045,5 - 0712345,50645,5>,
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which is equivalent to the first relation of (4.2).

Similar discussions on all the types of (4.3) and (4.8) lead us to Proposition 4.1.

§4.3. Formulation of problem

In order to construct rational solutions to the g-Sasano system of type D;l) and their
7-functions, we formulate our problem here. Introduce the variables b; (i = 0,1,...,5)
attached to the simple roots ; (i = 0,1,...,5) of Dél) by

2 2 . 2
by = aparar, b; =a;(i=1,2,3,4), b= asasag,

which satisfy boby (b2bs)%bsbs = p, p? = q.

Problem Construct a family of functions 7 (b;p) = 7a(bo, b1, b2, b3, bs,b5;p) (A €
M) that satisfies all the bilinear relations of By and the condition

(4.13) ruay(b:p) = Ta(w(b),w(p)), w € Cuy ().

As we will see below, the condition (4.13) is too strict to construct functions 7, (b; p),
since each of 1, (k = 1,2,3) € Cy () acts on p by ¢, : p+— p~ L. Then we consider a
subgroup Cyy, (7) = (wo, w1, ..., Ws, So7, S56, P) C Cw (m), all of whose elements leave p

invariant, and we require the condition

(4.14) Tw(a) (59) = Ta(w(b),p), w € Cy(m)
instead of (4.13).

Let us investigate the symmetry of a family of functions 7 (b; p) = Tl]; 7(71;) (b;p). First
we consider the action of translations (4.1). When w = 77, for instance, we get

(Jo+1,51+1,52—1,53,54,75) Y (Jo,J1,52,33,94,5)
(bO7 bl, b27 b37 b47 b5’p) - Tl’m

Tim (pbo, pb1, ba/p, bs, by, bs; p)

from (4.14). Introducing a family of functions 7;,,(b;p) = 71.m(bo, b1, b2, b3, ba, bs; p)
(I,m € Z) by 11.m(b;p) = Tl(’i‘;’jl’h’j?”j“’j‘[s)(bo/pjo, b1/p’, b2 /P72, b3 /P73, ba /D", bs /D7 D),
one can see that the action of the translations (4.1) is described by a shift of variables
b; (i=0,1,...,5). For instance, we have T1.2(7;,m (b;p)) = 71,m (pbo, pb1, b2 /p, b3, ba, bs; p).

Remark 4.2.  The family of functions 7; ,,,(b;p) (I, m € Z) are not assigned to the
lattice M1, When we deal with the functions 71,m (b; p), the variables b; are renormalized
by blbl (b263>2b4b5 =1.

Next we consider the element w = pssewa3as132435 € Cw (7), which acts on Q(Dél)) =

5
@Zﬁi as a translation. The requirement (4.14) yields to 7_;_1.m(b;p) = T1.m(b; D).
i=0
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Together with the action of m € Cy (7), we see that the family of functions 7, (b; p)
(I,m € Z) satisfies

(415) 7_—l—l,—n’L—l(b; p) = T—l—l,m(b;p) = Tl,—m—l(b;p) = Tl,m(b;p)*
The action of the simple reflections w; (i = 0,1,...,5) gives us
(4.16) T (Wi (0)P) = T (bip),  wilby) = bib; 7,

where C' = (Cy;) j—o is the generalized Cartan matrix of type Dél). One can also get
the symmetry

Tm,1(b1, b0, b2, b3, by, bs; p) = Ty 1 (bo, b1, b2, b3, bs, by; )

(4.17)
= Tpn,1(bs, b, b3, b2, b1, bo; p) = T1.m (b; p)

from the action of sg7, s56 and p.

Finally we mention the bilinear relations satisfied by the family of functions
Tim(b;p). It is sufficient to consider the relations obtained by applying the transla-
tions TG_;éTgﬁm (I,m € Z) to (4.2). One can get the relations for 7 ,,,(b; p)

(4.18)
(B2) (p g /by Y= /2 (bUl[%),_ol,o,—Lo]7_[0,0,0,—1,1,0} B bZlTl[o,o,o,—LLo]7_[0,0,0,0,—1,0]>

I—1,m ;m—1 I—1,m
—_ 2 [Oa_1717_170a0] [0,1,—1,0,0,0] [_170717_17070] [1707_170a0,0]
- <b4> (Tl,m 7-lfl,mfl T —-1,m—1 7—l,m ’

2 —l+m l—|—m 2 [071a_1707070] [07_1a07070a0] -1 [07_1,070a070] [0717_17070,0}
(03)(p bS/b4>P( ) <b17—l71,m71 Tl,m —br T T,

