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THE ARCHIMEDEAN PROPERTY IN AN ORDERED SEMIGROUP

T8ru Saitd

The detailed version will appear in 'The Journal of the
Australian Mathematical Society' under the same title, So here
we give only the abstract of the results,

By an ordered semigroup we mean a semigroup with a simrle
order which is compatible with the semigroup oreration, Ve denote
by P a nonnegatively ordered semigroup, that is, an ordered semi-

group in which x £ x for every x € P, and denote by & the
set of idempotents of P, Also we denote the D-equivalence of
' the semigroup & by DE* In P, we define the archimedean eguivalence
~ by |

X~y if and only if x & y_é_xn or v£ x5 y* for some

positive integer n,

Lemma 1, For an archimedean class A of P, the following

conditions are equivalent:

(1) 4 contains an idempotent,

(2) A has the greatest element,

(3) A has the zero element,

' (4) every element of 4 is an element of finite order,

(5) A contains an element of finite order,.

Thus archimedean classes are divided into two types, perio-
dic one and nonperiodic one,

F ig ¢alled a-regular if the archimedean equivalence in P
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is not a-regular, it is necessary
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srdsred sexigroup to either X, or Ry, where X, and K2 are ordered

of slexents e < <a<g and with the




multiplication tables

e £ a g e £ a g
e e e e e e e f il g
'Kl f hif f f f KZ hid e £ g g
& f g g g a e f g g
gl ¢ & & & g| e f g &,
Theorem 2, P is &~regular if and only if it satisfies the
condition:

2 e = e2 < g  and e DE g imply either ea =g

In the following, F is an a-regular nonnegatively ordered

- semigroup, Then the quotient semigroup P = P/~ with the order

1.7

induced in natural way is an ordered idempotent semigroup, We
denbte the D-equivalence in P by D and the D-class which contains

A eP by I(a),

¢

Theorem 3, If A is a periodic archimedean class, then every

element in D(A) is a periodic archimedean class,

Thus D-class D in P belongs to one and only one of the fol-
lowing fwo types:

(1) all archimedean classes in D are periodie,

(2) all archimedean classes in D are nonperiodic,
If e D-class D is of the type (1) (type (2)), T is called a perio-

dic (nonperiodic) D-class,

Theorem 4, If A is an archimedean class which belongs to .

a periodic D-class 5 and if A is not the least element of D, then

every element of A is at most of order 2,

Theorem 5, Every nonperiodic D-class consists of only one

nonperiodic archimedean class,

Theorem 6, Let A and B be archimedean classes such ' that

A<B,

.
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(1) If AB < B, then AB is a periodiec archir - class
2 hel -
and, for every a € & and b € B, the product ab is Lo

then 34 is a periocdic archi

tne product a i
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Kowalski Theorem such

archimedean ordered se

(a1,

2. Problem, Discuss the connection tetween the notion
of an zrchimedean class in the atove sense and that in the al-
gebraic semigrcup sense,

%, Iroblem, Characterize nonnegative cones of inverse

o

réerad semigroups,

4, PFProvlem, Characterize finite regular ordered semigroups

5. Yamada (5] studied a certain kind of regular semigroups,
which he called generalized inverse semigroups, Here we remark
tat en ordered regular semigroup is a generalized inverse semi-

£ roup,

89



ems, Fergamon Fress,

.
MY
L0

Interuniv,

:

semigroups,

Crdered

y ordered semi=-

full

<oy

-

1 positively

w4
3,4
N
i

=

LS

th, 8 (1

+
u

a

N
M

Ser,

[
(A

M_,ri.,
(@4

an order

imede

v
T
&

aron

yrmal

Txpr vy
¥ Lo

P

e ek B b

90



