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Nonlinear Stefan Problems in One-Space Dimension

(An Approach by the Theory of Subdifferential Operators)

Nobuyuki KENMOCHI

Department of Mathematics, Faculty of Education, Chiba University, JAPAN

Introduction.

In the physical processes we find many phenomena with change of state,
such as melting of ice, recrystallization of metéls, evaporation,
condensation and flow in porous media. Stefan problems in mathematics
represent such physical models and have been studied by many authors (e.g.,

(3, 4, 6 - 20, 25 - 28, 30, 32, 33, 35] and their references).

The present paper is devoted to the study of Stefan problems for

nonlinear parabolic differential equations of the forms

% _ =F %% - p-2 =

(*) - B, =T, **)  u - (u [PTu) = f
in one-space dimension, where B: R -+ R is a given function with B(0) =0
which is strictly increasing and bi-Lipschitz continuous, and p is a number

satisfying 2 < p < . Equations (¥) and (¥¥) are special cases of the

following general form
-2
(¥x¥) ug - (Je), P78, ), = 1,
so we shall deal with equation (¥¥¥) in what follows.

Given a non-negative number Los functions g on [0, T] (T is a fixed
positive number), u, on L0, 20] and £ on [0, T] x [0, =), our problem (one
phase Stefan problem) is to find a non-negative function x = 2(t) on [0, T]

and a function u = u(t, x) on [0, T] x [0, «) such that



() u, - (8w [P2Bw) ), = for0<t<T, &(t) >0, 0<x < &(t)

subject to
(C1) Q(Q) = 20 and if lo > 0, then u(0, x) = uo(x) for 0 < x < &,
| 8w (5, 0+)[P2Bw) (¢, O4) = g(t) for 0 <t <T,
- (C2
Bw)(t, 2(t)) =0 for 0 <t <T,
(©3) O - g (5, 2(6)-)[PPBw, (b, LE)-) for 0 <t <T,

where B(u)x(t, x+) (resp. B(u)x(t, X-)) stands for the right (resp. left)
hand partial derivative of B(u)(t, x) at x with respect to x. The unknown

boundary x = 2(t) is called the free boundary.
To this kind of problems there are such approaches as listed below:

(a) difference method (cf. [32, 351),
(b) approach by the theory of nonlinear semigroups (cf. [3, 7,.251),
(e) reduction to variational inequalities (ef. [8, 9, 11, 16 - 18, 281),

(d) ‘reductibn to nonlinear integral equations (cf. [12, 15, 26, 32]),

etec. In this paper we employ (d) with (¢). A class of nonlinear Stefan problems
was treated earlier by Kyner [26], in which he established an existence and
uniqueness theorem by employing (d) and by making use of a strong maximum
principle of Nirenberg [29] for parabolic equations with variable coefficients.
But his method is not directly availabie to our case, in particular to the

case that p > 2 or B is not smooth. Our approach to problem {(E), (Cl) - (C3)},
which is different from that of Kyner in some points of view, 1s based upon
recent results on the existence, uniqueness and stability of solutions to
nonlinear evolution equations involving subdifferential operators of time-

dependent convex functions on Hilbert spaces (ef. [1, 2, 21 - 23, 31, 34, 361).
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Notations. For a (real) Banach space V we denote by l-|V.the norm in
Vv, by V¥ its dual and by (- , « )V the duality pairing between V¥ and V; in
case V is a Hilbert space and is identified with its dual space, we mean by

(r, -)V.the inner product in V.

By an operator A from a Banach space V into another Banach space W we
mean that to each v in V, A assigns a subsef Av of W, namely A is a multi-
valued mapping from V into W; in particular, if Av consists of at most one
element of W for every v inbv,,then A is called singlevalued. For an operator

A: V> W the set D(A) = {v € V; Av # ¢} is called the domain.

Let ¢ be a lower semi-continuous convex function on a Hilbert space H
with values in (- «, =] such that ¢ ¥ « on H. Then the set D(¢) = {z € H;
¢(z) < «} is called the effective domain of ¢, and the subdifferential 3¢ of
¢ 1s an operator from H into itself defined as follows: z¥ € 3¢(z) if and

only if z € D{(¢), z¥ € H and
(z%, y - 2)y < 9(y) - ¢(2), ¥ ye

For fundamental properties of 3¢ we refer to a book of Brézis [5].

1. Formulation as a quasi-variational problem.

Let 2 <p <xand 0 <T < » be numbers which are fixed, and set for
simplicity
H = 12(0, «), x = whP(0, ).

Let B: R » R be a function with B(0) = 0 and assume that B is strictly
increasing and bi-Lipschitz continuous on R, i.e.,

Lir - 2|2 < (B) - B (x - 7)) < eglr - 7%, Vo, r €R

B

with a positive constant cB.



Given a non-negative continuous function %: [0, T] -+ R and a continuous

function g: [0, T] + R, we define for each t in [0, T]
K (8) = {2 € X; z(x) = 0, ¥ x> 2(¢))
and

lrlz Pax + g(£)z(0)  1f z € K,(t),
£ Plo *
1.1 z) =
(1.1) b9 (2
o otherwise.
Clearly ¢E e is a lower semi-continuous convex function on H with D(¢E g) =
2 3

Kl(t)' We then consider the nonlinear evolution equation
(1.2) ur(s) + aqf; S(Bu(t)) D £(t) for 0 <t < T,
b

where the unknown u is an H=valued function on [0, T], u'(t) = (d/at)u(t) and

B is the singlevalued operator from H = D(B) into itself defined by
[Bzl(x) = B(z(x)) for z& H and x € [0, »).

