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FP(AUG/92) :
Rank two reflexive sheaves which are constructed

from the prime field FD

Nobuo Sasakura Yoichi Enta and Masatake Kagesawa

(Tokyo Metropolytan University)

The purpose of this manuscript is to construct rank two
reflexive sheaves on the projective spaces from the prime field F
(p = 1(mod.4)). The central part is some combinatorics which are
related to a certain graph, which is obtained from the theory of
quadratic residue. This manuscript may be regarded alsgéfgg

S
introduction to our theory of ’'comnstruction of reflexive sheaves
from divisor configrations, cf.[Sa-1,2,3]

The present note requires s@Pme refinements for the final

publication. Also references are far from adequate.

1. Let p be a prime number of the form p = 4q + 1 with a
positive integer q(p = 5,13,17,29,37,...), and let Fp = Z/pZ be
the prime field of characteristic p. Moreover, let F: = Fp - {0}

denote the multiplicative group of Fp and let p be a generator
(primitive root) of F;. For an element i € Fp we set:

s;(resp.s;) = (J € Fy - (1] ~ ilresp.i ~/ 1)),

2a

where j ~ i means that (i-}j) o} with an element a € Z/(p-1)Z,

It

i.e.,(i-j) is a quadratic residue). Note that ’.’ is not, in
general, an equivalence relation.

Let Pp_1 = Pp_l(C) be the (p-l)-dimensional projective space
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with homogeneous coordinates Z i € Fp. Writing X = Pp-l we set
1

X = Z(z;), 1 € F, and X' = uierxf. We write 0 for the line bundle
0[X1] ~ Q(p), where 0 denote the structure sheaf of X and O(p) is the
p-times twist of D by the hyperplane bundle Q(1).

A Now to each hyperplane X%, i€ FD, we attach a two term vector €

F(Di(2q))$2, Di being the structure sheeaf of Xi, as follows:

ot . e ) . .
8, = ( jzj , kzk)' where j(resp.k) satisfies j ~/i(resp.k ~ i),

Writing 6i for Di(2q+1), the multiplication by 8, defines an

Qi-morphism:

92
9, t 6, ®s ﬁf“, with 8 = the restriction of £ to x%

. o2 1, .82 .

let &§ = @, §.: 8 - C (R T):= ®, £. be the coboundary morphism,
i€F_ "1 i€F_Ti
P 1%
with Bi = the restriction morphism:8 = ﬂi. Moreover, we set g =
=) =)

aigi:61:= 9161 - Cl(Q 2)=$i212’ with i € Fp. Now define an

O-submodule of Qez as follows:

-1

€= & tgeh.

2
Clearly GIX-Xl = BTi_xl. Moreover, we have:

Lemma 1. € is reflezive(i.e.,E =~ 6**). Horeover € is locally -

free on (X - Xz),cf.ESa—lJ.

Here we set:
2 2 . 2
X" = v, _.XT. with X7. = X
1i=] 1] 1]

1

baxlt .
1 J

The main task of the remainder of the present paper is to examine the
structure of € on XZ. Concerning this we remark the following:
®
An element § € sz, p € X, is in Gp, if and only if there is an

element ci € 61 o satisfying

(1) §!

= g.®%0, for each i € F
i 1 i P

1f p €/ X}, then the both sides = 0. Note that, by restricting (1) tc
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5
X;j we have the coboundary relation:

(2) (91801) (9A®o.)|

fijg = i
Conversely, if a collection (Oi}i’ oi € 61 p satisfies (2), then

i]

there is an element ¢ € 862 satisfying (1). Thus the determination of
Dp-module Gp is reduéed to that of a collection {0'.1}.1 satisfying (2).
2. Multiplier. Take elements i = j € Fp. We set:
s;;(resp.s;;) = (k € F_ - (i,0):k ~ i and k ~ j(resp.k ~/i,
kK ~/3))

Thus subsets SZ; and S;; of Fp is defined similarly to the above.

2
Now we restrict the vectors g.l and gj on X;j . Clearly we have:
Proposition 2.1. #S;;, #S;;, #S:; and S;; are indepedent of i,j.
Actually
#5772 #sTT = d #s77,#S7T) = (q-1,Q) (qa,q-1)
4 1J = 5 1_] = g, an * l_]’ 1_] = q » or q,q 3

according to whether i ~ j or i ~/ j

Proof. This follows from an elementary consideration. Note that if

k # 1 € Fp satisfies: (i-k) = (j-1) + pZa, a € Z/(p-1)Z, then #S??
= S?i, where o,8 = + or -. From this it suffices to consider the

T pair (i,j) = (0,1), (0,p)
Now define Dij-invertible sheaves as follows:

mi,j = Dij(q)’ mj’i = Dij(q) and Gij = Dij(q)

These three sheaves voincide. But the role of them differ,cf.[Sa-11].

