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ABSTRACT

In this paper we review most recent developments in various fields of pheno-
menological Regge pole theory of high energy scatterings.
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§1 Imtroduction

This paper, second in a series devoted to Regge phenomenology, concerns
mainly with theoretical topics which have been now calling our attention in
relation to Regge pole phenomenology.

In the first issue of this work, entitled ‘“Present Status of the Phenomenolo-
gical Regge Pole Theory”," we have presented the close connection between
the characteristic properties of Regge pole model and the observed features of
high energy reactions. Further we have made in the last section in [ several
comments in concluding the systematic and critical review. Let us survey the
recent developments in the phenomenological Regge pole model, referring to
those comments.

(1) As for the spin dependence,”? no prominent results have been obtained
since then. Experimentally, by use of the polarized targets, the measurements
of the polarization parameters of the recoil nucleons in zp processes are re-
ported by Argonne group® in the momentum range 3.2~5.2 GeV/c¢, lower than
CERN group (5.6 GeV/c and 11.2 GeV/c).

The former group analysed these data on the basis of the interference
model,* which we have already presented in §5.3 of I (Regge pole exchanges
+direct channel resonances).

The non-vanishing value of the density matrix element po of @ mesons
produced by =N collisions seems to be obtained by adding other poles or ab-
sorption corrections.

On the whole the trouble of the spin dependence is avoided by introducing
the additional non-Regge effects which come from such as s-channel resonances,
absorption corrections or Regge cuts. It will be an interesting problem to see
how the Regge pole model can cooperate with these non-Regge effects and how
these non-Regge effects are interrelated each other.

(2) Much attention has been devoted to the processes where the conspira-
tors of = or K Regge poles® are expected to play important roles. Detailed
analyses are made in pn and pp charge exchange processes and photoproduction
processes, and the sharp forward peaks observed in these processes seem to be
rather beautifully reproduced by a conspiracy mechanism.

The successes in this direction bring us two important questions. The first
is the question of evasions versus conspiracies. In the usual Regge exchange
amplitude, we have treated a Regge pole as if it were independent of others,
and then each Regge exchange amplitude should satisfy the conservation of
angular momentum by itself. In this case we must always take the case of
evasions. On the other hand, in the case of conspiracies, the kinematical con-
straint is satisfied in non-trivial ways by the coexistence of two or more Regge
poles. Then it would be necessary to understand the individual Regge pole in
a more unified way.

The second is the question about the existence of the conspirators. At
present, we have not yet observed any particles that can be regarded as con-
spirators. Phillips, who first introduced the conspirators into the phenomenologi-
cal stage, suggested that the conspirators might play the part for the absorptive
effect. Then we are again met by ‘‘the absorptive corrections’.

(3) It must also be noted that the experimental data are being accumulated
day by day. Especially the data for rather high momentum transfer in addition
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to the forward data might give us information on the properties of the trajectory
and residue functions of the Regge poles.” We observed the second or third
dips in some processes, which seem to indicate us the falhng meson trajectories
as far as we take the assumptxon that the Regge pole exchange mechanism
dominates even at large momentum transfers. We had usually taken the tra-
jectory function to be rather flat at large negative { as seen from the Pignotti
form? for example. Further we have not yet found any reasonable foundations
to assume the Regge pole dominance in the region of large negative J values.
Nevertheless such unified understanding of the dip mechanism seems to us very
fascinating on account of the fact that the dip-bump structure occurs regularly.
Another possible explanation of the dip mechanism had been proposed earlier
in connection with the direct channel resonances.

How can we discriminate these two mechanisms experimentally or theo-
retically ?

Is there any interrelation between the s-channel resonances and the Regge
pole exchanges?

(4) The possibility of rising meson trajectories® has been recently investi-
gated in the framework of S-matrix theory, stimulated by the argument made
by Van Hove.” Experimentally it appears very plausible that the observed
resonances lie on Chew-Frautschi plot.!® Furthermore meson and baryon
trajectories have their own characteristic features: In the meson trajectories
the exchange degeneracy'! holds in a good approximation, whereas it does not
for baryon trajectories. On the other hand, the baryon trajectories seem to.
satisfy. the so-called ‘‘MacDowell symmetry’’.1?

By use of these properties, several attempts are now in progress to obtain
the ‘“‘dynamical equation of the Regge parameters’”. At this stage, however,
we have no complete theories to predict all the Regge parameters.

Thus whole situation seems to require us to understand the Regge poles in
a deeper level, and some orientations'®¥ are now proposed by several authors
to the problem : ‘“Where Regge poles come from?”’

In the part I, we announced that in this issue we would treat mainly. the
subject of conspiracy. Since then, the several compact reviews!¥ are prepared
by several authors. Now we feel it is necessary to systematize the complicated
situation of Regge phenomenology flom a more critical point of view and get
a clue to-the structure of hadrons. :

The aim of this paper is, therefore, to present a review of some topics
which seem important for our purpose. The recent progress of the phenome-
nological analyses are shortly reviewed only in §2 and the following sections
(§3~8§6) are devoted to the interesting topics mentioned above. In the last
section (§7) we shall present some orientations recently proposed by several
authors.

§2. Recent analyses with Regge pole- model'®

Up to the present numerous experimental data have been accumulated on
the forward scatterings of elastic processes at high energies. The data on the
quasi-two-body forward scatterings and the elastic backward scatterings, though
they are not at so high energies, have been also accumulated to some extent.
On the other hand, those at intermediate and large angles are less abundant,
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but they are increasing at present.

Regge pole analyses of elastic scatterings are rather complicated, as more
poles can take part in this case than in inelastic processes. Several analyses
with many poles have been carried out in the forward elastic scatterings, and
it has been found that Pomeranchuk pole is necessary to have very flat trajec-
tory in contrast with others'®. Rarita et al.'” have made fits to the =n*p, pp
and pp data above p.=5.9 and up to about —I=1 in a new model, in which
only P, P’ and p(w) with linear trajectories are taken into account for n*p (Pp
and pp) processes,

Now, in this section, we present a review whose main part consists of the
following topics:

(1) Conspiracy (forward scatterings of inelastic two body reactions and
photoproductions).

(2) Dip mechanism (the higher momentum transfer scatterings of elastic
processes).

(3) Application of Regge pole models to large angle scatterings of pp elastic
process.

(4) Fermion trajectories (backward scatterings of np elastic processes).

2. 1 Forward scatterings of inelastic two body reactions and photoproductions

The most striking among the sucesses of Regge pole models in the last
year is the explanation of the very sharp forward peaks in p» charge exchange
scattering as well as charged = photoproduction in terms of the exchange of
conspiring pion trajectory. Let us first consider the pn charge exchange scat-
tering. As mentioned in §§3.2 of I, pn and pp charge exchange scattering data,
especially the very sharp forward peak (~exp(—50}{]) for |¢]<0.02) in the
former, can not be reproduced in the Regge pole model with only ¢ and R
poles. This circumstance can not be improved as far as one insists on the
conventional Regge pole model, as fully discussed by Phillips.'® Once one con-
siders a mechanism based on conspiracy of Regge poles, the situation changes
drastically, however.

The story is roughly as follows. Since p and R poles are not sufficient to
explain the experiment, one has to invoke another mechanism in which Regge
poles of unnatural parity may play a prominent role. The most important
among them is the pion pole because of its closeness to the physical region
together with its known strength of coupling to nucleons. The pion is known
to contribute to the following s-channel helicity amplitudes

@2’ =J 4 g5 B4 =fs+-;—+ @1

which are expressed at /=0 by the ¢-channel helicity amplitudes via the
Trueman-Wick crossing relations :19

et =y (it = st ' — )
at 1=0 2.2

¢4“=%(¢1‘“¢2“‘¢3‘+¢ﬁ)
with standard notations.?® The pion contributes only to ¢:‘—¢.* in the form
Bz (s, and so
$o* (@) =¢* (@) =0 as ¢-0, 2.3
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the latter equality being a consequence of angular momentum conservation in
the forward direction. Hence we conclude that the pion by itself contributes
nothing at {=0. This is not consistent with the experimental data.

The constraint ¢,/=0() is satisfied without requiring ¢.*=0() as well,
however, if in addition to the pion trajectory one considers®" a natural parity
Regge pole, say mg, contributing to ¢s'—¢s' in the form Bo(Hsec'? in such a way
that a:(0) =a, (0) and B:(D—B, O =00, while g®+8,,O=01). In this
case the double helicity-flip amplitude ¢.* contributes with normal size at {=0,
thereby helping to circumvent the difficulty above. This ends up a rough des-
cription of the pion conspiracy.

Phillips®® was the first to point out the important consequence of the pion
conspiracy in the processes under consideration. More refined treatments were
carried out by Arbab and Dash?® and also by Fukui and Morita.?* A typical
fit to the data is shown in Fig. 1, quoted from Ref. 24.

