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abstract

General relativity is the current standard theory of gravity in which massless gravitons
are the unique degrees of freedom that describe the dynamical nature of gravity. There
are many other modified gravity theories. But gravitons are still massless in almost all
of those theories. As one of the possibilities to challenge this fundamental nature of
gravity, bigravity, i.e., a gravitational theory that contains two sets of gravitons, has
been investigated. It is known that the model suffers from a ghost instability if one
allows a general form of the interactions between the two graviton sectors, i.e., there
appears the so-called Boulware-Deser (BD) ghost. Imposing BD-ghost-freeness restricts
the interaction form to the specific mass interactions proposed by de Rham, Gabadadze
and Tolley.

The ghost-free interactions are derived artificially by the ghost-free condition, and
hence we have no idea about the mechanism that tunes the interaction to be ghost-free.
In order to address this issue, we propose to embed this ghost-free bigravity into higher-
dimensional gravity. We focus on the Dvai-Gabadadze-Porrati 2-brane model, ¢.e., the
5-dimensional braneworld model sandwiched by two branes equipped with brane-localized
gravity. If the brane-localized gravity on two branes is sufficiently strong compared with
the bulk gravity, only the lowest two states in the graviton spectrum will be trapped
on the branes by the brane-localized gravity, while the other Kaluza-Klein gravitons are
driven away to high energy and become ignorable in the low-energy effective theory. In
this setup, we confirm that the graviton’s mass spectrum recovers the one in the ghost-
free bigravity at low energies. We then derive a part of the ghost-free bigravity action
as a low-energy effective action of the DGP 2-brane model. Furthermore, we introduce
a stabilization scalar field to fix the brane separation. We investigate the potential of
the stabilization scalar which enables to fix the brane separation stably in the setup that
reproduces the ghost-free bigravity as a low-energy effective theory.

Also, we study instabilities in both the DGP 2-brane model and the ghost-free bi-
gravity. We show that the stabilization scalar mode in the DGP 2-brane model becomes
a tachyon when the energy densities localized on the branes are increased. This energy
scale is relatively low when we consider the setup that reproduces the ghost-free bigravity.
This tachyonic instability leads to the breakdown of the stabilization, and consequently
we cannot sustain the setup necessary to derive the ghost-free bigravity from the DGP
2-brane model. Therefore, unfortunately the correspondence between the DGP 2-brane
model and the ghost-free bigravity breaks down in a relatively low energy regime.
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Chapter 1

Intorduction

General relativity is the current standard theory of gravity. General relativity describes
gravity in terms of metric, i.e., a tensor that represents the structure of our spacetime.
General relativity has a unique graviton corresponding to the metric, and the graviton
is massless: the number of degrees of freedom is 2. As a challenge to this nature of
the graviton, there exists an attempt to introduce another dynamical graviton, so-called
bigravity [1]. If bigravity can describe the real universe and observations in strong gravity
regime exhibit bigravity-like features, then the nature of graviton should be modified from
the one in general relativity, namely, the gravity should be written in terms of two metrics
interacting with each other. However, the idea of bigravity has an obstacle to describe the
real universe, since the interaction between two metrics in general yields an extra degree
of freedom whose kinetic term has a wrong sign, in addition to two gravitons. Such mode
is called ghost mode, by which the vacuum energy becomes unbounded from below and
its quantum effective theory becomes unstable by infinitely fast pair creation of particles.
Especially, we call the ghost that appears in bigravity Boulware-Deser(BD) ghost [2]. In
order to obtain healthy bigravity, we must tune the interaction term so that the extra
ghost mode is erased by constraints. One candidate of covariant ghost-free bigravity is
the one with the non-derivative interactions proposed by de Rham, Gabadadze and Tolley
(dRGT) [3,4] in the context of massive gravity, which is called the ghost-free bigravity.
This dRGT interaction form is constructed by imposing BD-ghost-free conditions, and
shown to contain seven degrees of freedom, corresponding to one massless graviton (2
degrees of freedom) and one massive graviton (5 degrees of freedom), and hence no BD
ghost [5-8]. Using the ghost-free bigravity, a lot of works have done about fundamental
solutions such as cosmological solutions [9-15], spherically symmetric solutions [16-19],
gravitational waves [20,21]. However, it is difficult to obtain physical intuition of the
nature of these solutions. This is because the interaction form is derived artificially by
imposing that the system is free from BD ghost. Furthermore, although the interaction
between two metrics different from this artificial dRGT form must be suppressed to realize
a viable model, we do not know the mechanism that realizes such fine tuning.

In order to improve the understanding of the ghost-free bigravity and address the fine-
tuning problem, we attempt to reproduce the ghost-free bigravity as a low-energy effective
theory of braneworld models. Braneworld models are higher-dimensional theories with an
object called brane on which the open strings are confined, inspired by string theory. The
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graviton propagates to the extra dimension, so-called bulk, while the matter fields of the
standard model are localized on the brane. The extra dimension should be compactified
to an invisibly small scale, since we do not observe the existence of the extra dimension.
Especially, the simplified braneworld models have been studied in which the spacetime is
5-dimensional and as the boundary condition on the brane Z, symmetry across the brane
is imposed [22,23]. In 4-dimensional effective theory on the brane, the 4-dimensional
graviton has a mass corresponding to the leak of the graviton’s momentum into the bulk,
whose mass spectrum becomes discretized and has infinite number of massive gravitons
determined by the size of extra dimension when the extra dimension is compactified.
These 4-dimensional massive gravitons are called Kaluza-Klein(KK) gravitons. If one can
give a hierarchy between the lowest massive KK mode and the other KK modes, its low-
energy effective theory becomes bigravity. When it is possible to truncate these massive
KK modes expect for the lowest one ghost-freely, the obtained low-energy effective theory
should be free from ghost, and consequently the bigravity obtained in this manner should
coincide with the ghost-free bigravity. Namely, we expect that the ghost-free bigravity
may be reproduced as a low-energy effective theory of an appropriate braneworld model.
Considering a discretized extra dimension has been proposed as one way to obtain the
ghost-free bigravity [24].

As a candidate of braneworld model that can reproduce bigravity, we propose the Dvai-
Gabadadze-Porrati (DGP) 2-brane model [25] in which the bulk spacetime is sandwiched
by two branes with induced gravity terms localized on the branes [26,27]. In braneworld
models, the eigenvalue problem that determines the 4-dimensional graviton’s mass is
analogous to the one in the quantum mechanics of a particle propagating in a one-
dimensional potential. The DGP 2-brane model has two induced gravity terms on branes,
i.e., two gravitational potential wells at the boundaries of the bulk. If these potential
wells are sufficiently deep, namely, the coupling constants of the induced gravity terms
are large, only two modes trapped in the potential wells are kept at low energies, while
the other modes can be driven away to the high energies by making the potential well to
be steep. The superpositions of two trapped modes yield one massless and one massive
mode. In the DGP 2-brane model, the length parameters that correspond to the depth
of the potential wells are given as r = Mlgjf)Q /2M3 where MSP are the 4-dimensional
Planck masses for the induced gravity terms on the respective (£)-branes and Mj is the
5-dimensional Planck mass. Therefore, we expect that one can achieve the objective
hierarchy in graviton’s mass spectrum by tuning Ay < ¢ for the brane separation Ay.

Reproducing bigravity from the DGP 2-brane model has been already investigated by
Padilla [28] before the invention of the ghost-free bigravity. However, the model studied in
Ref. [28] contains a radion scalar corresponding to the fluctuation of the brane separation,
which is absent in the ghost-free bigravity. As we should erase this degree of freedom to
reproduce the ghost-free bigravity, we introduce a stabilization mechanism with which one
can fix the brane separation. With an appropriate stabilization, we can naturally choose
the setup with the small brane separation necessary for the hierarchy among the KK
gravitons. As a concrete stabilization model, we consider Goldberger-Wise stabilization
model [29] which stabilizes the brane separation by introducing a bulk scalar field with
localized potentials on the branes.



Considering linear perturbations around de Sitter background in the DGP 2-brane
model with a scalar stabilization, we analyze the mass eigenvalue problem to find that
it is possible to achieve the hierarchy between the lowest massive KK graviton and the
other gravitons when Ay < &b, Also, we show that we can stabilize the two branes
that locate closely when the energy densities on the branes are sufficiently small and
the geometries on the branes are almost Minkowski. Furthermore, we investigate ghost
instabilities in the DGP 2-brane model, since if the system contain ghost instablities, the
obtained effective bigravity should also be contaminated by ghost modes and may become
different from the ghost-free bigravity. It is known that there exist two branches in the
DGP model [30-34]: one is the self-accelerating branch where either the helicity-0 modes
of massive gravitons or spin-0 mode which corresponds to the radion scalar field becomes
ghost inevitably, and the other one is the normal branch free from ghost. We show that
the conditions for the ghost-free normal branch are given as 1 — o7 (né‘ i)au loga) > 0
on the respective branes, where a is the background bulk warp factor and n?‘ 4 are the
unit normal vectors pointing toward the bulk on the respective branes. Assuming that
the values of the extrinsic curvature on two branes are approximately the same, i.e.,
K~ K, ~ K_ =~ F4(n{;,0,loga), the normal-branch conditions require [K| < 1/r§i).
If the normal branch conditions are satisfied, one can stably fix the brane separation and
when Ay < r{*) one obtain a low-energy effective theory whose equations of motion
are identical to the ones in the ghost-free bigravity. The solution with Minkowski branes
easily satisfies both conditions |K| <1/ r and Ay < ). If one consider to add energy
densities on these Minkowski branes, however, |K| becomes larger and soon it becomes
difficult to keep satisfying these conditions. We show that if we increase the energy
densities on the branes, the mass of the spin-0 mode gets lower, and at the relatively
low energies before crossing the critical point where ghost instabilities appear, the mass
squared of the spin-0 mode becomes less than zero, namely, the spin-0 mode becomes
tachyon. Because of the spin-0 tachyon, which is absent in the ghost-free bigravity, it
becomes impossible to sustain the setup with closely-located two branes, and consequently
one cannot reproduce bigravity from the DGP 2-brane model in a slightly high energy
regime.

Next, we attempt to derive the ghost-free bigravity action from the DGP 2-brane
model. In this attempt, we do not introduce any radion stabilization mechanism to make
the analysis simpler, and hence the low-energy effective action should consist of two
gravitons and one scalar radion. In the normal branch, the radion ghost-freely couples to
both induced metrics on branes, although it is known that in general BD ghost reappears
in the ghost-free bigravity with a field that couples to both metric, so-called doubly-
coupled matter. Therefore, the low-energy effective theory derived from the DGP 2-brane
model possibly give a non-trivial ghost-free doubly-coupled matter model different from
the previously proposed ones [35-41]. As is discussed above, we need to set the model
parameters to satisfy the conditions |K| < 1/ r*) and Ay / r) < 1 so as to reproduce
the ghost-free bigravity from the DGP 2-brane model. Combining these conditions, the
region of the model parameters of our interest is restricted to

|[KAy| < 1. (1.0.1)
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Therefore, we consider the gradient expansion [42], in which we expand the variables
with respect to the small quantity KAy to construct the bulk solution. We can system-
atically expand the action in this manner so that the higher-order terms in the gradient
expansion cannot cancel the lower-order ones. Hence, we expect that the action at the
leading order of the gradient expansion reproduces the one of the ghost-free bigravity.
In order to derive the 4-dimensional effective action written in terms of the metrics on
the (£)-branes, gfﬁf), we solve the bulk equations for given boundary metrics gfﬁf) at the
lowest order of the gradient expansion, and then we integrate out the bulk degrees of
freedom by substituting back the obtained bulk solution into the action and performing
the integration along the extra dimension. The higher order corrections in the gradient
expansion would naturally yield higher-derivative terms in the effective action which seem
to introduce extra degrees of freedom including ghost modes in addition to two gravitons
and one scalar radion. However, the appearance of extra ghost modes itself will not
directly indicate the breakdown of the gradient expansion, since it should be because of
the contamination by the massive KK gravitons with the mass squared of O(Ay~!) or
higher.

