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Uniformly minimum variance unbiased estimators of the cumulants of arbitrary order and others
are derived for the inverse Gaussian distribution. The variance of the second order cumuiant is
given explicitly. '

(A part of this article was published in J.A.S.A.[1983].)
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1. Introduction

In wide variety of fields, the (two-parameter) inverse Gaussian distri-
bution is considered as the population model. The distribution is known by
name as the first passage time distribution of Brownian process. Because
of the inverse relationship between the cumulant generating function of the
first passage time distribution and that of the Gaussian distribution,

Tweedie (1957a) proposed the name inverse Gaussian for the distribution.

When the population mean is equal to unity, the distribution is often refer-
red to as the standard Wald distribution. The inverse Gaussian distribution
shares with the gamma and lognormal, and other skewed distributions, asymp-
totic convergence to normality.

Tweedie (1957a, 1957b) discussed the statistical properties of the dis-
tribution. He gave, among others, the maximum likelihood estimators of some
parameters for a general case and derived a remarkably simple relation between
the positive and negative moments of the distribution. He also studied the
problem of estimating the reciprocal of inverse Gaussian means in a more gen—
eral form and discussed these estimates in greater detail. This type of pa-
rameter estimation problem commonly arises whenever actual observations are
made in inverted scale. A traffic engineer, for example, deals with it while
monitoring the speed of a car where time is recorded for every distance in-—
terval.

Chhikara and Folks (1975) have proposed the inverse Gaussian distribution
as a life time model. They investigated the properties of the inverse Gauss-
ian failure rate function and considered maximum likelihood estimation for
both the reliability function and failure rate function. They also showed
that the inverse Gaussian distribution was a viable alternative to the log-
normal distribution as a lifetime model and pointed out se&veral advantages
of the inverse Gaussian model over the lognormal one. Padgett and Wei (1979)
introduced a threshold parameter to the inverse Gaussian distribution and in-
vestigated the esimation of parameters based on the method of moments and the

maximum likelihood estimation for this three-parameter distribution.



Recently, Korwar (1980) derived the uniformly minimum variance unbiased

estimator (UMVU estimator) for the variance and the reciprocal of the vari-
ance of the (two-parameter) inverse Gaussian distribution. His expression,
however, is extremely complicated. A compact expression for the UMVU esti-
mator was given in terms of the hypergeometric function by Iwase (1981).
The main purpose of the present paper is to construct the UMVU estimator for
the cumulant of arbitrary order. The variance of the estimator of the sec-—
ond cumulant is also given in a closed form, together with some numerical ex-
amples.

In the next section, a main theorem is proved and , as a consequence of
the theorem, the UMVU estimator of the r-th cumulant is given. Other esti-
mators, useful in practice, are listed in Table I. Technical detailes of
the proof of the main theorem are described in Appendix. In Sec. 3, the
variance of the UMVU estimator for the second cumulant is given in an arbi-
trary sample size. Some numerical computations for the variances are per-
formed. The asymptotic variance of the UMVU estimator is derived and a con-
nection of this estimator with the consistent and asymptotic unbiased esti-
mator obtained by Iwase (1981) is displayed in Table IL. The final section

is devoted to some discussions.
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2. UMVU Estimators

A random variable X is said to be distributed as Inverse Gaussian with
mean parameter U and a shape parameter A, denoted as X v I(u,A), if its prob-

ability density function is given by

A A (z-u)?
[z o (- e, = > 0

fiz) = (2.1)

0, otherwise

where U and A are assumed to be positive. Let Xl' X,,-++, X_ be a random

27 n
sample from (2.1), X (=Z i X./n) be the sample mean and V = Zizl (XT:'1 -XhH.

1=1"7
We have the following main
Theorem 1. For any real numbers &, Band T and any integer n such that

(n-1)/2+1> 0 and n>2, it holds that

224 p(a, 8; %l+1' Ay

n
T
_T(m-1)y2+1) | aB+Y/2 (2| [2nA_nd/u A,
= Tlm-/2 ¢ [x] T g o) - (2.2)

where F is a hypergeometric function and K is a modified Bessel function.

