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ON  CERTAIN SEXTIC ALGEBRAIC NUMBER FIELDS 

SUMANDEEP KAUR 

ABSTRACT. In this paper, we give an overview of the papers [8] and [9] which deal with 
the computation of discriminant, integral basis and testing of monogenity of certain 
classes of sextic number fields. 

1. INTRODUCTION AND STATEMENTS OF RESULTS 

The problem of computation of discriminant as well as integral basis of algebraic number 
fields has attracted the attention of several mathematicians. Let K be an algebraic 
number field and p be a prime number. Let Z(p) denote the localisation of Z at the prime 

ideal pZ and I(p）the integral closure of the ring Z(p）in K. Then I(p） = { ~I 0: E AK, a E 
Z ¥ pZ} is a free Z(p)-module of rank equal to the degree of K. A basis of I(p) as a 
z(p）-module is called a p-integral basis of K. 
Clearly an integral basis of an algebraic number field K is a炉ntegralbasis of K for 
each prime number p. For an algebraic number field K = Q(0) with 0 in the ring AK of 
algebraic integers of K, if a prime p does not divide ind 0, then by Lagrange's theorem 
for finite groups, AKこZ(p)[0] and hence I(p) = Z(p) [0], i.e., {1,0, • • •, 0n-l} is a ~integral 
basis of K, n being the degree of K. In what follows, for a prime number p, Vp will stand 
for the ~adic valuation of Q defined for any non-zero integer m to be the highest power 
of p dividing m and mp for the integer m/pvp(m). 

In [9], we find a ~integral basis and叫心） forall primes p when K = Q(0) is a sextic 
field with 0 a root of an irreducible trinomial of the type砂＋ax+b belonging to Z[x]. If 
a prime p is such that p5 divides a and炉dividesb, then 0 /p is a root of the polynomial 
砂＋（a/p筆＋（b/pりhavinginteger coefficients. So we may assume that for each prime p 

either vp(a) < 5 or vp(b) < 6. (1.1) 

It is well-known that the discriminant D of f(x) is given by (cf. [5, Exercise 4.5.4]) 

D = 55a6 -6叩．（1.2)

Assuming (1.1), in [9], we have proved: 

Theorem 1.1. Let K = Q(0) be an algebraic number field with 0 a root of an irreducible 
trinomial f (x)＝砂＋ ax+b belonging to Z[x]. Let D,心 denoterespectively the 
discriminants of f(x) and K. Then a p-integral basis together with the values vp(D), 
叫仮） aregiven in Tables 1 -4 according as p eq叫 s2 or 3 or 5 or p > 5. 
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TABLE 1. 2-integral basis of sextic field K and四(dK)

Case Conditions 巧(D) 叫如 2-integral basis 
El 四(a)=0 

゜゜
{1,0, 0z, 0J, 0¥『｝

E2 叫b)= 1心(a)=1 6 6 {1,0, 0汽が，04，伊｝
E3 叫b)= 1,巧（a)2". 2 1 1 1 1 {l,0, 0汽が，04，か｝
E4 叫b)2 2，四（a)=1 6 4 {1,0, 01 0J, 04, 0ツ2}
E5 四(b)2 3, v2(a) = 2 12 4 {1,0, 0汽 0ツ2,04/2,05/2~}

E6 四(b)= 3,四（a)=3 18 6 {1,0, 02/2, 04/2, 04/2a, 05/24} 
E7 砂(b)= 3，四（a)2 4 21 ， {1,0, 0ツ2,0ツ2,が／2汽炉／2外
E8 四(b)2 4，砂（a)=3 18 4 {1,0,『／2,0ツ2,04/2汽伊／2サ
E9 叫b)2':5，巧（a)=4 24 4 {1,0, 0~ /2, 0° /2¥ 04/2¥ 05 /24} 
ElO 叫b)= 5，四（a)=5 30 10 {1,0, 0ツ2,0ツ2~,0ツ2文が／が｝
Ell 叫b)= 5, 四（a)~ 6 31 1 1 {l,0, 炉／2,0ツ2~,04/2,j,05/24} 
El2 叫a)=1 7 7 {l,0, 0汽が，0[『｝

b三3(mod4) 
E13 叫a)=1 叫D)~ g 7 {1,0, 02, 0J, 0¥ 

b三l(mod4) odd (-5x8 + xt0 + x膨 ＋ 2 x吟飼(D2)＋ -7 x。が＋ 炉）／2叫'F'}, 
巧(D)odd 5（忠）x0+ 3b = O(mod) 

