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Determining the late effect parameter in the Fleming-Harrington 
test using asymptotic relative efficiency in cancer immunotherapy 
clinical trials
Yuichiro Kaneko a,b and Satoshi Moritaa

aDepartment of Biomedical Statistics and Bioinformatics, Kyoto University Graduate School of Medicine, Kyoto, Japan; 
bData Science Statistical & RWD Science, Astellas Pharma Global Development Inc, Northbrook, Illinois, USA

ABSTRACT
The delayed treatment effect, which manifests as a separation of survival curves 
after a change point, has often been observed in immunotherapy clinical trials. 
A late effect of this kind may violate the proportional hazards assumption, 
resulting in the non-negligible loss of statistical power of an ordinary log-rank 
test when comparing survival curves. The Fleming-Harrington (FH) test, 
a weighted log-rank test, is configured to mitigate the loss of power by incorpor
ating a weight function with two parameters, one each for early and late treat
ment effects. The two parameters need to be appropriately determined, but no 
helpful guides have been fully established. Since the late effect is expected in 
immunotherapy trials, we focus on the late effect parameter in this study. We 
consider parameterizing the late effect in a readily interpretable fashion and 
determining the optimal late effect parameter in the FH test to maintain statis
tical power in reference to the asymptotic relative efficiency (ARE). The optimiza
tion is carried out under three lag models (i.e. linear, threshold, and generalized 
linear lag), where the optimal weights are proportional to the lag functions 
characterized by the change points. Extensive simulation studies showed that 
the FH test with the selected late parameter reliably provided sufficient power 
even when the change points in the lag models were misspecified. This finding 
suggests that the FH test with the ARE-guided late parameter may be 
a reasonable and practical choice for the primary analysis in immunotherapy 
clinical trials.
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1. Introduction

Many agents in the field of cancer immunotherapy exhibit a delayed effect, while cytotoxic agents do not 
(Hoos et al. 2010). A typical delayed effect was observed, for example, in overall survival (OS) curves in 
a phase III clinical trial in patients with recurrent squamous cell carcinoma of the head and neck (Ferris et al.  
2016). In that trial, survival curves overlapped between two treatment groups in the beginning and then 
started to separate at around 3–4 months after the initiation of the study treatment. Although several papers 
discuss that such a phenomenon of survival curves may stem from a subgroup of patients who have a non- 
responsive biomarker profile (Cristescu et al. 2018; Sharma et al. 2017), in this paper we consider the 
problem under the assumption that this kind of delayed effect is due to a lag before the induction of the 
immune response, leading to a violation of the proportional hazard assumption when comparing survival 
curves. In such a situation, applying a conventional log-rank test may lead to a loss of statistical power. Thus 
far, several weighted log-rank test approaches have been proposed to deal with the delayed effect and 
circumvent the power loss by incorporating a weight function when comparing treatment groups 
(Hasegawa 2014; Liu et al. 2018; Xu et al. 2016).
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Hasegawa (2014) proposed a log-rank test using the Fleming-Harrington (FH) class of weights for 
sample size determination in cancer vaccine studies. Xu et al. (2016) proposed the use of a piecewise 
constant weighted log-rank test (PC test) in cancer vaccine studies. Both methods are implemented 
under a single change point model, thus being somewhat restrictive. Liu et al. (2018) suggested 
a piecewise proportional hazards cure rate model with the use of cumulative density function of 
random delayed time as weight function. We focused on FH test because it is simple and can be easily 
implemented, and the fact that it is convenient to allocate the weight on early, middle, and late effects 
by specifying the values of the parameters.

Fleming and Harrington (1991) proposed the FH test as a weighted log-rank test. The FH test uses 
the weight function W tð Þ ¼ Ŝ t�ð Þρ 1 � Ŝ t�ð Þ

� �γ
, where Ŝ t�ð Þ denotes the left-continuous version of 

the Kaplan–Meier survival function in the pooled sample at time t, and ρ and γ denote the early and 
late effect parameters, respectively. For example, W tð Þ with (ρ,γÞ ¼ ð0,0) gives the ordinary (conven
tional) log-rank test. Prentice (1978) suggested that the combination of ρ ¼ 1 and γ ¼ 0 may be 
a relevant choice for detecting an early effect. In order to efficiently detect the late effect that is 
frequently observed in immunotherapy randomized clinical trials (i-RCTs), it may be reasonable to 
determine γð> 0) under ρ ¼ 0 so that the required statistical power is maintained as much as possible.

Lin et al. (2020) proposed the Max-combo test, which combines the weight function of the FH test with 
the four prototypes ρ; γð Þ ¼ 0; 0ð Þ; 0; 1ð Þ; 1; 0ð Þ; 1; 1ð Þ. Note that ρ; γð Þ ¼ 1; 1ð Þ is set to evaluate 
a medium-term effect. The Max-combo test first calculates the four test statistics with the four weights, 
then selects the weight function with the maximum statistic, and finally derives the adjusted p-value under 
the multiplicity correction.

In the context of a preventive clinical trial for Alzheimer disease, Garès et al. (2014, 2015, 2017) proposed 
using a specific form of the survival function in the FH test, namely 1 � Ŝ t�ð Þ

� �γ
, with the late effect γ to be 

optimized in terms of Pitman’s asymptotic relative efficiency (ARE) (Nikitin 2011) under ρ ¼ 0. Garès et al. 
(2014) used ARE to evaluate the relationship between the FH test with a weight function of 1 � Ŝ t�ð Þ

� �γ 

and the piecewise weighted log-rank test with a single change point t�. They remarked that in the 
simulations, the parameter γ in the FH test was less sensitive to misspecification than the change point t�. 
They proposed to first choose the change point t�, based on a priori knowledge about the expected late 
effects, and then to identify the value of γ and use the FH test with selected γ under ρ ¼ 0, which matches 
best with the desired piecewise log-rank test. In Garès et al. (2015), on the other hand, the authors assumed 
that the delayed effect is not certain to happen in the study design stage, and they proposed the new statistic 
as maximum of the log-rank statistic and several FH’s statistics for late effect. Their simulation showed the 
proposed test could maintain its statistical power in both proportional hazard and delayed effect situations. 
Garès et al. (2017) investigated the relationship between the necessary sample size for testing under the FH 
test with γ under ρ ¼ 0 is optimal and investigated the change point achieved by every value of parameter γ 
in the FH test for various simulation settings. Based on their results, they recommended using a parameter γ 
value of 3.0 for general choice to detect late effects.

However, a more user-friendly method may be desirable because such a specific form of the 
survival function may be difficult for physicians to properly interpret and may not necessarily fit an 
immunotherapy trial well. Therefore, we consider parameterizing the late effect in the framework of 
a hazard ratio that may be readily interpretable by physicians who design clinical trials and use their 
results. The objective of this paper is to propose a practically useful and conveniently implementable 
procedure to determine the value of the late effect parameter γ of the FH test for designing an i-RCT. 
In order to select γ so that the loss of statistical power is minimized, we use Pitman’s ARE as a guide to 
compare the proposed FH test and the optimal log-rank test under multiple lag models that may be 
plausibly assumed for an i-RCT. As will be explained in Section 3.3, the ARE evaluates the sample sizes 
required for two different statistical tests to achieve the same statistical power, assuming the asymp
totic normality of the test statistics. Therefore, we first carried out a computer simulation to evaluate 
the validity of the asymptotic normality assumption under typical sample sizes for real clinical trials. In 
this simulation, we will also evaluate the robustness of the FH test with selected γ values when the 
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assumed change point is correctly or incorrectly specified. Then, we will seek the utility of the 
proposed procedure compared with the optimally weighted log-rank test.

