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CHAPTER I INTRODUCTION 

§1.l General Statement of the Problem 

Low cycle fatigue is defined to be the fatigue in which the 

number of cycles to fracture is from 1/4 to 10000, and discriminated 

from the high cycle fatigue in which the number of cycles to fracture 

is more than 10 4 , 

The fatigue problem, as a part of mechanics, or_iginated in 19th 

century. Until about 1950, however, it was mainly concerned to 

obtain the endurance limit and stress was a criterion. Recently, 

· atom~c piles and aircrafts have become to be used in high temperature 

. and the thermal fatigue problem has been highlighted and followed by 

the low cycle fatigue problem because of analytical similarity. In 

the thermal fatigue problem, elongation and contraction caused by 

temperature change is constrained and the fluctuating stress appears. 

Therefore, strain becomes meaningful as a variable. Also, in low 

cycle fatigue, since materials go beyond the yield point and get into 

the plastic region, it may be more appropriate to control strain 

instead of stress. 

In the high cycle fatigue problem, materials remain in the 

elastic range where there is no difference between stress control and 

strain control because the stress-strain relation is linear. 

In the case of building structures, members often break due to 

comparatively few cycles of large fluctuating load, when dynamic 

loads, such as earthquakes and typhoons, are applied. Hence, the low 

cycle fatigue problem has been notified. In members of a space 

frame with unbalanced mass and stiffness, combined axial and torsio­

nal cyclic load may be often applied. 

The fatigue problem may be treated in the following stages 

according to the scale of models: 
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(1) Atomic Scale 

(2) Crystallographic Scale 

(3) Strength of Material Scale 

(4) Structural Member 

(5) Assembled Structural Model or Full Scale Model 

Although the studies on fatigue have done in all the above 

stages, it is not possible to explain completely the behavior in one 

stage from those in other stages. In this study, the stage (3) has 

been considered. 

Fatigue problems are divided into the uniaxial and the multiax­

. ial ones according to the directions of stresses or strains applied 

on the specimen. In the case of the stress control test, it is easy 

·to discriminate these two conditions, while in the case of the strain 

control test, it is not, because, eve.n for the uniaxial load, lateral 

expansion or contraction exists. Hence, in the case· of the strain 

control test, also, the uniaxial and the multiaxial conditions. are 

disciminated according to the state that load is applied in the· 

uni-direction or the multi-direction. 

In this study, the biaxial low cycle fatigue where the combined 

axial and torsional deformations are applied synchronously and 

nonsychronously on the thin-walled cylinder made of aluminum alloy 

7075-T6 is dealt with theoretically and experimentally. This 

material belongs to semi-ductile materials. 
! 

In the experiment, a testing machine utilizing the electro 

hydraulic servo-mechanism has been constructed and used. Hydraulic 

pressure ,is controlled by the electric input signal. The axial 

force is generated by a linear actuator and the torsional force by a 

rotary actuator. 
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Experimental results have been compared with the results in 

the previous studies. 

§1.2 Scope of the Thesis 

In CHAPTER I, the introductory comment is given 

In CHAPTER II, the studies on low cycle fatigue are reviewed. 

In CHAPTER III, construction, adjustment, and calibration of the 

testing machine are described and, also, the plan and the method of 

the experiment are explained. 

In CHAPTER IV, the experimental results in CHAPTER III are 

analyzed and compared with the results in the previous studies and 

discussed. 

In CHAPTER V, it is stated how to correlate the low cycle 

fatigue problem with the dynamic behavior of building structures due 

to earthquake. 

In CHAPTER VI, the summary and conclusions of this study are 

written and further studies in the future are suggested. 
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CHAPTER II REVIEW OF THE STUDIES ON LOW CYCLE FATIGUE 

§2.1 Introduction 

The fatigue problem has been being treated in the elastic range 

since.long time ago. Resently, it becomes necessary to know the 

behavior of material in the plastic range subjected to large 

stresses or strains because severe conditions are applied due to 

recent technological development. The terminology "Low Cycle 

Fatigue" was first used in Ref.[l]. In low cycle fatigue, both the 

stress and the strain control tests are possible if material 

breaks in the small number of cycles to fracture. Actually, in early 

ages of low cycle fatigue studies cyclic loads were applied as on 

pressure vessel steel. On the other hand, as stated in CHAPTER I, 

thermal fatigue was treated as the strain controlled fatigue and 

furthermore, in the plastic range, strain can be controlled easilier., 

than stress. In addition, material behaviors are more stable 

during strain cycling than during stress cycling [9]. For these 

reasons, the strain controlled test are usually used in the low 

cycle fatigue studies. 

Manson [2] first proposed the following relationship in the 

uniaxialtest; 

(2.1) 

where ~E is the plastic strain range, N the number of ~ycles to 
p 

fracture, and a. and C constants. Coffin [3] found the value of 

a to be 1/2. 

After that, many numbers of experiments have. been conducted and,_ 

various kinds of formulas and methods of analysis have been proposed 

by many investigators. However, these have been done mainly for the 

uniaxial case and there are few studies for the multiaxial case. 

These low cycle fatigue studies have already been reviewed by some 
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investigators, [4],[5],[6],[7],[8],[9],[10], so that in this chapter, 

mainly the studies on the multiaxial low cycle fatigue problems are 

explained briefly~in.the following few sections. 

§2,2 Problems in the Field of Low Cycle Fatigue 

The previous studies on low cycle fatigue are classified as 

follows: 

(1) Damages by Sequential Loading 

(2) Effect of Mean Stress and Strain 

(3) Effect of Multiaxial Stress Condtions 

(4) Effects of Temperature and Cyclic Loading Rate 

( S) Change of Mechanical Properties duri_ng Cycling 

(6) Effect of Stress Concentration 

(7) Other Problems 

l. Relationship between Themal Fatigue and Low Cycle Fatigue 

2. Relationship between Creep arid Low Cycle Fatigue at High Tempera.,.._ 

ture 

3. Effect of Circumstances of Test 

4. Size Effect 

5. Effect of the Pattern of Input Signal 

In the following, the above effects are briefly explained in 

relation to the studies in this thesis. 

(1) Sequential Loading and Damage Theory 

This is the case where in the whole cycles the strain level is 

changed. In this case, regarding the problem wh~ther the linear 

hypothesis is available when the ratio of maxiamurn strain to minimum 

strain and the order of load application are changed, Gross and 

Stout [11], Low [12], Gucer [13], Kikukawa [14], Ohji,Miller,and 

I1ar.in[l5], Baldwin et. al. [16], Takenaka [17], D 1 Amato [18], Manson 

[8], etc. conducted the experiments and obt·ained 
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n. 
l -N- =O. 6-1. 99 

l . 
l 

( 2. 2) 

where n. is the number of cycles on a certain strain level and N. 
l l 

the number of cycles to fracture on that strain level. Although 

there is no definite conclusion about the above problem, the linear 
n. 

damage hypothesis, i.e., N~ = 1, is considered reasonable. 
l 

In this study, since the strain amplitude is constant during cycling, 

this effect ~snot relevant to this study. 

As to the microscopic consideration of damage, Wood et al. 

6 

[19], Forsythe [20], Laird and Smith [21,22], Avery and Backofen [23], 

Grosscreuz [24], Dolan and Sinclair [25], Yokobori [26], Thompson 

[27], Martin [28], Raymond and Coffin [29] published the papers. 

In this study, however, damage is considered from the macroscopic 

point of view. 

There are some discussion whether energy or strain is chosen as 

the measure of damage. In the region where the stress-strain curve 

are steady, only strain can be a measure, because stress is determined 

by strain. Furthermore, since stress varies less than strain, it. is 

enough to consider strain only. 

Minor's hypotheses [30] and Martin's hypotheses [31] belong to 

the energy-type theory while Yao and Munse's [32], Ohji-Miller' s [15], 

Halford-Morrow's [33], Weiss' [34], and Manson's [8] hypotheses 

belong to the strain-type theory. In this study, strain is chosen as 

a measure except in the nonsynchronous case, where the energy is also 

considered. Recently, Ohji discussed various damage theories in low 

cycle fatigue [35]. 

( 2) ·Effect of Mean Stress and Strain 

Although the case of zero mean strain is treated in this study, 

only the results of some studies on the effect of mean stress and 



strain [15],[18],[32],[36],[37],[38],[39],[40],[41],[42], are 

explained briefly. The effect of mean strain is large only in the 

range where the number of cycles to fracture is less than 10 2 • 

This may depend on how many percent of total damage is suffered in 

the first 1/4 cycle. Damage after the hystereses loop begins is 

independent of the amount of the mean stress and strain. This fact 

can be mathematically explained by the damage theory described in the 

above.references. 

In high temperature, the effect of mean strain is magnified 

because the creep phenomenon increases. 

Shiratori studied the low cycle fatigue with the mean stress . 

. [43] 

(3) Effect of Multiaxial Stress Condition. 

This is explained in the next section. 

(4) Effects of Temperature and Cyclic Loading Rate. 

These two effects are related to each other. The temperature 

effect were studied by Gross and Stout [11], Baldwin et al, [16], 

Sachs et al. [38], Johanson [44], Swindemann and Douglas [45], 

Forrest and Armstrong [46], Tavernelli and Coffin '[47]. As the 

results, so far as there is no structural change inside material, the 

temperature effect on the relationship between the plastic strain 

range and the number of cycles to fracture is very small in the case 

of strain cycling. 
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The effect of cycling rate were studied byforrest and Tapsell 

[48], Nishihara et al. [49], Taira and Koterazawa [SO], Taira [51,52], 

Smith et al. [53], Gohn and Ellis [54], Echel [55], Crum and 

D'Appolonia [56], Gross and Stout [11], Illg [57], Swindemann and 

Douglas [45], Swindemann [58], and Forrest and Armstro.ng [46]. 

As the results, so far as there is no metallurgical change, the effect 



of cyclic rate on the relationship between the strain range and the 

number of cycles to fracture is not serious. However, when cyclic 

rate is extremely large, the number of cycles to fracture increases 

slightly. There are few information on these effects in low 

cycle fatigue. 

(5) Change of Mechanical Properties during Cycling 

This effect is for the purpose not only to know the meterial 

behavi·or but also to apply to the design by expecting the results of 

the stress controlled test from that of the strain controlled test. 
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The nature that the stress range increases (decreases) during 

cycling in the strain controlled test is called "Strain Hardening 

(Softening)". While in the stress controlled test, the strain range 

increases or decreases. Softening or hardeni_ng depends on kinds of 

material, treatments (cold work or anneal), test methods (mean strain), 

etc .. There are some materials whose stress-strain curves become 

stable during cycling after certain numbers of cycle. By noting this 

nature of material, the results of the stress controlled test can be 

expected from those of the strain controlled test. However, the theory 

is not completed yet on this problem .. The.following studies deal with 

this problem, The change of the mechanical properties has been 

studied by Pian and D'Amato [36], Benham and Ford [59], Benham [.60], 

Kawamoto and Tanaka (61], Kawamoto etaL. [62],[63], etc .. The 

correlation between the stress controlled and the strain controlled 

tests have been studied by Marin, Ohji, Miller [15] and Yao and 

Munse [32]. 

(6) Effect of Stress Concentration 

Geometrical discontinuities and notches often causes fracture 

even in low cycle fatigue. Some effort has been made in correlating 

low cycle fatigue data obtained from unnotched specimen with 



notched low cycle f<ltiguc stx'cngth [36],[3'/J,[57],[6il],[65]. It is 

difficult to measure stresses and strains in the root of notches. 

Some e~gineering type information on this subject is available in 

the literature. [ll],[66], [77]. 

(7) Other Important Areas 

There are studies on the correlation between the thermal 

fatigue and the low cycle fatigue, on the correlation between the 

dynamic creep and the low cycle fatigue, on the difference between 

the low cycle fatigue in the air and that in the vacuum condition, 

and on the relationship between full size structures and experimental 

models. 

The effect of the pattern of the input signal is not so much 

studied in low cycle range. 

§ 2. 3 Basic Consideration about Mul tiaxiali ty of Strains un_der 

Biaxial Stress Conditions 

As stated in CHAPTER I, both "Multiaxial Strain Condition" and 

"Multi axial Stress Condition" mean the same condition, that th_e 

multiaxial stresses are applied. · According to Ohji [10], in the 

study on low cycle fatigue under biaxial stress conditions, it is not 

necessary to study for all the domain on s1-s2 plane, but to study 

9 

for the limited domain, only, for the following reasons: In the case 

of complete r~versal strain cycli_ng of isotropic material, each 

component of the principal strains changes its sign after a half cycle. 

Therefore, the sign does not matter, but the ratios of s1:s 2 : s3 

does. Hence, the strain conditions expressed in the first and third 

quardrants and those in the second and fourth quardrants are the 

same, respectively. Thus, it is possible to consider the strain 

condition; problems :in ,the .:fh..,st and fourth .quadrants. only. 
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Further, since, for the biaxial stress condition, 

E:2 V C:2 
E:1:E:2:E:3=1:- :-1-- (l+-) (2.3) 

E:i -v E:1 

E:3 is not changed by exchanging E:1 and E: 2 , Thus, as shown in Fig. 

2.1, d~noting the lines deviding the first and fourth quardrants into 

two equal domains by OB and OE, respectively, one understands that 

domains AOB is equivalent to BOC and COE to EOG. 

In addition, if incompressibility, that is, E: 1+E: 2+E: 3= 0 or 

E:3=-(E:1+E:2), is assumed, directions of principal stresses are 

irrelevant. That is, even if two arbitrary principal strains 

among E:1,E:2, and E:3, are exchanged each other, strain conditions 

are unchanged. This means that a certain strain condition in the 

first quardrant corresponds to 'two strain conditions in the fourth 

quadrant. 
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Consequently, in the case that the condition of incompressibi­

lity (v=0.5) is applied, one has only to test for the strain conditions 

in one arbitrary domain among those in six domains devided by the lines 

OB, OD, OE, and OF and the coor·dinate axes. 

§2.4 Review of Previous Studies on Low Cycle Fatigue under Multiaxial 

Strain Conditions 

Previous studies on low cycle fatigue under ~ultiaxial strain 

conditions are classified as follows by the experimental method: 

(1) Torsion ,fatigue test or combined axial and torsional fatigue 

test. [17],[62],[63],[78]......,[83] 

(2) Method to produce the biaxial stress condition near the center 

on the surface of a bending plate wide enough for thickness. [11], 

[38],[39],[41],[66],[68],[84] 

(2) Method to produce the biaxial stress conditions near the center 

on the surface of a circular, oval 01° rsct2.ngular plate simply 



supproted along it~ edge bent by lateral hydraulic pressure. 

