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An uncountable number 0f II; , Il .~factars
)

ShGichird  Sakai

1. Introduction. Recently, great progress has been
made in the investigation of the isomorphism classes of IIj-
factors ( [ 1], [2],(4], [61,(7], [8] ).
In particular, Mcguff [4[ proved the existence of a countably
infinitehnumber of IIj-factors on a sepé;;g;e Hilbert sbace.

. In this paper, by using the method of Mcaduif, we shall

show the existence of an uncountable number oi non-isomorphic
II,~factors on a separable Hilbert space.
Moreover, by using this result and tensor products, we shall
show.the existence of an uncountable number of IIy
factors on a separablie Hilbert space;

Concerning III-Jactors, ?owers'[llI'has shown the exiStenqe

of an uncountable nunber.

Added in proof. After writing this paper, the author
3
received other two papers of Mcomuff [9], [10} in which she
pProves the existence of an uncountable number of II*~factors.;

But, the constr.ction is different from ours.

2. Construction of examples.  -‘Suppose Gl, Gz, +.+ .-
i Hy, Hz, .»+... are two sequences of groups. We denote
by ( G, Gy, «.... i Hl, Hp, ..... ) the group generated by

] ]
the Gj s and the Hjy s with additional relations that Hj , Hy
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commute elementwise for i ¥ j and G. H. commute elementwise

i
for i < j. This situation was considered in [2].
Let Ly = (G, Gy, .-+ i Hy, Hy, ..,. ) with Gj = 2,

and Hy; = 2 for all i, where 2 is the infinite cyclic group.
Define Ly inductively by Iy = G?, G2, ves 7 Hy, Hz, ceee )
with Qi = Z, Hy = Iyeq for all i and k z 2.

Let I ba .the set of all positive integers and let Ij be
A Sepuence o,c—/?.?,,/}pg? srbesers
arcabeeteoE=T Let M, (I;) = EZGBI‘. » 1 I3 = (Py,P2s+ve- )

(= .
i3 infinite, and Mﬁ11)== ??(}L pi for n < ng and Mn(il) =

Mp, forn > ng, if I; = (pP1,Pp,---., pno) is finite.

(o}
Let G[I;] = (Gy, Gp,.vv.5 Hy,Hy,....) with Gj = 2 and
H; = M (I3) for all i.
For a discrete group G, U(G) is the W*—algebra generated by
the left regular representation of G.
Then, we shall show' the folldéwing theorem fepuences
Theorem 1. Let I} = (Pi) and Ip = (qj) be two -swusets of
I such that 12 contains a positive integer q such that.culazly,
q, o=k & I . Then, U(G[Ij]) is not ¥-isomorphic to
U(G[I5]). In particular, U(G[I;]) is noc *-isomorphic to
U(G[Ip]), if I and I, are two subsets of ewwa positive integexs
and I; % I, as a set.
As a corollary, we have
Coroilaxy 1. There exists an uncountable nunber of

non-isomorphic IIj~factors on a separable Hilbert space.

To prove Theorem 1, wa shall provide some considerations.
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Definition 1 ( Iﬁ]). For a W*—algeb:a U4{G)} wve shall write
(U(G)§l o denote the unif§ sphere of U(G). If 3 and @ are
subalgebras of W(g} and § » 0, then we shall write B é c
to mean that given any 'I‘ & (B)31: there exdsts gome S &(C)3
with T = Snl<é‘where I::cnz ‘is, the LZ(G)~norm of z= ,when
U.{Gh.1s embedded into L2(G) canonically.

Let A = U(G). . A bounded sequence (T,) of elements
of A is called a central sequence, if for all X ¢ A,
I{% . ThIf, -» 0 (n > % ), where [ , 1 is the Lie product.
Central sequences (Tn) , (Tnl } in A are called equivalent, if
T, - ”ﬂn'uz—> 0 (ny ®@ ).
Let H be a subgroup of a group G. H is called . strongly
residual in G, if it satisfies the following conditions :
there exist a subset S of ﬁhe complement G ~ H of H and
elemwnts gj, g2 of G such that (/) g'l‘rigil =H, (i)
cL/nggi’ = G N\ H, .(fﬁ') { g™ sgp™@ Jn=0,£1, 2,...
forms a family of.disjoint subsets of G~ H.