Once the availability of the ARE is established, the computational burdens for designing an i-RCT 
will be substantially lower than when using the empirical relative efficiency, which requires more 
massive numerical computations.

This paper is organized as follows. In Section 2, we review the weighted log-rank test. In Section 3, 
we present the proposed procedure to determine the late effect parameter in the FH test using the 
ARE. In Section 4, we conduct extensive simulation studies to examine the performance of the 
proposed method, and to evaluate the performance of the FH test with several γ values in various 
situations. In Section 5, we apply our proposed method to the real-world example, and we then close 
with a brief discussion in Section 6.

2. Weighted log-rank tests and relevant notation

A weighted log-rank test may be a reasonable alternative to a conventional log-rank test for comparing 
survival curves between treatment arms when the proportional hazard assumption is violated, because 
such a violation may result in a serious loss of statistical power.

We work in the setting of a two-arm randomized clinical trial. The total n subjects are randomly 
allocated to a control group of n0 subjects with an allocation ratio p0, or to a new treatment group of n1 
(with 1 � p0Þsubjects. The latent failure time T�ij is the random variable associated with the survival 
function, and the latent censoring time Cij is the random variable associated with the censoring 
function for the jth subject in group i, where i ¼ 0 denotes the control group and i ¼ 1 denotes the 

treatment group. The survival time and censoring time distributions are denoted by Si ¼ P T�ij � t
� �

and Gi ¼ P Cij � t
� �

, respectively. The latent failure time and latent censoring time are assumed to be 

independent. The observed failure time is then given by Tij ¼ min T�ij;Cij

� �
, and thus the probability 

of being at risk is given by 

πi tð Þ ¼ P T�ij � t;Cij � t
� �

¼ P Tij � t
� �

¼ Si t�ð ÞGi t�ð Þ;

where Si t�ð Þ and Gi t�ð Þ denote the left-continuous versions of the survival function and censoring 
distribution at time t in group i, respectively. Let δij ¼ I T�ij � Cij

� �
denote the observed failure 

indicator for the jth subject in group i at Tij, with the indicator function I �ð Þ:
These data can be expressed in terms of counting process notation using 
Nij tð Þ ¼ I Tij � t; δij ¼ 1

� �
;Yi tð Þ ¼

Pn
j¼1 I Tij � t

� �
; and Ni tð Þ ¼

Pni
j¼1 Nij tð Þ, where Ni tð Þ denotes 

the number of failures in group i before or at time t, and Yi tð Þ denotes the number at risk in group 
i at time t� , and both Ni tð Þ, and Yi tð Þ are random variables. Furthermore, N tð Þ ¼ N0 tð Þ þ N1 tð Þ and 
Y tð Þ ¼ Y0 tð Þ þ Y1 tð Þ. Finally, τ denotes the study duration. Let λ0 tð Þ and λ1 tð Þdenote the hazard 
functions in the control and treatment groups, respectively, and let Λ tð Þ denote the cumulative 
function of pooled hazard.

For testing the null hypothesisH0 : S0 tð Þ ¼ S1 tð Þ vs. the alternative hypothesis H1 : S0 tð Þ�S1 tð Þ, the 
weighted log-rank test statistic with the weight function W tð Þ is given by 

TW ¼ n� 1 ò
τ
0 W tð Þ

Y0 tð ÞY1 tð Þ
Y tð Þ

� �
dN0 tð Þ
Y0 tð Þ

�
dN1 tð Þ
Y1 tð Þ

� �

: (1) 

The variance of TW , σ2
w, is estimated by 
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σ̂2
w ¼ n� 1 ò

τ
0 W2 tð Þ

Y0 tð ÞY1 tð Þ
Y tð Þ

dΛ tð Þ: (2) 

Note that the weight function W tð Þ ¼ Ŝ t�ð Þ
� �ρ

1 � Ŝ t�ð Þ
� �γ 

for γ � 0; ρ � 0 defines the FH test.
Note also that the test statistic Zw ¼

ffiffiffi
n
p

TW=σ̂w is asymptotically normal N
ffiffiffi
n
p

μw=σw; 1
� �

under the 
local alternative where 

μw ¼ ò
τ
0 w tð Þ

p0π0 tð Þð1 � p0Þπ1 tð Þ
π tð Þ

λ0 tð Þ � λ1 tð Þf gdt; (3) 

σ2
w ¼ ò

τ
0 w2 tð Þ

p0π0 tð Þð1 � p0Þπ1 tð Þ
π2 tð Þ

p0π0 tð Þλ0 tð Þ þ ð1 � p0Þπ1 tð Þλ1 tð Þð Þdt; (4) 

with π0 tð Þ ¼ lim
n!1

Y0 tð Þ
n0

, π1 tð Þ ¼ lim
n!1

Y1 tð Þ
n1

, p0 ¼ lim
n!1

n0
n , and π tð Þ ¼ p0π0 tð Þ þ ð1 � p0Þπ1 tð Þ. Here, w tð Þ

is a deterministic function given by lim
n!1

W tð Þ ¼ w tð Þ through the convergence in probability.

3. Proposed approach

In order to determine the late effect parameter γ in the FH test, we first assume three plausible lag 
models that have different hazard functions with different optimal weights. Under each of these 
models, we calculate the required sample size for the optimally weighted log-rank test as explained in 
Section 3.2. Then we evaluate the ARE to compare the efficiency of the FH test with that of the 
optimally weighted log-rank test. Finally, we determine the parameter γ to give the maximum value of 
the ARE as explained in Section 3.4.

3.1. Three lag models comprising the hazard function

As described in Section 1, the delayed effect has been frequently observed in immunotherapy 
randomized clinical trials (i-RCTs), and we focus on it here. First, we consider simple prototypical 
lag models that include change point parameters, as shown below.

Following Zucker and Lakatos (1990), Ye and Yu (2018), and Ding and Wu (2020), we use the 
hazard model with lag of effect, 

λ1 tð Þ ¼ θl tð Þ þ 1 � l tð Þð Þf gλ0 tð Þ; (5) 

where λ0 tð Þ and λ1 tð Þ denote the hazard functions for the control and new treatment arms, respec
tively, and l tð Þ is a monotonic, non-decreasing function with 0 � l tð Þ � 1. The value of l tð Þ represents 
the achieved proportion of the full treatment effect θ at time t. As also discussed in Ye and Yu (2018), θ 
can be simply interpreted as the hazard ratio when l tð Þ ¼ 1.

We assume the following three lag functions, which may sufficiently cover possible separation 
patterns between the two survival curves observed in immunotherapy clinical trials:

(a) threshold lag with change point t� : the treatment has no effect before t� and achieves full effect 
after t�, 

l tð Þ ¼ Iðt > t�Þ;

(b) linear lag with change point t�: the treatment effect linearly starts from the beginning and 
achieves its full effect at change point t�,

l tð Þ ¼ t
t�
� �

I t � t�ð Þ þ Iðt > t�Þ; and
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(c) generalized linear lag with change point t�1 ; t�2 : the treatment has no effect before t�1 and then 
linearly achieves its full effect at t�2 , 

l tð Þ ¼
t � t�1
t�2 � t�1

I t�1 � t< t�2
� �

þ I t � t�2
� �

:

Note that the lag models are not limited to these three prototypical models but can be extended to 
other patterns. Also, for generalized linear lag, if the change point t�1 is set as 0, then it becomes 
identical to the linear lag with change point t�2 .

