
PHYSICAL REVIEW RESEARCH 8, 023303 (2026)

Most probable path and invariant sets in noise-induced transition to turbulence
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Turbulence transition often arises from a subcritical transition between bistable states characterized by
invariant sets of deterministic dynamical systems, and such transitions can be triggered by system noise as rare
events. In this study, we employ the Onsager-Machlup (OM) formulation of stochastic dynamics to examine the
Hamilton equations governing the most probable transition paths (MPPs). We introduce an effective potential
function, termed the OM potential, which depends on the noise intensity. Focusing on the Dauchot-Manneville
model as a minimal system with an edge state, we comprehensively analyze the MPP for different transition
times between two attracting points corresponding to laminar and turbulent states. We find that the MPPs cross
the separatrix at nearly the same point regardless of the transition time, and the obtained OM action values
suggest that the transition to turbulence occurs more frequently than the transition to the laminar state. Moreover,
we numerically demonstrate that the noise-induced transition paths follow the OM potential landscape and its
bifurcation diagram, indicating that the qualitative behavior of the MPPs is determined by the OM potential. Our
methodology formulated in general dynamical systems provides a theoretical basis for predicting noise-induced
transitions among invariant sets of the dynamics.
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I. INTRODUCTION

The transition from laminar to turbulent flow is one of
the fundamental problems in fluid dynamics since Reynolds
[1]. In a wide range of shear flows, turbulence arises through
a subcritical transition, where sufficiently large disturbances
develop into turbulence and infinitesimal disturbances decay
through linear stability. The subcritical nature of the transition
also leads to bistability between laminar and turbulent states,
observed in various fluid systems, including pipe flow [2–6],
plane shear flow [7–14], and Kolmogorov flow [15–18].

Transition between metastable states has also been studied
in stochastic models such as chemical reactions and gene-
regulatory networks [19–21], where the transition is rather
driven by intrinsic noise such as thermal noise. Even in sys-
tems with many degrees of freedom such as fluid flow, small
additional noise may drive a stochastic transition between
the metastable states as a rare event, which are called noise-
induced transitions [22]. Recently, metastable transitions in
fluid systems have been investigated as noise-induced tran-
sitions, such as in developed turbulence [23] and circular
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reversals in large-scale flows [24,25], as well as the transition
to turbulence [26,27]. However, the analysis of noise-induced
transitions presents several challenges. Some of these arise
regardless of the number of degrees of freedom, including
low reproducibility, the presence of dynamics over a range of
timescales, and qualitative changes that depend on noise in-
tensity. These challenges are further compounded in systems
with many degrees of freedom, where the high dimensionality
of the phase space makes a systematic characterization of
transition paths significantly more difficult. Therefore, it is
necessary to develop a systematic methodology applicable to
general dynamical systems, from low- to high-dimensional
settings.

The presence of bistability in subcritical flows is typically
characterized by a state space that contains two attractors sep-
arated by a basin boundary [28,29]. The dynamical backbone
of this boundary is the edge state, which is a saddle-type
invariant solution whose invariant manifolds separate the lam-
inar and turbulent basins [10,11,30]. Since the stable manifold
of the edge state forms a separatrix, the edge state has been
a key structure in identifying the minimal seeds that trigger
turbulence [31–33]. Moreover, states in the neighborhood of
the edge state evolve along its unstable manifold, representing
both turbulent bursting events and relaminarization processes
[10,34–36]. To illustrate a phase space structure in subcritical
flows, low-dimensional ordinary differential equation (ODE)
models have been proposed by Dauchot and Manneville [37]
and Waleffe [38,39]. These models successfully reduce their
degree of freedom while preserving edge states and energy-
conservative nonlinear terms. Among these reduced-order
models, the Dauchot-Manneville model [37], which contains

2643-1564/2026/8(2)/023303(15) 023303-1 Published by the American Physical Society

https://orcid.org/0000-0003-1812-1065
https://orcid.org/0000-0003-4275-775X
https://orcid.org/0000-0003-1900-7643
https://ror.org/05sj3n476
https://ror.org/05jk51a88
https://ror.org/02kpeqv85
https://crossmark.crossref.org/dialog/?doi=10.1103/qdws-1jc9&domain=pdf&date_stamp=2026-06-16
https://doi.org/10.1103/qdws-1jc9
https://creativecommons.org/licenses/by/4.0/


HIRUTA, YASUDA, AND ISHIMOTO PHYSICAL REVIEW RESEARCH 8, 023303 (2026)

only two variables, has been recently utilized as a mini-
mal model in testing mathematical theories and hypothetical
scenarios such as Lagrangian coherent structures [40], by-
pass transition scenarios [41], reduced-order modeling via the
spectrum submanifold theory [42], and flow control [43].

The role of invariant sets in noise-induced transitions was
investigated by Wan et al. [44], where they analyzed a noise-
induced transition in a two-dimensional Poiseuille flow under
an infinitesimally small external noise by minimum action
algorithm [45] using the Freidlin-Wentzel theory [46]. They
proposed a scenario that a transition path first travels toward
the vicinity of a pseudotransition state located on the sepa-
ratrix and follows the separatrix toward the edge state. More
recently, Rolland [47] studied a plane Couette flow by sam-
pling rare events [48], suggesting that the transition path visits
a mediator point on the separatrix before reaching the vicinity
of the edge state at a small noise limit, consistent with the
conjecture proposed by Wan et al. [44]. Further, Rolland [47]
proposed another transition scenario at a finite noise intensity
that transition paths should cross the separatrix away from the
edge state.

Recently, as a powerful framework to investigate stochastic
transition, the most probable path (MPP) has increasingly
been adopted in various research areas, including climate
models, gene-regulatory networks, excitable systems, and ac-
tive soft matter [49–53], since theoretical outcomes have been
experimentally validated [54]. The MPP is formulated as a
minimizer of the Onsager-Machlup (OM) action defined as
the path integral of stochastic dynamics [55,56] and is ex-
pected to be realized in a small but finite noise intensity.
Notably, at finite noise intensity, the OM formulation sig-
nificantly deviates from the Freidlin-Wentzel theory [52,54].
However, applications of MPPs to high-dimensional physi-
cal systems remain limited. Consequently, the reliability and
physical significance of numerically obtained MPPs remain
unclear. Therefore, it is necessary to establish a general
framework for understanding their intrinsic limitations and
qualitative behavior.

