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Transitive points under the modular group

and continued fractions

'Shunsuke Morosawa (?59(4@%?)»

Department of Mathématics, T6hoku University

0. Introduction.

A Fuchsian group is a discrete subgroup of linear fraétional
transformations each of which presérves‘a unit disk D = {z]
|z] <1} (or upper half plane H = {z = x+iy|y>0}). Denote the
boundary of D and of H by S and ﬁ respectively. Since a
Fuchsian gfoup acting on H 1s conjugate to some Fuchsian group
acting on D by some linear fractional transformation, we
cqnsider abFuchsianvgroup acting on' D or H case by case.
We think that D and H are both equiped with Poincaré metric.
The ergodic properties of Fuchsian groups have been investigated
by many authors (e.g. [2],[6]). In this paper, we consider the
following property. Let T Dbe a Fuchsian group acting on D.
We call a point 'CeS is a transitive point under T  if, for
all ordered pair (cl,cz) of two distinct points of S and all
zeD and for all €>0, there-exists an element YeéI' such that
l;l-Y(Z)|+|C2-Y(C)|<e. In fact, the transitivity is independent
of the choice of =z (see [47). The transitivity associated to a
Fuchsian group acting'on H 1is defined similarly. If ¢ 1is not
a transitive point, we call it an intransitive point under T.

For example, parabolic fixed points of T are intransitive points
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under T (see [U4]). In [5], it showed that if T 1is a finitely
generated Fuchéian group of the first kind, almost all points of
S are transitive points‘under f. But what points are transi-
tive ' under T? We consider this problem»in the case of the
modular group G. vIn thié case, Artin [i] investigated the
transitivity of geodesic lines és Quasiergodizitdt. The modular
group is a PFuchsian group acting on H and each of whose ele-
ments is of the form

g(z) = i;:g a,b,c, and d are integers & ad-bc = 1.

By [no, ng, n2,---] we denote the continued fraction

- 1 1 s s s
X = ngt Hl+vn2+"' » where n, is non-negative 1gteger and Ny
i > 0, is a positive integer. If x<0, we define x = —[no, ny, %
ny**+*] for -x = n,+ i 2 All rational numbers are |
2 . 0 n,+ nytese’

1 2 |
parabolic fixed points of G, so we consider only irrational ' |

numbers. Using continued fractions, we give a characterization

of transitive points under the modular -group, as follows.

Theorem 1. A point x = i[no, ny, n2,---] is a transitive
point under the modular group G if and only if, for an arbitrary
finite sequencé 8gs 87,°°° &, where, ai is a positive.integer,

therg exists k such that N= 8g, Ny 1= 89,°°° Ny = 2.

In 81, we prove some lemmas and a theorem on transitive
points under an arbitrary Fuchsian group. In §2, we shortly

explain the cutting sequence which is defined in [7] by Series.

-In §3, we give the proof of Theorem 1. In §4, using the cutting
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sequence, we give another proof of a certain theorem concerning

to continued fractions.

1. Theorem on.transitivity. .
Let £, ¢; and ¢, be in S and let z "be in D. By
L(Ci,C2) and R(z,z) we denote the oriented geodésicvline

whose initial point and whose terminal point ¢2 and the

°1
oriented geodesic ray whose initial point =z and whose terminal
pbint“ z respectivelyi We say that ‘R(z,c)"kor ;L(§1,§2)j
converges to L(ei’e2) ‘if, fordall §>O, théré exists an element
vel such that |v(z)-8,|+|v(z)-6,]<e (or |y(z;)-0;|+|v(5;)-6,]
<g). Using th;s notation, we sayvthe definition of transitivity
in §0 as foilows. A point ¢ 1is called a transitive point under
T ,if’ for an:arbitrary geodesic line L(el’e2) c.and an arbitrary
’geodesiciray _R(Z,c),‘R(z,c) converges to L(el,62). We also
say that L(;l,cz) is a tranéifive geodesic line under T 1if,
for an arbitrary geodesic line L(el,e2),‘the.geodesic line
vL<§1’;2) converges to ‘L(el,eg). If L(gl,cz) »is.not a tran-
sitive geodesic line under T, we call it an intransitive geo-
deéic,line under TI. For example, -let Cl -and C2 be fixed
pointé of a hyperbolic element of T. Then L(cl,c2) is an
intransitive geodesic line. | B |