If the lag model is true, the survival function of the new treatment arm is given as 

S1 tð Þ ¼ exp � ò
τ
0 λ1 uð Þdu

� �n o
¼ exp � ò

τ
0 θl tð Þ þ 1 � l tð Þð Þf gλ0 uð Þdu

� �n o
: (6) 

3.2. Sample size calculation for the optimally weighted log-rank test under each lag model

Given the type I and II error rates, α and β, the required total sample size for the weighted log-rank test 
is calculated as 

n ¼
ðzα þ zβÞ

2σw
2

μw
2 ; (7) 

where zα and zβ denote the upper α=2 and β percentile points of the standard normal distribution, 
respectively, and μw and σ2

w are given above in Equations (3) and (4). Under the alternative hypothesis 
defined by each of the lag models, we calculate μw and σ2

w using λ1 tð Þ in Equation (5) and S1 tð Þ in 
Equation (6). When using the weight function W tð Þ ¼ l tð Þ, the sample size takes the minimum value 
under the lag model, because in this context W tð Þ ¼ l tð Þ is the optimal weight in terms of detecting 
treatment effect over control (Zucker and Lakatos 1990).

3.3. The ARE in weighted log-rank tests

Tests based on the Zw statistic given in Section 2 have a statistical power converging to unity as n!1
for any fixed type of alternative, and hence it is difficult to compare the weighted log-rank tests in 
terms of statistical power. However, as discussed in Gill (1980), Fleming and Harrington (1991), Garès 
et al. (2014), Garès et al. (2015), and Garès et al. (2017), under a sequence of alternative hypotheses 
converging to the null hypothesis as n!1, the distribution of a statistic has a finite mean 
asymptotically, as well as positive variance; hence, comparison between two test statistics is possible. 
This is the concept of Pitman’s ARE. For log-rank type statistics, Gill (1980) discusses the efficiency 
properties in the framework of the local asymptotic, i.e., in the limit as n!1 and as the treatment 
effect approaches zero at the rate 1=

ffiffiffi
n
p

.
ARE is the ratio of asymptotic efficacies (i.e. μ1=σ1

� �2
= μ2=σ2
� �2) between two test statistics. Note 

that (μ1; σ1Þ and μ2; σ2
� �

are sets of asymptotic means and standard deviations for each set of test 
statistics under the sequence of alternatives. Then, ARE can also be regarded as the reciprocal ratio of 
sample sizes required for two different statistical tests to achieve the same statistical power. Thus, the 
ARE allows us to quantitatively compare the efficiencies between two statistical tests under the same 
statistical hypothesis.

Pitman’s ARE comparing ZW1 and ZW2 is given by 

ρ2 ZW1 ;ZW2ð Þ ¼
ò
τ
0 w1w2φ tð Þdt

n o2

ò
τ
0 w12φ tð Þdt ò

τ
0 w22φ tð Þdt

(8) 
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with 

φ tð Þ ¼
p0ð1 � p0Þπ0 tð Þπ1 tð Þ

p0π0 tð Þ þ ð1 � p0Þπ1 tð Þ
λ0 tð Þ;

where π1 is evaluated under H0 (Zucker and Lakatos 1990). Note that (8) is equivalent to the 
asymptotic correlation between ZW1 and ZW2 under H0 (Gastwirth 1985). The integrals in (8) do 
not in general have closed forms, and therefore we numerically evaluate (8) as will be explained in 
Sec. 4.1.

As discussed in Zucker and Lakatos (1990), the statistical power (referred to as the “predicted 
power”) for any test statistic ZW can be evaluated using 

Φ � zα þ zα þ zβ
� �

ρ ZW ;ZWopt

� �� �
; (9) 

where Φ denotes the standard normal distribution function and ZWopt is the optimal statistic.
As above, Pitman’s ARE asymptotically compares the efficiencies of two statistical tests, assuming 

the asymptotic normality of their test statistics. Therefore, we empirically evaluate the ARE under 
a finite number of sample sizes for an actual clinical trial, as shown in Section 4. In other words, we will 
computationally evaluate the statistical power, that is, the “empirical power,” by calculating the 
percentage of the simulated replications in the trial that reached the prespecified level of statistical 
significance.

3.4. Procedure to determine the late effect parameter in the FH test using the ARE

To determine the parameter γ in the FH test under the delayed effect situation, we take the following 
steps. Although there are potentially other non-proportional patterns seen in immunotherapy clinical 
trials, we only focus on the delayed effect pattern since it occurs commonly (Hoos et al. 2010). First, we 
assume one of the lag models (threshold lag, linear lag, and generalized linear lag) given in Section 3.1 
and give the values of the true change points (t�; t�1 ; t�2). Let ZWFH be the weighted log-rank statistic as 
shown in Section 2 with a weight function of WFH tð Þ ¼ Ŝ t�ð Þ

� �ρ
1 � Ŝ t�ð Þ
� �γ 

for γ � 0 and ρ � 0, 
and let Zl be the weighted log-rank statistic as shown in Section 2 with a weight function of l tð Þ, which 
is the lag function described in Section 3.1. As discussed by Zucker and Lakatos (1990), the weight 
function of l tð Þ is the optimal under the assumed lag models. Then, we numerically evaluate the ARE 
of ZWFH in comparison to Zl by altering the value of γ from 0 to 3.0 by 0.1-unit intervals. Note that 
because of the asymptotic correlations shown in (8), the ARE for ZWFH relative to ZWl , namely 
ρ2 ZWFH ;Zlð Þ, ranges from 0 to 1 because it indicates the relative efficiency when l is the optimal 
weight. At the same time, this ARE is also equivalent to that for Zl relative to ZWFH , namely 
ρ2 Zl;ZWFHð Þ, when WFH is the optimal weight. In the proposed procedure, we only focus on 
ρ2 ZWFH ;Zlð Þ because we determine the parameter γ under the situation where l is the optimal weight 
and Zl is optimal statistic under the assumed lag model. Based on the ARE calculation results, we select 
the parameter γ to give the maximum value of the ARE that is above the threshold value (e.g., 0.8). 
Then, using Equation (7), we calculate the sample size with W tð Þ ¼WFH and the selected γ to achieve 
the statistical power (e.g., 0.8 or 0.9) under the assumed lag model.

4. Simulation study design and results

To compare the proposed method with the optimally weighted log-rank test and Max-combo test, we 
first simulated the trial 10,000 times under varying situations as determined by the lag models. We 
used a balanced design with equal (1:1) allocation to the new treatment and control arms in an i-RCT 
with a trial period of 36 months. We assumed an exponential survival function for the control arm to 
achieve a survival probability of 0.30 at 36 months. For the treatment arm, we defined the survival 
functions using the lag models (see Appendix A for details).
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We set the value of the change point t� from 0 months (no lag) to 18 months in 3-month intervals 
for the threshold and linear lags. For the generalized linear lag, we set t�2 similarly as t� and set t�1 to be 
half the value of t�2 . The hazard ratios (θ) after the change points t� in threshold lag/linear lag and t�2 in 
generalized linear lag are set to be 0.6. Finally, we set accrual period as 10.8 months with uniformly 
distributed accrual, and set follow-up period as 25.2 (=36 × 0.7) months.