By our assumption we see that B is Lipschitz continuous on H with cB as a

1

Lipschitz constant as well as B~ with l/cB*as a Lipschitz constant.

Definition 1.1. Let &, g be as above, u, be in H and f in L2(O, T; H).
Then we mean by VP(%, g, Uy> f) the Cauchy problem for (1.2) to find a

function u in C([0, TJ; H) such that

(A1) ue w1'2(o, T; H) and u(0) = u_;
o

(A2) the function t - ¢§ g(Bu(t)) is bounded on [0, TJ;:
3

(A3) u'(t) + a¢y ((Bu(£)) > £(t) for a.e. t in [0, T].
: 3
Such a function u is called a (strong) solution to VP(%, g, U s ).

Proposition 1.1. Let &, g, Uys f be as in Definition 1.1. Then a soluticn

u to VP(&, g, Uss f) is able to be characterized by the following system:

T



u € w20, T; H) with u(0) = u,

(1.3) 4 B(WE L0, T; X),

B(u)(t, - )€ Ky (t) (hence B(u)(t, &(t)) = 0) for all te& [0, T,

(1.4) u (6, ) = (18 (6, +) P28 (5, +)), = T(E, +)

X

in the distribution sense on (0, 2(t)) for a.e. t & IO,
(1.5) ]B(u)x(t, O+)|p—28(u)x(t, 0+) = g(t) for a.e. t € T,
where I = {t € [0, T]; 2(t) > 0}. Moreover, B(u)x(t, 2(t)-) exists for a.e.
t € IO.
Proof. Obviously (1.3) follows from (Al) and (A2). As is easily seen,

(A3) can be written in the following -equivalent form:

(W) = £(8), 2)y + jo|e<u>x<t, ) [P28(w) (¢, )z, (x)dx
(1.6) ‘
+ g(t)z(0) = 0, YV ze Kl(t)’ for a.e. t € [0, T].

We see from (.6) that (1.4) holds and hence (|B(w) (¢, +)[P~28(w) (5, - ))

= ut(t, + ) = (8, *) € L2(O, 2(t)) for a.e. t & IO. This implies that
[B(u)X(t, x)!p_28(u)x(t, x) is an absolutely continuous function of x on

(0, 2(£)) and B(u) (t, 0+) exists for a.e. t € I_as well as B(w) (t, &(t)-),
so that by integration by parts we obtain (1.5) from (1.6). Similarly we can

show the converse. ' Q.E.D.

Now we are going to glve a quasi-variational formulation associated with

our Stefan problem {(E), (Cl) - (C3)}.

Definition 1.2. Let 20 be a non-negative number, Uy be in H, g in
C([0, T]) and T in LZ(O, T, H). Then we mean by QVP(QO, g, Ug» f) to find a

couple {%, u} such that

1,2
(Bl) 2€WwW>7(0, T) and & > 0 on [0, T];



(B2) u is a solution to VP(%, g, u,, £);

t o ' t (2(r)
(B3) &(t) =& - Iog(r)dr + JO-UO(X)dX + Iofo f(r, x)dxdr
- | u(t, x)ax for all t € [0, T].
0 ‘

Proposition 1.2. Let 20, g, U, f be as in Definition 1.2 and {2, u}
be a solution to QVP(lO, 8> Uys f). Assume that g is non-positive and Uys f

are non-negative. Then (1.3), (1.4) and the following (1.5)', (1.7) hold:

(1.5)! IB(u)X(t, o+)Jp'2B(u)x(t, 0+) = g(t) for a.e. t € [0, T],
(1.7) E) - _ s, (6, 46)-) P28, (6, UE)-) for a.e. t € [0, T1.

Proof. By Proposition 1.1 we have (1.3), (1.4), (1.5) and B(u)x(t,z(t)—)
exists for a.e. t €I (= {t e[0, T]; &(t) > 0}). From (B3) with (1.5) it
follows that

L(t)
ae) - _ g(t) + I

f(t, x)dx - Jmht(t, x)dx
0 0

2(t) >
(18w, (&, ) [PT9B(w), (£, x)),ax

- g(t) - Jo

- I8, (&, 2(6)-)[P2B(w) (&, ()-)

for a.e. t € IO. Also, if t € [0, T] - IO, then u(t, x) = 0 for all x > 0 and

(B3) implies g(t) = 0. Therefore

|B(u)x(ﬁ, O+)|p-26(u)x(t, 0+) = 0 = g(t) for all t € (0, T] - I,
and
L) 0 = - |8(w), (5, L(6)-)[P28(w) (b, B(t)-) for a.e. te[0, T] - I_.

Thus'(l.S)' and (1.7) are satisfied. ~ Q.E.D.
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By the above proposition we see that QVP(205 gs Ug> f) is a quasi-

' yariational problem associated with {(E), (Cl) - (c3)}.

Qur results on QVP(%é, g, u_, ) are stated as follows.

O,
Theorem 1.1. ILet & > 0, u & H be non-negative, g ¢ C([0, T]) be non-

positive and f € L?(O, T; H) be non-negative. Then we have:

(a) If {2, ul} is a solution to QVP(QO, g U, f), then u is non-
negative and % is non-decreasing in t.
(b) In addition suppose that uoe X, u, = 0 on [SLO, ) and

g€ wt0, ). Then QUP(L,, &, u,, f) has at least one solution.

