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€1. Introduction
To a non-negative Borel measure dm(x) an an interval with

sultable boundary conditions on the end points, we can assoclate

d d
dm{x) dx

a generalized differential operator A = and

a strong Markov process X on the support of dm generated

by the operator A , The measure dm is often called a string
and the process X a generalized diffusion, also a quasi-diffusion

or ¢ gap diffusion, with the speed measure dm{x), cf. [9] for

details.

Let 0 =2 11 > 12 Z v e be the eigenvalues of

- d d ‘
A= dmix) dx and let pit,x,y) be the transition

probability density of X with respect ta dm(x) .

11 was shown by M.G.Erein [10) and H.P.Mckean - D.B.Ray [12] that

-2
- A 1
Lim n__ . 1 dm ]

Also It was shown by S.Watanabe ([9].,Appendizx 2) that

y 1dm 2
(1.2) lim (=24)Ylog Dp(l,X.,¥)}) = x iﬁi(x) dx

t=0 .

Here in (1 1) and (1.2), %E(x) denotes the Radon- Nikodym

dengity of the absolutely continuous part of the measure dmi(x) .



In the case when dm(x)} is singular, therefore, (1.1 implies

only that - ln grows faster than n2 and (1.2) implies only

1

that - log p{t,x,¥) grows stower than i as t - 0 . Thus

one is naturally lead, in this case, to a problem of finding more

exact growth orders of - ln and - log p{t.x.¥)

In the previous paper [3] , we obtained an estimate for the growth
order of eigenvalues for generalized differential operators
asgociated with certain self-gsimilar measures dm(x) . Here we
follaw Hutchinson (5] for relevant nottons op the self-similarity :
He defined the self-similarity of zets and measures by a family of
contraction affine maps and succeeded In giving a sclid foundation of
the fractat theory of B.B.Mandelbrot [11] . Such self~simllar
measures include, even in the one-dimensional case, many interesting
examples of singular measure like the Cantor measure and the de Rham
measure.

The main purpose of this paper is to obtain ap exact estimates for

log p(t,x,yY) 1in the casgse of self-similar measures dm{x}

As an application of our result, we can give an example of some
generalized diffusion processes which do not have Barlow-Perkins type

estimates (see [11) . Furthermore, in the last part of €3, we can



have gsome supplementary remarks on our previous paper [3] which
give some relations between the spectral dimension, the entropy and
the Kolmogoroff dimension.

The author expresses his heartfelt gratitude to Prof. S.Watanabe

and Prof. S.Kotani for their valuahle zuggestions.



82 Preliminaries

Before proceeding, we have to recall some baslic facts on Krein's

spectral theory of sirings (cf [9]1 for details )

Take a non—-negative Borel measure dm{x} on [0, a] (0 ¢ a £ )

such that its restriction to [0. b)) , b < a , 1is a Radon measure

Let ¢¢ x, A} and ¢( %, L } be conlinuous solutions of

$¢( x, 2 ( x =- ¥y 20 x, X ) dm(y)

it
—
+
-
[ S—
o M

and ¥( x, 1) ( x - ¥y Wz, 2) dm{y)

]

L

+

}l
Bty
o H

for 0 £ x < a .

a _dx @ _ 1im ( x, X )
0 #Cx, )P xta #UX X0

Set hiny

H
S——

h¢r) is called the characterestic funcition of dm and the
one-to-one correspondence h &—— mn is called Krein's
correspondence. Then, following results are well known (see [9]1) :

be fuo measires and h h

(Comparison theorem’ Let Mys M -

2 2

be the corresponding rcharvacterestic functions of mys M,
respectively If ml(x) < nztx) For atil x>0,
then hI(A) - hzcx} holds -

(Kac's ineguality?



[f h i3 the ckharacterestic function of

m ,
1 1
(2.1) I £ h(d) £ X ¢ —m——
A m{[O,x}) + - A m{[D,x))
for A >0, x>0
(A corollary to Kac's ineguality) Let ui(x) be the {nverse

function of x m([¢,x)Y . Then

1 1
(2.2) 3 u( 3 ] £ h(A}Y £ 2 l.l( ] for A > 0

-



83. Self-similar sets, self-similar weasures and eigenvalue problems

Belf-gsimilar sets and self-similar measures are introduced by

Hutchinson (51 . [n this section, we first give a brief review of

Hutchinson's setting that is essentially reguired to our theory. For

simplicity, we state his theory in the one dimensional case.

Let Si ( t=1,...N ) be contraction affine maps from (Q,1) to [(0,1)

i.e, Si(x} = ri X + bi where -1 <r, <1, ¢ bis 1, and 0 <= r

i i
+ b, 1
1
Pefinition

A compact set K { € [0,1]1 ) is8 called the self-gimilar set with
respeet Lo 8§ = | Sl,.....SN } ¢ or simply the S-self similar setl )

N
if K= U B8,K.