This paper is organized as follows. In Chapter. 2, we review massive gravity and
the ghost-free bigravity, and also the nature of its de Sitter solution. In Chapter. 3,
we briefly review braneworld models: representative brane models and their basic ideas.
Chapter. 4 is devoted to analyze the mass spectrum of the DGP 2-brane model with scalar
stabilization. Here, we show that the mass spectrum of the DGP 2-brane model becomes
identical to the one of the ghost-free bigravity at low energies by choosing appropriate
parameters. In Chapter. 5, we discuss whether the equations of motion and instabilities
of the bigravity as a low-energy effective theory of the DGP 2-brane model coincide with
the ghost-free bigravity. In this chapter, we show that the correspondence between two
models breaks down in slightly high energy regime because of the tachyonic radion. In
Chapter. 6, we derive the effective bigravity action from the DGP 2-brane model without
introducing radion stabilization for simplicity. We finally summarize this paper and
present the conclusion in Chapter. 7.

In this paper, we use natural units ¢ = A = 1 and the signature of metrics as

(_a +7 +7 +)



Chapter 2

Massive gravity and bigravity

In this chapter, we review how one can construct healthy massive gravity and bigravity,
in which the gravitons becomes massive and there exist two gravitons interacting with
each other ghost-freely, respectively. Also, we investigate the de Sitter solution and its
nature in the ghost-free bigravity.

2.1 General Relativity

First, we briefly review general relativity and its degrees of freedom. The action of general
relativity is
M2

S = /d4x\/—gL = /d%\/—gTPlR, (2.1.1)
where Mp is the 4-dimensional Planck mass and R is the Ricci scalar defined by the metric
guv- In order to investigate the number of degrees of freedom, we analyze the system with
the action (2.1.1) using the Hamiltonian formulation. Using the ADM decomposition in
Appendix. A, we foliate the spacetime by t-constant hypersurfaces for the time coordinate

t. Using the lapse function N, the shift vector IV;, and the 3-dimensional metric induced
on the t-constant hypersurface v;;, The action becomes

2M2S = / dt / PxNyvy PR+ KK — K?) | (2.1.2)

where we use Eq. (A.2.13). Here we define >R as the Ricci scalar evaluated from the
3-dimensional induced metric v;;, K;; as the extrinsic curvature on the t-constant hyper-
surface, and K as the trace of the extrinsic curvature. We introduce the momentum 7%
conjugate to v;;:

M7 = /7 (K — 79K | (2.1.3)
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then, the Hamiltonian H = [ d*z (7%4;; — L) is given as

2MpPH = — / d*z (NRy + N;R") | (2.1.4)
1 1 . . .
Ro = ﬁ3R + ﬁ <§7T:7T§ - Fijﬂzj) R (215)

i _ ™
R' =2,/7V; (ﬁ) . (2.1.6)
This Hamiltonian becomes linear in the lapse function N and the shift vector N;, and
hence four primary constraints By = 0 and R’ = 0 are imposed by the variation with
respect to the Lagrange multipliers NV and NV, respectively. In the Hamiltonian formalism,
it is nontrivial whether constraints are preserved along the time evolution, and hence we
should impose that the time evolution of the constraints are also zero, so-called the
consistency relations. In order to investigate the time evolution of these constraints, we
need to compute the Poisson brackets of Ry and R;:

ME(Ru(o). Roli)} = - | R0) 0% =)~ R et*o—)| « 2L)
MERo(x), Rly)} = —Ry) pd(x —y) 2.18)
MR, R} = | Re) e =) - Rl pst’e—)| - (219)

Using these Poisson brackets, the time evolution of the primary constraints { Ry, H},
{R', H} is shown to be zero. Therefore, the four primary constraints are automatically
satisfied under the time evolution and the Lagrange multipliers N and N; remains unde-
termined, namely, four gauge degrees of freedom exist. We can fix the gauge degrees of
freedom by imposing four constraints among v;; and 7 whose consistency relations de-
termine the Lagrange multipliers N and N;. By four primary constraints and four gauge
fixing conditions, the 12 variables v;;, 7 are reduced to 4 degrees of freedom. Then,
general relativity has 2 degrees of freedom in the configuration space which correspond
to the massless spin-2 graviton.

2.2 massive gravity

General relativity is described by a unique massless graviton. In order to test whether
the graviton is massless or not, there exist attempts to give the graviton a mass: massive
gravity. In the following, we focus on the attempt to consider non-derivative covariant
mass terms, and show that in general the massive graviton contains a ghost mode and
that we need to tune the form of the mass terms so as to avoid the ghost instability.

In order to invent non-derivative mass terms, we must introduce a so-called fiducial
metric f,,, since if we try to construct mass terms only with one physical metric g, the
mass terms become just a cosmological constant. The general action of massive gravity
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1s written as
4 2 (1 2
S = /d x\/—g {MPI <§R —m-U(g, f))] , (2.2.1)

where m is a mass parameter and U(g, f) is an arbitrary scalar function of g,, and f,,,
not of their derivatives. Performing the Hamiltonian analysis for this action as in Sec. 2.1,
because of the presence of the mass term U(g, f), variations of the action with respect
to N and N' yield the equations that determine N and N, respectively, which means
that N and N are not Lagrange multipliers, and that ~;; and 7 are not constrained.
This also means that there are no gauge degrees of freedom, as is expected because the
existence of the fiducial metric f,, should break the invariance under the coordinates
transformations. Hence, the system contains 12 degrees of freedom corresponding to ;;
and 7% in the phase space, and equivalently 6 degrees of freedom in the configuration
space corresponding to 2 helicity-2 modes and 2 helicity-1 modes and 2 helicity-0 modes.
As is shown later in this section, one of the helicity-0 modes has wrong-signed kinetic
term which yields a quantum instability of vacuum, so-called ghost instability. In order
to construct healthy massive gravity, therefore, we should tune the mass term so that the
helicity-0 ghost mode is erased.

2.2.1 Fierz-Pauli massive gravity

As the first step, we show how to construct healthy massive gravity at linear level of
the metric perturbation around flat background. Here, we refer to Refs. [43,44]. We
introduce the deviation Ay, from Minkowski metric: g,, = 1,, + hu,. We treat h,, as a
perturbation and consider the action quadratic in h,,. Choosing Minkowski metric 7,
as the fiducial metric f,,, the mass term U is in general written as U = hy,, h*” + ah® up

to the quadratic order of h,,, where indices are raised by means of 7,,.

2

First, we show that for general parameter a the mass term brings ghost instability. For
this purpose, we introduce four Stiickelberg scalar fields Y*. The index a represents the
kind among the four scalar fields, not the vector component. Introducing the Stiickelberg
fields Y*(z#), we can apparently recover the gauge invariance as follows. We define a new

covariant tensor using Y* as
H,tw = 9w — fabauya<x>auyb(x) ) (222)

whose second term in fact transforms covariantly under the coordinates transformation
aH — fH(x) as

(2.2.3)

Y 00 0) = 0,170, (5 DAL

ofe of8

We use this tensor H,, instead of h,, to construct an apparently covariant mass term

1 v
U=—; (H" Hy, + a(HY)?) . (2.2.4)
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Notice that the covariance is recovered by the Stiickelberg fields just apparently, since we
should fix the Stiickelberg field, namely, the gauge degrees of freedom recovered by the
Stiickelberg fields are to be fixed. Fixing the gauge as Y* = 2 yields H,, = h,, and
consequently the original mass term h,, h*” + ah?. Considering the perturbation around
Minkowski background, we set the Stiickelberg fields to be Y* = 2% — £* and treat £°
perturbatively. Then, H,, becomes

Huu = h,w/ + aufy + aufy . (225)

We consider the mass term Eq. (2.2.4) with this H,,, and analyze ghost instabilities. Since
&, corresponds to the apparent gauge degrees of freedom, these modes do not contribute
to the gauge-invariant Einstein-Hilbert term. The kinetic term of h,, appears only from
the Einstein-Hilbert term, and hence h,, does not exhibit ghost instabilities. The mass
term yields the kinetic term of £, as

(306 + (5 +a) @) (2.2

Here, we again introduce a Stiickelberg field ¢ for ¢, as &, — &, + 0,7 to focus on the
scalar modes. Then, the kinetic terms of the spin-0 mode 7 contains a higher derivative
term

—im2(1 + a)(Om)?. (2.2.7)

The kinetic terms for 7 also contain the terms such as hllw, but these are all second-
derivative terms and hence do not yield ghost instabilities. Introducing an auxiliary field
1, the Lagrangian L = —(Om)? can be rewritten as L = —Or + 92 /4, and furthermore
we redefine the scalar fields 7 and ¢ as 7 := o + x, ¥ := 0 — x to obtain

1
L =0,00'c —0,x0"x + 1 (0% + x> — 20X) . (2.2.8)

This shows that one of the scalar fields becomes ghost whatever the sign of the coupling of
this Lagrangian is. However, this ghost mode can be removed by tuning of the parameter
a as a = —1. When a = —1, there is no higher-derivative terms for w, and hence there
exist only one scalar degree of freedom. On the other hand, the kinetic term of the
spin-1 mode &, becomes F,, F* for F),, = 0,& — 0,&,, which is healthy. Therefore,
the linear massive gravity with a = —1 has 2 helicity-2 modes, 2 helicity-1 modes and
1 helicity-0 mode corresponding to one massive graviton, and all of them are healthy
around Minkowski background. This ghost-free mass term U = —1 (H*"H,,, — (H 5)2) is
called Fierz-Pauli mass term [45].

However, the above ghost-free proof is valid only in the linear level and the scalar
ghost reappears when the deviation £, from the Minkowski metric becomes large. In
order to see this, let us consider the third order terms in H,,:

Us =m® [\MH® + \yHH,, H" + X\3H,, H H*"| (2.2.9)
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where we introduce parameters \,. Decomposing the deviation b, from the Minkowski
background into the background one hfﬁ? and the perturbative one h,,, we rewrite the

tensor H,, = g — fu0,Y*(2)0,Y"(x) as

g

Hyy = h) + by + 0,80 + 0,6, . (2.2.10)

As in the Fierz-Pauli massive gravity case, we focus on the spin-0 kinetic term that comes
from Us, introducing perturbative Stiickelberg modes &% as Y = x% — £* and another
Stiickelberg scalar 7 as §, — £, + 0,m. The kinetic term up to the quadratic order in 7
becomes

m? :\ML@@“@”WDW—FS\Qh(b)(Dw)Q , (2.2.11)

where we redefine the parameters 5\1, Ao using A1, A2, A3. For simplicity, let us consider
the background h,(f,,) = w(2)n,,. Then, the kinetic terms Eq. (2.2.11) are rewritten to
the one proportional to ()2, which yields a scalar ghost as in the case of Minkowski
background. This ghost in the non-linear massive gravity is called Boulware-Deser(BD)
ghost [2]. In order to obtain nonlinear ghost-free massive gravity, we need further tuning
so as to erase the BD ghost, which will be discussed in the next subsection.