The proof of this theorem will be given in sections 2 and 5. In order to
demonstrate the existence of a solution to QVP(ZO, 85 Uy» f) we shall
introduce a mapping P from a certain compact convex subset S of C([0, T])

into itself defined as follows:

2
o

t 2(r)
J f(r, x)dxdr

(pe](t) = 2, - f;g(r)dr + J uo(x)dx + [

0 0‘0

(1.8)
- fmuz(t, x)dx for each 2 € S and t € [0, T],
0

where ug is a solution to VP(L, g, u_, f). We shall show that there is an

o’

element £ of S satisfying PR = 2 by a fixed point theorem and that the couple

(¢, u'} 1is a solution to QUP(L_, g, u_, £).

03

The problem of uniqueness for a solution to QVP(QO, g U, f) remains

!

open, but in the speclal case that p = 2 and £ = 0 we shall show

Theorem 1.2. If p = 2, then QVP(%O, 8, U, f) has at most one solution
for 20 >0, g e c([o, T]) non—positive,t&)& X non-negative with u, = 0 on

[ZO, ©) and f = 0.



2. A comparison theorem for VP(, g, u_, f).

O’

We show the following comparison theorem for solutions to VP(R, g, Uy ).

Theorem 2.1. Let £ be a non~negative function in C([0, T]), g, g be in

C([0, T]) with g < g on [0, T], U, ﬁo inHand f, £ in L2(O, T; H). Let u and

U be solutions to VP(R, g, u_, f) and VP(2, g, ﬁo, f), respectively. Then

o’

we have:

|@®) - N’ < @) -uent
L~(0, L) L~(0, L)

(2.1)

o +
B O
s L7(0, L)

for any 0 < s <t < T and any positive number L > IQIC([O 7)° where ( - )+
3

stands for the positive part of ( - ).

Proof. Take a sequence {cn} of smooth functions on R with non-negative

bounded derivatives o) such that -1 <o <1 onR, on(O) = 0 and

1 if r > 0,

on(r) —_— oo(r) 0 ifr =20 (as n + «)

-1 ifr

A
(@]

for each r € R. Since cn([B(ﬁ)(t,' ) = Blu)(t, -)]+) € Kl(t) for all t in

[0, T], we have by (1.6) in the proof of Proposition 1.1

(u'(6) - £(6), o ([B@) (£, +) - BW)(t, + )TNy
+ jzls<u>x<t, ) P28 (¢, 0o ((B@(E, %) - BW(t, 0T ax
+ g(t)o (8@ (¢, 0) - BW(E, 015 = 0

and

@' () - F(6), o ([B@(t, ) - BWI(E, )Ty



| 18,05, 0 PER@, (0, e (8@, 1) - B, (6, 0Tax

+ B(t)o ([B(@) (¢, 0) - B (t, 0] =0
for a.e. t €[0, T], from which we infer that
(@ (6) - u(k), o ([BE(E, +) - BW(t, )Ty

< (B(6) - £(8), o ([B@(t, +) - BW(E, - )TNy

- j:{|s<a>x<t, ) [P0, (6, %) ~ 800, (¢, 00778, (6, 1)}

X %§0n<[8(a)(t’ x) - B(u)(t, x) 1 )ax

- (&(6) - g(t)o ([B@ (£, 0) - BW(t, 0)IV)

[t}

(F(£) = £(8), o ([B@ (5, +) = BW(E, )Ty

- 1y (1B (s P28, (6, 20 — 180, (6, 20 72000, 6, 01
E(t

x (B(D, (6, x) = B, (£, X)) ([BE) (£, x) = B (E, 1T ax

- (Bt - g&))o ([B@ (5, 0) - BWI(E, 0T

(E

(F(6) - £(t), o, ([B@ (£, +) ~ BWI(E, )Ty

for a.e. t € [0, T], where E(t) = {x; B(u)(t, x) > Bu)(t, x)}. Letting n » =,

we get for a.e. t in [0, T]

(2.2)  (u'(t) - u'(v), GO([B(ﬁ)(t, ) = Bu)(t, . )]+))H < l(f’(t>—f(t))+l 1 .
,~(0,L)

Since o ([B@)(¢, %) = BW(t, x)I7) = o ([t %) - ult, ©T%) and

@) - u'(6), o ([, «) - ult, )T, = Ol—I (u(t) - u(t))+| s
o H - dt 1o, 1)

it follows from:(2.2) that

d |/~ + = +
@) = u))’| < |[(Ft) - £&))7|
de rro, 1) tro, 1)

-9 -
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for a.e. t €[0, T]. Integrating this inequality, we get (2.1).  Q.E.D.

Remark 2.1. The technic adopted above is found in Bénilan [3] and

Damlamian [8].
The following corollaries are immediate consequences of Theorem 2.1.

Corollary 1. Let &, g, u, and f be as in Theorem 2.1. Then

VP(L, g, ug» f) has at most one solution.

Corollary 2. Let %, g, Uy and f be as in Theorem 2.1 and further assume
that g is non-positive and Uys f are non-negative. Then a solution to

VP(L, g, Uys f) is non-negative.