Tweedie (1957a) proved that X ~ I(u,nA) and that AV A anl and that they
are independent. A jointly sufricient statistics for (u,A) is (X,V) and
the family of density functions (2.1) is complete. Because of these, the
stétistics X and V are the basic ones used in making inferences about the in-
verse Gaussian distribution. Using the Lehmann-Scheffé theorem and the

equality v2nA/mexpnA/ul-X,,. (nA/u) = 1, we have

/2
Corollary 1. The UMVU estimator of the r-th cwnulant
r-1
2 1 2r-1,1-
KI’ = 71?—1-"(2’—3) - Sl Z" r>1
is given by
s _ De-y2) T(m-1)/2) =2r-lp-1 , . 1 n-1 X
Q= R Tl ek VPl ere1- S0, n22.

(2.3)
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For r=2, this reduces to the result due to Korwar (1980) and Iwase
(1981). Table I gives some other UMVU estimators of parametric functions

of U and A.
Table I

Proof of Theorem 1. Since X and V are independent, the left hand side of
(2.2) is expressed as

T ((n-1)/2 +1) B1 gy (1m1Y/2 +T-B-1
XIT( (=172 +T-B) [ (B)

+HB+Y2 ant
X E‘X‘[_X(x ‘EnV ———(l+tZV/_n)a--]]dt'

where Ejf and EV mean the gxpectations with respect to X and V, respectively.
It is clear that we can safely interchange the order of integration, since we
are dealing only with the absolutely convergent integrals. It is to be
noted that the above formula is valid only for (n-1)/2+T >8>0, for we have
used the integral representation for the hypergeometric function. From the
fact that X I(u,mA) and AV anl' the above expression is transformed,
with the aid of (A.3) and (A.2), into

T

T{(n-1)/2 +T) {2}

a —
T((n-1/2) (X 2 Fa'l (1+28) P - 57[33”/ 2 mAs/Xy 4o

Fa)
0

T o
_ Tin-1y2+1) | otB+y2 H _{nl} 1 /2:& nA/u

T((n-1)/2) AT l2e) T

A

x r (x-1) %1y B/2 Kg (%JE) dz.
1

T The expression for Y in the formula (2.1) given by Korxrwar (1980) should

read t:a.n'l(T/Z—’)l/2 instead of 2tan -l (VX2 for the case n is even.
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The last integral can be evaluated with the help of the formula (6.592) in
Gradshteyn and Ryzhik (1971) (abbreviated as G-R hereafter) to give the re-
quired result for the case (n-1)/2+T>B> 0 and a>0. To extend the domain
of validity of (2.2) in parameter space of o, B and T to that specified in
Theorem 1, we may use the recurrence relation for the hypergeometric function
or make the analytic continuation of both sides of (2.2) with respect to the

(complex) parameters &, 8 and T. This completes the proof.

Theorem 1 has much wide contents compared with those of Corollarv 1,
since the latter corresponds to the case B-a=1/2 (and a=T=r-1) in the
former. All the estimators listed in Table I, on the other hand, are ob-
tained by putting B8 -0 =1/2 and choosing & and T suitably. For the case
B-a is equal to a half integer, the parametric function in the right hand
side of (2.2) reduces to the finite linear combination of the functions for
B-a=1/2. Theorem 1l also gives the estimators corresponding to the other

case (B -a#half integer).
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3. Variance of §2
In this section, the variance of UMVU estimator of the second cumulant

K2=u3/l is considered. The estimator in question corresponds to the case

r=2 in (2.3), so that its explicit form is

n+1l XV

7 ;7) , M2 20 (3.1

K. =

L \By.pe 3.
2 n—lX Vf(l,-z',

Theorem 2. The variance of the UMVU estimator of the variance of (3.1) is

gtven by

s q_.24 | 2n u ni/u -nAt/u n=2_ . .2
Varfl<2] n<u {n—l e J‘:e Z"'(3,—-2 sn31-t9)dt

~2(u/mA) 2+ 15(u/n2) 3 } , nx2. (3.2)

