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Problem 1, Determine 2 saddle point for

) T :
()= @D a@ [{w), cal0) = Go), vdfar,  ®

subjest to the constraints (1) and (2}, where (-, *+ ) denotes ths inner pmdxmt;

in soms finits-dimensional Euclidean space, € and D sre rxr positive semiw

definite diagonal matrices with nonnegative consiant elements, and 7 ig a

N s

fixed tims. J{u, v) is called a pavoff. A saddle point is defined as the
ey 4 C’fﬁ} .4‘.}{‘@.7} - P lat
vair w¥{t}, v¥i{t; satisfving the reliation

‘3{‘:&0 s“r}ﬁ J{UPQ Vﬁ}ﬁ ggﬂﬁ ‘?0) {5>

for arbitrary adwss&b o strategises w and v, Namely, the first player Is to

ezy tmi rinimizes the payoff and the second player is to select

select 2 strat
a strategy that maximizes the payeff, If {5) can be realized, u’ and v° are
called the optimgl strategles and J {u®, v9) is called the valus of the gams.

Problen 2. L;t Taav be a time corresponding to the strategles ?;{t}é U, v(t)

€ V and satisfying z(T,,)= 0. Dotermine a time 7,0 ,0 and a palr of
) i ¥

oF

admissible strategies w®{t), v°{%) such that

zg’ﬁdcs ﬁe}z o, Tyo, yo= %ﬁj g’%l‘ 0,7 ° {58}
The second equation of (4} is equivalent to
Tna,v £Tyo 90 5’1‘%1‘}?@ .
Such differeniial game »roblems have been Lreated by several authors U;
-{7}, In this paper, we consider the problems as an infinite=iimensional non-
Jlinear programzing z:mblemfﬁL By using the generalized Kuhn-Tucker thecrem

{9) in nonlinsar nmgm*m:ng, we derdivs a systsem of transcerdental equations,
the solution of which directly yislds the optimal stmtegieé.’



Yo can mention two kinds of zames describable in the form (1). OCme is

ursuitesvasion game governed by

ap
ax / av= A _(8)xy + Bp(thult) #1p(8), % (0= %0 )
: ‘ N @)
dxa;' dt= As(w,xﬁ + Bgltiv(t) #belt), =xel0)= xeo, f

the pursuer, ul{t}€U is

O"f;r

whers X is an nevector rspreseniing the sitate o
an re-vector representing the contrel of the pursuer, Apéft}, Bp(t), and hpl(t)
are nxn, nxr, and nsl known matzrlces, resnectively, continucus in %, and

jdentical statements apply bo ihs svader and xe V(L) €V, Ag (1), Balt), amd

bo{t)s #ng and xgg ars initial values. The siate of the game is defined by
P ' (8)

where Q is an nxn vesitive semidefinite constant msirix. Then, the 21 (£),

+

1
v Fak { R 7ot 1 E!
= Xgit) Egpt ,’ XgiéjﬁgaS;C:S} g .
] / ? (93
74, s)= Q Pét’}:}(s}%{s}, ;
-1 i
Wit, s)= w;ga{tfliafsiﬁais}, ]

whers X,{t) and Xg{t) are num matrix funstions satisiying

dXs (%)) dt= ap(t)ip(t), X (0)= I (the identity), |
; . |
‘ |

,

fod
Lt
P

Tas other game describable in the form (1) is a control system subje

&

to unpredictable disturbances. The state of ths control system is governed

by
dz/qt = A(t)z‘} By{thu(t)+ Bp(t)v(t) e n(t), 2(0)=13, , (10)

¥

where z(t) is an n-vector describing the state of ithe system, u{t)e U is an



#
g H iy b

R A ot @ 3
] et it =)