Proof of (a) of Theorem 1.1: Let {2, u} be any solution to
QVP(QO, g,-uo,'f). Then, -according to Corollary 2 to Theorem 2.1, u is non-

negative as well as B(u). Therefore
B(u)X(t, 2(t)-) <0 for a.e. t € [0, T]

and by (1.7) of Proposition 1.2

daa(t)
dt

>0 for a.e. t € [0, T],

which shows that % 1s non-decreasirig in t. Q.E.D.

3. Some lemmas.

Throughout this section we fix & € C([0, T]) and g € wl’l(o, T), and
assume that £ 1s non-decreasing and non-negative. For simplicity by ¢t we

denote the convex function ¢z & given by (1.1).
3
First of all we show a lemma on the t-dependence of ¢t.

Lema 3.1. With C = (|g|g(ry qq) + DP 2D + 1, p' = p/(p - 1), we
have

- 10 -
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(3.1) %) 2-¢, Vselo, T, YzeKls),

(3.2) 7(2) - 0%(2) < Clg(t) - g(s)](6%(z) + C),
Vs, tel0, TIwiths <t, Vz € Ky (s).

Proof. Let 0 < s <Tand z GKQ(S). Then for any § > 0 we observe that
2(s) 2(s) 8|z [P !

IZ(O)IiI |z ]dng { +
=Jo =g

p p' yax

p
. |z, |Fax 5

ar(S) L 8P as)
p \

1-p!
= 66°%(2) - eg(s)a(0) + £ A

>

so that by taking 6 = (|g|C([O T7) +1)_:L we have
3

S 1 2(s) P
¢ (z) = BJO |z [Fdx + g(s)z(0)
2(s) el §1P g (1)
1 p c(fo, T])
;5(1 - GIgIC([O, T]))JO ‘ lZXI ax - o
>-C
and for any t > s
$°(2z) - 65(2) = (g(t) - (s))z(0)
bt £(6) - (e)|(5(a) + 24Dy
=1 - lelero, ™) P
< Clglt) - g(s)](4%(2) + C).
" Thus (3.1) and (3.2) hold. Q.E.D.

Next, we consider the regularization ¢§, 0<Ar<1, of ¢t as is defined

by

t 1 2 t :
¢, (z) = inf {z3|z - y]|g + ¢ (¥}, z € H.
A yeH 2 H

-11 -
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In what follows, without proof we shall use some of well-known properties of

¢§ such as

(1) ¢§ is finite, continuous and convex on H,
(ii) the subdifferential 8¢t: H= D(8¢t) + H is singlevalued and
A A

Lipschitz continuous with 1/X as a Lipschitz constant,

(11i) Jg = (I+ A8¢t)_l is contractive on H and 3¢§ = (I - Ji)/x,
(1v) 37z = 3G + (1 = D3%2) for u, A > 0 and 2 €1,

v) 65(z) = |z - 3%2]2/(20) + ¢ (3bz) for z € H,
A AT 'H A
etc., for which we can refer to a book of Brézis [5].

Lemma 3.2. ¢§(z) >-Cforany t € [0, T], A €(0, 1] and z € H, where

C is the same constant as in Lemma 3.1.
Proof. By (3.1) of Lemma 3.1,

$5(2) = otz - 3%zl + 6%(3%2) 2 6%t 2 - c. Q.E.D.

Lemma 3.3. Let C be as in Lemma 3.1. Then we have:
(1) |35zl < lzly+2/, Ve e o, 11, YA€ (0, 11, Yz e B

X t 2 14 v v .
(il) IB¢A(Z)|H ; —X(IZIH + 1/2_0.), t e [O: T], A e (O, 1]3 z € H;

(111) - C £ 05(2) < $(lzly + /2)|aly, 103(2) - ¢7(z))]

A

2
zlg+ lzgly +2/20) ]z - 29y, Yo €0, T1, YA (0,11, Yz, 2 € H

Proof. Using Lemma 3.2, we observe
tray o Li<ta12 o Wb/t 1.t42
0 2 ¢;(0) = 5370l + ¢°(3;0) > 5/|J,0]5 - C,
SO
7%l < /¢, Yt € [o, 0.

Making use of the relation J‘l’z = Ji()\z + (1 -03%), z € H, ve see that

- 12 -
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t t t t
|75004 2 [Jlo[H + (1 - W13]0]4 2 2|5,0[,
and hence
(3.3) %], < 2@, Yeero, 1, Yae(o, 1l
Since JJ; is contractive on H, we have by (3.3)

t
‘JAZIH

A

5% - 3%l + 15500 < laly + [0S0l g laty+ 2720

for any t € [0, T], x € (0, 1] and z € H, which shows (i). Next from (i) it

follows that
-t 1 t 2 —
'Mx(z)'H = -Xlz - sz]H ;—X(lle + /2C)

for any t € [0, T], » € (0, 1] and z € H. Hence we have (ii). To show (iii)

we note that

05(2) - 65(z)) < (363(2), 7 = 2))yy < |305(2) |yyl2 = 2|,

v

83(2) = 87(21) > (305(2)), 2 = 290y 2 = [305(2) [yylz = 241y,

and
t t
¢,(2) < [39,(2)|4lz]y

for any ¢t € [0, T, A € (O; 1] and 2z, z, € H. From these inequalities, (i1)

and Lemma 3.2 we derive that
!¢§(Z) - ¢§(zl)| ;:{|8¢§(Z)IH + |a¢§(zl)|H}|z _ leH

2
<2zl + lzyly + 220z - 2y

and
- ¢ < ¢%(z) < &(|z|, + V0)|2]
= "X = A H 1TIH
for any t € [0, T], X € (0, 1] and z, z) € H. Thus we get (iii). Q.E.D.