In this Sebtion, we assume that T is énvérbitfary Fuchsian
group, but not an elementary group. Hence T has hyperbolic
‘ ~and -

elements. Let be fixed points of a hyperbolic

Cq [
element of T. The geodesic ray R(z,gg) converges to only
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L(cl,c2) and its I'-images. Thus czb ié an intransitive pdint.
Similarly all the hyperbolic fixed points of T are intransitive
points under T.

In the proofs of the following lemmas‘and,a theofem, we only
consider Fuchsian groups acting on D. But the result is true

for Fuchsian groups acting on H.

‘Lemma 1. Let L(;l,cz) be an intransitive geodesic line
under T. If L(gl,c2) converges to some L(el,ez), then

L(6,,6

2) is an intransitive geodesic line under T.

l,
Proof. Assume that L(el,ez) is a transitive geodesic line.
Then, for an arbitrary geodesic line L(nl,nz)' énd/for all €>0,
there exists an element Y€l such that Iy(el)-n1|+[y(62)—n2|<e.
Since each element of I' maps S +to S continuoﬁsly; there
exists 6>0 such that, for |[6,-8][+|6,-8)]<S, ly(ei)-nll
+|y(6é)-n2|<e. For this §, there exists an element Bel such
that. lB(Cl)-91|+[8(§2)—62|<6 since L(g;,0,) converges to
L(6,,6,). Hence we have Iys(gl)-nl]+|ye(g2)-n2|<e. This shows
that L(;l,gg) converges to an arbitrary geodesic line L(nl,n2).

This contradicts the assumption of L(;l,;2). g.e.d.

Lemma 2. If the geodesic ray R(z,r) converges to an
arbitrary transitive geodeslc line, then ¢ 1is a transitive

point under T.

Proof. We take a transitive geodesic line L(el,eé).’ For

an arbitrary geodesic line L(nl,nQ) and all €>0, there exists
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an element vye¢l' such that |Y(61)-n11+[y(62)—n2155/2. Since
L(Y(el),y(e2)) is also a transitive geodesic line, there exists
an element B€I such that |B(z)-v(8;)|+|B(L)-v(6,)|<e/2. Hence
we have IB(Z)-ﬂ1|+|B(C)-n2|<€- This shows that ¢ 1s a tran-

sitive point under T. . - qg.e.d.
Using above two lemmas, we prove the following theorem.

“Theorem 2. Both and are intransitive points under

I' if and only if ‘L(clgtz)’ is an intransitive .geodesic line

under T.

Proof. Thé_sufficient‘condition is élearvfrom the aefini—
tions. | o ‘ |

First, we assume thaﬁ at least one of T, and c2 is a
hyperbolic fixed»point of'JP; say -Cl' By ;i we denote énother
fixed point of the hyperbélic glement which fixes .Cl' We take
zeL(cl,t2)nD. The geodésic fay R(z;§15 converges to bnly
L(ci,cl) and its P—imagés.. Hence R(é,cz) must converges to
an arbitrary transitive geodesic line, if L(g;,Z,) is a tran-
sitive geodesio line. Thgrefore, by Lemma é; s iS a transitive
point.' This is contradicﬁion. Hence L(;l,c2) is an intransi-
tive geodesic line.
Next, we assume that neither cl hér C2 is a hyperbolic

fixed point. Tak¢ an arbitrary hyperbolic fixed point By

, “3:
the above argument, L(c3,;2) is an intransitive geodesic 1line.
So, by Lemma 1, R(z,;z) converges to only intransitive geodesic

lines. Hence R(Z,Cl) converges to ah arbitrary transitive
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geodesic line, if L(cl,c2) ‘is a transitive geodesic line. This

means is a transitive point by Lemma 2. Therefor L(Cl’c2)

°1
is an intransitive geodesic line. o g.e.d.