Definition
N

Suppose p =(p1,. ..pN) where pl,...,pN € (0.1) and ‘El Py = 1
it=

A measure m is called the self-similar measure with respect to

8 and p ( or simply the (S,p}) self-similar measure ) {f

=

mCA) =& ﬁ.m(Sl-I(A)) for any Borel set A

i=1 !



( c [0.13 >,
Then, by Hulchinson [6), it is known that there exists uniguely the

S-self-similar set which we denote by K{(S)Y , and the (§,p)

self-similar measure which we denote by u(S,p) and that the

topological support of pisS,p) coincides with K{5}

*

Definition

Given S and p as above, the unigque number 8 (0 ¢ 8 £ 1)

N
yech that b2 (piri}1+s = 1 ig called the similarity
i=1
dimension of pesS,.py .
This B is introduced in [3] and describes the asymptotic order

of eigenvalues for generalized second order differential operator

associated with m= piS,p) . Namely we obtained the following

results.

For 0 £ ¢, f <nm, O0<£a<{<bsg1l , consider the following

.igenvalue problems of L = 3%—-5%— on (0. 1) :
(3.1) Lf = iAf in (0.1>
d -
(0> cos @ ~ ax f(0) sino = 0
£C1) cos 8 + =% £(1)> sin 8 = O
dx

Theorem 3.1.¢( [3] >



Let 8 = { Sl.;....SN Yy and p = ( RN R safisfying that

8,00, 11 n sjm, 1] = {one pointh or ¢ for i = j
Consider the eigenvalue problem (3.1) and let X be

eigenva
g lues such thatuéll > Xy > Agseonnnns -

Then there erists posifive constans Cl' C2 and ng auch that
1ts l+s
5 _ 8
Cl n { A, € C2 n for any n 2 ny o -
where 8 {18 the similarity dimension of u(s,p}) .
log -xn
If lim —=em——— { = t ) exists, this theorem suggests that
n+= lag n
we may call d = T%T €[00, 11 the spectral dimension of the measure
m . Theorem 3.1. agserts that d =8 .
Ezample ( Cantor function }
T ake N =2 . S.¢x) = 2=, 5, x> =222 5= (5,5
we aKe = s N 3-2 3 F 1*997
1
p=(%1i)!
then K(S) = the triadic Cantor set

the Cantor measure ( a probabilily measure

and pis,p}
corresponding to Cantor function)

in this case, § = %%g—%—{ = the Hausdorff dimension of K(S)

)



Theorem 3.1, implies that

:ogﬁ log &
Cl n 082 £ - An 4 C2 nlng 2 45 N =——

where Cl' C2 are positive constants ( see [31, [4], [12] }.
Similarly, taking fl{x} = X + bl"""" fN(x) = rx + bN such that

{(*) holds 1i.e. 0<b1< r + b1 (bz( T+ b2< r+s2fr + b < b, <r+b, ¢ 1

N-1 N N
and o= (L ,....nk0
then K(5) = a generalized Cantor set
and M(S,p) = a generalized Cantor measure
log ﬁ
In this case g8 = iog r ° $0 we see that
log 5 log ﬁ
Cl nlOg r ¢ - Aa < C2 nlog T as n — =
vwhere 01 and 02 are positive constants
EFzample { de Rham function {131 or Bermoulll trial for unfair
coin )
If we take N=2, 500 =3, 8@ =%l ,5=1,5s,),
p=(p,q) (prq =1, p >0 ,9 >0, p#4q)
then K(S) = [0, 1)
and p(sS,pr = the de Rham measure {(a probability measure

corresponding to the de Rham functien F |.e,

C?



o Xn(m}
Fi{x} = P(@ingl £ X J where xn : {0, 11 valued & i.d

5T
random variables such that P(¢ Kn =1 3»=p, P ( Kn =0 ) =4
In this case, if & is the unique number such that ¢ & »% 4 ¢ 1 %=
1 1
o
then, g = T-a and C1 n o { - An £ C2 n o as n — o

for some positive constants Cl and 02 .
In the rest of this section, we consider the following problem asg a
sepplement ito our previouz paper (3] : We want to estimate the
gpectral dimension of dm hy other fractional dimensions from upper
and lower sideg. First, we consider a lower estimate. In the de
Rham measure case, we obtained that ( [3] ?
(3.2) 8§ 2 -p logzp - q lug2 g = the entropy of B(p,q)
where B(p,q) 1is the (p,q)- Bernoulli shift. We can prove that
(3.2 holds in a more general situation.
Proposition 3.2.
Lef X, (i=1,2,.. } be a discrete time Markov chain with a

finite number of states 0,1,.. ..., M -1 and consider the random
variable X = 3 X, M with digtribution F :

F(LO,x}) = PC X <2 . Then, 1t holds that

the entropy of F £ the speciral dimension of F .

¢



Proof.