In the high energy =t photoproduction from proton a sharp forward peak
similar to the one in pn charge exchange scattering seems to exist.?® As no
single-particle exchanges contribute to photoproduction at {=0, the conspiracy
mechanism has been suggested to explain the peak. Models with pion conspira-
tor have been presented by Ball et al.?® and Henyey ;*” these models predict

that 32%(t=0) is almost constant at high energies. The experimental data up

to 16 GeV, however, show that it decreases considerably as s increases, with
different rates at different —¢ values. In order to explain these features and
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Fig. 1. Differential cross sections for the forward scatterings of the processes pp—#n (a)
and pn—np (b). Solid curves present the fit according to the w+mg+p+ R+ B model.?
In this fit only the 7 GeV/c data of pp—7#in and the 8 GeV/c data of pn—np are used,
and therefore other curves are predictions according to the model. The curve for pn—np
is the calculated one multiplied by 0.75 in view of normalization errors.
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to avoid the strong f-dependence of residue functions several attempts have
been presented with conspiracy mechanism. Dietz and Korth®® have employed
a pair of conspirator, C and C’, with G=—1 and I'=1, and obtained good fits with

ax (@) =—0.007+0.4¢, 2.42)
aoc(®) =ae () =—0.12+0.78¢; (2.4b)

here, pion is assumed not to conspire. Borgese and Colocci®® have given a
model with B meson conspiracy in addition to pion conspiracy, whose trajec-
tories are taken as

ax (D =a, (D =1-0.02, (2.5a)
an(® =ap (O =1-0.32. (2.5b)

On the other hand a model without conspiracy reproducing the peak has
been presented by Amati et al.;*® the background, which can be originated
from a Regge cut, or from absorption correction, or from fixed poles, has been
taken into account. They have formulated the contribution of the background
as fixed pole contribution and taken

ax () =t—0.02, (2.6a)
ar(D) =1-0.3, (2.6b)
a,y,@ =0.5+0.4. (2.6¢0)

The comparison of their results with experimental data is shown in Fig. 2.

Since the = and K mesons belong to the same octet of SU(3), if pion has
its conspirator, it is expected that the K meson alsoc has its conspirator Ke.
Experimental data on the strangeness exchange processes are scarce and Regge
pole analyses in these processes are few at present. Several models with K
meson conspiracy, however, have been presented to the K meson photoproduc-
tion ; it seems that K meson conspires weakly or evades? 2" for lack of the
forward peak. .

Furthermore the experimental data of charged pion photoproduction at the
higher energies might turn out to show the forward dip, as maybe suggested
by a slight fall in the forward direction of the differential cross section at 16
GeV/c. Ader et al.’? have investigated the process rp—rn*n as well as rp—n'p
and 7p—K*A°(3% in nonconspiracy model with #+ B, r+» and K+ K¥* exchange,
respectively.

On the other hand Frautschi and Jones®® have investigated Reggeization of
pion exchange without conspiracy, analyzing the differential cross section of
the process nlN—pd in detail and other processes in which pion exchange is
expected to dominate the forward peak as suggested by experimental density
matrices, i.e.,, tN—pN, KN—-K*4, aN-f°4 and =N—jf°N. Taking the trajec-
tory as

(@) =—0.0241 @D

and the reduced residues as linear functions of {, they have reproduced the
experimental data fairly well.

As pion conspiracy mechanism has worked successfully for pn and pp
charge exchange processes, from the stand-point of Lorentz-pole classification it
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Fig. 2. Differential cross sections for yp—m*n. Solid curves show the fits according to
the following models: (a) The model with conspiracy of a pair of trajectories with
G=-—1 and I=1.29 (b) The model with double conspiracy (& and B).*® x: 8GeV, [1:
11GeV, O: 19GeV (c) The model without conspiracy but with background.’®
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should work also in other processes to which pion can contribute. More detail-
ed analyses as well as experimental data are now required for the definite
conclusion on the conspiracy.

Several other attempts have been presented in the analyses of the forward
scattering data of inelastic two body processes. Various processes have been
analysed in various models without conspiracy mechanism. Here we enumerate
only some of the processes; n*p—nd**,3 a-p—7n,3 x-p—ym,* grun—wp,?* %
Tt p— K+ 36

2. 2 Dips at the higher momentum-transfer scatlerings of elastic processes

As mentioned in I dips have been observed at —{=0.7 in n*p elastic scat-
tering differential cross sections up to about pr=4, accompanied with secondary
bumps at —i{=1.2. Chiu et al.*” have investigated Frautschi’s proposal® that
the vanishing of helicity-flip amplitade of P’ at ap'() =0 can be used to explain
the secondary bump (see also §§3.3 in I), extensively by fitting the bumps together
with the other high-energy data of pp and pp as well as n*p processes. They
have found that their solutions with this mechanism do not have good x* values
and that the dip-bump structure can be explained naturally by the vanishing of
the helicity-nonflip amplitude at apr' (@) =0 (no-compensation mechansim).

Recent experimental data®® show several additional structures in differential
cross section of elastic scattering; for z—p process a prominent dip is seen at
—i{=3, for pp there is an evidence for a secondary dip at —/=1.8 (the first dip
at —f=0.5) and for K-p there seems to be some structure at —{=0.9 (see Fig.
3. On the contrary the pp data are relatively smooth except for a slight break
near —¢=1.6 and the K*p data also seem to be smooth.

Barger and Phillips*® have suggested that the dip-bump structure can be
explained in terms of the zeros of the Regge pole amplitudes associated with
the exceptional points a(¥) =non-positive integer, and given a model which con-
tains essentially energy independent Pomeranchuk amplitude and two Regge
poles P’ and @ with a single degenerate trajectory. In their model, as a(®
goes through zero or negative integers, the P/ and » amplitudes come alterna-
tively in and out of phase with P because of the opposite signature of P’ and
o, and the interference terms in the differential cross section tend to oscillate.
In order to reproduce plausible structure for ztp and pp and smoothness for
bpp, the residue functions must have cyclic character which have double zeros
at right signature points and are correlated between P’ and w. This model
suggests the following predictions; K*p and K-p scattering should qualitatively
resemble pp and pp; the oscillations should disappear as se==! as s—oo ; similar
dips should occur at large —? in inelastic two-body reactions associated with P/
or @ exchanges.

There is another way to interpret the dip-bump structure, especially for
the lower energies. For example Hoff*"! has proposed an interpretation in the
interference model, i.e., the secondary maxima result from the presence of
the resonance amplitude. This mechanism may be applied to the interpretation
of the possible dip-bump series. According to this the ratio of the differential
cross section at two points of the series should not have such a strong s-
dependence as that predicted by Barger and Phillips.

There are many ambiguities in Regge pole analyses (not only at relatively
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large —¢ but also at forward scatterings). In ordinary Regge pole analyses it
is assumed that several Regge poles dominate the scattering amplitude, but, as
there is possibility that, in the region under consideration, a lot of poles with
the same quantum numbers may contribute or other effects may exist, we should
consider the obtained Regge parameters as the effective ones. Therefore, when
we extend the Regge pole model to the higher momentum-transfers, we have
little definite information on the behavior of Regge poles.

2. 3 Large angle scatterings of pp elastic process

Although experimental data of large angle scatterings at high energies are
insufficient for detailed study of Regge pole theory in large angles, but rather
accurate data in pp scatterings have been accumulated to some extent. The
large angle pp elastic scattering data®:*® show that the angular distribution is
nearly isotropic and the energy dependence is as follows ;**

G- Gou=90) =A™, @8
where
I 3.
=ii§? for pL=8. @.9

Several authors have attempted to explain the break of energy dependence
within Regge pole model. Huang et al.** have tried to reproduce the break
assuming that Pomeranchon with linear trajectory is dominant in the smaller
—{ region and its contribution vanishes at —{~7 because of wrong-signature,
and then the moving cut associated with P becomes dominant. They have as-
sumed that the contribution of the moving cut with branchpoint ae(?) is the
same as that of Regge pole with the trajectory a®(®), and found ar(®) =1+0.29¢
and consequently «a®(®)=140.145¢. Subsequently Huang and Pinsky*® have
analyzed the process in detail with two trajectories, which have been found
consistent with 1+0.5¢ and 14+0.25{, and suggested that they correspond to the
Pomeranchuk pole and a Regge cut generated by it.

In these analyses the Regge pole terms have been assumed to behave as
set but it is not correct because cosf, approaches to a finite value as s ap-
proaches to the infinity with c.m. angle fixed. Therefore explicit form must be
used for Regge pole terms. Sakmar and Wojtaszek*® have employed P.(cosf,)
as the Regge pole term and attempted to reproduce the break with only
Pomeranchon whose trajectory is made curved suitably and approaches to zero
in the infinite limit. Though they have not discussed the angular distribution,
it was pointed out*” that their model, as well as that of Huang et al., predicts
wrong fixed-s angular dependence near the break region. ' There is another
attempt®® in which trajectories are assumed to be linear in ¢ and @-,-:(cos )
is taken for the Regge pole term. This model, under the assumption of one
pole dominance, can reproduce both the s- and #-dependence of the experiment-
al data fairly well. :

On the other hand there. is a discussion on the total contribution of moving
cuts arising from many Regge poles exchanges to relatively high momentum
transfer scatterings*® and another based on dipole exchange.”
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2. 4 Backward scatterings of wp elastic processes

As for the n*p backward scatterings at low and intermediate energies (v
<6) a lot of papers have appeared in interference model with considerable
success (see §3). At high energies simple Regge pole models with only baryon
Regge poles have been presented (see also §4 in I).

