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Abstract

We prove that the solutions to the initial-valued problem for the 2-
dimensional Schrédinger maps are unique in Cy L3 N L§° (H; N Hf) For
the proof, we follow McGahagan’s argument with improving its technical
part, combining Yudovich’s argument.

1 Introduction

We consider the initial value problem for the Schrédinger map equation in the
two dimensional case:

du=uxAu onR? xR,
(1.1)
u(

r,0) = ug(xr)  on R?
where u = u(x,t) is the unknown function from R? x R to a sphere
S?={yeR’: |y =1} C R

and x denotes the vector product of vectors in R3.

In the physical context, (1.1) is considered as a mathematical model of the
evolution of magnetization vectors in ferromagnetic materials. (In this context,
(1.1) is usually called the Landau-Lifschitz equation. For more information, see
[5] for example.)

The equation (1.1) has the energy conservation, where the energy is given
by

E(u) :/ E Vul? d.
)

Our main theorem is the uniqueness of solutions to (1.1) in the class of H?-
valued solutions. The precise statement is the following:

Theorem 1.1. (Uniqueness) Let ul®), u() € C(I: L=(R?))NL>(I : H'(R*)N
H?(R?)) be two solutions to (1.1), where I C R is a time interval including 0.
Suppose that u®|,—g = uM|,—g on R2. Then, u® = u®) on R? x I.
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Remark 1.1. (a) Theorem 1.1 is an improvement over that of McGahagan [8]
in the range of uniqueness, whose class has been the largest ever. Typically,
McGahagan’s result implies the uniqueness in C(I : L®) N L°(I : H' N H2te)
fore>0.

(b) By the Sobolev embedding, our result implies the uniqueness of L*-
localized strong solutions. More precisely, the solutions to (1.1) are unique in
C(I: Q+ H?), where Q is a fived point in S?.

(¢c) Theorem 1.1 also implies the uniqueness proved previously by the au-
thor [11]. Under the equivariant conditions in two dimensions, he proved the
uniqueness of solutions in the class C(I : HY) N L>(I : H?) near the harmonic
family. Note that the auziliary condition C(I : L) follows from the embedding
H' c L™ for equivariant maps.

(d) In [6], Kato proves the uniqueness of H'-valued solutions to the modi-
fied Schrodinger map equations under the Coulomb gauge condition. It is the
equation which the differentiated field of the solutions to (1.1) satisfies, which
is derived in [9]. The H' regularity for differentiated fields corresponds to the
H? regularity for original maps. However, note that this result does not imply
the uniqueness for the original equation, as mentioned in [6] and [9].

The framework of the proof of Theorem 1.1 is mainly based on the ideas
of McGahagan [8]. In detail, we measure the difference of two solutions in a
geometrical way, and show that it should be zero if the initial data coincides.
More precisely, we consider the parallel transport of the derivatives of solutions
along geodesics, and take the difference in the same tangent spaces. (See (2.2)
below.) The advantage of this method is that we can avoid the emergence
of extra derivatives on solutions, which leads to the uniqueness for H3-valued
solutions. See Proposition 2.2 for the mechanism of the above phenomenon.

The differences from McGahagan’s work are two points. First, we fixed
the interval of the parameter of geodesics to [0, 1], instead of using the arc
length parameter which is used in McGahagan’s argument. Indeed, in [8], the
quantitative estimates for geodesics (see Lemma 2.1) is actually obtained by
the former parameter. However, it is sensitive to change the parameter into the
later one when the arc length is 0, namely, the two maps coincides with each
other. Thus we rather perform the estimates without changing the parameter.
Then, a difficult term emerges in the estimates which does not appear in [§],
and it is necessary to exploit the geometrical structure of it. See the argument
for the control of Q5 in Section 3.

Second, we apply Yudovich’s argument [13] to the energy method, Thanks
to it, we can avoid the use of the Sobolev embedding for the control of L,
which would require a little more regularity of the solutions. For the related
result, see [3] and [4] for example.

The organization of the present paper is as follows. In Section 2, we introduce
minimal geodesics and the related estimates from [8]. We also discuss the proof
of the main theorem in the same section. In Section 3, we give the proof of the
key estimate for our proof. Some technical lemmas is shown in Section 4.