E14 叫a)=1 叫D)2 8 4 {1,0, 0~, 0¥ 04, 

b三l(mod4), even (-5xf + xf0 + x即＋x珈＋x閲＋炉）／2”、(D2)-4 }, 
巧(D)even, 碍）X1- 2u + 3b三O(mod2~吟(D)-4), 

D2 = 3(mod 4) U= v2(D， )-6 
E15 叫a)=1 叫D)2 8 6 {1,0, 0z, 0J, 0>

b三l(mod4), even (-5吋＋ 虚 ＋ x罰 ＋ 2 x吟籾(D2)＋ -6 x炉 ＋ 炉）／2叫'F"}, 
巧(D)even, 碍）砂＋3b= O(mod) 
D2 = l(mod 4) 

E16 叫a)22 6 6 {1,0, 0汽例が，炉｝
b三l(mod4) 

E17 叫a)~2 6 

゜
{l,0, 0~, (1 + 0°)/2, (0 + 04)/2, (0~ + 05)/2} 

b = 3(mod 4) 
E18 叫b)= 2心(a)=2 12 6 {1,0, 0汽が／2,が／2,05/2}
E19 叫b)= 2，四（a)=3 16 6 {1,0, 0¥ 0,j／2, (20 + 04)/2', (20'+ 0")/2'} 
§三 3(mod4) 

E20 叫b)= 2，四（a)2". 4 16 4 {1,0, 0¥ (2 + 0°)/2,, (20 + 04)/2¥ (20, + 05)/2,} 
§三 3(mod4) 

E21 叫b)= 2，四（a)2". 3 16 8 {1,0, 0~, 0° /2, 04/2, (20~ + 05)/2~} 
§三 l(mod4) 

E22 叫b)= 4心(a)=4 24 4 {1,0,炉／2,が／2ム，（40+0り／2文
点三 l(mod4) (80 + 4炉＋炉）／が｝

E23 叫b)= 4心(a)=4 24 6 {1,0, 0~ /2, 0',j /2ム，（40+ 04)/2¥ (40'+ 05)/2',j} 
森三 3(mod4) 

E24 叫b)= 4心(a)=5 26 6 {1,0, 0" /2, 0',j /2"'(40 + 04)/2¥ (40" + 05)/24} 
点三 3(mod4) 

E25 叫b)= 4，四（a)~ 6 26 4 {1,0, 0~ /2, (4 + 0°)/2°'(40 + 04)/2::S, (40~ + 05)/24} 
森三 3(mod4) 2 

E26 四(b)= 4心（a)~ 5 26 8 {1,0, 0~ /2, 0',j /2ム，（40+ 04)/2¥ 0° /2',j} 
点三 l(mod4) 
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TABLE 2. 3-integral basis of sextic field Kand v3(dK) 

Case Conditions 叫D) 叫d砂 3-integral basis 
Fl 叫a)=0 

゜ ゜
{1,0, 0", 0~, 04,伊｝

F2 巧(b)= 1,v3(a) = 1 6 6 {1,0,0汽が，04，伊｝
F3 V3(b) = 1，四（a)2'. 2 1 1 1 1 {1,0,0汽が，04,0"}
F4 V3(b)：：：： 2, V3(a) = 1 6 4 {1,0,0汽が，04,0°/3} 
F5 巧(b)= 2,v3(a) = 2 12 6 {1,0, 0', 03 /3, 04/3, 0° /3} 
F6 附(b)= 2,v3(a) 2':: 3 16 10 {1,0, 0', 0~ /3, 04/3, 0° /3} 
F7 V3(b) 2: 3,巧（a)=2 12 4 {1,0, 0', 0" /3, 04 /3, 0° /3'} 
F8 叫b)2'.4,巧（a)=3 18 4 {1,0, 0'/3, 03 /3, 04 /3''05 /33} 
F9 叫b)= 4,巧（a)=4 24 8 {1,0, 0'/3, 03 /3"'04 /3', 0° /33} 
FlO 巧(b)= 4,v3(a) ~ 5 26 10 {1,0,炉／3,が／3",『/3汽伊／舒｝
F11 叫b)2 5, v3(a) = 4 24 4 {1,0,炉／3,が／3",『/3文伊／炉｝
F12 叫b)= 5,v3(a) = 5 30 10 {1,0,炉／3,が／3''04/3', 0° /34} 
F13 叫b)= 5心 (a)2'. 6 31 1 1 {1,0,炉／3,が／3',が／3文『／炉｝
F14 叫a)=l 6 6 {1,0, 0‘, 0J, 04, 0°} 