The following lemma is due t'o Attouch-Bénilan-Damlamian-Picard [1]

(or Picard [31]).

- 13 -



14

Lemma 3.4. Let v € W'1(0, T; H) and 0 < A < 1. Then ¢%(v(t)) is
differentiable at a.e. t € [0, T] and its derivative is integrable on

(o, T]. Moreover, with the same constant C as in Lemma 3.1 we have

t
(3.4) ¢§(V(t)) - ¢i(v(s)) < I -g;fbl;(V(r’))dr forany 0 < s <t <T,
s

(3.5 Fotwie)) - (5(u(e)), v (E))y < Cle' (1) [(a5(v(e)) + ©)

for a.e. t € [0, T].
Proof. Let z € H. Then by Lemma 3.1 and (iii) of Lemma 3.3 we observe

that for 0 < s <t < T
05(2) - 85(2) < o°(332) - $°(352)
(3.6) < Cle®) - g(s)](45(2) + C)
. |
<o) gt @)]ar
Is®

with
c(z) = c{§<|z|H + /20) ||y + CI.

From (3.6) we see that
£ t
t —— ¢)\(z) - c(z)j lg'(r)|dr
0
is non-increasing on [0, T], so that q);(z) is differentiable at a.e. t in

[0, T], its derivative is integrable on [0, T] and

t
(3.7) ¢§(z) - ¢§(z) < J g—rd)];(z)dr forany 0 <s <t <T.
S
Moreover,
(3.8) T7(2) < Cle' (@] (¢5(2) + ©) for a.e. r € [0, T].

Next, let v € W->1(0, T; H). Using (3.7) and (3.8), we have

- 14 -
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BEw(6) - $(v()) = (3w, v(t) - v(s))y,

A ¢§(V(S))l-¢i(V(S))

(3.9) 6
< [ LA visnar
S

A

t
CJ &' ()| (¢} (v(s)) + C)ar
S

for any 0 < s <t < T, from which (3.4) follows just as (3.7). Besides,
dividing (3.9) by t - s and letting s + t, we obtain (3.5) with the help

of (iii) of Lemma 3.3. Q.E.D.
Finally we show

Lemma 3.5. For each A € (0, 1], the operator v - 3¢§‘)(v(~)) is

Lipschitz continuous on L2(O, T; H) with 1/) as a Lipschitz constant.
Proof. As was seen in the proof of Lemma 3.4, t -+ ¢§(v(t)) is

measurable on [0, T] for each v in wl’l(O, T; H) and hence for each v in

L2(O, T; H). Now we consider a function @A on L2(O, T; H) which is defined

by
ww=fﬁwwm, Y v g1, T; B).
0

Obviously @A is finite, continuous and convex on L2(O, T; H) (ef. Lemma 3.3).
It is also easy to see that the subdifferential 8¢X: L2(O, T; H) »

L2(O, T; H) is a singlevalued operator with D(B@A) = L2(0; T; H) and
00 (v) = 00l (v()), Vv erf(o, 75 ),

so that 3¢§(V(t)) is (strongly) measurable in t € [0, T] for every v in
LE(O, T; H). Since 8¢§ is Lipschitz continuous on H with 1/A as a Lipschitz
constant for all t € [0, T], so is BQA on L2(O, T; H) with the same

Iipschitz constant. R.E.D.
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4, FExistence and stability of solutions to VP(%, g, u_, f).

O,

We first establish an existence theorem for VP(%, g, Uss ).

Theorem 4.1. ILet % be a non-negative and non-decreasing function in
C([0, T1). Let ub be in KQ(O), g in Wl’l(o, T) and f in L2(O, T; H). Then

VP(%, g, u_, f) admits a (unique) solution.

O.‘)
Let &, g, uj and f be in Theorem 4.1. Then in order to construct a

solution to VP(&, g, Uy» f) we consider an approximate problem of the
following type:
' t
1
(4.1) ux(t) + a(¢2,g)k(Buk(t>)'9 £(t),
u}\(o) = uO’
where 0 < A < 1 and (¢E g)A is the regularization of ¢E g On account of
3
Lemma 3.5, the operator v - 8¢( )(Bv(')) is Lipschitz continuous on
L (0, T; H) with cB/A as a Lipschitz constant. Therefore for each A in

(0, 1], there is a unique function u, in w1’2(0, T; H) satisfying (4.1)

A
a.e. on [0, T] and uA(O) = ug- We want to show that for a certain sequence
{An} with Xn ¥ 0 (as n » ») u, converges to a function in Cc([0, T]; H) and

n
this limit is a solution to VP(%, g, Uy s .

For simplicity we denote ¢E g by ¢t again. To get estimations for
>
{ux; 0 < A < 1} which are independent of A, multiply (4.1) by (d/dt)BuA(t).