Finally, we introduce some notations used in the paper. For a function
space Y of space variables, we write L>(I : Y) :=={f: I =Y : ||fllp(sy) =
esssup,c; || flly < oo}, I CR. When I = [0,T7] for T > 0, we simply write it by
L$Y,. For abbreviation, for a function space Y and a vector valued function



f, we write f € Y if and only if every component of f belongs to Y. We often
interpret the time variable ¢ as the variable with index 0 (see Lemma 2.1 for
example). We define the commutator of two operators by [A, B] = AB — BA.
For f,g € (L*(R?))*, we define the inner product (f,g) = [z f - gda. In our
argument, we use the notation C for representing a constant, and the value
varies in each situations. If we intend to indicate that such C' depends on some
specific quantity M, we write it by C(M) for example.

2 Main argument

2.1 Geodesics

We only consider the case I = [0,7] for T > 0. The negative direction in
time follows from the similar argument. Let (9, u(Y) € C(I : L>) N L>(I :
H'N HZ) be two solutions with u(®],—g = u")|;—g. We may choose T so that
[ul® — u(l)HLgo <7

Then, for (x,t) € R?x[0, T}, we consider the minimal geodesic from u(®) (z, t)
to uM(x,t). In detail, we take a map (s, z,t) : [0,1] x R? x [0,1] — S? such
that

o v(0,2,t) = uO(x,t), y(1,2,t) = uV (x,t) in (2,t) € R? x [0, T].
o Jss7+ (75 - 7s)y = 01in [0,1] x R? x [0, T].

The following estimates for v follows from the fact that the exponential map
is C*°-diffeomorphism in the cut locus. See [Mc] in detail.

Lemma 2.1. (Estimates for ) v satisfies the followings:
(1) 10| < |Oku™| (k=0,1,2).
(2) |10;0ky| S 10;0,u™| + [0;u™||0pu™*|  (j,k =1,2).

Next, we consider the parallel transport along the geodesics. We define the
operator X(s,0) : Ty(r0.0S* = Ty(s2)S? s.t. for & € Ty 00)S?, X(s,0)E is
the parallel transport of £ along v(s). X(s,o0) is, by definition, the resolution
operator for the following ODE:

D,F =0,F +(F-~,)y=0, F:R—R5

We frequently use the following commutator estimate for X and differential
operators, which plays a central role in the argument.

Lemma 2.2. (Commutator) Fork =0,1,2, s,0 € [0,1] and F(x,t) € TA,(U,M)SQ,
we have

[Di, X (s,0)] F = /S X (s,81)R(0s7, Oky) X (81,0)Fdsy, (2.1)

where R is the Ricci curvature tensor, defined explicitly by

R(&1,862)83 = (&3 §2)&1 — (&3 - &1)&2

for &1, &9, &5 in T,S? with p € S%.



For the proof at classical level, see [8]. However, we need to be careful for
the regularity. For example, in our argument in the next section, we will use
Lemma 2.2 in the case when F is the third derivative of u(®). Since u(%) is only
assumed to be in H?, such F cannot be defined in the classical sense. Therefore,
we have to justify the lemma above even for some distributional vector fields.
In Section 4, we provide a rigorous argument for this point by proving Lemma
2.2 in several distributional settings (see Lemma 4.3).

2.2 Yudovich’s argument

In order to prove u(®) = uM) we apply Yudovich’s argument to (1.1). The
framework of the argument at formal level is the following: We first derive the
following type of inequality for all p > 2:

%(differenee) < Cp(difference)'~1/7,

where C' is a constant independent of p. By solving the above inequality, we
have
(difference) < (CT)P,

where we recall that T' is the length of time interval. If we choose T to be
sufficiently small, by taking the limit p — oo, we can conclude that the difference
is 0. We will proceed the above argument with caring about the singularity and
regularity by combining penalization for instance.

In our argument, we choose the difference as the following, based on [8]:

2 2

Hu(o) - u(l)‘ (2.2)

+ 3 HX(l,O)Bmu(O)—E)mu(l)’

m=1,2

L2 LeLz

Each term is controlled in the following way:

Proposition 2.1. Let ¢ = u9 — v and M = ||Vum‘"‘x||L%oH1. Then the
following estimates hold true for all p > 2.

(i) |[oclals |, < CO0) gl ;.

(i) 1Vall g 12 < Vomer 2 | X (1,000 = 0V oo+ COM) B llal 15 -

Proposition 2.2. Let V,,, = X(l,O)@mu(O) — OpuM form = 1,2, and M =
HVumaXHL%OHl. Then the following estimate holds true for all p > 2.

1-1/p
1{0:Vin, Vi)l oo < C(M)p (qlli;:mg + ) ||Vm|i%cL§> . (23)

m=1,2

The main part of our argument is the proof of Proposition 2.2, and we discuss
it in the next section. Here we prove Proposition 2.1.