As described in Section 3.3, we first calculated the ARE between the FH test and optimally weighted 
log-rank test by using Equation (8) with γ values that varied from 0 to 3.0 in 0.1-unit intervals under 
the three lag models with the true change point ranging from 0 months to 18 months in 3-month 
intervals. Then, we evaluated the similarity between the predicted power and the empirical power to 
ensure the availability of the ARE under the assumed circumstances.

First, we compared the empirical statistical power of the FH test, with those of the optimally 
weighted log-rank test and the Max-combo test (Lin et al. 2020). We predetermined the parameter γ as 
explained above, following the procedure in Section 3.4.

Second, we thoroughly assessed the impact of misspecification of parameter γ in the FH test, which 
corresponded to misspecification of the change point under the three lag models. In the second 
simulation, we likewise simulated the trial 10,000 times using a balanced design with equal (1:1) 
allocation to the new treatment and control arms under the lag models. The optimally weighted log- 
rank test under the lag models was set as the benchmark, and the sample size was calculated based on 
the optimally weighted log-rank test to maintain 80% statistical power (Table S1 of the Supporting 
Information). As the comparator, we used the Max-combo test. This test, as defined in the first 
simulation, generally combines the weight function of the FH test with the four prototypes 
ρ; γð Þ ¼ 0; 0ð Þ; 0; 1ð Þ; 1; 0ð Þ; 1; 1ð Þ. In the second simulation, we defined it as Max-combo test 1. In 

addition, we arranged the late effect in the Max-combo test, not fixing ρ; γð Þ ¼ 0; 1ð Þ, but changing γ 
in 0; γð Þ per change point under each lag model, as in the FH test, and defined it as Max-combo test 2.

Furthermore, to simultaneously evaluate the impact of the mis-specification in lag models and 
change point, we performed FH test in one lag model (e.g., threshold lag) under the other lag model 
(e.g., linear lag model). Similarly, the optimally weighted log-rank test under the other lag model (e.g., 
linear lag model) was set as the benchmark, and the sample size was calculated based on the optimally 
weighted log-rank test to maintain 80% statistical power. Max-combo test 1 and 2 were also evaluated 
as comparator.

Third, we sought to evaluate the operational characteristics of the FH test with various γ values 
under a greater variety of non-proportional hazard situations. These included not only the delayed 
effect but also other patterns such as the “crossing” survival function and the “diminishing” treatment 
effect, both of which are seen in several oncology clinical trials (Hellmann et al. 2019; Hussain et al.  
2015). For the delayed effect, we created the survival function under threshold lag, linear lag, and 
generalized linear lag with a change point of 12 (months). In addition, in reference to Garès et al. 
(2014), we evaluated the survival functions in which the FH test is optimal by altering the γ value from 
0.5 to 3.0. To evaluate the performance of the FH test with various γ values, we fixed the total number 
of events at 200 in all patterns.

To assess the operational characteristics of the FH test with various γ values (γ ¼ 0:5 � 3:0Þ in these 
simulation datasets, we used the log-rank test, Gehan–Breslow test (GB), Max-combo test, and 
restricted mean survival time (RMST) as comparators. For the RMST, we set the specified times of 
interest as tRMST = 25.2, and tRMST = 32. The parameters used to create the survival functions are 
described in Table S4.

4.1. Evaluation of the proposed approach under the lag models

Figure 1 summarizes the ARE results of the FH test with γ and the optimally weighted log-rank test.
The ARE result under no lag is shown in Figure 1a. As expected, the ARE uniformly decreased 

when the parameter γ increased. When the survival curves of the two arms separated relatively early, 
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a) No lag 

b) Change point = 3 months   c) Change point = 6 months  d) Change point = 9 months 

e) Change point = 12 months  f) Change point = 15 months g) Change point = 18 months 

in FH test

in FH test

 in FH test 

Figure 1. Asymptotic relative efficiency (ARE) results for the FH test with the late effect parameter γ and the optimally weighted log- 
rank test with the three lag models (threshold, linear, and generalized linear). a) – g) are defined by change point values ranging 
from 0 month to 18 months. The survival curve in the control group with the assumed change point time is displayed in each panel. 
The x-axis indicates the parameter values of γ ranging from 0 to 3.0 in 0.1-unit intervals.
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such as at 3 months and 6 months (Figure 1b,c), the ARE was very similar in the three lag models; its 
maximum value was just after γ = 0, and decreased to about 0.5–0.6 at γ = 3.0. Thus, as expected, when 
the survival curves are expected to separate early, the ordinary log-rank test should be used in the 
primary analysis. In the presence of a delayed effect, that is, if the separation of survival curves occurs 
later, the ARE values demonstrate a greater difference between the lag models.

For threshold lag, the ARE was maximized when γ was specified to be 1.1, 1.5, 2.2, and 3.0 in 
Figure 1d–g, respectively. Also, the maximized ARE value was smaller for threshold lag than for 
the other two lag models. For linear lag, an ARE value of nearly 1.0 was achieved when γ was 
correctly specified around 0.5 to 1.0 in Figure 1b–g. Therefore, the FH test with a γ value of 0.5 to 
1.0 is recommended. For generalized linear lag, the maximum ARE was achieved when γ was 
correctly specified around 0.5 to 2.0 in Figure 1c–g. Therefore, it is recommended that the FH test 
be used with a γ value of 0.5 to 2.0 for the change point that occurs before halfway through the 
study.

Figure 2a shows the predicted power as shown in (9), with γ values that varied from 0 to 3.0 in 
0.5-unit intervals under the three lag models with the true change point ranging from 0 months to 18  
months in 3-month intervals. The predicted power of the optimally weighted log-rank test is set to be 
80% under the true change point. In Figure 2b, we confirm that the empirical and predicted powers are 
sufficiently close (detailed results are available in Table S1 of the Supporting Information). 
Consequently, we used the ARE to determine the parameter γ; that is, we identified which value of 
γ, ranging from 0 to 3.0 in 0.1-unit intervals, resulted in the maximum ARE value. Then, for the 
simulation study, we selected γ from the ARE results. To simplify the process, we selected γ from 
values ranging from 0 to 3 in 0.5-unit intervals.

Table 1 summarizes the selected γ and the required sample size to maintain the 80% statistical 
power under type I error = 0.05 in the simulation study. The assumed change points t� (threshold lag/ 
linear lag) and t�2 (generalized linear lag) at the sample size calculation took values from 6 months, 12  
months, and 18 months, corresponding to early, middle, and late change points.

Table 2 shows the simulation study results. The FH test could almost maintain the planned 
statistical power of 80% when the assumed change point corresponded to the true change point. In 
general, the FH test was quite comparable to the optimally weighted log-rank test and the Max-combo 
test, especially when the true change point was 6 months, although the weighted log-rank test with 
W ¼ l tð Þ had higher statistical power when the assumed change point was correctly specified. Under 
threshold lag, however, the FH test and the Max-combo test had higher statistical power than the 
optimally weighted log-rank test with W ¼ l tð Þ, when the true change point was earlier than planned. 
Also, when the true change point was 18 months, the Max-combo test had considerably lower power 
than the FH test and the optimally weighted log-rank test with W ¼ l tð Þ.

Under linear lag, the FH test was overall similar to the optimally weighted log-rank test with 
W ¼ l tð Þ and the Max-combo test.

4.2. Evaluation of the impact of parameter misspecification under the lag models

In the second simulation, the parameter γ in the FH test, which corresponded to the change point 
under each lag model, was selected in accordance with the procedure described in Section 3.4 using 
ARE (Table S2 of the Supporting Information).