2. Cutting sequences.

In the following sections, by G we denote the modular
group. We consider the Farey tesselétion F, the tesselation
of H by images of the imaginary axis under G. Each tessera
of F 1is a non-euclidean triangle whose vertices are all on ﬁ.
An arbitrary oriented geodesic line L(x,y) is divided into
oriented segments by the triangles of F. We label each oriented
segment either R or L according as two sides of the triangle
which the segment crosses meet to the right or left of the seg-
ment. If L(k,y) starts from a vertex of SOme trianglekor ends
in a vertex of some triangle, we may label the segment R or
L freely. We arrange thekletters R and L as according to
the order of the directed Segments of L(x,y). If R®s (or
L>s) are succeedingly arranged n times, we write R? (or 1M).
In this Way,vwe assoclate a sequence cel pRORAILR2RNS. L ¢, the.
directed geodesic line L(x,y). Series [7]“calledvit the cutting
sequence of L(x,y). If L(x,y) starts from a vertex of some
triangle, then the cutting sequence is finite on the ieft side.
If L(x,y) ends in a vertex of some triangle, then the cutting
sequence 1s finite on thé right side. Since‘each elemeht of G

is orientation preserving, labels R and L are invariant under

G. For simplicity, we define numbers of even order always denote
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L and numbers of odd order always denote R and we write the
cutting sequence <e** n_;, Ny, Ny, Ny,°**>. Series [7]\Showed

the following theorem.

Theorem A. Let x be in [-1 0) and y be in [1 ).
Then the cutting sequence of L(x,y) 1is of the form

<eeoe 1 .lvl>’

—l’InO’ n,,
where the symbol | -corresponds to the position where L(x,y)
and the imaginary axis cross, i1f and only if

X = —[d: n_q» n_g»"‘] and y = [nO’ Ny n2,°"].

3. Proof of Theofem 1.

The modular group G 1is generéted by 1(2) = -1/2 and
o(z) =rz+1. If x = é[no,.nl,’nz,-°°], no# 0 then ot(x) =
[1, ng, ny,e++]. If x = -[0, ny, ny,*++] then t(x) = [ny,
n2,°--]; If bx = EO,vnl, n2,~--] then ro(x) =[1, nys n2,-°-].
Hence we consider only the case x>1. It is well-known (e.g.
[1]1) that the arbitrary directed geodesic line\except for
'{L(g(O),g(&))IgeG} is equivalent under G to some directed
geodesic line L(Bl,e2) where 6, 1is in [-1 0) and 6, 1is in
[1 ). Since the point -1 is an intransitive point, Theorem
2 implies that L(-1,x) 1s a transitive geédesic line if and
only if x is a transitive point. ©From the above fact, we prove

the following theorem for the proof of Theorem 1.

Theorem 1'. Let the continued fraction of x be of the

form [no, nq, n2,°--], no# 0. Then the directed_éeédesic line
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L(-1,x) converges to an.arbitrary directed geodesic line
’L(el,ez), ele[-l 0) and eéé[l ©) if and only if, for an arbi-
trary finite sequence 8ngs 815°°° ap, where ay is a positive

integer, there,exists k such that n, = go, nk+1= aqs°°°

Remark. The later condition implies the condition that, for
an arbitréry finite sequénce ao,'a1,°°~ a. and for an arbitrary
integer i, 0 < i < m, there exists u such that Ny 1= 8gs

a \ksee (1.