As a version of Shannon-McMiilan theorem, J.R.Kinney [8] showed

the following : There exists a set E < [0.11] such that

{1y F{(E} = 1 {2) the Haussdorff dimension of E = «
(3)If =z € E and £ > 0 , then
ht0d h ! h+0 h
vhere ® is the epntropy of F ( = - % pipijlog Py, Yy, Py the

transition probability and P, the stationary probability.

Wher X € E . consgider
mi(e) = F([x, x+8)), mi(g) = F((x-8, x))  and lake

corresponding characterestic functions hf(l} R hf{l} respectively

in Krein's correspondence. Then, applying (2.2),

1 x[( 1 X (1 ]
3 u+( 3 ] < R < 2 u;[ 3
(3.4)

1 x{ 1 X x{ 1
5 U_( A ] = h_f.:l.] = 2 U_( X ]

@.50 (1) m (v¥(1)) =1 ana L) (¥( L)) =1

By (3.3) and (3.5) , we have for every positive &



A ENED)
m U =
0= 1im z LA
e xf 1 &8
u+1)
1
= lim
Lo x( 1 L+x-5
X U+( 3 ]
Then,
1
{3.6) 1im i = 0
A= - xl
ll+u & U+( 3 ]

In the same way, we have

1

{(3.7) lim ; = 0
Aaee o/ o X{ 1
11+u 5 U_( 3 ]
Let E,(X,X) be the Green kernel of 4_d_ yivh suitable
b S dF dx

Lo

boundary conditions, L.e. gl(x. ¥) = pit,x,y) dt
0

where pit,%,¥) is the transition probability density with respect

to F of the corresponding diffusion. Then, it is well known that

1

(3.8 gl(x,x) = 1 s 1

PRy rEoo

By (3.4 and (3.7), we see that

dF{x)}

b
fa—
[

(3.9 gl(x.x)dF(x} =
E E
ui(

3



Seeing (3.6), (3.7) and (3.9) , we have for every posgilive &,

1 1

lim alt®"8 &, (X, 0)dF(x) = % lim a*2-d ; 1 dF(x)

A=t E 1 E - + L
c(§) (1)
L A -y A

1 1
= 5 1im I 1 dF{x)
E A= 7 -+ 1
= y%[ 1 — 3 1
A1+d & U+[ X ) l1+u F] Uq[ 3 ]

On the cther hand, the definition of the spectral dimension d

and Tauberian theorem show that

(3.11) -

= 1im
A

i+ d log , gl{x,x}dF{x)

1
log 2
Then (3.10) and (3.i1) imply that for every positive & ,

1 1

Jeo—5  1+d =29
50 we have d = - 3 for every positive 5 .
Thus the proof of this proposition ts complete. Q.E.D.

Next, we consider an upper estimate.
Let K be a compact metric space, We denote by h(K) the upper
Kolmogoroff dimension of K t.e.

log NE

h¢E) = Tim T
gl0 log &

13



vhere NS = the infimam of the number of §-cover of

Proposition 3.3.

We take dm = dp(5, p

the speetral dimensicn of dm < h ¢ K(§8))

Proof.

By (3.8) and Kac s inequality,

K

we have for every positive ¢

as itn Theorem 3.1 Then (t holds that

1 1
x X 1 1
NS RE 00 € Tax ey ¢ Y I mix-E,

£ 28 + L

A m(xX-E, X+8)

Then we have that

1 1
1 dm{x)
. gA(x,x)dm(x) < 28 + X ID M{X-E, X+E)

Define oa(m ) = lim ——l-——-log dm(X}

240 log é 0 m(X-E, X+E£)

For every positve & , there exists 80 gsuch that



di{m) + &

dmi{x) 1
0 m{X-£, X+8) £ & ) for all 0< g ¢ 80
1
1 L «{m) * &
Then, gl(x,x}dm(x} £ 28 + T ( =)
0 A g
1 1
1 1 + axim) + &
0 gl{x.x)dm(x} £ 4 T }
1
ra— 1 1
Then, iim ————— log g (x,x)dnm{x) £ -
2mbd log A o X 1 + c¢im) + &

Since & isg aribitrary positive, 1t holds that

1 5-1—' i.e. d < ai{m)

(3.12) T T+ d T+ a(m

where d iz the spectral dimension of dm

On the other hand, we take U, i=1,...,N) as a % - cover of K(S)

Then we have that

dm({x) < 3 dm{x}

K m{x-&, X+E} u m{x-B, X+&)

|5



N
dmi{x)
< 3 w SRR AL
=1 m( Ui)
i
becausge X E Ui implies Ui C ( ¥-g, X+£ ) .

— 1 dm{x)
Then aim) = lim ——=—- log
40 log é K m{x-g, X+&)

the infimam of the number of E - cover of K
£ lim i
gl log &

= h( K ) .

Therefore, combining this with (3.12) , we have the assertion.

Q-EIDI
Remark
In the Cantor measure case, &« =d = 8 = h .
But, in the de Rham measure case, « < d =8 ¢ h .



