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1 (ELC®IC
Wu-S-Yang [14] 12T,
T T + T, 15, — To T2, (1.1)

DHGAERRE L 705 7 — 7V v Y IERAZOKRITEE L2, ZO/NRTIEZ DR %
EoMTE U THROZMFEIZDOWTIRE T 5. #E T (1.1) ZH5/L U 72/EH#
REXDVELAEARZRICOVTHDT 2. ZIFNILK GUEEREERK) Lot
[F#F%% (S-Uchiyama [13]) TH 5. #&¥TIE, (1.1) DiaHE UT, HEBEGR L
WA CHE P Schwarz-Pick D RERDREMN R L EBIRPFOND Z L%
@i s % (S [12).

2 AEEARRZEEANDIEDRAH

2.1 FBEBORE
(1.1) 2M%/EL T, BRIV NZEMH LT

0< Ty +ToTy —ToT5 < 1 (2.1)
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Bl R RO =8 (T, T, Ty) 3525, 0L,

T =\/T\T; + ToTy — T5Ty

ERED, Ty, Ty, Ts, T @ de Branges-Rovnyak 2B % AT 5. LIL~)L hZERH H
LOBEFRREHZ A IR, M(A) 2 AIZXDEES de Branges-Rovnyak 22
feds. dbb, M(A) IF A DEBIZFIERL / VLA

1Az ma) = [[Plcer 4yl = min{[[ylls, - Ay = Ax}

EANTHEOND IV MNEMTHS. ZDL Z, de Branges-Rovnyak HFgd
HAEHIZ LD,

M(T) < M(T) + M(T3) = M(\/Ti T + ToT3) = M(T1) + M(Ty)  (2.2)

MF 515 (de Branges-Rovnyak HEmDFMIZ DWW TIE Ando [4] Z2280) . D
21 M(T) & M(TY) + M(To) IZHDRAEND DN, TOHETE T & T
DEEDFEANN RN, 22T, (2.2) »5EIND AR ER

M(T) = M(Ty) + M(Ty) — M(T3) (2.3)
EAODPDEKRTELETERVAE X2\,

2.2 AEMBREZEME
M (2.3) 2 NEMNEEMOF O EEMEH T EMOMEE LTHERXD. £7,
0
0
-1

vz, REMNHEN K= (M, o1 J) 8525, T7bb, <7 Mbx—
($173327I3)t;y = (y17y27y3)t € H@H@H, L:jil-l-/a (Kﬁfﬁ) WE%

Hi=HOH, H-=H and J=

O O =
O = O

(X, )k = (JX, Y)nanan = (T1, y1)u + (T2, Y2)u — (T3, Y3)n-

CEDD. ZO LD EARAEHEAREEMIE Krein 22 L MEIEN S . Krein 22[H 0 8]
IZ2WT X Dritschel-Rovnyak [6] 2MffRICE & o TH D HARTWV. T, (2.1)
{."%\f:j— (Tl,TQ,T3> Kj(ﬂLb,

£
T: X— H, Lo | — Tixy + Threg — T333'3
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CEDD. O E, T OMBRIEHZE T IX

Tz
T H—-K, z— [Tz
Tz
Lib. Kz,
TTr = T\/T7x + Tolyz — T35
DELY LD, ZZT,
T = (IVT} + 1Ty — T5T3)Y?
L, MOESIZEDSND V ImT — THker T): 25 2 5.

Tz
VIe=|Tiz| (v€ (kerT)h).
T5x
Zorx, FAX
|T2l3 = 17 lF + | Tl — 11 T3], = (The, Tha)x (2.4)

M5, VIXEHEEED D T (ker T): DETE LA MERITH D 2 EbhD. Z2
T, Ko & (24) OEDSND NV LIZBET S THker T)- OFEMHLE L)L k22
MeL, V:ImI' Ko 2V Oa2=RVHEL TS, Z0L X,

LK,

T - (L := (ker T)*" = TmT) (2.5)
LA

BTHRTHS. ZO&SIZLT, MW (2.3) 25 ODHENES 7.

2.3 AEERZ: range inclusion
IROEMD[13] DEMRTH 5.

EHE 2.1. [TED ue M(T) 8fFED ¢ > 01Zxf L, D (i), (i) 27297 b
oz, = (21(¢), 20(€), 23(e)) E HEH O H WFEIET D,

(1) Tiz1(e) + Toza(e) — T323(e) = u (¢ — 0),

(i1) 0 < flzu(2)l3 + 1223 = llzs(@)13 T lwlliaay (€4 0),
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(iil) Ko DHIT linézs PEET 5.

ZITWLORERLEZW. £T, (1) ZUTIREHEGETHS. LrL, 5
F (1) O/ VAT D B, (i) ODAERDOHIZEHDEDH 57, TIIHA (2.5)
DKoy D/ IVLADEDHIZENT 2D THS. RIZ, (2.3) FHAWRELSTH-
720y, EHL 2.1 OEIET

M(T) = M(T}) + M(T3) — M(T)
ERLTHEWESS, £/, REWNARFETRRWD, (21) %
0D 17— Y LI <1
j=1

Jj=n+1

D& —ILL TERBKRLERERIFEOND.