[69],-.,[72],[85],[86] 

(4) Me;thod to produce the biaxial stress conditions on the whole 

suface of a rhombic plate bent anticlastically by two pairs of 

concentrated load at its opposite corners. [9],[87] 

(5) Melthod to apply .the axial load and the internal pressure on the 

thin-walled cylindrical specimen. [88],[89] 

(6) Others. [90],[91] 
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Strain conditions for the above mentioned experiments are shown 

in Fig. 2.1. In the following, the previous studies by each 

experimental method are reviewed from the macroscopic or phenomenolo­

gical point of view. 

(1) Torsion Fatigue Test or Combined Axial and Torsional Fatigue 

Test. 

Benham [78] conducted the torsion strain cycling test by using 

hollow specimens ~f both cold-worked and annealed copper and compared 

those results with his previous results [60] by the uniaxial test 

with the same material. He obtained the linear relationship between 

the plastic shear strain range vs. the number of cycles to failure 

on the log-log paper in the range of 10 to 1000000 cycles. In the 

uniaxial test, discrepancy between cold worked and annealed is small, 

while in the torsional test, the annealed specimen is five times as 

strong as the cold worked specimen regarding strain range. For the 

cold worked specimen, the results of the uniaxial and the torsional 

tests show good agreement if the equivalent~Plastic str~iri bas~d on 

the octahedral shear strain theory was used. For the annealed 

specimen, torsion can take bigger strain range than tension-compress­

ion for the same life. 



Takenaka [17] considered torsion strain cycling in a study of 

commulative damage of mild steel. However,. only three tests were 

done with very high strain ranges, the total number of cycles 

being less·than 47 cycles. 

Halford and Morrow [33] made the torsion strain cycling test 

by using hollow specimens of SAE L~340 and Brass 60-40 and solid 

circular bars of Al 7075-T6 and Al 1100-0 and plotted the results on 

the log-log paper taking the plastic sqear strain along the vertical 

axis and the number of cycles to failure along the bori:;;ontal axis. 

The data drop on straight lines with the solpes of -0.60, -0.52, · 

~o.58 and -0.58. Later Ohji compared [9] some of these results with 

the results of the tension compression fatigue tests by Manson and 

Hirschberg [92] based on the octahedral shear theory and found that 

material for trosion is. several times as weak as for tension-

compression. Discrepancies may be because of difference in defining 

failure. Definite conclusions must be postponed until more test 

results are accummulated. 

Kawamoto et al. [62],[63] also. conducted the uniaxial strain 

cycling test and the torsion cycling test by using hollow specimens 

of Ni-Cr-Mo steel and obtained the results of good agreement for 

both test. 
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Kusumoto and Takeuchi [74] conducted the unia:X:ial and the 

torsion ~train cycling tests and compared both the results by using 

the equivalent strain based on the octahedral shear strain theory and 

the maximum shear strain theory. As the results., agreement ·between 

the uniaxial and the torsion tests was found to be excellent for 

both theories; Also, they obtained the followirig relationships: 

CJ.' 
N ~--·I";., '··, - C' 

•HUA j_/4..-,3/4 -



where a=0.64, C=0.66, a'=0.60, C'=l.21 for SS41 and 

a=0.63, C=0.65, a'=o.sg, C'=l.21 for SUS27. 

As shown in the above equations, the equivalent plastic strain range 

6s for the first cycle was used as a parameter, and failure was 
pe 
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defined to be initiation of visible crack and reducing process of the 

load or torque on the recording paper. 

The same researchers [80] comp~red the results of both uniaxial 

and torsional tests using Cr-Mo-V steel in high temperature(570°C) 

and found good agreement between the uniaxial and the torsional 

results. 

Yokobori, Yamauchi, and Yamamoto [81] conducted the tension­

compression and the torsion strain cycling test, by using thin-

walled cyclindrical specimens of 0.1% carbon steel. During both 

tests, the amplitudes of deformation between the grips of the specimen 

were kept constant and then from this deformation strain was 

calculated with the calibration curve. Both results were compared 

by using the equivalent plastic strain range based on the octahedral 

shear theory and it was found that material for torsion is twice 

as strong as for tension-compression. 

Ohji [82] has been being developing both.the axial and the 

torsional strain cycling tests by using two kinds of carbon steel, 

aluminum, aluminum alloy, and copper specimens. Among them, the 

axial and the torsional results for 7075-TG Al alloy show good 

agreement by using the equivalent strain range. 

Taira [83] conducted the combined uniaxial and torsional 

strain cycling tests in high temperature of 450°C by using 0.16% 

carbon steel. In th'e tests, the total strain ra_nge was controlled 

and the results were analysed by means of the total equivalent 

strain range. The strain ratio A of the shear strain range 6y to 

the uniaxial strain range 6s was chosen to be 0, 1.46, 4.59, and 
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infinity. Although scatter of data was not so small and there were fe~ 

data for the same condition, an almost straight line was obtained 

by using the equivalent strain range based on the octah.edral shear 

theory. 

More iately, Taira et al. [115] carried out combined uniaxial 

and torsional low cycl~ fatigue tests with phase difference and 

compared those results with their own results in the same phase and 

the uniaxial tests. 

They obtained the foll.owing conclusions: The strength of 

material subjected to multiaxial stress cycling with and without the 

rotation of principal axes can be predicted from the data of 

uniaxial low cycle fatigue if the equivalent strain range based on 

the octahedral shear theory is employed. When the equivalent strain 

varies in a complex manner during one cycle, it is better to use the 

effective mean strain range in which the damage in the material and 

the strain history are considered. 

Consequently it is concluded that only one straight line to 

show relationship between the equivalent strain range based on 

the octahedral shear.theory and the number of cycles to failure is 

obtained for both the uniaxial and the torsional fatigue tests. 

(2) Bending Test of Wide Plate . 

. In the case of simply supported beams, as the width to thickness 

ratio increases, the stress conditions near the center on the surface 

varies from uniaxial to biaxial, that is the stress ratio approaches 

to 2:1 for v=0.5. This ratio of 2:1 is equal to that of the membrane 

stresses in the circular and axial directions of thin-walled cylinder 

applied by internal pressure. Therefore, in order to obtain this 

stress condtion of pressure vessels, Gross and Stout [~l],[66],[68] 

at Lehigh University proposed the bending test of wide plate. In 



Japan, recently, Nakazawa and Kiso [ 8Lf] used this test. However, 

because their interest was in the research on the pressure vessel, 

they did not study the effect of multiaxial stress conditions by 

changing the width-thickness ratio but studied the effects of 

loading rate, temperature, notch etc. by using one kind of specimens 

with sufficiently large width-thickness ratio. Stout et al. [11], 

[66],[67],[68], used the wide plate of A-201 steel and 90-B steel 

with the ratio of 1:5 and obtained the linear relationship 6E Na=C 
p 

for the range of N=l000,...,.100000. 

Kiso also obtained the linear relatioship of a=0.70, C=l.56 by 

using the wide plate with the ratio of 30/4. 

Sachs et al. [38],[39], and Weiss, Sessler, and Packman [41] at 

1,-
0 

Syracuse University conducted the bending fatigue test of wide plate 

of A-302 B steel, 5454-0 Al, and 2024-T4 Al with various width­

thickness ratios. The· experimental data were plotted to show the 

relationship between the axial s·train range and the number of cycles 

to failure, taking the width-thickness ratio as a parameter. This 

means that they took the maximum principal strain theory. As a 

result, strength decreased a little as the ratio increased. The ratio 

w/h was taken from 2 to 8. 

Ohji [9] retreated the above results for 2024-T4 Al by using 

the equivalent strain range based on the octahedral shear theory and 

showed that all the data dropped along a straight line on log-log 

paper. 

Miller [93] compared Sessler-Weiss' [40] uniaxial loading data 

for A-302 steel with Sachs et ~l!s bending data [38] for the same 

A302 steel based on the octahedral shear theory and obtained good 

agreement although the overall range was small. 
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( 3) Bending Test of Simply Supported Circular, Oval, .c.or Rectangular 

Plate Subjected to Hydraulic Pressure. 

Blaser et al. [69] developed a method of testing simulatirig the 

state of stress encountered in pressure vessels. In this testing 

machine a rectangular plate specimen of 10 in x 17 in x 3/4 in in 

size simply supported on the edges was uniformly loaded on one side 

by means of oil pressure in a periodic pulsating manner. Therefore, 

this cycling was rather loading cycling. An experimental stress 

ani3,lysis of the plate specimen and a preliminary test for detecting 

of fracture initiation were made and a relatively large area with a 

stress ratio of about two was found to exist in the center portion of 

the plate specimen. 

Bowman and Dolan [70],[71],[72] used the same type of fixture 

as Blaser et at, in conducting the biaxial fatigue tests of pressure 

vessel steels at the stress ratio of 2:1. The plate specimens were 

subjected to pressure cycles of zero to maximum for about 100 cpm. 

In these experiments the magnitude of the maximum pressure was kept 

constant during each test. That is, the tests·were conducted under 

load cycling condition at a stress ratio R1 =min. stress/max. stress 

of zero within a cycle range from 4000 to 100000 cycles. In these 

experiments, the failure was defined as cracks with length of 3/16 

in. They plotted their experimental results in terms of the strain 

range for the steady state versus the number· of cycles to failure 

on the l.og-log paper and obtained a linear relationship. 

Ives [85] improved Bowman's method [70],[71],[72], and conducted 

complete reversal strain cycling tests with circular plate specimens 

under alternating oil pressure from both sides. The circular plate 

.has the diameter of 16 in. and thickness of 11/16 in. and was simply 

supported along its edge. A circumferencial to radial strain ratio 



of unity is theoretically produced at the center of the plate 

specimen. Constant deflection tests were conducted on A-201, A-302 

and T-1 pressure vessel steels in a failure cycle range from 100 to 

100000. Fracture was defined to be the first crack detected by a 

break down of strain gages bonded on the specimen. The results of 

this investigation were compared with the data obtained at Lehigh 

University [73] on the basis of an equivalent strain determined by 

the octahedral shear strain theory with the assumption of volume 

constancy. Agreement between tests and theories was very good for 

A-201 and A-302 steels, but only fair for a T-1 steel. 

Ohji and Shewchuck further improved [86] Ives' method [85] and 

used oval plate in addition to circular plates to generate various 

strain ratios. He 'conducted the deflection controlled test with 

circular, and oval plates of 7075-T6 Al alloy and compared those 

results with his results by cantilever plate bending of the same 

meterial in terms of the equivalent total strain range based on the 

octahedral shear strain theory assuming incompressibility. Agreement 

was excellent. The failure was defined by complete fracture near the 

center of the specimen. The range covered less than 2000 cycles. 

This results were also plotted in Fig. 4.11 for comparison with the 

results in this study and Goto's study. [87] 

(4) Anticlastic Bending of Rhombic Plate 

Ohji [10] invented a new method of the biaxial fatigue test by 

the use of rhombic plate specimens under two pairs of concentrated 

loads of opposite directions at two pairs of opposite corners. 

Goto [87] conducted the fatigue experiments based on the above­

mentioned idea by changing the ratio of long and short diagonal 

lengths as 3" x3", 2"x2.5", 2"x3" with 7075-T6 Al alloy. In addition 

to anticlastic bending of rhombic specimens, he made bendi.ng tests of 
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cantilever specimens and compared all the results based on the octahe­

dral shear strain theory, maximum principal s 0crain theor·y and the 

maximum shear strain theory, assumin,g incomp.ressibili ty. As a 

conclusion, he obtained the best agreement by means of the octahe-

dral shear strain theory. The cyclic range covered less than 2000 

cycles. The definition of failure was initiation of visible hair crack. 

The results also plotted in Fig.4.11 for comparison with the results 

in this study and Shewchuk's study [86], Agreement was fair. 

(5) Combined Axial Load and Internal Pressure Cycling of Thin-

walled Cylinder. 

Kyriakakis [88] conducted biaxial fatigue tests on aluminum 

alloy 2024-T351 in~ cyclic range between 10 4 and 10 5 cycles, 

using hollow cylindridal specimens subjected to combined internal 

pressure and axial compressive load. A linear relationship with a 

slope of about O. 5 between the oc·tahedral plastic strain range 

versus the number of cycles to failure on the log-log coordinates 

was obtained. 

Mullin [89] also conducted biaxial load tests using cylindrical 

hollow specimens of the same 2024-T351 allurninum alloy subjected 

to combined axial compressive load and internal pressure cycling. 

Again the tests were partly load cycling tests at a load ratio R1 =o, 

although the strain ranges in the axial and the tangential directions 

were controlled and kept constant during the tests. In the experi­

ments the phase difference between the axial compression and internal 

pressure was changed as ~=0°, 90°, and 180°. The range of cyclic 

life in these experiments was between 45 and 104 cycles, being 

mostly higher than 10 3 cycles. In this case, it appears that an 

apprecialbe magnitude of mean strain was produced at high strain 

ranges. This is one of the. characteristic features in the low 

cycle fatigue under the one sided stress reversal, and it occurs 
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when increase of mean stress associated with stress cycling is 

large. The results were later compared by Mill-er [93] with the axial 

strain cycling data with zero mean strain using the octadedral shear 

strain ranges as a basis of comparison. For cyclic ,lives less than 

1000 cycles, poor agreement was obtained between theory and experiments. 

However, fair agreement was observed in low strain ranges. 

(6) Others 

The following other testing method of low cycle fatigue under 

the muliaxial stress conditiqns were proposed. 

(a) To generate biaxial stress conditions by using perpendicularly 

crossing plate specimens. [90] 

(b) To produce triaxial stress conditions by applying the tensile 

load on a special specimen. [91] 

§2.5 Problems in Low Cycle Fatigue under ~ultiaxial Stress Conditions 

·So far, the previous studies on low cycle fatigue under multi­

axial stress conditions were reviewed from the experimental method's 

point of view. In the following, studies on some problems in low 

cycle fatigue under multiaxial strain conditions are reviewed. 

( 1) · Effect of Poi~~:m' s Ratio· 

In §2.3; biaxial strain states under cyclic load were considered 

on £1,....,£ 2 plane. Further Ohji [10], Goto [87], and Shewchuk [86] 

took into account the effect of Poissorls ratio on the strain state. 

In the case of the intermediate cycle fatigue, the elastic strain is 

too large to neglect compared with the plastic strain. This means 

that the Poissods ratio varies from the elastic value to 0.5 for 

the plas~ic range. In the intermediate range, the relationship 

between the total strain range vs. the number of cycles to failure 

becomes a little concave. Ohji [10] and Goto [87] drew the curve. 
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between \ t: / c \ or I c /c ~ ! vs. t/J=c 2 / c. 1 taking v as a parameter eq 1 1 eq ~, 

based on both the octahedral shear theory and the maximum shear strain 

theory. 

(2) Effect of Phase Difference 

The following series of studies on the effect of phase difference 

were done at the Pennsylvetnia State University. 