24. Asymptotic estimates of transition probaobility densities

In this section, we dlscuss some asymptotic estimates of
tansition densities. First, using Kac’'s inequality, we prepare some
basic lemmas.

Take positive numbers a, b, Let dm{x) be a bounded measure

- 4 _d 7
on (-a,b} and let L be dn(x) dx  ° We denote by Ex{ ) the

expectation with respect to the L-generallzed diffusion processes on
[0, b) starting from ¥ (0 x<b ) with boundary conditions

£1(0) cos &t - £'{0) sin e = 0 for some o € ( 0, s

5 ] and f(b) = 0

We also denote by Eﬁ{ ¥} the expectation with respect to the
L-generalized diffusion processes on (-a, b) starting from x
{-a £ % ¢{b Y with boundary conditions f(-a) cos a'- f'(-a) sin &'

T3 and f(b)} = 0 .

=0 for some @'€ ( 0, 5

Lemma 4.1.

Let T, = inf ( t30 | X, = ¢ for 0 < c<b .

Then
1 Eg e Te
{4,1) | S N
-
1+°°t“(b+mt[0,b} Fo ¢ ¢

11



b mi{-a,0) 1
= 1 + = + L -
a  m(f0. b ' xam(fo, by ¥ AMMiC-a,0)

for every positive 2 .

Proof.

Firat, we prove the first inequality of (4.1) .

Let ml(x) ml(lﬂ, X)) for x < b

mz(x) mz((-x. 0 for x < a
and kl ’ h2 be the corresponding characterestic functions

respectively.

X
Let ¢i{x) =1 4 I (X-¥) @i(y) dmi(y)
Q
X
ij(x) = X + (x-v¥) ¢i(y) dmi(y)
0
¢
¢1(x, 1) for 0 < x <b
and pix, A} =
@2{-x, ) for -a ¢ x £ 0
\
'
¢1( X, A} for 0 £ X ¢ b
¥i(x, 1) =
- izt-x, A for -a ¢ x ¢ O

\
Then it is well kpnown (see [6]1)that, there exists some constants

|8



Cl , 02 such that

E“' - 1T Cl¢(x. Y o+ c2¢(x. )
x T Ciele, Ay + C,¥(c, 1) for x < c .

Considering the boundary conditien at -a + wWe have

0 ={Clw(*a. Ay + Czi(—a. Alyeos @' - {Clw'(-a, A} + Czi‘(-a, Arisin
={CI¢2{a. Ay - Cz¢ta, Ariecos ot - {-Clwi(a. Ay + Czié(a. A)rsin o

C P,{a, x) cos &«'+ @'(a, A1)¥sin o
Then 2 = 2 Z
¢y wgta, A} cos o'+ ﬁi(a, L¥sin o«

S0 we have that

1

@2(a, A) cos o'+ ¢2

(4.2) Eg e Mo =

(a, Asin &'

®ple, Ao ﬁzta. 1) Ccos o'+ *é(a. A)sin u'*ltc' A
- AT 1
(4.3) Eﬁ e c =
®,(c, 1) + cot ﬁl(c, A}
By (4.2), (4.3) and Kac's inequality, we obtain that
wz(a, AY CoOs o'+ @é(a. Alsin o'
By e AT, #yle, 1) ¥,(a, 1) cos a'* ¥3(a, 1Isin g ¥yier )
Eg'e_ AT, ¢ e 1) + cot o $1{c,1)
1
2 ¥, (c, 1)

l1 + cot o E;?ET_iT

19



The proof of the first inequality of (4.1) is complete.

In the same way, we have

0 - 2t 1

z 1
and Eg e *Te =
wl(c, A)
n
Eg e 2% Eg e” Ao
Then o2 - AT < 0 - At
ED e c EID e C
I 1 $l(c, L)
-’12(1} tpl(c, A)
£ 1 + 1 o)
52(1) 1

Applying Kac's ineguality (2.1) again we obtain the second

Jineguality of (4.13, Q.E.D.

We alse need the following

Lewma 4.2.

if m{[0. b}) = 0,

10



then 1 2 Eg e ltc > 1 5 For 0D £ c<b
1 + Abm({(-a,0)) + a

Proof.

The first inequality is Ltrivial. Ag for the second,

o - AT 0 - ax
E0 e c 2 E0 e c

n
v

By Kac's finequality (2.1) we obtain our lemma.

Take m= p{(S,p) where 8 ={({8 8.1 ., P

N

1+ (p]: ipN)

such that Si(x) = r.x tCy -1 ¢ r. {1 for 1 <i £N

Putting 5,([0, 11} = {a

i 1 , we assume O£ a, < b,<++ *< a,% b, <1.

1 1 N N

Let ug consider L = Anix) dx generalized diffusion process X

t
sn [0, 1! with boundary conditions
£¢0) cos o — f'(0) sin & = O and £¢1) cos B8 + f'(1) s5in B = 0 far

0o , B <«

(51}~ |

2.1



Let plt,x,¥) be the transition probability density of X

with respect to dm

Theorem 4.3.

