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1 EL&HIC

ZITH. BNV NEM H EOFRSERZLBIEHZ LRI LI LT, FHHE A D
positive (A >0) TH 5D &3,
(Az,2) >0 xz€H

WO DZ e UET, FZ, A D positive 22D invertible D& &, A >0 TRLUET, FHTS 2
£, A 2% FEEUEMH (positive semidefinite) Td % Z &% positive (A > 0) 12, EEMHEDS A > 0124720
¥9, /2, BOHEEHR A BIZH LT, A-B>012&k->T, fEHRIET A > B BWEKICEA
INFET, RT ETEHI N/ f (2 &k % functional calculus 232 DIET % /7T 5. T72bb5

A>B>0 = f(A)>[f(B)
DEE, fREMERFHC VTS, BERICOWTIR, ROBEBELRFHENM SN TVET,
t— t . ac0,]] DEEDH, FRFREFATH 3,

W, 2L Lowner-Heinz inequality &IMHENTWE S, MUK (LH) TRb L £, [29], [25], [32] ((LH)
IZX13 % Pedersen @ L FH74FEHIE, Appendix TN UL ET,)

T, (LH) /7 VARSERIC & 2 REARRBR 2> T T, [12], [22] REMRZSOH, KO Araki-
Cordes A% (AC) T :

(AC) ||BtA'B!|| < ||[BAB]|* for 0 <t < 1.
(AC) i, RDESIHERBTEET

(AC-1) ||B'A!Bt|| > |BAB|" for t > 1.

(AC-2) |A'B'|| < |[AB||' for 0 <t < L.

ARTIE. norm AEFERDHFH S, Lowner-Heinzg AERDLHEZ L TWELVWERWET, T
HOU— Ry TEZIIIIHLTEELVnERVE T,

Ando-Hiai inequality

/ N\
Loéwner-Heinz inequality Grand Furuta inequality
N\ /
Furuta inequality
¥

BLP inequality — Grand BLP inequality



2 {FRAREMTH

Kubo-Ando (28] 12 & 2 /FHFR D MGRIZ & - T, FEAMEHZRHFBEER L FHZR T ORI, 7
7 4 -3
Ao B=A2f(A"2BA 2)Az for A>0, B>0
ZEoTHEZONET, KT,
flxy=1ox
WERFEEY o ORBIBEBERIENTWE T, 2b. FEHZEEE, RO 3 &Mz 2HERZ S
W9

Monotonicity: A<C, B<D = Ao B<CoD

Upper semi-continuity: A, | A, B, | B = A, 0 B, Ao B
Transformer inequality: T*(A o B)T < (T*AT) o (T*BT) for all T
(Normalization: lo1)

XT, (LH) &0, a€[0,1] THLT, o-BMTFH #, BROL > BB TERINET :
A#toB = A2(A"2BA2)®A% for A>0, B >0,

cf. [33], [34], [1], SO&IICEHTHE, BWHTIICRAZTH A L BHRKHAIRETHNE, KO
B U &SIz,
A#oB = A"B”
FHZ. o= § DHEE
A#B = VAB

LD ET,
mE, BEIIZE, EROESIICTARY & o-B T TEEPNEAINZO TR, ETRMAFEE # H3E
HH#EGHZ > TERSINELR A, B>0IZ/HLT,

A # B =max{X >0 (A X>>O}

X B

ZZ T, A invertible THd LT 5 &,

o,

., TE o= OMIZHEGLTVET,

97



98

TERSEBAT T % i 72 AFROMM 2 DL LT, Z-HEREABEIF 5N E T, Ando-Hiai [2]
IZ & % log-majorization theorem (¥, XD L IITRINTWET: a € [0,1] & EEMITH A, B IZX
LT,
(A#OKB)T >(log) AT#D&BT (T > 1)

MDD, & T ADPEBUTEHI N TV LD, IROEHREAEFX

A#,B<1 = A"#.,B" <1 forr>1
T. Ando-Hiai inequality (AH) &FEIENTWE T, (LH) OEMANZDFEHDOELTT,
Proof of (AH). £73. a¢[0,1] 1T LT, 2IHHR