Mullin [89] conducted the combined axial compression and 

internal pressure fatigue test on the thin-walled cylindrical 

specimen of 2024-T351 Al alloy. Although this test was a cycling 

loading test, amplitud~ of the load was controlled so as to maintain 

the strain ranges of axial and circular directions constant in 

recording them by means of strain gages. The phase difference between 

the· cJ.xial; ·compl'.'ession· and the internal pressure were changes as 0°, 

90°, and 180°. The experimental results were plotted on the diagram 

between the equivalent total strain range for the varying component 

based on the octahedral shear strain ·theory vs. the number of cycles 

to failure ranging from Lf5 to 10L1 mostly higher than 10 3. The 

results for the combined tests were co~pared with his results for 

the uni.axial test. Agreement was good near the cycle range of 10 4 , 

but discrepancy was very large for short cycles less than 1000. 

This is one of the characteristics of the low cycle fatigue under one 

sided reversal of stress, wher•e the me·an strain associated with the 

stress cycling increases. 

In Mullin's test [92], the principal strain axes do not rotate. 

On the other hand, V.iller [96] developed a modified octahedral shear 

strain theory in wl;ich restrictions for mean strain and rotation of 

the principal strain axes were eliminated. The main assumptions in 

Miller's theory are 

l The maximum low cycle fatigue damage lea.ding to failure is on the 
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plane, for which the octahedral shear strain becomes maximum during 

the cycle. 

2 The shear strain component in the direction of the maximum 

octahedral shear strain on the maximum octahedral shear plane in l 

determines the degree of damage. By considering the variation of the 

shear strain component during a cycle, the strain range and mean shear 

strain components can be determined for each cycle. These strain 

values were used in Miller's theory for predicting multiaxial low 

cycle fatigue life for the most general case. 

Miller's theory reduces to the octahedral shear strain theory 

when the principal strain axes do not ratate and the principal strains 

are synchronous (in phase or 180° out of phase) at zero mean strains. 

In Miller's theory, only shear strain component in the direction 

of the maximum octahedral shear strain was considered. However,·· there 

is likely some effect on failure produced by the shear strain component 

in the direction perpendicular to the maximum octahedral shear strain. 

This effect was taken into account in a modified octahedral shear 

strain theory developed by Pontzer [97]. He used Miller's first 

assumption but modified the second assumption as; follows: 

2' A variable which determines the magnitude of incremental damage 

on the above critical plane is the summed-up component of instaneous'. 

incr_ement of shear strain on the maximum octahedral shear str'ain plane. 

Both Miller's theory and Pontzer.' s theory have not been verified 

by experimentq yet. 

More recently, Taira et ·al. [115] conducted the combined uniaxial 

and torsional low cycle fatigue tests with phase difference in 

high temperature of 450°C by using 0.16 % carbon steel. The phase 

differences of 90° was selected. The results were compared with 

their results in the same phase and the uniaxial low· _cycle fatigue 



test. Tiley obtdincd tlic following conclusions: The strength of 

meterial subjected to mul tiaxial str,ain cycling with and without 

the rotation of principal axes can be predicted practrcally from the 

data of uniaxial low cycle fatigue data by using the eq~ivilent 

strain range based on the octahedral shear strain theory. When the 

equivalent strain varies in a complex manner during one cycle, it 

is better to use the effective mean strain ra.nge in which the damage 

in the material and the strain history are considered. 

( 3) Effect of .Mean Strain 

As mentioned in §2.2, there are many studies on the effect of 

mean strain under the uniaxial stress condition. In the case of the 

multiaxial str~ss conditions, Miller and Ohji [9] proposed that the 

theory of the effect of mean strain under the uniaxial stress 

condition can be applied to that under the multiaxial stress condit~ 

ions, if the equivalent strain based on the octahedral shear strain 

theory is employed. The experimental varification has not been made 

yet. 

(4) Comparison between the Load Controlled Test and the Deflection 

Controlled Test . 

. As mentioned in the preceding section, in the load controlled 

test like as the combined axial compression and internal pressure 

fatigue test, [89] accumulation of mean strain associated with load 

cycling is large. Then, Ohji [10] showed that life for load cycling 

with mean stress under the multiaxial stress condition can be 

. estimated from the results of the complete reversal strain cycling. 

General comparison between the load controlled test and the deflect­

ion controlled test was ·· already explained in § 2 . 2. 

(5) Thermal Fatigue· 

The thermal fatigue problem under the multiaxial strain condit~ 
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ions can not be explained unles[:; cor'relation between thermal fatigue 

and low cycle fatigue under the uniaxial condition. Fortunately, 
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this correlation was clearified already ir. Refs. [9],[95]. Based on 

this fact, Taira, Ohnami, and Inoue [96],[97] calculated numerically 

the thermal total strain caused by temperature change on the cyclindri­

cal and spherical model of infinite length and, attempted to predict 

the results of thermal fatigue under the multiaxial stress conditions 

from the results of thermal fatigue and low cycle fatigue in high 

temperature under the uniaxial stress condition by means of the 

octahedral shear strain theory with 0.16 % carbon steel. 

(6) Studies Related Directly to the Practical Problems 

In the above, the studies on low cycle fatigue in the strength 

of materials scale were reviewed. While, fatigue of prototypes 

fabricated with those materials was studied in the fields of 

aeronautical engineering, ship building and structural engineering. 

One of the most typical studies was the group study on the pressure 

vessel by Pressure Vessel Research Committee. This study included 

the research on specimens [ll],[66],.._,[68],[70]......,[73], tests on small 

models [74],[75] and full size tests .. [76],[77] Main interests were 

in estimation of the working stress of high strength steel for high 

pressure vessels, the method of formi_ng including weldi_ng, the 

effect of stress concentration on the fined surface, welding bead, 

manholes and nozzles, etc •. According to the reports by Kooistra et 

al. [77], the results of model or full size fatigue test agree with 

those of the uniaxial test if the virtual stress of Langer [98] is 

used. 

Low cycle fatigue studies in the field of structural engineer­

ing will be reviewod in CHAPTER V. 

(7) Others 

As other problems on low cycle fatigue under the multiaxial 



stress conditions, there are 

l Low cycle fatigue of notched specimens, 

2 Low cycle fatigue of rotating discs caused by start and.stop, and 

3 Fatigue of deforming bellows. 

l The multiaxial stress condition appears at the root of notches. 

even when the uniaxial load is applied. Its behavior during cycling 

in ~he plastic region is unknown yet. Manson and Hirschberg [65] 

conducted the fatigue tests on the round bar specimen which has 

notches on both sides by controlling the variation of the diameter of 

the critical cross section, that is, by controlling the mean value 

of the strain range. They compared its results with those of plain 

specimens. 

2 Hagihara [99] studied experimentally fatigue of rotating discs 

caused by start and stop and attempted to correlate its results with 

those of the uniaxial test by using the results of stress analysis 
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and the plastic strain analysis. According to the fact that in the 

rotating disc, the life varies largely by the small change of the 

strain range, this test shows the characteristics of load cycling with 

mean stress. Therefore, if modifying the uniaxial results on account 

of mean strain, the results of the uniaxial test agreed with those 

of rotating discs. 

3 Hamada and Takezono. [100] investigated the fatigue strength of 

bellows made of SUS 27 in both the elastic and the plastic ranges. 

They compared these results with those of the uniaxial test based on 

their own results of the stress analysis [101] and the limit analysis 

[102] of bellows. Agreement was good. All the results were treated 

from the stress 'point of view. In the low cycle fat.igue range, the 

virtual stress proposed by Langer [98] was used. 
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CHAPTER III EXPERIML:NTAL STUDIES ON COMBINED AXIAL AND TORSIONAL 

LOW CYCLE FATIGUE 

§3.1 Introduction 

For the purpose to study experimentally biaxial 

fatigue, the following tests were conducted by 

cylindrical specimen of aluminum alloy 

diameter of 1inch, the wall thickness 

length of 1inch. 

(1) Tension-compression fatigue test 

(2) Torsional fatigue test 

7075-T6 

of 0.05 

(3) Combined axial and torsional fatigue test 

using 

with 

inch, 

low cycle 

the thin-walled 

the internal 

and the gage 

(a) Synchronous combined axial and torsional fatigue test with the 

strain ratio A= 6y /6~ of 2. 
xy X 

(b) Synchronous combined axial and torsional fat.igue test with the 

strain ratios of 3 and 1, and 

(c) Nonsynchronous combined axial and torsional fatig;-1e test with 

the strain ratio of 2. 

In order to perform the above tests, a testing machine utilizing 

the electrohydraulic servomechanism was constructed in the Fatigue 

Laboratory at the university. 

All the tests were done for the completely reversal strain. In 

the nonsynchronous test, the phase difference is selected to be 45° 

and 90°. 

The strain range covers from 0.015 in/in to 0.225 in/in for the 

axial test and from 0.03 in/in to 0.85 in/in for the torsion test. 

These strain ranges correspond to the number of cycles to fracture of 

1/4 to about 2000, which was chosen for the purpose 0£ comparison with 

the results of other biaxial low cycle fatigue tests with the same 

material. 



l3oth strain and stress were recorded with time to obtain the 

hysteretically dissipated energy. 

§3.2 ~aterial and Specimen 

(1) Description of Material 

Aluminum alloy 7075-T6 was used as material in the experiment. 

This is a kind of semi-ductile material used in aircraft structures. 

The chemical composition of this material is as below: [39] 

Zn 5.6 % 

Mg 2.5 % 

Cu 1. 6 % 

Cr 0.3 % 

Al Rest 

This material is classified crystallographically into the face 

centred cubic crystal. 

The mechanical properties of 'this material according to Ref. 

[103] and the tests in the laboratory [86],[87] are listed in 

Table 3. l. 

The meterial used was supplied by the Alcoa Co. with the shape 

of seamless pipe with the outer diameter of l 1/2'', the internal 

diameter of l", the wall thickness of 1/4", and the length of 3'. 

(2) Description of the Specimen 

The specimen used in the-experiment is drawn in fig.3.1. The 

specimen has the total length of 9 1/2", the 'internal diameter of l", 

the gage length of l", and the wall thickness of 0.05" in the gage 

length portion. The specimen has the.thread and the key-way in 

both ends to fix specimen to the testing machine. 

The shape of the specimen is determined by copying the plastic 

torsion specimen of Ref. [103] and the ASTM Standards [104], so that 

there occur neither stress gradient in the thickness direction nor 

2'/ 
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static local buckling. 

The specimens were cut out of the original seamless pipe in the 

machine shop in the university. 

§3.3 Testing Machine 

(1) General Description 

A new testing machine has been constructed so as to conduct the 

combined axial and torsional low cycle fatigue test. This testing 

machine can give the specimen the tension-compression and the cyclic 

torsion independently. The servomechanism is utilized in this machine 

and the hydraulic pressure is given according to the electric input 

signal. Capacity of this machine is determined by considering those 

of all machine parts as a whole. As the results, capability is 

limited by the hydraulic pump which has flow capacity of 15 gallon per 

minute under the hydraulic pressure of 2000 psi. 

The cyclic loading rate depends directly on the input signal 

motor in which the gain is unity and the phase difference is zero 

as the results of the system analysis. 

The machine consists of the following parts. 

(A) Mechainal Part 

(B) Electric Part 

(C) ~ydraulic Part 

(D) Recording Part 

The mechanical part is the part to set up the specimen at the 

specified position and to transmit the hydraulic force controlled 

electrically to the specimen. 

The electric part.includes two input signal generators, a 

power supply, and two servocontrollers, etc .. 

The hydraulic part generates hydraulic pressure and gives this 

to the mechanical part. 
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The recording part measures and records stresses and strains on 

the specimen. 

Interrelation among these ri:achine parts is shO'tm in l'ig. 3. 2. 

A picture of this machine is given in Photo.3,1. This machine consists 

of two independent channels like as an audiostereo set, so that each 

channe::.. needs two identical parts besides the common ?art. 

(2) Mechanical Part 

The block diagram of the machaincal part is shown in Fig.3.3. 

This part is the part which gives the specimen independently the 

tension-compression force and the cyclic torque generated by the 

actuators and has the following mechanism. 

The tension-compression force generated by the linear actuator 

(A) is isolated and at the same time, held alignment by the thrust 

bearing housing (D). The cyclic torque generated by the rotary 

actuator ( B) is . isolated and at the same time held al.ignment by the 

die-set (C). Thus, the actuators can give the specimen the tension­

compression force and the cyclic torque independently. The specimen 

(E) is set up by fixing the nut to the thread of the specimen and 

putting this in the grip and then tightening the cap (F) against the 

axial force. Against the torque, the specimen is set up by fixing 

the nut to the specimen by putting the key to the ]<ey-way on both the 

specimen and the nut and by fitting the notch of the nut to the 

projection of the grip. Photo.3.2 shows a set of specimen, nut, 

and keys. 

In other to measure the stress on the specimen the load-cell 

(G) made of leaded steel CL-III is set up between the linear actuator 

and the grip and the foi~ strain gages of rosette type with three 

elements is put on it. 

All the mechanical part is designed to resist the maximum 
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strength of the specimen. 

These machine parts are fixed on a box beam (!-I) of 7 ft. in 

r, (, 
00 

length and 8 x 18 inch in section. Assembling was made in the machine 

shop at the University. 

(3) Electric Part 

The block diagram of the electric circuit is shown in Fig.3.4. 

The electric part consists of input signal transducers, and a feedback 

transducer (tracer), a servocontroller, and an electric power 

supply for each of the linear and the rotary channels,· These parts 

make a closed-loop feed-back system. In the servocontroller the a.c. 

input signal generated by the input transducers is compared with the 

output of the feed-back transducer w0ich picks up the motion of the 

actuator as the final response and the error is amplified by an a.c. 

amplifier and demodulated and again amplified by an d.c. amplifier 

and then sent to the servovalve as direct current. In.the servovalve, 

the hydraulic pressure given to the actuator is controlled so as to 

cancel the error and, hence, the output response can follow the input 

signal accurately with certain frequency characteristics. Really, 

under the speed of 8 rpm., the output could follow the input signal 

without phase difference. In the a.c. amplifier the carrier of 400 cps. 

is used. The electric power pack is the power supply:, for the ... servo­

controller. 0 The servocontroller and the power pack used in this 

experiment are made by MOOG Servocontroller Inc .. 

The device which generates the input s_ignal is shown in Photo. 3. 3. 

This device consists of two LVDT's (Linear Variable Differential 

Transformer) for a micrometer•-stand and a common gear motor per channel. 

One of two LVDT's is for generating the mean strain and the other for 

the alternating strain, The input signal for mean strain can be 
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genera.ted by changing the output voltage of the LVDT by turning the 

handle of the micrometer-sta:0. The input signal for the alternating 

amplitude cc1n be gci1cratcd by converting the projection of the motion 

of one ehd of the crank whose other end is fixed to the axis fo the 

gear motor of 8 rpm. into electric voltage by using the LVDT. 