2.2.2 dRGT massive gravity

Next, we consider the extension of Fierz-Pauli massive gravity to the non-linear theory.
In order to construct ghost-free massive gravity, we necessarily erase the higher derivative
terms of the spin-0 mode. Refs. [3,4] derive the mass terms in which the higher derivative
terms of the spin-0 mode disappear as total derivatives by introducing Stiickelberg fields.
We consider the fiducial metric as f,,, = 1,, and focus only on the spin-0 mode of the
Stiickelberg fields by setting Y* = 2 4+ 0*7. Then, H,, becomes

H,, = h,, +20,0,m — 0,0°T 0,0, . (2.2.12)

Using this H,,,, we want to construct the mass term without higher derivatives of 7. For
this purpose, we derive the total derivative terms written in terms of II,, = 9,0, 7. Such
total derivative terms are uniquely determined as

d
Vo) = > eltmIlt - I (2.2.13)

et (Opym - - 0,0 )

Hn

- Z et 0y, m (04,070 - - 0,0 T + 0,070,010 - - 0,0 + -+ ) .

(2.2.14)
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Because of the antisymmetric tensor €, the terms with n > d disappear and the second
and the following terms in the second line of Eq. (2.2.13) become zero, which reduces
V, to a total derivative. Let us define such a tensor Y, that coincides with II,, when
hyw =0 as

VI =t — /o) — HY (2.2.15)

and construct the mass terms in the same matter as in Eq. (2.2.13) using Y,,, instead of
II,,,. These mass terms are expected to avoid helicity-0 ghost instability since they do
not include higher derivatives of spin-0 mode in h,,, — 0 limit. We define the mass terms
using parameters «,, as

U = + alm(YVM) + OéQX/YQ(YV'u) + Ofg‘/g(YVM) + 044‘/21(}/”“) . (2216)

These mass terms are proved to be ghost-free and contains five degrees of freedom cor-
responding to a massive graviton [5,7,8]. We will show a brief review of this proof in
the next section, extending the model to bigravity where the fiducial metric becomes
dynamical.

2.3 ghost-free bigravity

The invention of non-linear massive gravity also enable us to extend massive gravity
to the multi-gravity, i.e., the gravitational theory with multiple dynamical gravitons
interacting with each other. The multi-gravity modify the number of gravitons from
General Relativity, but, in general the interaction between the gravitons bring the BD
ghost and so the interaction between the gravitons must be restricted to some specific
form, for example the dRGT mass interaction. In the following, we focus on the bigravity
where two gravitons interacts through the dRGT mass interaction and call this the ghost-
free bigravity.

We introduce the ghost-free bigravity action, where the physical metric g,, and the
hidden metric g, interact with each other, as
XM112>1

S :/d4x\/—_g {MT%(R +V(g,3)) + Lm} + 550 d*z\/—gR, (2.3.1)

V) =) anVu(Y), (2.3.2)

VI =0 — /g G . (2.3.3)

where R is the Ricci tensor defined by the hidden metric g,,, and Mp; and xMp; are
the 4-dimensional Planck mass for the physical metric g,, and the hidden metric g,
respectively. Here, we introduce a tensor Y/ identical to the one in Eq. (2.2.15) when
fur = G and Y = 2. Also, we assumed that the matter Lagrangian L,, couples only
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to the physical metric by which our universe are described!. The interaction between two
metrics V(Y /) can be rewritten as

VUL =Y eV, (2.3.4)

in terms of a tensor U defines by

UL = /9" G (2.3.5)
and the parameters ¢, related to a,, as

coza0—4a1+6a2—4a3+a4, 61:(1/1—3012—}-3043—0(4,

02:a2—2a3+a4, C3 =03 — (g, C4 = Q4. (236)

The interaction form (2.3.4) is invariant under the transformation with which both met-
rics” coordinates rotate in the same way. Hence, the system 4 gauge degrees of freedom
corresponding to one set of 4-dimensional coordinates transformation. Using the Hamil-
tonian formulation, we can show that this system contains two degrees of freedom that
corresponds to the massless graviton and five degrees of freedom that corresponds to
the massive graviton [6,7]. Now, we will count the number of degrees of freedom in the
following. First, we decompose two metrics g, §u as

—N? 4+ Nka Nj) 5 <—L2 + LkLk Lj)
uv = , Quv = - . 2.3.7
: ( N; Vij : L; Yij ( )

We introduce the conjugate momenta 7% and 7% for ,;; and 7;;, respectively. The system
does not contain the time derivatives of the lapse functions and the shift vectors N, L, N*
and L?, and hence their conjugate momenta are zero. The interaction (2.3.4) is nonlinear
in term of the lapse functions and the shift vectors and the variations of the action
(2.3.1) with respect to the lapse functions and the shift vectors seem to give equations
that determine just themselves, but not ones that constrain the dynamical variables ;;,
Yij, ™9 and 7. However, this idea should be incorrect: the action should be essentially
linear in terms of two lapse functions and one shift vector because the system is expected
to have four gauge degrees of freedom and two constraints on the dynamical variables in
the phase space which constrain one extra scalar degree of freedom that corresponds to the
BD ghost. Hence, we introduce a new variable n’ instead of N so that the Hamiltonian
becomes linear in N, L, L*. For this purpose, we define the new shift vector n’ as

N' — L' = (Lo}, + NDi)n", (2.3.8)

'We can introduce a matter field that couples only to the hidden metric ghost-freely, but we ignore
this for simplicity. If we consider a matter field that couples to both metrics, then in general BD ghost
reappears as is discussed in Appendix. E.
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as is proposed in Ref. [5,6], where the matrix D = D} is determined by the condition

VzD = +/(y' = DnnTDT) 7, (2.3.9)
where
z=1—n y,nm. (2.3.10)

From the definition of D, D does not depend on the lapse functions and the shift vectors
N, L, N*, and L. Rewriting the action in terms of the new shift vector n’ instead of N¢,
the Lagrangian density £ of the action (2.3.1) becomes

L = MAT5;; + x M3 777, — Ho + NC. (2.3.11)
Here, Hy and C are defined as

Hy = —L <M§10i + XM;C;) —L (XMF%@ + M2niC; + m2M§1ﬁF) o (2.3.12)
C := M{C + M3, CiDin? +m? Mg /4G (2.3.13)

where we used C and C" defined as in Egs. (2.1.5) and (2.1.6) for the physical metric g,;,
and C and C’ defined in the same manner for the hidden metric Gij- Also, we introduced
F and G as

F = Cl\/g + co (\/EQDZ + TLZ’S/UDiTLk>
il

7
(2.3.14)

iz 1 i kz 1) 1 s i i DI
+ 3 {\/E (Din'3; Dyn® — Din*5;;Din') + VT ((D)? = DiD]) | +c4

i 1 2 i i iy L 3 i i iy
G :=co+ VoDl + 5c2\/5 ((D})? — D;D]) 6(;3\/5 ((D})? = 3D;Dy D} + 2D:D; DY) .
(2.3.15)

Variation of the Lagrangian (2.3.11) with respect to n' yields a constraint that determines
n'. The Lagrangian appears to be linear in N, L and L’ at a glance, but the Lagrangian
can be nonlinear in them after eliminating n’ since n’ may be a function of N, L, and L.
However, we can show that n’ determined by the constraint is independent of N, L and
L as follows. Variation of the Lagrangian (2.3.11) with respect to n® gives

oL , d(Din?)

— =C; | L6, + N J 2.3.1

Sk CZ[ o + Y } , (2.3.16)
where

nl%j

Ci:= zwglcy—mwglﬁW (18] + co/a (8] DI — DY)

1 , |
tes/T (ﬂ(pmpg — DD + DI D — Dng;)} . (23.17)



2.4. DE SITTER SOLUTION IN GHOST-FREE BIGRAVITY 17

The matrix in the square brackets in Eq. (2.3.16) is the Jacobian of the transformation
(2.3.8), and hence is invertible in general. Therefore, the equation of motion of n’ becomes

C; =0, (2.3.18)

which is independent of N, L and L’ (and p¥), and by which we can rewrite n’ in terms
of (Vij, Yij, 7). Substituting n*(7i;, 7, 77) to the Lagrangian, we find that the La-
grangian is linear in N, L and L’. Therefore, variations with respect to N, L and L‘
yield five primary constraint which we denote C = 0, C* = 0 and CF = 0, respectively.
Next, we present the result of the calculation of the Poisson brackets among the primary
constraints C, C* and CF. The detailed calculation is given in Refs. [8,35]. The mo-
mentum constraint C£ exchanges all the primary constraints and they are preserved in
the time evolution, as is expected because CI is the generator of the spatial translation.
Therefore, the Lagrange multiplier L° becomes gauge degrees of freedom whose gauge
fixing conditions yield three constraints. The Poisson brackets {C, C} and {C*, C*} be-
come zero, while C and C* do not exchange. Hence, the consistency relations for C = 0
and CT = 0 yield an identical secondary constraint whose consistency relation gives one
relation that determines one of the lapse functions N and L. The other lapse function is
left undetermined and becomes a gauge degree of freedom whose gauge fixing condition
gives one constraint. From above, the system is shown to have five primary constraints,
one secondary constraint and four constraints from gauge fixing. Since there exist 24
dynamical variables: ~;;, 7, %;;, and 7%, the system contains 14 degrees of freedom in
the phase space, and equivalently 7 degrees of freedom in the configuration space that
corresponds to one massless graviton and one massive graviton. In dRGT massive gravity,
since g, is fixed, the dynamical variables are given as (v;;, 7). These twelve dynamical
variables are constrained by one primary condition obtained from variation with respect
to N and one secondary constraint obtained from the consistency relation of the primary
constraint, which yields 5 degrees of freedom in the configuration space corresponding to
one massive graviton.

2.4 de Sitter solution in ghost-free bigravity

In this section, we present the analysis of the perturbation around the de Sitter solution
and its stability in the ghost-free bigravity, based on our paper [26]. From the action of
the ghost-free bigravity (2.3.1), (2.3.4), the equations of motion of the ghost-free bigravity

become
Gl + Bl = My’T), (2.4.1)
G+ B* =0,
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where B* and B* are the contributions from the mass interaction:

Bl =m® [Vl — (VU] (2.4.3)
~ e —1/2
B! =m? (%) vus (2.4.4)

where we define (V')! := 9V/0U;,. Considering the de Sitter background solution, two
metrics are related as g, = w?g,, with a constant w [9]. In order to make the expression
simpler, we introduce f(w) and f(w) as

fw) ::V’U#:w&‘f

=co + 4w + 12c5w? 4 24cw® + 24cqw? (2.4.5)
_ w
F@)dt = [Vt = (VU] = (= 5F) 00

= (co + 31w + 6cow® + 6ezw®) O (2.4.6)

where we define f’ = df /dw. Then, the background equations of motion are given as

3H? —m?f = A, (2.4.7)
3kwH? —m?f'/4 =0,

where H is the Hubble scale of the physical metric and A is the cosmological constant
that couples to the physical metric. We consider the linear perturbation g,, = v, + .
and G = W (Y + iLW) around the de Sitter background metric 7,,. From Eqgs. (2.4.1)
and (2.4.2), we obtain the equations of motion linear in the perturbative metrics as