9
Define ellemtns g.. € F(S..)a“ and ¥, . € TR, >, . . € TM,
1] 1] 1,1 1,1] J,1 J,1

3 ’ ’

as follows:

R i - e ,
s, = dz,.,0), Uy oy elgzg and ¥ o=llz L if

1j
where according to whether i ~ j or i ~/ j, k,l and m run through

those elements satisfying

-+ + - ++ +
kK € S L € S,. and m € S. . or kK € S.., L € S..
ij ij ij ij

-+
N and m € S. ..
ij ij



166

2
Now we restrict Qi and gj to X;i Then, according to whether i1 <« ]
or i ~/ i, the second or first component of gij = 0. From the

initi . L%, W ave:
definition of glj anq wl,] w],l e have

Lemma 2.2. The vectors 9, and gj are decomposed as follows:

= g. . ®. . and e .Y
i wl,l $il1; $ij 1'{rJ,l

T ts 0_ € 5 R = i,i,

P and take elements o Oa,x 04 1,1

satisfying the coboundary relation (2), § 1. Then, from Lemma 2.2

$ilij
2
Next, take a point x € X’

go.,..®. = 0,.,..9
P15 ilii wJ,l
Thus we obviously have:

Lemma 2.3. The elements 9, and oj are decomposed as follows:

g.,.. =0..® _and o.,.. = .. @ _with a unique clemeni
i]ij i i, i i "1,
g.. € G, . , Where we set: G.. = 0, . [a+1]
1] ij.p 1] ij
Next we introduce the following
Definition 2.2. (i) We say the ’'matriz’ ¥ := (¥

DI
i,j 1,Jj€F
1,] J D
is the multiplier of €.
Here we understand that wi ;= $(empty set), i € Fp.
. 2
The multiplier ¥ is regarded as a boundary value of € at X~. In
our general! frame work,cf.[Sa 1, the notion of the multiplier plays
a central role. Theoretically the multiplier ¥ should be takn as the
starting point, and the vectors gi,i € Fp should be regarded as its
invariant.cf.[Sa-3]. Next we set wi ; = wj L and form a matix

2 . _
¢ = (@i,j)i,jEF with @i,i = 0.
P

The matrix ¢ is essentially a transpose of ¥. But it is good to
regard that the role of ® is independent of Y.

3. Inductive structure. The purpose here is to give a similar

decomposition law to (3) for codimension three and four. First



we discuss it at codimension three. Take a subset [ = (i,j,k) of

Fp with # I = 3. We form a graph by using ~,cf.§ 2.

Type 3: Type 2: Type li Type 0
i i . i.

Lk ok b S
Clearly, the above exhausts all possible graphes(by arranging
indices). We use the above normal form. Note that Type 3 and Type O
(resp.Type 2 annd Type 1) are dual in the sense that the later is
obtained from the former by replacing '~ ' by * ./’. The arguments

are done dually. We will concern Type 3 and Type 2.

Now, for each type, the foloowing 3x3—métrices play important

roles:
i ik ik
Eoovy g Yk ©
AR T PN R
K 0 "’k,ill ""k,JH

The matrix (6@2)I is defined similarly, by changing ¥ to @. The
above may be ragarded as a coboundary of ¥ and &,cf.[Sa~ ], and the
symbol '8 ' is used. These matrices are regarded ,respectively, as

_ 3 . 221 23] .
DI morphlsm.(GiJ|I@ijlleij|I) - (GilI Gjll Y(resp

[Bkll

<6ij11®61k11®6jk|1) - (OiII$6j!I$6kII))' We examine the kernel of

these morphisms.

Proposition 3.1. For type 3, no element ¢ (resp. ¢

a,BII)
0.

o,B]1

, a8 # 0. For type 2, wj,il]’ wK,ilI and wi,jII and @i,kll
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Proof. This is checked combinatorially. For type 3, the indices i,j,k

are treated evenly.

-+ + - .
’¢i,j] = Sij(resp.lwi’jl = Sij) and does mot contain k.

For type 2,
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+ -

S, . k(resp.l\ﬁk i‘: ey

[}
s
1l

'

i i,] i] i,k
- e
Iwi’jlv= le,i] = Sij k(resp.lwi,kl = ,wk,li Sy 32
-+ + =
= = i ) o= ‘ = T .e.d.
le’kl Iwk,jl S;x i(resp l¢k’J! |¢J’kl Sp; 12 a-e

1}
o

Proposition 3.2; det(éW)I = det(BCD)I

Proof. For type 2, this is clear. For type 3, we have:

-+ -+ -+ +-- -+ + -+ - +=+ ++ -
= = S.. - .. US. ., US|
o s Tuley Tuldy ] = 5, US QUS L y = S, US, 1 US  US| i US iy
-—
US|k ° ij,iIUI¢i’kIUI¢k‘jl
Note that det(6¢)I = —det(é?)l. g.e.d.
The following matrices are obtained {from (6?)1,.., by replacing
¢i il by lwi j|I|.<When the former = 0, we set the later is 0.)
Type 3 i] ik jk Type 2:
. -+ -+ ij ik ik ij ik ik
Sij Sik s 51; i 0 0
R + - -+ . +- . -+ -+
j Sji Sjk j 0 0 Sjk ] Sij Sjk
+ - -+ -+ -+ + -
k Sk skj k 0 sjk k Six sjk
<5W>I (5?)1 (5@)1

For type 3, the corresponding fact to (64))I is obtained by replacing
+ and ~-. Next we consider the following set theoretical equation for

each ox € 1:

lwa,BlIIUSaB,I(W) = |y tusa ’I(W)!, with 8,7y € 1 - {0}

a,vl! Y

lwa,BlIIUSaB,I(¢) = | lusa I(rn)

o,y Y,

where the set S (I) is a set whose element is in Fp,see below

oB, 1
for the precise meaning. We find (Sij I(‘P),Sik(‘P),Sjk(‘P)) satisfying

the equation and is minimal concering the incluison relation(and
similarly for ®). For type 2, we understand that
Sjk I(‘P) = « and we regard that the equation for i-row holds

automatically.