Proof. From (9.135) in G-R, (3.1) is rewrittem as

e enrlipt 1.2 XY
KZ M{lf(zalrzx n)}'

To obtain the variance of 122, we must calculate the following expectationms;

n=1 XV

E[R2] = E[nZ0*] - 2E(n20VF 5, 157555 -20) | + B[n20F2 5, 15055, 20

,T,-'—n—)] . (3.3)

Setting «=0, B=7/2 and =0 in (2.2), we find that the first term in

the right hand side of (3.3) is equal to
n2u* (L+6(u/mA) +15u/nn)2 + 15u/nn)3) . (3.4)

The second. term is reduced, with the help of (A.6) and the formula (6.592)

in G-R, to

-2n2p"* (14 5(u/nA) + 8(u/nA)2) . (3.5)
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Through the Euler's transformation for the hypergeometric function and the
expression for the square of ZFl in terms of 31-"2 (p.64 and p.185 in Bateman
manuscript project, Vol.l (1953) respectively), the third term is expressed

as e
.

E[nZZ‘*(1+XV) L, P (n-3,1,52 =22 H‘—l—;-};—V/(H N1 -

3 2 3 2 2

This reduces from the formula (7.512) in G-R to

2 -— —
n2T (n=2)T ((n-1) /2) [ A2 oy e e D B s

T (3/2)T(n=3)T ({(n-2)/2)
a
From (A.3) and (A.2), the above formula is calculated to be

3 |
An EX
0

(B M5/X) . (11257 27 (1,552 n-2;-25)ds

-]

_ a3ud an/u 2md -5/4,  mA _.
= —g - x 5/2(——-/‘):1: F(1, ,n—_,l- Ydx .

2
1
Since
-5/4 2 d, -3/4 | _ -a [@2y2d% , -alx
Ks/z(av/:z—:) = -Z'zr—‘(:z: K3/2 (a¥z)) =e e (a) —'z(e /Vz)
and
2 2 n-2
ZeZ & F (1, 5n-251-0)) = T 1)"(3, 2 ,n i-z) ,

the expression is transformed through integration by parts into

R 2 ,n 1-¢ )dt} . (3.6)

du , 2n p wmA/u| -mit/u
{1+nl 7-1 nA° ¢ F3,°
1

Summing the results (3.4), (3.5) and (3.6), we arrive at. (3.2).

From the representation (3.2), we can immediately obtain the lower and

upper bounds for Var[EZI:



Theorem 3. For any sample size n>2, it holds that
2 . 21 < g2
o. =< Var[l(z] Laq

M

where foz and cril are defined by
, 2 2, 1oy 6( -2
oz {0+ 10 s - S8R (1 iy

4!t (n-)n 3u,
® oD Ermt 212)

SIay’__(n=-2)n 15u2  15u3
B (—)'(n—l)(ml)(l+nk A2 T 7313 }

8 2 4
2 o o2 4,480 2 (n=2)n(nt+d) lOu 45u%  105u3 . 105u'y
o4 =m0 D o) ey

n2x2 n3l3 TnL}ALb ) .

3.7

Proof. From the formula (3.2) in Theoream 2, (8.432) in G-R and the in-

equality due to Alam (1980)

241 (@), (B) r & .
Z (P) . (-f)f s Fla,b;c;-x) < Z (Z‘) r (_3:)’
"o r a =0 el 7!

with (a)r_=I'(a+r)/I'(a) and e>min(a,b) >0, x>0, (3.7) can be easily

obtained and the proof may be omitted.
Corollary 2. The asymptotic variance of 22 is given by

13
~ o _p 1 9 -2 4
Var[lcz] ——"n -—¢2(2+$)+0(n ), n=+e. (¢=A/1)

(3.8)

Numerical computations of (3.2), (3.7) and (3.8), assuming ¢ to have

0.5, 1.0 and 2.0, are shown in Figs. 1, 2 and 3 respectively.

Fig. 1 Fig. 2 Fig.