Table 3 shows the second simulation study results when the lag models were correctly specified but 
the change point was mis-specified. As designed, the optimally weighted log-rank test (the weighted 
log-rank test with W ¼ l tð Þ) could almost maintain the planned statistical power of 80% when the 
assumed change point corresponded to the true change point.

For threshold lag, although the weighted log-rank test with W ¼ l tð Þ had higher statistical power 
when the assumed change point was correctly specified, the FH test had higher power when the change 
point was misspecified, except for the assumed change point of 0.
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Also, compared with Max-combo tests 1 and 2, the FH test had higher power when the 
change point was correctly specified. On the other hand, in the true change points of 0, 3, and 
6, Max-combo tests 1 and 2 maintained statistical power above 70% in all cases, while the FH 
test had lower statistical power when the change point was assumed much later than true 
change point. However, if the true change point was relatively later, such as 12, 15, or 18, 

a) Predicted Power (%) 

 

b) The difference between predicted power – empirical power 

 

Figure 2. The performance for the FH test with parameter γ under the no-lag or each lag model was true with change point t�

(threshold lag/linear lag) or t�1 ; t�2 (generalized linear lag). The upper row displays a) predicted power (%), and the lower row displays 
b) the difference between predicted power and empirical power (i.e., predicted power – empirical power).
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then the FH test had higher power than Max-combo test 1 in most of the misspecified change 
points, and had higher power than Max-combo tests 2, except for the assumed change point 
of 0.

For linear lag, the four tests were mostly comparable with each other, while the optimally weighted 
log-rank test with W ¼ l tð Þ had the highest power, though only marginally, when the change point 
was correctly specified. In addition, none of the four tests had severely decreased statistical power in 
any true change point against misspecification under linear lag.

For generalized linear lag, the weighted log-rank test with W ¼ l tð Þ had the highest power 
when the change point was correctly specified. However, the FH test was more robust than 
the weighted log-rank test with W ¼ l tð Þ when the degree of misspecification was greater. 
Compared with Max-combo tests 1 and 2, the FH test had higher power when the change 
point was correctly specified. In terms of robustness against misspecification, however, when 
the true change points were 3, and 6, Max-combo tests 1 and 2 were more robust than the FH 
test in case the later change points such as 15 and 18 were assumed for the statistical tests. On 
the other hand, when the true change points were 15 and 18, the FH test was more robust 
than Max-combo test 2 in all change points, and had higher power than Max-combo test 1 in 
most of the change points.

Table 1. Total sample sizes (n : used in the simulation study) to achieve 80% statistical power for the FH test with the late effect 
parameter γ under the threshold, linear, and generalized linear lag models for change points = 6 months, 12 months, and 18 months.

Change point (months)

Threshold lag Linear lag Generalized linear lag

γ n γ n γ n

6 0.5 360 0.5 286 0.5 316
12 1.5 558 0.5 368 1.0 444
18 3.0 982 1.0 474 2.0 646

Table 2. Comparison of the FH test with the optimally weighted log-rank test, and Max-combo test when the true change point was 
misspecified in each lag model.

True CP (months)
Assumed CP 

(months)

Threshold lag Linear lag Generalized linear lag

Optimal FH
Max- 

combo Optimal FH
Max- 

combo Optimal FH
Max- 

combo

0 6 86.1 91.8 93.3 86.1 85.1 87.5 - - -
3 85.3 88.1 86.2 84.7 83.6 82.9 85.2 86.0 84.1
6 84.7 79.4 77.5 81.1 80.2 78.0 82.7 80.1 77.6
9 67.3 66.8 65.4 75.6 75.6 72.6 73.4 72.0 69.5
12 48.0 51.8 50.4 68.5 69.7 66.6 60.4 62.0 60.1
15 31.5 36.3 35.4 60.4 63.3 60.3 47.2 51.3 50.0
18 20.0 23.4 22.9 52.5 56.5 53.7 35.3 40.5 39.3
0 12 88.7 94.3 99.3 91.6 93.0 94.2 - - -
3 87.9 94.3 96.9 90.6 91.7 91.0 88.9 92.5 93.7
6 87.3 92.4 92.6 88.9 89.0 87.5 88.5 90.1 89.6
9 86.5 87.9 84.0 85.8 85.2 83.0 87.4 86.4 83.8
12 85.8 79.6 71.0 81.3 80.5 77.6 82.9 80.1 75.2
15 64.6 66.3 53.0 75.3 74.2 71.6 73.5 71.0 64.3
18 40.9 48.2 34.0 67.5 67.0 64.6 59.8 60.4 51.9
0 18 91.2 97.2 100.0 94.9 94.4 98.0 - - -
3 90.6 97.2 99.9 94.5 94.2 96.3 92.7 94.6 98.9
6 89.8 97.3 99.5 93.5 93.2 94.0 92.4 94.7 97.5
9 88.9 96.3 97.8 92.0 91.6 91.1 92.1 93.5 94.5
12 88.7 94.8 92.2 89.6 88.9 87.7 91.2 91.2 89.2
15 87.8 90.2 78.4 86.1 85.3 82.5 88.9 86.8 80.6
18 87.3 79.8 56.5 80.6 80.0 76.1 82.9 80.2 68.6

CP:change point.
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Table 3. Robustness of the optimally weighted log-rank test, FH test, and Max-combo test when CP (months) or FH parameter γ was 
misspecified and tested under different assumptions in each lag model.

True CP CP tested

Threshold lag Linear Lag Generalized Linear Lag

Optimal FH Max1 Max2 Optimal FH Max1 Max2 Optimal FH Max1 Max2

0 0 79.8 79.8 77.5 78.1 79.8 79.8 77.5 78.1 - - -
3 74.0 76.4 78.2 78.1 78.5 78.2 - - -
6 66.6 71.8 78.0 76.2 77.6 78.2 - - -
9 59.2 66.4 77.4 74.4 74.7 78.1 - - - -

12 51.8 61.1 76.7 72.2 73.1 78.1 - - -
15 43.4 52.9 76.0 70.4 71.8 78.0 - - -
18 35.8 45.5 75.5 68.7 69.2 77.7 - - -

3 0 72.8 72.8 75.2 75.7 77.9 77.9 77.0 77.5 - - 76.2 -
3 80.3 77.6 75.8 80.4 79.4 77.8 80.3 78.7 77.1
6 73.9 76.3 75.7 79.6 79.2 77.7 77.2 77.9 77.0
9 66.6 72.9 75.0 78.0 78.1 77.6 72.5 75.6 76.6

12 58.0 68.6 74.4 76.4 77.2 77.5 68.1 73.6 76.2
15 49.8 61.1 73.5 74.8 76.4 77.4 63.0 68.7 75.6
18 40.0 53.3 72.7 73.2 74.1 77.1 57.8 63.8 74.9

6 0 64.4 64.4 72.4 71.8 74.1 74.1 76.3 76.5 - - 75.0 -
3 72.1 74.0 71.7 77.9 77.6 76.6 76.5 76.4 74.9
6 80.1 75.7 72.0 79.5 78.3 76.6 80.2 77.4 74.9
9 73.0 75.1 72.4 79.1 78.5 76.5 77.8 77.1 75.0

12 65.0 72.6 72.1 78.2 78.0 76.6 73.3 76.0 75.0
15 55.4 67.0 71.6 77.0 77.5 76.6 68.1 72.7 74.6
18 45.9 59.8 70.7 75.6 76.0 76.4 62.8 69.0 74.1