Proposition 3.3. For type 3, take a pair (a,B8) < 1. Then



169

--* +4- . o
SQB;I(W) = Su8vy and Sup,1¢®) = Syp, with (¥) =1 la,B).
For type 2,
— . .
Sia,I(W) - Siag’ (e¢,B) = (j,k) or (k,j) ,
=t eT YT -+ L ot . o
Siq, 169 = 25,,pYS g = Sup Y Sigge With (&, 8) = (3,0 or
(K, i,
-+ + -+ - - - —_——
Sik, 1% T 35Sk T % TSk
Here
+ 4+ .
ijk(resp. Sijk) = {l € Fp -{i,j,K}:l ~ i,j,K(resp.l/i,i,K)}.

+—-= -—+
The sets S,

D1y iy e e tood simi .
i ik S”k are unders imilarly

Proof. For type 3, let S (¥) = lwa.BIIIﬁlws,aII" and we replace
lwa,BlII by Iwa,B!Il - Sa(W). The equation is not changed. Then we
have S,p | (¥) = <lwa,ylll-sa(w>>uc!¢3’ylIi—SB<W)>, cf. Appendix. The
case for type 2 is a modification of the above. g.e.d.

FPII(Aug.®>
Now we define DI—invertible sheves as follows:

maB,I = Dl(maB,I)’ with m # )

SaB,I
I(d))

B, 1"

N DI(naB)’ with nyg = #5

i

oB, 1
where (x,8) < I and (v} = 1 -{x,B}.

of,

(If 1 is of type 2, we understnd that mjk [z 0.

Moreover, we sel.
K
GI = DI(mI) > GaB!IQWaB,I for any («,8) < I,
5
6I —UI(nI) ~ SaBIIQmaB,I for any (a,B) ¢ I,
(If I is of type 2, then we omit (x8)=(jk) from the first
definition.)

That the right hand sises in independent of the choice of indices

follow from the definition of SaB I(W),...,cf.aLse—Ay@eﬂd+x. The
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explicit form of mI and nI are computed from the above equation:

-+ - - -———

mp o= a - #Sup (¥ =@ - S5, (5808 7 Sppy? T Supy
n, = (a+1) - s;;; for type 3
ng o= (q+l) - #(s, - s;;{) = (q+1) - (2q-#S;;}—{)) = #s;;; - (1-q).
Define sections waB,I € r(maﬁ,l) and @aB,I € r(yaB,I) as follows:
waB,I =1Luzu and @ g | %¥fv , with u € SaB,I(w) and v €
SaB’I(Q)
(If I is of type 2, then we understand that wjk,l = 0.)
From the above defintion we have:
Lemma 3.4. The morphisms
Y™k, gk, 0 O Gy %0 %0y )
@i 1%k, 1%k, 17 %1 Gy %k 1%k 1

gives isomorphism between GI and ker (BW)I(resp.G and (6@)1).

I
Decomposition law . Note that we have the following

coboundarey relation:

Y

( W @« € I and {B,¥} = 1 -{a}

Syl1 * (gana,B)|I Sory a,Y)II’

and we have:

(W)It< 0.

8ii11°%k|1°%kl1’
Lemma 3.5. The vectors 8.p OTE decomposed as follows:
9&8!1 = 91®wa8,1 for any (x,B) c 1, where g, is a (unique)
element of F($?2).

Note that, in the case of type 2, = 0. In the other cases,

$ik|1

gaBII = 0.

Explicitly, regardless of type 3 or type 2, we have:

II - Sijk

Next take a point x € XI and elements oa € Ga,x’ o € 1,

g; = t(gI,O) where |g

satisfying the coboundary relation,cf.(2),8 2.
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® = ® .
(ga oa)laB (gB GB)laB for any (x,8) € I
By the decomposition law at codimension two, we write:

- ® . )
oalaB %48 wa.B with a unique element o € 6

o8B af,p’

Thus we see that t(o.. is in the kernel of (am)l,

ii11°% k|1 %5k 1’
and, for any (o,B8) < I.
Lemma 3.5. The elements 948 are decomposed as follows:
OaBII = OIQQaB,I' with a unique element OI € GI.X

4.Inductive structure 2. Here we are concerned with the case

0of codimension four. The situation is much subtle then the case of

codimension three. We fix a subset I = (i,j,k,l) of Fp with # I = 4.
As in § 3, we first consider the graph formed by ’'. ’:
Type 6: Type 5: Type 4a: Type 4b:
o ~ B for any o ~ B for any L ; L
pair (x,8) ¢ 1 Pair (x,8) c 1 i e
except one pair, . .
~ ~ e ~ .k
(k, L) .
j. ~ -k
Type 3a: Type 3c:
% i l
i ~ e
~ ~ j ~ K
LR |

We see easily that the above graphes and their dual(obtained by
replacing .~ and 7/) exhaust all graphs with arrangements of indices.
We use the above normal forms. ( Type 3b is used for the dual of type

3a,cf.[Sa- 1.) The following matrices are central subjects in § 4:

ik il ikl ikl
v ikl YL agl 0 0
sy = it wikéijklI , 0 -wig,ikaI
il,ijL]1
JE ¥k, skl v O ¥k kil
it 0 jl,idtll il, ikt
kil 0 0 ¥

ki,iki |1 ¥k, ikel1
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The matrix (6@)I is defined similarly by changing ¥ to ©.
The behaviour of such matrices are various. The discussion is
done according to the .type of the graph. We make some preparations.

First we list all coefficents ¥ which vanish on X,.(Or

o, B I
eguivalently v € }wa’Bl with an element vy € I ~ {o,8) .)

Proposition 4.1. (i) For type 6, no element wa 8 vanishes on XI'

(ii) For type 5, ¥ with « € (k,l} and 8 € (i,j}, vanish on XI‘

o, B’
(iii) For type 4b, all wa 8 vanish, where o . B.