We then have

(W) (8), SeBuy (6))y; + (305 (Buy (£)), $oBu, (60D = (£(8), Sebu, (8))y

for a.e. t € [0, T]. We note here that

L

a 2
cBIEEBux(t)IH’

() (6), GeBu, (£))y; 2

(£(8), §gBuy () < cale(®) | + r'dt Ju(e)]

- 16 -
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and by Lemma 3.4
(365 (Buy (£)) 5 GeButy (8))yy 2 Gp87 (B, (£)) = Clg" (£)] (8] (Buy (£)) + €)

for a.e. t € [0, T], where C is the same constant as in Lemma 3.1. Therefore,

(4.2) %I%@uﬁt)lﬁ + S0 (Bu, () < kg (6)67(Buy (£)) + ky(8)

ror a.e. t € [0, T], where
ki (t) = Clg'(t)] (k) = CPlg' ()] + e3|ee) ]2,
1 ’ 2 8 H

Applying Granwall's inequality to (4.2), we have
T

£ 0 T
(4.3) ¢y (Bu, (£)) < {¢"(Bu,) + f0k2(r)dr}exp(JOkl(r)dr) = ¢

for all t € [0, T] and

3 .d 2
(4 5By, |
MCB dt A L2(O, 75 H)

From (4.3) and (4.4) we obtain the following lemma.

T
<0+ 6%Buy) + [ 10 ) + y(ar.
0

ILemma 4.1. There is a positive constant M such that
<egn), "1 € (0, 1]

|Bu, (+)] < M (hence |u, |
A w20, Ty H) T Myla20, T H)

and
-csotmuy ) <u, Yoelo, T, Yae(o, 1],

where C is as in Lemma 3.1.

This lemma guarantees that {Bu,(-); 0 < X <1} (hence {uy; 0 <A < 1})
is relatively compact in C([0, T]; H), because the natural injection from

X into H is compact. Now we can choose a sequence {An} with An ¥ 0 such
that
Bu (+) = Bu(-) in C([0, T1; H)

and
- 17 -
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uﬁ > u' weakly in L2(O, T; H).

Evidently u€ WH2(0, T; H) and u(0) = u . Putting uk(t) = g% (Bu,(£)),.
n

we see that uﬁ =f - uﬁ + £ - u' weakly in L2(O, T; H). Also, since

1 t t, .t
uk(t) = X;(Bun(t) - JAnBun(t)) € 9 (anBun(t)),

we get

J>(\I'I)Bun(-) > Bu(+) in 1°(0, T; H),

S0 the demi-continuity of the operator v - 8¢(')(v(-)) in LZ(O, T; H) gives
£(t) - u'(t) € %Y(Bu(t))  for a.e. t € [0, TI.
Moreover

¢°(Bu(t)) < imint ¢°(I% Bu_(£)) < Liminf 6% (Bu (£)) <M
: e n me n

for all t in [0, T]. Thus the function u is a solution to VP(%, g, u_, f)

O,

and Theorem 4.1 was completely proved.

Next, we show a stability theorem for VP(%, g, u_, f).

o0
Theorem 4.2. Let 20 and L be numbers such that 0 < ZO < L and denote

by A the set {2 € C([0, T]); % is non-decreasing in t, 2(0) = % and

©(T) < L}. Let g€ W20, T), u € X withu_ = 0 on [%, =) and

fe L2(0, T; H). Then there is a positive constant K such that

L

|u’| <K log Eten] <k Yeelo, 1,

w20, T; H)

for every & € A, where ul is a unique solution to VP(%, g, Uys ).

Proof. As is easily checked, the constants M in Lemma 4.1 and C in
Lemma 3.1 can be taken so as to be bounded, as long as £ varies in the set

A. From this fact the conclusion of the theorem follows. Q.E.D.

This stability theorem plays an important role in solving

QE(%,, &, ug, T).

- 18 -
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5. Proof of (b) of Theorem 1.1.

Throughout this section, assume that £o=i 0,1%36 X is non-negative
with uj = 0 on [20, ®), g € Wl’l(O, T) is non-positive and f € L?(O, T; H)
is non-negative, and let A be the set {# € C([0, T1); % is non-decreasing
in t, 2(0) = % and 2(T) < L} with L satisfying
» Zo T
u (X)ax - jog(r)dr + V||

2

0 L°(0, T; H)

(5.1) L > 20 + f
We now consider the operator P on A which is defined by (1.8).

Concerning this operator P we have
1,2
Lemma 5.1. P(A) CANW?7(0, T).

Proof. Let £ € A. Then [P2](0) = %, and Pg € W1’2(O, T), since a unique
solution u* to VP(%, g, Uys f) belongs to Wl’2(0, T; H). By Proposition 1.1
we have

2(t) 2(t)

%E{Pz](t) kut(t, x)dx

—gw>+j fw,mm-J

0 0

2(t)
- a0) - | UL, 0P a (6, 1),

- 8 (5, 4(6)-) (P8 (¢, a(t)-)

for a.e. t € I (= {t € [0, T]; 2(t) > 0}). Also u* 1s non-negative by

Corollary 2 to Theorem 2.1 as well as B(uz). Hence
B(uQ)X(t, 2(t)-) <0 for a.e. t €I,

from which it follows that (d/dt)[P2](t) > O for a.e. t € IO. For a.e. t in

[0, T] - I_ we have
SPR1(E) = - g(t) 2 0,

because uz(t, x) =0 for all x > 0 if t € [0, T] - I,. Therefore P4 is non-

-19 -
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decreasing. By (5.1), [P2](T) < L. Thus PL € A. Q.E.D.

Lemma 5.2. P is continuous on A with respect to the topology of
c(fo, T1).