0,0,—1,1,—1,0] _[0,0,0,—1,1,0 0,0,—1,1,0,—1] _[0,0,0,—1,0,1
_ (b%>(7[ -l Il I ])7

I—1,m l,m—1 l,m—1 I—1m

and

(P (babs)) (p~ s /ba) (b1 /bo) /2

o (bQTl[g;l—l,1,—1,o,o]Tl[%,—1,0,0,0] B b2_1Tl[’1n,10,—1,0,0,0]Tl[’;j,o,l,—l,o,o])

) (R0 o poa0 oo ton)
(4.19)

(B3) (B3 2 (T fy )12 700006007

(M b /) T2 O 00

= (pt+m+1p, /bs) <Tl[’or,n1,—1,1,—1,—1]Tl[’0n,1—1,1,—1,0,0] B Tl[’(i,n—1,0,1,—1,—1]71[%1,0,_1,0,01)’

where Tl[if{jl’h’j?”j“’jd = 71.m (p°bo, P71 b1, p72 b, p3bs, pP4by, p’5bs; p). Therefore our prob-

lem is reduced to constructing a family of functions 7, (b;p) (I,m € Z) that satisfies
the bilinear relations (4.18) and (4.19) and possesses the symmetry (4.15),(4.16) and
(4.17).
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§4.4. Construction of the function 79 o(b; p)

First we construct the functions 7_1 _1(b;p) = 7-1,0(b;p) = 70,—1(b; p) = 70,0(b; P).
The bilinear relations (4.18) with [ = m = 0 yield to the equations for 7 ¢(b; p)

(b2)(b2) (bo/b1)Tg 0000—10] ([)0000,—1,1,()]

0,—1,1,—1,0,0] _[0,1,—1,0,0,0 ~1,0,1,—1,0,0] _[1,0,—1,0,0,0
= <b4>+<7'(g,0 ]T(g,o - T(g,o ] (go ])v
(4.20) 0 1,-1,0,0,0] _[0,~1,0,0,0,0]
(b3)(bs) | <b5/b4> 70,0
0,0,— 1,0] _[0,0,0,—1,1,0 0,0,—1,1,0,—1] _[0,0,0,—1,0,1
(. (g1 100001180 o110 fo0n o)

due to the symmetry (4.15), where (x), =2 + 27!

+
Let us consider a pair of non-zero meromorphic functions (G(z), F'(x)) satisfying

the difference equations
F(pz) = G(@)F(z), G(pz) = {z), G(z),

and the reflection formula F(p?/x) = F(z). A typical choice of such functions is given

by
+v/—Ipz~';p)
Glz)=e(+i(¢/d -1 ( x
() = e (464 = 1)
F(z) =e(t5z (€ — d)?) (EV-12,£V/-1p*z7 " p, D)oo,
where z = e(3£), p = e(§d) and e(n) := e*™V=1", (a;p)oe = [[(1 — ap’), (a;p,p)0 =
i=0
1T —ap™).
i,j=0
Proposition 4.3.  We find that 790(b;p) = H F(px) satisfies the equations

zEeP+

(4.20), and possesses the symmetry (4.16) and (4.17), where e+ := {b=¢" |8 € A}
and Ay is a set of positive roots for the D5 root system. Further we have 7_1 _1(b;p) =
T_1,0(b;p) = 70,-1(b; p) = 70,0(b; p) H F(px) from the symmetry (4.15).

zeet+
§4.5. Special polynomials

From the second relation of (4.19), together with the symmetry (4.17), we get the
recurrence relation
0,0,0,0,0,—1] _[0,0,0,0,—1,0
e i e

_ 0,1,-1,1,—1,—1] _[o, —1,0,0 0,—1,0,1,—1,—1] [0,1,0,—1,0,0
= (R)p~ (b5 /pba) 2 (715 R el oo

+(b§>pl (pb4/b5)1/2 ( [1,0,— 1,1,—1,—1]7_[ 1,0,1,-1,0,0] 7_[—1,0,0,1,—1,—1]7_[1 0,0, —1,0,0]) .

ﬁvn I,m I,m I,m
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It is sufficient to consider this recurrence relation for constructing 7 ,,,(b;p) (I,m € Z)
due to the symmetry (4.17).