(iv) For type 4a, ¢a {0 =j,k,l, and wB L’B = j,k, vanish.

]

, ’ .
(v) For type 3c, ¢1,L’ ¢L,1' wj,k’wk,i and Vi,j’ wl,k vanish.

(vi) For type 3a, ¥ o« = i,j,k, vanish.

o, L’ ;
Type 5: Type 4a: Type 4b:
i i k l i i k1 i J Kk l
i i i K Kk
J j l k J l l
k 1 1 kK 1 j k i i
. k k l jk AN J
Type 3a: Type 3c:
i i k U i ] k
i ik i K ]
J - ik ] 1 i
k i] k 1 i
: ‘ I kK i

This table indicates all the cases where 'y € Iwa’gl’ ocecur. Also
in such a case, we list all elements vy € I - {(x,B8}) satisfying the
relation. Thus, for type 3a, (B,y) € Iwa,L' for any permutation
(x,B,y) of (i,k,l).

Proof. Take elements «,8 and v % : satisfying v = ?wa’BI
According to whether ¢« ~ 8 or not, the graph for (x,8,y) is as

follows:
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In each case check all (x,8,y) satisfying these graphes. g.e.d.

Next we check the coefficients ofk(éW)I«and (15’~P)I which = 0.

Next we examine (xB,xB8y)-coefficients of (6‘!’)I and (zSdJ)I which vanish
on XI' ‘
Proposition 4.2. The following lists all zero terms of the

¥ of the matriz (6?)1:

aB,xBy |1
(i) No element for type 6, the elements in kl-row for type 5,
the elements ik- and jl-rows for type 4b.

(ii) (ik,jkly-, (il,ijly-and (kl,ikl)-part for type 4a;
(ij,ijl)-, (ik,ikl)- and (jk,jkl)-parts for type 3a.

(iii) All elements except for the ones in il and jk-rows for type 3c.

Proof. By chaking the cases.

Type 4b: Type 3c:
ijk jki kli Lij ijk ijl ikl ikl
ij . . il . .
ik . . ik .
kl . . ij l Q0
li . . ik 0 J
jl Kk . 0
kil 0 i
Type 4a: Type 3a:
ik ijil ikl jkl ijk ijl ikl ikl
ij . . ij . 0
ik . . ik . 0
it . . ik . 0
ik L 0 il
it 0 . il
kil 0 . kl . .
(For type 5, ka,akl=O’ @ = 1i,j. Also, for type 4b, ¢ik,aik’a=j’1’
and wjl,jLB 0, 8 = i,k.

Proof. Take (o,B8,y) <€ I. Assume that the graph of them is of type 3.

-
- , . , - . ,
Then &=x,B8,Y € 1 is contained in lwaB,aBYI SaBY if and only if
o. (This occurs only for type 4a: with 6 = L,y = i
(i) E ~Y 5 and (aB) is a permutation of (jk).

This case occurs only for Type 4a:8 ~ L, ¥ = i and (a8) =(jk).
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If (a,B,y) is of type 2:8 .~ o ~ Y, then:

ii = 0. i , , 4a and
(ii) wBY,aBY 0. This happens for type 5, type 4b, type 4a

type 3c.
' _-+ . .
Moreover, & € 'waB,aByi SaBY if and only if
.o
(iiié~ ~y-~ s (This happens for only type 3c.)

Thirdly assume that (c,B8,y) is of type 1. 8 ~ y¥. Then

(iv) WBY «By ° 0. (This happens for type 4a, type 3a and type 3c.)

- .
Moreover, & € ,waB,aBYI SaBY if and only if
.~
(v) S. (This occurs for type 3c.)
~.8 L .Y
The proposition is shown by checking (i) ~ (V). g.e.d.

Propsittion 4.3. The rank of (6‘{’)I < 3. The rank = 2 if and only
if 1 is of type 3c.
Proof. The last part is clear. The first part is checked using
arguments of Appendix. Except type 4b, it suffices to check the
vanishing of the determinant of 3x3-matrix(a-matrix),cf.Apeendix.
Such a matrix is of the similar form in § 3, and the proof itself is
reduced to the one in § 3. For type 4b, it suffices to check:

—-— -——+ -—s -+ +-— " +-= -, + -
Sijk Y Sk Y Skar Y Sy T Sigk Y Sk Y Ski Y Siag
| = S;;;,... The check of this is an exicise. g.e.d.

As in § 3 we regard (64’)I as an DI—morphism:

ince c e .
51 lwlj,ljk

(eaB?Gaﬁy!I) ﬁ (QaB$aBII)

and we analyze the kernel of this morphism. The case of type 3c is
dealt independetly. We first discuss the other cases. As in § 3, we

define S I(‘{’) to be the subset(with multiplicity) of Fp, which

aBv,

is characterized to be the smallest one among those satisfying
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| U ) = |y U S g5 (¥) for any

IwaB,aByll suBy,I aB,aBéII]
oa,8 € 1, with (y,8y = 1 - {«a,B}

(if the aB-row = 0, then we understand that this holds automatically.
For type 4a and type 3a we understand that

SjkL(W) = < and Sijk(W) = <
For type 6 and type 5 we consider similar equations for the
ij- ik- and il-rows, and it is seen that the solution for such rows
is also the solution for the original (6?)1. For type 4a and trype
3a, the problem is reduced to the type treated in § 3. The case of
type 4b should be treated newly.The following is checked easily by

the procedure as above:

Proposition 4.4. (i) For type 6, type 5 and type 4b,

) = s .. °

«BYS for any permutation (o,B,v,8) of (i,j,k,l).