2
m
E hap + 3H?h,,, + 5T (Rl — h™y,,) = MpPT,, (2.4.9)
. . 2
€7 yhap +8Hhy, — 5T (W) = h7,) = 0. (2.4.10)
Here, we define I' := —wf’/3 = cjw + dcpw? + 6c3w, h,(fﬁ) = hy — BW, and
1
% whas = =5 (O + V,Vuh = VoV = ¥,V ,hy
~YuwOh + %, VoV h®® + 4H?h,,, — H?hy,) | (2.4.11)

where V, is the covariant differentiation associated with v,, and O = v**V,V,. From
the conservation law of the energy-momentum tensor V, T# = 0 and the Bianchi identities
V,G" =0 and V,G¥ = 0, we obtain V,B* = 0 and V,B" = 0, which yield an identical
equation as

vV, v, =, (2.4.12)

Combining Egs. (2.4.9) and (2.4.10), h,,, and h,,, are decomposed into a massless mode
hﬁ?) = hu + kw?hy,, and a massive mode hfﬁ}). In terms of the massless mode hLO,,) and



2.4. DE SITTER SOLUTION IN GHOST-FREE BIGRAVITY 19
the massive mode h,S”J), the physical metric and the hidden metric are given as

1
_ (0) 2p(m)
]+ kw? (hy) + £w?hy))

7 1 0 m
W= (h;(w) _ h;(w)) _ (2.4.13)

Using Egs. (2.4.9), (2.4.10), (2.4.11) and (2.4.12), the equations of motion for the massive
mode become

Or(Y — V,V,h™ — H? (2800 + 7, k™) — m2g (B — 5, h™) = —2Mp*T,,

Qv
(2.4.14)
where we define
m2e = m*(1 + (kw?) L. (2.4.15)
The trace of Eq. (2.4.14) yields
hm = 2My T (2.4.16)
3(m%s —2H?) "’ o
and the traceless part of Eq. (2.4.14) gives
1 —2Mp)? 1
e - Ty — =T
o T T T o 2 \ U g
1 1
ViV, = =70 h(m). 2.4.17
+( 12 47# >D+6H2_mgﬁ ( )
Here, we use an identity that holds for an arbitrary scalar S:
1 1 1 1
y— =) S = v — =Y S.
O—2H? —m?% (V”V e ) (V“V g ) O+ 6H? — m?,
(2.4.18)

We erase the term proportional to V,V, in Eq. (2.4.17) by a gauge transformation. Then,
combining Eqs. (2.4.17) and (2.4.16), we obtain

10—-2H? —m2; m?%;, —6H?*\ 1
0—2H? - m2)h™ = —2M52 (T, — (14 = of __off YT | -
( Mesr) AN 3O 6HE —m2ym2y — 2l ) 1

(2.4.19)

On the other hand, Egs. (2.4.9) and (2.4.10) give the equation of motion for the massless
mode as

£ b0 + 3?0 = Mp?T,, . (2.4.20)
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. . .. u (0) _11,(0) _ .
Imposing gauge fixing conditions V# ( by — 5h% v, 0, Eq. (2.4.20) gives

1
O (hf?) - §h(°)m) — H? (209 + 7, h®) = —2M?T,,, , (2.4.21)

whose trace part yields
(O+6H*)R = 2M12T . (2.4.22)

From above, the equations of motion for the massless mode hf?J become

1 00— 2H?
2 0 —2
(O= 2l = =2y, {T“” 7 (1 * m) ”“”T} | 2423)

Notice that the ghost free bigravity is invariant under the scale transformation g, —
DG, £ — K/, ¢; — ¢;/Q'. The metric perturbation hy,, and h,, are also invariant
under this transformation, and hence the hidden metric g, can be arbitrarily rescaled.

Next, we will investigate the ghost instabilities in the de Sitter solution of the ghost-
free bigravity. For this purpose, we analyze the de Sitter background spacetime

ds® = a(t)?(—dt® + di?), (2.4.24)
ds” = a(t)*(—dt* + di?), (2.4.25)

where a/a = w. V*B,,, = 0 gives
30(w) [aH — (a/a)] =0, (2.4.26)

which yields two branches: one is I' = 0 and the other one is aH = a/a. However,
it is known that in the branch I' = 0 the helicity-1 mode becomes infinitely strongly
coupled [12,14]. Therefore, we choose the healthy branch aH — @' /a = 0 where the time
evolution of a is related to the one of a. Then, Eqs. (2.4.1) and (2.4.2) give the equation
of motion for a as

3H? = My (pm + pv), (2.4.27)

where H := dya/a?, p,, is the energy density of matter, and

pv =z

Eq. (2.4.2) yields the equation of motion for a as

a? \ a K

L\ 2
3 ~ 2
(3) =2 (2 460+ 180qw + 24000 (2.4.29)
w
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Egs. (2.4.29) and (2.4.26) yields an algebraic relation between p,, and w:

m 6 18 24
5 2Ii—l—(ﬂ—co)—|—<ﬁ—301>w+(£—602)w2—603w3
m=Mg, KW K K K

= —f(w) + ﬁf’(u)) = F(w). (2.4.30)

As is shown in Appendix. B, when the massive graviton’s mass squared m%; given
in Eq. (2.4.15) is less than 2H?, the helicity-0 mode of the massive graviton becomes a
ghost, so-called Higuchi ghost [62]. Eq. (2.4.15) shows that m2; is positive when I'(w) > 0
and that m2; — 2H? is simplified using F'(w) in Eq. (2.4.30) as

m2w

mzﬂ‘—QHZ:—

Fl(w). (2.4.31)

This implies that the solution is free from Higuchi ghost when F’(w) is negative. Let
us tune the cosmological constant A so as to possess a vacuum Minkowski solution with
w = wy and pp,(wy) = 0, and consider a branch of the solution which connect to this
Minkowski solution with F’(w) < 0. Increasing the energy density p,, from the Minkowski
solution, de Sitter solution cease to exist at the point where F’(w) = 0. Up to this energy
density, F'(w) remains to be negative as long as m?; > 0 is satisfied for w = wy, and so
Eq. (2.4.31) indicates that m2; — 2H? is positive on the branch we consider. Therefore,
the de Sitter solution constructed in this way is free from Higuchi ghost as long as
the graviton’s mass squared is positive in the Minkowski limit. On the branch where
F'(w) > 0, on the other hand, the graviton’s mass squared m?; is less than 2H? and the
Higuchi ghost appears.






Chapter 3

Braneworld model

In this chapter, we will briefly review the braneworld model, i.e., the higher-dimensional
gravitational theory with 4-dimensional boundary(ies), so-called brane(s). Here we refer
to Ref. [46]. The braneworld model is a higher-dimensional gravitational model inspired
by string theory and its predictions: higher dimensional spacetime and D-brane. In
this model, the matter fields described by the standard model are localized on the 4-
dimensional brane(s) and only the graviton propagates to the spatial extra dimension.
This leak of gravity to the extra dimension is expected to explain the hierarchy problem
between the Planck mass and the other mass scales in the standard model consistently
with the experimental support to the standard model [47]. As we do not currently observe
the extra dimension, the extra dimension should be compactified on a so small scale that
we cannot observe. Now we consider 4 + d-dimensional Einstein theory. In the weak
field limit, the gravitational potential is given by solving the 4 4+ d-dimensional Poisson
equation as

1

24d .14d’
Miigr

U(r) « (3.0.1)

where, My, 4 is the 4 4+ d-dimensional Planck mass. Setting the length scale of the com-
pactified extra dimensions to be L, the gravitational potential becomes 4 + d-dimensional
forr S L,ide,U~M,, Jr(62l+d) r~(+d) while for r > L the gravitational potential becomes
4-dimensional as U ~ M, Jr(?l+d) L= ~! since the gradient in the extra dimensions does
not contribute to the potential there. With this 4-dimensional gravitational potential for
r > L, the effective 4-dimensional Planck mass is given as M ijLd. This can explain
that the 4-dimensional Planck mass is extremely larger than the other energy scales in
standard model by tuning the scale of the extra dimension to be large, even when the
fundamental Planck mass M**? is comparable to the other energy scales in the standard

model.

Because the gravity propagates also into the extra dimensions, the graviton becomes
massive in the 4-dimensional effective theory. For simplicity, we consider the perturbation
around the flat 5-dimensional background spacetime with a flat brane. We compactify the
extra dimension by assuming that the spacetime is identified under the transformation
y > y+2mmL, n=0,1,2,---. Then, the amplitude of the perturbation f(y, z*) is

23
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Fourier expanded as

fly, ") => " em™/Lf (at). (3.0.2)

n

The 5-dimensional linearized Einstein equation gives °CJf = 0 with the d-dimensional
d’Alembert operator (], and consequently

4Dfn = mifn7 my = Z ) (303)
which indicates that the 4-dimensional effective theory contains infinite number of massive
gravitons whose mass spectrum becomes discretized as L™, 207!, -... These massive
gravitons are called Kaluza-Klein(KK) gravitons.

In the following, we derive the boundary condition on the brane, so-called the junction
condition, assuming the Zs symmetry across the brane. In general, the action of 5-
dimensional brane model is given as

3
S = /d%v —5g {%(5]% + 12€X2) + 6(Y — Ybrane) Ls | (3.0.4)

where M; and £, ? are the 5-dimensional Planck mass and the 5-dimensional cosmological
constant, respectively. %g,, and °R,, are the 5-dimensional metric and its Ricci tensor,
and L denotes the Lagrangian of the field localized on the brane, such as the Lagrangian
of matter and the brane tension !. The 5-dimensional Einstein equation becomes

5}%ab - %SRgab + Asgab - %5(y - ybrane)Sab s (305)

5
where ¥ = Yprane denotes the location of the brane in the bulk spacetime and S, is the
contribution from the brane-localized term S, = f d5:p\/—_5g (Y — Yorane) Ls derived from
the variation of S, with respect to °gy. In order to derive the junction condition, we
choose the Gaussian normal coordinates in the vicinity of the brane where the metric is
given as

ds® = dy* + g, dzdz” . (3.0.6)

Foliating the spacetime with y = const. hypersurfaces in this coordinates system, the
evolution equation Eq. (A.2.10) in Appendix. A gives

Ry = —0y K0 — KKy + 2K Koy + Ry, (3.0.7)

by setting e =1, N =1, N* = 0. Here K, and R, are the extrinsic curvature and the
4-dimensional Ricci tensor evaluated on each y-constant surface, respectively. We can
set the brane position to be y = 0 without loss of generality, and then the integration of

'Tn the DGP brane model that we introduce later, L, also contains the 4-dimensional Einstein-Hilbert
term induced on the brane.
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Eq. (3.0.7) along y-coordinate in the vicinity of the brane gives

5 5

li Rudy = —li 0y K, dy . 3.0.8

550 s 4 550 s Y ( )

Here we assume that the metric is continuous over the whole spacetime. Using the 5-
dimensional Einstein equation, Eq. (3.0.8) becomes

. 2 1
ity (K, (0) — Ki(=0) = =175 (S = 95 ) - (30.)

