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1. Introduction

It has been recently recognized by several mathematicians; Sone
(So) (for the first time), Bardos, Golse and Levermore (BGL1), and De
Masi, Esposito and Lebowitz (DMEL), that the incompressible
Navier—Stokes equationn can be obtained as the limit of the Boltzmann
equation, when both the Mach number and the Knudsen number go to zero.
It is the only macroscopic limit with a finite Reynold number and
therefore the only case where globalkin time solutions exist. In
(BGL2) the relation between the global weak solutions of the
incompressible Navier—Stokes equation due to Leray (L) and the
renormarized solutions of the Boltzmann equation introduced by
Diparna and Lions (DL) is discussed. However, the proof cannot be

completed without some additional assumptions, namely,

¥ A part of‘this work was done during the stay of the first author
in Tokyo, supported by Tokyo Institute of Technology and the French
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—— that the corresponding renormalized solution of Diperna ‘and Lions

satisfies the equation of the conservation of momen tum,
8t<vf8> + V<V vi®> = 0,

—— and that some concentration phenomenas are avoided.

On the other hand it is known that with initial data small enough
(in the Sobolev space H'(R™ with £>n/2) with respect to the
viscosity, the incompressible Navier—Stokes equation has a classical
solution. Similar results concerning the Boltzmann equation were
proved by Ukai (U1).

In the present paper a rigorous proof of the connection between
these two points of view is done, precising and completing some
results which were announced in (BGL1). The point to be stressed is
that exactly the same type of hyposesis are made on the initial data
for the Navier—-Stokes equation and the Boltzmann equation. Such a
result is obtained by sharp estimates of the linearized operator (cf.
Lemmas 2. 1-3 below, and references (Ul) and (U2) for the same
technique):

| Let € > 0 be the Knudsen Number (=Mach number/Reynélds number).
According to (BGL1), the Boltzmann equation gives the incompressible
Navier—Stokes equation in the limit € » 0 if the time scale 1is
measured with € and if the solution f° remains near an abolute
Maxwellian M = M(v) with the distance of order €. Thus, the

scaled Boltzmann equation

€ . g _ 1 € .¢€
(1. D 8ft+vif —EQ(f , £7)
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1/2g8

is to be solved assuming f8 =M + gM , that is, the solution to

the equation

.2 gef + v-v, g% = 1Lg® + T g%, g™

is sought (the definition of the operators L and I' follows ((U1)). . Let
< , > denote the inner product of LZ(RS). The following theorem is

due to (BGL1), with the assumption slightly modified.

Theorem 1.1 ((BGL1)).  Suppose that as € = 0,
(1.3 €, g0 n 9 (distribution sense)
' g g t,x,v !
e 0 0

.gOJ> in @7

<Y, gv> o> <Y, g >, <¢.F(g8,g81> -» <y, T (g toxe

0

for any ¢ € L2(R3), with some limit g . Then go must have the form

(1. 4) g0 = (p + v-u + %(lvlz-n)G)M(v)l/z,

and the coefficients p, v and 0 must satisfy the equatiohs,

(1.5 vip + 8 = 0,

(1. 6) %% — VAu + u-vu + vp = O,
v-u = 0,

a.m %% - XAQ + u-v@ = 0.

where v and x are positive constants determined by the operator L.

The aim of this paper is to prove the convergence (1.3) for the



Cauchy problem to (1.2) with the initial condition

€ —
(1.8 g8 |li=g = 8g
assuming that the initial g0 is indepéndent of &. Throughout the
paper Grad’s cutoff hard potential ((G)) is aésumed. Then, it is

known (WU1)) that for each fixed €>0, the Cauchy problem to (1.2) has
a unique (strong) solution globally in t if g0 is small in some norm.
In the below we shall show the following.
—— The smallness condition on g0 for the global existence does not
depend on & €(0, 1), and