Recent experimental data’® show that x—p differential cross section has a
dip at —u#=0.2 with sharp backward peak and =~p has a wide backward peak.
Then Barger and Cline’® have analyzed these data along with other high energy
data above p.=4 on backward n*¥p elastic scattering; they have found that both
Ny and 4, trajectories are in agreement with straight line extrapolations through
the known resonance region, appearing to deviate at large —u, and that pos-
sible contribution from Ny amplitude necessarily must be small. Figure 4 shows
the fits to the new data with

ay, (v %) = ~0.38+0.88u. (2.10a)
oy, (v %) =0.19+0.87u. (2.10b)
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Fig. 4. Regge pole fits to m¥p backward scattering data:*® (a) w*p with Ny 45 and (b)
7~p with 4;. The solid curves show the case of liner trajectors and the dashed curves
nonlinear trajectories.

The dip near —u#=0.2 of #*p is reproduced by the zero associated with wrong-
signature nonsense value of N, trajectory, and on the other hand that of 4;
produces dip near —#=1.9 in z~p differential cross section, which has not been
observed experimentally (as the contribution of 4; in n*p is much smaller than
that of N, the possible dip due to 4; is buried in the N, amplitude). In order
to avoid this trouble the case of nonlinear trajectories has been also investigat-
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ed. The fit with

a, (V) =9'12_Lfgf“ , 2.112)
— _—0.37+0.
ay, /) =9I, 2.115)

is also shown in Fig. 4. Another analysis’®® based on the same mechanism has
appeared with

oy, (/1) =0.15+0.90u, (2.122)
ay (V) =—0.33+0.11v/ % +1.06u. (2.12b)

On the other hand an alternative explanation of the dip of n*p has been
proposed by Contogouris et al.’* In this model two fermion trajectories Ny
and Ny contribute with comparative real parts, and then an interference term
oscillates with the difference between the imaginary parts of the trajectories.
Neglecting the 4; exchange as suggested by the smallness of its contribution to
7w~ p scattering (the differential cross section at 180° of n—p, the amplitude of
which is expected to be dominated by the 4; trajectory, is smaller of one order
than that of z*p) and assuming

ap, (V1) =—2.087+/ u +2.03u, (2.132)
- 0.22
CYNd<1/ u>=—0.5+ﬁ_—u, (2.13b)

they have had good fits to the differential cross section data. This model has
the following features which are in contrast with the models mentioned above;
the value of —u at which the dip occurs decreases with s, and polarization of
recoil nucleon has rather large value, oscillating with .

§3. Interference model

As we saw In [ and the previous section, Regge pole exchange model pro-
vides very satisfactory descriptions in many processes at high energies. On
the other hand, the extrapolation of this model to lower energy region can not
be justified neither from theoretical nor experimental point of view : The Regge
pole term does no more dominate the scattering amplitude and other terms
such as background integral can not be neglected in lower energy region. In
fact the experimental data show a typical behaviour of resonance amplitude
near the resonant energy and the scattering amplitude should have poles cor-
responding to the resonances in the unphysical sheet of the complex s plane,
which are never included in the Regge pole exchange amplitude.

The scattering amplitudes are, therefore, generally represented by two
terms, the resonance amplitudes, f°, and the background amplitudes, f? (usually
represented by Regge exchange amplitude, %) for lower energies. This is the
basic idea of the interference model.

In the following, we shall give a historical review of the interference model
and its applications. Further some arguments recently made in connection with
interference model are presented.
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3. 1 Historical review of the inlerference model

The phenomenological analyses are made mostly in zN scattering data. In
the following, the main results of the interference model are presented.

From the data of the total n*p and =~p cross section (¢%), Hohler and
Giesecke®' analysed the charge exchange total cross section from 1 to 6 GeV/c
in laboratory momentum. The experimental data show resonance-like structures
as shown in Fig. 5, and at the energy of the maxima of ¢* the curve in the Argand
diagram describes an arc of a circle in the counterclockwise direction. The
background amplitude is calculated and it was found that its energy dependence
is the same as the one of p Regge exchange amplitude. This seems to indicate
that the background amplitude is not very different from p Regge exchange
amplitude. This fact is confirmed by more detailed analysis of =N charge ex-
change scattering data by Hohler et al.®®

Cex(0') mb

et |
[

1 ] 3 3 B
Fig. 5. The cross section of 7~p charge exchange scattering at 0° via the
incident laboratory energy. The curve shows resonant-like structure.

From the detailed analyses in #—p charge exchange data in forward direc-
tion about 2 GeV/c by the interference modell, Carroll et al.’? determined the
spins of N*..;. (2190), N*..3. (19200 and N*.;. (2360), and further showed
that the process can be well described by the interference model. Also dip
and the secondary maximum of n~p elastic scattering cross section in the region
from 1.7 to 2.5 GeV/c are interpreted as being due to resonance effects.t)»%
This may be confirmed by the analysis of Barut and Kleinert,*® according
to which only a few partial waves contribute to the cross section near the se-
condary peak whereas all partial waves together make up the diffraction peak.

In order to get information about the spin of a resonance from the be-
haviour of the differential cross section near the resonant energy, the magnitude
of the background amplitude should not be much larger than that of the re-
sonance amplitude. For higher resonances, the situation is favourable in the
backward region. Heinz and Ross®™ analysed the backward n*p cross sections
between 2.1 and 5.5 GeV/c, where they assumed the background amplitude is
primarily due to N exchange.

Systematic analyses are made by Barger, Cline and Olsson®” in differential
cross section at 180° of n~p elastic scattering, the difference of ¢~ and ¢%, and
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the differential cross section at 0° of n~p charge exchange scattering. Some
analyses are made by this model in connection with the finite polarization effect
observed in m~p charge exchange scattering.®?

In all cases, the resonance amplitude is assumed to be represented by the
sum of Breit-Wigner resonance formulae, and the sum of the amplitudes, f°
and f2, does not guarantee the unitarity.®® We shall give an important com-
ment on this point in §§3.3.

3. 2 The validity of the interference model—double counting

Objections are made against the interference model in regard to the pos-
sibility of double counting from two points of view. One is the formal sugges-
tion made by Schmid,® and the other is the overall phenomenological analyses
in the zN data made by Chiu and Stirling.®®

(@) The Regge amplitude is usually expressed as

1t eine

f= sin ra ‘8<>( ) , 3.1
a(®) =ap+a't

where the residue function A vanishes at the point where a@®) =0, -1,
— 2, , and the residual factor of () is usually taken to be constant unless
more strongly ghost-killing factor is assumed. According to Schmid® the partial
wave amplitudes f; in the s channel describe circles in the Argand diagram as
the energy increases, which are usually associated with resonances. For the
w~p charge exchange, the energy at the top of the circles is plotted for each [
and he concludes that these series correspond to N* Regge trajectory in the
direct channel. Thus he argued that the direct-channel resonances are already
contained in the Regge amplitude of the crossed channel and the sum of the
two terms leads to double counting.

In order to understand the situation qualitatively, let us take the residue
function as

B =sinrwa-7r. 3.2
Then the partial wave expansion is obtained,®

-1 In(E/E,
f= [ aze N P @as

oy —2k
(B -t tnE/ B

! o —2R2 —17 o— 2k —ml
o) I Gt/ O BB )

<tan mn =1~I—1<—§7—E5> , 3.3
where we used the following formulae,
=2 @+ D@ }
Ji(emrz) =™, (2)

From Eq. (3.3) we see the oscillating propery is due to the spherical Bessel
function j,.

(CXY)
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(b) Chiu and Stirling® analyzed all the available data on =N scattering
and divided the experimental data into three groups.
(1) The data with which the interference model is compatible :
z*p total cross section, n~p forward differential cross section, =—p
polarization, and n~p charge exchange differential cross section.
(D The data of which the interference model does not give a unique quanti-
tative description :
7~ p differential cross section at 180°.
(iii) The data for which the interference model does not work:
z*p differential cross section at 180°, n*p polarization, and the sum of
0" and o
In most cases of groups (1) and (iD, there are large cancellations between
nearby resonances, or resonance contributions are very small. In the case of
group (iii), the prominent resonances enter with the same sign in the scattering
amplitude. Especially in the sum of the ¢* and ¢-, the resonances contribute
constructively to the background Regge amplitude and the total amplitude does
not oscillate around it, contradictorily with the experiment.

3. 3 The validity of the inlerference model—againt the possibility of double counting

The unified understanding of the phenomena in the intermediate energy on
the basis of the interference model has been disturbed not only on account of
the ambiguity of the qualitative description, but also on account of the larger
and constructive contributions of the resonances. How can we eliminate the
double counting or overestimations?

(a) As was pointed out in §§3.1, unitarity is not guaranteed by the sum of
amplitudes f* and f* It is well known in nuclear physics®” that the resonance
amplitude is not in general described by the simple Breit-Wigner terms with
constant widths and eclasticities except when the incident energy is near the
resonance energy and the background contribution is neglibible. The more
general expression® for resonance amplitude can be expressed in elastic case
as

. 218,
o=t B p ), (3.5
a ’2‘(15‘2%2 , (3.6

where k& is the c.m. momentum, % corresponds to the mass of the resonance,
(k) is the total width and x is elasticity. The important factor § is the
phase of the background amplitude and fi(k) is the form factor, which satisfies
the following relations by definition,

Sk =1,
ﬂ(k)k"“okz”l , 3.7

and in general fi(k) is decreasing function of (,—£k)2. These two factors fi(%)
and ez'al, are omitted in the usual Breit-Wigner approximation.