SaBy,I
(ii) For type 4a,

-———
S Py = SQBYB

«By, 1 if (xB8y) # (jkl)

(iii) For type 3a,
+ 44—

= SaBy&

SaBy,I if (xBy) # (ijk)

Simialarly to § 3 we define DI—invertible sheaves as follows:

= Dl(m ) with m = # S

ERotBy,I SaBy,I
for any (aBy) c 1, except the cases: (aBy) = (jkl) for type 4a

By, I aBy, 1

and (axBy) = (ijk) for type 3a.

In these two exceptional cases

waBy,I = 0. Also we set:
GI = gaBy,I®m;8y,I for any (xBy) c 1 such that maBy,I = 0.
Moreover, define an element waBy,I € r(maBy,I) by
waBy,I = uzu with u € SaBy,I(W)‘

(In the exceptional two cases we set 0.)

aBy, I
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FPIII (Augr92):

As in the case of § 3 we have:

Lemma 4.5. The vector gaBy 18 decompfed as follous:
6]

(SN

_®
® 3 Uni 3
SuBy |1 9 waBy,I with a unique element 9 € F(tbI Y.
(In the exceptional two cases, ga8yll 0.)
The element 9y is explicitly
g, = (g,,0 where IgIl = SijkL for type 6,5,4b,and 4a.
R - ++++
g, = (O,gl) wkeis lgII = SijkL

Here we set:

SI(zsijkL) {m € Fp - I:m ~/ o for any o €
st=sTtITy = €EF_ - I: £ € 1
1595k’ F {m p tm ~ o for any o
Th ts Fro.., F. defined similarl
e sets iike? Fijker oo are defined similarly.

In the case of type 3c, the kernel of (6W)I is of

It is written as kerl ® ker, where kerl and ker,
® @ i
of (Gijkll $jkL|I) and (Eijlll Giklll)' We define
sheaves as follows:
-—=4
gnosz,I - 0I(maBY,I)’ where maBy,I # SaBya

Define two DI—invertible sheaves:

o~

G (1) =6 ik 1® W5k, 1

*
Pkl 1™k, O
* *
i 10 %k 1®Mik
Also define an element wuBy,I € (M

GI(Z) ~ B

By,
previous cases.

t

Lemma 4.6. Setting gI(l) = (gI,O) and g

[

Igl(l)I = S; and IgI(2)I = S; , the vectors 9,

as follous:

[ =
S (I®, o 1 Sykur T S (DI ko

= = 2
Sijpr = 81 i 1 Sikpgr T 81y

8ijk|1

I}

}

’

rank two.

are the submodules

O

2) = '(o,g

k ’

-invertiable

) in a similae manner to the

I)’ with

...are decomposed

and
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Inductive structure for ¢:The arguments for ¢ are more involwvec

This seems to stem because |o

[

aB,aByl is of more complicated form the

aB,aBYl if («By) is of type 2 or type 1.
Here we only state the results.(The present proof requires a
refinement.) First, a very few terms of (6¢)I = 0. They are:

ij-row for type 5, and ik- and jl- rows for type 4b.

il-row for type 4a.
Moreover, in the case of type 3¢,

all rows except il- and jKk-rows.
(In these cases, the treatments of (6¢)I are done parallely to those
of (6‘1’)I except the complication mentioned just above. For type 6,
the argument is completely dual.) In any case one can check:

The rank of (8®), ¢ 3 and = 2 only for type 3c.

One can define S () to be the minimal solution of the identity:

oby, I

v SeBy,1 = ]was,aBB

where aB-row # 0. (Here (v,8) =1 - («,8) .)

o | v SaBB,I for any («,8) c I,

oB ,xBy

We set(ezcept the case of type 3c):

maB?,I S 01<naBy,I) with Nygy 1 ° # SaBy,I(m)
61 ~ GaBaII®ma8y,I for any (aBy) < I(and independent of the
choice of (aBvy)).
Take elements o € Ga,x’ @ € I and x € X, . Then, by § 2 and § 3, we
have (unique) elements 9.8 € GaB.x and oaBY € GaBy,x such that
%ot T as®x, L and 9. = “x8y®Pus , xBy
Thus QQBYOGBYII is in the kernel of (6@)1. Thus we have:

Lemma 4.6. The elements oaBy 18 decomposed as follouws:

= OI®QGBY,I with a unique element o, € GI,

TaBy |1
The explicit form of SaBy

I X

I(dJ) is as follows:

’
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P

@) = SaBY&

Type 6: SaBy,I

In the other cases we write only the typical terms:

—-+ +4+ -+ + - ===
Type 5: S, (&) =25 - S{T . S, @) = s - ST
-——+ -—— 44+ -+ ———
Type 4b: sijk,l(¢) = SijL U SjkL U SijkL = SjL U Sijkl
-+ —+++ ++ +
Type 4a: sUk’I(d:) = 2(siL - sijkl) ] (Sil - SI)
—4-4 +4+—+ ++--
= 92
Sij1, 1P = 26,5 Y Sk’ YV Sk
5 ¢y = ST us T
ik1, 192 = Sy ikl
+ +
Type 3a: Sijk,1(¢) = SL - SI
-+ +4——
= 2
Sij1,1%®) = 255 Y Sk

In the case of type 3c, the kernel of (6¢)I is of rank two. We

form maB?, (®) by

I

7 = QI(m )y with maB?,I = & saBY’I<¢).