0 as € » 0O strongly enough to

- g8 converges to some limit g
substantiate the assumption\(l.B).
We can go farther:
—— In general, the convergence is not uniform near t=0.
—— However, the limit g0 is strongly continuous up to t=0.
~— The coefficient u in (1.4) is a unique global strong solution to

the Cauchy problem for the incompressible Navier—Stokes equation

(1.6) with the initial condition

(1. 9 ul,—q = Pug,

while it holds that
(1. 10 p+ 6 =20

and 8 is a unique global strong solution to the heat convective

equation (1.7) with the initial condition

1D 81,y = 5B=py).
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Here, P is the projection to the divergence—free subspace,and

Pyr U and 60 are given respectively by

(1.12) Py = <M1/2,g0>, ug = <vM1/2,g0>, 0y = %<([v|2—n)M1/2,g0>.

The breakdown of the uniform convergence near t=0 is the initial
layer to the Boltzmann equation (1.2). But we can’ show:
—— The necessary and sufficient condition for the uniform

convergence up to t=0 is that the initial 8o has the form

2

(1.13) = (py + ug'v + %(|v|2~n)90}M(v)1/ ,

€0
with the coefficients Pos Ugs 90 satisfying

(1. 14> Veoug = 0, °g
To state our result precisely, we need some function spaces. Let

C@;X> and LQCQ;Xj denote the spaces of functions continuous and

bounded on Q c R™ with values in a Bénach space X, respectively. As
usual, X is omitted when X = C. Denote the’norm of the Sobolev
space HC = HC(Ri) by | "C and define the spaces
H = (=t x,w | a+ivi®t e Lo®:nH,
£, 8 v
sup A+IvDPrrc, v, » 0 ® > 00,
|vI>R
XC,B = C((O,w);Hﬁ’B) N L (O,m;Hﬁ’B),

<

128 = w=uw)! a+rlvDflue ] € LS®RM).



247

The norm of'HC 8 is defined by

— B
“fHC,B = sgp A+|vO%rfc ,v)Hﬁ.

,Our results are as follows.

Theorem 1.2, Let £>n/2 and B8>n/2+1. Then there are positive
constants ag and ay such thét for any €€(0,1) and for any 8g € Ht 8

with Hgoﬂt 8 < ags there exists a unique global solution g8 to (1.2

and (1.8) satisfying

(1.15) g€ € Xy g

(1. 16) g% , 5 < a,legl, 4

Remark 1.3. Under the additional condition gy € H, ,n LI(RQ;Lz(RC)),
we can have the decay

g Ct) I < a1(1+t)_n/4(ﬂgoﬂ

L, 8 C,B+“g0“L1,2)‘

Theorem 1.4, Let g8 be as in Theorem 1.2. Then, as € -» 0,

(1. 17 g€ » g% weaklyx in L"C0,=;H, ) and

strongly in C((5, T) xK;L™ By,
for any T>&6>0 and any compact K < Ri, with the limit
0

(1. 18> g € X£,8'

Remark 1.5. (i) (1.17) is strong enough to satisfy the convergence
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assumptions (1. 3). In particular, (1.:17) :assures ihat

rg®, ¢85 » ri?, g% weaklyx in L®C0, =;H, 4_,).

(iid Accordingly, go must be of the form (1.4) but the initial g9
is not necessarily of the form (1.13).

iiid (1. 18) says that g0 is continuous up to t=0. This
does not come automatically from (1.1b> and (1.17> if & = O.
M1/2

Since {l,v,lvlz—n) forms an orthogonal system, p,u and 8 in

(1.4> are given by (1.12) with g0 replaced by gO. Define ps,ugand

6% by (1.12) with gy replaced by g€,

Theorem 1.6. (i) As g - 0,

(1.19 %, u%, 6% - (p,u, 8  weakly* in L0, =;H" and

strongly in CC(s, T) xXK>,
for any T>&>0 and any compact K c Ri, and

(1. 20 p, u, 8 € CC0,=;HY n L7¢0, =05,

(iid (1.10> holds, and u is»a unique global solution to (1.6) and
(1.9) while so is 8 to (1.7) and (1.11).
(iii> It holds that