In order to see the difference, we shall show in Fig. 6 the typical behavior
of these total amplitudes in the Argand diagram.® If we use this general
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Fig. 6. The Argand diagram of Sy=e2%,

(i) The Breit-Wigner type of reso-
nance formula are used.

(ii) The phase factor is taken into
account as is seen in Eq. (3.5).

Note that the curve in the case (ii)is

always within the circle with its center

in origin and radius 7.

€=0

expression, the interference model reproduces the experimental data on the =*p
backward scattering and the sum of n*p total cross sections’™ (these belong to
group (iii)). More overall calculation will be desired by the modified model.
Another modification, due to Takagi and Miyamura™ is to put

f=r+A-RFF, 3.8

where R depends on the incident energy.

(b) We have already seen in the previous section that the circles in the
Argand diagrams are direct consequence of the phase factor exp(—ira), and
not the result of a particular form of a Regge amplitude. The phase factor
is a general feature of the amplitude behaving asymptotically like s?(In s)#
(In Ins)7eeee-- for fixed ¢ and follows from the crossing symmetry.”® Further-
more one should not associate the circles with resonances in the direct chan-
nel,”™ since there are not poles in the unphysical sheet in the partial wave
amplitude of Regge exchange terms.

3. 4 Some commenis in connection with the interference model

In concluding this section, we are to make some comments on the finite
energy sum rules and propose some problems in connection with the interference
model.

Finite energy sum rule was first proposed by Igi and Matsuda,’ who as-
sumed that the scattering amplitude is approximated by the sum of resonance
amplitude (f*) in low energy region and by the Regge pole amplitude (f®) in
high energy region: i.e.,

i fe for kZkhky
f=1 f+fR for kv<ksh 6.9
I for ko<k

and make use of the following superconvergence relation,

J :"Im( =Ry dk=0. (3.10)
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Recently il is proposed that finite energy sum rule might be used for bootstrap-
like calculation.”™® In order to determine the Regge parameters from the
information of the crossed channel, the Regge amplitude should vanish in the
low energy region. We have no reason, however, to make this assumption.
In fact we have already seen in §83.1 the background amplitude is well represent-
ed by ¢ Regge exchange amplitude at least in n~p charge exchange process.
Accordingly we must put

f=rr+fe for k=kh, (3.1D
and then Eq. (3.10) leads

ko
Jo Im f*dk=0, (3.12)

where we have no Regge parameters.
Even if we do assume

{ ﬁi 5 dor k<. (3.13)

then superconvergence relation reduces to the following relation,
ky ko
[t feak=| T frar=o. (3.14)

Thus we can not get a bootstrap-like equation.
Dolen, Horn and Schmid™ proposed the modified representation of the fol-
lowing form,

f=rrfe—<fo>. (3.15)
In this case superconvergence relation leads to a trivial result as follows,
ko,
—,H Im fdk=Tm < f*>. (3.16)
0Jo

In order to get a usual finite energy sum rule, we must assume the bootstrap-
like equation itself, i.e.,

ko ko
Jo TIm fodk = [ Tm frdk. 31D

From the above discussions, the question™ about the interference imodel from
the view point of finite energy sum rules seems to have no clear cut meaning.
Next we must note that the separation of the amplitude into the resonance
and background term is not unique as is well known in nuclear physics. The
most general definition of the two terms are that the resonance term fluctuates
very rapidly with energy and the background term is the sum of effects other
than those contained in f°. The far-away resonances can be included, there-
fore, either in f°® or f25) In order to see more detailed mechanism of these
two terms, we are obliged to study the origin of the resonances, and then we
might be able to see the structure of the so-called ‘‘elementary particles”.
The third comment is on the crossing symmetry. Overall representation of
Regge pole amplitude valid both in the direct and crossed channels is not yet
obtained. In particular, the full amplitude is not approximated by the #-chan-
nel Regge pole terms alone in low energy region in s-channel or in the case
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of direct /-channel, since background integral can not be neglected. Some at-
tempts are now in progress, in relation to the modified Regge amplitude,’ the
interpretation of the Regge pole model discussed?»"® by Van Hove™ (see §7)
or unusuall properties of Pomeranchuk trajectory®® (see §2).

4. Contribution from others than moving poles

In the complex / plane, in addition to the moving poles, there may exist
fixed singularities or moving cuts of kinematical or dynamical origin. Several
theoretical arguments for the existence of these singularities, based on Man-
delstam representation or in the field theory, have been presented. The esti-
mation of their contribution, however, is difficult in Regge pole analyses be-
cause of little information about their behavior and of many ambiguities in the
experimental data.

On the other hand the unusual behavior of Pomeranchon is widely known.
This may have relation not only with the singularities montioned above but
also with other effects like absorptive correction.

In the following we take up these problems.

4. 1 Fixed singularities®”

It has been pointed out that partial wave amplitudes have fixed singularities
in the complex J plane at nonsense points of wrong signature which come
from singularities of second kind rotation function and the existence of the
third double spectral function in the case of relativistic scattering. Gribov and
Pomeranchuk®® have argued that the unitarity relation, when such fixed singu-
larities exist, is respected only by the appearance of essential singularities
(Gribov-Pomeranchuk singularities). Mandelstam® has shown, however, that
in the presence of cuts in the J plane the arguments for the essential singu-
larities must be modified and that the essential singularities do not occur on
the real axis of the J plane. Jones and Teplitz,® and subsequently Mandelstam
and Wang,® have suggested that even in the presence of cuts fixed poles can
exist where the Gribov-Pomeranchuk singularities would be expected in the
absence of cuts.

Such poles make only small contributions to the asymptotic behavior but
would modify in effect the form of the moving pole contribution. In the case
that the contribution of the third double spectral function is not too small, they
invalidate the old mechanism (see §3 in [) for the presence of dips at wrong
signature points, which are expected to occur in the absence of the fixed poles;
they bring about shifts of the dips away from the points where the trajectory
actually crosses the real points, or fillings of the dips. Experimentally there
is no clear-cut evidence for such shifts or fillings of dips due to fixed poles.

4. 2 Cuts contribution

There are some theoretical arguments for the existence of moving cuts in
the frame of field theory.5¥:%¢ We have no reliable tools in studying the be-
havior of the possible cuts, and so the behavior of cuts obtained from Feynman
diagram calculation is usually consulted.

It is expected that simultaneous exchange of several Regge poles®” gives
rise to moving cuts. The branch point of the cut arising from the exchange
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of two Regge poles with trajectories a,(?) and (@ is given by the maximum
of a;(#)+ax(#) —1, under the constraint that ¢, #/<0 and (—1)V2+ (—1")V2
(—H¥2, For linear trajectories it is given by

¢ - azl ~‘>2 7 I’( allm 2 .
@ a1[<a1’+az’ tJ+a2L a'1’+0(2/) t] L “.D
where a,/ and @’ are slopes of original trajectories. In the case of simultane-
ous exchange of » identical poles with trajectory «(?), the branch points of the
induced cuts are given by

(D =na( L) —n+1 (=2,3, -, 4.2

The contribution of the cuts to the high energy scattering amplitudes takes
the following form;

rois,0=["Car e, (L)

J 1 i e—in‘J
Ysina) (4.3
where C(J,?) is the reduced discontinuity of the #-channel partial wave am-
plitude in the J-plane with the threshold dependence (¢ ¢:")’ factored out.

Two attempts are made to explain the experimental data, in which moving
cuts play important role: One is the problem of the energy dependence of
recoil neutron polarization in the process z~p—=z’n. In addition to p-pole the
leading cut associated with the p- and P-exchange is taken into consideration
by Lany et al.®® The model gives increasing energy dependence of the polari-
zation, while alternative explanations predict decreasing polarization ;®¥ the
experimental data are so scarce and ambiguous that we can not exclude either
of them.

Another is the attempt to reproduce the differential cross section of pp
elastic scattering at con. angle 90°, employing the cut arising from the exchange
of two Pomeranchons in addition to the Pomeranchuk pole. Experimentally,
in the vicinity of incident momentum 8 GeV/c, a remarkable break has been
discovered in the differential cross section at 90°. Huang et al.* have explain-
ed the break by the scheme that P pole exchange contribution dominates the
scattering amplitude in the smaller —f region, vanishing at —{=7 (GeV/c)?
because of the zero of the signature factor, and that then the moving cut
dominates in the larger —¢ region. In this model, however, it has been assum-
ed that the cut is treated in a simple way as if there were a Regge pole at
J=af.

As for the total contribution of all the cuts arising from multi-Pomeranchon
exchange, Anselm and Dyatlov*” have estimated it; the contribution to the
amplitude is written as
s

s E=In—"s 4.9

By )a-cm(t)—l
dm?

A D=5 DBt (45
and the coefficients B.({, &) are estimated as
B,(t, & =(—Drexp(-n-a(nz,Ind)), r=—ar' O, 4.5

with an unknown well-behaved function a(lnz,In&). Then they have obtained
for the differential cross section at intermediate angles a formula like Orear’s,
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i.e., it decreases exponentially with (—¥2 and also exhibits additional oscil-
lations.