Take =&, vy such that 0 ¢ x < ¥y <1 and m({x,¥1) > 0

Then, there exists positive constanis 04 L C4 2 which depend on

x, ¥ such thot

-8 _ -3
4.1 t < log pit,.x,¥) < C4.2 t asg t L0 .

Eroof.
(q,0) .
We denote hy Ep the expectation with respect to Kt on

g, 1) starting from p (g € p < 1} with boundary conditions at g

f(q) cos & - £'(g) sin o = 6 for 0 < & < & and £tl) = 0 at 1 .
By the strong Markov property,
(0,0 - At _ L(0,0) = AT (0,0 - At (0,0t} - Ax_ .,
(4.6) E0 € c = ED e a, Ea1 e blEbl e a,
e v e E;O.u) e~ kth Eéﬁ,a) o ATy
N N
N { o) AT (0,00 - AT (0,2 - At N-1 (0,0) _-AtT
= 1T E a; e b. E.7* e a, E’ 7 1t TE e a,
a i 0 1 b b, i+l
i=1 i N i=1 i
(0 ,x} =~ AT
N Eai bi
* M
i=1 E(a L) - lrh_
a; i

22



Here we note that

N

the topological support of dm < igl Si([O. 1

N
= U fa,, b, 1l
i=1 !
i.e. (4.7) m((bi, al+l)) =0 for 1£ i £ N-1 and

m([O, al)} = m((bN. 11y = 0 .

Combining (4.6) and (4.7) with Lemma 4.1 and Lemma 4.2, we deduce

that there exists nonnegative constants D., E., F., G,, H., [., J.
i i i i i i i
(1< i £N) such that, for all A > 0 ,
N J, N _ _
(4.8) T o(1.+ =3 n E‘81'® o Ty gl0:8) o= ATy
i X . a i = 0
i=1 i=1 i
N N 1 N+1 1
> T E;ai’“} e” *p, — m
i=1 % i=t Ti i=1 G, + aH
Di+1Ei+ x i i
N J.
Put foy = B0 o7 2T, 100 = 1"1 (,+ 741 and
N 1 N+l 1
£.,(1) = L n
2 . F .
i=1 1 i=1 G, + aH
Di+lEi+ X i i

Noting the self-similarity of dm and that [a;, b;} = 5,00, 11,

i

23



we Ccan conclude from (4.8 that

N N
n
f2{A)1=1 f(pirix) = f) £ fl(A}iEI f{piril)
Setting Z{x> = - log £(A), gl(k) = -log fl(l), 52(1) = -log fz{l).
we obtain that
N N
(4.9 Ey(2) 4 2 glor ) 2 og) =z g (a) 4 2 gp,.r. Q)
i=1 j=1 1
Take the unique number u (0 ¢ u < % } such that
N
) “’1"1’“ =1
i=1
N u
Then c¢learly, > (piriJ2 > 1 and noting the form of flfl} and
i=1
fz(l) , Wwe can easily deduce that
N 5 g N
(4.10) « 2 (p,r )" - 132 + 3 g(p, ¥ 2 = g
i=1 i=1
N
2 - K+ 2 g(p.r. )
i=1
for all x 2 AO where Kl and AD (>1) are suitably chosen

positive constants.

Putting k(i) = Ei%l , we set
A

2%



04.3 = min ki)

A € [min p.ri s 11 s
1gigN !
- 4
C4 4= max [ K{x) + » 2 ]
' A€ [min p.ri s 11
1£i5N

From the first inequality of (4.10),

N N
k() = B8 o S p.roY kep,r.ay + (3 (o,
u . i i i i - i i
A i=1 i=1
. U
Let kltl) = K{a) + X Z Then, fer all A = X
N u
(4.11) k(1) < )] (p, 7. ky(p,r.2) < max k (p, T 1)
i=1 I<i=<N

Applying (4.11) successively,

K(L) £ k(p, 1, *++escerr rep, T )
i YRRTY
for some 11 gaaane ’1H € {1,..,N} such that
min p,r, £ p, I, teeseae- ‘p, T, A =1
1<i<N 11 iy 1y ty

for all X zx A

Thig proves kltl) < C4.4 0

Similarly, we can prove that

kir)y = C for ati a2 = A

4.3 0

2.5

}

b=

-1

C * )

=



Therefore, we obtain the following estimate

(4.12) C, o A <« 10g ELO®) o~ ATy o o M

4.3 0 4.4 for all x = 10

where 02‘.4‘5 ts another positive constant.

Seeing the condition m({x,¥1) > 0 ,

there exists i (1£ 1 £ N)Y such that x(ai<y<bi or ai<x<bi(y holds.

In the case that x(ai<y<bi . there existsg ny such that

Slott—l-aqcesl

\—nl times —

=Si[0. 1] € %, ¥) .