AgoB = A2(A"2BA"2)*Az (A, B > 0)
EEAUET, (#, EREFEULTTD, 26D 4K, FHZETFICERD FEA,) BLFNT. ROE
ﬂ%@iﬁ%{ﬁﬁﬁ L ij— AuaB = Bhl—aA = B(B_lha_lA_l)B
TR, MOESIZEBEINET : A#,B<1 & C*=(A2BA )" <A & C >4
ZOTFTRIREZLIE, r=1+¢€(e€[0,1]) T LT,

AT, B" = A2 (A #, A 2BTA 2)A2 < 1
(1) C@> Az (LH) 28 LT, A< C o BHn0 27,
2) EROAREM,
A 2B"A 2= A 3(A1CARYA =AY C=C0C ! #,_1 AC
=C(C #, AC<CC! #. 00 = U-ett
BEoT. A #q A"2BTA™2 < C70¢ 4, CU-0etl — o < A4-1 &y
AT, BT = A2(A° #q A 2BTA 2)A2 < AZA 1Az =1

3 HHAEKX

TERSBMEZ LS 2212k D, EVBENGNATELH L LT, HHAEREEF LW TES
CWET, HHAFERE, KDE570bDTTA (LH) DRFR - RIETH D £,

Furuta Inequality (FI) (I+r)g=p+r
q

If A> B > 0, then for each r > 0,

(i) (B APB%)i > (B5BPB3)1
and
(ii) (A3BPA3)s > (A5 APAS)

hold for p > 0 and ¢ > 1 with (1+7)g > p+r.




Furuta inequality (2B % SCHkiZ. [20], [21], [10], [11], [36]. [16] &2 £Z&M&izH7=D £7,
(FI) 1F. MREMEIZBEWTE SR L ENmBEE T, TN E a-geometric mean % AN TZEN%EFE
FTLRDESBRFBIZEEHONET ¢
If A> B >0, then for each » > 0
AT #14e BP< A

ptr

holds for p > 1.
(FI) 2 2D & 512K T & WIZZEIT 5 Kamei [26] & 2 KO BESIAREIZ 2D 3
Satellite of (FI) (SFI) If A > B > 0, then for each r > 0
A" #1140 BP < B (< A)
prr
holds for p > 1.
Fix, EIDLULHOEMAEDOTFT (SFI) IFELET -

If log A >log B for A, B > 0, then
A" #1.. BP<B

ptr

holds for p > 1 and r > 0.

log A > log B 1%, chaotic order &FEIENTWE T, logt RWEHRHEFLDT, A> B(>0) L5
WIHFIZR>TWES, GlEE. A> B rRINET,)
(SFI) 2R3 72 DEEDN, ROEHHADAEXTT T

(FI) for chaotic order. If logA >log B for A, B > 0, then
r r L ptr
(A2BPAz)s < A
holds for p > 0, ¢ > 1 and r > 0 such that rq > p+r.

q
rq=p+r

(FI) D6 & Ak, ERESMTETREE. RO LS540 £,
(CFI) If A>> Bfor A,B >0, then

AT H# - BP<T
e
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holds for p > 0 and r > 0.
(CFI) Ofm B/ FEH %, Uchiyama [37] IZ& D G2 6N T T, Ealld
<1+10$> =z (n—o00)

DRFIZHY £, A> BITHULT,

log B
7Bn:1+i
n

EBLE A, > B, (n=1,2,--) I, FHKRES niZOWTIE, 4, > B, >0 »ELET,
noIT LT, (FI) 2#HT 5L,

nr nr o l4nr

(A2 BRP A2 yroknr > ALHT
MEohEIH, ZIT
(A4,)" — A, (By,)" — B
£0. ‘
(A3BPAR) > A7
REONET, ThEHBMEHEEZHVTREIE

AT BT
270 9, TTH, (FI) & (CFI) EFAETHEZ 0405 nh £7,
T, WA (SFI) DRGSR
If log A >log B for A, B > 0, then