(.21 g%, 5= ta + bev - BdvF-mMl/E
where
(1.22) a = %(po—eo), b = Pug,
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po,uo,eo being given by (1.12) in terms of gg-

Remark 1.7. (i) Because of (1.18), (1.5) is equivalent t@ fl.lO).
(iid> A theorem similar to Theorem 1.2 is known for the Cauchy
problem to the Navier—-Stokes equation (1.6): Let £>n/2. Then there
are positive constants ag and ay such that if beHc with ﬂbuésao and
v-b=0, (1.6) has a unique global solution u belonging to the class

(1.20) and satisfing ul _g=b. If, in addition, beH'mnL!®D), then,

-n/4
"u(t)"cs a1(1+t) (HbH£+HbHL1).

(iii) Write the right hand side of (1.21> as Pogo. Then, PO is the
projection on HC 8 onto its subspace consisting of functions gp of
the form (1.13) with the coefficients satisfying (1. 14).

Theorem 1.8. = 0 is allowed in (1.17), and hence in (1.19), if and

)
. _ 0
only if gg = P gg-

2. Outline of the Proof

First, we write (1.2) in the form of the evolution equation,

2. 1 i = Bg t g Tea), gli=g = g

where
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e _ 1 e ' :
2. 2 BY = 82 ( -ev ve ¥ L.

Let Us(t) denote the semigroup generated by BS;

e
2. 3 U (1) = etB7,

Then, (2.1 can be reduced to an integral equation
2. 4) g = N®(g),
where N8 is a map define by
€ € 1 t £
(2. 5 N¥(g) (> = U (t)go + r f U (t—-edTr(g(e),glt))dr.
0

We will prove Theorem 1.2 by showing that the map N8 is a contraction
for all € € (0,1) in a ball of XC 8 with radius independent of ¢g.
This requires

—— wuniform estimates of U¥(t) and the integral
£ 1 ptoe
2. ¥ g, (v = 1 f U (t-O)T (g (T), g (X)) dr.
0

We will derive the estimates

—— by using the spectral representation ((U1)) of Us(t) in‘the
space HC = L2(Rn;HC), and
v X

—= by following Grad’s idea (G) to derive the estimates in HC 8

[

from those in Hﬁ.
The unbounded factor 1/g (g » O in (2.6) is controlled by using

again the spectral representaion and the fact ((G)) that
2.7 '(g,h) is orthogonal to Ker(L), for any g,h.

The following two lemmas gives the desires estimates.
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Lemma 2.1, Let £ € R and B>n/2+1. For each € € (0,1), U (t) is a

strongly continuous semigroup on HC g and

3

2. 8 Fc, > o, Ve € (0, 1),

€
Iy (t)goﬂ £, B < C1"g0"c,w

Lemma 2.2. Let & > n/2 and 8 > n/2 +1.  For each € € (0, 1), %% is

a bilinear symmetric continuous map from XC 8 X Xﬁ,B into Xﬁ’{)H and

b

2. 9 Ac, > 0, Ve e 0,1,
£
T¥Y* (g, h) |l £, B < C2 gl LB thi ¢, 8
Proof of Theorem 1.2, Owing to Lemmas 2.1 and 2.2, NE maps XC 8

into itself, and it holds that

2

1>
IN® (g3 | e, B < Clﬂgoﬂt,ﬁ + Co gl ¢, B’

) lg—hil

€.y -NE
IN® (g2 -N= (h) |l L, 8

< C,C lgl + 1hi

£, 8 2 £, 8 £, B

This implies that there exist constants ag, ay > 0 determined only by
C1 and C2 such that N8 is a contraction on a ball in X£ B of radius
ay if Hgoﬂ{’g < ag: This proves Theorem 1.1 becauselcl, C2 are

independent of € and so are ags, aj.