Therefore, this signal is a sinusoidal curve whose frequency is 

8/60 cps. The input signal for the mean strain plus the alternating 

strain can be reduced by turning the potentiometer of 100 turns which 

is set on the servocontroller. The phase difference between axial 

and torsional strains can be given by setting up two sets of such 

input device with various angles. '.:he LVDT used in this machine 

is the LVDT-1000SSL of Schaevi tz Inc., whose travel range is_ -11.!..0-1 11 

and sensitivity is 0.27 mv/0.001"/v .. The primary voltage is 9 v. 

and is supplied by the power pack. When the input signal is connected 

in parallel for each channel in.order to get rid of higher harmonics 

of the carrier. The output or feed-back transducer which is the same 

kind of LVDT as in the input device picks up the motion of the piston 

whose end is fixed on the die-set for the linear motior:, while for 

the rotary motion the ouj::pu·t motion is fed back after conver·ting 

rotation into linear motion by using the device as shown in ?hoto.3.4. 

(lf) Hydraulic Part 

The flow diagram of the hydraulic part is shown in Fig.3.5. 

Since this machine utilizes an electrohydraulic system, the hydraulic 

part makes a closed loop together with the electric part. Although 

both parts can not be seperated, the sections are sepe1,ated for the 

convenience of explanati011. 

Texaco Meter Oil is used for the hydraulic fluid and is reserved 

in the reservoir of 6 j::,1~ 3 
J. I. • The hydraulic fluid should be incompressi~-

ble. The fluid in the reservoir is circulated by ·the pump of 15 gallon 
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1(2 

per minute at 2000 psi. driven by an electric motor of three phase a.c. 

and gives pressure to tvJO servovalves. Flow of the pump is controlled 

by the flow controller. The excess pressure returns to the rc::;ervoir. 

The fluid pressure controlled by the servocontroller is transmitted 

to the actuator from the servovalve. The hydraulic cylinder H-42 

of Milwaukee Cylinder Co. is used as the linear actuator. The 

hydraulic cylinder should be of balanced type which has the same 

pressurized area for both directions since the four-way servovalve 

is used. The allowable pressure and the pressurized area of the 

cylinder are 3000 psi. and 3l.Lil6 in. 2 , respectively, the maximum 

force being 94208lb .. The single vane rotary actuater RN-63-IV 

of Ex-Cell-O Co. is used for the rotary actuator. The allowable 

pressure is 1000 psi., the maximum torque being 87001b. in •. As for 

the accessaries of the hydraulic system, there are a relief valve, 

an accumulator, and pressure gages, 

The relief valve is a safety valve to keep the supplying 

pressure of the pump smaller than the allowable pressure of other 

hydraulic part. 

The accumulator is a kind of buffer to reduce the shock of 

hydraulic pressure. The type NA4-4 of Milwaukee Cylinder Co. is 

used for an accumulator. 

Totally five pressue gages are used in the system; one of them 

is to show the supplying pressure and the other four are set up right 

before four ports of the actuators. 

Stearn seamless steel tubing of 3/4" and 1/2" in outer diameter 

of Williams and Company Inc. and steel fittings of F & L Fitting Co. 

and of Swagelock Co. are used for piping. Tubes and fittings can 

bear ~p to 3000 psi .. 

(5) System Stability 



As mentioned before, the cyclic loading rate does not effect on 

low cycle fatigue in room temperature. However, the tests are 

preferably performed in the highest cyclic rate that the machine can 

run in order to save test time. For doing this, the response 

frequency characteristics of the testing machine is needed. 

43· 

The testing machine has a natural frequency depending on the 

characteristics of the sevovalves, the actuators, and oil. The. gain, 

i.e., the ratio of the input amplitude to the output amplitude as 

well as the phase difference between them are functions of the ratio 

of the frequency of the input signal to the natural frequency of the 

system. 

The block diagram of the closed loop electrohydraulic servome­

chanism is shown in Fig.3.6 . 

. The gain V /V. as well as the phase difference~ are .g·ivefr•as 
0 l ~ 

follows according to the calculations in Refs. [94],[105] 

For the linear motion part, 

w w3 

-1 640 1.85 x 10S 5P =-tan · 

lt 2,8 X 104 

and for the rotary motion part, 

log 

where 

V 
1~1 V. 

l. 

. -1 SP =-tan 

V. input voltage, 
l 

V feed-back voltage, 
0 

(3.1) 

(3.2) 

(3.3) 

(3.4) 



In
p

u
t 

V
i 

M
ix

in
g

 
N

e
tw

o
rk

 

E
rr

o
r 

(v
i.

.;
.v

o)
 

. ·
;i,

~ 
-

V
a
lv

e
 

I 
S

p
o

o
l 

P
is

to
n

 
.~

~
~

_
_

,C
u

rr
e
n

t 
P

o
s
it

io
n

 
P

o
s
it

io
n

 

K
A

 

S
e
rv

o
­

a
m

p
li

fi
e
r 

O
u

tp
u

t 
V

 0 

I 
K

 
X

 
K

 
. 

X
p

 
V

 
a
c
t 

S
e
rv

o
-~

 
A

 
t 

t 
1 

c 
u

a
 

o
r 

v
a
 

v
e
 

. 
K

F
 

F
e
e
d

b
a
c
k

 
T

ra
n

s
d

u
c
e
r 

. 
·_ .

f 

F
ig

. 
3

.6
 

B
lo

c
k

 
D

ia
g

ra
m

 
o

f 
E

le
c
ti

o
h

y
d

ra
u

li
c
 

S
e
rv

o
m

e
c
h

a
n

is
m

. 
. 

-
-

. 
-

. 

. O
u

tp
u

t 

r 

+
 

+
 



g : phase angle between the input voltage V. and the feedback 
l 

voltage V , and 
0 

w: circular frequency of the input signal of the testing machine. 

For the circular frequency of the input signal w=2n f=2 x 3.14 

x 8/60=0.8 rad/sec, V /V. is in the range of land <pis 0°, hence, 
0 l 

the system is stable for the input signal of 8 rpm. 

The recording part. is explained in the followi.ng section. 

§3.4 Instrumentation (Recording Part) 

In the experiment, the necessary and sufficient outputs for 

constructing a new theory should be measured. The following outputs 

may be considered: For axial motion: Pressure, Str.ess, Deformation, 

Strain, and for torsion: Pressure, Shearing Stress, Twisting Angle, 

Shear Strain. 

For the purpose of energy consideration, these outputs must be 

read continuously with time. However, if appropriate calibration 

tests are done statically for each channel, all the above outputs 

4S. 

need not be recorded in the case of cyclic combined test. If the 

relation between strain and elongation is p+otted in the diagram, 

preliminarily, either one of them has only to be recorded continuously 

with time. Similarly, either of pressure or stress has only .to be 

recorded, In this experiment, as to 'the information of deformation 

type for axial motion, the reading of the extensometer equipped for 

the gage length or the reading of the strain gage put on the specimen 

was recorded continuously, whiletfor ;torsion the strain gage reading 

was recorded, As to the information of force type, both axial and 

shear stresses were recorded continuously with time by the strain 

gages put on the load cell, 

For the strain criterion, strain has only to be recorded, while 
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for the energy consideration, both stress and strain should be recorded 

because the energy depends on the stress-strain curve. 

In the analysis, the total strain Etl' was used. However, if the 

plastic strain E is needed, it can be calculated by using 
p 

L:.L cre 
€ =E -E =---p tl e L E 

( 3. 5) 

with the deformation L:.L and the elastic limit cre which are measured, 

where E is the elastic limit strain, L the gage length, and Ethe 
e 

Young's Modulus. In this experiment, the outr:uts were recorded as 

follows: 

(1) Axial Motion 

The pressure was recorded by reading the pressure gages 

equipped right before the ports of the actuator for both 'tension and 

compression. The stress was. recorded by the pen-recorder as the 

output of the strain gages put on the load cell parallel to its axis: 

Since this shows the elastic deformation of the load cell, the stress 

on the specimen should be recalculated ·by using the Hooke:' s low and 

the condition of continuity between the specimen and the load cell. 

For the strain gage, the axial direction component of the steel 

compensated foil gage C6-121-R3A of Budd Company was used. For the 

strain indicator, 300CF of Daytronic Co. was used; For the pen 

writing recorder, 250A of Baldwin-Lima-Hamilton Co. was used. 

This recorder is an inkwriting recorder with two channels and can be 

used for recording the shear stress or the strain from the extenso-

meter, also. 

The deformation was measured by the dial gage fixed on the die 

set. The dial gage reading shows the deformation of the total length 

of the specimen plus the backlash of the thread. This quantity can be 

read out also as the electric voltage by means of the feedback LVDT 



fixed on the same die-set. The output of the LVDT can be recorded 

continuously by the cathode-ray oscilloscope with a memory. 

The strain for the gage length was measured by both the 

extensometer attached to the specimen arid the strain gage and, at 

the same time, directly by the telescopic gage and the micrometer. 

47. 

The output of the extensometer was recorded by the pen recorder follow­

ing Daytromic 300CF Strain Indicater. The extensometer is shown in 

Fig.3.7. 

In the uniaxial test, the relationship between the extensometer 

reading and the telescopic gage reading was first plotted for the 

static test and, then, for the cyclic tests the strains were obtained 

from the continuous reading of the extensometer by using this diagram. 

In the combined test, the relationship between the strain range 

by the strain gage put on the specimen and that by the dial gage was 

first plotted for the typical test, and then, for other cyclic tests 

the strain range was obtained from the dial gage by using the diagram. 

The travel range of the dial gage is 0-1" and the minimum division 

is 0.00111 • 

For the feed beck LVDT, as.well as the input LVDT, Schaevit~ 

LVDT lOOOSS-L was used. 

For the strain gage put on the specimen, the dynamic post yield 

strain gage SR-4, PFA-50 of the BLH Co. was used for the uniaxial 

test and the post yield rosette gage EP-08-250-RA-120 of William T. 

Bean Co. for the combined test. 

For the cathode-ray oscilloscope, TEKTRONIX Type564 oscilloscope, 

Type3A3 Dual Trace Differential Amplifier, and Type 2B67 Time Base 

were used. This cathode-ray oscilloscope has the terminal for the 

external input in the Time Base and can be used as an X-Y recorder 
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together with the Type3A3, Also, it has the memory which can show 

the whole process of the test. 

5.0 

The strain indicator and the pen-recorder were used in common 

for both the stress and the strain recordings. The schematic diagram 

for recording the axial motion is shown in Fig.3.7. 

The picture of the specimen set up with the extensometer is 

shown in Photo.3.5. 

(2) Torsion 

The pressure were vead out by using the pressure gages right 

before the ports of the actuator for both the clockwise and the 

anticlockwise directions. 

The shear stress due to torsion was, measured by means of the 

four active gage method [106] by using four strain gages,put·on'the 

load cell in the direction of 45° from the axis. The lead wires of 

the strain gages were connected to show the shear stress and led to 

the strain indicator, the output of which was recorded by t~e pen 

writing recorder in the same manner as in the axial case, The same 

indicator and the pen-recorder as in the axial case were used. 

For the strain gage, the orthogonal components of .. the' ·rosette 

foil strain gage C6-121-R3A were used. The stress by the strain gage 

can be compared with that by the pressure gage. 

i The twisting angles for the gage length and between the grips 

can be read out by using the protractor installed on the specimen and 

the angular scale drawn on the wall of the bearing housing, respective­

ly. Also, the rotary motion can be obtained by converting it into 

·linear motion by the device attached to the·axis of the rotary 

actuator shown in Photo.3.4 and then by reading the linear motion 

through the LVDT. '; '1'his LVDT is also the feed back transducer for 
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torsion. For the feed back LVDT, the LVDT1000SS-L of Schaevitz Co. 

was used like as in the axial case. The output of the LVDT can be 

read on the cathode-ray oscilloscope. 

The shear strain can be measured by two strain gages put on the 

specimen in the direction of 45° from the axis by means of the two 

gage method. For the strain gage, the post yield foil gage HE-141-

R2VC-120 of Budd Co. was used for the torsion test and for the combined 

test the post yield foil gage HP-08-125-RA-120 of W. T. Bean Co. was 

used. Two kinds of gages can work up to 30 % shear strain. In the 

experiment, after it is made sure for the typical test that the strain 

by the strain gage agrees satisfactorily with that obtained theoreti­

cally by the protractor reading of the twisting angle, the strain was 

determined only by the protractor reading for the other tests. 

The schematic diagram of the recording system in the torsion 

test is shown in Fig.3.8. 

The picture of the specimen with the protractor is shown in 

Photo.3.6. 

§3.5 Calibration Test 

Before the experiments begin, some calibration tests of this 

testing machine are necessary. The calibration tests include the 

following items 

(l).Potentiometer setting vs. the output voltage of the feed-back 

LVDT which shows the output deformation of the machine, 

(2) The voltage of the signal LVDT vs. the output voltage of the 

feed-back LVDT for both the linear and the rotary motion, 

(3) The reading of the pressure gage vs. the strain indicator 

reading for the load cell with the fixed potentiometer setting, 

(4) Die-set movement vs. the linear strain gage on the specimen, 

( 5) The angle of twist vs. the torsion strain g.age on the specimen, 



and 

(6) The extensometer reading vs. the micrometer reading of the 

telescopic gage. 

The results of (1) and (2) are shown in Fig.3.9(a) for the 

linear motion and in Fig.3.9(b) for the rotary motion. 

The results of (3) are shown in Figs 3.lO(a) and (b) . 

The results of (4) are shown in Figs. 3 .11 (a),...,_,- ( g) . 

The results of ( 5) are shown in Figs. 3.12(a),..,,...,(c). 

The results of (6) are shown in Fig. 3.13. 

The first three items are for the machine itself, while the 

results for the last three items are used for obtaining the strains. 

All the results have been found good. 

§3.6 Design of the Experiments 

The experiments were done according to the following plan. 

In order to compare the results in this study with Shewchuk's 

[86] and Goto's [87] results, the range of the nrnnber of cycles to 

fracture has been selected to be from 1/4 (static) to 2000. Since 

there are many outputs to read during the test, most of the tests 

covered from 10 to 2000 so as to com~ete the readings. Except the 

uniaxial tests which include the preliminary tests for the purpose 

of watching how accurate the machine worked, four or five strain 

levels.were chosen and on each strain level three tests were 

conducted. 

For the combined tests, the ratio.A of the torsional shear 

strain to the axial strain of 2:1 and the phase difference of zero 

were selected as the standard. The ratio of 2:1 gives the same 

damage to both the axial and the torsional shear strain gages if 

one uses the three element right angled rosette strain gage .. The 

54 
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strain ratios were taken to be 1:1, 2:1, and 3:1, and the phase 

difference were o0 , 45°, and 90°. With the expectation that the 

test results for different strain ratios may appear on the straight 

line on the log-log plot of the octahedral shear strain vs. the 

number of cycles to fracture, only four tests on different levels 

including the static test were conducted for each ratio of strains. 