By thi above definition, we.can easily see that only one
strongly residual subgroup of a commutative group G is G itself

-~ in this case, S is the empty set.

Lemma 1 ({4]). Let G3(i=1, 2,......, n ) be & finite
family of groups and let H;( i =1, 2,....., n) be a subgroup
of Gj- Suppose that Hi is strongly residual in Gj for eacy
i , then {i@ H; is strongly residual in lﬂ% b G .

Let H be a strongly resic}ual subgroup of G, then H must
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contain the center of G.
Let {H, )} be a sequence of subgroups of G. (H,} is called
a residual sequence of G, if it satisfies the following conditio-

ns : (1) H, is strongly residual in G ; (ir) Hp = Hy41 @ K,

, where K, is a subgroup of G ; (i ) ht?' Hy, = G ,where
HnI is the commutant of H, in G. |

Let Gy (i =1, 2,.....,m) be a finite family of groups and
let [Hi,n} (i=1,2,.....,m ) ke a residual sequence of Gi

then. { 5—9 Hi n } is a residual sequence oOf é: Gj

Any central sequence in U(G) is eguivalent to a central sequenc

whose elements lie in U(H), if H is canonically considered as

a subalgebra of U(G), and H < obongdy vesidual v G .
Definition 2 ([?]r 1. A sequence ( T,) in the unite

sphere ( A )1 of Az U{R) . is an ¢ - approximate central

sequence, if lim sup N T 5 X ]1;’_2<c for all X e (A)q.

The set of all e-approximate seqguences is denoted by Ca(e€).

If H is strongly residuai in G, then for all (Tp) & Cy(g)

=

H 1]
t {¢), there exists a sequence (1, ) in the wunit sphere of U(H)

i such that lim sup [l T, —»Tn'l& < 14 e { c£. [3], [5], [e]).

Let G = ( G3,Gp,svvve 5 Hi,Hy, o't ) with G; = 2 and
[=d ) £
let Q(G,n) = Z® Hy and Q(G, m, n) = P> Hj
j"l’l J:rn_.
Then, { Q(G, n) } is a reridual seguence in G . Let ( Fk |
k=1, 2,....., ¥-) be a finite family with the form T’& =
{ Gl, G2, cees -3 Hl" Hz,.... ) with Gi = Z.

X r :

Let Q(Z@J, ., n) = Y &@Q([, , n) is a residual
fax} R=i k’

sequence in G. . This residual sequence is called the



‘canonical residual sequence.
v r
DenOteQ(Z‘l@QJn)m)z' E}@Q(T]ﬂ )n)m)‘ .
A group G is called of type O, 'if it is commutative
. n R
G is called of type i, if G = 2© Gy with Gy = Lj 7 S is
o 37
called of type iw , if G =3 ® Gj with Gj = L; ;7 G is called
I 4 n
of type (i , loseevenns, i), if G =1%;€>Gj » where G is
of type ij ;7 G is called of type (iy, ij, ceeesidp Yoo s i€
n

G = 3& ® G5 and some of Gy are of type ijmgnd others are of
‘i&peﬁij ’ |
Now let U(G[Ip]) % A and U(G[I2]) = B. Suppose that
A is *—isomorphié to B. Then, under the identification
A= B, we have tw& expressions U(GIIl}) and U(G{Ipl]).
Henceforward, we shall assume that A = B and conclude
a contradiction.
Lermma. 2 ([4]). For d> 0 and a positive integer nj
there exists a positive integer n, such that
v(Q(6l12], n2 )) & ulQ(GlI1l, ny))
Moreover, since‘U(Q(G{Ii], n, n+ 1)) is a factor, we
1ave
Lemma 3 ({4]). Fcr a positive integer mz with my > no,
there exists a positive }nteger mj &ach that 'ml > njp and
JQ(GI13] , ny, my ) 7C u(Q(G[11]), n3, 'ml 1) . |
Now let Ij = (pi2 and Ip = ( ds ) . Without the lpss
>f génerality, we can assumne that g = qj .
For ¢ =/ogl, by applying Iemma 2 for Ij and the symmetric