Proof of Proposition 2.1. We first note that our assumption of regularity implies
u® — ™) € Whee (I : L?). See Lemma 4.4 in Section 4 for its proof. Hence for



a.a. t € I, we have
d
= llallzz = 2(0i0,0) = 2(a x Au®, q) +2(ul) x Ag, )

=2 Z (9;uV) x 9;4,q)
j=1.2

2
Su ||Q||L%°H;7

which gives (i) in the statement. For (ii), we first recall the following inequality:
Here we recall the following inequality: For f € H' and r € [2,00), we have

1l < CVr I fllan s (2.4)

where C' is independent of p and f. See for instance [10] for the detailed proof.
We decompose

10mall 2 < [Vinllpz + [ X(1,000mu® = u

for m = 1,2 and ¢ € [0, 1]. The second term is controlled by

/8X30mu /H sOmu)8’y>

Ha u
where | = dg2(u(®,u(V) is the distance of u(o and u(" on the Riemannian
manifold S?. Since we have

(2.5)

|l||L4p/<2p 1

| < Clal,
(2.5) is controlled by

VP [0mu®|| gl o < COD VIl
where we used (2.7) and the following inequality:

£l awran-n < 11z P I (2.6)
Thus we obtain (ii). O

Proof of Theorem 1.1. We first note that V,,, € L>(I : HY) N Wh(I : H™1)
for m = 1,2. We will check this regularity in Lemma 4.4 in Section 4.

Let € > 0 be arbitrary number. Let ¢ € C°(R) be a cut-off function, and
define the operator P, = ((-/2%)) *. Then, for sufficiently large k& uniformly
in ¢, we have

lgll7z + D (Vs PiVin) + €

m=1,2
Since P,V,, € C(I : H'), we have

1/p
O <Q||2L2 + ) Vi, PiVi) +€>

m=1,2

1/p—1
<||q|Lz+ > (Vi PiVin) ) <6t|q||ig+2 > Re<atvm,kam>>,

m=1,2 m=1,2

> 0.

’B\H



for all ¢t € (0,T), and thus

1/p|=T
<|Q||L2+ Z VmaPkV )

m=1,2 1—0

1/p—1
/ <|‘I||L2+ > (Vin, PiVim) ) <5t ||Q||ig+2 > Re(0:Vin, PiVim)

m=1,2 m=1,2

By taking the limit £ — oo, it follows that

1/p
(mniz + ) Vil +e>

m=1,2 =T

T 1/p—1
=/0 <|q||Lz+ > Vi ||Lz+e> Re (@ lallz- + > <8tvm,vm>> dt,

m=1,2 m=1,2

which can be justified by Lebesgue’s dominant convergence theorem. Set

G(T) = llallzgz + D IVanlggere- (2.7)

m=1,2
By Propositions 2.1 and 2.2, we have
(G(T) 4 €)'/? < C(M)T.

If we choose T sufficiently small, (C(M)T)? — 0 as p — oo, and thus by letting
€ — 0, we have

which concludes the main theorem.

3 Proof of Proposition 2.2

In this section, we show Proposition 2.2. We first define J by the complex
structure of S?, which can be explicitly written as J¢ = p x £ for £ € T,S?.
From (1.1), V,,, satisfies the following equation:

2 4
DyVin =J Y DVi + 3 Ra,
k=1 a=1

where

Ry = [Dy, X] 0,,u®

Z J Dy, X] DO u®

- Z JDy, [Dy, X] 9pu'®

>dt



2
Ry = Z {R(Xamu(o), X0pu ) X0pu® — R(OpuY, 6ku(1))3ku(1)}

k=1

It suffices to show the following estimate for m = 1,2 and t € I:
4
Z (Ra, Vin)| < C(M)pG(T) /P,

where G(T') is as in (2.7).
When a = 1, we have

1
[(R1, Vin)| = / (X (L 8)R(Ds7, 07) X (5,0)0mu'®, Vin ) ds
0

1
< [ [ 1aalianonuiVadods
0 JR2

1

gc/ / 10y 8,y O ||V, | dedls
0 JR?2

3mu<o>’

1 1—1
< COMpllall = 1Vl g%

< Ol ger 195wl 2

L5 Vil par/zo-)
where we used Lemmas 2.1 and 2.2, (2.7) and (2.6). Similarly, when a = 2, we
have

[(R2, Vin)| = R(057, 0k7) X (5,0) Dy0mul®), TV, )ds

SC’/ / 1 Vu™]| V20| |V, |dzds
o Jr2

< Ol ze VU™ L

‘VQU,(O) HLg [Vinl par/2o-1)
1 1—1
< CODpllall= 1 1Vl =15 -

R, is estimated in the following manner:

[(Ra, Vi) < 0/2 [ (|| Vi + [Val) |V |deds
R
< CIVu™™ e e IVl + Valllf e s

2—2
< C(M)p||Vi| + [Val 32212 .