In this study, we aim to clarify fundamental properties
in the description of noise-induced transitions, focusing on
how invariant sets in deterministic systems are influenced by
noise intensity. In doing so, we first explore the most prob-
able transition paths under a finite noise intensity, using the
Onsager-Machlup action. We also present the Hamiltonian
structure of the OM formulation and introduce an effective
potential function, which we refer to as the OM potential,
showing that the potential function determines qualitative be-
havior of the transition path. We then provide a numerical
scheme for computing the transition paths, which is extend-
able to high-dimensional systems including the Navier-Stokes
(NS) equations. To illustrate the usability of our method, we
comprehensively analyze a stochastic version of the Dauchot-
Manneville (DM) model as a minimal system with an edge
state, numerically demonstrating the most probable path for
various transition times and noise intensities.

This paper is organized as follows. In Sec. II, we for-
mulate the Onsager-Machlup action for a general dynamical
system. In Sec. II C, we present the Hamiltonian structure
of the most probable path applicable to general dynamical
systems, together with our numerical schemes in Sec. II D.

To demonstrate that our formalisms work, after introducing
the Dauchot-Manneville model in Sec. III, we present the
similarity between the probability density function and the
potential function of the Hamiltonian equation in Sec. IV.
Section V is devoted to numerical results of the most probable
path, with a particular focus on the transition between the
laminar and turbulent states in the DM model. Finally, with
the dynamical system’s description of the MPP, we show
how a simple invariant solution governs the noise-induced
transition between laminar and turbulent states in Sec. VI.
In Sec. VII, we conclude with remarks on applicability to
high-dimensional dynamical systems.

II. GENERAL FORMULATION
AND NUMERICAL SCHEMES

A. Deterministic and stochastic systems

We consider an N-dimensional stochastic system for a state
variable x ∈ RN , as a sum of an autonomous deterministic
process dx/dt = f (x) and a random process, given by the
following Langevin equation with noise intensity D [57]:

dx
dt

= f (x) +
√

D ξ(t ), (1)

where ξ(t ) is the zero-mean white Gaussian noise satisfying
〈ξξT〉 = I , with the N-dimensional identity matrix I . With
a discrete representation �x ≡ x(t + �t ) − x(t ) for a short-
time duration �t , the stochastic equation (1) is then rewritten
by the Stratonovich interpretation as

�x = 1
2 [ f (x(t + �t )) + f (x(t ))] + �W , (2)

where �W is the associated Wiener process, with its probabil-
ity density being proportional to exp(−|�W |2/(2D�t )). Each
realization of �W , hence that of x, is unbounded, leading
to a nonzero transition probability between any two arbitrary
states during the time duration �t . Such a transition may oc-
cur even when the dynamical system dx/dt = f (x) possesses
a separatrix that divides the phase space into different basins
of attractors.

B. Onsager-Machlup action

We now evaluate the probability of a path of the state {x}τt=0
from time t = 0 to a certain finite time at t = τ , using the
OM action S [55]. The transition probability P(X init, X final )
between the initial state x(0) = X init and the final state x(τ ) =
X final is obtained via the path integral formula as

P(X init, X final ) ∝
∫

Dx exp

(
− 1

D
S
({x}τt=0

))
, (3)

where the integration
∫
Dx is conducted over all paths {x}τt=0

between the initial and final states. Here, the OM action S for
the path {x}τt=0 is defined as

S
({x}τt=0

) ≡
∫ τ

0
L(x, ẋ)dt, (4)

where L is the associated OM Lagrangian, given by

L ≡ 1

2
(ẋ − f (x))T(ẋ − f (x)) + D

2
∇ · f , (5)
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with the superscript symbol T denoting the matrix transpose.
The transition path that minimizes the action SOM exhibits

the highest probability among the possible paths with the
initial and final states; hence it is called the most probable
path. In the weak noise limit, the transition probability is
well represented solely by the most probable path via the
saddle-point approximation and is regarded as an instanton
[58] as an analog to the path integral formulation of quantum
field theory.

C. Most probable path and Onsager-Machlup potential

The minimizer of the OM action SOM or equivalently the
MPP follows the Euler-Lagrange (EL) equations,

dx
dt

= f (x) + p, (6)

d p
dt

= −JT(x)p + D

2
∇(∇ · f (x)). (7)

Here, p is the generalized momentum associated with the OM
Lagrangian L, defined as p = ∂L/∂ ẋ, and J (x) is the Jacobian
matrix of f (x).

By eliminating the generalized momentum from the EL
equations (6) and (7), we obtain the same equation as that of
a particle motion in an electromagnetic field, given by

ẍ = E(x) + B(x)ẋ, (8)

with the electric field E(x) ≡ −∇V (x) and the antisymmetric
tensor associated with the magnetic field B(x) ≡ J (x) − JT(x)
[59]. The effective electrostatic potential V is determined by
the deterministic dynamics f and the noise intensity D as

V (x) ≡ −| f (x)|2
2

− D

2
∇ · f (x), (9)

we hereafter refer to as Onsager-Machlup potential, or simply
OM potential. One can readily find that a fixed point of the
EL equations X∗ is a local minimum or maximum of V and
∇V (X∗) = 0.

Interestingly, the OM potential function is found to be
identical to the quantity known as the effective potential in
the context of the Fokker-Planck equation [56], where the
gradient system in the form of f = −∇U is usually assumed
(see Appendix A). We note that the OM potential V (x) here
is distinct from the potential function U (x) of the gradient
system. In the gradient system, the stationary probability den-
sity function is proportional to exp(−U/D), whereas such a
relation does not hold for V . Further, an analytical expression
of the probability density function is, in general, not available.
See Appendix A for further discussion.

With the Legendre transformation, we introduce the OM
Hamiltonian as H ≡ p · ẋ − L [49]. Hence, the total energy,

E = K (ẋ) + V (x), (10)

is a constant over time evolution, where the kinetic energy is
given by K ≡ |ẋ|2/2. The OM action is then rewritten as

S = Q − Eτ, (11)

with

Q ≡
∫ τ

0
p · ẋdt . (12)

The quantity Q may be physically interpreted as the work
acting on the system by the heat reservoir. Hence, we here call
Q the heat absorption. When the work is generated from the
heat reservoir to the system (p · ẋ > 0), this work contributes
to increasing the OM action. We note that Q depends only on
the shape of the path and does not depend on the rate of the
process.

Following Ref. [54], we introduce the relative path proba-
bility between a pair of arbitrary paths, {x1} and {x2}, sharing
the same initial and final times [0, τ ], where their initial and
final states may be taken arbitrarily. We first define the sojourn
probability P{x}

R as the probability that a stochastic trajectory
remains within a moving ball of radius R around a path {x}τt=0.
The relative path probability is obtained by the ratio of the two
sojourn probabilities in the limit of R → 0 as

e−S({x1})

e−S({x2})
= lim

R→0

P{x1}
R

P{x2}
R

, (13)

which is simply exp(−�S) with �S = S({x1}) − S({x2}).
We then consider the relative path probability between

MPPs with different initial and final states. By denoting the
solutions of the EL equations as {x1, p1} and {x2, p2}, re-
spectively, we may write the difference of the action values
between the two paths as

�S =
∫ τ

0
(p1 · ẋ1 − p2 · ẋ2)dt − (E1 − E2)τ

= �Q − �Eτ. (14)

Here, �Q = Q1 − Q2 and �E = E1 − E2 represent the dif-
ferences in heat absorption and energy of the two MPPs.