On the other hand under the assumption that scattering amplitude behaves,
for large s, as

J,D=g@®s* " (n )PP nln ). o , (4.6)
Gervais and Yudardin® have shown
a@®=1 for ¢<0, 4.7

if all the cuts arising from Pomeranchuk pole are taken into account. This
means that the diffraction peak hardly shrinks; this result is favorable for
elastic scattering. In inelastic two body processes, however, shrinkings have
been observed experimentally, for example, in =N charge exchange scattering,
whereas the result of non-shrinking properties can be obtained also for inelastic
processes in a similar way.

Although it can not be excluded at present the possibility that the slow
shrinking due to logarithmic factors in Eq. (2.4) can reproduce the experiment-
al data, a way out of the above situation is to assume that the Pomeranchuk
intercept is

ap(0) =1—c¢, >0, (4.8)

Then, the branch points arising from exchange of a pole with trajectory a(f)
and many Pomeranchons no longer accumulate at a»(0), but rather give an ef-
fective twisted trajectory aer (!) which becomes flatter as —t¢ increases. In this
case one obtains again a behavior similar to Regge pole type diffraction peak
(not only for inelastic processes but also for elastic processes), but the total
cross section should tend to zero as s—co (it can not be excluded experimental-
ly at present). The twisted trajectories®’ may correspond to the bended tra-
jectories which are sometimes employed in phenomenological Regge pole analy-
ses; present experimental data do not give any definite answer to the question
how the trajectories behave at larger —! value, linear or bended.

Now, leaving aside the difficulty of the infinite accumulation of branch
points associated with multi-Pomeranchon exchange, let us continue to present
another aspects of moving cut contribution. As for the latter in the forward
direction Freund and O’Donovan® have estimated the cut effect due to simul-
taneous two-pole exchange, by calculating simple AFS cut®® contributions to
the unphysical amplitude; they have suggested that it is smaller than 5% in
inelastic 7w scattering at /=0, while it is seizable, i.e., up to 15~30% in elastic
zm channel. We note also that the presence of cuts introduces spin-dependent
effects in the forward scattering, which are absent in pure Regge pole models.
Dunne® has investigated the processes pp—pp, Kp—K*p, vp—np and np—Asp,
and pointed out that these effects are actually present only if one considers
cuts generated by three- or more-pole exchange; the spin dependent amplitude
of pp scattering can behave as s/(Ins)® at =0 (pion conspiracy mechanism
predicts that it behaves as s“*(()); see also Eq. (6.10)). Various discussions on
the tests of moving cuts have been presented also in other processes; we refer
the reader to Refs. 94 and 95 for NN scattering, Ref. 96 for photoproduction
of #° from nucleon and Ref. 97 for the reactions =~ (K-)p—K*+*&#*) 3 -.
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4. 3 Unusuality of Pomeranchon and absor ptive correction

In ordinary Regge pole analyses the trajectory of Pomeranchuk pole must
be taken to have very small slope in negative ¢ region, which is not even in-
consistent with a fixed pole; this particular behavior comes from the nonshrin-
kage of the forward peaks in the elastic scattering differential cross sections.
Extrapolating this trajectory function to the positive ¢ region, we can not find
any known resonances which correspond to the Regge recurrence of Pomeran-
chon. Other trajectories can have, in negative { region, slopes not too different
from the almost universal slope of 1 (GeV/c)~? and be associated with series
of known resonances which correspond to their Regge recurrences. The as-
sumption of the existence of Pomeranchon has been requested solely from the
behavior of total cross section, that is to say, the latter seems to reach to con-
stant value in the high energy limit. Therefore we should now consider that
the Pomeranchuk trajectory does not belong to Regge trajectory but corresponds
to other effect.

Harari® has suggested, using the resonance approximation to finite-energy
sum rules, that the Pomeranchuk pole is mostly built from the nonresonating
background in the low energy amplitudes, while the other poles can be usually
described in terms of the resonance approximation for the low-energy region.
The starting point of his argument is the observation that some processes such
as K*p, pp scatterings seem not to involve any important resonances in the
low energy region whereas others such as K-p, pp exhibit very rich resonance
structure, and on the other hand that the Pomeranchuk pole dominates the high
energy scattering of all these processes. According to this, in case of the scat-
tering with no important resonances, cancellations should occur between the
imaginary parts of the Regge pole contributions. Subsequently Gilman et al.®®
have given quantitative discussion along this scheme, considering the C=+1, I
=0 f-channel amplitudes for =N and KN scattering to find Regge pole para-
meters of F’.

Oehme® has suggested the possibility that the Pomeranchuk pole is a fixed
pole, but subsequently Finkelstein and Tan!'"® have pointed out that Mandelstam’s
mechanism, which was suggested by Oehme, is not sufficient to allow the
Pomeranchon to be fixed pole. There are some other arguments!®?,*® in re-
lation to the possibility that Pomeranchon is not a usual Regge pole. In these
arguments it has been intended to avoid the essential singularity at #=0 which
comes from the series of branch points arising from simultaneous exchange of
many Pomeranchuk poles in the case of ap(0)=1.

There is an attempt!®® to replace the contribution of the vacuum pole by
shadow scattering in elastic scattering; in this attempt the absorption correc-
tion works also in inelastic processes (see §5 in 7). On the other hand Squires!'®
has derived a formula for cut contribuion to inelastic amplitude, which looks
like absorption correction. Furthermore Phillips!®® has suggested the possibility
that absorption correction plays, as the singularities in the complex J plane,
some part in generating a conspiracy of poles.

§5. Dynamical determination of Regge parameters and rising trajectories

Regge parameters in potential scattering can be calculated either by solving
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directly Schrédinger equation or by using Cheng-Sharp equation!®®,10% for Regge
parameters themselves. The latter scheme is based upon general principles
such as analyticity and unitarity and so can be easily generalized!®” to a re-
lativistic case. There are, however, essential differences to be noticed between
nonrelativistic and relativistic Cheng-Sharp schemes:

1) Only one channel in potential scattering but many in relativistic scat-
tering.

2) Potential determines subtraction constants, while they should be de-
termined by crossing in relativistic case.

3) Regge trajectory turns over above some finite energy in potential model,
whereas all evidence points to infinitely rising trajectories in relativistic scat-
tering.

Let us first discuss nonrelativistic Cheng-Sharp scheme, then extention of
it to a relativistic case with a particular attention to the asymptotic behavior
of Regge parameters, and finally mention a few applications.

5. 1 Analyticity properties of a(s) and B(s) and unitarity

In potential scattering with a superposition of Yukawa potentials we know?!°®
that a(s) and B(s)/(4g®=®, trajectory and reduced residue functions of a Regge
pole, are real analytic in the cut s-plane with one cut extending from 0 to + oo
unless the pole collides with another one (this case will not be considered
here). Here, s=¢%/2m, g=relative momentum, and m=reduced mass=1/2 (put).
Moreover, we know that for s—0

_ a{01+1/2

‘181?3(_:)0(8(3&3)), ), } (GRY)
and for s—co

a(s)——n—ig?/2+/s,

LIS 4 } ©

for n-th Regge pole (denoted by an and B.). g? is given by an integral of
spectral function entering in a superposition of Yukawa potential. We then
write dispersion relations for a»(s) and £.(s) subtracted at infinity:

Ly L [PEma)
an(s) = ek [ TR, G.3)

gt nlis—s; 1 (2arg £.(s") ~Im e, (s)In(s’/s
‘B"(”:“%SM:Z( S )CXP[?L - >s’—s-—i(e = />ds’ ] G4
One may also write down dispersion relations subtracted at finite s=s,; sub-
traction constants then depend on s,. Note that 8,(s) has (n—1) zeros on the
negative real axis which are explicit in (56.4).
Unitarity

a(], ) —a*(J* s) =2iy/ sa*(J* a(],s) (>0 (5.5)

relates Ima(s) to F(s). The relation depends on the representation of the
partial-wave amplitude a(/, s) and on how many poles are retained in unitarity
relation. The simplest approximation is to take only one trajectory a.(s) and
write a([J, ) =8.(8)/(J—ax(s)) ; in this one-pole approximation one obtains
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Iman(s) =1/ s Ba(s),  Buls) : real. (5.6

Combining this relation to (5.3) and (5.4) provides us a set of integral equa-
tions for Regge parameters (Cheng-Sharp equations). It is not hard to include
more poles and improve the representation of a(J,s) in order to get more re-
liable numerical results on «a(s) and B(s); we refer the reader to the litera-
turel®»19 on this point.

A set of infinitely many coupled Cheng-Sharp equations is, in principle,
equivalent to Schrédinger equation. In practice, one- or two-pole approxima-
tions are made with appropriate representations of a(/,s). Agreement of such
crudely approximate solutions to the exact one'? is not bad and in some
cases excellent. 09,110

The above Cheng-Sharp scheme can be easily extended!®” to a relativistic
case. If we assume the validity of Mandelstam representation, we can prove!??,12
(1) one-cut real analyticity of a(s) and B:;(s)/(4q:9,)*®, (2) holomorphy of the
partial-wave amplitude a;(J,s) for Re J>N=0 and (3) the validity of once-
subtracted dispersion relations for a and f;; (the subscripts 7, j, distinguish
two-particle channels and ¢; denotes relative momentum in the channel 7).
Here, and in the following, s is total c.m. energy squared. Two-particle uni-
tarity reads

(> $) = ai*(J*, 8) =205 0:( ae*(J*, D (J, $)0(s—=sw), G.7D

where p:(s) =2g:/v/ s and s means threshold of the channel .. From (5.7) one
can prove factorization of residues: B:/*=pBuBj;.