E 8 p bt S £u

- 4 il o ¢ E i ) i ”
DU o , : s B y
® sgd s % % ® =2 e o

Lo o S # g £ 43 4 o
] i i 2 4 N

" & - i - X £z T @
£, oo ,w..w » i 43 fe o
¥ el IS = e el o
£ 8 g oo 3 ;

o & , @h " + fa o A ol

= © 4 3 U S < B
£ 4 MW ) i w4 A e 5 y
SO > " o O : &
- @ EN G B L ¥ ]

s a3 o Mmoo R oWt

£ R : 7 e & 3

M * + mm . 4 % Wu @w ™ w
£ 1 { & 42

S S | £ H Pa & 3 w,%
¥ o o PR g

4 oz o : : 4 .
S g + , & B A L ¥
T, 3 ¥ s, A% % ed
_\ﬁuu = rwm vl % m 2 w% = «m
o opd sy A o p B ] 3 et g BF

43 43 g . wrd Y S £ S %
- o e? . ] 4¥ =4 o, 5
o 1] o o, 43 &w Y st ¥
2D o A B - B - o4
S e o . o 3 e
¥ h o % o
%mé m Mm o, » : ¥ ¥ ¢ i g wm
5 4 “ g . L s Bl

& § " " B ik L] : e, L 2
T A FEIE Usm ) . O %4 e o al mm
e o Axd =) 2 # %em &3 £ ] L

P B 13 4 , N e 33

" B 4 F- S . o, Ao W o o 3
A P s poe T A . & @ i% e

e hd P M& x\?:,k\ f.wwe N = & & S L i ¥ % o
L ey 3 bt s [ 4q W” 4 4 eﬁ R

Ex4 a.;.mv I + wy fae) . [«¥ b vw.m s [ B

e D by B S A o @ iy o B o w& 2 © \mwu,

iz ] * & . b S E)

- + 228 * SO a0 = @

- & & e, x.u Ms._; - - ) WW R , 4 At . #
s % ¢ 1 bk s By o " 3 o .
A o R # o B 5o 2 2 =
o P S— N > L2 & =) ) o
) ' 43 42 ” ot L @ £ e
43 B e e et T R i e Ay B @
ke fa a2 2 B i % ] w3 5
ﬂw ot e, T . éw ] _.ﬁ\.m L # e €
2 5 " pd i i At S e v £ &
K S & 5 b3 3 opd 33 . k N kX

3 o, 2y ko S IO & ] £ G o

it » H Fo W . P A red ©d £ He]

o & — " P o M o s
L e B 5 - - iy £ e pel ta
i * g N 3 3 © E e & W
I - B ° g -5 8
Es o et & S - ! ‘ A 1 Lo m g P
[ TR ¥ R o + o A% gy ]

- - b W P R —

v % o o 5 B ; &

+ i3] O " Q@ = B e £

" % o - o e 2w = o

o 51 e w.w wx“ s i

T SR < E of B g W L
Al 5] y h W2 i o1 fq

o et - i 1P & @

i e 43 e o - s e, N £

0 . 5 e R 2 EE T D .

al = S R g A Msm W qm

Then,

lidean spacs i

15 8%
g

?it@ the nedimens

z

b

H

-

spaca

&
3

ibert

7
&

By

which map the



s,

P
o [o
g T
g’ =
:
@
M . ) o, .
& g
»3
.N
o
& [
- 3 )
Ju——
I w:) 2. .,
fronc’ = Nﬁw
. P W
o (e X
Nvcinmsd b o W
. %a
e B 4
F A )
/.ﬂw
F s S o
BT e, %
tn - * ,@ v -
. g Mt B
- A
5 e»wﬂ. oF N
X o
P
En : _W
- . . .
- ¢
jl )
: N s et o N
i}
i Pl
o :
5 St
3 feld)
ifa
& '
& =
o et
v e
b
oy
3

kL :
o ot ,m\m > )
- © 3y b
P
: - * - i

: o jon o £24

. : Py L

: : oS 8




- é

Then, the constraints u(t), v{t)€ 52 can be expressed as
glwizo, eglv)zd . ‘ {19)

Define a clossd bounded convex subset X of H by

zs{ueﬁ : g{n)z 9} .

)
Sincs J{u, v} is continucus snd convex wiith respect to u on X, from {’i‘i.
Theoren 2,’!3 there exists an element u® in X such that

inf J{u, v)=J(u°, v} .
u€ X

Concerning an element v° in X which maximizes J{u, v}, the existence cannot

be asserted. Therefors, we assume the existencs of v®. In the following, |
nagessary conditions for the optimal strategiaes will be derived.
First, we show a theorem which corrsesponds fo a special case of the

Theorem V.3.3.2 in {9] and is available for our problem.