b三l(mod3) 
F15 V3(a) 2'. 2 6 6 {l,0, 0ム，0d,04, 0°} 

b三4or 7(mod 9) 
F16 叫a)2':2 6 2 {1,0,0汽侭5()1 I - 0'+ 0り／3,

b三l(mod9) (O —炉＋ 0 /3} 
F17 叫a)2". 2 6 6 {l,0, 0‘, 0J, 04, 0°} 

b三2or 5(mod 9) 
F18 叫a)2 2 6 2 {1,0, 0', 0', 5()1 / + 0'+砂／3,

b三ーl(mod9) (0＋炉＋0 3} 
F19 b三2(mod9) 7 5 {1,0,0汽が，0＼

a三土3(mod9) (€ + 0 + €炉＋炉＋ €が＋炉）／3},
E is -1 or 1 according as a三3or -3(mod 9) 

F20 b三ーl(mod9) 7 7 {1,0, 0’, 0J, 04，伊｝
a三士3(mod9) 

F21 b三5(mod9) 8 6 {1,0,0汽が，0＼
a三士3(mod9) (c+0+叩＋炉＋cが＋炉）／3},
叫D)= 8 E is -1 or 1 according as a三ー3or 3(mod 9) 

F22 b三5(mod9) ， 3 {1,0,0汽侭(-1-0十が＋『）／3,
a三士3(mod9) (-5X~ + Xi 0 + X即＋x砂＋x閲＋炉）／32},
巧(D)= 9 5（音）X1+ 2b三O(mod9) 

F23 b三5(mod9) 叫D)210 4 {1,0, 0', 0',（一1-0+0'+04)/3,

a三土3(mod9) even (-5吋＋ 吋0+ x駆＋3 x四籾(D2)＋-6 x炉 ＋ 0り／3四(D2)-6 }, 
v3(D) ~ 10 and even 5(g)四＋2b三O(mod)

F24 b三5(mod9) 叫D)~ 11 3 {1,0,0汽が，（ー1-0 ＋が＋が）／3,

a三士3(mod9) odd (-5xg + Xj0 + X飼 ＋3 ェ四紛(D2)＋-5 x炉 ＋ 炉）／3四(?)-5}，
叫D)~ 11 and odd 5（角）X3+ 2b三O(mod)

F25 v3(b) = 3,v3(a) = 3 18 6 {1,0, 炉／3,0~/3,04/3",05/3'}

F26 叫bb) = 3,v3(a) ~ 4 21 7 {1,0,炉／3,が／3,04/3',
B=可％（B3-B) = 1 (02 + 3B)20／沙｝

F27 巧(bb) = 3，巧（a)2> 4 21 3 {1,0,0"/3, (0" + 3B)0/3", 
B=芍,va(B3 -B)~2 (02 + 3B)2/3尺(02+ 3B)20／炉｝

3
 



132

TABLE 3. 5-integral basis of sextic field Kand v5(dK) 

Case Conditions 叫D) V5(dK) 5-integral basis 
Gl 巧(b)= 0 

゜゜
{l,0, 04, 0J, 04，伊｝

G2 v5a (4 b) = 1, v5(a) = 0, 
手21(mod25), 5 5 {1,0, 02, 0叫が，炉｝

b争a2-砂（mod25), 
a2羊(b/5)(mod5) 

G3 固a(4b) = 1, v5(a) = 0, 
羊21(mod25), 6 6 {1,0, 02, 0叫が，炉｝

b羊a2-砂（mod25), 
a2三(b/5)(mod5) 

G4 vsa (4 b) = 1, vs(a) = 0, 2 {十l,0,侭が，か，
羊21(mod25), 5 3 (O -a30 a珈ー a04+炉）／5}
b三a2-岱（mod25) 

G5 v5(b) = 1,巧（a)=0, 
a4三21(mod25), 5 5 {1,0, 0叫炉，0[炉｝
b季a2-岱（mod25) 

G6 V5a (4 b) = 1，巧（a)=0, {1,0,0',0文
三21(mod25), 巧(D)2': 7 3 (-4a30 + 3a平ー 2a炉＋が）／5,

b三a2-砂（mod25), (-5碕＋嘲＋x膨＋x紛＋Xo『＋炉）／5巧(:)-5}，
叫D)is odd ax。+6（%)三O(mod5~巧(D)-5) 