Let us introduce a family of functions Uj ., (e;p) = U m(€1, ..., €5;p) by

mmbip) = [[ Fox)Uim(ep),

zeet+
where the new variables ¢; (i = 1,2,...,5) are given by
1 .
b(): -_—, brL‘: i (iz 1,2,3,4), b5=€4€5.
€1€2 €it+1

Then we obtain the reccurence relation for Uj ., (e;p)

—(ere2){e1/ea)es/ea)Ul sy o MU
= —(e1e2)p'e5
X [<52/53>+<€1€3>+<€1/64>+<€264>+Ul[717’n_1
(4.21) —<€1/€3>+<52/€4>+<€2€3>+<€1€4>+Ul[;n1’1’1’71’1]Ul[i;;l’*l’l’”}

+(e1/e2)ples
x [<52/€3>+<51/53>+<51€4>+<52€4>+Ul[;n1’_1’1’_1’1] Ul[lm’l’_l’l’l]

1,—-1,1]47[—1,1,—1,1,1]
Ll ) U L] [t
lm

11,1, 1,1] 57 [~1,~1,~1,1,1
—(e128) 4 (ea/ea) , (e2a) 4 (€1 /ea) L U] Il ]} :
where Ul[f;f”?”i“’id = Upm(p'/%e1,p"/2eq, p'3/2e3,p"/2e4, p'/2e5; p), and the initial
conditions
(4.22) Uy =U_19=Up_1=Upo=L

Let us consider the symmetry of the family of functions Uj ,,(e; p). First we get

U_i—1,—m—1(g;p) = U_i—1,m(€;p) = Ul —m—1(g5p) = Upm(e;p)

from (4.15). In order to describe the symmetry that originates from (4.16) and (4.17),
we introduce a group isomorphic to the Weyl group of D5 and its counterpart.
Let S5, be a symmetric group on the set {£1,4+2,...,+n}. We see that

6t = {0 €&op|o(—i)=—0(i),i=1,2,...,n}

is a subgroup of order 2"n! of Gy,, and that any element o € & can be denoted by

1 2 ....n
o= , € =%x1, k;=|o(i).
61]{71 62]{72 cee Enl{?n

We also see that & = {a € 6% ’ €1€9 €y = +1} is a subgroup of order 2" !n! of
&t and &F = W(D,).
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Theorem 4.4.  Define the action of o € &= on the variables ¢4, ..., e5 by o(g;) =
ey, (1=1,2,...,5). Then we find that the family of functions Uj ,(&;p) satisfies

Um(0(€);p) = Unm(g;p), 0 € 67,
Un,i(o(€);p) = Uy m(e;p), 0 € &5,
where &, = 65i — 6;_

Further we observe that Uj ,,, (¢; p) possesses the symmetry U; ,,,(e;p7 1) = U (g5 p),
which does not originate from the condition (4.14) but from (4.13).

It is obvious that U, (e;p) € Q(e1,...,€5,p) from the recurrence relation (4.21)
and the initial conditions (4.22). Further we obtain from Theorem 3.3 in [11] the
following.

Theorem 4.5.  We have Uy, (e;p) € Z[eE?,. .., et pT!] and all the coefficients

are non-negative integers.

Let xr, (t) be a character of the irreducible representation my of SO(10) associated
with the highest weight A\, which are given by

€1(>\1+4) 62(}\2+3) € (A +2) 64()\ +1) €55
D 2L semlo)tgy e T

c€ESs e€F,e1--e5=1

X 1) = gy (ora) - () |

1
where \ € Z° or)\EZ5+§(1,1,1,1,1), and F = {e = (e1,...,65)| ¢, =£1(1 <5 <

5)}. Introduce the notation xax(€) := X, (€2). Then some members of the family of

polynomials Uj ,,, (€;p) are expressed by
U1,0(€;p) = X(1,1,1,1,1)(€)a U0,1(53p) = X(1,1,1,1,—1)(5),

Uso(esp) = (p7* +P4)X(3,1,1,1,1)(5) + (p~2 +p?) [X(3,3,3,1,1)(5) + X(1,1,1,1,—1)(5)}
+ [X(3,3,3,3,3) (6) + x@3,31,1,-1)(€) + X(3,1,1,1,1)(5)} 5

p‘5—|—p5 p_3+p3X22000(€)+p_1+pX22220 (5)
p—1+p p—1_|_p(7777) (7777)

Uii(g;p) =
( ) p—l +p

Unfortunately we have not obtained an explicit formula for U ,,,(e;p). As we stated
above the family of polynomials U; ,,,(g;p) (I, m € Z) possesses the external symmetry
described by the affine Weyl group of type (A; + A;)("). This suggests that the poly-
nomials Uj ,,(¢;p) can be indicated by a pair of partitions A = ([,/ —1,...,2,1) and
uw=(m,m—1,...,2,1). Construction of an explicit formula is still an open problem.
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