form of Lemma 2 for I, , we can ctoose pesitive integers nj

® e 00000900
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sN25 «evee.,ng such that né: L ng < ng < <o < ng,
and n; < ng, < coeeees < ngl and

1 3 7 t-1 g
U(Q(G[Io), ng )) C U(Q(G[I1], ney3 )Y € oelll.

d d
C u(Q(G(z3], ny )) C ue(elrzl, ngy)).

Then, by Lemma 3, we can choose positive integers my,

Mysevseres, Mg such that my > my > chenen > mg and
mp > m3> ....cee.. > Mg withmg > ng and

; : 74 : 9d

U(Q (G[Iz], nt ; mt )) C U(Q(G[Il], Ne-is mt_l )) C ce e s

%? %(Q(Gﬁlll, ni, my )).
Since Q(G[Ij], h, k ) is a finite sum  of the form (Gj, Gosven
Hy, Hp, ..... ) with Gj = Z, it has the canonical residual
sequence { Q(Q(6[z;), h, k), n) }. |
For simplicity, we shall denote Q(G[Ii], h, k) ( resp.
Q(Q(6[I3), h, k ), n )) by Qi (h, k) ( resp. @;°( (h, k), n).
Lemma 4.  Suppose U(Qi( h, k )) Zg\ U(Qy( i, 3 ))
Zg U(Q1(p, g )) with h > p’ and ¢ > k.
Then for arbitrary positive integers r and w, there exists
‘a positive integer s such that U(le( h, X ), s)) %Eﬂg
U(Q,2 (i, jlrjand s > w.
Proof. Suppose this is not true, then there exists
T, € (U(le((h, k ), n)))1 for each n with n > w such
that T, - S I, 2 (10)° §  for all § € (U(222((i, 3), ¥))1.
Since ({ ’ngz((h , k), n)) } is a residual sequence in
U(Q1(h, k);, ( Tp) is a central sequence in U(Qi( h, k )).
On the other hand, Qi(p, @) = Q1 (h, k) G§ C, where

C is a subgroup of Qi(p, ¢ ) ; hence (T, ) is a central
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sequence in U(Q (p, Q). _ Now, take Tn' s (U(Qy(1 , 3))
such that ||T, - Tn‘f’2< 946 and for arbitrary X‘ € (U(Qy(
i, 3))y , take X e (U(Q; (p, Q) )31 such that || X - X'11< 9 d
Then, ' ’
NEx,z, 3y, =U(X , 2n -Tllh+ U7y, xTlh

+ nmn,x-x'gn?_gz N7y’ = Tol, + H{Ta » X 1l
w2 0X - Xy .
Hence lim sup g x' , Tn' 1, &£ 18 ¢ +1848 < 3714

Therefore, there exists a sequence ( Tn'l y in  ( U{ Q22(‘i,j),
r )))q such that lim sup (T, = T Hy< 14-374 .
Then, 1Ty = Tn I € N%h =~ Tn i + T4 = Tn (< 1054 .
This is a contradiction and completes the prooi.
Applying this lemma for I3 and the symmetric one for
I, , there exist positive integers ¥p , X3sseecvers ¥
such that ry <y < ««00 <X ??00:553<r4 cenees LTy
and U 022(('At,mt),rt)) C e
2 tioyd . o
U(Q1%((n3 , m3), r3 )Y C Uy ((ngy , mp), Ty ))e
Q(Gilll, n, m) = ‘Z&JM (I1) is of type (pl, P2, » Pp )-
Then, Ql ( (n,m), x) lS Of type (Pl"lw-'---- s Pp~l)
-Therefore, at this time , Qi ((h, X)), ¥ ) might contain
a type 0O -g'roup as a direct summand.
Now we shall define : for x £ 5§ , RQi?‘( (h, ), (x, s))
= the center of Qiz ((h , k), ) .+ | Qiz“h, X), r )@