(d) are the minimal solution of

oBy, 1 oy, I

Here SaBy,I

ey ji0l Y Sy, 1@ =
| |

lei s ixke! Y Six @
ik, ikl Y Sijk,l(¢) = Icpjk,jmi v Sjm“’”'
We set:

S > =6, 1™ i1 %k 1®ike, 1

61(2) ~ 6 ~ O b

jki, 1
are decomposed as follows:

ik 1% gk, ixel1®
Lemma 4.7. The elemnts ¢
a8y

Tiar]1 = I I, ¥ = 30K

Opiklr = I (g o B =1L,

with unique elements o, (x) € GI(a)X, o = 1,2.

I

The expl;icit form of SaBy,I(m) is:
S, () = 28T YU st U sTTT
ijl T Y1kl ijkijl ijkl
+ =4+ + -+ - —-——
Sikt P 7 2555 Y Siik Y Sk
and : T AP ha v
Q.,, ((B)= 2S0a2 VS US e
gl*hl(w) _ 95-—_+ U S+—++ U S—-++
ijk, ! T %Y iikl ijikil ijki
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FPIV(Aug/92):

§ 5. Local freeness condition. Here we discuss the local
freeness of € up tp codimension four. The decomposition laws in the
previous sections are foundamental for this purpose.

First we give a system of generators of GX, X € XZ‘ First assume

2 . L
that x € Xij with i# j € 1. Take elements % € Ga,p’ o = i,

i

i P - TI { Dy . 2), . 2.3,
satisfyi-x SR C gj)iij, cf. (2>, § 1. By Lemma 3, the

elements “i and uj are decomposed as follows:

(1.1) 1., = . .®p. . and .. = ..®p. . with a (unigque) .. €
il %99, il %500 d B
o, .
1},P

. . -2 2 3
This step is conveersed. Assume that x € X := X7 - X7. Then take an

bitrar 1 .. € . . .. B, .90, .
arbitrary element ulj GIJ,X We extend ulJ @1, and ulJ @J,lto

~ ) - . .

Gi,x and oj,x’ and we have elements “a € Ga,x' o i,j, satisfying
(1). Now start with an element “ij € Sij X such that
(1.2) the value of “ij at x # 0.
We have elements “a’ ®¢ = i,j, by the above procedure. We then have

an element g(ij) € @X satisfying g(ij) 9a®“a’ o = i,j,cf.(1),8 1.

| o
Moreover, take a frame | of D(l)X and elements Xa € 0., o =1,2,

X
ol &2 _ @2
such that Z(Xa) = Xa' Moreover, we exXtend ga’XE Ga,x(— Qa(Zq)X ) to
®
0(2q)X2, and write the extension also as ga <" Setting g(x) =
®@(q+1)

9a®l we see that

ng(a) € &x’ with (x,B) = (i,j) or (j,i).

2
Furthermore, let el and e~ denote t( vzv’O) and t(O, vzv) with

v € Fp. These elements are in (E).

Lemma 5.1. The Dx—moduLe Gp is generated by

(1.3) el &2, x,8(1), x;8(i), a(il)
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Proof. Take an element § € &X. Then we have elements u& € 5 o =

o, X!

.. s - . . oy . - '’
iJ, “ij € Oij,x satisfying the decomposition law.;’u ga,x “a and
J¢p

= U One can write u), = c. .u with an element i €

1] 1j71] ]

3. . and extend c,. to O_. Using ’c.,.’ to the extension, we set ¢’ =
13},P 1] X ij

& - cijg(ij)). Then g]ij = 0., Letting “a be the ’'decomposing

?» ’
Palij i P, 8

"

1" 9
element for ¢’, we see that “a = 0(X7 Yy .Thus g;a =

it
15.% g with

€48
an element Cy €9

1]

1
O(XX) . qg.e.d.

o, %’ and ¢ —(cig(l) + cjg(g)D

Next take a subset J = (i,j,k) C Fp with # J = 3 and assume that

X € X3. Take elements Ty € Ga

i i 2 : ®
] , ¢ € J, satisfying (_),1.(ga ta)laB

» X

= (QBQtB)IaB for any («,8) ¢ J. By Lemma 2.3 we have (unigue)

5 .
elements Tob € GaB,X' By Lemma 3.2 we have a (unique) element 5 €

GJ < The following series of decomposition holds:

. = ® = .
(2.1) taluB T8 wu,B and taBIJ tJQwaB,J for any (x,8) c J
Assume that x € X? = X? - X4. The step (2.1) is reversed. Take an
element T € GJ’p arbitrarily. By extending tJQQaB,J to GaB,J we

have elements tuB satisfying the second relstion in (2.1). Next, for

each ¢ € J,

2 _" = = ® =
(2.2) (ra8®¢a,B)IJ (tay®¢a,y)!J <Qa,8 waB,J)QTJ (@a,YQwav,J)ng
and this is extended to an element ra € Ga %" Now assume that

(2.3 the value of rJ at x # 0

We form an element g(J) € &X satisfying g(J)Iu = ga,xata'

Moreover, for each (x,8) ¢ J we apply the previous procedure and we

have an element g(xB8). Also we have an element g(x), @ € J. Note that

(2.4) xyg(aB), vy €1 - {«x,B8), and xBxyg(a), B,y € J - {a}, € EX
Lemma 5.2. The Qx—module Gx is generated by

1 2
(2.5) e ,e”, xyg(aB), xBxyg(a) and g(I)
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dere (a,B,y) runs through a permutation of (i,j,k).
The proof of this lemma is similar to Lemma 5.1.
Thirdly, take a subset I = (i,j,k,l) c Fp and assume that x € X.