Imposing the Z, symmetry across the brane, on the other hand, we obtain

lim K, (8) = K%)= -K0) = —lim K,,(—9), (3.0.10)
—

v v 60

with which Eq. (3.0.9) yields the junction condition:

1 1

3.1 Randall-Sundrum model

First, we review Randall-Sundrum(RS) model [22,23], in which we introduce a negative
5-dimensional cosmological constant. Because of the negative cosmological constant, the
extra dimension is effectively compactified with the AdS bulk asymptotics even without
the compactification discussed above. Here we discuss RS 2-brane model (RS I model)
that contains two branes with Z, symmetry across each brane. In RS 2-brane model,
the bulk compactification is achieved by this Z, symmetry, but by taking the infinite
brane-separation limit we can discuss RS 1-brane model (RS I model) in which the bulk
is compactified by the bulk curvature effectively. The action of RS 2-brane model is given
as

S = /d5x\/_

5R+12€ +Z§y ya) (L) — o7& | (3.1.1)

where y+ with y; < y_ are the positions of the respective (4)-branes, L)

are the
Lagrangians of matter localized on the (4)-branes, and 7(*) are the brane tension on the
(£)-branes. Assuming that both branes are Minkowski when we consider the vacuum

branes with L% )

= 0, we should add appropriate positive tension on (+)-brane and
also appropriate negative tension on (—)-brane, so as to cancel out the contribution of
the bulk negative cosmological constant. For simplicity, we choose the Gaussian normal
coordinates and set the brane positions as y, = 0, y_ = L. We consider the spacetime

defined in —L < y < L compactified by the identification under the Z, transformation

y— -y, y+L—>L—y. (3.1.2)
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Solving the 5-dimensional Einstein equation, we obtain the metric in 0 < y < L as
ds* = dy? + e~/ y,, dat dz” . (3.1.3)

The spacetime in —L < y < 0 is given by the transformation y — —y of the one in
0 <y < L. In RS 2-brane model, the junction conditions on the (+)-branes are given as

1 1
HFEXI _ (Tﬁ) _ —gW(T(i) _ T(i))> 7 (3.1.4)

M3 3
which determine the brane tension that we should add to obtain the Minkowski branes as
a vacuum solution. The effective 4-dimensional Planck mass is derived as follows: with
Eq. (3.1.3), the gravitational sector of the action (3.1.1) becomes

M} L
T5/d5x\/—5g(5R+12€_2) = Mg’/ dye_2y/€A/d4x\/—_gR
0

_ Mgty (1- e’2L/ZA) d*zv/—g R

= / gR. (3.1.5)
This indicates that the effective 4-dimensional Planck mass becomes (1 —e 2L/ e") M30y
on the (+)-brane, and (e* /4 — 1) M3¢ on the (—)-brane. Hence, even when M; ~
(" ~ TeV, the effective 4-dimensional Planck mass on the (—)-brane can recover 10°TeV
by tuning L to be appropriately large. In RS 1-brane mode, the effective 4-dimensional
Planck mass becomes M2/, by taking L — oo limit. Because the length scale of the extra
dimension is given as O(¢, ) in RS 1-brane model, the 4-dimensional effective theory of RS
I-brane model is shown to contain KK gravitons with the mass of O(¢;'), as is discussed
in Eq. (3.0.3). Therefore, RS model gives a UV modification of general relativity?.

3.2 Dvali-Gabadadze-Porrati model

Next, we review the Dvali-Gabadadze-Porrati (DGP) model [25], which we will use to
reproduce the ghost-free bigravity. The DGP model is the 5-dimensional braneworld
model with the 4-dimensional gravity induced on the brane(s). In Ref. [25], they consider
the DGP 1-brane model with infinitely large flat extra dimension: the action is given as

2
S:%(i/d%\/—f’g%—i—/

QTC Y=Ybrane

d*z\/—g R) —|—/ d*vv/=g (L, —27) ,
Y=Ybrane
(3.2.1)

where we introduce the 4-dimensional Planck mass for the brane-induced gravity term Mp,
and a length parameter r, := M3, /2M3. Again, L,, and 7 are the matter Lagrangian
localized on the brane and the brane tension. In the UV region with r < r., the 4-

~Y

dimensional Einstein-Hilbert term dominates in Eq. (3.2.1) and the DGP model recovers

2Also in RS 2-brane model, there appears KK gravitons whose masses are similarly given using £
and L, which gives a UV modification of gravity.
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general relativity. In the IR region with » = 7., on the other hand, the 5-dimensional
Einstein-Hilbert term dominates and the gravitational potential becomes 5-dimensional.
Therefore, the DGP model gives an IR modification of gravity, in contrast to RS model.
As the gravity leaks into the bulk and becomes weakened at the length scale r 2 7,
the DGP model can explain the accelerating universe without introducing 4-dimensional
cosmological constant by tuning r. to the cosmological length scale, as is shown in the
following: in the DGP model, the junction condition is given as

1 1 1
K/W(y = ybrane) =Tc |:_M_112’1 (TMV - ggMV(T - 7_)) + (GMV - gGng>:| ) (322)

where GG, is the Einstein tensor evaluated from the induced metric on the brane. Consid-
ering a vacuum de Sitter brane with the curvature H in flat 5-dim spacetime, Eq. (3.2.2)
becomes

9 T
+H =r, (H — 3M§1> . (3.2.3)
The choice of sign + in front of H in the l.h.s. corresponds to which part of bulk spacetime
divided by the de Sitter brane we consider. The solution in the + branch and the one
in the — branch describe the spacetime defined in y, < y < oo and in 0 < y < yp,
respectively, where g, is the brane position. + branch is called the self-accelerating
branch, since the self-accelerating branch of Eq. (3.2.3) gives de Sitter solution H = 1/r,
even when 7 = 0, while the other branch, so-called normal branch, does not [30]. In the
self-accelerating branch, since the bulk spacetime is infinitely large and the massless mode
cannot be normalized, the graviton becomes massive and is known to exhibit the Higuchi
instability inevitably [31-33]. We will discuss the appearance of Higuchi instability in
Chapter. 5, using the DGP 2-brane model that recovers the DGP 1-brane model in the
large brane-separation limit.

If we want to explain the accelerating universe using the DGP 1-brane model with r, ~
H~', it is known that the 4-dimensional effective theory on the brane becomes strongly
coupled in the relatively low energy regime A ~ (H 2Mp1)1/3 [49,50]. Furthermore, the
DGP 1-brane model without cosmological constant is denied by the observation of the
large-scale structure [51-53].

3.3 Stabilization mechanism

Considering the braneworld model compactified by two branes, we can freely choose
the distance between the branes. Therefore, the fluctuation of the brane separation
behaves as a dynamical scalar degree of freedom, so-called radion. In this section, we
review the stabilization mechanism with which the radion degree of freedom is erased
and consequently the brane separation is stabilized.

As an explicit stabilization mechanism, we consider the scalar stabilization mechanism
proposed by Goldberger and Wise [29]. This stabilization is driven by a 5-dimensional
scalar field and its potential. First, we will explain how this scalar stabilization works
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qualitatively: in this mechanism, we need to introduce deep scalar potentials localized on
the branes so as to pin down the scalar-field values on the branes. If the branes approach
closer, the fixed field values yields larger gradient of the scalar field, which avoid the
branes colliding because the effective energy diverges when the brane separation goes to
zero. When the branes move away from each other, on the other hand, the negative
tension of one of the branes becomes negligible because the bulk scale factor becomes
small near the negative-tension brane. Therefore, the effective energy increases and the
large brane separation is also disfavored. From the above, we can locate the branes
keeping some finite distance using the scalar stabilization.

Now we will explicitly show that the scalar stabilization mechanism fixes the distance
between the branes. For simplicity, we consider RS 2-brane model sandwiched by two
vacuum Minkowski branes, whose metric is given as

ds* = dy* + a(y)*ndatdx” . (3.3.1)

We denote the brane position as y = y+ for y. < y_. The action with the stabilization
scalar field 1 becomes

M5
2

S = / d’zv/=g (—%g“bw,aw,b = Va(¥) = Y _ Vi (®)d(y — yg)> , (3.3.3)

S = /dxw—gR + Ss, (3.3.2)

where Vp is the bulk scalar potential and V() are the scalar potentials localized on the
(£)-branes. Here, we consider the 5-dimensional cosmological constant and the brane
tension as a part of the potential Vg, V(). The bulk equation becomes

1
H = — U2, 3.3.4
3M53 ( )
1 1,
oVp
" r _
VI AHY - Y 0, (3.3.6)

» I

where is the partial differentiation with respect to y and we define H := a’/a. The

junction conditions give

1

tHy = BIVE Vie) (¥+) (3.3.7)
5
1 Vi)
W, = - . (3.3.8)
2 00 |y,

These equations show that, in the presence of the scalar field, the curvature H and the
scalar field ¢ are so involved in the equations that it is difficult to solve the equations
explicitly. Hence, we assume that the bulk potential V5 is written in terms of a superpo-
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tential W (¢) [54] as

L ow)\t 1 )
Vi) = ¢ (T52) = g WO (3:39)
Under this assumption, Eqs. (3.3.4)-(3.3.8) become simple: the bulk equations become
, 1OW(v¥) 1
= — = — . .].
V=5 M=), (3:3.10)
and the junction conditions are given as
AW (1) Vi) ()
W(s) = £V (¥4), =4+ — : (3.3.11)
O y=y+ oY y=y+
Then, Egs. (3.3.9), (3.3.11) yield
—1 aV(ﬂt) ? 1 2 _
: (—a D) —GEvh| Ve, (3:3.12
: : Y=y+
1 /Viny\® 1,
I Z==) - = _ 3.1
- 4 y=y—

which allow only a discrete set of solutions for ¢y for given W. These discrete values
of ¥4 correspond to the brane positions at which flat branes can consistently locate.
Therefore, we can freely determine the brane position by tuning the potentials of the
stabilization scalar field.

In order to obtain the consistent solution that satisfies all the junction conditions, on
the other hand, some tuning for Vg, V(4 is necessary. The bulk equations Egs. (3.3.5),
(3.3.6) contain three free parameters: the two integration constants ¥ (y.) and ¢'(y,),
and the brane separation L := y_ — y,. Whilst, the junction conditions (3.3.7) and
(3.3.8) give four constraints. Therefore, the system is overdetermined and in need of one
fine-tuning. Now, we discuss how to fine-tune using the model written in terms of the
superpotential W (¢) as in Eq. (3.3.9). First, when Vp is given, Eq. (3.3.9) determines
W () including a integration constant. Let us determine this integration constant of
W(y) as W(¢y) = Vigy(14) so that W (¢) satisfies one of the junction conditions on
the (4)-brane in Eq. (3.3.11). Determining ¢, by the other junction condition on the
(+)-brane, we can completely obtain H and ¢ from Eq. (3.3.10). Now, one free parameter
L remains, while we should impose still two more junction conditions, i.e., the ones on
the (—)-brane in Eq. (3.3.11). This extra constraint requests that the potential —V{_)(¢)
should be tuned to contact with the superpotential W (1) at a point, namely, we need to
tune the brane tension.






Chapter 4

The mass spectrum of DGP 2-brane
model

Before trying to obtain the ghost-free bigravity as a low-energy effective theory, we should
confirm whether only two of the gravitons’ masses are kept at low energies in the param-
eter region discussed in Chapter. 1 where the brane-separation scale yq is much smaller
than the model parameters of the DGP 2-brane model rgi). We need to introduce a
stabilization scalar field and to kill the radion degree of freedom to obtain the ghost-
free bigravity as the low-energy effective theory of the DGP 2-brane model. In order to
obtain the mass spectrum, in this chapter, we investigate the perturbation around the
background spacetime with two de Sitter branes. This chapter is based on Ref. [26].