Theorem 1. E Let £ be a real-valued diffevrentiable functional on the

Hilbert spacs H. Let x°€ X maximize £(x) subject to the constraint g(x)20.
Then, there exists a Ae B such that |
A zo, , . (20)

arnd that the lagranglan sxprsssion
Plx, A )=2(x) e (X, glx)] (1)
satisfies the following relations:

Sxf(CXQ, A %) §}é{} for all ¥ €H, (22)
(A% ex9) =0, (23)

, :
where Sx?((x&, A°); E) represents the partial Frechet differential of P |
with respect to x at (x®, A%) with increment § , which is defined by

¢

On



- = PP s € A0y Prx0, Ae ;
S PU(x, A% §)=1an = S G A0 (24)
- £»0 £
Proof, Since the function g defined by (18) is regular (9] at every
soint of X, it follows from (9, Toeorsm V.3.3.1] that the relation
Selx® Fleelx0)z0 ) |
4mpliss 1 (25)
-S5f{x2; E)Z0 . ‘
Nefine a linear continuous trensformation A(¥ } on H into H by
a(E)=5ex% 80, (26)
¥)on Bby » B
(27)
ined by
(28)

and a linear funciiomal &
PLEYI==8102%F)
Since A is bounded, it follows that a subset ¥y in H def
m%ﬁ%&éﬁzkﬁ& Aze}
i

i, ‘
is regularly convex ‘: g}, whers A* is the adjoint transformatlon of 4. Further,

A(E)+g(x*)z0 implies P(§)Z0 .
Tasrefore, from {:9, Cerollary IV. 3}, thors exists & A®20 ( A®e H) suen
] EcH .

for all

that

(20 A(E)) =H(8)
g .
problem. Iet u%€ ¥ minimize J{u, V)

B

Furthermors,
E A o ¢ B {x{} >}
proved.

Thus, the Theoren 1 is
{29)

How, we apply Theorem 1 to our
subject to the constraint g(u)Z 0, then thers exisis a AP¢ ¥ such that

A°z0 ,

1
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Zonce, from {31) it follows that

(P*P 4 C)u + P*RV & PFzy= ‘“%" %’aé“*’i’}"?" =0. | | (37)
u

Defins a new vector x in H by
(e "
Ecguj + Aquy ? | _
= Cu = L Mﬁ{m A= i : ‘ {38}
' Lepip# ALy

whers ©4 (i=1, - . ,r) are the slements of the diagenal matrix C and non-

e

negative. Then, (37) is rewritten as

#,
ol
N
S

P*(Pu+ Ry + 24} +x20 .
In the same way, sincs

. L Y
SyLllu, v, )i E)=2 [(R*R=D)v,E)# 2[R(Pu s 29), 5] +|

.
avy 77
it follows from {35} that
, = . 1 pelv) & .
(R¥R=D) ¥ ¢ RFPU ¢ B¥ 2y § mom wiebioiem A= 0 (0)
“ Oov b
Define a new vestor ¥y in H by
fagvy 4 f“f?ﬂ
i /
4 DN et i » ]
FEDT m e il fm ] [ 2 (&%1)
2 aov P !
¢
[ o}
3‘\4‘3"??%5 f’-?}

where 4y {i=1, - ,r} are the elements of the diagonsl malrix D and nomnegative.

3

Then, (B0} is rewritten as

P

R*(Rv+ Put 2y} =y =0, {t2)
Since A(t}Z20 and g{u{t)}>0 on the interval | 0, T, it follows fror

{32} that the equation ' ¢



(A(L), glu(t))= A*(t)elu(t))=0

holds for almost all t € {0, T} . Therefore,

A (8)=0  if  Slew(td<t, |

Ag(t)zo if u(t)f=t }
Thus , the relation between uy(t) and Ay (t) can be shown as Fig. 1 {(a). The
relation between uy(t) and A, {t)uiit) and then the relation betwesn u (t) and
cﬂt)uﬁt)# Ai{t}uiit} can also be obtained successively from Fig. 1 (a) as
shown in Fig. 1 (b) and (¢}, respectively. Hence, the relation between xcH

and uweX, which is defined by (}3}, can be expressed as
u{t}“ sa(x(t)} s O ui{t')w %ﬁ,(xi{t}} éix LIPS tr)t {!‘é’B) ‘

where the nonlinear function §"i is shown in Fig. 2 {a)}, which can be obtained

from Fig. 1 (¢) directly.