9 0 54.3 54.3 68.5 65.8 72.6 72.6 77.1 77.1 - - 73.1 -
3 62.6 68.5 65.8 77.2 77.5 77.2 70.3 72.9 72.1
6 70.8 72.8 66.9 79.6 78.6 77.2 77.2 75.6 72.2
9 80.3 74.5 69.0 80.8 79.6 77.1 80.3 77.1 72.9

12 72.6 74.6 69.7 80.6 79.6 77.2 78.4 77.0 73.1
15 63.3 71.9 69.4 79.7 79.5 77.2 73.9 75.1 73.1
18 52.6 66.9 68.3 78.8 78.6 77.1 68.3 72.6 72.8

12 0 46.2 46.2 63.8 57.6 69.8 69.8 76.4 75.6 - - 71.3 -
3 52.7 61.4 57.7 74.3 75.5 75.6 64.1 69.0 68.6
6 61.0 67.4 60.5 77.2 77.2 75.6 70.9 73.1 68.8
9 69.9 71.8 64.6 79.2 78.9 75.6 77.1 75.9 70.4

12 80.1 73.7 66.3 80.0 79.2 75.8 80.2 76.8 71.3
15 71.7 73.3 67.0 80.1 79.3 76.0 79.0 76.7 72.2
18 60.0 70.5 66.6 79.5 79.0 76.3 75.2 75.7 72.3

15 0 36.3 36.3 56.0 46.7 67.7 67.7 75.5 74.0 - - 68.7 -
3 42.2 52.3 47.1 72.0 74.0 74.0 58.1 64.4 63.8
6 49.5 59.6 51.7 75.4 75.9 74.0 65.0 68.8 64.2
9 58.3 66.1 57.3 77.8 78.1 74.1 71.8 73.5 66.9

12 68.0 69.8 60.6 79.1 78.7 74.4 77.3 75.1 68.7
15 80.3 72.7 63.6 79.7 79.2 74.8 79.8 76.7 70.4
18 69.4 72.6 64.3 79.6 79.1 75.4 78.4 76.7 70.9

18 0 29.2 29.2 48.1 36.5 65.2 65.2 75.1 72.9 - - 65.5 -
3 33.0 43.4 37.6 69.6 72.1 73.0 50.9 58.9 57.9
6 39.4 51.1 43.2 73.2 74.3 72.9 57.7 64.9 58.8
9 46.1 58.4 49.6 75.8 77.0 73.0 65.5 70.6 63.2

12 55.1 63.9 53.9 78.0 77.9 73.3 73.1 73.5 65.5
15 66.5 69.2 59.1 79.4 78.4 73.9 78.1 76.3 68.4
18 80.3 71.6 61.8 79.8 79.3 74.9 80.4 77.8 69.6

CP:Change point. FH: FH test with parameter Optimal:Optimally weighted log-rank test under each lag model. The bold values 
denote situations in which “CP tested” correctly specified “True CP.” In the FH test, the parameter γ was selected to achieve the 
highest ARE under each lag model (Table S2). Max1:Max-combo test with the combinations ρ; γð Þ ¼ 0; 0ð Þ; 0; 1ð Þ; 1; 0ð Þ; 1; 1ð Þ. 
Max2:Max-combo test with the combinations ρ; γð Þ ¼ 0; 0ð Þ; 0; γð Þ; 1; 0ð Þ; 1; 1ð Þ. The parameter in is the same value specified in 
the FH test under each lag model. For CP tested = 0 under threshold lag and linear lag, Optimal and FH reduced to the log-rank 
test, while Max2 reduced to ρ; γð Þ ¼ 0; 0ð Þ; 1; 0ð Þ; 1; 1ð Þ.
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4.3. Evaluation of the impact of misspecification in lag models and parameters under each lag 
model

We also evaluated the impact of misspecification when both lag models and change points were 
incorrectly specified. In Table 4, we show additional second simulation results, focusing especially on 
assuming the threshold lag or linear lag under generalized linear lag. In Table S3, we show all results of 
statistical power under misspecification with a) threshold lag, b) linear lag, and c) generalized 
linear lag.

Table 4. Robustness of the optimally weighted log-rank test, FH test, and Max-combo test when lag models and “CP (months) or FH 
γ” were misspecified and tested under generalized linear lag.

True CP Max1 CP Assumed

Tested assuming threshold lag Tested assuming linear lag

Optimal FH Max2 Optimal FH Max2

3 76.2 0 75.1 75.1 76.9 75.1 75.1 76.9
3 79.4 78.5 77.1 79.8 78.3 77.2
6 72.2 76.6 76.8 79.7 78.7 77.1
9 65.2 72.3 76.1 78.2 77.9 77

12 57.2 67.5 75.4 76.8 77.3 76.9
15 48.6 59.1 74.6 75.4 76.6 76.8
18 39.6 51.4 74 74 74.7 76.4

6 75 0 69.7 69.7 74.9 69.7 69.7 74.9
3 77.8 77.2 75 75.1 75.2 74.9
6 78 77.2 74.9 78.8 76.4 74.9
9 70.4 75.5 74.9 79.3 77.4 74.9

12 62.1 71.8 74.5 78.6 77.4 74.9
15 53.3 64.5 73.6 77.4 77.2 74.9
18 43.5 57.6 72.8 76.1 76.6 75

9 73.1 0 63.5 63.5 72.1 63.5 63.5 72.1
3 71.9 74.4 72.1 68.9 70.7 72.1
6 79 76.9 72.6 74.1 72.9 72.1
9 76.2 76.8 73.1 77.8 75.6 72.2

12 67.9 74.6 73 78.8 76.4 72.4
15 58.6 69.3 72.2 78.4 76.9 72.6
18 48.4 63.1 71.3 77.9 77 73

12 71.3 0 58 58 68.6 58 58 68.6
3 65.2 71.3 68.6 62.7 66.1 68.6
6 74.1 75.2 69.8 68 69 68.6
9 78.8 76.9 71.6 73.2 73.1 68.8

12 75.1 76.4 72.3 76.5 74.1 69.1
15 65.9 74 71.9 77.8 75.2 69.8
18 55.2 68.9 71 77.9 76.4 70.8

15 68.7 0 52.2 52.2 63.7 52.2 52.2 63.7
3 59.3 66.9 63.9 57 61.3 63.8
6 67.9 72.4 65.9 62.2 64.4 63.8
9 75.4 75.7 69.2 67 68.8 64.2

12 77.6 76.9 70.6 72 70.9 64.9
15 72.7 75.8 71.2 75 72.4 65.9
18 61.2 72.7 70.3 76.2 74.4 67.8

18 65.5 0 45.6 45.6 57.8 45.6 45.6 57.8
3 52.5 62.2 58.2 50.1 55.3 57.8
6 60.6 68.9 61.7 54.8 58.9 57.9
9 70.5 74.3 66.3 60.8 64.9 58.8

12 76.7 76.8 68.8 65.8 67.1 60.1
15 77.3 77.8 70.3 70.5 68.9 61.7
18 70 76.5 70.1 73.9 72.2 64.4

CP:Change point. FH: FH test with parameter Optimal:Optimally weighted log-rank test under each lag model. In the FH test, the 
parameter was selected to achieve the highest ARE under each lag model (Table S2). Max1: Max-combo test with the combinations 

ρ; γð Þ ¼ 0; 0ð Þ; 0; 1ð Þ; 1; 0ð Þ; 1; 1ð Þ. Max2: Max-combo test with the combinations . The parameter γ in 0; γð Þ is the same value 
specified in the FH test under each assumed lag model. For CP tested = 0 under threshold lag and linear lag, Optimal and FH 
reduced to the log-rank test, while Max 2 reduced to ρ; γð Þ ¼ 0; 0ð Þ; 1; 0ð Þ; 1; 1ð Þ.
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Across the misspecified lag models with true change points from 0 to 18, the FH was more 
beneficial than the optimally weighted log-rank test, Max-combo tests 1 and 2, when assuming 
threshold lag under generalized lag with a true change point of 12, 15, or 18. In this situation, 
the FH test was more robust in general than the optimally weighted log-rank test, and it 
maintained relatively higher (>70%) statistical power for each of the following scenarios: an 
assumed change point of 3 to 15 under a true change point of 12, an assumed change point of  
>6 under a true change point of 15, and an assumed change point of >9 under a true change 
point of 18. In this situation, the FH test also had statistical power equal to or higher than Max- 
combo tests 1 and 2.