4.1 Model and basic equations

The action of the DGP 2-brane model with Goldberger-Wise stabilization mechanism is
given as

S=8,+5 +S_+8,, (4.1.1)

where

M3
Sy 1= 75 dz°+/—%°R ,
4 MI%I
Sy = /d T/ =g+ (T Ry + Li,;”) ,

XMP2’1

S_ = /d4x\/—g <T Ry + L1(n)) ;
si= [ &2/ (—%Eyabw,aw,b V(W) = D Vi) (4)d(y yo>> L (1)
o=+

where %, °R, g,gf), R4y are the 5-dimensional metric, the 5-dimensional Ricci scalar
evaluated from 7, the 4-dimensional metrics induced on the (+)-branes and their 4-
dimensional Ricci scalar, respectively. Ms, Mp and ,/xMp, are the 5-dimensional Planck

31
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mass, the 4-dimensional Planck masses for the (4)-brane and for the (—)-brane, respec-
tively. Also, we introduced L ), the Lagrangians of the matter fields localized on the
branes. We leave the potential form of the stabilization scalar i) unspecified here and
will discuss later.

As in the brane models discussed in Chapter. 3, we impose the Zs symmetry across
each brane. Then, the respective junction conditions on the (4)-branes become

. (T<i> L

1
+ + +) (=
2M53 1% 3T( )g,uy - _‘/( (w:t)g;w ) +T((: ) (wa) - gG( g;(w)) )

(4.1.3)

where K ,Sf), Gﬁ) and T,Eljf) are the extrinsic curvatures on the branes, Einstein tensors
(=

evaluated from g¢,,, and the energy momentum tensors of the localized matter fields,
respectively, and we define r$) as
M3 M3
(+) . Pl (=) .= Pl 4.1.4
Y VA Y VE: (414

4.1.1 Background spacetime

As the background spacetime, we consider a warped bulk spacetime sandwiched by two
4-dimensional de Sitter branes labeled by (4): we put a metric ansatz

ds* = dy* + a*(y)yudztda”, (4.1.5)

where the 4-dimensional metric v, describes de Sitter spacetime with its curvature scale
H~%. In the bulk, we obtain the equations of motion for the scale factor a(y) and the
scalar filed ¥ (y) as

N\ 2 2
o (@) _ 1 1o H”
H* = (a) = 6M§’ (2"¢ VB> + 2 (4.1.6)
/ / H2
U :_3M3¢2_?7 (4.1.7)
V' +4HY — aa‘if =0, (4.1.8)

where U’ for an arbitrary scalar ¥ denotes the partial differentiation of ¥ with respect to
y. The background spacetime is obtained by solving Eqgs. (4.1.6)-(4.1.8), whose boundary
conditions on the (+)-branes are given by the following junction conditions. Setting the
y-coordinate value where two branes locate as y = y. and y,. < y_, the juction conditions
(4.1.3) yield

+ —
P =re az 6M3

Vi) (W) (4.1.9)
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and also a junction condition for the y-derivative of the 5-dimensional scalar field is
obtained in the same way as for the extrinsic curvature:

18V,
4= & .
2 0 y=y=+

vy = (4.1.10)

As is discussed in Sec. 3.3, the equations of motion (4.1.6)-(4.1.8) with the junction
conditions (4.1.9), (4.1.10) overdetermine H and 1, and hence the tuning of Vg, V(4 is
necessary to obtain the solution. We will discuss this issue and show how we tune the
potentials later, in Sec. 4.2.3.

4.1.2 Perturbations

Next, we consider a linear perturbation around the background spacetime given in the
previous subsection. Here, we follow the notations in Ref. [34]. We choose the Newton
gauge where the longitudinal spin-0 mode and the shift vector are set to zero when
we foliate the 5-dimensional spacetime along y-direction. Using the traceless part and
{yp}-component of Einstein equation, the metric perturbation h,, and the scalar-field
perturbation 4 are written in terms of a transverse-traceless spin-2 mode hLTVT) and
spin-0 mode ¢ as

hyy =20, (4.1.11)
hyy =0, (4.1.12)
Py = hng) — PV (4.1.13)
M3
6 = 21#’5 [0, +2H] 9, (4.1.14)
The {uv}-component of Einstein equation gives the bulk equation for the spin-2 mode as
- 1
[UTT) +=((*0- QHQ)] hIh =0, (4.1.15)
a

. 1 1
TT) . Lo oag L
L = a28ya GyGQ ,

(4.1.16)

where we define ‘00 = 4**V,V, for V, as the covariant differentiation associated with
Y = a*(y)Yuw- The bulk equation for the spin-0 mode becomes

- A0+ 4H?
where
L@ =% L@ a® — ia2. (4.1.18)
Va2 7Y 3M3

Next, we derive the junction conditions for the perturbed variables hfg,T), ¢. For
this purpose, as discussed in Chapter. 3, it is convenient to use the Gaussian normal
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coordinates in which the lapse function and shift vector are set to be unity and zero,
respectively, and the locations of the branes are not perturbed. Here, we denotes the
variables in the Gaussian normal coordinates as the ones with bar, B%) and 67. As there
exist two branes, we have two Gaussian normal coordinates for each brane. Hence, we
add the subscript (£) to distinguish them. In these coordinates, the junction conditions
(4.1.3) for the perturbed metric become

- 1 1 - 2 1 -

:l:(ay - 2H>h§l:lt/) == Mg {T;Sit) - gT(i)fVuV:| + 3—]\@,%1/1#/51# + 2T£i) |:X,t(j/:) - §X(i)7lw} )
(4.1.19)

where X ,Sf) are the linearized induced Einstein tensors G,(ujs) defined as

1/1, - - _ -
+) . A7 (£ +)a +)a +
X = — 3 <$ O =V, VohiD* =V, Vo h(H* + Vv, 7,4 >>
1. zap _ Larrx H? (o 1. sn

- 5’)/!“/ (VQVBh(i) — ? Dh( )) + ? hl(w) + §’Vu,jh( ) s (4120)

where we use 7, to raise the tensor indices. The junction conditions for the bulk scalar
field are obtained as

+26¢" = V"E (4)51) . (4.1.21)

We will rewrite the junction conditions (4.1.19) and (4.1.21) in terms of the variables
in the Newton gauge: h,(“T,T) and ¢. We denote the perturbed brane positions in Newton
gauge with the brane bending modes é(yi) as Y|prane = Y+ —|—€E”i)(x“). Then, the generators
of the transformation form the Gaussian normal coordinates to the Newton gauge, lei),
are written as

y A
€ty = [ Sy + ), (4.1.22)
Y+
Y 5 / v " " ~ / 2
S =~ / ) / Gu(y")dy" + &y () | dy + €[ (aF) . (4.1.23)
Y+ Y+
Using £, the perturbed variables are transformed as
R =hy — 2V .€7 — 2HAWEL, (4.1.24)
SPF =0y~ — el (4.1.25)

Using the above relations, we obtain the junction conditions for hEEZT) from the traceless

part of (4.1.19):

1
+(0, — 27—[i)h$ﬂ = —szjy —r®ae2(*0 - 2H2)hgTVT> , (4.1.26)
5
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where we define Eg,i,) and Z4) as
1 1
T = (Tﬁ” = Zﬂ%ﬁ;) + 2M3 (v Vo = D) Z) . (4.1.27)

Dy = (0 F 2OHEL FriPo(ys) . (4.1.28)
The trace part of Eq. (4.1.19) gives the equations that determine Zy as

1

A0+ 4H)Z = +

T (4.1.29)

The junction conditions for the bulk scalar field Eq. (4.1.21) become

e

oy (‘O +4H%)¢, (4.1.30)

(0 = ' (1 F 2rPH) N (Zw) £rPg)) =

3M3

where we define

2
)
= Ty (4.1.31)

Finally, we combine the bulk equations and the junction conditions to derive the equation
valid in the whole spacetime. Egs. (4.1.15), (4.1.26) yield the equation for the spin-2 mode

as
X 10— 212 2 . N
[UTT) + T} W =Y <—M5321(“) —2r e ("0 — 2H2)hfff>) 0y — Yo) -
o=+
(4.1.32)
Egs. (4.1.17), (4.1.30) are combined to the equation for the spin-0 mode:
; 0+ 4H?
.
-3 O i+ or6) — 200 48 ) oy - 1)
= o tory + Y—Yo)-
3M3(o 2r£ ) U
(4.1.33)

4.2 Mass spectrum

In this section, we will confirm that it is possible to archive the hierarchy among the
gravitons’ masses where only two masses are kept at low energies. For simplicity, we set
Y+ = —Yo, Y- = Yo, a(y = 0) = L.

In order to investigate the mass spectrum in the 4-dimensional effective theory, we
set the source terms Eﬁ) and Z4) in Egs. (4.1.32) and (4.1.33) to zero, and separate the
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variables hLTyT) and ¢ into the y-dependent part and the z#-dependent part for each:
W) = Z ) (2)u (4.2.1)

¢ = Z qﬁ(j)(:z:“)vj(y) _ (4.2.2)

Let us start with the spin-2 mode. Replacing the operator (] — 2H? with the mass
eigenvalue m? in Eq. (4.1.32), we obtain the equation that the corresponding eigenfucntion
u;(y) obeys as

[%2 (1 +2) 7oy - y(U)))] wi(y) = =LTMu(y) . (4.2.3)
o=+

We define the inner product of the eigenfuctions so that the eigenfunctions with different
eigenvalues become orthogonal as

(uiyu) 1) = ]{ W (1 +227" (Y — ¥o ) i(Y)u;(y) = iy, (4.24)

where the integration is performed over the whole compactified extra dimension —2yq <

) (TT)

y < 2yo. By definiton, the norm (u;, u; is always positive. Assuming that only the

(+)-brane has the source Efj{,), we rewrite Eq. (4.1.32) using the eigenfunctions u;(y) as

a2 2(45 —2H? (1 + Z 2r 5y — s ) hfj}(m“)uj(y) — —%Z +)5( ys)

J

(4.2.5)
This equation reduces to
; 2
(‘0 —2H® = m})hi)(a") = —Mg,zﬁ)ui(%) ) (4.2.6)
by integrating both sides of Eq. (4.2.5) multiplied by u;(y) over —2yo < y < 2yo. This
gives the solution for h( ) as
TT U; y—i— uz +
R (y) = M3 Z T omz . 22) : (4.2.7)

As in the case with spin-2 mode, we obtain the solution for ¢ from Eq. (4.1.33). The



4.2. MASS SPECTRUM 37

eigenvalue problem for the eigenfunction v;(y) becomes

“22:2—;1]{2 (1 + Z 265 (y — y(a))> vi(y)

o=+
4r (9 g2

= 3ME(1 - o2r M)

= [—L("” + oy — y(O))] vi(y) (4.2.8)

by replacing the operator ‘] with the corresponding mass eigenvalue p?. Again, we define
the inner product of v;:

(%U])( ) .= ¢’2 (1 + Z 26+ Y — Yo > J(Y)v(y) = 65 (4.2.9)

In order to guarantee the positiveness of the norm of v;, we assume ¢*) > 0. This
assumption is easily realized by tuning the bulk-scalar potentials so that both V(”H and
V(’L  take the sufficiently large value. Then, we can obtain the solution for ¢ of Eq. (4.1.33)
using v;(y) as

o) = 3350~ ) S (4:2.10

7

where we assume that only the (+)-brane has the source term 7.