D. Numerical methods

To obtain the MPP from the OM action, we employ the
shooting method to numerically solve the boundary-value
problem of the EL equations (6) and (7) with the boundary
conditions, x(0) = X init and x(τ ) = X final.

Here, we introduce a flow map Gt : R2N → R2N for the
pair of position and momentum, w = (x, p), to represent the
time evolution of the EL equations (6) and (7), as

w(t0 + t ) ≡ Gt (w(t0)) (15)

for an arbitrary time t0 and time duration t . The flow map Gt

is numerically constructed by the fourth-order Runge-Kutta
method for ordinary differential equations with a sufficiently
small time discretization. In spite of the Hamiltonian structure
of MPP, we employ the fourth-order Runge-Kutta method,
not a symplectic method, for consistency, because our interest
lies in the connection to the invariant set of bistable systems,
which are dissipative. Instead, the time duration t is taken
to be small enough to conserve the energy E without using
a symplectic method. Our task is, therefore, to find a pair
(pinit, pfinal ) that satisfies

Gτ ((X init, pinit )) − (X final, pfinal ) = 0. (16)

This problem, however, becomes computationally challenging
for a large τ due to a bad condition number. To overcome
this difficulty, we employ the multiple shooting method. We
divide the time interval [0, τ ] into equally partitioned M small
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intervals

0 = τ0 < τ1 < · · · < τM = τ, (17)

with τm = mτ/M (m = 0, 1, . . . , M). By applying the for-
mula Gτ1 Gτ2 = Gτ1+τ2 , we may rewrite the boundary-value
problem by M + 1 equations,

Gδτ0 ((X init, pinit )) = w1, (18)

Gδτm (wm) = wm+1(m = 1, . . . , M − 1), (19)

GδτM−1 (wM−1) = (X final, pfinal ), (20)

with δτm = τm+1 − τm = 1/M. The problem is then reduced
to finding zeros of a 2NM-dimensional nonlinear map
HX init ;X final : R2NM → R2NM , given by

HX init ;X final (pinit, pfinal,w1, . . . ,wM−1)

=

⎛
⎜⎜⎜⎜⎜⎜⎝

Gδτ0 ((X init, pinit )) − w1

Gδτ1 (w1) − w2

...

GδτM−2 (wM−2) − wM−1

GδτM−1 (wM−1) − (X final, pfinal )

⎞
⎟⎟⎟⎟⎟⎟⎠

. (21)

We numerically construct the flow map and use the Newton-
generalized minimal residual (GMRES) method to obtain
2NM unknowns (pinit, pfinal,w1, . . . ,wM−1).

The convergence of the Newton method strongly depends
on the initial guess. To explain our choice of the initial data
of the scheme, we first introduce rescaled variables, t̃ = t/τ ,
x̃ = x, and p̃ = τ p, leading to the rescaled EL equations,

˙̃x = τ f + ˙̃p, (22)

˙̃p = −τJT p̃ + Dτ 2∇(∇ · f )/2, (23)

where the dot symbol denotes the derivative with respect to the
rescaled time t̃ . The rescaled equations imply that the constant
momentum

(x̃, p̃) =
(

(X final − X init )t

τ
+ X init,

X final − X init

τ

)
(24)

provides a good approximation of the EL solution if τ 
 1,
and notably, Eq. (24) is independent of f . We use this constant
momentum data as our initial guess of the numerical scheme
for small τ and the numerical continuation method is used to
trace a branch of the solutions for higher τ .

Nonetheless, the EL equations only ensure that the solution
is an extremum and its solution is not necessarily a global
minimum of the action. To guarantee the global property of
the obtained solutions, we independently implemented a neu-
ral network architecture to numerically approximate the MPP
by directly minimizing the OM action. We then confirmed
that the solutions from both methods are in good agreement,
and we thus conclude that the MPP obtained by the shooting
method is actually a global minimum of the OM action. In the
results sections below, we only show the MPP obtained by the
shooting method for better numerical precision. Details of the
neural network architecture are explained in Appendix B.

III. ONSAGER-MACHLUP FORMALISM
IN SIMPLE MODEL

A. Model definition

To demonstrate our formulation and numerical method
in Sec. II, we consider a two-dimensional ODE model of
subcritical transition introduced by Dauchot and Manneville
[37,41]. While theDM model was proposed as a conceptual
mathematical model, this simple ODE system retains some of
essential physics of the subcritical transition in a shear flow.
Explicitly, the DM model is given by

dx

dt
= s1x + y + xy, (25)

dy

dt
= s2y − x2, (26)

where the variables x = (x, y) physically represent dominat-
ing modes of the velocity deviation fields from the base flow,
and the two parameters s1 < 0 and s2 < 0 indicate viscous
effects. The nonlinear terms xy and −x2 originate from in-
termode coupling, and the second term y on the right-hand
side of Eq. (25) represents the coupling with the shearing
base flow.

The DM model is derived from the NS equations and
inherits the quadratic nonlinear advection term, which ensures
the conservation of kinetic energy EDM ≡ (x2 + y2)/2 in the
absence of viscosity (s1 = s2 = 0) as follows: dEDM/dt =
s1x2 + s2y2 + xy. Contributions from the nonlinear terms are
all canceled, as is always the case with the Navier-Stokes
equations, and the dissipation s1x2 + s2y2 � 0 is balanced
with energy transfer from the base flow xy.

When � ≡ 1 − 4s1s2 > 0 is satisfied, the DM model pos-
sesses three fixed points, given by

X L = (0, 0), (27)

XE =
(

−1 + √
�

2
,

(−1 + √
�)2

4s2

)
, (28)

X T =
(

−1 − √
�

2
,

(−1 − √
�)2

4s2

)
. (29)

Here, the fixed point XL represents the laminar solution and is
always a solution to the DM model. The two additional fixed
points, X E and X T , emerge via a saddle node bifurcation at
� = 0 as counterparts of the edge state and turbulent state of
the subcritical transition system, respectively.

In Fig. 1, the flow dynamics in the (x, y) plane with s1 =
−0.1875 and s2 = −1 are shown. This parameter set is the
same setting as in Ref. [41] and is used throughout this paper.
When � > 0, as seen in Fig. 1, the basins of attraction for the
two stable fixed points, X L and X T , are divided by a stable
manifold of X E (blue dashed line in Fig. 1), and connected by
an unstable manifold of XE (red dashed line in Fig. 1). Hence,
the unstable manifold is a heteroclinic orbit of the DM model.