In the case that a <x§b <Yi » there exists n, such that
SNﬁocooooorosnusi[ﬂ. 1] | =) [x' y] .
\——nz times —

In both ¢cages, there eXxist some S.l PP i such that

1 m

(4.13} s OJJGonnoooouS

i (o, 11y ¢ [x, yl c [0, 1] .

1 im

Combining (4.12) and (4.13) with Lemma 4.1 , we deduce that

u (0,0 ~-a T 1

Cd.ﬁ AT £ - log Ex e y < C4'41 for att 2 2 10
where C4 6 is another posttive constant.
Using de Brujin's exponential Tauberian theorem (seel2])},
there exist some positive constants 04 1 and C4 2 such that
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- U
T-u T T-u
t -
04_1 4 log Px[ 1:y < t ] < 04_2 t
for all small t >0 i.e. because of Lthe definition of s ,
c,  t %< -1og P [r.<ct] <c, . t7% for all smali 150
4.1 X ¥ 4,2 s '

t
Noting that p(t,z,y) = [ pit-s,y,.¥) Px( Tyﬁ ds ) and
0
A =min p(t-s,y,¥) > 0 , we see that pit,x,¥) 2 AP [ T, <t ]
0<s<t -y '
and hence
— s Tm 8 ]
lim - t7 log p(t,x,¥y) £ Vim - t° log P [ r. =t < C:4 2
L0 tio L ‘

On the other hand, taking ¢ € K(S) (x<e<y}, then

M: = max p(t-s,c,¥) ¢ + w ,

05t

t
Hernce, pi{t,x,¥y) = p{t-s,c,¥) P_.( T € ds » < MPF [ T <t ]

0 X [ 4 X C ’

-] . -] [ ]
i.e. lim - t7 log pi{t,x,¥y)} = lim - t° log Px tc < t b3 C4 1
t10 ti0 '

This completes the proof . Q.E.D.

If we agssume some additional conditions on S and p , we Can
obtain a belter estimate about pi(t,x,¥) : 1%t seems an interesting

generalization of S.Watanabe's estimate stated in &1 because of the



appearance of the term like a singular Riemannian metrilc ﬁ(x, ¥y}
We start with some analysis lLemma.

Lemma 4.4.

Let T be a bounded continuous Ffunction From (0, +x) to (0, +z)
satisfying the following Ffunctional equation
TL) = plT(qll) # v v resaaan + pnT{q 1)

where P> o, qi>ﬁ such that LR e 1 and there egigts

log q
—_
and j  such that ToE 1, ¢ Q

Then T 18 a constant function.
Eroof.
Putting UCA) = T¢ e* ) (xe R >, we have
(4.14) ua)y = pIU( log q, + Ay # rrrereres + an( log 9, * 1) .

Applying the Fourier transform to (4.14) for a slowly increasing

distribution U{x) , we obtain that

beey = oy SIEIOE @y fihy 4 il s p el Y198 40 oy,

where ey = Iﬂeltl Ux)dx

Then 1 = p,cos (tiog ql) + reraenaan + p,cos (tiog 9, } on the

support of ﬂ(t) . combining this with the condition on p; ,

2%



we have that cos {(tlog qll = +rrre s s o= pog {(ting qn) =1

on the support of ﬂ(t} . By the assumption on q, . Wwe can deduce

that the support of ﬂ(t) = {0}

Since U |8 bounded, U(A) must he a constant function. Q.E.D.

Theorem 4.5.

Assume that there exigt PiTy and pjrj guch fthat

log piri
Tog p.r. ¢ Q@ . Then, if we take x and y ag in Theorem 4.3
AR

we have that

. 1+ s
- 1im t% Let) log pet,x,y) = ( ferx, v} )
E40

where L{t) ig a posifive bounded slowly varying finction and

ﬁ is the { 8§, p'} - self-similar measure with

s 5
o T+s i+s
p - ( {plrl) 1 [ T N I I .{erN} ) .

Proof.

Let g¢x) be defined as in the proof of Theorem 4 3

Putting GC(A) = ECcA) for positive number ¢ ( ¢ > €y vwhere ¢, |Is

g(c) 0

a positive constant } , GCIA) is a positive continuous function.

9eeing the proof of Theorem 4.3 , we cap easily conclude



there eXxists & positive constant C4 7 such that

e®

4.4
| Gc(A)I < T, <€, 5 for all A € 1 for any

bounded closed interval [ . Then applying Helly’'s theorem, there

exists c, ( cn T +&z) such that Gc (1) converges to an increasing
n

function G{A) at every continuity point of G(A)

From {(4.9) and Theorem 4.3 , we can deduce that G(v) satisfies

the foellowing functional eqguation.