The proof of Theorem 1.4 depends on
~— the existence of limits of UZT (L) and %% as € » 0, which is
establised by a stationary phase method of (U2) applied to the

spectral representation of Us(t), and



—— a compactrness argument.

These are stated in the following two lemmas.
Lemma 2.3. Let £ > n/2 and 8 > n/2 + 1. There exists a linear
operator V(i) having the followfhg.properties (2.10-13.

2.10> For any gOEHC g V(t)go € X£ B and

HV(t)goﬂﬂ’B < Clﬂg0H£ B

with the same constant C1 as in (2.8).

2.11> vV = PO,

where PO is as in Remark 1.6 (iii).

(2. 12) .U8<t)g0 - Vitdg, (g - O
strongly in C((a,m)an;Lm’B) for any &>0.
2.13) =0 if and only if g, = POgO.

Lemma 2.4, Let £ >n/2 and #>n/2+1. Then, there exists a bilinear

symmetric operator © having the following properties (2.14-18).
2. 14 If g,h € XC,B’ thgn ©(g,h) € XC,B’ and

e (g, h) 1 < C Thi

{,,B 2 “g“ ‘C’B C’B!

with the same constant C2 as in (2. 9.
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(2. 15) 0(g,h) |,_g = O.

(2.186) A e>0, N T>0, 3C>0,

< C thil

€ - o ..
[¥® (g, e(g, T & gl ¢, 8

Dyl g ¢, 8
wherg [ IT,B is the norm of the space Lm((O,T)xkg;L:’B).
2.1 For any bounded set (gk} c X&,B’ (@(gk,gk)} is compact in

C((O,T)xK;Lw’B) for any T>0 and any compact KcR™,

2.18 If {gk} is such that By > g Weakly* in Lm(O,m;HC B)’ and

strongly in C((s, DxK:L™' %) for any T>8>0, KcR", then,

O (g, ,g) » O(gy, g5 weaklyk in Lw(O,m;Hs;s).

Proof of Theorem 1.4, Let g=g8 be the solution of Theorem 1.2, In
view of (1.16), {gs) is bounded in X€ g S° that we have, going to a

subsequence,
£ 0 e ,
g~ - g weakly¥ in L (O,T,Ht B)'

with a limit gOGLw(O,w;H€ ). VWrite (2.4) as

g% = Vitdgy + <U8(t)~v<t>)g0 + 0%, g% +
+ (P& (g%, ¢®1 -0 g%, %))

£ e

g4 + gg + g3 + g4

i

Apply (2.12) to g5, (2.16) to gj and (2.17) to g5. Then, again

passing to a subsequence,
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(2. 19 g€ > g0 strongly in CC(s, T xK;L™ By,
. 0 _ 0 0 . ..
with g~ = g + g where gq is a limit of a convergent subsequence of
{gg}. But, then, by (2.18), we get gg = 9(g0,g0), and hence,
2.200 g% = vivgy + 0g’ g%
Since the constants Cl’ C2 are the same in Lemmas 2.1 - 4, we can

apply the same contraction mapping principle to (2.20) as to NE .

Hence the limit gg is a unique solution to (2.20) in Xt,B' Thus gO
belongs to the class (1.18), and the uniqueness of gO implies that
(1.17) is true for the whole sequence {gs), not only for a
subsequence. This proves Theorem 1. 4.

Proof of Theorem 1.6. (1.19) comes. from (1.17), and (1.20) from
(1.18). Putting t=0 in (2.20) and applying (2.11> and (2.15) prove
(iii) of the fheorem. Now,;(1.21) and (1.22) imply the initial
conditions (1.9) and (1.11). This completes the proof of the
theorem.

Proof of Theorem 1.8. This is evident from (2.13) applied to (2.19.

The proof of Lemmas 2.1 to 2.4 will be given elsewhere.
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