On the other hand, compared with Max-combo tests 1 and 2, the FH test had worse performance 
when assuming threshold lag under linear lag with a true change point of 0, 3, or 6. In this situation, 
the FH test had lower statistical power than Max-combo tests 1 and 2, with an assumed change point 
of >9 under a true change point of 0, or an assumed change point of >12 under a true change point of 3 
or 6. There were also several situations where the FH test showed worse performance (<70%) than 
Max-combo tests 1 and 2, such as the FH test assuming threshold lag under generalized lag with an 
assumed change point of >12 under a true change point of 3, or an assumed change point of >15 under 
a true change point of 6.

In these situations, the FH test was commonly less robust than Max-combo tests 1 and 2 when the 
assumed change point was misspecified relatively later (e.g., 12, 15, 18) under the early true change 
point (e.g., 0, 3, 6). Compared to optimally weighted log-rank test, the FH test was more robust under 
any misspecified lag, and generally had similar (<5% difference) or higher statistical power. The 
primary situations where none of the four tests (FH test, optimally weighted log-rank test, Max-combo 
tests 1 and 2) had sufficient statistical power were as follows: tests assuming linear lag under threshold 
lag with a true change point of 15 or 18, and tests assuming generalized linear lag under threshold lag 
with a true change point of 18, in both cases regardless of assumed change point.

4.4. Evaluation of the FH test in various situations

Figure 3 shows the configurations of survival functions in each pattern for third simulation.
Table 5 summarizes the results of the third simulation.
As expected, the log-rank test had the highest statistical power for the proportional hazard (no lag) 

pattern. However, the statistical power was more than 20% lower than the test with the highest 
statistical power for several delayed patterns, such as threshold lag, optimal for FH test withγ: 2.0, γ: 3.0 
and other patterns such as the crossing 1, crossing 2, and diminishing 2.

For the FH test with γ values of 0.5–3.0, the statistical power decreased relative to that of the 
standard log-rank test for the proportional hazard (no lag) pattern as γ increased. On the other hand, 
the highest statistical powers for the FH test with γ values of 2.0, 0.5, and 1.5 were achieved under 
threshold lag, linear lag, and generalized linear lag, respectively. For delayed patterns 5–9 based on the 
survival functions derived by Garès et al. (2014), the corresponding FH test with the γ value could 
achieve the highest statistical power as designed. For patterns 10–13, the FH test with various γ values 
retained sufficient statistical power for the crossing patterns, but had the lowest statistical powers in 
the diminishing patterns, and these powers decreased as the value of γ increased.

For the GB test, the statistical power was slightly lower than that of the standard log-rank test but 
was comparable to that of the log-rank test. Also, for the diminishing patterns, the statistical power 
was slightly lower than RMST with tRMST = 25.2 and tRMST = 32, but was higher than with other 
statistical tests. However, for the delayed and crossing patterns, the test had considerably lower 
statistical power.

For the RMST test with tRMST = 25.2 and with tRMST = 32, the statistical powers were highest with 
the diminishing 1 and diminishing 2 patterns. However, the statistical power was lower overall than 
for other tests, especially for delayed patterns 2–9.
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For all patterns, the Max-combo test yielded a statistical power that was always 20% less than the 
test with the highest statistical power.

5. Application

Ferris et al. (2016) conducted an open-label, phase 3 trial of nivolumab for recurrent 
squamous cell carcinoma of the head and neck in patients whose disease had progressed 
within 6 months after platinum-based chemotherapy (CheckMate 141 study). The authors 
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Figure 3. Survival functions for each pattern evaluated in the simulation.
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planned to assign 360 patients in a 2:1 ratio to nivolumab or standard therapy. The primary 
endpoint was overall survival (OS).

In the design stage, the hazard ratio of nivolumab in the control arm was assumed to be 
0.667, which was equivalent to 50% improvement in median OS, i.e., 9 months in the 
nivolumab arm compared to 6 months in the control arm. The planned trial duration was 
25 months, with uniform accrual for 14 months during the planning stage. Under these 
assumptions, it was estimated that 360 patients would ensure 90% statistical power with 
a two-sided α level of 0.05.

The actual study result was shown to be statistically significant using a conventional (stratified) log- 
rank test. However, separation of OS curves between the treatment groups was noticed approximately 
4 months after the randomization.

We retrospectively considered redesigning the study using all of these study parameters except for 
the condition of delayed separation, focusing on OS. Since the effects of immune-oncologic agents are 
often delayed relative to the initial mechanism of action, we assumed a threshold lag with change point 
t�. We used the primary endpoint of OS. Then, we planned to conduct hypothesis testing for the 
primary endpoint with an α level of 0.05.

Table 6 shows the total sample sizes needed for different change points for OS, and 
different hazard ratios after the change points. As described in Section 3, we selected the γ 
value in the FH test, which corresponds to the assumed change point according to the ARE, 
and used equation (7) to calculate the sample size necessary to achieve 90% statistical power 
to detect the difference between two arms for the primary endpoints of OS when the 
alternative hypothesis is true. In these ARE calculations, ARE was not impacted by the 
value of the hazard ratio after the separation, but instead was impacted by the value of the 
change point. In all patterns, our proposed method succeeded in providing the necessary 
sample size, reflecting the change point into the value of the late parameter γ.

Table 5. Comparison of the performance of the FH test with those of other tests under various patterns.

No. Pattern Log-rank FH 0.5 FH 1.0 FH 1.5 FH 2.0 FH 3.0 GB RMST 25.2 RMST 32 Max-combo

1 PH (no lag) 95.3 92.7 88.3 82.7 76.6 65.6 93.9 87.4 92.5 94.4
2 Threshold lag 

(CP: 12)
33.2 48.3 55.1 57.7 57.8 54.9 19.4 9.7 16.9 47.6

3 Linear lag 
(CP: 12)

69.7 79.1 78.7 75.8 72.3 64.2 55.0 36.0 50.6 76.4

4 Generalized linear lag  
(Cp: 12)

50.3 64.8 68.7 68.8 66.8 60.4 33.4 18.6 29.7 62.9

5 Optimal for FH 
γ: 0.5

71.8 77.1 75.4 72.1 68.4 61.0 60.4 43.1 56.2 74.9

6 Optimal for FH 
γ: 1.0

63.0 74.2 75.7 74.8 72.9 68.0 46.1 27.7 41.8 71.6

7 Optimal for FH 
γ: 1.5

56.3 70.5 74.9 76.0 75.5 72.7 37.3 19.6 32.5 68.8

8 Optimal for FH 
γ: 2.0

51.3 67.5 73.8 76.2 76.6 75.6 30.8 15.1 25.9 66.9

9 Optimal for FH 
γ: 3.0

43.5 61.9 70.8 75.1 77.2 78.9 23.1 10.2 18.8 62.8

10 Crossing 1 
(CP: 6)

61.4 86.7 91.8 92.2 91.4 87.0 33.0 13.5 28.3 88.2

11 Crossing 2 
(CP: 12)

27.4 52.9 66.3 73.0 76.3 76.9 10.1 4.9 8.2 57.5

12 Diminishing 1 (CP:6) 46.2 26.5 17.8 14.2 12.3 10.5 54.8 57.6 55.6 46.2
13 Diminishing 2 (CP:12) 35.8 17.2 9.8 7.2 6.3 5.5 49.7 58.1 53.0 39.9