G(yY = G(Plrll) + oerrorobome 4 G(pnrnl)

Gip,r,r)
th&t is' G(;) = (ﬂ1r1)1+s e 1 ls I R A L R R A
A 1+s {p,r }1‘3 b 1+s
11
8
Gip, . r,.x )
P + (p r- )1+s NN
N°N 8. _8_
+B 1+8
(oNrN) A

From Lemma 4.4 and G(l} = 1, we can conclude

gy = a1*%

This shows that every limit point of Gc(l) { c= +x ) ig the unique

8
function 11+s , that ts ,



lim gfecl) = ll+s

o 4o z{c) .

Then we see Lthat g{x)= 1+SL(1) where L({A) is a positive

bounded slowly varying function.

— —_— - {0.0.') _)qt
Congider E(X) 1im log E, & X

-
[t}

A

1

log Eéﬂ.ﬂ) e T

(0,ax) -2t

- Tim log ED e X
1 4+ &
xS Lo

If we take X (a1£ X = hl} , we can deduce that by Lemma 4.1 ,

Lemma 4.2 and the self-similarity of dm ,

x-b
- log E éﬂ.a}e p T 1
— rl
E(x}y = lim
A3 +x 13
A T oLon
x-b 8
- (0,2) - p,T,A T 1 —_—
log E, e "1°1 T (pyr %) 1*5L(p1r11)
= 1im
1=+ +x T%E T%_
(p,r 1) Lep,r 0y Y% Lo
g
_— X -b
- 1+ = ( 1 )
(plrl) E " .

1
In the case of ai = X < bi » we have similarly a functional eguation

for E(x) and hence deduce that E(x) salisfies the functional
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equation corresponding to (S5, p'} - self-similar measure. Because of
the uniqueness of the solution of such functional equation , E(x)
coincides with f¢[0, x1) where £ is the (S, p'}- self-similar

meagure. In the same manner,

- (0,0 _-xt
E(x) := lim tog EO N X satigfies the same
A 4w log Eéo,a) e”X Ty

functienal equation. Therefore, we obtajn that

S -
-1, s log E;D'a) e Ty = foarx, ¥D

1im
A= +o L(x)

By de Brujin's exponential Tauberian theorem (see [2]) ,

1+s
we have that 1im - t5 L!

(t) log Px[ . <t ] = fotx, ¥y
t40 y

vhere tht) is an another positive bounded slowly varying function.

Then by the same argument as in the proof of Theorem 4.3 we complete

the proof. Q.E.D.

Remark

In the case af de Rham measure, the condition of Theorem 4.5 is

lag P
satigfied if —2 ¢ Q

log g
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Using the same method, we can also have a better estimate about

an asymptotic order of eigenvalues of L

For 0 £ o, B < g sy, DL a<b<1 , consider the following
| d
eigenvalue problems of L = dm dx on [a, bl
Lf = A% in {a,b)
fla) cos @ + E% fla) gsin o = 0O
d -
f(b) cos f§ - Ix £{b) s8in 8 = O

We denote the number of eigenvalues not eXceeding AL by

Na.ﬂ( A, [a,bl )

=
[}
b=}

We put N = N ’

(T} |

Then the following are well known

(1Y 0 =< NCa, Ca,bl > - NCx, [a,b) ) < 2
(2)  NCa, ta,bl ) £ Ny gC2a, [a,p)) < N¢ x, fa,bl )
(3) For a<ec (b,

N¢ a, [a,bl > < WN¢ a, Ca,el > + N¢ 2, [e,b) )

N( A, [a,b] ) = NC 2, fa,c] > + NC2a, [e,b)

Corollary 4.5

Let 8 = (8 8.1 and ¢ ( ProveevaPy Yy satisfying that

1ree N
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Si[ﬂ' 11 n Sjto. 1] = {one point}) or ¢ for 1 # § and we assume

tha the ‘gt o : 11
A re eris .,
i o.r an pjrj such that 10K pjrj

iTy €Q

Consider the eigenvalue problem (3.1) and  let | ln Y be

eigenvalliea slch that 0 2 A, > A, = A

1 2 3’

Then -2 =nt a where 5 igs the similarity dimension of

m= p(S, p) and a, ig a positive bounded slowly varying sequence.

Proof.
Noting the self-similarity of dm and that

N N
the topological support of dm C gl Si(EG. 11y = W

fa., b.1 ,
i i i i

1

N{ x, [0.1]1 » £ N{ X, [al.bll Y 4 - ¢ s+ N{ A, [BN.bN] )
= N{( ﬂlrll. [O,1] 3+ cevssrnn + N(erNl, [0,11 3
ﬂ( Ay [arb] } 2z H( plrlli [C'vlj Y+ ov e 4 H(erNlj [O,1F )

Putting N1} = Na B(l, (0,11} , these show that
]

N( plrix) < NOQ) £ C2 +

1 i

Cl +

M=
nM=E

N{ oiril)

i L

where Cl and C2 are some constants.