9;2( (, X), s +1))



Lemma 5. For arbitrary positive integexr sy > Ty s

there exist positive integers sy, Sgsee-++., S¢ such that

Sy D Sg > ereess ¥ Sg and S5 > S .eeeee P Sgol

and .
' [/g)yé
URQy2(ng , mg ), (re, s))) 0 aeainal.
l1e)d e

C U (g , ms) O 500U RRZ (g, my), (g, 54))) -
Proof. Qo((ng.y , mp _ 5)) = Q2((n ¢ , W) @ H

, where H is a subgroup of Q, ((nt-.2, mg_2)).

Now, consider Q22(( ng , mg ), ¥ ) & Hin Qo ((neon, mga2))

R thén Q22((nt » M), r) is strongly residual in Q2 ((ny,mg ))

and so Q22((nt, m.), r) & H is strongly residual in |

Qo ({ng_p, my_5)) for each r.

©n the other hand,

’ ~
¢

(]d
U(Ql((nt -1 mt"l ) - U(Q((nt_Z:mt_2)) - U(Q( (nt—3'mt-3) 3.

Therefore, by the similar method with the proof of Lemma 4, ,
: verd

for each r there exists k with k-1)ri_q such that{f(@fwhh,mb/)&)c

V(R (e, me YW IOH ). 5 , ]

Take x = sy * 1, then for T ¢ (U(RQ3T ([, mo), (7, Se))))y

C (U2 ((ng, mg), T ))) , there exists T ¢ (U(Q?((

3

nt_l,.mt_l), g )))lysuch that T -~ T'q¢<f(10)3cf

For X ¢ (U(Q12((ng-1, me-1)s K)))q , take X ¢ ‘(U(sz((

Ng, Mg, X Y& H ))l such that X - X'@Z<'(10)3cf , then
LT, x 1i, 2l -, x" 1, o+ NLX =%, Tl

+oplT, x16 < 20038 + 200348

, because [bT , X} =0.

Hence, there exists T . ¢ (U(Q1% ((ng-1, me1 ) k))l)l N

U(le((nt_l, me_q)s rt_l), where ) is the commutant of



Then we have the following situation.

/)

Y] ' -
the W ~algebra ( ), such that i T' - T'i;f 4-'4(10)3 d ( cf.
Lemma 4 in [4] ). Hence, [T - ‘1‘";;2-5_'9'1' - T' "y ' +
[]

ot -, < (10) e

Clearly, = U@p%((ne-1, me=y )» k) /1 0@ (epsmey),

ro.y)) = Rle((“t-l’ me_g ), (g1, k= 1))
Take k = 1 as s¢.1 - The remained part is quite similax.

This completes the proof.

Remark. The proof of Lemma 5 is due to B. Vowden.

RQ;_ ((h, X), (i, 3)) is of type (pr-1, pP2-l,.:--, Pk “l)
and RQ2 ((h, k), (i, 3)) is of type (ai~1, Q2 = L,«+ees =t ).
They might contain a type 0 group as a direct summand.
RQiz((h, X), (i, j)) =D @ W, where D is the center of RQiz(
(h, k), (&, j)) and W is of type (iL, i2,.:++ > rn) with ’
iy 2 1 for u= 1, 2,...., n.

Define the canonical residual sequence of Rle((‘n, k),

(i, 3)) as follows ;  QiRQ1%((h, ¥), (i, ), n) =" D
® Q( W, n).  Quite similarly, we define the canonical
residual sequence of RQ‘22

Now we shail continue this process by q3 times .