To further quantify the flow structure of the model, we
parametrize the heteroclinic orbit by normalized arclength
s̃ ∈ [0, 1] such that X̃ (s̃) = (X̃ (s̃), Ỹ (s̃)), with X̃ (0) = X L and
X̃ (1) = X T as well as the edge state X̃ (s̃) = X E with s̃ ≈
0.265. We numerically construct this parametrization by the
cubic spline method.
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(a) (b)

FIG. 1. Invariant manifolds and flow of the DM model with s1 = −0.1875 and s2 = −1 in (a) narrow and (b) broad regions of the (x, y)
plane. The saddle point X E contains two unstable manifolds (red dashed lines), which are heteroclinic orbits connecting the two stable points,
X L and X T . The stable manifold of the saddle points (blue dashed line) is a separatrix that divides the basins of attractions for the two stable
points. Arrows indicate the direction of the flow [Eqs. (25) and (26)] and the green dotted line is the straight line Z(α) [Eq. (30)] that passes
through the two stable points, X L and X T .

For later use, we introduce a straight line that passes X L

and X T , which is parametrized by α ∈ R (the green dotted
line in Fig. 1) such that

Z(α) = (1 − α)X L + αX T . (30)

We find that Z(α) has two intersections with the separatrix at
α ≈ 0.258 and α ≈ −1.84.

B. Euler-Lagrange equation and Onsager-Machlup potential

The most probable path of the stochastic DM model is
obtained by the EL equations,

dx

dt
= s1x + y + xy + px, (31)

dy

dt
= s2y − x2 + py, (32)

d px

dt
= −(s1 + y)px + 2xpy, (33)

d py

dt
= −(x + 1)px − s2 py + D

2
, (34)

where the effect of noise intensity D only appears on the right-
hand side of Eq. (34). Although the degrees of freedom in
the EL equations are doubled from the original DM system
[Eqs. (25) and (26), we may reduce the EL equations to the
two-dimensional deterministic system by using the analogy to
the motions in an electromagnetic field [see Eq. (8)], as

ẍ = E +
(

0 (3x + 1)
−(3x + 1) 0

)
ẋ, (35)

where the corresponding electric potential, E = −∇V , is ob-
tained as

V = − 1
2 [(s1x + y + xy)2 + (s2y − x2)2 + D(s1 + s2 + y)],

(36)

which is the OM potential function of the DM model. The
magnetic field is applied normal to the (x, y) plane with its
strength 3x + 1. The rotational motion associated with this
magnetic field is therefore counterclockwise when x > −1/3
and is reversed to clockwise when x < −1/3. Furthermore,
the quadratic nonlinearity of the DM model implies that the

potential V takes the form of a quartic nonlinear term com-
bined with linear terms proportional to D. Consequently, the
potential function becomes single peaked at large values of D.

IV. PROBABILITY DENSITY AND ONSAGER-MACHLUP
POTENTIAL LANDSCAPE

Before moving to a detailed analysis of the MPP solution,
in this section we examine static features of the stochastic
DM model, focusing on the stationary probability distribution
function (PDF), and discuss its relation to the OM potential
landscape.

We first numerically calculate the stationary PDF of the
stochastic DM equation by Langevin simulations via the
Euler-Maruyama scheme. The obtained PDFs P(x, y) for dif-
ferent noise intensities, D = {10−4, 10−3, 10−2, 10−1}, are
shown in Fig. 2 with their maximum value normalized to unity
and isolines of P = 0, 0.25, . . . , 1 in color, where 3 × 107

samples were used for the plots.
When the noise intensity is sufficiently small as in the

D = 10−4 case [Fig. 2(a)], the distribution exhibits two peaks
that correspond to the two stable fixed points of the DM
model, showing small fluctuations around the stable solutions.
To further clarify the distribution structure, we introduce a line
perpendicular to Z(α) and label the perpendicular direction
by β, leading to the marginal distribution N (α), which is
defined as N (α) = ∫

P(α, β ) dβ. The marginal distribution
normalized by its maximum value, Ñ (α), is shown in Fig. 3,
which visualizes the PDF structure along the Z(α) direction.

As D increases to D = 10−3 [Fig. 2(b)], the peak around
X L disappears and the distribution shifts to a unimodal shape,
suggesting that XL is no longer a stable state in the stochastic
DM model. This qualitative change may be physically inter-
preted as follows: With a higher noise intensity, the tail of
the distribution broadens to reach the separatrix, leaking into
the opposite basin. When we further increase D to D = 10−2

[Fig. 2(c)], the distribution becomes even fatter and then cov-
ers the X L fixed point, which is also visible in Fig. 3. At
D = 10−1, a broad distribution then covers both X L and X T

[Fig. 2(d)], and we found that the peak of the distribution is
slightly away from X T toward the −y direction, which can
also be seen in Fig. 3.
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FIG. 2. Probability density distribution of the Langevin simulation of the stochastic DM model, P(x, y), for different noise intensities with
(a) D = 10−4, (b) D = 10−3, (c) D = 10−2, and (d) D = 10−1. The maximum value of P(x, y) is normalized to unity and contours of the PDF
(isolines of P = 0, 0.25, . . . , 1) are shown in color. The three fixed points, together with the stable and unstable manifolds of the edge state,
are shown as in Fig. 1.

We then proceed to compare the PDF with the OM poten-
tial function V [Eq. (36)]. Note that the noise intensity can
have an impact on MPPs only through the OM potential in
Eq. (8). We plot the contour of the potential function V (x, y)
in Fig. 4 for D = 10−3 and D = 10−1, showing qualitative
similarities between V (x, y) and P(x, y) profiles, including
positions of peaks and their dependence on the noise intensity

FIG. 3. Normalized marginal PDF Ñ (α) along the Z(α) line,
with D = 10−1, 10−2, 10−3, and 10−4. The horizontal axis is flipped
so that relative position matches with the plots in Figs. 1 and 2,
where the left and right peaks at α = 1 and α = 0 correspond to X T

and X L , respectively.

D. To illustrate the positions of the potential extrema, we
further investigate the potential functions along the X̃ (s̃) curve
and the Z(α) line, which are plotted in Fig. 5 for D = 10−3

and D = 10−1.
At D = 10−3, the V (x, y) plots along the two curves are

remarkably different in magnitude [Fig. 5(a)] and the values
along the X̃ (s̃) curve exhibit only minor variations relative to
those observed along the Z(α) line. This observation indicates
that the curve X̃ (s̃), which is a heteroclinic orbit, behaves as
a ridge in the OM potential function. The enlarged plot of
the potential function on the heteroclinic orbit is also shown
as a dashed line in Fig. 5(a), where one can find three local
maxima. The middle one around s̃ ≈ 0.265 corresponds to
the edge state X E , and the local maxima at s̃ = 0 and s̃ = 1
correspond to X L and X T , respectively.