G7 v5a(4 b) = 1, v5(a) = 0, {1,0, 0汽が，
= 21(mod 25), V5(D) 2: 8 2 (-4心0+ 3a202ー2a炉＋が）／5,

b三a2-砂（mod25), (-5x『+Xi0 + Xi 02 + Xi 03 + X閲阻＋(D2)炉-4）) ／5巧(?)-4}，
巧(D)is even ax1 + 6（舟）三O(mod5 

G8 叫b)= 1, V5 (a) ~ 1 5 5 {1,0, 0汽が，0¥か｝
G9 v5(b) 2: 2, v5(a) = 0 5 5 {1,0, 01 0J, 0＼伊｝

a4羊l(mod25) 
GlO 叫b)2 2, v5(a) = 0, 5 3 {l,0,0',0文尻

a4三l(mod25) (0-a叩＋a初ー aが＋炉）／5}
G11 叫b)= 2,v5(a) = 1 10 8 {1,0, 02, 0J, 04, 05/5} 

G12 vs(b) = 2, v5(a) ~ 2 10 4 {l,0, 0', 0~ /5, 04 /5, 05 /5} 
G13 v5(b) 2: 3, v5(a) = 1 1 1 ， {1,0, 02, 0J, 04, 05/5} 

G14 叫b)= 3心 (a)=2 15 7 {1,0, 0~, 0j /5, 04 /5, 05 /5~} 
G15 vs(b) = 3,巧（a)2: 3 15 3 {1,0,炉／5,0~ /5,『／5臼伊／5外
G16 叫b)2: 4, v5(a) = 2 17 ， {1,0, 0', 0~ /5, 04 /5, 0° /5'} 
G17 vs(b) = 4, vs(a) = 3 20 6 {1,0, 0~ /5, ga /5, 04 /5~, 05 /5a} 
G18 v5(b) = 4, v5(a) 2: 4 20 4 {1,0, 02/5, 0d/5ム，0ツ5‘,0ツ岱｝
G19 巧(b)~ 5, v5(a) = 3 23 ， {1,0, 0'/5,〇；；/5,04/5',05/5;;}
G20 巧(b)= 5, v5(a) = 4 25 5 {1,0, 0~ /5, 0° /5~, 『／53,0ツ引｝
G21 V5(b) = 5，巧（a)2: 5 25 5 {1,0, 0i /5, 0~ /5', 04/5", 05 /54} 
G22 vs(b) ~ 6, v5(a) = 4 29 ， {l,0, gi /5, 0° /5", 04/5°, 05 /54} 

4
 



133

TABLE 4. p-integral basis of sextic field Kand vv(d幻forp > 5 

Case Conditions 叫D) 叫心） p-integral basis 

Hl 叫b)= 0,vp(a) 2 1 or 

゜゜
{1,0, 02, 0J, 04，伊｝

叫a)= 0, vp(b)2': 1 
H2 叫b)= 1, vp(a) 2: 1 5 5 {1,0, 0ム，0.:S，04,0"｝ 
H3 叫a)=1心 (b)2 2 6 4 {1,0, 02, 0J, 04, 05/p} 

H4 叫b)= 2, vP(a) 2: 2 10 4 {1,0, 0¥ 0;j /p, 04 /p, 05 /p} 

H5 叫a)= 2, vp(b)2: 3 12 4 {l,0, 0:l, 0° /p, 04 IP, 05 /p刊
H6 叫b)= 3, vp(a)：：：：：： 3 15 3 {l,0, 0~ /p, 0° /p, 04 /p:<1, 0° /p:<1} 
H7 叫a)= 3, vp(b) 2: 4 18 4 {1,0, 02/p, 0.:S/p,04/p~,0"/p.:S} 
H8 叫b)= 4, vp(a) 2: 4 20 4 {l,0, 02 /p, 0° /p汽が／p汽伊／忙｝
H9 叫a)=4心 (b)2 5 24 4 {1,0, 0~ /p, 0"'/p~'04 /p;,,'0"／炉｝
HlO 叫b)= 5, vP(a) 2: 5 25 5 {1,0, 0'..l /p, 0::i /p汽『／p3,0ツ炉｝
Hll 叫ab)=0, 叫D)