Ko Ne Ae
(0, ) & Ul ¢ Ui, ) U(f245) -
, where L2 . contains a type l-group as a.direct summand
and _Q,H does not contain a type l-group as a direct suamand
: moreover -Q(-z = {i¢ & K, vhere -~ is a subgroup of (14.,

K is a constant , which does not depend.on o

-



and by the qj + 1 th process, we kave
5 o
V(D¢ ) & Ul Sy ) . Uldg)
» where Kj does not depend on ¢ .
Moreover, iet ﬂé = E (P H, where E is the center of [2 +» then
Ay = E @ E; @ W, vhere Ej is contained in the center
of & ¢ and E; = Q(Ly, n) for some n.

On the other hand, the center of 4,., is same with the
center ¢ of {2 ¢. » because k9. ¢.; does not contain a type
l-grolp as a direct summand.

Lemma 6. For X ¢ ( U(E;)) 1, there exists an element

< 10% Ky & .

x' ¢ (U(C)); such that IX - X' I,

Proof., Put X, = X, then (x, ) is a central sequence in
U(E;) ; it is a central sequence in U(d,,), because
Aé;2= Ar @ T for some subgroup |’ .
Let ¥' € (U(&,.,)); such that X = ¥ ¥, < Ky & . then by
the discussions in the proof of Lemma 4 , || | Y', W.} I, <
$Kyé for all W oe (U 4,4))1 i hence there exists a

[} .
central element X of (U(d4,, ))l such that l!X. - ;Y' iy

3

] [] oA
= 2-::3"Kl i hence X =X B |X =Y i ' - Y'NJ
< 102 Ky & . This completes the proof.

Now we shall prove Theorem 1. , |
_Proof of Theorem 1.  (U(E)); € (W(Ly))y SNy
C w2 Ny By lemma 6, for X ¢ (U(Ep))y,

there exists. an x' ¢ (U(C))vl such tha‘;: X = X. g, < 102I<l &
For arbitrary Y ¢ (U(L;));, take Y’ ¢ (U(.O{,,))i such that
Y - ¥i<K § .  Then,
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Then,

WY, XJhs Y=Y, X100 + [y, x=-x" 11,

+0[ Y, x']s:Lg 2K -}2:'102'K16' . ’

Hence there exists an element X ¢ U(Ly) M U(Ly) s (A1),
where A are complex numbers, such that X - x" i, < 4(K -+
R
We can choose ¢ as arbitrary small number ;‘ hence U(El)
‘must be the center of U(Ly). A

On the other hand, U(El) is not the center of U(Ll),

[aR

because U(El) = U( Y@ Hj ) with HJ = 4.

T
This is a contradictijon and completes the proof,

Next, we shall show the existence of an uncountable number
of II, -factors.

Let Fp be the free group of two generators gj, gs -
Let S be the set of g - F2 which, when written as a power of

n =
,n—il, _*_2,....,

g1 , 9o of minimum length, end with a g3
then it is clear that § 1/ g1Sg] = ..{-:2\ (e}, glegz = e,

and { g0 sgy ™™ '} n=o0,21,...,.,, are di:sjoint subsets of
«Fon(e } , where e is the unit of F, ; therefore [ e }

is strongly residual .

RS

Now let Ry = Fp for j = 1, 2,..... and o= "@) Ry .
Put |T; = ::'+) Rj , then ’ is strongly residéa.’i}.,l,in T
, because ! [/, is strongly re’sidual in 7, and I @ { ej}
Vo oy
is strqngly residual im ?.".’i“\‘) Rj , where e is’)the unit of
Rj, ; hencev ;;,:’7 R. i(; strongly residua‘\".: in [ .
Moreover '!"n@ i/, = Ry and O i ,’ = 3@ Ry = [

h=! g



i3
: hence ({ rn } is a residual sequence in I'ﬂ" .

Put (Il) = 7’:1{9 Q(G . [I7], n) forn=1, 2,.... ,

Y

L8
then- (E',,(Il) } is a residual sequénce in 1 @ G[11].

Now, we shall show

Theorem 2. Let I; and I, be two subsets of I satis-
fying the conditions of Theorem 1, then U(T@® G{Il]‘) is not
*-isomoxphic to U(' 7 & G[Iz]) .