Lo L2

The most difficult part is the estimate for R3. We first consider the decom-



position as follows:

(g, V) = 3 / ([D X (1, )] ROy, 047)X (5,000, IV, )ds
k=1

2 1
+y° / (R(Dx0yy, Or) X (5,0)0u'®, JX (5,1)) Vi )ds
k=10
2 1
+ Z / <R(as% Dkak'Y)X(Sa O)amu(o), JX(S, 1))Vm>d5
k=170

2 1
Y /O (R(0s7, 07 [Dies X (5, 0)] 9™, T X (5,1)) Vi s

1
+ 30 [ R09,000)X (5.0)D10,0 IX (5. 1)) V)i
0

Each term except Q2 is estimated as follows:

Q1] =

2 1 1
S [ [ X(1,0) RO 00)X (0,9 R(0.,009) X (5,000, IV, ) dords
k=1 0 s

< c/ P2V} Vi | dar
]RZ
<l pg pe 90" g g0 V0™ (e 0 (Vi e 10200

1-1 1-1
< COMplall 15 Vil 75 -

Qs < C / N MO
R2

| V2 me V™| Lo 30 [ Vinl| oo par/2p-1)
T T Hz

< ||l||L;°L,i” HLOTCLg |

1-1 1-1
< COM)p llgll 43 Vinll 15 -

Q4| =

2 1 1
> / / (R(857, 0xy) X (s,0)R(Ds7, Ory) X (0,0)0mu'® , JV;,Vdods
k=170 /s

SC/ VU™ 3|V, |dx
R2

1-1 1-1
< CODp a7 5 IVall 172

Qsl<C / V[V ||V, |
RQ

1—1 1-1
< CODp a7 15 IVall 172



The argument for @2 is far involved, since we cannot control Dydsu directly
by ¢ or V,,,. The only quantitative information of difference can be seen in the
component in the dyy direction, that is,

Didiy - 0y = 3 0x(1%) = 104l (3.1)

It will be turned out, however, that the above information is sufficient to control
Q2 by exploiting the structure of Ricci tensor.

Now we fix (x,t) € R? x I satisfying I(x,t) # 0. Then we set

Oy + JOsy w JOsy — 0s7y
vl No/

We note that v, w is an orthonormal frame on 7,S?. By calculations, we have

R(Dyds7y, Ok7) X (5,1)0u'® - JX (5,0)V,,
= {(Oky - v)(Dr0s7y - w) — (Ory - w)(Dr0sy - v)}
: {(X(S,O)amu(o) ) (TX (8, 1)V - w) — (X(5,0)0mu® - w) (JX(5,1) Vi - v)}

We set
A= (X(5,0)0u® - 0)(JX(5,1)Vp - w) — (X (5,0)0pu® - w)(JX (s,1)V;, - v).

Then A is independent of s. Thus, we have
1
/ R(Dy8s7, 0:7) X (5,1)0mu'® - JX (s,0)V;,ds
0
1
"y / {9y - V) (DD - ) — Dy - w)(Dydsry - v)} ds (3.2)
0
A 1
= 72/ {0k - 0s7)(Dr0sy - JOs7y) — (Ory - JOs7)(DiOsy - 057) } ds
0

Since Dy0s7y - JOsv = 05(0xy - JOs7), integration by parts gives that (3.2) is
equal to

24 (1 A
- Tz/ Oy - JOs7) (D05 - Osy)ds + 15 (Owy - 957) Oy - JOs7)
0

A 5
= ﬁ Z Baa
a=1
where )
Bl = —2/ (8](7 . Jasfy)(akas’y . as’)/)dsa
0

32 = (8kq : 637|S:1)(8ku(1) . Jas’)/ls:l)v
By = (0ku® - y[32) Ok - TOsy]s=1),
B, = (akum) - 057 5=0) (Orq - Jsy|s=1),



Bs = (05u'? - 97| 5—0) (kg - JONISZD).-
By using (3.1), we have

|B1| < C1?|041) |0 ™.
The other terms are controlled as follows:

|Ba| + | By| < C1?|0kq||Vu™™| < CI? (|Vk| + |8ku(0)|l) |OpuV],

|Bs| < Cloxu®||VuV]i /0 Bulds < Clopum e,
|Bs| < Clawu'|[VuD | (7325 x 9svls=1 — Vls=0 x 9:71355)| < Cldu™ 1.
On the other hand, A is bounded by
C|Vu™*|| Vi .
Hence, (3.2) is bounded by
C{u™|0kl] + [Vu™|| Vi | 4+ [V 21} [V ||V, .