In exactly the same way as in a potential model, one writes down a set of
coupled integral equations for a’s and p’s; the relation of the latter two
now depends also on how many channels are taken into account. This set of
equations, we stress, is valid only for trajectories which turn over above some
finite energy. We also note that at this stage subtraction constants are free
parameters to be determined from experiment.

There are, however, a number of experimental indications that Regge trajec-
tories rise indefinitely with energy. We shall give a few in the next subsection.
For such trajectories one needs two subtractions in the dispersion integral for
«(s). Also the boundary condition on B(s) may be quite different from what
we would expect for Regge trajectories which turn over above some finite
energy. On the other hand, there is a theoretical question as to whether in-
finitely rising and falling trajectories are allowed in the present framework of
S-matrix theory. We shall come back to this question later.

5. 2 Rising trajectories

It is possible to determine «a(s) and B(s) at two or three points by measure-
ments of the spin and width of the appropriate particles or for s<0 of the
asymptotic behavior in the crossed channel.

Strictly speaking, it is only p trajectory that a(s) and B(s) have been pre-
cisely determined for —1 (GeV/c)?<s<0. «(s) is clearly linear in s and B(s)/
(4¢*)«'9 has an exponential dependence for s<0. The trajectory may or may
not be projected linearly to s>0. The former secems to be more likely; many
resonances found by Focacci et al.*3) seem to lie on the p trajectory if the lat-
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ter increases linearly with s.

Regge dip mechanisms, applied to larger momentum transfer region as
described in §2, if correct, wold constitute the first evidence for falling trajec-
tories (also linearly in s5) in the space-like region up to, say, —s=3 (GeV/c)2

As for baryon trajectories, the situation is less clear regarding the s-
dependence of a(s) for s<0, while we have more information on a(s) for s>0
than for meson trajectories. Thus it appears that many =N resonances as well as
KN ones lie on Regge trajectories which also increase like s with increasing s
(up te about 3% (GeV/c)?). Fig. 7 depicts the situation for baryon resonances.

Now we are in a position to ask whether Regge trajectories which satisfy

a(s)—+oo as s—+o (5.8)
coexist peacefully with the standard assumptions of the S-matrix theory, as
first raised by Khuri.!'® The standard assumptions mean the following. Let
J(8) =exp(|s|¥?~) with ¢>0. For the simplest case of equal mass () spinless
particles, (1) the scattering amplitude f(s,?) is analytic in the cut s-plane and
bounded by f(s) in [s| as |s|—co for fixed finite ¢; (2) f(s, ©) is bounded by f(s)
in |s| as |s|—oo for fixed —1=<cos §:<1; (3) the partial-wave amplitude a(/,s)
satisfies necessary conditions for the Sommerfeld-Watson transform to be valid ;
@ a(/,s) is bounded by f(s) as |s|—o forJ not near a Regge pole. Moreover,
(5) both a(s) and 7(s) =p()/(s—4m®¢® are real analytic with one cut from
s=4m? to +co and a(s) but not r¥(s) are bounded by f(s) as |s|—c in all direc-
tions. We purposely did not include in (5) polynomial boundedness of B(s)
since it is clearly violated for trajectories (5.8).1%) Khuri''* showed that the
above assumptions imply, in a single pole approximation, that

1ifglﬁ(s)P¢(<3)(cos 1< f(s) (fixed cosbs). 5.9
Since P,(2)<e‘“ as a—-+co where (>0, (5.8) is consistent with (5.9) if and
only if B(s) decreases exponentially or faster as s—+oco. Thus Regge trajec-
tories satisfying (5.8) are not inconsistent with the standard assumptions if the
residues B(s) show an exponential or faster decrease with «a(s) as s—+co.
Then how fast can Regge trajectories increase as s—oo? They cannot do more
slowly than [s|¥?/In|s| as |s|—co as shown by Khuri. It is shown by Ida''® that
under physically plausible assumptions on a(s) (but not any on the residues
B(s)) Regge trajectories cannot increase faster than linearly in s and more
slowly than |s|¥?*:, with an arbitrary ¢>0. For such trajectories one can write
the dispersion relation

() = A=)+ B+ 2] o I_n;)“éf'z 545, (5.10)

where s, is the subtraction point. This is consistent with experimental indica-
tions discussed above. We take (5.10) as being valid for Regge trajectories to
be discussed below.

In passing we remark that an exponential decrease of B(s) is consistent
within the present experimental errors for mIN resonances, as pointed out by

Goldberg. 1"
5. 3 Dynamical determination of Regge parameters

Our next task is to find an integral representation for B(s) in accord with
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the boundary condition (5.9) and the Mandelstam symmetry. The latter (see
§84.1 in I) is usually guaranteed by assuming

O bi(s)
AgH«™® " '(als) +3/2) ° (5.1

If we put bi(s)=e=b(s) with c=d+A(—~InA) and b(s) being a polynomial,
then we have B(s)—e~% as s—-+oo:

B(S) e"‘“e A(lnA—-l)s b(s)

Ag)ew =~ [(als) +3/2) d>0. .12

(Note that a(s)—As as s—+oco and [(2)—e?02=2= /D2y por this choice of

2300

B(s), one has the following integral representation subtracted at s=s,:
B(S) =b(setug™ A= (4qy ATV B -1 () +-3/2) x

xexp(222| O 0D + 05D ~Tm a0}, B13)

where I'(a(s) +3/2) =|(a(s) +3/2)]e¥p'® and B(s) =|8(s) e,
If we now use the unitarity (5.7) to the expression a;(/J, s)=:;(8)/(J—a(s))
and go to the pole position J=a(s), we obtain

Im a(s) fi(s) = 2’;0<3_Sk)pk(s)ﬂki(\S)ﬁkj(S) (Bij ¢ real). (5.14)

Integral representations of the type (5.13) for 8i;(s) and (5.10) together with
this relation (5.14) constitute a set of coupled integral equations for Regge
parameters a(s), £i;(s).

The simplest case is to take elastic channel only (i=j=£k); (5.14) reads
then

Im a(s) =p(s) B(S), (5.15

but this is not consistent with (5.12) and the fact that Im a(s)ec ["n: at a
particular resonance position and [ has rather small s-dependence as impli-
ed by experiment. In order to avoid this inconsistency, we can invoke the
explanation that in (5.14) sum over ks&i=j cannot be neglected as well as
contributions from multiparticle intermediate states. One has then effectively
instead of (5.15)4®

Ima(s)=p(s)B(s)es (5.16)

where d is defined by (5.12). Then Im a(s)—s~! as s— -+ oo,

The set of equations (5.10), (5.13) and (5.16) was used by Epstein and
Kaus!® for calculating the ¢ trajectory in =z scattering. Subtraction constants
b,(sp) and A (since Re a,(mp2) =1, B=1 if spy=m,p2) are determined from ["o.zr
and the intercept @,(0), the latter being well determined from fit to =~ p—n'n
as seen in I, Their solution for a typical case is depicted in Fig. 8.

Mandelstam!'® has pointed out that in relativistic scattering the subtraction
constants are not free parameters to be determined from experiment but are
determined by crossing. From the latter point of view he proceeded by em-
ploying the narrow-resonance approximation (Ima=0 and the absence of ex-
ponential in (5.13) for B) and introducing the generalized superconvergence
relation as crossing relation in a framework of bootstrap dynamics. His result
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Fig. 8(a). The p-trajectory calculated by Fig. 8(b). The reduced residue function, 5(s),
Epstein and Kaus (Ref. 118) in terms of of the p-trajectory as calculated by Epstein
the Cheng-Sharp equations described in the and Kaus (Ref. 118) with the same para-
text (§85.3). meters as in Fig. 8(a). 6(s) is defined by

Eq. (5.12) in §§5.3.

is only preliminary and more realistic case should be carried out as to whether
the above scheme is useful for calculating Regge parameters.

§6. Conspiracy of Regge poles and related problems

As briefly mentioned in I, it has been recognized!?®,12! that relativistic
Regge pole theory has unsuspected conspiracy features. Roughly speaking, this
amounts to saying that Regge pole does not exist as an isolated one at zero
energy, that is to say, a set or sets of infinite Regge poles but not a single one do
form an irreducible state at {=0. This will be made clear in the subsection 2.

It has been also realized that the Regge representation has a simple and
natural group theoretical meaning. Joos’ remark'®® on this point has been fol-
lowed by much work!?®~12) on the so-called little group decomposition of the
S-matrix elements which we shall summarize in the first part of this section.

It is to be noted that a possible conspiracy (in a narrow sense) was first
realized by Volkov and Gribov® who studied restrictions imposed on Regge
pole model due to crossing and analyticity. The case they considered turned
out to be a particular case of more general phenomenon which one encounters!®”
in the normal Regge theory. It will be treated in §§6.3.

Phenomenological applications of conspiracy of Regge poles to those reac-
tions where normal Regge pole model fails to be applied have been rather suc-
cessful as seen in §2. In the last part of this section some qualitative features
of conspiracy will be revealed.