For the phase differences other than 0°, that is, nonsynchronous 

case, the strain ratio was selected to be 2:1 only, to know only the 

effect of phase difference. For this series, two specimens, one 

of which has a strain gage, were tested for each strain level. 

Besides the above-mentioned plan, a small number of arbitrary 

variations were added. 

§3.7 Test Procedure. 

The experiments were performed in the following three stages: 

(1) To set up the strain range, the strain ratio, and the phase 

difference, 

(2) To switch on the testing machine and to set up the specimen, and 

(3) To observe and dispose of the test. 

Each stage is explained as fbllows: 

(1) To Set up the Strain Range, the Strain Ratio, and the Phase 

Difference. 

'.I'he strain ra.1:1ge is set up in the same manner for all the 

uniaxial, torsional, and combined tests, while the strain ratio, and 

the phase difference are set up only for the combined test. 

The strain range was set up by turning the potentiometer in the 

sevocontroller referring to the diagram in Figs. 3.9(a) and 3.9(b). 

The mean strain can be given by controlling the micrometeX>Stand of 

the input signal device. The machine is designed so that the sum 

of the alternating and the mean strains may be controlled by the 

potentiometer. 
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The strain ratio was given by setting up the strain ranges of 

the axial and the torsional channels, independently. 
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The phase d.ifference was obtained by changing the angle between 

the input divices for both channels. Photos.3.3 and 3.7 shows the 

cases of o0 and 45° phase differences, respectively. 

The handle for the flow control was held so that the main 

pressure gage may show 1500 psi. when the oil pressure was given in 

keeping both the by-pass and the throttle valves closed. 

(2) To Switch on the Testing Machine and to Set up the Specimen 

The procedure from switching on the testing machine to beginning 

to run the machine is explained for each of the axial, the torsional, 

and the combined cases in the following. 

(A) Axial Test 

1 Open two throttle valves and the by-pass valve. 

2 Switch on the electric motor in the hydraulic power unit. 

3 Push the main switch for the electric part and other instruments. 

4 Switch on the cathode-ray oscilloscope. 

5 Switch on the servocontrolleri in keeping the gain zero and then 

turn the gain control to the maximum. 

6 Connect the terminal of the strain gage on the load cell with 

the strain amplifier and indicator and then switch on the 

amplifier. 

7 Switch on the pen writing recorder. 
I 

8 Leave the machine for 30 minutes until it becomes the steady state. 

Mean:...while, install the metal fittings with the specimen according 

to the following procedure. 

9 Install the left nut with the specimen . 

. 10 Inser:t the keys into the left key-ways of the specimen-nut system. 

11 Install the left auxiliary nut w;i,th the specimen, This is done 
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by tightening the nut by a wrench in catching the specimen by 

a vice. 

12 Take the left and right caps on the specimen. 

13 Install the right nut with the specimen. 

14 Insert the keys into the right key-ways of the specimen-nut 

system. 

15 Tighten the right auxiliary nut into the specimen by a wrench. 
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Leave the specimen with the metal fittings on the table during the 

following procedure to prepare the .machine. 

16 Take null of the LVDT's. This is done by measuring the output 

of the LVDT by the cathode-ray oscilloscope with high impedance. 

17 Set the potentiometer to get the objective strain range by 

Fig. 3 . 9 (a) . 

18 Switch on the motor for the pressure and increase the pressure by 

shutting off the by-pass valve. 

19 Driving the input device without load, check the amplitude of 

the output displacement. 

20 Widen the distance of both the left and right grips by moving 

the axial output LVDT by hand. 

21 Install the specimen-nut system prepared in the steps 9 to 

15 with both gri~s of the machine, In this case, tighten first 

the right cap into the right gip and then move the left grip 

closer to the left nut of the specimen by moving the output 

LVDT by hand. (Do not tighten the left cap, yet.) 

22 Attatch the extensometer to the specimen and connect its 

terminals to the strain amplifier and indicator. 

23 Adjust the zero position of the strain indicator and the pen 

recorder and calibrate then with the strain gages. 



24 Insert the left nut of the specimen closely into th~ left grip 

by moving the output LVDT by hand until the small elastic 

compression is applied to the specimen, watching the stress 

channel of the strain indicator. In case that the projection of 

the grip does not fit the notch of the nut, give a little bit of 

rotation to the rotary actuator by moving the torsional feed-back 

LVDT by hand. 

25 Tighten both left and right caps to the grips firmly. 

26 Release the elastic compression given in the step 24 by m?ving 

the output LVDT. 

27 Close the torsion! throttle valve. 

(B) Torsional Test. 

1 Follow the procedure 1 through 21 in the axial test. 

2 Connect the output of the strain gage on the specimen to the 

strain indicator. 

3 Follow the procedure 20 through 23 in the axial test. 

4 Install the protractor to the specimen. 

5 Close the axial throi:tle valve keeping the torsional thro;ttle 

valve open. 

(C) Combined Test 

1 Follow the procedure l through 4 in the torsional test. 

2 Keep the both throttle valve open. 

(3) Observation of the Experiment and Disposition. 

1 Before the test begins, make the blanks to fill the results in. 

Some examples of the tables of the experimental results are shown 

in Tables 3.2 to 3.4. 
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2 Read and write the initial conditions of the items. to be recorded. 

3 Conduct one cycle of static test before the dynamic test. This is 

done as follows: 
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Table 3.3 

Original Results of the Torsional Test, No.7. 

Potentiometer 8, Pressure 600 psi, N=27 

Input Output Pressure Angle of Strain Strain 
LVDT LVDT Twist by Gage on Gage on 
( Core ( x 5 mV) Left Right Protractor Specimen Load 
Position (psi) (psi) (Degree) ( x 5 Range) Cell 
X 0.1 in) ( x 50Range) 

Initial 2.1 -5.8 
5 0.63 50 250 0.1 -1. 3 -14.3 
6 0.8 90 200 0.6 1.6 -6 
6.5 l. 23 180 lLfO ·l.O 3.3 -2.4 
7 l. 7 130 130 1.35 5.3 4.7 
7.5 2.1 200 100 l. 8 7.4 •.11 
8 2.55 280 2.3 9.5 16.5 
8.5 3.0 300 80 3.2 12.7 18.8 
9 3.4 350 60 3.9 17 .. 20.2 
9.5 3.8 380 50 4.6 21.5 21.. 

10 4.2 350 50 5 .3 . 26 21. 7 
8.5 3.05 llO 160 4.1 19.6 -1 
7 l. 75 100 240 3.45 17 . -8 
6 0.9 0 310 2.25 11.l -19 
5 0.63 0 350 0.8 l. 7 -26 
4 1.5 0 440 -1.1 -10 -31. 5 
3.5 2 0 460 -2.l -16.5 -33 
3 2.5 0 450 -3.l -23 -34 
2.5 2.95 0 460 -3.9 -29.2 -35 
2 3.4 0 470 -4.7 -35.7 -35 
1.5 3.85 0 480 -5.6 -42 -36 
l . 4.3 0 490 -6.2 -47 -36 
3 2.3 50 220 -4.4 -37.2 -8.2 
4 1.6 ' 110 200 -4.l -36.l -5.5 
5 0.7 . 220 110 -3 -28.7 .- 7 
6 0.75 300 100 -1.5. -19.3 14.4 
7 1. 7. 330 50 0.4 -7.l 17.3 
8 2.6 350 50 -4.2 18.5 
5.25 0.5 50 200 0 -6.6 -10.7 
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(a) Apply the load to the specimen by moving the core of the LVDT 

with the micrometer of the two input LVDT's for each channel by 

0.1" in one direction until the extreme position. 

(b) Move the input LVDT in the other direction from the extreme 

position to the other extreme position. 
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(c) Move the input LVDT in the first direction, return the original 

position, and then, check the origin of the stress-strain curve of 

the specimen. 

(d) If the stress-strain state is not on the origin, apply again 

certain plastic strain in the direction of (b) and return the 

LVDT to the zero position, so that the stress-strain state 

should be on the origin. 

4 Speed up the pen-recorder, turn the cathode-ray oscilloscope 

to the memory position, and then, begin the test by swi tc,hing 

on the motor of the input device. 

5 Read and write the necessar•y quantities in order. 

6 After the specimen breaks, switch off the motor of the input 

device and take the specimen off as follows: 

(a) Take the extensometer (axial) or the protractor (rPtation) off. 

(b) Disconnect the strain gage from the specimen. 

(c) Screw out the left cap. 

(d) Widen the distance between both grips by moving the axial 

feed~back LVDT by hand. 

(e) Screw out the right cap • 

. 
(£) Take the specimen-nut system with the caps out of the machine. 

(g) Screw out both right and left nuts as well as keys from the 

specimen. 

7 Mark the run number and the right and left on the specimen. 



8 Return the input signal to zero. 

9 Open the by-pass valve and switch off the motor in the hydraulic 

power unit, 

10 Switch off the servo-controllers after making their gains zero. 

11 Switch off the pen-recorder and, the cathode-ray oscilloscope. 

12 Turn off the main switch of the electric circuit. 

13 Turn off the original 6~ the motor in the hydraulic power unit. 

The test is over, 
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CHAPTER IV ANALYSIS OF EXPElUMANTAL R:tSULTS AND DISCUSSIONS 

§4.l Introduction 

In this chapter, the experimental results are listed, analysed, 

plotted and then discussed. The experiment includes the following 

cases: 

(1) Uniaxial Static Test ( 1) 

(2) Uniaxial Fatigue Tests ( 21) 

( 3) Torsion Static Test (2) 

(4) Torsion Fatigue Tests (19) 

(5) Combined Uniaxial and Torsional Static Test with the Strain 

Ratio A of 2:1 (1) 

(6) Combined Uniaxial and Torsional Synchronous Fatigue Tests with 

the Strain Ratio A of 2:1 (8) 

(7) Combined Uniaxial and Torsional Static Test with the Strain 

Ratio A of 1:1 (1) 

(8) Combined Uniaxial and Torsional Synchronous Fatigue tests with 

the Strain Ratio A of 1:1 (8) 

(9) Combined Uniaxial and Torsional Static Test with the Strain 

Ratio A of 3:1 (1) 

(10) Combined Uniaxial and Torsional Synchronous Fatigue Tests with 

the Strain Ratio A of 3:1 (3) 

(11).Combined Uniaxial and Torsional Nonsynchronous Fatigue Tests 

with the Phase Angle¢ of 90° and the Strain Ratio A of 2:1 (8) 

(12) Combined Uniaxial and Torsional Nonsynchronous Fatigue Tests 

with the Phase Angle¢ of 45° and the Strain Ratio A of 2:1 (8) 

The numbers in the parentheses represent the numbers of tests. 

Methods of analysis of experimental results were referred to 

Refs. [103], [107] , 
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§4.2 Uniaxial Tests 

Among all the tests the uniaxial test is fundamental. Especially, 

the uniaxial static test (tension test) gives the basic data of the 

material, 

(1) Uniaxial Static Test (Tension Test) 

Both the conventional and the true stress-strain curves were 

plotted_ in Fig.4.1 in the regular scale and in Fig.4.2 in the log-log 

scale, The numerical data were written in Table 4.1. 

The stress was calculated from the reading of the strain indicator 

connected to the strain gages put on the load cell. 

The strain was calculated from the reading of the strain indicator 

connected to the strain gages put on the specimen. 

The origin of the stress-strain curve was adjusted. 

The true stress was calculated by the formula 

0 1 =o(l+E) 

and the true strain was calculated by the formula 

o=log (l+E) 
e 

(4.1) 

(4.2) 

where 0 and 0' represent the conventional and the true stresses, 

respectively, and E and o the conventional and the true strains, 

respectively. 

From the conventional stress-strain curve in Fig.4.1, the follow~ 

ing basic data of the material were obtained: 

Young's Modulus: E=9 x 10 6 psi. 

Yield Strength : 0 =71000 psi. 
y 

Tensile Strength: 0 =81500 psi. u . 

Ductility : Ef=l2 %, of=ll,13 % 

From the log-log true stress-strain line in Fig.4.2 the material 

constants were obtained as below: 

Strain-hardening Exponent : nt=0.109 

Strength Coefficient : kt=ll5700 psi. 



Table 4.1 

Resul~s of the Tension Test, No.l. 

Conventional True Cowentional 
Stress Stress Strain 
cr psi (J ' psi E: in/in 

0 0 0 
-86Lf0 -86Lf0 -0.000926 
11390 11400 0.00123 
2Lf 7 50 24800 0. 00277 
40500 40700 0.00455 
58900 59300 0.00647 
72300 73000 0.00918 
73100 ,71f500 0.018Lflf 
75800 77800 0.02602 
77000 79600 0.03432 
79750 83400 0. 0%12 
79750 83900 0.05172 
79750 84900 0.06532 ·l; 

80600 86300 0.0707 
81000 87400 0 .0790 :,':-': 

81000 88000 0.0867 
81000 88700 0.0952 
81000 89400 0.1037 
81700 90900 0 .1121 
81700 91000 0 .1142 
81700 91500 0.12 

*: From Strain Gage Reading 
**: From Dial Gage Reading 

True 
Strain 

6 in/in 
0 

-0.000898 
0.00120 
0 .002796 
0.00449 
0.00648 
0.00916 
0.01822 
0.02565 
0.0337 
0.0450 
0.050Lf 
0.0633 
0.0684 
0.0760 
0.0831 
0.0909 
0.0990 
0.1060 
0.1080 
0.1131 
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(2) Uniaxial Fatigue Tests 

Twenty-one fatigue tests were conducted including the static 

test which corresponds to N .=l/4, 66=26f, [9] where N represents the 

number of cycles to fracture and 66 the true strain range. 

The number of cycles to fracture vs. the true strain range were 

plotted on the log-log graph paper as shown in Fig.4.3. The numerical 

data were written in Table 4.2 together with the corresponding 

octahedral shear strain ranges and the true stress ranges. 

The strain range was obtained from the ra.nge of the extensometer 

reading by extraporati.ng the static range in the diagram F;i.g. 3 .13 

between the extensometer reading and the micrometer reading of the 

telescopic gage. 

The octahedral shear strain range was calculated by 

t,y bct=/2 M (4.3) 

These were plotted later in Fig.4.11 with the combined case. 

Fracture was defined to be abrupt considerable reduction of 

stress on the pen-recorder when a pretty big sound was heard. 

Crack propagated from 70 %-90 % of the number of cycles to fracture. 

However, no considerable stress reduction could not be seen on the 

pen-recorder during the crack propagation. Position of the crack 

initiation was not definite for the cycles for lower cycles, while 

for higher cycles the crack initiated on the boundary between the 

straight portion and the curved portion. This may be because of 

the stress concentration. 