At D = 0.1, the local maximum point along the X (s̃) curve
disappears, and its variation becomes comparable to that on
the Z(α) line. Interestingly, the maximum of the potential
function is not on the fixed point X T , but slightly deviates
from it [Figs. 4(b) and 5(b)]. This qualitative shift of the
OM potential function is remarkably comparable with the
stationary PDF of the stochastic DM system.

These qualitative agreements between the stationary PDF
P(x, y) and the potential landscape V (x, y) are not just co-
incidences. As explained in detail in Appendix A, the time
evolution of the probability density function is described as
a Euclidean Schrödinger equation under the electromagnetic
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FIG. 4. Contours of the OM potential function V (x, y) [Eq. (36)] with (a) D = 10−3 and (b) D = 10−1. The three fixed points, together
with the stable and unstable manifolds of the edge state, are shown as in Figs. 1 and 2. Isolines of V = −0.1, 0.012, . . . , 0.1 are shown in
color.

field whose scalar potential is −V (x, y). Moreover, the
stationary PDF P(x, y) is obtained as the ground state of
the Schrödinger equation, leading to a physical picture of the
qualitative agreements between the landscapes of P(x, y) and
V (x, y): A peak of the potential landscape in Fig. 4 can then
be read as potential confinements in the Schrödinger system.

In this section, we have seen that the OM potential function
inherits the invariant manifold of the original deterministic
system as a ridge. Also, the stationary PDF of the stochastic
dynamics is physically interpreted via the potential landscape
with the analogy to the Schrödinger equation under the elec-
tromagnetic field. In particular, the effects of the noise are
well incorporated into the OM potential landscape. In the
following sections, we discuss the MPP and its relation to the
OM potential function.

V. TRANSITION BETWEEN THE LAMINAR
AND TURBULENT STATES AND THE MOST

PROBABLE PATHS

A. Most probable paths between laminar and turbulent states

In this section, we investigate the MPP between the two
stable fixed points, X L and X T , physically representing the
noise-induced transition between the laminar and turbulent
states in the DM model. For later use, we hereafter refer
to the laminar-to-turbulent transition path, (X init, X final ) =
(X L, X T ), as turbulization path, and the turbulence-to-laminar

transition path, (X init, X final ) = (X T , X L ), as laminarization
path. As discussed in Sec. II, we only consider a single
branch of MPP that is continued from the constant momen-
tum solution at small τ and we have confirmed that other
branches are not numerically found within the state space we
examined.

At first, we show the transition path that connects X L

and X T at D = 10−3 with τ = 30 in Fig. 6. In the case of
D = 10−3, the turbulization and laminarization paths both
follow (but are not exactly on) the heteroclinic orbit, where
the ridge of the OM potential function V is situated. The slight
deviation of the MPP from the heteroclinic orbit reflects the
rotational dynamics represented as magnetic field in Eq. (35)
and the two paths intersect at x = −1/3, where the strength of
the magnetic field |3x + 1| vanishes.

When D = 10−1, the turbulization and laminarization tran-
sition paths exhibit a remarkable nonreciprocity, as shown in
Fig. 6(b). While the two transition paths significantly deviate
from each other, both again intersect at x = −1/3.

As seen in the previous section, at a large D, the max-
imum of the OM potential function deviates from X T [see
also Fig. 4(b)]. We denote the maximum of the OM potential
function by X F and mark as × symbol in Fig. 6(b). Both the
turbulization and laminarization transition paths transit at the
X F point before reaching the final state.

These results highlight the significant role of the OM po-
tential landscape that characterizes the MPP and hence the

FIG. 5. OM potential landscape V [Eq. (36)] along the Z(α) curve (red, s̃ ∈ [0, 1]) and the X̃ (s̃) line (green, α ∈ R) for (a) D = 10−4 and
(b) D = 10−1. The enlarged plot of the Z(α) curve is shown in dashed red line in panel (a) (see the labels on the right perpendicular axis). The
horizontal axis is flipped for better comparison with Fig. 4.
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FIG. 6. Most probable path connecting X L and X T for (a) D = 10−3 and (b) D = 10−1 with τ = 30. Solid (cyan) lines indicates
turbulization path and dot-dashed (orange) line indicates laminarization path. Vertical dashed line (black) shows x = −1/3, on which the
sign of magnetic field reverses [Eq. (35)]. The maximum point of the OM potential is denoted by X F and marked by “×” symbol.

transition pathway between the laminar and turbulent states,
while the MPP follows the heteroclinic orbit of the original
deterministic system as the ridge of the OM potential in a
small D case.

B. τ dependence

To obtain the MMP, one needs to fix the value of the
transition time τ . In a physical setup, however, the transition
time is not a controllable parameter. In this subsection, we
examine the τ dependence of the MPP between the laminar
and turbulent states and discuss the qualitative changes in the
MPP based on the kinematic formula of the MPP dynamics
discussed in Sec. II C.

We have seen in Sec. II C that the total energy is a con-
servative quantity from the Hamiltonian structure of the MPP
dynamics. We first calculate the energy of the MPP with
different τ values as shown in Fig. 7 for D = 10−3, 10−2,
and 10−1. We also show in the figure the OM action and heat
absorption such that we have

〈S〉 = 〈Q〉 − E (37)

from Eq. (11), with 〈S〉 = S/τ and 〈Q〉 = Q/τ .
As seen in Fig. 7(a), the action 〈S〉 = S/τ is monotonically

decreasing, regardless of the noise intensity. Remarkably, in
all the τ and D cases, the action S for the laminarization path
exhibits a higher value than the corresponding turbulization
path, indicating that turbulization is more likely to occur than
laminarization for a fixed transition time [see Eq. (13)].

Figure 7(b) shows the energy E (τ ) of the obtained MPP.
When D = 10−3 and D = 10−2, the energy E also decreases
monotonically as τ increases. When D increases to D = 10−1,
however, the energy E (τ ) has a local minimum at τ ≈ 6 and
then asymptotically approaches a constant value E ≈ 0.1 as
τ further increases. This asymptotic value of E is found to
be identical to the maximum value of the potential function,
V (x, y). In all cases, no significant differences can be found
between the turbulization and laminarization paths.