Using a property of a hypergeometric function, we may obtain a con-

sistent and asymptotic unbiased estimator of Ky such that
. 1 = n o o
= - = — -
<3 n—lX v n-lX (X/XH 1)

where EH is the harmonic sample mean. A property of the above estimator

was considered by Iwase (1981). From Corollary 2, it may be easily shown
Corollary 3.
- - = . “*
n]:&g nVar[Kz] n]__):_.g nMSE[KZ]
where MSE[-] denotes a mean square error.

Numerical computations of MSE[)’&{}} is also given in Figs. 1, 2 and 3.

In order to facilitate the use of the unbiased estimator & Table II gives.

2’

for XV/n=0.25(0.25)2.00 and n=2(1)10(10)100.

Table IT

- 10 -
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4. Discussion

It may be convenient to use the reciprocal of a variate X having an in-
verse Gaussian distribution. The distribution of X! is called the random
walk distribution. The UMVU estimators of the r-th cumulant of X and X T
are given in Sec. 2. The UMVU estimators of k-th power of the r—th cumulant
of X and X! can be derived in the same manner. For the mode of X and X1,
however, the UMVU estimators have not been obtained in a simple form.

Corollary 3 implies that the asymptotic efficiency of E;, relative to

A

K., as an estimator for u}/k is equal to 1. As is seen in Figs. 1, 2 and 3,

2
A
however, when the sample size is not so large, it is dangerous to use K; in-

stead of Qz.

The variance of the UMVU estimator for the second order cumulant was ob-
tained in Sec. 3. By the similar method to that employed there, the variance
of,lzP may be expressed in a closed form. The resulting formula, however,

will not have a simple form compared with that for 22. This deserves further

investigations.
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Appendix

In this Appendix, we shall derive the formulas used in the proof of

Theorems 1 and 2. Qur starting points are

pron Yy - L2 5T gy g ~(LV2T (3.1)
for (n-1)/2+T>0 and s >-Y2
and
= -n)\s/f _ K ¥/2-1/4 [2nA_ni/u AN
ElX e 1 =1 (1+2s) /—ﬂ—u—e e v/n (Tnng), (a.2)

for s >-3/2,
which follow immediately from AV ~v )(n_z_1 and X v I(u,nA). By noting that
X and V are independent and by using the integral representation

1 . e 1
1+ tv/me (ny £ T (o)

8, for >0 and ¢ >0,

v

J“’ L0l -nhe/ X -AtsV;
V]

it readily follows from (A.l)} that

po N Tlm-1y2+n) ot(ad]® 1
v F exv/m® T T(m-1/2) T) Tt
xrsa-—-le-nks/X_ (l+2ts)-(n—l)/2 _Tds-‘ (A.3)

0

For (n-1)/2+T >8>0 and @ >0, the integral representation

n-1 __—_ﬂ - T{(n-1)/2 +7)
Fla, B —5—+Ti= ") T((n-1)2+1-8)T(3)

1 .
B-1,. ., (n-1)/2+1-B-1___ 1
"Lt (1-%) Tt

together with (A.3) implies that

- 12 -
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[ ((n-1)/2+1) ,T {nx}“ 1
X

B L0 F @8 B er;- Iy = L2 L

xrs“‘le’n}‘s /X (1425) Bds. (a.4)
0

A moment reflection reveals that (A.4) is valid for (n-1)/2+T> 0 and a>0.
Combining (A. 2) and (A.4) and making the change of the integration variable

s tox=28+1, we arrive at

____ .. _ Timn-1)y2+1) «l2 T far 1 [2nA_nA/u
PV BT D = [x} [211] I T
"Jm‘x“““ -1_(k-a)/2-V4 -8 ey s (_/—)dx (a.5)

1
for (n-1)/2+T>.0 and o> 0.

For k=4, T=0, ¢=32 and 8=1, (A.5) reduces to

4o, l . on-l XV, _ q_jil 2nA_nA/u
EWF(3 e =g =5 = Wiy o [

xr(x—l)'l/z /2 -K3 (%/E)dx. (A.6)

The above integration is easily performed with the aid of the relation

g2 =£73/2 ((z-1)%+ 2(z-1) +1) and the formula (6.592) in G-R.