In Fig.4.3, the experimental points were connected into one 

straight line given by 

M/·.t=C 
t 

(4.4) 
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Table 4.2 

Results of the Uniaxial Fatigue Tests 

Run No.of True Strain Octahedral 
No. Cycles Range, M Shear' 

to (=Max. Strain 
Fracture Principal Range,l:ly t 

N Strain c· / oc in in) 
l:Zange,6smax) 

(in/in) 
1• 1/4 0.2262 0.32 
5 18 0.0601 0.0850 
6 468 0,02Lf7 0.0350 
7 460 0.0247 0.0350 
8 1913 0.0139 0.0197 
9 10 0.0564 0.0797 

10 39 0.0385. 0.0545 
11 316 0.0268 0.0380 
12 212 0 .0277 0.0392 
13 759 0.0216 0.0306 
14 679 0.0231 0.0327 
15 727 0.0218 0.0309 
16 487 0.0203 0.0287 
17 739 0.0215 0.0304 
18 298 0.0253 0.0357 
19 142 0.0275 0.0389 
20 218 0.0279 0.0395 
21 45 0.0338 0.0478 
22 1196 0.0171 0.0241 
23 2169 0.0175 0.0248 
24 14 0,0455 0.0643 
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Uniaxi al Test No . 9 , N=lO 

Uniaxi al Test No . 10 , N=39 

Uniaxial Test No . 11 , N=316 

Uniaxi al Te~t No . 12 , N=212 

Photo . 4.1 Specimens after Uniaxial Tests 



excluding N=l/4. These values were obtained by the method of least 

square. 

For the cycles less than about 100, the experimental points were 

found to drop below the line. This is because of the fact that the 

buckling mode appeared after some number of cycling and this mode 

became bigger and bigger, therefore, the real local strain became 

higher than calculated from the die set movement. This fact can be 

supported by observing the specimens after the test as shown in 

Photo. 4. l. 

On the other hand, Manson and Hirschberg [92] got a=0.5. The 

discrepancy may be caused by how to obtain the true strain. In the 

study in this thesis, the true strain was rather averaged along the 

gage length because the strain was calculated from .the die set move­

ment, while in Manson-Hirschberg's work, the local true strain was 

directly measured from the reduction of area. 

The cyclic hysteresis loop of Run No. 10 is shown in Fig.4.4. 

The third cycle of N=39 has been chosen, because for earlier cycle 

the loop was not stable, while for later cycle the strain g.age ~,as 

deteriorated. According to Ref.[108] the stress-strain curve becomes 

stable in the cycles less than several percent of number of cycles 

to fracture. 

In Fig.4.4, cyclic strain-hardening exponents were calculated 

to be 0.35 for tension and 0.21 for compression. 

§4.3 Torsion Test 

Totally nineteen torsion tests were conducted, but two of them 

ran out. 

(1) Static Torsion Test. 

Two static torsion tests were done. The torsion stress-strain 

curve was drawn for one of the two tests in which the better strain 

gage was used. This curve is shown in Fig;4.5 in the regular scale 

C' cJ .L 
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and in Fig.4.6 in the log-log scale. The nemerical data was listed in 

Table 4.3. ~y this test, the following results were obtained: 

Shear Modulus: G=3.36 x 10 6 psi. (Obserbed) 

3.38 x 10 6 psi. (Calculated from the Young's Modulus) 

Yield Stress: y =34800 psi. 
y 

Ultimate Stress: y =43700 psi. 
u 

Fracture Strain: yf=0.38 

Yield Twisting Moment: M =3012lb-in 
y 

Ultimate Twisting Moment: M =3784lb-in. 
u 

Fracture Angle of Twist: ef=0.806 rad. (41°) 

Strain-hardening Expenent: n =0.124 
s 

Strength Coefficient: k =566000 psi. 
s 

The shear stress was obtained from the strain gages put on the 

load cell and the smaller shear strains from the strain gage put 

on·the specimen. The fracture angle of twist was read on the protract­

or set up between the gage length, and then, from this value, the 

fracture strain was calculated. For large angle of twist, the shear 

strain obtained from the rosette strain gage did not show the real 

value, therefore, the strain was calculated from the angle of twist 

obserbed by the formula 

re 
Yxy=L (4.5) 

where y denotes the shear strain, r the ratius of the specimen, e 
xy 

the angle of twist, and L the gage length, 

The twisting moment was calculated, from the shear stress 

obtained, from the shear stress obtained, by the formula 

M =2nr2h 
t 

(4.6) 

This '.Was checked by the moment obtained from the pressure gages set 

up at the pressure ports of the rotary actuator. 

The shear modulus obtained from the experimental stress-strain 
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Table 4.3 

Results of the Torsion Test, No. l'. 

Shearing Shear Twisting Angle 
Stress Strain Moment of 

, psi y in/in Mt lbin Twist 
e degr'ee 

0 0 0 0 
688 0.000817 59.6 0 

6196 0.00?97 536 0.3 
19620 0.00631 1698 1. 
21320 0.00706 1847 1 
35100 0. 014lf 30Lf0 2.1 
36120 0.0297 3130 4 
38200 0.0443 3310 5.8 
38540 0.0587 3338 7.3 
42320 0.0832 3604 10.3 
Lf3000 0.108 3724 12.l 
43000 0 .1129 ·l: A 3724 llf 
43700 0 .1277 3784 16 
43360 0.1558 -.', -.': 3753 17 
42320 0.1823 3660 19.9 
42000 0.19975 3635 21.8 
41260 0.2181 3576 23.8 
40600 0.2566 3516 28 
40260 0.2932 3488 30.2 
37840 0.30145 3280 32.9 
35800 0.3848 3100 42 
35100 0.4004 3040 43.7 

0.4233 

-:: : From Strain Gage Reading 
~':•':: From Twisting Angle Reading 
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curve was compared witb the calculated value from the Young 1 s Modulus 

obtained from the tension test by the formula 

E G=----
2 ( l+v) 

(4.7) 

The negative slope of the stress-strain curve after the maximum 

stress is reached seems to be because of twisting buck.ling caused by 

the principal canpressive strain. 

The octahedral shear strain at fracture, also was calculated 

for the purpose of comparing with other states of strains and was 

listed in Table 4.4 and was plotted on Fig.4.7 as fatigue data. 

(2) Torsion Fatigue Test 

Nineteen torsion tests including two static torsion tests were 

conducted. Two of them resulted to run out. The shear strain ranges 

vs. the number of cycles to fracture were plotted.in Fig.4.7 in the 

log-log scale. The numerical data were listed in Table 4.4, in which 

the octahedral shear strain range, the principal strain range, and 

the shear stress range were also written. The octahedral and 

proncipal strains were calculated by 

¢,Y 
_15 I:, 

oct- 3 · y xy ( 4. 8) 

M:. 
=t,yxy 

(4.9) max 2 

respectively. 

The shear strain ranges were calculated from the angle of twist 

read on the protractor between the gage length. Relationship between 

the shear strain and the angle of twist was also calibrated in the 

static test. 

In Fig.4.7 the linear relationship between the shear strain 

range and the number of cycles to fracture in the log-log scale 

was obtained as 

96 
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Table lf. Lf 

Results of the Torsion Fatigue Tests 

Run ·No. of Shear Octahedral Max. 
No. Cycles Strain Shear Principal 

to Range Strain Strain 
Fracture, t:.y in/in Range, Range 
N !::.y act in/in t:.s max. in/in 

1 1/4 0.67806 0.554 0.33903 
1' 1/4 0.8%66 0.691 .0.42333 
2 96 0. 05772 0.0471 0.02886 
3 lf 5 0.09'-14 0 .0771 0.0472 
4 68 0. 0714 0.0583 0.0357 
5 99 0.0714 0.0583 0.0357 
6 84 0.0697 0.0570 0.03485 
7 27 0.1081 0.0883 0.05405 
8 21 0.1081 0.0883 0.05405 
9 29 0.11 0.0898 0.055 

10 375 0.042 0.0343 0 .021 
11 357 0.042 · 0 .03li,3 0. 021 
12 198 0.0476 0.0389 0.0238 
13 1Lf3 ' 0.0476 0.0389 0.0238 
Ft Run Out 0.0229 0.0187 0.01145 
15 Run Out 0.0229 0.0187 0.01145 
16 2000 0.0306 0.02507 0.01535 
17 517 0.0375 0.0306 0.01875 
18 610 0.0375· 0.0306. 0.01875 



. 98 

...--.... 
C -C 

'--' 1 
?-
<J 

I--·-· ! ___ ;_. )_•---·---.·--- . 
.. l-_ 1_ l". -'. ___ : 1 ____ • : · . __ ; 

(1J 
. . ~--. ~ : __ j . . ~--._J 

' ' 

en 
C 
d 

er: 
C 
·-
0 
'I-
-{~ 

V) 

l-

0 
(1) 

..c 
V) 

0.1 
....... , •.. 1 +1•111 1 .. 1 T •. ,.n;·,i··-. ~ 1L1f,1 .... ··.···1··'·1 .. , .J···· 

i+t-; ; ': ' . ' . - i ; - i '. . i ; . i : . ~ l 

---:-_ ---1 . -.----i l l I 1 

. . . .. . . ] rrL~~1 = ... =J .... ·· .. ~ .hrn ......... ~i~.. . ..... . . ... 1·• L~._J. _LL _1 .. 1 _JJJ-==..--L--l 
::==:~:=\:;::1: < _:: - -:r =:'.J:::::J::::-:: :::· ::J:Jl ;=::;:JJILJ~ :_ -: ~>=t - ·:_J -1 '. 1 _J -11-1 =:=·1-- ·:··::: I-

0.01 
10-1 ---· 101 . C .. :~ ;, 

1 o~j 

Cycles to Fracture, N 

Fig. 4.7 Relationship between Shear Strain Range and Number of Cycles to Fracture for Torsion Fatigue Tests. 
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Torsion Test No . 7 , N=27 

Torsion Test No . 8 , N=21 

Torsion Tes t No . 9 , N=29 

Torsion Test No . 10 , N=375 

Photo. 4 . 2 Specimens ~fter Torsion Tests 
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a 
t.y N s=C 

;:y s 
( 4 .10) 

where the slope of the straight line a is 0.38 and the intercept C 
s s 

is 0.41 when N=l/4 is included, and a is 0.34 and C is 0.32 when 
s s 

N=l/4 is excluded. 

Fracture was determined by considerable reduction of stress. 

Previously, Halford and Morr'ow [33] obtained the expression as 

t.y N*C 
p 

(4.11) 

for the solid specimen of 75S alluminum alloy, where t.yp denotes 

the plastic shear strain range. For low cycle range, difference 

between the total and the plastic strains is negligible. The discre­

pancy of these slopes may be caused by the bucking mode of tubler 

specimen. 

Crack initiated at the crossing point of two hills caused py 

the compressive principal stress for large strain and crack propagated 

along the direction of axis for all torsional tests. 

The. octahedral shear strain ranges vs. the numbers of cycles to 

fracture were plotted in the log-log scale later in Fig.4.11 to compare 

other strain conditions. 

A typical cycling shear stress-strain curve was plotted in Fig. 

4.8. From Fig.4.8, the cyclic strain-hardening exponents were 

obtained to be n =0.212 and 0.270. Stress and strain were obtained 
s 

from.the strain gages. 

§4.4 Derivation of the Principal Stress and Strain and the Octahedral 

Shear Stress and Strain for the Combined Axial and Torsional Case 

Before analysing the experimental data, one needs to have the 

expression of the principal stress and strain and the octahedral 

shear stress and strain by means of the axial stress and strain and 

the torional shear stress and strain, respectively, as follows: 

For the combined axial and torsional case, 



E: = E: yxy=yxy X X 

l =O E: 
2 ' Yyz y 
l =O E: --2 ' yxz z 

By solving 

E: -s y /2 y /2 
X xy xz 

y /2 E: -s y /2 =O 
xy y yz 

y /2 yyz /2 E: -s 
xz z 

or 
2 2 2 

s3-(s +s +s )s2+(s s +s s +s s _J yz_~ xz_Y :xy)S 
X y Z ~ y y Z X Z 4 4 · 4 

y y y E: y2 E: y2 E: y2 
( yz xz xy x yz_ y xz z xy)=O 

- sxsysz+ 4 4 4 4 ' 

the principal strains become 

s1=~s +l/gs2+4y2 
4 X 4 X XJ 

s2=~s -~/gs2-4y2 
4 X 4 X xy 

l 
E 3=--E 2 X 

The octahedral shear strain for general case [107] is 

=~[(s1-E2) +Cs2-s3)2+(~3~~i)~J1/2 Y oct 3 , 

For biaxial case, Eq. (4.16) turns out under consideration of 

incompressibility, i.e. 

as 

Substituting Eq. (4.15) into Eq. (4.18), one gets 

y =/5[3E 2+y 2]1(:2 
oct 3 x xy 

In cycling, the strains are ex.pressed by 

E =tis sin wt 
X X 

y =tiy sin (wt+¢) 
xy xy 

102 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 
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Substituting Eq. (4.20) into Eq. (4.19), one obtains 

y =rs[3i1£ 2 sin2wt+t.y 2 sin2(wt+<p)Ji/ 2 
oct 3 x xy 

(4.21) · 

To get the time when the octahedral shear strain becomes maximum 

one lets 

then 
t.y 2 sin2</> 

2 ' __ x_y_~----
tan wt =-3t.s2 +t,yZ cos2¢ 

X xy 

(4.22) 

(4.23) 

For synchrohous case, ¢=0, the octadedral shear strain is maximum, when 

sin 

For 

then 

wt is maximum. 

'IT ¢=2, Eq. ( 4. 23) turns out as 

tan 2wt'=O 

~1-0 .!. 
L - '2' 

·3 
'IT' 21T ' .••• 

(4.2Lf) 

(4.25) 

~ 'IT 3 For v 3i1£ >t.y , the maximum occurs when wt=-2 ~ -2n ;· and the maximum 
X xy 

value is 

y =1'2t.£ =1.1414£ oct,max x x 
(4.26) 

and at this time 

q ,2=6£ ,-ti£ /2 (4.27) 
X X · 

and for fit.s <6y , the maximum occurs when wt=O, TI ,·and the maximum 
X xy 

value is 

rs y =-6y =0.81656y 
oct,max 3 xy xy 

and at this time 

. 6y 
£ 1; 2 =±2xy 

'IT For ¢=4, Eq. (4.23) turns out as 
t.y2 

. ~ 
tan .2 wt'=- 3i1£ 2 

X 

and at this time, 

y =--.1-36E: 2(1-cos2wt')+t.y2 (l+sin2wt')J.i/2 
oct,max /3L x xy 

(4.28) 

(4.29) 

(4.30) 

(4.31) 
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c 1, 2:;: 12
8
2[6s h-cos2wt '±196s ~ ( l-cos2wt' )+Lr6y L ( l+sin2wt') J 

X X xy 
(4.32) 

wt' should be carefully chosen so as y is maximum. 
oct 

For true strain expressions, one has only to changes into 6, where 

6==log (l+s) 
e 

For th~ combined axial and torsional case, 

0 ::o ::T ::, ::0 
y z xy yz 

Then, the principal stresses are 

0 ) X 0. 
01:.:-+ ~ +,2 

2 L[ ; xy 
o fo 2 

0 2 ::2 - I~ + T 2 
2 4 xy 

03==0 

The octahedral shear stresses for general case [107] is 

T oct=t[(o1-02)2+(02-03)2+(03-01)2]1/2 

For biaxial case, Eq. (4.35) turns out as 

T ::~32 012+022+0102]1/2 
act 

Substituting Eq. (4.34) into Eq. (4.36), one obtains 
n . 