The heat absorption 〈Q〉 = Q/τ does not change at a small
noise intensity (D = 10−3 and D = 10−2) and is monotoni-
cally decreasing [Fig. 7(c)]. In the case of D = 10−1, however,
the values of 〈Q〉 become significantly larger than those at a
small D, and exhibit a nonmonotonic behavior with a local
minimum at τ ≈ 6. Remarkably, the values are almost the
same at a small τ � 5, regardless of the noise intensity.

These observations imply the existence of several char-
acteristic timescales in the MPPs at D = 10−1. To further
analyze these behaviors, we introduce four representative val-
ues of τ , τi (i = 1, 2, 3, 4), as indicated by vertical dashed
lines in Fig. 7. More precisely, we set τ1 = 3 and τ4 = 12.5
as a representative short and long τ , with τ2 and τ3 equally
separating the interval [τ1, τ4].

The corresponding MPPs for different τi are shown in
Fig. 8. In a short timescale (τ = τ1, τ2), the transition path
follows the heteroclinic orbit with a slight deviation due to
the nonreciprocal magnetic field, both for the turbulization
[Fig. 8(a)] and for the laminarization [Fig. 8(b)] processes,
similar to Fig. 6(a). The paths in Fig. 8 nearly overlap for the
τ = τ1 and τ = τ2 cases.

FIG. 7. Plots of (a) action 〈S〉 = S/τ , (b) energy E , and (c) heat absorption 〈Q〉 = Q/τ for D = 10−3, 10−2 and 10−1. Solid and dotted
lines indicate turbulization and laminarization transition, respectively. Four representative values of τ = τi (i = 1, 2, 3, 4), corresponding to
the paths in Fig. 8, are shown in the vertical dashed lines.
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FIG. 8. Transition paths of (a) turbulization and (b) laminarization with different time durations τ = τi (i = 1, 2, 3, 4). τ1 = 3 and
τ4 = 12.5, and two other τ ’s, τ2, and τ3, equally separate the time interval [τ1, τ4].

On long timescales, τ = τ3 and τ4, where E (τ ) � V (XF ),
the transition path temporarily resides around X F before pro-
ceeding to the final state. The changes in the path shape are
only observed in the vicinity of X T , and remarkably, we found
that all the paths intersect with the separatrix almost at the
same point, independent of the timescale τ . Although the
value of τ is not a controllable parameter in a physical system,
the resulting transition paths possess some universal proper-
ties in common, which could be experimentally observable
and will be further discussed in Sec. VII.

C. Initial state dependence

Finally, we examine the impact of the initial position on
the MPP. Figure 9 shows the obtained transition paths for the

turbulization and laminarization processes, where the initial
states are selected from X init (α) = Z(α) and we use τ = 100.

Since the time duration τ is relatively large (τ 
 τ4), all
the obtained paths first approach XF and reside around it both
for the turbulization and for the laminarization processes. The
circulatory MPP trajectories mainly follow the deterministic
flow of the DM model until they reach the neighborhood of
X F . After leaving the neighborhood of X F , all the obtained
paths trace almost the same trajectories to reach the final state
X final, highlighting that the initial state dependence is only
visible until the trajectories reach the X F point.

Next, we evaluate the value of the OM action, S with
different initial states X init (α) = Z(α). In Fig. 10(a), plots
are shown against different α values both for the turbu-
lization path (Xfinal = X T ) and for the laminarization path

FIG. 9. Most probable paths with different initial states Xinit for (a) turbulization and (b) laminarization with τ = 100 and D = 0.1. Initial
states are marked by dots. Upper and lower panels show narrow and broad regions of the (x, y) plane, respectively, as in Fig. 1.
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FIG. 10. Plots of OM action 〈S〉 = S/τ for different initial conditions X init(α) = Z(α) of the turbulization (T, cyan) and laminarization (L,
orange) paths with D = 10−1. The value of τ is set as (a) τ = τ1, (b) τ = τ2, and (c) τ = τ3.

(X final = X L ). Each panel shows the results with τ = τ1

[Fig. 10(a)], τ = τ2 [Fig. 10(b)], and τ = τ3 [Fig. 10(c)].
In each τ , we found that the action S has lower values

when starting near the X T point (α = 1), indicating that the
turbulization is more likely if the initial state is close to X T .
This intuitive process, however, does not occur for the lami-
narization path, as seen from the flat plot of S at τ = τ2.

We then introduce the difference of the action between the
turbulization, ST , and laminarizaton, SL, as �S = ST − SL,
which quantifies the relative path probability between the two
transitions with a fixed initial state [Eq. (14)]. A positive
value of �S indicates that the probability of transition to
turbulence is higher than that of laminarization. The critical
value of α at which the two transition probabilities become
equal can be found as the intersection of the plots of actions in
Fig. 10. The critical α value moves from α∗ ≈ 0.335 at τ = τ1

to α∗ ≈ −0.0743 at τ = τ2 and α∗ ≈ 0.506 at τ = τ3, sug-
gesting the existence of multiple timescales in the transition
process. From these observations, we find that the turbu-
lization transition is enhanced at the intermediate timescale
around τ = τ2.

VI. BIFURCATION OF FIXED POINTS
OF EULER-LAGRANGE EQUATION

In the previous section, we have seen that the stationary
solution of the MPP dynamics, denoted by X F , played a
significant role in determining the qualitative behavior of the
MPP. In this section, to further characterize the MPP, we ex-
amine steady-state solutions for the MPP dynamics and their
bifurcation diagram with different noise intensities.

Figure 11(a) shows obtained bifurcation curves of fixed
points for the EL equations [Eqs. (6) and (7)]. At D = 0,
we found five fixed points corresponding to the extrema of
the OM potential [see also Fig. 5(a)]. Three of the fixed
points are identical to the fixed points of the deterministic DM
model and the other two fixed points have a finite momentum
(x, p) = (x∗,− f (x∗)). We refer to the solutions in the branch
connecting to X L, X E , and X T as W L, W E , and W T , respec-
tively. Moreover, two finite-momentum solutions are denoted
by W L and W E .

As seen in Fig. 11(a), fixed points W L and W E disappear
at D ≈ 0.005 by colliding with W L and W E , respectively. We
also numerically found that the fixed point W T survives at an
arbitrarily large D. Moreover, the fixed point W T is found to
be identical to X F , the maximum point of the OM potential
function. The OM potential landscape significantly changes
around the bifurcation point, D ≈ 0.005.

Here, we analyze the fixed points of the Euler-Lagrange
equation to understand the shape of the transition path. Fig-
ure 11(b) shows the location of the fixed points, together with
the invariant set of the deterministic DM model. Notably, four
fixed points W L, W E , W L, and W E are found to be located
in the invariant set, even with a nonzero D. The other fixed
point, W T , deviates from X T toward the −y direction as D
increases, being consistent with the OM potential landscape
in Fig. 4(b). As mentioned earlier, the decrease in the number
of fixed points corresponds to the decrease in the number of
stationary points of the potential function with increasing D.