4.2.1 spin-2 mode

First, we study the mass spectrum of the spin-2 mode. In the bulk, the eigenfuction wu;
obeys

LDy, = —a™2m?u; (4.2.11)
with the boundary conditions
+(9, — 2H1)u; = —rFHa>m?u; . (4.2.12)

From Egs. (4.2.11) and (4.2.12), we immediately obtain the solution for the massless
mode as

ug = Copa?, (4.2.13)

where we introduce a normalization constant Cj so that ug satisfies Eq. (4.2.4). As is
discussed in Chapter. 1, we want to investigate the mass spectrum in the low-energy
regime where the mass eigenvalues are much smaller than O(y;'). Hence, we consider
the lowest massive KK mode with m; < y;*. Furthermore, we assume that # is small
enough to satisfy a(y) ~ O(1). As we will show later in Sec. 4.2.2; this assumption is
necessary to avoid the instability of the spin-0 mode, not just simplifying the analysis
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here. We introduce a dimensionless coordinate Y = y/y, then Eqs. (4.2.11) and (4.2.12)
for u; become

1 4 1 (m1y0)2
an {a Oy (EM)} E— U1, (4.2.14)
o 2 ‘(Zi)
R T o N (E 3

Using miy? < 1, we can ignore the right-hand side of Eq. (4.2.14) and obtain the ap-
proximate solution in the bulk as

Y
R a2/ a~tdy’. (4.2.16)

The juction conditions (4.2.15) determine the mass eigenvalue and an integration constant
in uy: my; becomes

1 1 1
2
mi = + : (4.2.17)
1 Yo fjl a—4dY <T£+)a+2 Tg—)a2>

and wu; is

Y
u® = Cra? (1 e | a—w) | (4.2.18)

1

at the leading order of myy,. The normalization constant C; is to be determined by
Eq. (4.2.4). Since the Wronskian of the solution for Eq. (4.2.3) is non-zero, the eigenval-
ues m; do not degenerate and m; in Eq. (4.2.17) is the unique eigenvalue that satisfies
m? < yy 2. ui(y) in Eq. (4.2.18) has one node, which confirms that this corresponds to
the first KK mode, as is proved in general Sturm-Liouville eigenvalue problem (Sturm’s
theorem [55]). When both of r*) are much larger than yo, Eq. (4.2.17) yields

, 1 1

myy — < —, (4.2.19)
! 27“£i)y0 ?Jg

where we used a(y) ~ 1. Therefore, the DGP 2-brane model with yy < r& realizes the

hierarchy between the mass of the lowest massive KK mode m; and the ones of the other
KK modes which is at least comparable to y, L

4.2.2 spin-0 mode

Next, we estimate the lowest mass eigenvalue for the spin-0 mode. Here, we assume
H ~ 0, for simplicity. If we do not introduce the stabilization mechanism, there should
exist the radion, the massless scalar degree of freedom corresponing to the choice of the
brane separation. In fact, Eq. (4.2.8) has a solution with zero eigenvalue for ¢/ = 0.
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The correpoding eigenfunction is given as vy oc a=2 and has no node, and hence Sturm’s
theorem guarantees that this mode has the lowest eigenvalue !. First, we will start with
the case where the back reaction to the background spacetime by the stabilization scalar
field is small, namely, the background spacetime satisfies

|rH/| B ¢/2

e = e < 1, (4.2.20)

so that we can obtain the lowest mass eigenvalue perturbatively. Under this weak back
reaction approximation, we can treat the terms that are not enhanced by a factor ¢’ ~2 in
the square brackets on the right-hand side of Eq. (4.2.8) as perturbation. Since the zeroth
order of the weak back reaction approximation gives the zero eigenvalue, we obtain the
leading order correction of the eigenvalue from Eq. (4.2.8) as

v-d 2r() 1
2/ _32/ + Z TCZ (o)
) vy @ — 4y 1—02r¢ ' H,
12~ - . (4.2.21)
€

Y- dy o
A T2 Ay
/y+ T R DTy

In the following, we set ¢*) to be zero for simplicity. Under the approximation (4.2.20),

we can consider H A const. and a ~ e*¥ in Eq. (4.2.21), which simplifies p? as

1 2Hyo —2Hyo y— d
Hl—2rP1 14+ 200H g (=)

The positiveness of u? requires 1+ 21 _ > 0 for negative H and 1 — 2r£+)'H+ > 0 for
positive H. In both cases with 1 $2r,gi)7-[i < 0, ;12 becomes negative. When 1 $2r§i)7{i
crosses zero, pu? diverges and the above perturbative treatment breaks down. We can

understand the meaning of the critical situation 1 2r£i)7-[i = 0 as follows. Combining
the background bulk equation (4.1.7) evaluated at y = y+ and the background junction
conditions (4.1.9), we obtain a quadratic equation for H. as

1 1 1 1
HL+ @Hi + I <—§ 2+ Va(is) + @V(i) (1/&)) =0. (4.2.23)

This gives the solution for H, as

2r{t)
IH, —1 =441 - =V, (4.2.24)
RJVERS
and the one for H_ as
) 2t |
2+ 1=H1 -5V, (4.2.25)
IVERA

1Sturm’s theorem can be applied only for the case with positive e(®).
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where we introduce Viy) := =392 + Vp(vy) + ﬁv(i) (). With 1 2 H . # 0, each
of H has two different solutions for given V{4, which corresponds two branches: the self-
accelerating branch and the normal branch. We can choose the self-accelerating or normal
branch by taking the corresponding signatures on the right-hand side of Eqs. (4.2.24) and
(4.2.25). However, two branches degenerate when 1 F 2r7, = 0, which implies that
the condition 1 2r((;i)7{i = ( defines the boundary between two branches. Furthermore,
Eq. (4.1.28) indicates that at the critical point 1F 2r£i)7-£i = 0 the sign of brane bending
éé’i) becomes indefinite. From Eq. (4.1.29), this perplexity about the branch choice for
11— 2r((;+)’H+ =0(1+ 27“((;7)7-[, = 0) yields the strong coupling of the spin-0 mode to the
source on the (+)-brane ((—)-brane). Here, we define that the solution belongs to the
normal branch when the both conditions 1:|:2T£i)7‘[:|: > () are satisfied. In Sec. 5.2, we will
show that the accelerating branch where either of 1:F2r((;:t)H:t is negative inevitably suffers
from ghost instabilities, while the normal branch is free from ghosts. This implies that
|H| need to be small to avoid the instabilities, which is consistent with the assumption
that we used to estimate m? in Sec. 4.2.1.

In order to obtain bigravity as an low-energy effective theory, we must tune the lowest
mass of the spin-0 mode to be much larger than m; in Eq. (4.2.19). Eq. (4.2.22) suggests
that, for sufficiently large |H’/H?|, we can obtain large u* keeping rH, small so as
to avoid instabilities in the self-accelerating branch. Using the condition /rﬁi) <1
that comes from m? < mZ,, the first term of the numerator of p? in Eq. (4.2.21)
becomes ignorable Compared_ with the other terms. Then, we expect that p? can be
as large as O(yy?) > m? without violating the condition P9 < 1 by tuning H’ as
|H'| ~ 1 /yorﬁi). However, the parameter region |7-[’y07"£i)\ ~ 1 is outside the validity
range of the perturbative analysis used to derive Eq. (4.2.21). In the next subsection, we
will numerically show that we can realize the hierarchy between the masses of the spin-0

mode and the lowest KK graviton’s mass.

4.2.3 Numerical construction of the model that realizes the hi-
erarchy

Here, we numerically solve the eigenvalue problem Eqgs. (4.2.3) and (4.2.8) to confirm that
it is possible to realize the hierarchy which reproduces bigravity as a low-energy effective
theory. Here, we assume H = 0 for simplicity, and consider the stabilization model whose
bulk potential is written in terms of a superpotential as in Eq. (3.3.9). We choose the
superpotential W (+)) and the induced potential on branes V. as 2

W () = % — by?, (4.2.26)
Viey () = W(thy) + W' (04) (& = i) + 704 (¥ = 91)?, (4.2.27)
Vi (@) = =W (W) = W/ () (¢ — o) + 5y (¢ — v_)?, (4.2.28)

2The fine-tuning for the potentials discussed in the last of Sec. 3.3 is archived by this choice of the
V(+) values and gradients at their minima.
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where we introduce the model parameters L, b and (4. v+) must be sufficiently large
so that ) becomes small and negligible. Then, we obtain the analytical solution for 1)
and H as

b = o™, (4.2.29)

1 3
- _ Z ey 4.2.
H R (L e ) (4.2.30)

When byy < 1 and ME,_?’/QwO <1, |[H'/H?| can be large in the whole spacetime by tuning
L as 3/L ~ by2. From Egs. (4.2.29) and (4.2.30), the conditions 1 F 2, > 0,
which guarantee that the mass squared of the lowest spin-0 mode pg is positive, imply
a condition (kthobyo)® < wo/re < 1 where we used mi < mZ, in the last equality.
Therefore, we expect that u2 take a large positive value and simultaneously we realize
the hierarchy among KK gravitons, by tuning L as 3/L ~ b2 and setting rtobyy to be
small. Then, we numerically confirm that the requested mass hierarchy is available with
the above stabilization model. Here, we numerically solve Eqs. (4.2.3) and (4.2.8), setting
the parameters as Mz = 1.00, yo = 0.50, 7 = 1.00x 10°, L = 3.00x 103, b = 1.00x 1072,
Y&y = 1.00 x 10 and 1o = 0.316. In Fig. 4.1, we present the result for the eigenfuctions
uo(y), u1(y), and vo(y). The mass eigenvalues are given as m? = 2.00 x 107°, m3 = 9.87
and p2 = 1.78: only the lowest KK graviton is kept at low energies. Hence, there exists
a concrete model that realizes the requested hierarchy.

10~ Uo

I Vo
05

_0.4 ~0.2 ; 0.2 04 7
-0.5-

-1.0- Ui

Figure 4.1: The eigenfuctions uo(y), u1(y), vo(y). The solid line, dotted line and thick
line correspond to ug(y), u1(y) and vo(y), respectively.






Chapter 5

Equations of motion and instabilities

In Chapter. 5, we showed that we can keep only the massless graviton and the lowest KK
gravitons in low energy regime when g/ ri) <« 11in the DGP 2-brane model with a proper
stabilization mechanism. Therefore, its low-energy effective theory will have 7 degrees of
freedom: one massless graviton and one massive graviton, and no BD-ghost like mode, as
the ghost-free bigravity does. If the ghost-free bigravity is the unique model that is free
from BD ghost, the low-energy effective theory of the DGP 2-brane model should coincide
with the ghost-free bigravity, when the massive KK modes are completely decoupled
except for the lowest one. In this chapter, we show the coincidence of the equations of
motion of these two models and how their model parameters correspond to each other,
considering the linear perturbation around de Sitter spacetime. Also, we investigate the
stability of the DGP 2-brane model and show how the correspondence between the DGP
2-brane model and the ghost-free bigravity breaks down by the appearance of instability.
This chapter is also based on Ref. [26].

5.1 Equations of motion

We consider the linear perturbation around de Sitter brane solution of the DGP 2-brane
model excited by the matter field localized on the (+)-brane, for simplicity. The pertur-
bations of the metrics induced on the branes, l_ll(f;)(y =yy), are

R (ye) + V& + Vb = B (ys) — A <¢(yi) + QHiéi) . (5.1.1)

Using Eqs. (4.1.27), (4.1.28) and (4.1.29), Egs. (4.2.7) and (4.2.10) yield

(2

2 wi (Y4 )ui(y+) 1.
BIT) () — _ 2 i(y+)ui 7 _ Lo e
o (U2) M3 2~ 30— 202 —m?