゜
{1,0, 04, 0J, 049 

叫D)is even (x + y0 + z炉＋v炉＋wが＋炉）／炉｝，
m = vp(D)/2, 
6x三 5a(mod炉），
(5a)4y = (6b)4(mod炉），
(5a)3Z三ー(6b)3(mod炉），
(5a)2v三 (6b)2(modp門，
5aw = -6b(mod炉）

H12 叫ab)=0, 叫D) 1 {1,0, 0』,0J, 0¥ 

叫D)is odd (x + y0 + z炉＋v炉＋wが＋炉）／炉｝，
m = (vp(D) -1)/2, 

6x = 5a(mod炉），
(5a)4y三 (6b)4(mod炉），
(5a)3z三ー(6b)3(mod炉），
(5a)2v = (6b)2(mod炉），
5aw三ー6b(mod炉）

5
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It can be easily shown that for any prime p, an algebraic number field K has a p-integral 

basis of the type C = {1, 11, ・ ・ ・, rn-i}, where 1/s are of the form 

Cio + Ci10 +.. ・ + Ci(i-l)ei-l + 0i 
/i = 

pk; 

with Cij E Z and k;'s are integers with O ::; ki ::; ki+l for 1 ::; i ::; n -1. The p-integral 
basis constructed in the above theorem is of this type. We wish to point out that these 
type of p-integral bases of any algebraic number field K quickly lead to an integral basis 

of Kin view of the following theorem which has been proved in [9]. 

Theorem 1.2. Let L = Q(~) be an algebraic number field of degree n with~ an algebraic 
integer. Let P1, ・ ・ ・, Ps are the primes dividing ind ~ and { CYro, CYr1, ・ ・ ・, CYr(n-1)} be a Pr-

integral basis of L, 1 ::; r ::; s with CYro = 1, CYri = 
c屈＋c；喜＋・•+c盟＿l)~i-1十ぐ

~'1 さ i ::; n -1, 
Pr 

where d;) and O ::; ki,r ::; ki+l,r are integers. If Cij E Z are such that ciJ三心(modpゲ）
for 1 ::; r ::; s and if ti stands for IT p炉， then{ a。,CY1,}・・ ・ ・, CYn-l} is an integral basis of 

r=l 

L where ao = 1, ai = 
c;o+c心＋…＋Ci(i-l)~i-l十ぐ

ti 
for 1 ::; i ::; n -1. 

Definition 1.5 An algebraic number field K of degree n is said to be monogenic if there 
exists an algebraic integer a generating the extension K over Q such that AK = Z[a]. 
In this case {1, a,•••, an-I} will be an integral basis of K; such an integral basis of K is 
called a power basis of K. An algebraic number field which is not monogenic is said to 

b e non-monogemc. 

The problem of existence and construction of power bases in algebraic number fields 
has been intensively studied. It may be pointed out that not all algebraic number fields 

are monogenic. In 1878, Dedekind was the first to give an example of a non-monogenic 
algebraic number field; in fact he showed that the cubic field Q(0) is non-monogenic when 
0 is a root of the irreducible polynomial 企—呼— 2x -8 over Q. Hasse raised the prob-
lem of characterizing those algebraic number fields which are monogenic. Since then this 

problem has been tackeled by several mathematicians (cf. [1], [2], [6], [7], [12], [13]). In [2], 
Ahmad, Nakahara and Husnine proved that the sextic number field generated by m6 is 
monogenic if m 三 2or 3 mod 4 and m 羊干1mod 9. In 2017, Gaal and Remete [7] 
studied monogenity of algebraic number fields of the type Q(a1fn) where 3 :S:: nさ9and 
a is squarefree. 

In [8], we have given some non-monogenic classes of algebraic number fields K = Q(0), 
where 0 satisfies an irreducible trinomial f(x)＝砂＋ a臼＋ bbelonging to Z[x] with 
1 :::; m:::; 5. Precisely stated, we have proved: 

6 
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Theorem 1.3. Let K = Q(0) be an algebraic number field with 0 a root of an irreducible 
trinomial f (x) =砂＋a臼＋bbelonging to Z[x] with 1さm:S 5. Then K is non-monogenic 
if a and b + 1 both are divisible by either 8 or 9. 

2. PRELIMINARY RESULTS 

The following elementary lemma, which is an immediate consequence of Dedekind's 
theorem on splitting of primes [11, Chapter 1, Proposition 8.1], will play a significant role 
in the proof of Theorems 1.3. 