From the bifurcation diagram, we come to a clear picture
that at a large D (D � 0.005) after the final bifurcation the
MPP trajectory consists of three parts: (1) a relatively straight

FIG. 11. (a) Bifurcation curve of fixed points of the Euler-Lagrange equations in the DM model as a function of D. Solid and dotted lines
indicate fixed points and stationary points, respectively, which perfectly agree as expected. (b) Position of the five fixed points superpositioned
on the invariant set of the deterministic DM system for D ∈ [0, 0.1].

023303-10



MOST PROBABLE PATH AND INVARIANT SETS IN … PHYSICAL REVIEW RESEARCH 8, 023303 (2026)

path from X init to X F ; (2) residence at X F ; and (3) a relatively
straight path from XF to X final.

Here, the morphology of the MPP is governed only by
the landscape of the OM potential function V (x), which
is straightforwardly obtained from the original deterministic
system by Eq. (9), even for a general system with many
degrees of freedom. Recalling that solving the MPPs requires
careful treatments in computing the boundary-value problem
even in the two-dimensional model system as explained in
Sec. II D, the OM potential function provides a systematic
pathway to understand the stochastic system with invariant
sets of the original deterministic problem.

VII. DISCUSSION AND CONCLUSIONS

In this study, we investigated the most probable path of
noise-induced transitions through the Onsager-Machlup ac-
tion using the two-dimensional Dauchot-Manneville model as
an illustrative example. We first discuss a general dynami-
cal systems in an arbitrary dimension with a focus on the
Hamiltonian structure of the Onsager-Machlup action and the
associated Onsager-Machlup potential. The interpretation as
a particle motion under the electromagnetic field offers a
unifying and intuitive description of the most probable path,
which holds in higher-dimensional systems. The most proba-
ble path is comprehensively investigated in the two-variable
model by comparing the path with the OM potential and
its extrema. Remarkably, we have found that these extrema
inherit the invariant set of the deterministic system, and that
the noise-induced transition paths therefore follow the OM
potential landscape and its bifurcation diagram with the noise
intensity.

Our general frameworks are numerically demonstrated in
a two-variable model of subcritical transition, where the most
probable paths capture the nonreciprocal transition probabili-
ties between the laminar and turbulent states. The morphology
of the most probable path with a fixed duration time τ is
analyzed through a kinematic relation with energy and heat
absorption, which is derived from the Hamiltonian structure.
By evaluating the energy function, we have found that the
transition dynamics vary depending on the transition time τ ,
along with the deviation of the OM potential maxima from the
turbulent fixed point. We also characterized the nonreciprocity
of the transient probability between the turbulization and the
laminarization process by the OM action in the DM model.

It would be, however, challenging to find the most probable
path in high-dimensional systems described by the Navier-
Stokes equations. Nonetheless, the Newton method used here
to obtain MPPs has previously been applied to compute an
unstable periodic orbit embedded in a minimal flow unit
of turbulence with approximately 106 degrees of freedom
[7,10–12]. Such unstable solutions have contributed to the
understanding of chaotic dynamics [30]. It is therefore reason-
able to expect that MPPs are also accessible in these minimal
flow units. In this sense, the present study advances the state of
the art at two levels: For low-dimensional systems, it provides
a complete characterization of the transition geometry through
the OM potential landscape; for high-dimensional systems,
it establishes a theoretical basis that remains tractable even
when direct path computation is challenging.

Besides, noise-induced dynamics is generally not repro-
ducible, and determining the probability density function,
a fundamental quantity of stochastic motion, is almost
hopeless even in such minimal flow units. In contrast, an-
alyzing the Hamiltonian structure of the OM action and
the associated OM potential remains straightforward even
for high-dimensional systems. Therefore, our theoretical
framework could contribute to predicting noise-driven dynam-
ics from deterministic systems. Furthermore, unstable fixed
points have been computed even in well-developed turbulent
states. Since the minima of the OM potential, corresponding to
fixed points of the Euler-Lagrange equations, can also be com-
puted numerically, qualitative arguments based on the OM
potential remain applicable even in such high-dimensional
systems.

As discussed in the main text, the phenomenon whereby
the number of stationary points of the potential reduces to
unity at large noise intensity originates from the quadratic
nonlinear term of the DM model. This suggests that a sim-
ilar stationary-point phenomenon should be observable in
the quadratic nonlinear term of the Navier-Stokes equations.
Consequently, this observation suggests that such behavior is
a characteristic intrinsic to fluid dynamics, absent in other
general bistable dynamical systems such as ẋ = x − x3.

In our numerical demonstration, fixed points of the EL
equation, or equivalently the extrema of the OM potential,
have never been found on the separatrix or the stable mani-
folds of the edge state, in contrast to the turbulent transition
scenario proposed by infinitesimally small noise [44]. Rather,
by using the OM formulation for a finite noise intensity D,
we numerically demonstrate that all the transition paths in-
tersect with the separatrix at the same point away from the
edge state, supporting the transition scenario at a finite noise
[47]. Moreover, we numerically in a simple model confirmed
that the transition paths converge regardless of transition time
τ and initial state, suggesting a robust transition pathway.
Hence, the transition scenario in the previous studies could be
experimentally and numerically testable in physical systems
including fluid turbulence.

The noise-induced turbulization and relaminarization pro-
cesses have contributed to the understanding of turbulence
transition as a nonequilibrium phase transition, and exam-
ples may include recent developments on directed percolation
universality class [17,18,27,60–62]. In a lattice model of
directed percolation, such phase transition is triggered by
stochastic and local interactions between active and inactive
sites. In contrast, the governing dynamics of fluid flow is
essentially deterministic and contains spatially nonlocal inter-
actions through the pressure field. Our theoretical approach,
consistently covering invariant sets of a deterministic system
and its stochastic behavior under a finite-size noise, could
bridge the two different aspects of turbulence transition.

Our approach is applicable to general dynamical systems,
and thus, it can be extended to fluid phenomena exhibiting
bistability, not limited to turbulent transition. Examples in-
clude the multiple states in Taylor-Couette flow [63], flow
reversals of large-scale flows [16,64–66], and localized struc-
ture in bioconvection [67–69]. Apart from the Navier-Stokes
flow, our formulation based on the OM action could be poten-
tially useful in mesoscopic phenomena including active fluids
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[70–72], where the model equation is not usually derived from
first principles.

While the current subcritical transition model is restricted
to two dimensions, dynamics in a high-dimensional phase
space, including chaotic behavior, should be significant in a
more realistic and faithful representation of turbulent systems.
As presented in this study, the OM potential is accessible with-
out computational difficulties even for a high-dimensional
system. Future work therefore aims to focus on such large-
dimensional nonlinear systems, and we expect our approach
to work even for developed turbulence.