- 13 -
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Table I

parameters in (2.2)

population parameter

sample size

a 8 T uniformly minimum variance unblased egtimator
~1/2 0 -1 A (a scale parameter) n >4 (n-3)/v
-1/2 0 1 (reciprocal of 1) ny 2 v/ (n-1)
/4 3/4 172 /u¥\ (standard deviation) n 22 !%\m?\uv /X nw. m ow...mlmzk
-1 -1/2 -1 ¢=>Mn (a dispersion parameter) na4 (n-3)/Xv - 1/n
0 1/2 0 y (wmean) n>2 X
1 3/2 1 wY2r (variance) n 22 the formula (3.1)
-1 ~1/2 0 (reciprocal of mean) nz2 1/% - v/n(n-1)
-2 -3/2 -1 AM? (reciprocal of variance) nyb (n-3)/X3V - 6/nX2 + 3V/M2 (n-1)%
. -1/2 ar((n-1)/2 11n, -Nw
4 14 1/2 3¢ (skewness) ny 2 DQFD\NNA:\NV /v VeF(- AL :v
o 1/2 1 156”1 (kurtosts) ne2 15%V/ (n-1)
-1/4 1/4 .1)2 exH\N (coefficient of varfation) n 2 ,hm::\mv TW.W"WTW«.\V
r-1 .yW r-1 o (r-th cumulant of X) nz2 the formula (2.3)
2z L (standavdized r-th cumulant of X ) n2 /2t LI+ 3/2)0(n-1) /2) Q.Sx\u !'Nn »..m.hw+w.. xv
4 4 2 = Iz r{(n-1)/2+1r/2) IR A A AT
rta-1 rte (r-th ‘moment of X) nos 2 smH (r=1+8)1 27281 ((n-1)/2) . Foir 8 ol z.x it ot WA
2 = g - muom\?.éxm: r((n-1)/2+s) 22 '
. -1 P((n-1)/2) -1 r-1[I'(r-1/2) n-1 lw...l.w\ (r-1/2
-1/2 - - L n-2, L.
Alwww Hﬁ\v W. (r-th cumulant of X °) n22 D72+ 5 b el B ( 7 tr)+( 7
~28
-1 T Arta)l 27 °°r((n-1)/2) ye-r s o-r- -1 g-r n-1
g~r~1 8- ' - . R S
8 M_ m.nlx e u!, (r-th moment of X™7) n 22 mmoz?am: TT-1)]2+5) P 55 tei
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The tacio £,/@f for several values of n aud V/n
in= 0.25 9.50 4.7% L.00 1.25 1.50 L.75 2.00
n-- 2 300 .387 371 500 444 W00 L3264 L1333
3 .345.  .73&  .SS1 .58  .533 430 4% .623
4 .873  .J78° .70 .544 .595  .3553 .518 .4&7
5 392 .08 .741  .§86 .540 500 .366 .536
B .906 331 .70 .19 .575  .5338 .605 .STS
7 917 .349 .793 .J&5 .70k .568 .536 .508
3 -325 .363 311 .767 .728 .393  .583 835
9 332 375 827 .785 .248 .J1S .58  .459
0 -338 385 .340 .300 .765 .r33  .705 .379
0 .366 .335 307 .382 .358 .336 315 .196
10 977 .955  .3935 316 .398  .381 .36& .349
E \382  .965  .949 .3364 320 .306 393 .38
0 986 L3727 .359  .346  .93& 922 .3l .300
30 -388 976 365 954 964  .33& 926 .315
0 990 .98 .070 .90 .95 .94 .93 325
30 L2391 .982  .973  .965 .35T .349 941 .934
90 .392  .386 976 369 .61  .956  .9&7  .3&0
100 .993  .986 .379 .372 965 .98 952 .346
neVar. /u*
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[ . . S
! e P
:‘u—_,"VarUtz] ;qq'H g
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fig. L. Numerical results of variances for the case ¢ =0(.5.
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Numerical resuits of variances for the case ¢ =2.0.