A" #14r BP< B

P

holds for p > 1 and r > 0.
TEA, (CFI) L 0 fBBUCGEIHCE £9, ZOMilhERIdko 2 5CT
Transposition: A#,B = B#1_,A
Multipicativity: A#.sB = A#q(A#3B)
Z OYESFD NT, FEHHIZFA FO@E D Wb DT ¢«
A7 i B = BP0 AT
prr prr
— B #, 0 (B #2 A7) by (Mp)
P prr
=B #, (A" # . BY) by (Tp)
? ptr
<BP #pa 1 by (CFI)

=1 +#. B’ = B.
;

(y



4 BLP A%

BLP /&, Bebiano-Lemos-Providéncia DX T ZH - 726 DT, o1& [4] IZBEWVWTIRD /)L LARERX
ERRUE LR,

Bebiano-Lemos-Providéncia inequality (BLP)

|AS BIAS | < || A2 (A3 B A%)F A3 |
holds for A, B >0 and s >t > 0.
ZO— Mk [18] TiEmI N TVWET,

Theorem 4.1. If A, B > 0, then

A B A 7 < 143 (a5 Brread)ad)
holds forp>1 and s > r > 0.
ZOFEHA (BLP) O #LICAR>TWA I EI3, B % BTH THEHEMR, p=2>1ICWMb L,

p+s _ r(p+s)
p(1+r) Tol+r

&b, (BLP) BEonsZ e LHmontd,
B, LD ULAKESZIE. MOFEHEARAERNZ2R U, £D norm AF XKL U T Theorem 4.1 237
ENFohE T,

Theorem 4.2. If A, B > 0 satisfy A® #1 BP® < A*5 for some p > 1 and s > 0, then B'*5 < Al*s
P
and so Bt < AT for 0 <r<s.
ZORERIE, (FI) »olhh g, EW KT : A° #1 Bt < AW OREGLICH[» S A™2 % #
P
3T, RE%E )
By = (A"iBPY A ) < A
AR LTBWT, (FI) #\Wxd, b,

Its

A1+s > (111331114%)1,,+.s _ B1+s

bRANUINIE ARG IR T

iz, (FI) & (AH) ORIFHLETH % Grand Furuta inequality (GFI) &, (RD & 5 2L TRHINT
WY

Grand Furuta inequality (GFI) If A> B >0 andt € [0,1], then
[A3(A5BPA 5)5A5)Gorir < ALt
holds for r >t and p,s > 1.

INEEAFZFHOSHETCREE, RO L S22 7,
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(GFI) IfA>B >0 andte|0,1], then

ATt H# 1-tir (At 1s BP) < A

(p—t)s+r

holds forr >t and p,s > 1.

Wz, (GFI) (2K % BLP AERAD b2 HF 2 TAET, TDZDIZ, IROEAKZLFREL
9, UROZ NS, ZHid Theorem 4.2 @ (GFI) fRIZ%E 7> TWE T,

Theorem 4.3. Suppose that A,B > 0 and t € [0,1]. If AT*thl(ArhlB(pft)sw) < AT for some
P s
p,s > 1 and r > t, then B17HHT < A=t

WD FIE, Grand BLP inequality XS &, HRDOHOVITE L LT, #FEN2LDEHFZET,

Corollary 4.4. Suppose that A, B > 0 and t € [0,1]. Then

1—t4r 1—ttr

|AYE Bt 4555 | SEEHS < || AB{A~5 (A3 BO-Ds+ 45)E A~ 55 43|

holds for p,s > 1 and r > t.

Theorem 4.3 %O Corollary 4.4 T, t =0,s =1 &35 &, Theorem 4.2 } O Theorem 4.1 23fF 51
¥9., 7z, (GFI) & (AH) OFEfRIE.