T ::~o 2+3,2 ]1/2 
oct 3 1 xy · 

In cycling, the stresses are expressed by 

o =60 sinwt 
X X 

T =6, sin(wt+<)>) 
xy xy 

Substituting Eq. (4.38) into Eq. (4.37), one obtains 

T =hl6o 2 sin2wt+36, 2 sin2(wt+<)>)Jl/2 
act 3 x xy 

(4.2) 

(4.33) 

(4.34) 

(4.35) 

( 4 ,'36) 

(4.37) 

(4.38) 

(4.39) 

To get the time when the octahedral shear stress becomes maximum, 

one gets 

(4.40) 

then 

tan 2wt'= 
36,2 sin2¢ 

xy (4.41) 602 +36, 2 -· cos2ep 
X XJ 

For the synchronous case, ¢=0, the octahedral shear stress is maximum, 

when sin wt is maximum. 
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1[ 
for ~=2, Eq. (4.41) turns out as 

tan 2wt'=O (4.42) 

!':.a >1'31':., • the · h ' 11 3 d h · for • maximum occurs w,en wt=-2 , -2n;·an t e maximum 
X xy 

value is 

12 
T =-1':,o (4.43) 

oct,max 3 x 

For !':.a <1'31':., , the maximum occurs when wt'=O, n , .. and the maximum 
X xy 

value is 

rs 
T =-tn 

oct,max 3 xy 

For~=~ Eq. (4.41) turns out as 
4 31':.,2 

xy tan 2wt'=-602 
X, 

(4.44) 

(4.45) 

In general, the times for the maximum octahedral strain and stress 

do not coincide. 

§4.5 Combined Axial and Torsional Synchronous Test , .. 
The combined axial and torsional tests conducted are devided 

into following three cases: 

(1) Synchronous tests with the torsional to axial strain ratio A 

of 2:1 as the standard combined test, 

(2) Synchronous tests with the torsional to axial strain ratio A 

of 1:1 and 3:1 to know the effect of strain ratio, and 

(3) Nonsynchronous tests with the torsional to axial strain ratio A 

of 2:1 and with the phase angle t of 45° and 90° to know the 

effect of phase difference. 

In this section, the static and fatigue tests of cases (l) and 

(2) are analyzed and discussed. Case (3) will be analyzed and 

discussed in §4.6. 

(1) Static Combined Test 

Three static combined tests were done. One of them has the 

shear to axial strain ratio A of 2:1; one does that of 3:1; the 

other does that of 1:1, 



- The important data in these tests as the basis of the fatigue 

test are the fracture stress and strain, which are expressed by 

means of the octahedral stress and strain or the principal stress 

and strain and their strain data were obtained as bellow: 

Octahedral friac-ture shear strains: 

y 
act, f=0.55 for the strain ratio A of 2:1, 

y t f=0.34 for the strain ratio A of 1:1, and oc ,-

y 
oct,f 

=0.56 for the strain ratio A of 3:1, 

Princial fracture strains: 

106 

E:lf=0.191, E:2f:>{).129, E:3£=-0.062 for the strain ratio of 2:1, 

E:lf=0.121, E:2f:,.Q,067, E: =-0.054 
3f for the strain ratio of 1:1, 

E:lf=0.195, E:2f::,{) .131, E:3f=-0.064 for the strain ratio of 3: l. 

These data were plotted with the fatigue data in Figs.4.11, 4 .12, 

and 4.13. 

The octahedral shear stress-strain cm"ve for the strain ratio 

A of 2:1 were plotted in Fig.4.9 in the regular scale and in Fig.4.10 · 

in the log-log scale as a reference. The numerical data for this 

curve were listed in Table 4.5. The strain-hardening exponent and 

the strength coefficient were obtained from Fig.4.10 as n ~=0.117 
OCl. 

and k =50357 psi. These values were compared with the values 
act 

calculated from the static tension test as follows: n =0.109, 
act 

k oct=52600 psi. 

The prin~ipal and octahedral stress and strain were calculated by 

using Eqs. (4.15), (4.19), (4.34), and (4.37) from the axial true 

stress and strain and the torsional shear stress and strain obtained 

from the strain gages put on the load cell and the specimen, respecti-

vely. 

The diagram showing the relationship between the die-set 

movement and the axial strain gage reading was plotted and used for 
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obtaining the strain from the die-set movement in the combined 

fatigue test. On the other hand, regarding the relationship 

between the angle of twist and the shear strain, the theoretical 

curve was used, because the theoretical and experimental lines 

coincide. 

llO 

The failure lines on the specimen in these tests were seen to 

have the larger angle from the axis of the specimen for the smaller 

strain ratio, that is the larger axial strain. 

(2) Fatigue Tests'with the Strain Ratio A of 2:1 

Ten available tests including two static tests were conducted. 

One of the two static test could not reach fracture because of 

unexpectable electric power break, but it went beyond the strain 

gage ability. Results of these ten tests were plotted on the log­

log graph paper in Figs.4.11 and 4.13 to show the relationship 

between the octahedral shear strain range and the number of cycles 

to .fracture. The relationship between the maximum principal strain 

range and the number of cycles to fracture are also shown in Fig.4.12. 

The numerical data are listed in Table 4.6. 

The principal and octahedral shear strain ranges were calculated 

from the axial and torsional strain ranges by using the expressions 

(4.15), (4.19), (4.34), and (L~.37). The axial and torsional shear 

strain ranges were obtained from the diagrams between the die-set 

movement and the strain and between the angle of· twist and the shear 

strain, respectively. 

Both in Figs.4.11 and 4.12, the octahedral shear strain ranges 

vs. the number of cycles to fracture for the tension test and the 

torsion test were also plotted to compare the effect of strain state. 

Goto's data for the rhombic specimens [87] and Shewchuk's data for 

the oval plate specimens [86] were also plotted in Fig.4.11, 
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For the combined case, the octahedral shear strain range vs. 

the number of cycles to fracture appeared a straight line with the 

slope a of 0.23, and C =0.13. While for the axial fatigue act act 

tests, the slope at was 0.24 and for the torsion fatigue test, the 

slope a was 0.34. These discrepancies of the slopes for three 
s 

tests were found larger for lower than about 100 cycles than for 

higher cycles. This may be because of complexity of the fracture 

mode in the lower cycles that is, for the combined case in the low 

cycle range, fracture initiated at the crossing points of two hills 

of buckling in the compressive direction, when it was applied by 

tension. Therefore, the local strain seemed to be much larger than 

the average strain calculated from the die-set movement and the 

twisting angle or the strain gage with length of 1/4 inch. This 

may be one of the reasons why the maximum principal strain range has 

less scatter than the octqhedral shear strain range does. Another 

reason of the discrepancy is the definition of the axial true strain 

like as in the tesion test. 

After the crack initiated, the specimens were torn obliquely. 

Fracture was determined when the stress reduced considerably. 

This occurred at the same time as the specimen was torn. 

The results of the reversed bending fatigue tests of rhombic 

plates by Goto and those of the bending fatigue tests of oval plates 

by Shewchuk.were plotted together in Fig.4.11. These results drop 

exactly on the torsion fatigue data in this study. 

(3) Fatigue Tests with the Strain Ratio A of 1:1 and 3:1 

For each strain ratio, four fatigue tests includi.ng one static 

test were conducted. The results were plotted on the log-log graph 

paper in Fig.4.13 to show the relationship between the ociahedral 
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Combined Test No . 4, A=2, ~=0° , N=5 

Combined Test No.3, A=2, ¢=0°, N=4 

Combined Test No . 4 ; A=l , ¢=0° , N=37 

Combined Test No . 3i A=l, ¢=0° , N=90 

Combined Test No . 21; A=3 , ¢=0° , N=l/4 

Combined Test No.l~ A=l, ¢=0° , N=l/4 

Photo. 4 . 3 Specimens after Synchronous Combined Tests 



shear strain range and the number of cycles to fracture for both 

strain ratios. The numerical data were listed in Table 4.7. The 

process dealing with the experimental data was the same as in the 

case of the strain ratio of 2:1. In Fig.4.13 the log-log plots of 
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the octahedral shear strain range vs. the number of cycles to fracture 

for both cases appear straight lines with almost the same slopes, 

0.19 for A=l and 0.22 for A=3. 

Comparing these two lines with the line for the strain ratio of 

2:1, the lines for the ratios of 1:1 and 3:1 almost coincide with 

the line for the ratio of 2:1. Consequently, the effect of strain 

ratio is found to be negligible, if one uses the octahedral shear 

strain range. The slopes obrained in this study are smaller than 

the slope of 0.41 obtained by Taira et al.[83]. 

Variation of the principal strain state for the combined axial 

and torsional case is from 1:-1/2:-1/2 for the uniaxial case to 

1:-1:0 for the torsional case and it is not so large. 

The modes of fracture for three different strai~ ratios of the 

torsional and axial strains were naturally different. For smaller 

value of the strain ratio, the fracture line is almost the same as 

the uniaxial case where it is parpendicular to the axis of the 

cyilinder .. ( See Photo. 4. 3) For larger value of the strain ratio, 

the main crack was similar to the torsional case and the subsequent 

crack appeared oblique. The ·two crossing hills by compressive 

strains were also observed. 

§4.6 Nonsynchronous Fatigue Tests with-,the Strain Ratio A of 2:1 

The phase difference qi means that the twisting angle is ahead 

the zero axial deformation by the angle of ¢. 

Two phase differences ¢ of 45° and goo were chosen. Since 
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there is no difference in the biaxial behavior between clockwise and 

anticlockwise twisting, the phase difference of 180° gives the same 

effect as that of 360° does. In the beginning of the fatigue test, 

the static angle of twist of~ was given the speciemn. 

Eight fatigue tests were done for each phase difference. The 

results were plotted in the log-log graph paper in Fig.4.14 to show 

the relationship between the octahedral shear strain ranges and the 

number of cycles to fracture. In Fig.4.14, the results for the 

phase difference of zero which is the synchronous case were also 

plotted for the purpose of comparison. 

The octahedral shear strain range was calculated from the axial 

strain range and the torsional shear strain range 1?Y using the 

expression (4.31). 

In Fig.4,14, the plots were connected into straight lines for 

both cases. However, some discrepancy can be seen among three lines. 

The slopes are measured to be 0.18 for 45° and 0.21 for 90°, which are 

compared with the slope of 0.23 for the synchronous·tests, The line 

for 45° lies below that for the synchronous case and further the line 

for 90° lines below that for 45° if one takes the ly t calculated oc 

by Eq. (4.31) along the ordinates. As far as one uses ~y t as an oc 

index one can not neglect the effect of the phase difference. This 

conclusion is different from the conclusion by Taira et al.[115] as 

stated in CHAPTER II. 

On the other hand, if the total ene1~gy to fracture vs. number 

of cycles to fracture were plotted on log-log graph paper as shown in 

Fig.4.15, for all the phase differences of 0°, 45°, and 90°, this 

diagram shows no distinct discrepancy caused by the phase difference, 

although scatter is pretty large. In this case, the energy was 

obtained by addi.ng the areas of both the axial and the torsional 
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shear stress-strain hysteresis loops which were recorded by the 

strain gages on the load cell and the specimen. In this case, the 

steady hysteresis loop was selected. The area inside the hysteresis 

loop, i.e., the dissipated energy, can be an index, but the reason 

can not be explained theoretically yet. 

Regarding the mode of fracture, the crack initiated parpen­

diculat to the axis of the specimen and then the crack propatated in 

zig-zag way, that is, the crack parpendiculat to the axis first, the 

oblique crack subsequently, In some specimens for ~=45° the cracks 

were seen everywhere on the gage length. 
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Combined Test No . l, A=2, ¢=45°, N=21 

Combined Test No . 2, A=2 , ¢=45° , N=20 

Combined. Test No . 3 , A=2, ¢=45° , N=l660 

Combined Test No . 4, A=2, ¢=45° , N=l229 

Combined Test No.6, A=2 , ¢=90° , N=366 

Combined Test No.7 , A=2, ¢=90° , N=2 94 

Combined Test No . 8 , A=2 , ¢=90° , N=l3 

Combined Test No . 9, A=2 , ¢=90°, N=8 

Photo . 4 .4 Specimens after Nonsynchronous Combined Tests 
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CHAPTER V APPLICATIONS OF THE LOW CYCLE FATIGUE THEORY TO STRUCTURAL 

PROBLEM 

§5,1 Introduction 

In this chapter, it is considered how to apply or relate the 

low cycle fatigue theories of materials to the structural ploblems. 

As mentioned in CHAPTER I, low cycle fatigue in structural problems 

occurs when the building is subjected to large earthquakes and 

typhoons. In the past, because of restriction of experimental method 

that low cycle fatigue need large loads, quasi-static repeated loads 

were applied on the structural model. From the vibrational point of 

veiw, because there are many questionable points on the restoring 

force characteristics in the elastic-plastic region, rough assumptions 

were made on the structural model in the analysis. Further, in the 

vibrational analysis, interests are in the quantities of responses, 

and the total number of cycles to failure is not a question. Actually, 

however, the structure fails due to deterioration of consisting 

materials caused by large dynamic loads, which are mostly randomly 

varying loads. In the following, low cycle fatigue of structures 

due to randomly varying loads is considered. 

Purpose of the study in this chapter is to estimate the life 

of the metallic structure due to randomly varying large loads 

expressed by E: .,-., ·t from the results of the simple tension test and 
eq 

of the strain-controlled test of constant amplitude of the material. 

For the purpose of simplicity of explanation, only the earthquake 

load is taken up as the varying load. However, when other randomly 

varying large loads are applied, similar treatice will be available. 

When the structure is subjected to a large earthquake, the 

random loads on the structural member is not earhquake motion itself, 

but response of the vibrating system with such restori.ng force 
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characteristics as related to the hysteresis curve of the material. 

Therefore, the analysis of randomness should be made about the response. 