CP: change point; Log-rank: Log-rank test; FH 0.5: FH test with γ = 0.5; FH 1.0: FH test with γ = 1.0. 
FH 1.5: FH test with γ = 1.5; FH 2.0: FH test with γ = 2.0; FH 3.0: FH test with γ = 3.0. 
GB: Gehan–Breslow test; RMST 25.2: RMST with tRMST = 25.2; RMST 32: RMST with tRMST = 32. 
Max-combo: Max-combo test.
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We also retrospectively attempted to conduct the CheckMate 141 study using the reproduced data of 
361 individual patients. We set the primary endpoint of OS, and tested it with no interim analysis. The 
procedure to reproduce the patient-level data was conducted in accordance with Guyot et al. (2012).

As shown in Figure 4, the reproduced OS with HR = 0.681 (95% CI 0.517–0.897) was nearly 
identical to the reported values in the original publication.

To conduct the primary analysis retrospectively, we set the value of late parameter γ ¼ 1:1 for OS so 
that the change point was 4 months. The proposed FH test showed a statistically significant between- 
arm difference for OS (p < 0.001), while the original (stratified) log-rank test result was also statistically 
significant in OS (p = 0.0055). This result suggests that our proposed method can be useful in 
successfully coping with delayed effects thereby increasing the statistical power, compared with the 
conventional log-rank test.

6. Discussion

There are several limitations to our proposed method to determine the value of γ. First, we fixed 
the parameter ρ in the FH test as 0, because we only focused on the delayed effect situation in 
immuno-oncology and only sought to determine the parameter γ (γ> 0) with ρ ¼ 0. There exists 
another type of survival curve, known as a “crossing” as shown in a phase III study of stage IV or 

Table 6. The relationship between change point, hazard ratio after the change point, and total sample size n in the FH test, using γ 
selected with the ARE.

No Change point HRs after change point
Selected γ value 

(ARE value at selected γ) Total sample size

1 3 0.5 γ ¼ 0:8 (ARE = 0.89) 222
2 6 0.5 γ ¼ 1:9(ARE = 0.85) 375
3 9 0.5 γ ¼ 3:5(ARE = 0.81) 675
4 3 0.6667 γ ¼ 0:8 (ARE = 0.89) 612
5 6 0.6667 γ ¼ 1:9(ARE = 0.85) 1020
6 9 0.6667 γ ¼ 3:5(ARE = 0.81) 1818

Figure 4. Kaplan–Meier curves for the reproduced OS in the CheckMate 141 study.
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recurrent NSCLC and a PD-L1 expression level of 1% or more (Hellmann et al. 2019). In 
a “crossing” curve, the survival curve indicates worse outcomes for treatment than for control 
in early stages, but demonstrates treatment benefit in later stages. In such a case, no weights or less 
weight in early stages, and more weights in later stages, as FH test with various γ values, 
sometimes difficult to interpret (Shen et al. 2023). Moreover, as shown in Magirr (2021) for the 
FH test with ρ; γð Þ ¼ 0; 1ð Þ, when the survival curve in the treatment arm is always lower than that 
in the control group, our proposed approach and other weighted approaches slightly inflate Type 
I error. We did not focus on such a situation. Second, within the delayed effect situations, we need 
to determine the lag pattern and change point before initiating the study. In situations where 
a priori knowledge about the late effect in the immunotherapy test drug is available and be reliably 
applied to the study, the lag pattern and change point can be derived based on when and how to 
achieve the full effect, and the corresponding parameter γ in the FH test can be determined by our 
proposed approach. In addition, if it is certain that the delayed effect will occur but the change 
point is uncertain before the study, to avoid severe loss of statistical power due to misspecification 
it may be preferable to conservatively define the change point as a later value (e.g., a higher value 
in the historical data) rather than an earlier value, as shown in Table 2.

Moreover, in terms of practically determining γ in the FH test even if the change point is uncertain, it is 
better to specify γ in an approximate range of 0.5–1.5, because as shown in Table S1, this will prevent severe 
loss of statistical power (i.e., over 60%) except in extreme cases where the change point is defined as 15 or 
18 months of threshold lag. However, despite these considerations, incorrectly specifying the assumed lag 
pattern or change point may result in loss of statistical power. Moreover, we assumed that the event time in 
the control group was exponentially distributed, since this is usually the case in trials of cytotoxic agents. 
Finally, we assumed that censoring was only uniform during the recruiting period. If other censoring 
assumptions are expected, such as random censoring, our approach may not be applicable.

The calculation of the ARE between optimally weighted log-rank test and the FH test with the 
parameter γ (γ> 0) with ρ ¼ 0 was implemented in R, and the R code is available in the Supporting 
Information. Sample size calculations for FH tests under each lag model were also implemented in R, 
with the R code available in the Supporting Information.
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Appendix.A Hazard and survival functions defined by the three lag models

● Hazard and survival functions in the control group are given as

λ0 tð Þ ¼ λ0 and S0 tð Þ ¼ exp � λ0tð Þ, respectively.

● Hazard and survival functions in the new treatment arm are defined as follows:

1. No lag (proportional hazard assumption):
λ1 tð Þ ¼ θλ0; S1 tð Þ ¼ exp � λ0θtð Þ

2. Threshold lag:
0 � t< t�; λ1 tð Þ ¼ λ0; S1 tð Þ ¼ exp � λ0tð Þ

t� � t; λ1 tð Þ ¼ θλ0; S1 tð Þ ¼ exp � λ0t� � θλ0 t � t�ð Þð Þ

3. Linear lag:
0 � t< t�, λ1 tð Þ ¼ λ0

t
t� θ � 1ð Þ þ 1
� �

S1 tð Þ ¼ exp �
1
2

λ0
1
t�

θ � 1ð Þt2 � λ0t
� �

t� � t; λ1 tð Þ ¼ θλ0;

S1 tð Þ ¼ exp
1
2

λ0θt� �
1
2

λ0t� � λ0θt
� �

4. Generalized linear lag:
0 � t< t�1 ; λ1 tð Þ ¼ λ0, S1 tð Þ ¼ exp � λ0tð Þ

t�1 � t< t�2 ; λ1 tð Þ ¼ λ0
t� t�1
t�2 � t�1

θ � 1ð Þ þ 1
n o

S1 tð Þ ¼ exp � λ0t�1 � 1
2 λ0

t� t�1
t�2 � t�1

θt � θt�1 � t � t�1 þ 2t�2
� �� �

t�2 � t; λ1 tð Þ ¼ θλ0  

S1 tð Þ ¼ exp � 1
2 λ0 t�1 � θt�1 � θt�2 þ t�2 þ 2θt
� �� �

:
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