TTT Doy 845 Moysr© ai+l’.f. Moutm-1~ %m

Proof. Since irrational numbers are dense in R, it is
sufficient to consider the case that 61 .and 92 are irrational.
Set 6, = -[0, a_qs a_2,°°°] and 6, = [ao, ajs ag,---].‘ From
the theory of Diophantine approximations, we see, for an arbi-
trary €>0, there exist positive integers t and s such that

|61+[O, 8_15 8_55°°" A_ys wl]]<e/2 and

,192'[30, 815 855 a5, w2]‘<5/29
where

1
consider the finite sequence a_ts"°* @_15 855 al,f-- ag . By

and w, are arbitrary numbers greater than 1. We

- the assumption and the fact we remark, there exists u such

that Ny g% 8ogs""" Dpyuo1™ 8l1s Moy 8gs Mpuyp™ 89500
Nou+s™ 8 Hence the cutting sequence of L(-1,x) 1is of the
form

<1’an’ N1s°%° Noyg-12 &gs™°° a_1» a'O’ a15"°" 84 n2u+s+l’.”>'
There exists an element geG which maps the side of the tessera

whichtthe segment corresponding to a_l; 8,3 crosses to the
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imaginary axis. Hence the cutting sequence ofv.g(L(fl,x))

= L(g(-1),g(x)) is of the form

LN N ]
-y

Pou~t-1 2ot
By Theorem A, we have

a_yslags 2psttt Ags Noyygyrst

<1, ngy, ny,cee

g(-1) = -[0, a_1s*** 8 s Mo g 12°°" Ny 1] and
8(x) = [ag, a;5°°0 8y, Npypgeystotle
Therefore we have
lg(-1)-86, [ +|g(x)-8,]|<e. | |
This shows that L(-1,x) converges to L(Gl,eg).
To show the converse direction, we follow the above argu-

ment conversely. ; ‘ . , q.e.d.

4, An application.

Let x = [ng, nl;'n2,---] be an irrational number. We
call x of constant type‘if there exists a constant M such
tﬁat n, < M for ali i (see [3]). By Theorem 1, numbers of
constant tybe are ihffansitive under G; We assume that
no> 0. We consider the directed géédesic line .L(—k,x). The
‘cutting sequence of L(-x,x) is of the form

<eseoeo 1 ,ooo>.

s Mys 20gs Ny, N
‘We set the element of G ‘

rz+s
qz+p

g(z) =

The geodesic line g(L(-x,x)) = L(g(4x),g(x)) is a semicircle

whose center is in R, and whose diameter is

_ ox
lg(X)—g(-X)l.f q? [x-p/q[x+p/ql *

o>.



On the Otherthand,,the cutting sequence,'<-"'n2, nq, 2n0, Ny
n,,*+*> implies that g(L(-x,x)) ~‘cuts at most 2M axes which
are parallel to imaginary axis and whose endpoints are integers.
Hence we have ;

le(x)-g(-x)| < 2m#2. |
Therefore, this ihequality is satisfied if and only if the
inequality

|x-p/a| > ¢/a® , |
where c¢ is a constant which is independent of p. and g, is
satisfied.

Next, we consider the Riemann surface H/G. The fundamental

region of the modular group is F = {z = x+iy|0 < x < 1, x“+y

2>1(1/2 < x <1)}. We iden-

21 (0 < x<1/2), and (x-1)+y
tify the Riémgnn Surfage H/G with this fundémental region.

By mw we denote the naturél projection from H to H/G. All
the elemeﬁts of‘the set '{L(g(—x),g(x))lgeG}k exist beiow the
line y = M+l if and énly if ﬁhe gepdesic 1ine ﬂ(ﬁ(—x,x)) on
H/G 1is iﬁ Fn{z = x+iy|y ;“M+l}. Hence we conclude the follow-

ing theoremn.

Theorem 3. The following three conditions are equivalent.
i) x 1is of constant type.
ii) Ixfp/ql > c/q2 for all integers p and q which are
relatively prime numbers, where ¢ 1is a constant»which
is independent of p and a. | : |

111) w(L(-x,x)) is in some compact set in H/G.
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Remark. The equivalence of 1) and ’ii) has been already

proved by other method (e.g. [3]).
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