Proof. - Since P.(1;) @ 53'\»((Ii) = (ThoT.) &

(Q(G[I;], n) @ Q(G[Iz], n+L)), U( ii?n(Ii) @ 5'5"“(15_)) is
a‘factor forn=1;2,.....and i = 1, 2..

Therefore, we can apply the lémmas of McDuff I_ 43,
Now. suppose that U( 7' G[Il]) = . U( 7 ® Gl[I,] ), then
we have the similar situations with Lemmas 2 and 3 for two
residual sequences {3, (I3) } (i=1, 2).
On the other hand, |7 . - ',Tj',q;'l’l "m < n  has the strong
residual subgroup | e} ; hence we have the same relation with
Ue)?d

the previous case such that U( Q22((nt, me), rt) C
g3 re)s

< U@2((ng, m3), r3 ) < U(Q22((ny, my) , ry )).
This is a contradiction and conmpletes the ;roof.

Theorem 3, Suppose that I,, I satiify the conditions
of Theorem 1 and let B be a type I —-factor, then B @ U( [7®
G[{Iy]1) is not *-isomoxphic to B¢ U( "® G[Izl). |
Proof. B o U( T @ G[I3] ) =B U(T ) ® U(G{I;])

= [

=B & UG[I;]) ¢ @ U(R,), where (5 U(R, ) is the

o T

canonical infinite tensor product of { U( Ry)} ( cf. [6]

; hence B &F U( ’2@ GIIi] )& A is *- isomorphic to
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BeU(ToOG6I;l) (i=1, 2), where A is the hyperfinite
11y -factor ( c£. [6]).
We shall denote U( 7¢& G[Il]) by N. Let ¥ be a normal
, faithful semi-finite trace on B, and let <, { resp. 7 )
be the normalized trace on N ( resp. A), then ¢@7,67 will
define a normal, faithful semi-finite trace on B @ ¥ @ A.
Now, let E be a minimal projection of B, then E & 1y is a
finite projection in B ® N , where ly is the unit of N ;
moreovexr (B & lN) B @ NE ® 1ly) =E @N ; hence it is
*~isomorphic to N.
For arbitrary positive « with A <¢eleG(E @ ly @ lA)
, we have a projection P in A such that voreh( E € 1 ® pP) .
= , where lA is the unit of A.
Now suppose that B ® N & A is *-isomorphic to B & U(T® G[IZ,])
@ A. then there exists a finite projection Ej in B& N®@ A
such that E (B &N @ A)Ey is *~jisomorphic to U(T@ G[I I A

Take Py ¢ A such that ng gar, e 7 (B ¢ ly @ Po) = |
9@ T, € T, (E]) for some positive integer ng.
'Then, there exists a family (El,il i=1,%2,.... ,né) of
mutually drthogonal , equivalent projections in B@ N® A
such that El,i ~ E@ li\] & Po , Bp,i £ Ep and

Ny

T By =0

oz '

#~isomorphic to (E G ly ¢ Pp) (B @N @A) (E & 1y & Pg).

On the other hand, (E & 1ly @ Po)(B @ N @ A)(E@ 1y & Py)

X

= E ¥ N& PoAPg ; sinee PoAPg is *-isomorxphic to A,



> &)
et

E® N ®P,AP, is *-isomorphic to N® A.
Since El(B(g N ® A)Ey; is *-isomorphic to El,i(Bd3N<?A)El,i

is

& B,o and so it is *-isomoxrphic to N @ A, where Bno

~ the type Ino —factor.
Hence, U(T"® G[I,]) ® A is *-isomorphic to N A.

Since U([]' @ G[I;]1)(0 A is *-isomorphic to U( 7@ G[11]),
we have a contradiction, where i = 1, 2. A

This completes the proof.

As a corollary, we have

Corollaxy 2. There exists an uncountable number of

IX ,,~factors on a separable Hilbert space.
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