Although the restoring force characteristics of structres are not 

always the same as the hysteresis curve of the material, the theories 

abo~t material may be applied to the structure, if the structure is 

fabicated so as to avoid buckling and backlash, for instance, ... in 

rivetted structures. For example, in Ref. [109], horizontal load­

deflection curves of a single spanned and single storied frame are 

obtained theoretically from the stress-strain curve of material of 

bilinear type. Further, Igarashi [110] showed experimentally that 

in welded_ structures cyclic load deflection curves are steady except 

"first several cycles. On the other hand, however, Nakamura [114] 

indicated that local buckling occurs in cyclic bending tests of 

I-beams. 

§5.2 Low Cycle Fatigue of Structural Elements due to Random Vibrations 

Up to the present, there are pretty many studies on high cycle 

fatigue under randomly varying loads [111], but only a few on low 

cycle fatigue [110]. In order to apply the random fatigue theory for 

high cycle fatigue to low cycle fatigue; the stress range in high 

cycle fatigue has to be rewritten into the strain range in lcn1,, :cycle 

fatigue. 

With the above-mentioned in mind, the following assumptions are 

laid in the application of random fatigue theory to the earthquake 

resistant problem: 

(1) The linear damage hypothesis is approximately applicable. 

(2) During cycling, an almost steady stress~strain hysteresis curve 

is hold, in other words, the mechanical properties of material is . 
not much changed. 

(3) Effects of cycling rate and temperature are small in low cycle 

fatigue. 
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Kato [114] obtained analytically maximum strain rate of 1.2/min 

in a five storied braced steel structure subjected to El Centro 

earthquake (1940 NS) and showed experimentally that in this strain 

rate yield stress and ultimate stress on the member increase by 

about 10 %. 

(4) When multiaxial stress conditions appear in the member, the 

octahedral shear strain theory is applicable. 

(5) It is assumed that the random process is stationary and statisti­

cal quantities do not vary. If catastrophic mean strains which are 

non-stationary, appear, damages caused by these strains should be 

added to those by stationary strains. Damages by mean strains are 

expressed by 
IE I max D =-p ___ _ 

m Ef 

according to Kikukawa ['112], 

(5.1) 

where IE I max is the absolute value of 
p 

maximum plastic strain and Ef is the fracture strain. For the 

non-stationary process, damages in the non-stationary process can be 

obtained by adding damages in each.stationary process. 

Each of the above assumptions except (5) have been already 

discussed in CHAPTER II. 

To analyse the random process, the following methods were 

proposed [113]: 

(1) Counting Methods. 

(2) Power Spectral Analysis. 

The first methods are ones to count the numbers of peaks and 

of ranges and of the points at a certain strain level in the whole 

process .. By this method, the effect of the strain rate can not be 

considered. In Ref. [111], the following seven kinds of counting 

methods are compared and related to the power spectral analysis. 

(a) Peak Count Method 



(b) Mean-Crossing Peak Count Method 

(c) Range Count Method 

(d) Range-Mean Count Method 

(e) Range-Pair Count Method 

(f) Level-Crossing Count Method 

(g) Fatiguemeter Count Method 
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The power spectral analysis can take into account the effect of 

the strain rate. By the power spectral analysis, the statistical den­

sity function of ~p(=peak value minus.mean value) f(~p) is expressed 

for the statior1ary Gaussian process as 

where 

s1 2 =J"; <I>(w) dw 

k=~=~ 
No s2 

s2 2=J':' w21>(w)dw 
0 

sl=!00 w41>(w)dw 
0 

(5.2) 

( 5. 3) 

and N1 is number of peak values per second and N is the number of 
0 

mean crossings per second and <ll(w) is the power spectral density. [113] 

For the randomly varying strain, the linear damage hypothesis 

is expressed by 

D =fdn=l (5 .4) 
V N 

where dn is the number of cycles at a strain level betweens and 
eq 

s +ds 1 s · is the equivalent strain based on the octahedral shear 
eq eq eq 

strain theory. Let f(s )ds be tqe probability that a given strain 
eq eq 

cycle will have an arnpli tude between s and s +ds eq eq eq_ This probabi-

lity will be ob~ained by using one of the above-mentioned counting 



methods from E "'t curve. Then, the number of cycles dn will be 
eq 

given in terms of the total number of cycles Nt by 

dn=Ntf(E )dE eq eq 

Substituting Eq. (5.5) into Eq. (5.4), one obtain 

E Ntf(c )dE 
f eq, max eq eq 1 

E N eq, mim 

( 5. 5) 

( 5. 6) 

By the linear relationship of c "'N on the log-log paper, one has 
eq 

a a 
b.E N =b.E 1N1 eq eq, 

(5.7) 
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with the known strain range b.E 1 and the number of cycles to failure 
eq, 

Substituting N of Eq, (5.7) into Eq. (5.6) and rewriting ~c 
eq 

into c , one obtains 
eq 

C 
N f eq, 

t C eq, 

f(c ) (C \! .. 
max e9, ~ .:,:de =l 

N ·c I eq 
mim l · eq,~ 

(5.8) 

If the c ""N relationship can be extended to the static test, Eq. eq 

(5.8) turns. out as 

C 

4N f eq, max 
t C .• 

eq,. mi.m 

. C 

f(c ·)( eq )de =l 
eq 2c f eq eq, 

(5.9) 

where c ~ is the fracture equivalent strain. With Eqs. (5.8) and 
eq,.1. 

(5.9), one can estimate the total number of cycles Nt. The experi-

mental varification is not done yet. 



§5.3 Example 

As an example? a five-storied structure in Fig.5.1 is taken up. 

This structure is assumed to have the following natures as usually 

treated in the dynamic seismic analysis. 

(1) Floor slabs and beams are infinitely rigid, 

(2) Vibration of the structure is of shear type, 

(3) Axial deformation of columns is negligible, 

(4) Base of the structure is rigidly connected to the gound, and 

(5) Horizontal restoring force characteristics are of bilinear type 
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shown in Fig.5.2. According to Ref.[109] ~he horizontal load­

deflection curve of the structure whose material has a stress­

strain relation of bilinear type appears also bilinear. The fact 

that a steady hysteresis loop may be obtained during cycling was 

explained for material in CHAPTER II and for structures in Ref. 

[110]. Validity of bilinear type of stress-strain relation was 

explained by Martin. [31] 

When the above-mentioned structure is subjected to an artificial 

earthquake as shown in Pen 1 of Fig.5.3, response (horizontal displace­

ment, shear force, and acceleration, etc.) of each floor can be 

obtained by solving the differential equations by means of either 

analog or digiral computer. For example, by connecting each parts of 

an analog computer according to the block diagram shown in Fig.5.4, 

the relative displacements between two adjacent floors can be obtained 

continuously.with time as shown in Fig. 5. 3. Strain in each m,embers 

seems to appear like these curves. 

For more complex structures, strain variation with time in each 

members can be obtained by digital computer. 

Life of structures against cyclic loads should be estimated on 

the basis of such varying strain for the first approximate estimation. 
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§5.4 Comments on Experimental Method 

It may be very difficult to conduct experiments on low cycle 

fatigue of full scale structures due to earthquake-like random 

loads because randomly varying large loads must be generated. When 

the smaller model of structures is used, the following two methods 

may be availabe: 

(1) Vibration test by means of a vibration table. 

(2) Fatigue test of members and connections by means of a fatigue 

testing machine. 
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Both methods should be used in the experiments. In the first 

meti10d, the input load is an original earthquake record or an artifi­

cial earthquake-like random load whose power spectrum is specified, 

but it is still very large in order to break the model. In the second 

me.tnod1, the input load is an response of the model subjected to 

earthquake whose power spectral density is also specified. In this 

method, the load is reasonably large. In either method, a testing 

machine of electrohydraulic type is recommended, because the lower 

frequency range which is important for structural tests can be 

generated beau ti.fully. An example of the block diagram of a random 

fatigue testing machine is shown in Fig.5.5. 
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CHAPTER VI SUM!'-iARY AHD' CONCLUSTIONS 

§6.l Summary 

For the uniaxial low cycle fatigue, s:i.nce Manson-Coffin's 

formula l::.E Nc\.c was proposed in 1953, a lot of studies have been 
p 
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done and almost steady conclusions were ob-cained. For the multiaxial 

low cyc:le fatigue, however, a limited number of experiments have been 

conducted. In this study, the combined axial and torsional load was 

applied on the thin-walled cylinder of aluminum alloy and its 

applications to the earthquake resistant design of structures have 

been considered. 

In the experiment, a fatigue machine with two channels utilizing 

the electrohyraulic servomechanism was constructed and the following 

seventy-three tests were done: (1) Twenty-one uniaxial fatigue tests, 

(2) Nineteen torsional fatigue tests, (3) Nine combined axial and 

torsional fatigue tests with the strain ratio A=l::.y /~E =2 and the 
xy X 

phase difference cp=0°, (4) Four combined fatigue tests with A=l and 

¢=0°, (5) Four combined fatigue tests with A=3 and ¢=0°, (6) Eight 

combined fatigue tests with A=2 and ¢=45°, and (7) Eight combined 

fatigue tests with A=2 and ¢=90°. Through the whole tests, the 

strain was controlled and the mean strain was zero. The number of 

cycles to fracture converd from 1/4 to 2000. The strain rate was 

8 cycles per minute. The input signal was of sinusoidal type. In 

order to obtain the dissipated energy, both the stress and the strain 

were recorded continuously with time for some typical tests. The 

strain range was determined by the calibration curves between each 

strain and the dial gage and the potentiometer readi_ngs. Fracture 

was defined by the abrupt stress reduction. The tests were conducted 

in room temperature. 

In order to compare all series of tests on one diagram, the total 
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octahedral shear strain range was calculated and plo~ted on log-log 

graph paper vs. the number of cycles to fracture N. Under the 

condition of incompressibility, the octahedral shear strain appears as 

where €1 2 : principal strains, 6€ : axial strain range, and ty 
X xy 

shear strain range. When there is the phase difference between the 

axial and torsional strains, the extreme value was obtained by 

differentiating y , wrt. time. For the cases ( i) "-" ( 5), only b.€ , 
act x 

6y , or 6y, ...vN relationships were compared with the results in 
xy act 

the previous studies, while for the other cases the dissipated energy 

was calculated by measuring the areas of both the axial and torsional 

hysteresis loops by a planimeter and then it has been shown that the 

relationship between the energy and the number of cycles to fracture 

is not affected by the strain ratio and the phase difference. 

log 

for 

The experimental results fell alo.ng straight lines on a log-

~t 
paper expressed by 6€xN · =Ct for the 

a 
th~ torsional case, and 6y . · , N' PS! 

act 

Cfa 
uniaxial case, 6y N =C 

xy s 

=C . . for the combined 
oct 

case. However, the slppe was more gentle than in thepreVious studies. 

This may be caused by the mode of fracture and the method of measure-

ments, that is, the average strain instead of local strains was 

measured. The effect of the strain ratio was found to be negligible, 

while discrepancy due to the phase difference was observed. However, 

if the energy vs. the number of cycles to fracture was plotted, 

the effect of the phase difference has become smaller. 

Application of the low cycle fatigue theory to the earthquake 

resistant design of structures was also considered. 
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§6.2 Conclusions 

The following conclusions have been obtained in this study: 

(l) The testing machine worked satisfactorily for this kind of 

experiment. 

(2) The experimental results showed the linear relatio~ship A6N°· 24 

=0.10, for the uniaxial case, ~y N°· 34 =0.32 for the torsional case, 
xy 

and ~Y N°· 23 =0.13 for the combined synchronous case on the oct 

log-log paper. However, the slopes of these lines were found to be 

more gentle than that by Coffin. The discrepancy may be because 

rather averaged strain was measured in this study. 

(3) In the range of the number of cycles to fracture of more than 

one hundred, ~y -'N relationship was found to coincide for all the 
oct 

test except the nonsynchronous test. In the cycle range lower than 

one hundred, the mode of fracture was different from that for the 

higher cycle range and it is so complicated that the above mentioned 

discrepancy may have appeared. For the lower cycle range, the data 

of the torsion test drop a little above those for other tests. 

(4) The results of torsion test coincided with those of the bending 

test of oval plates and of the anticlastic bending test of rhombic 

plates. 

(5) For the nonsynchronous test, it is suggested that other kind of 

" parameter such as hysteresis energy per cycle should be used, because 

if one takes the maximum octahedral shear strain range 6y · oct 

calculated by Eq. (4.31) along the ordinates, the 6y ,:-'N line for 
· OCL 

¢=45° lies below that for the synchronous case and further the line 

for ¢=90° lies below that for ¢=lf5°, though the slopes are almost the 

same. 

(6) In the cyclic tension-compression test, the fracture line was 

observed in the circular direction of the specimen. In the cyclic 
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torsion test, crack initiated at the crossing point of two hills 

caused by the compressive principal stress for large strain and the 

fracture line appeared in thedirection of axis in all torsional tests. 

In the combined synchronous test, for the smaller value of the strain 
l:::.y 

ratio A=~ the fracture line was almost the same as in the tension-
!:..£ ' 

X 

compression test, while for the larger value of the strain ratio, 

the main crack was similar to the torsional case and the subsequent 

crack appeared oblique. Two crossing hills by compressive strains 

were also observed in the combined test. In the nonsynchronous case, 

crack initiated perpendicular to the axis of the specimen and then 

crack propagaged in zig-zag way. In some specimens, cracks were 

observed everywhere on the gage ·1ength. 

(7) For the random fatigue caused by earthquakes, it may be possible 

to calculate the probability density f(E:. ) and then to determine 
eq 

the total number of cycles Nt by Eq. (;5.8) or Eq. (5.9). 
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§6.3 Suggestions for Further Studies 

The following studies are suggested in the future. 

From the material mechanics' point of view, discrepancies of 

the linear r~lationship between the 09tahedral shear strain and the 

number of cycles to fracture for different strain states should be 

investigaged, especially for the cyclic range lower than one hundred. 

For the nonsynchronous case, other theories, such as the effective 

mean strain range recently developed by Taira et al., and the modified 

octahedral shear theory by Miller should be applied to the results in 

this study. 

Confirmation of the conclusions in this thesis should be made by 

using other kind of materials. Especially for the structural engineer, 

behavior of structural steel may be more important than of aluminum 

alloy. 

Although the simple sine wave was used for the input signal in 

this study, behavior of materials under more complicated load 

appearing in random vibrations ~hould be studied both theoretically 

and experimentally in an other chance. For this purpose, some 

fundamental items, such as the effects of strain rate and of mean 

strain, may have to be clearified. 

From the structural point of view, the study on low cycle fatigue 

seems to be still at the starting point. In recent big earthquakes, 

damages by low cycle fatigue were observed. First of all, the 

previous studies should be reviewed in detail and then the future 

studies should be planned carefully. On the other hand, the testing 

machine which can be used in the experiment of structural scale 

should be constructed. The buckling or instability problem under 

dynamic load should also be studied. 
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