Proof. Suppose that L. € A and L > % in C([0, T]), and denote by u,

and u the solutions to VP(Qn, g Ugs ) and VP(2, g, Ug> f), respectively.

Then, on account of Theorem 4.2, there is a constant K such that

(5.2) lu <K, lof (Bu(t)] <X, ¥n, Y&e o, T
n|w1,2(0, T H) T l zn,g n l =

We note here that for each n the following holds:

T
[ i) - 6, Bay(e) - wien e < 000 - 0B,

(5.3) 0

YV we1P(0, T; X) with w(t) & K, (t) for a.e. t € [0, TJ,
n

where

1 T T

o(w) = -J r[wx(t, x)|Paxdat + f g(t)w(t, 0)dt.

Plolo 0
By (5.2), {un} is relatively compact in C([0, T]; H). We want to show that
U u in C([0, T]; H). For this purpose, let {un } be any subsequence of

k
{u_} such that u_ -+ u (hence Bu_ = Ba) in C([0, T]; H). Then we have
n n, n,

Bunk(t) -+ Bu(t) weakly in X for each t € [0, TJ,

Bu =~ Bu weakly in L2(O, T; X)
Kk

w > G weakly in L°(0, T; H)
K

and by the way

HRCHONES SENLE RS (R af

u ew1’2(o, T; H), u(0) = U

- 20 -
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) liminf ®(Bu_ ) > &(Bd).
(5.1 It ) 2

Now denote by Z the set
{v e IP(0, T; X);5 v(t) € K, (t) for a.e. t € [0, T]}.

let v be any function in Z and € be any positive number. Putting ve(t, X)
= v(t, x + €), we see that vg(t) € Ky (t) for a.e. t € [0, T] and for all

n

n sufficiently large. Hence, taking n =

n, with w = Ve and letting k » «»

in (5.3), we obtain by (5.4)

T
[ @) - 20, B0 - v @y < 80v) - o(ED.

Furthermore, since Ve v in Lp(O, T; X) and @(ve) > &(v) as e ¥+ O,

T
[ - o), Bs) - vie)ygt < o(v) - o(aD).
0

This inequality holds for every v in Z, which is equivalent to
£(t) - W' (t) € 39y (BI(E))  fora.e. t € [0, 7]
3

(cf. Kermochi [21; Proposition 1.1]). Thus u is a solution to VP(%, g, ugs ).
By the uniqueness of solution we have u = u. Therefore it must be true

that u -+ u in Cc([0o, T]; H), so that Pg > P2 in c([o, T1). Q.E.D.

Proof of (b) of Theorem 1.1: Consider the following subset S of A:

[2(8) = ()] < [t = sllelgo, )
S=( %€ + /Tt = s[Lif] HMEEEIES &
L7(0, T; H)

for all s, t € [0, T]

where K is the same constant as in Theorem 4.2. Obviously S is compact and
convex in C([0, T]) and P(A) C S. Taking Lemmas 4.1 and 4.2 into account,

we see that P is continuous on S with respect to the topology of C([0, T1)
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and P(S) C S. Hence, by a well-known fixed-point theorem there is % € S

such that P2 = £ and it is easy to see that the couple {%, ul}, ul being

a unique solution to VP(%, g, Uys f), is a solution to QVP(RO, g, u, ).

o]
Q.E.D.

6. A uniqueness theorem in a special case.

Throughout this section we assume that p = 2, % >0, g ¢ ([0, T])
is non-positive and uy e X (= Wl’2(0, ©)) is non-negative with u, = 0 on

[%55 ).

Let {2, u} be an arbitrary solution to QVP(QO, g, u_, 0). Then we know

O)
the following facts (ef. Proposition 1.2 and Theorem 1.1):

(6.1) & is non-decreasing with 2(0)

20 and u is non-negative;

(6.2) ut(t, °) - B(u)xx(t, *) =0a.e. on [0, 2(t)] for a.e. t € [0, T];

6.3) {u(o, x) = u (x) for 0 < x < %, u(t, x) = 0 for x > &(t) and
B(w) (t, O+) = g(t) for a.e. t € [0, T];
(6.4) Q§é§l_= - B(u) (¢, 2(t)-) for a.e. t € [0, T].
We define
t
vit, x) = Jos(u)(r, x)dr for x>0, 0<t <T

and note that
: t
v (6, %) = BW(E, ) 20, v (6, %) = jos<u>x<r, x)dr.

Now, let n be any function in X. Then we have by (6.1) - (6.4)
va(t, Indx

t (r)
- jofo Bw)(r, ~)n,dxdr
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I}

t  a(r)
[ [ B g dmax = ), (,00n(0) + B, (1,400 In(40)) Y
0 0

]

£ 2(r) t t
. _ _|7dalr)
_UO ug (e, +Indxar <j0gdr>n<o>_ JO——dr n(1(r))dr

t 2(t)
- jwu(t, S)ndx + Jmuondx - (f gdr)n(0) - j ndx,
0 0 0 0

i

from which we get the following lemma.

Lemma 6.1. Let {&, u} be a solution to QVP(QO, g, U,> 0) and v be as

above. Also let p be the inverse of B. Then

00

I(t; v, n) = me(Vt)(t,X)(Vt(t,X) - n(x))dx + f VX(t,X)(VXt(t,X) - nX(x))dX
0 v

0
T

- quo(X)(vt(t,X) - n(x))dx + (J g(r)ar) (v, (£,0) - n(0))
0 0

+ [w(vt(t, x) - n(x))ax < 0
0

for all t € [0, T] and all n € Y = {n € X; n is non-negative and n(x) = 0

for all sufficlently large x}.