i i 2y, : ®
Take elements o € Ga,p’ o € 1, satisfying (2),8 1 (8, ga)laB

(93®08)laB for any pair (a,8) ¢ I. By Lemma 2.3, Lemma 3.5 and Lemma

4.6, we have (unigue) elements ¢ €

~
GmB,x’ oaBY € OaBy,X and oI €

GI o satisfying the following series of decomposition laws:

oB

. = = Q = ®
(3.1 o) B oaBQ@a,B’ TuB | B T8y Py, 1 and Tabyi1 T 1%y, 1

(for any permutation (&,8,¥,8) of (i,j,K,l).
Remark 5.3. When I is of type 3c, the last step should be

replaced as:

2 = = j = ® =3
(3.2) OiLalI ol(l)®wiaa,l’ o =j,k, and ojkBlI 01(2) @jkB,I’B i, L.

Assume that x € X? 1= X? - XD. The step is conversed. Namely, taking

an element oI € 6I . arbitrarily, we get o

(3.2). Assume that

wBy’ OaB and oa satisfying

(3.3) the value of GI at x # 0.

Then we form an element g(I) € GX satisfying g(I)lX = ga,xoa for any

¢ € I. As before we form elements g(aBy), g(xB8) and g(o).

Lemma 5.4. [f 1 is of not type 3c, then QX 18 generated by

(3.4) e!,e? ) (o8) (By) and g(I)
. e ,e , XByég(a , xysg aBl), x69 aBy) and g

where (o,B,7,8} is a permutation of (i,j,k,l) and we write XaBY =

xaxgxy and xyé = nya
The proof is similar to the previous ones.

Remark 5.5. For type 3c, we have two vectors g(I:1) and g(l:2)

at codiumension four level.

Local freeness condition. Take a point x € Xl.
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2
Proposition 5.5. (i) Take two elements §l and &, € Gx(cﬁi‘)

Then
det(glAgz) = y.u, where y and u are elements of QX and y
satisfies:Z(y) = Xi

(ii) GX i8S Dx-free if and only if there are elements gl and §2 of

GX such that

(l/y)det(glAgl) 18 a unit € DX
Proof. First note that at each point of X% - X2, two elemwnts
(el,g(i)) or (ez,g(i)) forms a frame of €. Obviously,
det(elAg(i)) and det(ezAg(i)) satisfy the condition in (ii)
Since §1 and §2 are linear combination of (el,g(i)), det(glAgz)
= O(X}
1

2
X—X;). Thus we have (i). Concerning (ii), we remark

G 2) with the inclusion i:(X-X2) X.

e @ xox

Thus € is locally free if and only if there are elements §1,§2, which
2

spans € on (X-X“)X. This is equivalent to the condition in (ii).

g.e.d.

Now take a point x € ij . Then according to whether i -~ j or not,
we have:

det(g(ij)Aez) = y(the first component of g(ij)) or

1]

det(g(ij)Ael) y(the second component of g(ij)

On the otherhand

.. t t
= [ ® @ =
g(lJ)lij gij <wi,j wj,i) oij and gij (gij'O) or (O’gij)'
- ++
and lgijl = 8, or = s 7.

Lemma 5.6. € is locally free at x, and g(ij),e2 or g(ij),e1

form a frame at x.

Next take a subset J = (i,j,k) C Fp and take a point x € Xijk‘
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Here we consider the case where J is of type 3 or type 2. In the
case 0f tyoe 0O and type 1 is treated dually(by changing + and - and
also changing the first row and the second row of the vectors in
guestion.) First note that

Lemma 5.7. € is lcally free at x. According to whether 1 is of
type 3 or type 2, (g(J),eg)(resp.(g(J),g(i)) form a frame of € at x.

-1 2
Proof. First, in the case of type 3, we restrict (g(J),(zij) 16‘) on
4,

XI'
-1 _ t
(%) (g(J).(zij) €y = (gjk (o, " (0, vEFp-(i,j)))’ where
_ t : s QT e—aT 7Ty
g; = (g;,0) with ngI = $;(:=8; 0 and
kK(I) = wa,Jwa,J for any «, where wa,J = wa,BwaB,J and
P g T Py gPyp yr B FaEJ.
(The elements wa I’ wa I and k(x,I) sre well defined.) Note that
- - + + A
lwa’ll = S,- S, and lwa,I] =S, - S; -{i,k}, and
. . + -
lk(ay| = Fo =G0,k (57 v sp
Thus the determinant of (%) # 0. Next we restrict (g(J>),g(i)) on Xjk:
S ik T 95k kYk, 5Tk 8Pk T 80V
Thus
det(g(J)ljkAg(l)) = _(gjk,ZgJ)(wi,jwj,iwi,I)
. - ++ B
where ik o IS the second component of S ik and ‘gjk,2l = Sjk i.
Thus the above deterimant is of the form Xix(unit). g.e.d.

By the above lemma we have:
€ is locally free over (X - X4).
Now we consider the case of codimension four. Take a subset I =

(i,i,k,1) of F with # 1 = 4 and a point x € x? ‘= x? - x5,

Theorm 5.8. Ezcept the case of type 4b, € is locally free at x.



184

he following two vectors form a frame at x € X.
(g(I),ez) for type 6, (g(I),kag(iL)) for type 5,

(g(I),xjkg(il)) for type 4a, (g(I),xijkg(i)) for type 3a,
(g(I:1),8(l:2)) for type 3c.