ACKNOWLEDGMENTS

Y.H., K.Y., and K.I. acknowledge the Japan Society for
the Promotion of Science (JSPS) KAKENHI (Grant No.
21H05309); K.Y. acknowledges JSPS KAKENHI (Grant
No. 25K17357); and K.I. acknowledges JSPS KAKENHI
(Grant No. 24K21517) and the Japan Science and Technol-
ogy Agency (JST), FOREST (Grant No. JPMJFR212N), and
CREST (Grant No. JPMJCR25Q1).

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not techni-
cally feasible and/or the cost of preparing, depositing, and
hosting the data would be prohibitive within the terms of this
research project. The data are available from the authors upon
reasonable request.

APPENDIX A: FOKKER-PLANCK EQUATION
AS A NON-HERMITIAN SCHÖDINGER SYSTEM

The Fokker-Planck equation for the Langevin dynamics in
Eq. (1) provides the time evolution of the probability density
function P(x, t ) in the form

∂P

∂t
= −∇ · J, (A1)

with probability current field

J(x) = P(x) f (x) − D

2
∇P(x). (A2)

Here, the Fokker-Planck Hamiltonian, defined as ∂t P =
−HFP/D, is written as

HFP = −D2

2
[∇ − A(x)]2 − V (x), (A3)

where the vector field A(x) is introduced as A(x) = f (x)/D
and the scalar potential V (x) exactly coincides with the OM
potential function introduced in Eq. (9). In the context of
Fokker-Planck equation, this potential function is called as an
effective potential [56], although a gradient field is usually
assumed as f (x) = −∇U (x) in the Fokker-Planck context.

The Fokker-Planck Hamiltonian [Eq. (A3)] is interpreted
as Euclidean non-Hermitian quantum Hamiltonian under
electromagnetic fields [73]. The corresponding Scrödinger
equation is read as a particle motion in an electromag-
netic field with the particle mass m = 1, the Planck constant

h̄ = 1/D, the scalar potential V (x), and a purely imaginary
vector potential −iA(x).

Suppose that the probability current J vanishes at exterior
boundaries (including infinite far field), stationary probability
density function P(x) exists and is formulated as

HFPP = 0. (A4)

Hence, the stationary PDF is obtained as the right eigenfunc-
tion of the zero-energy mode, which provides the ground state.
Note here that the eigenfunctions are not orthogonal due to the
non-Hermitian Hamiltonian.

The current field then holds the divergence-free condi-
tion ∇ · J = 0 at the steady state, while the current does
not necessarily vanish. To further look into this effect, let us
decompose the dynamics into reversible and irreversible parts
as f = f rev + f irr , where f rev is written as a gradient of a
potential f rev = −∇U and f irr = f − f rev. When the detailed
balance is satisfied, f irr = 0 holds and the stationary PDF then
follows P(x) ∝ exp(−U (x)/D) and J = 0. When the detailed
balance is broken, however, the probability current remains as
J(x) = P(x) f irr (x), leading to nonreciprocal transition paths
[74,75]. The magnetic field associated with the vector poten-
tial A also remains nonzero as ∇ × A = ∇ × f irr/D, which
should vanish in the reversible case.

Despite the nonzero current field, the landscape of the sta-
tionary PDF is essentially obtained as the ground state of the
Schöredinger equation under the scalar potential V (x). Hence,
the peaks of the potential landscape in Fig. 4 can be read
as potential confinements in the Fokker-Planck Hamiltonian,
yielding peaks of the stationary PDF P(x).

APPENDIX B: SEARCHING FOR THE MOST PROBABLE
PATH USING DEEP NEURAL NETWORK

In this Appendix, to compensate for the shooting method
presented in the main text, we present an alternative numer-
ical method that constructs an approximate solution of the
EL equation for the DM model [Eqs. (31)–(34)]. In doing
so, we employ physical informed neural network techniques
for approximating the solution [76] by minimizing the OM
action subject to the boundary condition, x(0) = X init and
x(τ ) = X final.

To numerically approximate the path {x}τt=0, we consider a
function φ̃θ (t ) : R → R4, with parameters θ based on mul-
tilayer perceptron (MLP) [77,78]. MLP is implemented by
layers of biased linear maps and we used Gaussian error lin-
ear unit for the activation function. We inserted three hidden
layers between the input and output layers, and the numbers
of nodes are 16, 128, and 16.

The boundary conditions are exactly satisfied by the fol-
lowing transformation:

φθ (t ) = sin

(
πt

τ

)
φ̃θ (t ) + Cφ̃ + at + b, (B1)

with constant vectors a and b and a constant matrix C.
For the EL equations of the DM model, these constants are
obtained as

a =
(

Xfinal − Xinit

τ
,

Yfinal − Yinit

τ
, 0, 0

)
, (B2)
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FIG. 12. MPPs (top) and the associated action value (bottom) with different initial states X init = Z(α) for (a) D = 10−3 and (b) D = 10−1

with τ = 5. As in Figs. 6, 9, and 10, turbulization (T, cyan) and laminarization (L, orange) transitions are shown.

b = (Xinit, Yinit, 0, 0), (B3)

C = diag(0, 0, 1, 1). (B4)

Here, φθ satisfies the boundary condition on the x and y com-
ponents, whereas no specific boundary conditions are imposed
on the px and py components. The part at + b corresponds to
a constant momentum solution in the main text [Eq. (24)].

We introduce a loss function based on the ensemble aver-
age of the residual of the EL equations, 〈R〉, defined as

R(φ, t ) ≡
∣∣∣∣dφθ

dt
(t ) − f (φθ (t ))

∣∣∣∣
2

. (B5)

The time derivative dφθ/dt is evaluated exactly and
swiftly by automatic differentiation, implemented via the
machine-learning library PyTorch [79]. Moreover, we in-
troduce another loss function based on the action value

Laction = S({φθ}) and evaluate the action value using the trape-
zoidal rule. For an illustrative example shown in Fig. 10 with
τ = 5, we used 128 equally spaced times.

The total loss L is then defined as the combination of L1

and L2,

L = cLres + (1 − c)Laction, (B6)

with a parameter c ∈ [0, 1]. The minimization problem of L
is solved using the Adam method and the learning rate is
scheduled through a cosine annealing scheduler.

During the optimization procedure, we schedule for c by
starting with c = 0 and gradually increasing c to c = 1. The
solutions and their actions well approximate the result from
the shooting method as shown in Fig. 12 with τ = 5 and D =
10−1 for different initial states, X init = Z(α). The nearly same
result can also be obtained from different schedules such as
fixing c to one or zero throughout the optimization process.
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