Proof. We set for simplicity

00.

J(t; n) = jwp(vt)(t, -)ndx + Jwvx(t, -)ndx - J u nax
0o - 0 0

t

+ (J gdr)n(0) + [a%dx for n € Y.
0 0

As was seen above, J(t; n) > 0 for all n € Y and J(t; Vt(t, <)) = 0.

Therefore I{t; v, n) = J(t; Vt(t, -)) = J(t; n) < 0. : Q.E.D.

Proof of Theorem 1.2: ILet {&, u} and {2, u} be two solutions to

QVP(QO, g u_, 0). Then with the same notations as above it follows from

- 23 -
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Lemma 6.1 that
0 2 I(t; v, T (t, ) + I(65 7, vy (t, )

{oo]

= | G, 0 - p@E, L, 1) - T (e, 0)ax

+ E(Vx(t> X) - \_IX(IC’ X))(th(tg X) - \_]Xt(t’ X))dX

1d - 2
;:5'551Vx(t, ) - Vx(t’ )IH
for a.e. t € [0, T]. This gives
lvx(t, 2y - Gx(t, -)IH < |Vx(0’ 2 - GX(O, -)[H =0
=1u as well as & = 4. Q.E.D.

for all t € [0, T], so v = Gt’ e., u=
The technic adopted above is found in Duvaut [11].

Remark 6.1.

Some remarks.
Let £ > 0 and g, u_, f be as in (b) of Theorem 1.1 and let {2, u}
3

£). Further assume that g & W->2(0, T). Then
). It is not

7.

A.
be a solution to QVP(QG, g, u
L G»Wl’z(O,/T) and u is a unique solution to VP(%, g, u

difficult to verify that the family {¢E g; 0 £t < T} satisfies the following:
3
for each s, t € [0, T] and z € Kz(s) there is z, € Kz(t) such

o’
O)

that
(7.1) lzl -zl < CO{Ig(t) - g(s)] + |a(t) - MS)IMMi;g(Z)’l/Z"'l)a
'¢E,g<21>-¢i,g<z)| < Co{|g(t)'g(s>|+|2(t)-2(5)I}(|¢i’g(z)|+1),

where CO is a positive constant independent of s, t and z.

In fact, if we take for z given in Kg(s)
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zl(x) = z(%%%%x), 0 <X x <o,

then we obtain inequalities in (7.1) with a positive constant Cy independent
of s, t and z. Under (7.1) it can be shown (cf. Kermochi [247]) that the
function t -~ ¢§ g(Bu(t)) is absolutely continucus on [0, T]. This implies

5

that t > |B(w)(t, -)]X is continuous on [0, T], so that g(u) € C([0, T]; X).

B. Let & > 0, g <0 be in W1’2(0, T) and u,, T be as in (b) of Theorem 1.1,

f, h) we mean the problem

and let b be in L°(0, T). Then by QVE(%_, g, u,,

to find a couple {&, u} satisfying (Bl), (B2) of Definition 1.2 and the

following (B3)' instead of (B3):
%o
h(r)dr + J u_(x)dx
g ©

t t

(B3)'  alt) = 2 - J g(r)dr + J

0 0

t (1) © v
+ J J f(r, x)dxdr - J u(t, x)dx, t € [0, T].
400 0

This integral equation (B3)' is corresponding to Stefan condition of the
following tyﬁe:

L) - g, (¢, 2(6)-)[P728(w) (6, (t)-) + h(t) for 0 <t <T.

In this case we should notice that the free boundary x = {t) is not
necessarily non-decreasing in t. However the same approach is possible to

QR(3,, & ug, £, h).

C. Finally we consider the problem to find a couple {&, u} satisfying
(7.2) u - Bu), =f for0<t<T, &(t) >0, 0<x<2t),
subject to
(7.3)  2(0) = %, and u(0, x) = u (x) for 0 < x < %5

(7.4)  Blu)(t, 0) = go(t) for 0 <t < T, Bu)(t, 2(t)) =0 for 0 <t <T,
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and

(7.5) WE) - - g, (¢, a6)-)  for 0 <t <T,

where 20 > 0 is given as well as u, 2 0 in Wl’Q(O, o) with u, = 0 on [Eo, ®),
£201in1°(0, T; H) and g_ > 0 in W3(0, T). By means of the family
{$§ g s 0 <t < T} of convex functions on H given by

>20

1 2 .
§JZIZXI ax if z € Kl’go(t),

o otherwise
with

1,2

K, () = {z€ W2°(0, =); z(0) = g (t), z(x) = 0 for 2(t) < x < =},
’gO O =

we can similarly give a quasi-variational formulation associated with system
{(7.2) - (7.5)}, in which (7.5) is transformed into the integral equation

P P t o)
(L) = Lo+ 2[ go(r)dr + 2J xuo(x)dx - Emeu(t, x)dx
0] 0 0

t 2(r)
+ 2[ J xf(r, x)dxdr, Yt ero, 7.
0’0

Alsc in this case we can show the existence and uniqueness (in case f = 0)

of a solution to this quasi-variational problem by modifying the arguments

developed in sections 2, 3, 4, 5 and 6.
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