Lemma 2.1. Let K be an algebraic number field and p be a rational prime. For every 
natural number f, let Pt denote the number of distinct prime ideals of仇 lyingabove p 
having resid叫 degreef and NJ denote the number of irreducible polynomials over恥 of
degree f. If Pf > NJ for some f, then for every algebraic integer I generating the field 
extension K/Q, the prime p divides ind 1・

To find the number of distinct prime ideals of OK lying above a ratio叫 primep, we 
will use a weaker version of the Classical Theorem of Ore. Before stating that theorem, 
we will first introduce the notion of Gauss valuation,心Newtonpolygo_!_l, ¢-index of a 
polynomial whereり(x)belonging to Zp[x] is a monic polynomial with ¢(x) irreducible 
over lF p・ 
We shall denote by v; the Gauss valuation of the field Qp(x) of rational functions in an 

indeterminate x which extends the valuation vP of QP and is defined on Q占lby 

心（Leiが） ＝ min｛叫叫｝，CiE Qp. 

Definition 2.2. Let p be a prime number. Let ¢(x) E Zp[x] be a monic polynomial 
which is irreducible modulo p and f(x) E Zp[x] be a monic polynomial not divisible by 

叩）． LetL 叫）¢(x)iwith degai(x) < degの(x),an(x)-=J O be theの（）x)-expansion of 
i=O 

f(x) obtained on dividing it by successive powers ofの(x).Let P; stand for the point in 
the plane having coordinates (i, v; (an-i (x))) when an-i (x)-=J 0, 0 ~ i ~ n. Let μij denote 
the slope of the line joining the point P; with Pi if an-i(x)an-j(x) -=J 0. Let i1 be the 
largest positive index not exceeding n such that 

μ。ii=min{μ。]|0 < j ~ n, an-j(x) -=JO}. 

If打<n,letむbethe largest index such that行<i2~ n with 

μい2= min{ μiii I紅<j~ n, an-j(X)ヂO}
and so on. The ¢-Newton polygon of f(x) with respect top is the polygonal path having 
segments Pi。凡，pi1凡，．・ • l pik-1凡 withik = n. These segments are called the edges of 
the ¢-Newton polygon and their slopes form a strictly increasing sequence; these slopes 
are non-negative as f (x) is a monic polynomial with coefficients in Zp-
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Example 2.3. Considerの(x)＝丑＋ 1. We determine the心Newtonpolygon of the 
polynomial f(x) = (x2 + 1戸＋（9x + 27)(x2 + 1戸＋（12x + 27)(x2 + 1) + 27x + 81 with 
respect to 3. The ¢-Newton polygon of f(x) with respect to 3 being the lower convex hull 
of the points (0, 0), (1, 2), (2, 1) and (3, 3) has two edges; the first edge is the line segment 
joining the point (0, 0) with (2, 1) and the second edge is the line segment joining (2, 1) 
with (3, 3). 

Definition 2.4. Let ¢(x) E Z土]be~ monic polynomial which is irreducible modulo a 
rational prime p having a root a in Qp-Let f(x) E Zp[x] be a monic polynomial not 

divisible by ¢(x) with ¢(x)-expansion り(xt+an-1(x)¢(xr-1+• ・ ・+ao(x) such that了(x)
is a power of贔(x).Suppose that the ¢-Newton polygon of f(x) consists of a single edge, 
say Shaving positive slope denoted by ~ with d, e coprime, i.e., 

min{ヴい（x）） | 1三t三n}＝号(ao(x)）= ! 
t n, e 

so that n is divisible by e, say n = et and号(an-ej(x))：：：：：： dj for 1 :S j :S t. Thus the 

polynomialも(x):= ~凸 has coefficients in Zp and henceも(0:)E Z』0:]for 1 :S j :S t. 
t 

The polynomial T(Y) in an indeterminate Y defined by T(Y) = Y汀区町（a)Y曰 having
j=l 

coefficients in lF［a]竺 凡[x]
P 〈<f,(x)〉

is said to be the polynomial associated to f(x) with respect 

to(¢, S). 

The following definition gives the notion of associated polynomial when f (x) is more 
general. 