6. 1 Little group decomposition of a two-body scattering amplitude

The littel group decomposition of a two-particle scattering amplitude is the
diagonalization of the S-matrix elements S(Psls, Psds; Pidi, DoAe) for fixed energy
Pe=p+ po=1py+ps or fixed momentum transfer @=p,—ps=p,—p,. For fixed P,
we put together particles 1 and 2 into in-state and 3 and 4 into out-state. The
in- and out-states are decomposed into partial waves each of which belongs to
a unitary irreducible representation (/R) of the little group SO(3) which leaves
P, unchanged. Since S is an invariant operator which maps in-state onto out-
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state, Wigner-Eckart theorem states that S is diagonal in J, the Casimir value
which specifies a unitary IR of SO(3); ¥® this corresponds to the usual partial-
wave expansion of Jacob and Wick.?

Alternatively, one may make S diagonal according to a little group to which
@, is stable. This case corresponds to expansions of the S-matrix elements in
terms of unphysical representations of the Poincaré group and Joos'*® was the
first who recogniged any possible relevance of this expansion to Regge theory.
For —Q2=Q2—Q*=1<0, the little group is SO2,1); its IR1® is specified by a
parameter « which takes the significance of complex angular momentum in
Regge theory; this IR is unitary and infinite-dimensional if (a+1/2)2<0 or —1
<a<—1/2 or a=integer or half integer. Grouping particles 1 and 3 to pseudo
left-state and 4 and 2 to pseudo right-state and expanding each pseudo state
into “‘crossed’’ partial waves which are characterized by a, one sees that S is
made in a block form, each block being specified by a. Since pseudo states
are not ordinary physical states, it is not necessary for « to be in the ranges
of the unitary representations.’® It is worth noticing, however, that the Regge
background integral corresponds to the integral over one of unitary domains of
a (a=—1/2+i0, —oo<o<+co; principal series).!23),125),126)

For {=0, the little group depends on the external masses since the apex of
the light cone @.2=0 is a physical point in the s-channel only for pair-wise
equal mass cases. For the latter, therefore, it is the homogeneous Lorentz
group SO(3, 1) ; thus for this particular case S is diagonal in the Casimir values
g, M where ¢ is continuous and M discrete. A pair of parameters (o, M)
specifies an IR of SO(3, 1D."* Submatrix elements Sg,» may be assumed to be
analytically continued in complex o-plane and be meromorphic in ¢; poles of
So,n in o-plane are called Lorentz poles. For unequal mass particles, on the
other hand, the little group is E(2), the Euclidean group of a plane. The ex-
pansion of S into unitary IR’s of E(2) is similar to the impact parameter re-
presentation.t®®

Since the scattering amplitude is analytic near {=0, the expansion according
to SO, 1) for {<0 should in some way go over into the one at f=0 (and
eventually be continued to ¢>0). If we restrict ourselves to the unitary re-
presentations of the Poincaré group, this is the case in the general mass con-
figuration, as shown by Feldman and Mathews.!?? It should be noted, however,
that any Regge pole contribution does not have this property unless # =m; or mg=
%9 We shall come back to this problem later. In a particular case of pair-
wise equal mass particles, this continuity leads to the conclusion, due to Toller
and Sciarrino,**” that Regge poles appear in families and one or more families
should degenerate into a single Lorentz pole at {=0. This arrangement of Regge
poles at /=0 (conspiracy) was implicit in Domokos and Suranyi'®® and en-
countered also by Freedman and Wang,'*® and should not depend on the ex-
ternal mass configuration since unitarity of the S-matrix requires Regge pole to
couple with any pair of particles irrespective of their masses unless some selec-
tion rule forbids the coupling. This point of view has actually a deeper mean-
ing as will be soon stated below.

6. 2 Classification group of Regge bound states ai zero energy

As mentioned above a Regge-pole contribution to a scattering amplitude
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for unequal-mass particles is not analytic at {=0. In fact, it is proportional to
the quantity

R4 0,0, 0 21 0, 760 O], 6.0
where
J 1 —-J—1
@lu((ﬁ, 0’ '—¢> - _7tan 7[(]—2) E—/J—X((/S’ 0’ —¢)1 (6'2)

and E,, is a rotation function of 2nd kind defined in Ref. 140. (7 is a suitable
phase factor.) Note that the 9©7;./s are identical to the functions entering in
Mandelstam’s Reggeization procedure. In particular, ©/4 (¢, 0, —¢p) = —1/x tan zJ
X Q-7 (cos ). Now the i{-channel c.om. scattering angle §: is related to the
invariants, s, 7, and external masses by

cos o= (3mE —E—2s) + Om® —me®) (m® —ms™)
¢ [{t"" (7’}’11 -l—m;,) 2}{l - (Wll _ 7713) 2}{Zf — (ﬂ’lz +77’l4) 2}{t d (7’}’12 “77’24) 2}]”2 -

Unless my=m; or mp=my, €08 i(t=0)=e((my—myz) ma—my)) (e(x)=+1 for x>0
and —1 for x<0). On the other hand, d7:.(&)=9";,(0, 8, 0) has a logarithmic
singularity at cos §=—1, as is easily seen by expressing it by a hypergeometric
function. Therefore, if wmusFms and mesm, R;, is singular at {=0 since 8{),
the residue, cannot have zeros of infinite order.

Of course, the total amplitude should be analytic near =0 and hence the
above singularities have to be cancelled in some way.

The origin of the above trouble may be phrased in a group theoretical
language as follows. According to Domokos and Tindle,'®® in order to investi-
gate analytic property of a scattering amplitude near the trouble point, it is
necessary to define the four-momentum €, in such a way that 1) it is analytic
near {=0 and 2) it goes into the light-like momentum (p, 0, 0, p) for {—0 which
is the case for the general mass configuration. They proposed the choice @,
= (&, d)=(\/t+ p% 0,0, p) and investigated the structure of the algebra of the
little group which leaves this @, invariant as function of {. It is found that
the little group changes its structure for {—0, in other words, it contracts.
This contraction of the little group is the origin of the appearance of the sin-
gularity above.

In order to avoid the occurrence of the unwanted singularities in the tran-
sition amplitude, they proposed that a correct spin algebra of Regge bound
states at /=0 should be such that 1) it is subalgebra of SL(2,C) and 2) it is
preserved at a contraction point (¢=0). They have shown that only the algebra
which has all the required properties is the algebra SL(2, C) itself.14

In consequence we have the following results:

1) Regge poles at {=0 should be classified according to SL(2, C) whatever
the invariance group of an amplitude is at {=0. It is thus necessary to dist-
inguish the latter from the classification group of Regge bound states at {=0.

2) Since an IR (¢, M) of SL(2, C) contains an infinite number of angular
momentum states, J=c—k, £=0,1, - , a set of Regge poles at J=0—«, £=0,
1, ceeeee (a family) forms an irreducible state at {=0, called a Lorentz pole as
the last subsection.

3) A Lorentz pole contribution to a scattering amplitude is regular at £=0,

6.3
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while a Regge pole one is not.

4) If parity and PCT operation are included as symmetries, then each ir-
reducible state is characterized by a set of parameters (o, 7, 7) if M=0 or (o,
7, M) if M>0. Here t; is the Lorentz signature, 7 the intrinsic parity!*® of a
Lorentz pole. In each irreducible state (o, 7, M) there are at least two series
of Regge poles with different » (parity doubling).

6. 3 Invariant and helicity amplitudes and their relationship

Let us now try to understand what relation exists between the above
SL (2,C) classification of Regge poles and kinematic constraints on Regge am-
plitudes at #=0. The latter are derived in various ways.!*¥ Here we want to
discuss them on the basis of the relationship between invariant and helicity
amplitudes. It may be written as

=K fe= %jgijF i (6.4a)
Ffr=(KHft= Zj‘lTijF is (6.4b)

where F;(s,?) are invariant amplitudes free from kinematical singularities and
zeros, while f# and f are parity symmetry conserving helicity amplitudes"®
of the s-channel 1+2—3+4 and f-channel 4+2—3+1 scatterings, respectively.
Each fi# is of the form

Forot et 3 dae (6.5)
with a suitable phase factor », where
Pt ae= (L —cos G 714nt(L+cos Gy =1arulfs, o) 6.6

and similarly for f¢t. S;=KsS;; and Ti;=K,T,; are transformation coefficients
where Si; and Ty are polynomials in s and £. Equations (6.4) state that f° and £
are free from kinematical singularities and zeros. It should be emphasized
here that additional zeros will occur in certain linear combinations of fi* or fi
at a point where detS or detT vanish.!#.14® In such a way we have kine-
matical constraints among otherwise independent amplitudes fi.

Let us confine ourselves to the {-channel where Regge poles are assumed to
appear. Kinematical constraints are written as

DT ft =00 —1) for -, 6.7

where (T, is a cofactor of 7 belonging to 7., and we have assumed that
det T=0(t—1,) for t—t,. In the general mass case I, is equal to either (m £ms)?
or (mptmy)? or 0. A conspiracy relation corresponds to the last case since
only in this case there are involved helicity amplitudes which receive contribu-
tions from different Regge poles.