Here we recall the following estimate obtained in [8]:

0ul] < [Vil. (3.3)
Writing
A(t)={z eR® : I(z,t) =0},
we have
2 1
Q2] = > / / R(Dydsy, 0k7) X (8,1)0pu'® - JX (5,0)Vydsda
o1 JR2—A®) Jo
<C [ (Vi] + [Va|?da + C [P |V | da

R2— A(t) R2—A(t)
2-2 1-1 1-1
< cp (Il + IValIT278 + lallz 2 1Vl 572)

which completes the proof. (Il

4 Appendix: Some technical lemmas

We first check the following inequality from harmonic analysis:

Lemma 4.1. For f,g € S(R?) and € > 0, we have

1f9llg-+ < Clf g Mgl g mpgaee (4.1)

where C' > 0 is independent of f,g.

10



Proof. By Leibniz rule (see [7] for example), we have for ¢ € S(R?),

‘ / fgpdx
RQ

< -1 gl e

< Al g=2 Ulgll zoe lllpe + 11VellL2) + 1Vl p2ra-o 1@l p2/e)
‘pHHl’

< f -2 gl poo mgree

which leads to (4.1). O

In particular, for f € H™1 and g € L N H¢ with € > 0, we can define the
multiplication fg € H~! by the usual distributional sense, namely,

<fg>¢>H*1,H1 = (fa 990>H*1,H1

for o € H'. This is consistent with the classical definition, thus the Leibniz rule
is also justified for such distributions. See [11] for the related discussions.

Let v be as in the previous sections. We show that the parallel transport
can be defined for distributional tangent vectors:

Lemma 4.2. Let Y be either (i) LS H for r € (—00,2), or (i) W%’OCHgl N
LS HY. Moreover, let o € [0,1] and & € Y? satisfying € - Y|s=o = 0. Then a
unique solution F(s) = X (s,0)¢ € CLY to the following ODE exists:

D,F(s) =0, F(o)=¢. (4.2)

Proof. We will show in the case ¢ = 0, where the other case can be proved
similarly. We rewrite (4.2) in the integral form:

F(s) =€~ /O (F(s") - 0y(s")) v(s")ds" = ®(F)(s)

It suffices to show that @ is a contraction in C([0,s] : Y) for s < 1 depending
only on M as in Proposition 2.2. In both cases of (i) and (ii), we have

[R(E) Loy < Elly + CM)s [ Fll ey

1D(F1) = @(F2) || poey < C(M)s[[FL = Fafl ey
by using Lemmas 2.1 and 4.1, which proves the lemma. O

Lemma 4.3. The followings are true.

(i) Let o € [0,1] and F € LL? with F - y|s—o = 0. Then, (2.1) holds for
k=1,2.

(ii) Let o € [0,1] and F € W™ H; ' N L HY with F - ~|s—y = 0. Then, (2.1)
holds for k = 0.

Proof. By Lemma 4.2, [Dy, X] F € CLL*H1, and the derivatives of the both
sides of (2.1) with respect to s coincides with each other. Since both sides are

0 when s = o, the conclusion follows from the uniqueness of the solution of
ODEs. 0

Next we check the regularity of ¢ and V,,.

11



Lemma 4.4. The following properties hold true.
(i) g € WHoo(I 1 L?).
(ii) Vi € Lo°(I : HYYNWh(T : H7Y) for m =1, 2.

Proof. (i) From (1.1), we have d;q = ¢ x Vu'®) —u) x ¢ € L L2. In particular,
it follows that ¢ € W%’OO(LE, U L) N CpL*>®. Therefore, by using Theorem

1.4.35 in [1], we have ¢(t,-) = fot Oyqdt for all t € I, which leads to the desired
conclusion.

(ii) By (i), it suffices to show that X(1,0)0,,u® — 9,u® € L¥H' N
W%"OOH ~1. However, it immediately follows from

1

X(1,0)0,,u® — 9,,u® = —/ (X(5,0)0mu® - 8,9)yds € LSSH' N W%’OOH_l,
0

where the last regularity property follow from Lemma 4.2. O
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