Definition 2.5. Letの(x),a be as in Definition 2.4. Let g~) E Zp[x] be a monic poly-
nomial not divisible by ¢(x) such that g(x) is a power of ¢(x). Letふく・・・＜入kbe 
the slopes of the edges of the ¢-Newton polygon of g(x) and Si denote the edge with 
slope入． Inview of a classical result proved by Ore (cf. [4, Theorem 1.5], we can write 
g(x) = g1(x) ・ ・ ・ gk(x), where the ¢-Newton polygon of gi(x) E Zp[x] has a single edge, 
say Sしwhichis a translate of Si. Let T;(Y) belonging to IFP[a] [Y] denote the polynomial 
associated to gi(x) with respect to(¢, SD described as in Definition 2.4. For convenience, 
the polynomial T;(Y) will be referred to as the polynomial associated to g(x) with respect 
to (¢, Si)-The polynomial g(x) is said to be p-regular with respect to¢ if none of the 
polynomials T;(Y) has a repeated root in the algebraic closure of IFp, 1 ::; i ::; k. In 
general, if F(x) belonging to Zp[x] is a monic polynomial and『(x)＝元(x)e1..．五(x)eris 
its factorization modulo pinto irreducible polynomials with each ¢i(x) belonging to Zp[x] 
monic and ei > 0, then by Hensel's Lemma there exist mo円cpolyn竺mialsfi(x), ・ ・ ・, fr(x) 
belonging to Z』x]such that J(x) = fi(x) ・ ・ ・ fr(x) and Ji(x) = <Pi(x)e; for each i. The 
polynomial f (x) is said to be p—regular (with respect to ¢ぃ・ • ・, <Pr) if each Ji (x) is p— 

regular with respect to仇
8 
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The following theorem is a weaker version of Theorem 1.2 of [10]. 

Theorem 2.6. Let L = Q(~) be an algebraic number field w~th ~ sati迂yingan irre-
ducible polynomial g(x) E Z[x] and p be a rational prime. Let ¢1(x)釘．．．む(x)erbe the 
factorization of g(x) modulo p into powers of distinct irreducible polynomials over IFP 
with each叫x)-:/ g(x) belonging to Z[x] monic. Suppose that the <Pi-Newton polygon of 
g(x) has ki edges, say Sij having slopes心＝twith gcd (dij, eij) = 1 for 1 ::::; j ::; ki. 
If g(x) is ~regular with respect to仇・・・, <Pr and the associated polynomials孔[Y]with 
respect to（似品） areirreducible for 1 ::::; jさki,then 

r ki 

pOL = IIII釘，
where Pij are distinct prime ideals of OL having residual degree deg叫x)x degT;j[Y]. 

3. PROOF OF THEOREM 1.2 

Recall that Z(p) stands for the localisation of Z at pZ. Clearly ai is integral over Z(p) 
for all primes p not belonging to the set {p1, ・ ・ ・,Ps} for each i. Also in view of the choice 
of cij we see that each ai is integral over Z(p) for p belonging to the set {p1,p2, ・ ・ ・,Pふ
So each ai is integral over Z. Therefore if r denotes the subgroup of C defined by 
r = Za。+Za1+ ・ ・ ・ + Zan-l, then Z [~] c::;;「c::;;AL. Further by virtue of a basic result 
(cf. [3, Chapter 2, Section 2, Theorem 2]) the index of the subgroup Z[~] in r being 
the absolute value of the determinant of the transition matrix from { a。心1,・ ・ ・, O:n-1} to 

n-l 

{1,~, • • • ,~n-1} equals IT k Since vPr(ind ~) ＝ 知＋・・・十 kn-l,rfor 1 ::::; r ::; s. By 
i=l 

hypothesis Pl'...'Ps are the only primes dividing ind r Therefore 
n-l s n-l 

ind~= IT炉r+・・+kn-1,r= II (Il危） ＝II ti. 
r=l i=l r=l i=l 

Since r ~ AL and [r: Z[(]] = [AL : Z[(]], it follows that AL= rand hence { a。,0:1,・ ・ ・, O:n-1} 
is an integral basis of L. 

4. PROOF OF THEOREM 1.3 

Firstly we will consider the case when a and b + 1 both are divisible by 8. In this 
case J(x)三（丑＋ X+ 1)2(x + 1戸mod2. Set釘(x)＝丑＋x+ 1 and必(x)=x+l.
One can easily see that the 釘—exapansion of f (x) is given by the following equations 
corresponding to each m. 

m = 1: ¢f-3疇＋（2x-2)釘十ax+b+l. (4.1) 

m = 2: ¢I-3x吋＋（2x + a -2)釘十 (-ax+b+l-a). (4.2) ， 
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m=3:四ー3x碕＋ （（a+2)x-(a+2)）釘十a+b+l. (4.3) 

m=4:吟ー (3x-a)吋＋（2(1 -a)x -(a+ 2)凰＋（ax+b+l). (4.4) 

m = 5: ¢i -((3 -a)x + 2a)碕＋ （（a+ 2)x + 3a -2)¢1 +(-ax+ b -a+ l). (4.5) 