2.4 I5H

H>% D={NeC: |\ <1} E® Hady Bl L, T, 2B f »6E£5
Toeplitz fEAZ LT 5. ZDL X,

36 >0 st. T, T, +T,T,, —TyT,, > 0l

P11 P27 @2

AT D EOFREMBEE o, 00,03 2ZFZ LS. TOFREIEMR 2.1 % #EA
TE5%. £7,
T=(T,T: +T,,T; —T,T: )"

P11 P2~ p2 P33
LB, TEHHTHY, [T <1/V6 THD. FiZ, 1€ M(T) THDb,
1
1 = |77 g2 € —=
[ pmery = |l |12 < 7

D ONLD. £oT, EE2112KD, KD (i), (ii) 2723 1, Yon, b3, € H?
(n € N) DFHT 5.
(1) lerin + w2vom — @3tsn — 1|z — 0 (n —0),
() 0 < N allye + 91l — anle < 5 (0 € N)
X 5IUT, Y1, Yo, Y30 DRERRIED S
(iii) EED X eD IZX L,

()\)’2 < |901(/\)’2 + |§02(/\)‘2 — |<P3()\)|2

|91(A) 1010 (M) F 92 (M) Y20 (A) =3(A) 3 n (M) [° < 31— [A]?)

LEIPND.
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3 Schwarz-Pick OARER

3.1 Schwarz OB

D % #EEZ A OBRAFMRE U,
S(D) ={f € Hol(D) : |f(2)| <1 (» € D)}
CED D, EEBEBGERIZB TS Schwarz D
feS8D)and f(0)=0=|f(2)] <|z] (:€D)

IEEARETH D, F72, Schwarz DFHEIZIRD & 512 —f@fbxn s,
£G) — fw)
1= f(w)f(2)
ZiE Schwarz-Pick D AER & Kigns., 22T

S (z,w € D).

feSDO) =

1 —wz

zZ—w

po(2,w) =

1 —wz
e, ppld D Lo 25 (HBEWHEHE LIEN5). 2D E, Schwarz-
Pick OAEFRIZ
po(f(2), f(w)) < pp(z,w) (2,w € D)
CEEWMZDZIENTED. Tabb, D LOEAECES f I pp (BT
LHE/NEBRTH %, Schwarz-Pick DAL R IIE RN 7217 T < EHRMTH K
KNG AFEATH 5.
& Z AT, Schwarz OHBEIZIZIRD & 5 3EHD H 5.

(Schwarz OEED EILN)L N EEERIIEEIER) . £9, H? 2 D _Ed Hardy 22
LU, Ty 2 [ OEE S Toeplitz fEHZR, Py &2 B Z2H M OITHIN S D EA
Wedd ZoLE, f(0)=0%2A7F feSD)ITXNL fezH? THDZ L
75, Douglas @ range inclusion theorem Z X 9,

Iy >0 st TyT; <yPpe =TT

DO SID. 2T, P WEZFHTHDIZ L Ty <125 y=1 &#ERX
5ZeWbird. £oT, k& H* OFEKE TN,

(V) s ) A2

1_ |>\‘2 = <Tfo,l€)\,k)\> < <TZTZ k’)\,k’,\> = 11— ’)\|2 ()\ S ]D))
WD LD, O

ZOFERHITEE OERMENTOFEBRTHZ 2D TIERVWD, H2 25800 5

AZEATBETH S, D LD Bergman ZEENIEA LU 725512 DWW T, Kuwahara-
S[10] THEFLHTWS. D? ED Hardy ZERIA~EA L 728 2 RITHENT 5.
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3.2 A EEMA Schwarz-Pick DAEFLR

Schwarz DR, Schwarz-Pick O AL NI IXBEBIHTIMIIA D 5. HIZIX, 7F
R & Bk 9 % $ D Tld Anderson-Rovnyak [2], Anderson-Dritschel-Rovnyak [3],
Knese (8], MacCluer-Stroethoff-Zhao (9, 11] FEDMHFERH 5. /N F v NZEfGR & D
BfRIZ Dineen [5] IZE&HSNT WS, T TIHRINS DI L IX5E 45 Bl AH»
5 Schwarz-Pick DARERDZLZLMULEE 2 5.

9, 2= (21,2),w=(w,w) €D IZXL,

plz,w) = \/

CEDD., Ind D? FOFEHAEGZS (ZEBIZHSNTWDEZ 2D L5 TH
LB TIHHEZEZD). 20 p DHEEIZOWTHEICHHL &5, —IROBE
THBEINEL w=0 EIRELTIW. ZDLZ,

2 2
21 — Wy 2o — Wa 21 — Wy 2o — Ws

1*’[,0_12'1 ].*U)_QZQ 1*’[1)_121 ].*UJ_’QZQ

(p(2,0))? = [21]* + |22 — |12 = 1 = (1 = [21 ) (1 = |22*) (3.1)
ERIND., Z 2T Krein ZERIDBENTWS. C LI
(z, W) = 21W1 + 20W3 — 23W3 (2 = (21, 22, 23), w = (w1, Wa, w3) € (C3)-

Y (REM) WEZED XS, ZOLHIzLTEOSND Krein ZEfllZ K 2RT.
WRIZ, @ #UTFTDEDIZEDOSNDEEHETS.