>roof. The case of type 6 and type 3a are treated similarly to Lemma

4 3

5.7. We restrict g(I) on X and (g(I),8(1)) on Xy,

k
g(I)II = gIK(I)aI, where x(1) = ¢a 10 1 for any o« € I, with

¥o,1 = lI‘c:t,t)“"ozB,t:tlhf“l’tzt‘iy,I and @, 1 = Py %8, a8v%aBY, I

(These elements are well defined.) As before

N

- - - + + ++++ '
a,zl = Sy = S;(=8 1) |¢a,xl = Sq 7 S{(=8; ) - {(8,v,8}),

ave k(1) = F - (i,,k, 1) - (sj v s;}

(9(1)’9(L))]ijk = (gijkz(ijk)oijk, 91*1,1’

ot . _ .
Note that g, = "(g;;,,0) with lgijkl L and g; = (0,g) with lgll

+ P - - . . - +++
= S;. Moreover, [k(ijky)| = Fp {{i,j,kK} U sijk v sijk} !, and
|$i II = S; - S;;; 1, and we have the assertion for the above two

cases. Thirdly consider the case of type 5, and we restrict

. 2
(g(I),g(ij)) to Xkl‘

(9(1),9(11))‘kl = (gklwk,Lwl,kakl'giJ$i,jwj,iuij);’ where

8y = (0, gy with lgg ] = 57 1.3, and sy, = ‘(g;,,0) with
lgijl = S;; k,l. Moreover, o,, = @, ;1,0 9, and

loy 1= (s, v s;) - (8{y VY 53;2> i,3,

Also wi’jwj,i does not vanish on Xkl’

Thus the determinant of the above two vector = xklx(unit)
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2
FPV(Aug/92) For type 4a, we restrict {(g(l),g(il)) to XEK:

(g(I),g(iL))ljk = (gjkwj,kwk,jojk’ (giui)lijk . (glul)ljkl)
where 8k = (gjk,l’gjk,z) with Igjk,l’ = S;; ! and
'gjk,zl = S;; i.Moroever, Silijk = (g,,0) with Igil = S;

and g, = t(O,gL) with g, | = 87 1.

Also (wj,kwk,jojk) and uy do not vanish.

Using these we check that the the determinant of the above
two vector # 0.
Finally we consider the case of type 3c. In this case, the situation
is subtle and seems to be a new factor which arises at codimension

four:First note

the first and second components of gi(resp.g ) contain

l

Kl and zj(resp.zij and zk),and those of gj(resp.gk) contains

L and zjk(resp. zi and sz

‘Moroevr, oa =0 (XI). Thus the degree of g(lI:1) and g(I:2) 2 2.

Thus, lettting (g(I:l)Ag(I:2))(I) denote the term

2

z )

(fol(g(I:nAg(I:z)),

we have:

the term = T, B (1 1 Ag Y8 112y, with (v8) =1 -(uB),

(omB)<I

where g :1) denotes ((Sz/axaxe)g(lzl)}lI

First we have:
(¥) The summand = 0, unless (xB8) = (il) or (jk).

Actually assume that (xB8) = (ij) or (ik)(and so (¥8) = (kl) or (jl)).

(@B) ..« _ A2 ) _ («B)
Then g (I:1) = (8 /axaxB)(g(I'l)lyé)II = (gyéwy’sw o . (1))

5,y v
(v&)

and similarly for g If (¢B) = (ij) then
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gkl = t(*,O) énd gij = ﬁ(*,O), i.e., the second term = 0.

(xB) (yd)

Thus g (I:1)Ag (I:2) obviously vanishes. If (xB8) = (ik), then

the vectors gik and gjL appear, and the first term of them = 0.

Thus the terms should be considered are as follows:
g(iZ,) (ik» (Jk)(I:I)Ag(IL)(I:Z)
(ik)

(I:1)Ag

kY5, kY
(KD
ey ¥y, 9 I T A Yy 595k

O(xi) and similar fact.

(I1:2) + g

- (il
=(g k,jojk(l)) A(giLwi,Lwl,iciL(Z))
(2))(1L)

Also note that w k= O(XL) and ¢

it

k,]
Thus the above quantity is written as:

(LY, (1), (k) (J) _
N Lw g (1o, (2) o, (10, (2

Nopte that Sk ~ (g.k,O) with |gjkl = sJ.k and g, = (O,gil) with

lgiZ|= 51L> Thus (g, kAg ) does not vanish. On the otherhand,

(g, kAQ L>(¢ w

Ojk(l) = wjk,101<1>’ 1(2) = wiL’IUI(2),/yhi1e
0., (2) = 0 and 0,.,(1) = 0. Thus we have:
ik il
where wjk,l @jk,jkiwjki,l = wjk jkijkL I’ and similarly for @iL,I'
I . Ly, iy, k), (i)
. + 2 =
(8(1:1)Ag(1:2)§ (8 A8, ) 5 ey oy Do e ).

and we finish the proof.
(In order to check that, for Type 4b, € is not locally free, we
should check all 2-vectors. We omit here. The chief objection for the

locally freeness is that, for pairs (¢ L’wl ), (¢ ),

k1Y, k

Z(tl’i )nZ(wL,i) = 0(X; ), ... )

, L
Remark:/f p = 5, then I c Fo with # I = 4 is of the form

I = (i,i+1,i+2,1+3) and is always of type 3c. Thus € is locally
free and is actually the Horrocks-Mumford bundle. Our hope was to
construct reflexive sheaves € which are locally free over (X-XS).

Bur if p > 5, then type 4b or its dual always appears. However,

the content of this ﬁaper is limitted to the gquadratic residue.
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Is it possible to construct reflexive sheaves from some arithmetic
(e.g.higher residue) of Fp ?
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