Keeping in mind the definition of Gauss valuation and the fact that四(a)2 3,四（b+
1) 2 3, it can be easily seen that theゆi-Newtonpolygon of f(x) for 1 :::; m:::; 5 has two 
edges, say S1, and S2 of positive slopes. The polynomials attached to f(x) with respect 
to（虹ふ） and（五 S2)are linear. Now we will write the砂expansionof f (x). For each 
m, 1:::; m:::; 5, let cm denote the integer (-lra+b+ 1. It can be easily verified that the 
必—exapansion of f(x) is given by the following equations corresponding to each m. 

m=  1:吟ー6吟＋15吟ー20碑＋15逸＋（a-6）伽＋C1. (4.6) 

m=2:逸ー6吟＋15叫ー20逸＋（a+ 15)逸ー2(a+ 3)心＋C2. (4.7) 

m=3:逸ー6吟＋15吟＋（a-20)吟＋3(5-a)蒻＋3(a-2)伽＋C3. (4.8) 

m=4:のg-6吟＋（a+ 15)吟ー4(a+ 5)碑＋3(2a+ 5)逸ー2(2a+ 3)心＋C4. (4.9) 

m=5:硲＋（a-6）吟ー5(a-3)吟＋lO(a-2)碑＋5(3-2a)蒻＋（5a-6)心＋C5.(4.10) 
It is easy to check that the吟 Newtonpolygon of f(x) for 1 :::; m:::; 5 has two edges, say 

S~, and S~ of positive slope. The polynomial associated to f(x) with respect to（伽， Sり
is linear for i = 1, 2. Thus f (x) is 2-regular with respect to外吟 Hence,Theorem 
2.6 is applicable. Using this theorem, we see that there are two prime ideals of OK with 
residual degree two that lies above 2. But there is only one irreducible polynomial over 
恥 ofdegree 2. So by Lemma 2.1, 2 will divide ind I for every generator I E OK. Thus 
Ki 1s non-monogemc. 

Now we will consider the case when both a and b+ 1 are divisible by 9. In this situation, 
加）三 (x-1)叫＋ 1)3mod 3. Set釘(x)= x -l and ¢心） ＝x + l. We will write 
the ¢1 -expansion of the polynomial f (x). Let c denote the integer a + b + l. It is easy to 
check that the 釘—expansion of f(x) is given by the following equations corresponding to 
each m. 

m = 1: ¢~ + 6¢i + 15¢f + 20¢i + 15¢i +(a+ 6)¢1 + c. (4.11) 

m = 2: ¢~ + 6¢~ + 15¢f + 20¢i +(a+ 15)¢i + 2(a + 3)¢1 + c. (4.12) 

m = 3: ¢~ + 6¢i + 15¢f +(a+ 20)¢i + 3(5 + a)¢『+3(a+ 2)!p1 + C. (4.13) 

m = 4: ¢~ +6のi+(a+ 15)¢f + 4(a + 5)¢i + 3(2a + 5)¢i + 2(2a + 3)¢1 + c. (4.14) 
m = 5: ¢~+(a + 6)¢『+5(a+ 3)¢f + lO(a + 2)¢i + 5(3 + 2a)¢i + (5a + 6)¢1 + c. (4.15) 
By virtue of the fact that v3(a) 2 2, v3(b + 1) 2 2, it can be easily seen that the 
¢1-Newton polygon of f(x) for 1 :::; m:::; 5 has two edges, say S1, and S2 of positive slope. 
The associated polynomials to f(x) with respect to both (¢1, S1) and (¢1, Sりarelinear. 
Recall that for each m, 1 :::; m :::; 5, if cm denote the integer (-lra + b + l, then the 
¢2-exapansion of f(x) is given by the Equations (4.6)-(4.10) corresponding to each m. 
One can check that ¢rNewton polygon of f(x) for 1 :::; m :::; 5 has two edges of positive 
slopes. The polynomials associated to f(x) with respect toゆ2corresponding to these two 
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edges are linear. Hence f(x) is 3-regular with respect to釘，伽． Soby Theorem 2.6, we 
see that there exist four distinct prime ideals of OK lying above 3 with residual degree one 
each. Since there are only three irreducible polynomials of degree 1 over IF3, by Lemma 
2.1, K is non-monogenic. 
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