> .
Ana}.ogousl%, the relation between yeH and vex, which is defined by (41},

can be expressed as
v{t):w{y(t}}9 or - ,ui{‘;}ﬁ ?i{y‘i{t}} (4=, -2 ','r)’ ] (”r‘m'}

where ths nonlinear function ”‘f’iis shown in Fig. 2 {b). If we use & notation

such that

sat = & it foc ] <1, \

satX = sgn & if foc] =1, !
thsn,

N
E%v(i’ifl i’l-é) i Esat{y"gj ‘3?}
: () =
Plx) =] : 1 P = .
o Lgatg '}) ' e i&ati,?ri d.) J

oo
[



gupstituting (43) and (44) into (39) and (¥2) yields

Pr(PP(x) +RY(y) 42¢) 4x =0, |

' (#35)
RE(P P(x) +RY(y) ¢24) =y = 0.

Equation (45) is a system of nonlinear integral equations from which xel and
ye & can be determined. This system of nonlinear integral equations can be

peduced to a system of transcendental equations as follows.

' By settiﬂg
PP(x)#RP(y) 4242, | (6)
we obtain | |
x=-P*x y=REOC (7)

where X is a vector in A%, In view of (H).kit is clear that the & defined

. § : )
by (46) ropresents z,= 2{T). Substituting (47} into (46} yields a transcendental

equation:
~P @ {P¥c¢ )+ R '*P(R‘“Oe Yazg=0, {48)
Let £5(T, t} and wy(T, t) (i=1, - ,r) be n-dimensional column vectors of the

matrices F{T,t) and W(T, t}, respectively, 5.8+,

(T, t)= [ff{*r, 1) £,(T, g;) ... £.(T, vt)] , \Z’}
W, = (w1 8 (T 8) - - o W 0) .
Then, since .
'(f;*(?, tjﬁﬁ) ‘ {'Wf*('f; t}ﬁ(é
proc=FH(T, = | E REX = WH(T, €)= | - s
' - B EACHLLY RALS t)cxj

(48) can be rewritten as

oo
Paed



(49)

g and %4 3 denote the jth component
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o

Theores 2. Let the vector functions £ and wy (1=1,--- ,r) bs continu~
cus on the closed interval [Q I'} Then, there exists a solution of {49).

Tne solution of (49) may be computed by the method of successive approxie

=

N T— - & 8 ; 1 %
Xp = A Xy (=1,2,"). (52}
is to the convergence of the successive approximations {52}, we can propose:
Theorem 3. Let the nomnegative constants ci, dy (i=1,---,r) be all

nositive. Further, letl us assume that

—

T i
z ]
= 1 [¢]

.
L

2y I %
} E<ij {53

£ z 1 { - H
WA (T )0+ E"ﬁwi (7T, )]

e ]
¢ A

T

"~

where c=min (¢4, c5,---, cz.),,‘d:min (d4, dps- -+ o dpJ, and | Il denctes
the Zuclidean nmorm in X°. Then, the succassi;ye sppmximatiansr {52}, starting
with an arbitrery , , converge to a unigue solution of (49).

Proof. LetX and £ be arbitrary points in K. By using the Schwarz .

inequality ar»:i the rslations:

| Py (w7, 2)0) = ¥, (0] (7, 098)| < < lwn (0 e8],
(i=1,--- , 7 )

it follows that

‘-r

r‘;

e M (T )l Fe (T 1)

it

, r
[ 22

=1
i

[(Aoc); = (AB)] < -

4

i , T
+—d~{ wiz (T,1)] lwi (T, t)l | dt

13
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