(GFI) fort =1, r=s <= (AH)
THdIeDOP>TVWETDT, Theorem 4.3 T, t=1,s=7r T 5L,
Let 7 > 1 be given. If A", (A"#1 BP") < A" for some p > 1, then B" < A",
MWLRILT B T AT D £ RED I,
AV g (I #1 A 3B A )< T
v v

510, a=1 Bi=(ATSBATE) kB, R AT #a BI < T EBEMASNET, T
f5i BT < A7 13, B" = (AZBjAZ)* £ b,

(AZBjA3)* < A" & A 3(AIBJA3)A 3 <] & A" #,Bj <1

L5DT, (ADRDYIZ AT T BY) (AH) BESNET,

5 {FARMERIYMOE—

1961 4£, Nakamura and Umegaki [31] &,
S(A) =—Alog A

Z&oT, FEHZZY PuE—2E AL X Uz, 20K, fEHZTFHOMEGROFED F T, 1989 4, J-1
Fujii and Kamei [9] (2 & 0, fEHFHN T boE—»

S(A|B) = A2 log(A"2BA™2)A?
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ELUTHAINE L, TUWMEAZZY b -0 THh 2 Z &1t

S(A|T) = S(A) = —Alog A
khronxd, b, FHEHTTY he—0BARAEEE U T, Yanagi, Kuriyama and Furuichi
[38] 1%, Tsallis fEAFMN =Y dbr¥— T,(plo) (a €0,1]) ZEHAL X L7 :

):p#ao—p

To(plo
«

ZZT, poold EEMGHITTY, TOEFEMARCLEATE, RO EMVRVILLET,

Ta(plo) 1 S(plo) (oL 0);

d(p #a
W) = 5(olo)

Bz, FERAZMES T Y ba v —IZ9 % BLP inequality 1I22WT, FAXATAHAZWVWEEWVWET,
£9. (CF) DIEHE LT, ROALFEADPBENET,
Theorem 5.1. Let A, B >0 and r > 0 be given. Then, if S(A"|APT") > S(A"|BPTT)
for some p >0, then A" > B".
Proof. %, LS(AT[Br'") = A% log(A 2 BPITA"3)r AR BT, UEIE. KO LS ILEVHR SN
EJ
v ro1

log A > log(A 2BPY" A 2)p.

2T, Bi=(ASBrA R EBL L, A B AMREE VS ZXITA0, ZO8E, (CFI) X

I>A7T# » BV =AT"# . ATZBPITATI,
ptr ptr

PRON, TORE,
A" > I # Bp+7' —B"

51, MEHFEHAFED D Z LI h 7,

-
T

50z, EHEMNT Y br ¥ —IZB9 % GBLP inequality (X, RO L >R THEZONET,
Theorem 5.2. Let A;B >0 and t,r > 0 be given. Then, if
S(AMT|APTERTY > S(ALTT| AT h% B+Ds+r)
holds for some p,s > 0 with (p+ t)s > t, then AT > BT,
Z DFFADIIZ 7 D (GFI) MOfEAFZEARFE R 251 CH & £9 [16, Theorem 3.16):

If A> X for A, X > 0, then
(ptt)s+r

T > [AB(ATXPAS) AR
holds for p,t,r,s >0, ¢ > 1 with (t+7)g> (p+t)s+r.

Proof. &3 HANC. IKEFIRD LS IZAHTE LT,

t4r

2]

SIE

log A > log[A™ T (A" 1 B@H)str)4
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t4r

N ABSUN q:%andX:[
HFREHVD L,

AT > [A%

t t ro__tdr
A2 XPA2)°Az|GFbstr
[ — (AT nl B(p-H)s-%—r)Af

(A
(

—[A %(Afé(mn BEH+Y A=5 )5 A Groeer
(A

tfr ttr
2 2

.
JA2)* Az] s+

[NIE

= [43(4

= [A%(A

_ pt+
= B"",

-5 glptt)str y—3 Az] (p+t)5+r

IEoT, AEMRPRET LET,

Appendix—Pedersen’s proof of (LH)
I ={aec]0,1]; z* is operator monotone } & ¥ <,
0,1l 72DT, I M BB, 20,28€] = a+pBel ZREIEL, Mz EmE

A1>B>0 = A > gath j o A5 gatB gt <
T, HELD, AL >B>0DFTH

A*B2ge <1, APB2 AP < 1ie., |[A°BY|| <1, |B*A?| <1
> T, (r(X) is the spectral radius of X.)

atB

2 ) = r(AYB B 49

|A%3° BOHPAS || = r(A™5" BHIAS®

< [|A“BHIA7|| < [|AB|||B7A7|| < 1.

SE Xk

“F (AT gy B0 A= 2 LT LA (GFT) BOMEH%EAR
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