3%



{(ca)
Replacing %TET- by %%%%l in the proof of Theorem 4.5 ,

5
we ¢can deduce that N(x)y = 11+s L{x) where L(x) is a posgitive

bounded slewly varying function Hence we can conclude that

1+g

- xn =n 8 an where a“ is a positive bounded slowly varying

sequence. Q.E.D.

As an apprlication of our theorem, we can make some following

remarks. Let dm(x) be the de Rham measure. Let us conslider

d d : .
dm(x) dx diffusion processes xt with suitable boundary

condttinns at ¢ and 1. Let gl(x, ¥} be the Green Kkernel:

]
gl(x, ¥) = I e"’lLt pll,x,¥) dt Theorem 3 1 tells us thal
0
there exist some posittve constants C4 8 and 04 g such that
R 1 _ 1
1+s L+s
(4.15) C4.s X < gl{x.x Ydmix) < 04-9 A

0

where s 18 the similarity dimension of dm(x) i.e. the number s

gatisfies that




Although there exists an estimate like (4.15) , we can prove that at

every binary raktional point =x <(i.e. there exists a natural number N

N =x,
such that x = X —% :4:.l = 0 or 1 ), the asymptotic order of
i=1 2
. , 1
gl(x.x) is different from - i+ 5 °

Proposition 4.7.

For every binary rational =x , there exist some positive constants

04'10 . 04_11 such that
! 1
1+ 1+t
Ci.10 * £ g (x,x) £ Cy yq2
where ¢ = min { log 1 log 1 ) I
2p ° 2 q
Proaf.
? d we put o, = lo 1 @ = la 1
Let us assume P q an p . = gy o ¢ _ o= £, 3.

Without loss of generality, we may take x = % .

1 - 1 _ L
v 5t g}) and m_{(8) = m{{ 3 €, 3 1),

-

Considering m (8} = m{l

we take h+{A) and h_(A) vwhich are characterestic functions to

m, » m_ respectively in Krein's correspondence. By (3.8) ,

1 1,y
(4.16) g, 53+ 3 ) =
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On the other hand, by the definition of de Rham measure, we see that

_ 1o 1o
pe 982 ¢ @ycg 1062
I |
Since c 1+o

is the characterestic function corresponding to

dm(x) = d(xu } {0 a < +» } , we see that from the comparison

theorem in §2 , there exist some positive constants C

4.12 * C4.13 ¢
04'14 . 04.15 such that
I R
1+ 1+
(4.17) 04'12 A + < h+(11 < 04.13 1 +
S _ 1
1+a 1+
(4.18) 4 g2 - £ R0 Cy A
S0, (4.16), (4.17) and (4.18) completes the proof. Q.E.D.

Barlow and Perking [l1) proved that there exists some positive

constante C s C4 47 + C4.18 8R4 C, g such that

4.16

3N



s W
C t %2 ex { - ¢ xy| ! < p(t
4.16 P 417 7 d -1} pCt,x,¥)

t
d dw

- 5" a1

.2 X~ W

£ Chast eXp - Cq9 a1 !
t

where pit,x,¥) 1is the transition probability densily of the

Brownian motion on the Sierpinskii Gasket and ds= %%E—% .

d = log &

v Tog 2 We can show that any diffusion corresponding {o a

de Rham measure with some boundary conditions doesa not satisfy an
egtimate of this type. Namely, we have

Proposition 4.8.

Let p(t,x,¥y) be the transition probability density of the de

d d

Rham diffusion process (i.e. TR ax diffusion process with

1

dm = the de Rham measure(0<p<l, p=3) with some boundary conditions.)

Then, p(t,Xx,¥) can noi have an estimate of the following type :
for every tO > 0, there erist some posilive conslants 04 20

C , C and C gsuch that

4'22 4423

4.21
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for every (x,¥) € [0, 11x[0, 1] and every .t € (0, tﬁ) s
(4.19) C t" % exp ¢ - ¢ pex, y3° } £ pCt )
4.20 P 4.21 X Pit.x.¥
- B (x )6
< C %t exp { - C gix, yJ )

4.22 4.23 Y

where 8 , v , & are some positive consianis and p{x,¥) iZ some

-wetrie on [0, 11 .
Proof.
Assume that (4.19) holds.

Then, substituting X=y in (4.19) and integrating by e-ltdt

g-1 -1

(4,20) 04_20 X < gl(x.x )£ C 4.92 A for all x

Integrating thts by dm , we have that

g-1 1 £-1
C4.20 A = o gl(z.x ) dmix) < C 4'22 X

Comparing this with Theorem 3.1 , we can conclude that

8 must be equal to T+

On the other hand, if x 1is a binary rational, Proposition 4.7

shows that there exist some pogitive constants 04.24 and 04025
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S - A
1+ee 1+ox
(4.21) ('.4.24 A < gl{x,x} < 04‘251

1
L] 1032 q } +

L-R 1

where ® = max ( log2

(4.20) and (4.21) lead a contradiction. Q.E.D.

4.0
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