Let us now suppose that each f¢ in (6.7) is replaced by its Reggeized form

~ B 14 e-tzatt)
f,;L-—>(Kit) IWSRM" (6.8)

with appropriate 2, g, where R;, is given by (6.1). Before applying (6.7) (with
to=0), we invoke the daughter mechanism (the SL(2, C) conspiracy) in order
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to have Reggeized fi* regular at /=0 since otherwise (6.7) loses its meaning.
Then one sees that a conspiracy relation enforces a definite relationship between
different Regge families unless it is satisfied in a trivial way."" (The equal mass
case is not an exceptional case since Regge poles must be treated in the frame-
work of SL(2,C) at {=0.)

Such a relationship will correspond to the one which exists between dif-
ferent Regge families within an irreducible state (Lorentz pole) of SL(2,C). By
the same token, Cosenza et al.!*® have shown that any kinematical constraint
of the type discussed above is automatically satisfied if one considers a Lorentz
pole contribution in a generalized sense. Roughly speaking, the latter means
that we calculate it as if the scattering amplitude at =0 were invariant under
SL2, C).

Various authors have worked out some special cases; we refer the reader
to Ref. 20 for NN—-NN, Ref. 149 for NN-YV, Ref. 146 for xN—VN and Ref.
150 for rN--znN.

Extension of the Lorentz pole concept to #550 is being tried by Salam et
al.,’® Cosenza et al.,'*® and Domokos et al.'s®

6. 4 Physical meaning of the Loveniz quantum number M

The quantity M of a Lorentz pole has a simple physical meaning other
than its group theoretical one. First of all we note that

Mgmin. of {Sx'{‘Sg, SZ+S4}, (6.9)

where S; is the spin of the i-th particle. Hence M=0, 1 for NN—NN, There
are thus three types of Lorentz poles which couple to NN system. Class I:
M=0, »=+1. Class II: M=0, »=—1. Class IIl: M=1 (Lorentz signature is
dropped out).

The asymptotic forward s-channel (not vanishing) helicity amplitudes due
to a Lorentz pole exchange is given by!®

Frons a0, ( G =00 =8, 577 IMIh=Al (6.10)
§-r00
and the same for all the mass configurations. (Note that A;—2,=2;—A: implies
angular momentum conservation.) Thus in the forward direction a single
Lorentz pole with a given value of M contributes asymptotically only to the
amplitudes with helicity flip equal to +M. The normal Regge theory, on the
contrary, predicts no spin dependence in the asymptotic forward amplitudes.
The behaviour for {—0 of the helicity amplitudes due to an exchange of a
Lorentz pole (g, M) is given by'*®

f’sx:}x‘; lezoct(l/z)ii—#f—i' ()\min"‘M> for )\mim._ZMM,

— /!
Foratg ngy LA AB i g0 > M > Ain,

i 2 oc /22— ul+M—(1/2) Az — 2min) for <M (6.1D)
344, Araz \max > .

where mez=max. of (4], |¢]) and Anm=min. of ([}, |¢]) with A=4—2, and o=
A3—As. It should be noted that the helicity-non-flip amplitude is suppressed by a
factor ¢, while the amplitudes with Aww=M or 0 and An..=M are allowed to
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contribute with the normal strength. It is due to this property and (6.10) that
conspiracy works so well for the reactions pun—np and rp—un* at high energies

(cf. §2).

§7. Models for Regge poles and further outlook

So far we have presented the review of recent progress in the phenomen-
ological Regge pole theory and some related topics which would become im-
portant in the course of future developments in the Regge pole theory.

The Regge pole hypothesis, combined with unitarity condition, leads to many
interesting results. The recent development of phenomenological analyses in
the high energy reactions of hadrons and the discovery of various kinds of
higher resonances seem to make clear of the validity of the Regge pole hy-
pothesis.

It seems that we are now in a stage to investigate the Regge pole model
from a more fundamental standpoint.’®™ As is well known, the Regge pole
theory is originated from the bound state problem in the non-relativistic po-
fential theory.’®™ We may understand, therefore, that the Regge pole behaviour
has its origin in the composite structure of hadrons. Much efforts are being
made to connect the possible inner structure with the Regge behaviour.

In the following, we shall give a brief review of several suggestions in
connection with the interpretation of Regge poles.

7. 1 The early stage of the Regge pole model

A few attempts were made to interpret the Regge poles in the early stage
of Regge pole theory. Tanaka and Inoue'*® pointed out that the propagation
of a particle with a finite extension might be closely related to the Regge pole
behaviour. They found that both a particle with finite extension!’®” and a
“Regge field’’®® are equivallent to an assembly of the infinite local fields with
different spins. A similar idea was also proposed independently by Licht.!s®
He discussed several non-relativistic models in field theories, such as the rigid
rotator models, the spherical harmonic oscillator model or the hydrogen-like
atom model. He showed that the propagators of the second quantized fields,
which depends on additional quantum numbers, exhibit Regge pole behaviour.
These attempts are interesting in the sense that the Regge pole behaviour is
understood to be due to the propagation of particle with internal structure.

7. 2 Models for the Regge poles

(a) Non-local models for Regge poles

Tanaka et al.'®® further investigated the bi-local field proposed by Yukawa
in 1949'%Y as the simplest model of an extended particle, where the bi-local
field is quantized so as to represent the Regge pole behavior and compared
with the one quantized due to Fierz’s'®” decompositions. The interesting fact
was pointed out that the bi-local field thus quantized takes the duplicate roles.
First, when it arises with a time-like four momentum, it can be decomposed
into local fields with different spins and masses. Second, when it is exchang-
ed with a space-like four momentum between two colliding particles, it gives
to the Regge pole behavior and the decomposition loses its meaning. In the
former case, among the decomposed local fields only several ones belonging to
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low-lying masses and spins may be effective in the low energy region.

It becomes now important to examine the propagator of particles with in-
ternal structure especially for the case when the particles propagates with a
space-like four momentum. We refer to the reader for the paper of Shira-
tujit® where the Green’s functions of bi-local fields are investigated.

Tanaka and Hamamoto, and Salam et al. further proposed the idea of the
Reggeization of unitary spin.!¢®
(b) Feynman-diagram models for Regge poles

Another attempt to interpret the Regge pole behaviour is made in terms of
an infinite tower of elementary particles.” 164 ~166)

Van Hove™ noticed the considerable success of single particle exchange
models with absorptive corrections in the two body reactions in lower energy
region, and tried to seek for conditions in which two models can become equi-
valent. He considered a series of particles with a mass spectrum M(J) which
satisfies the following property,

M(])—oo for J—co, a.D

Under the single particle exchange approximation, the scattering amplitude is
given as follows,

fGs, D= ; M%%Cf)t):;ﬂ-(cos a). 7.2

With suitable analyticity properties of b(J, 1) and M{J) in the complex J plane,
the scattering amplitude for s—co is obtained by applying the well-known Som-
merfeld-Watson transformation in agreement with the Regge behaviour. Also
the Regg-pole amplitude is obtained by summing the most divergent terms re-
sulting from an infinite set of single-particle exchanges.!¢

It is suggested by several authors!®®.%® that this model might be useful as
a guide to understand such aspects of Regge pole model as daughters or con-
spirators.

On the other hand, some interesting comments are given by Halpern'®” to
which we only refer the reader.
(¢) Infinite component (local) models for Regge pole

The above argument leads us to further conjecture, which may be phrased
as follows: Each elementary particle in the above infinite series can never
be independent of each other, but strongly be related as if they are by nature
some kind of unified entity. Therefore it secems natural to consider that such
a series of particles can be described by the infinite-component field theory.

The first attempt was made by Cocho et al.,'®® who showed that the Regge
behaviour can be obtained by calculating the amplitudes related to the ex-
change of the infinite multiplet which belongs to the IR of SL(2,C). Later
more detailed and systematic investigation have been made by Fronsdal,'®®
considering the infinite multiplet of the groups SO(3,1) and SO(4,1). We can
thus obtain the vertex function and compared it with the experimental data.
We note that in these theories, the calculation was made in the time-like case
and then analytically continued to the space-like region. The relationship of
the locality of the infinite component theory and the non-local field is under
discussion by several authors.!?®,1D
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(d) Composite models for Regge poles

On the other hand, we should notice the recent development of composite
model of hadrons.

In addition to the considerable success in the classification of hadrons based
on the composite model, eager attempts!”® were made successfully to understand
the high energy reactions in terms of the composite model. The “‘additivity
assumption’, that the scattering amplitudes are given by the sum of the scat-
tering amplitudes of individual constituent particles, has given many successful
explanations, especially for the forward or backward scatterings.

Further this model gives some remarkable results which are not predicted
by Regge pole model'™ such as the spin dependence of the scattering amplitude
or the ratio of the total cross section of baryon-baryon scattering to that of
meson-baryon scattering.

Machida and Yoshida'™ investigated the relation between the exchange of
a composite system and that of a Regge pole. For simplicity, they use a quark
model and investigate the behaviour of the amplitude in the case when p trajectory
is exchanged. The quark-antiquark scattering amplitude are Reggeized and
xp charge exchange amplitudes are calculated by use of the additivity assump-
tion. They concluded that the residue function must have an exponential de-
pendence in 7 in order to fit the experimental data.

Another attempt was made by Squires'™ to calculate the p trajectory as a
series of bound states of quark-antiquark system. Here the #—= channel is
treated as to give a small correction to the ¢—§ system.
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