P ]D)2 — K;, (21,2’2) — (2’1,2’2,2’12’2).
DL E,
Q={(z1,2) € C*: 0 < |z21]* + |2 — |212]* < 1}
={2€C*:0<(P(2),®(2))k < 1}.

EBITIE, (31) 25, D?IF Q OFRBDERRSTHD bbb, TDED
2, p X D? ORREEDDEHRTHS. I,
S(D*2,1) = {(p1, 2, p3) € (Hol(D?))? : 0 < T, T + T, T —T,,Tr <1}

P17 1 P2+ o Y3~ @3

LREDD. §(D%2,1) 1F S(D) D D> NOHERDO—DTHD. TDXDIZI/EHKZD
EEMEMNEZAWTED SN 5 ERIBED 2 7 A1 Schur-Agler 7 7 AL FEENS Z
A% (FIAE, Juy [7] 238 . T, [12] K TRAPE SN,



T 3.1. ¢ = (Y1,1) 2 D? LOFEAIHOEHRE TS, ZOLE,
0 < p((2), p(w)) < V2p(z,w) < V2 (2,0 € D?)
DD SLD. X HIT, (Y1, 99, P11hy) € S(D%2,1) 2251
0 < p(e(2),¥(w)) < p(z,w) <1 (z,w € D?)
N AIRVASR
FEIHTIXENR D Schwarz DAIED L~V b 22 RERIEEH 2 D? o Hardy 22

RUZEAT 5 (CERNTEM 3.1 ITRIZEDVWEDEN) . D\WTlZ, D? EoEH]
HOB o 23 p (IZBIT 2FHEESR 51 ¢ 12 D? OEAEHCRBESRTH S,

3.3 p HEEREFEBTHD

EH 3.1 ITHTE 2 p DHEEERERUC 22 2 Z L IZBRICHI SN T WD L5 TH S, H
ZIE, Agler-McCarthy [1] @ Lemma 9.9 I3 IARTH 225, T D? L
® Hardy ZZMDGEICHRT 5 & p DEEERBEBUIZ 25 Z e EoND. 2D XD
BRHEENDHY, [12] OEFHDIEFETIRD Proposition &FEHIFA I Nz, L LR
WS, FERMSPDRIZZIOI LB H DB LN WDOTI ZITHERT 5.

Proposition 3.2. p is a distance on D?.

Proof. Let z and w be two points in D?. We denote z = (21, 22) and w = (wy, ws).
Then, it is trivial that p(z,w) = p(w, z) by the definition of p. Next, let p;(z;, w;)
be the usual pseudo-hyperbolic distance between z; and w; in D. Then we have

L= (p(z.w))* = {1 = (p1(z1,01))H1 = (pa(22, w2))*} (3.2)

Hence, if p(z,w) = 0 then p;(z;,w;) = 0 for each j = 1,2, that is, z; = w; and
29 = wy. Thus, we have that p(z,w) = 0 if and only if z = w. We shall show the
triangle inequality. Since p is invariant under the action of Aut(ID?), it suffices to
show that

p(z,w) < p(z,0) + p(0, w).

We set |z;| = r; and |w;| = s; for j = 1,2. Then the inequality
(o ) < 21727 3.3
pi(zj,wy) < 1+ 18, (3.3)

is well known, in fact, which implies the triangle inequality for p;. Moreover we
note that

O ) e e R T [ ) (3.4)
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Then, it follows from (3.2), (3.3) and (3.4) that

(p(z,w))? =1 = {1 = (p1(z1, w1))*H{1 = (pa(22, w2))*}

r 451\ Ty + 59\ 2
-l ()
(1— 7"1)(1 - Sl)(l — 7“2)(1 _ 82)

(14 7151)2(1 + 1952)2
=1- {1—(p(2,0)*H1 = (p(0,w))*}
(14 r151)2(1 4 rosy)? .

=1-

Hence, we have

(1 715021+ 7252 (02, 0) + p(0,0))? — (p(z, w))?}

> (L4 7r151)° (1 + r282)°

X {(P(z, 0) + p(0,w))* — (1 B ((1p(—i77(')1)5)1)};ﬁ ;Efig);ﬂ)) }>}
:(1+7“1$1)2(1+7‘2$2)2{( (2,0) + —1}

+{1 - (p(z 0)) }{1 — (p(0,w))*}

(p(2,0) + p(0,w))* = 1+ {1 — (p(2,0))*H1 — (p(0,w))*}
2p(2,0)p(0,w) + (p(2,0)p(0, w))?
0.

v

Y

Therefore we have
(p(2,0) + p(0,w))* — (p(z,w))* > 0.

This concludes the proof. O
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