2

ay LIVPTEA s
Y (V,V,--4,0)T
3(m§—2H2)( S >
2a%  (ui(ys)ui(y=) 1y 1

1 1 L — = , |:| —T(+)

MEVVE ( m?—om )\ VeV T e B et
(5.1.2)

+
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. 2a? vi(y4)? 1
Go +2HE = + T
T g (28, -1 )2 25 pf + AH2 A0 — 42

2

_ 5 2a; Z vi(y+)
3MP (2r£+>’H+ - 1) 3MP <2r§+)H+ - 1) i+ AH?

o
iOy4ge

(5.1.3)

+H+

4
2a7

9OME (27‘c H, 1) (zrc "o+ )

vi(y+)vi(y-) 1 (+) 1 (+)
T — ——— T . (5.14
ZZ.: p2+4H? 40— 2 104 4H? (5.1.4)

b +2H_ & =

Here, we use the relations

1 1 1 1
- - 5.1.5
(‘O—-2H? —m2)("0— 4H?)  m2 — 2H? <4D —2H? —m? O-— 4H2> o (5:15)

1 1 1 1
_ — 5.1.6
(O— p2)(*O+4H?) 12 + 4H? (4D — 2 O+ 4H2) ’ (5.1.6)

and the identity which holds for an arbitrary scalar S:

1 1, 1, 1
=y 40§ = P | [ 1.
eYTe (vﬂv T )S (v#v T )4D+4H25 (5.1.7)

to extract the terms proportional to (‘00 4+ 4H?)~'T). Here, we notice that Z(-) can
take some non-zero value that satisfies the homogeneous equation (‘0] + 4H?*)Z_) = 0.
However, this mode can be removed by a residual gauge transformation discussed in
Appendix. C. This reflects that there is no physical degree of freedom at the critical mass
12 = —4H?, which imposes that the terms proportional to (‘0 + 4H2)"'T™ in A& (y.)
must be canceled with each other:

2 (Z —m;ify; ;[2>

a? 2a? v (yy)
4 + + A +H,| =0, (5.1.8)
H2 (2rf9, — 1) | 3Mg (203, - 1) (Z pi + AH

wi (Y )wi(y—) aya” vi (Y4 )vi(y-) —0
(Z m; — 2H” >+3M§’H2 (293, = 1) (2r0m +1) (Z pi + AH> ) ‘
(5.1.9)
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These identities simplify the expressions of the induced metrics on the branes. Moreover,
we consider only massless spin-2 mode and the lowest KK mode, cutting the other modes
off. Then, h,, (y+) becomes

’(i) ui (Y4 )ui(y+)
i () = M3Z4D—2H2—mx
140 - 2H? —m?m? —6H*\ 1
+ 1 7 ~ +
<T;5u) - (1 S IO 6H —mEmZ = 2H2) Z%”T( )) ’ (5.1.10)

where we ignore the terms which can be removed by 4-dimensional coordinates transfor-
mation on the branes. The induced metrics on the branes are given as

ﬁ;%)( 1) = 27“( )hﬁguo(y+)u0(yi) + 27°(+)h(1 pur(y+)ur(ys) , (5.1.11)
2 a0 — 2H2 1
0—2H2) h® = — T — (14 = ) 27, T 5.1.12
2 140 - 2H? —m?m? —6H?*\ 1
O — 202 — m2)hY) = 70 _ (1 L1 AT
( mi)hyy Mgl pv T3 345+6H2—m1 m?2 — 2H? g ’

(5.1.13)

where we used Eq. (4.1.4). These equations are identical to the one in the ghost-free
bigravity, Eqgs. (2.4.19) and (2.4.23). Here, we take the limit where yo/r((;i) — 0 while m?
is fixed so that the KK modes other than the the massless mode and the lowest KK mode
decouple. Choosing the normal branch which satisfies 1 F 27"£i)7-[i > 0, yo/ r =0
implies |H|/m; — 0, and hence we can approximate H ~ 0, namely a ~ 1, as is assumed
in Sec. 4.2.1. In this limit, Eqgs. (4.2.17) and (4.2.18) yield

1 1
mi = ——— (1 + —) : (5.1.14)

2r((;+) Yo X

and

wiv)=ci(1-(1+1)7), (5.1.16)

where we used y = r§+)/ r from Eq. (4.1.4). The normalization constants Cy and C4
are to be determined by Eq. (4.2.4). At the leading order of yq /r((;i), the integration
in Eq. (4.2.4) is computed only by taking into account the boundary conditions on the
branes, which gives Cy and C as

Cf= ——, (5.1.17)

(5.1.18)
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Therefore, the metrics induced on the branes become

. 1
h(+)(y+) - pO L -

v _1+X v 1+X_1 v
hi= 1 0 1
hi)(y-) = T () —nd) . (5.1.19)

Comparing Egs. (5.1.19) and (2.4.13), the bigravity obtained from the DGP 2-brane
model is shown to be identical to the ghost-free bigravity when xw? = y, where the metric
on the (+)-brane and the one on the (—)-brane in the DGP 2-brane model corresponds
to the physical metric and the hidden metric in the ghost-free bigravity.

5.2 Instabilities

As is seen in Appendix. B, even in the theory that contains massive gravitons without
BD ghost instability, the helicity-0 mode of the massive graviton becomes a ghost mode
around de Sitter background when the graviton’s mass squared is less than the double
of the background Hubble scale squared. In addition, the DGP 2-brane model contains
a spin-0 mode which can also be a ghost mode [34]. This spin-0 ghost may yield the
difference in the instabilities between the DGP 2-brane model and the ghost-free bigravity.
In this section, we study the instabilities in the DGP 2-brane model and compare how
the instabilities appear in the DGP 2-brane model with that in the ghost-free bigravity,
focusing on the normal branch which satisfies the conditions 1 F 27"£i)7-[i > 0 and is
connected to the solution with two Minkowski branes by continuous variation of the
model parameters.

As is discussed in Appendix. B and Appendix. D, The KK mode with the mass
m of 0 < m? < 2H? and the spin-0 mode with the mass p of u?> < —4H? become
Higuchi ghost and a scalar ghost, respectively. Let us consider the solution with two
Minkowski brane first, and add the brane tension on the (+)-brane little by little. The
identity (5.1.8) shows that the spacetime constructed in this way is ghost-free as long as
it satisfies 1 F 22U >0 1 as follows. When we add infinitesimal brane tension to the
solution with Minkowski branes, the mass spectrum is essentially unchanged and there is
no instability: all the KK gravitons’ masses are larger than 2H? and the spin-0 modes’
masses are larger than —4H? for the Hubble scale on the branes H. Continuing to add
the brane tension, one can obtain the solution with de Sitter branes of arbitrary Hubble
scale. Under this process, the mass spectrum must change satisfying the identity (5.1.8).
The assumption ¢*) > 0 guarantees v? is positive. With this assumption, one of the
normal-branch conditions 1 — 27’£+)H+ > 0 requests that the first term on the left-hand

In the self-accelerating branch where either of 1:F2r£i)7-[ is negative, the lowest spin-0 mode becomes
a ghost mode with p2 < —4H? when H = 0, as shown in Eq. (4.2.22). Let us try to make the spin-0
mode healthy by raising p? larger than the critical value —4H?2. When p3 crosses the critical value, the
first term in the square brackets on the left-hand side of the identity (5.1.8) diverges to negative infinity,
with which the identity (5.1.8) requests that m? crosses the critical value 2H2, namely that the spin-2
mode becomes Higuchi ghost, at the same time. Similarly, making the spin-2 modes healthy yields spin-0
ghost mode. Therefore, the self-accelerating branch inevitably contains ghost [34].
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2

side of the identity (5.1.8) should diverge to positive infinity when m; crosses the critical
value 2H? from above, and also that the first term in the square brackets on the left-hand
side of the identity (5.1.8) should diverge to positive infinity when u? crosses the critical
value —4H? from above. Whilst, there is no term that diverges to negative infinity in the
identity (5.1.8), and hence it is prohibited by the identity (5.1.8) that m? or u? crosses
the critical value. Therefore, the solution constructed in this manner is shown to be
ghost-free.

However, Eq. (4.1.9) implies when we add the brane tension, |H.| becomes as large as
rEH 2, unless the change of V(4)(11) cancels out rEH?. At least, as long as we consider
the model where 14 are pinned down by sufficiently large V(’i), such cancellation of r(gi)H 2
cannot happen. Therefore, when r'*) are large, || becomes larger than O(1 /r((;i)),
namely, either of the normal-branch conditions 1 — QTEi)’Hi > ( is violated, just by
considering a slightly high energy regime with H 2> 1 /réﬂ. When we add the brane
tension little by little starting with Minkowski branes, u? becomes negative and the spin-0
mode exhibits tachyonic instability before crossing —4H?. At this point where the spin-
0 tachyon appears, the spacetime structure with stably separated two branes becomes
unsustainable and two branes will move away from each other. This destabilization
disables the DGP 2-brane model from reproducing bigravity as a low-energy effective
theory. In order to avoid this tachyonic instability in the slightly high energy regime,
we should introduce some other mechanism that can stabilize the brane separation much
more strongly.

The way how the ghost appears in the DGP 2-brane model is clearly different from
the one in the ghost-free bigravity discussed in Sec. 2.4: before Higuchi ghost appears,
the DGP 2-brane model exhibits tachyonic instability, while there appears no instability
in the ghost-free bigravity,. This incoincidence of the appearance of instabilities is to be
understood as caused by the truncation of the spin-0 mode of the DGP 2-brane model.
In the DGP 2-brane model, we can neglect the spin-0 modes when all of the mass of
the spin-0 modes are sufficiently massive. Once the masses of the spin-0 modes become
light, however, we cannot neglect them, and eventually the spin-0 mode becomes tachyon
when its mass squared becomes negative. In the ghost-free bigravity, on the other hand,
the spin-0 mode does not exist from the beginning. Hence, the ghost-free bigravity does
not exhibit the spin-0 tachyon that appears in the DGP 2-brane model, which lets the

ghost-free bigravity "healthy” even in the energy regime higher than 1/ rit).






Chapter 6
Reproducing bigravity action

In Chapter. 4, we analyzed the perturbation around the spacetime with two de Sitter
branes in the DGP 2-brane model, where we estimated the mass spectrum and confirmed
that the model coincides with the ghost-free bigravity at low energies. Although in
Chapter. 5 the Goldberger-Wise stabilization mechanism was found too weak to sustain
even a slightly curved spacetime, now we will put this problem aside and go to the next
step, derive the effective bigravity action from the DGP 2-brane model and examine
whether the obtained action coincides with the ghost-free bigravity action. Here, we do
not introduce the radion stabilization for simplicity. Therefore, the effective action is
expected to contain two gravitons and a scalar radion. Furthermore, the radion should
couple to both gravitons without no BD-ghost like problem in this effective action. This
means that the obtained action should solve the problem of doubly coupled matter in
the ghost-free bigravity discussed in Appendix. E in some way. This chapter is based on
Ref. [27].

6.1 Model and Strategy

We investigate the DGP 2-brane model without the radion stabilization S—S, in Eqgs. (4.1.1)
and (4.1.2). We consider two vacuum branes with the brane tension o on the respective
branes, and also introduce the 5-dimensional cosmological constant 6/¢3. Therefore, the
whole action is given as

S=38+> S, (6.1.1)

o=+

where

o 1 MP] 5 / 5
Sb = §2r£+)/d$ <R—— s
M2
Sy = =1 / d'z/=gc) (B —204)
M
s = X Pl/d4 R, —25_) . (6.1.2)
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The task in this chapter is to derive the 4-dimensional effective action from Egs. (6.1.1)
and (6.1.2), by solving the bulk geometry for given boundary metrics on two branes and
integrating out the bulk degrees of freedom. In order to solve the bulk equation, we
consider the approximation where we assume that the brane separation is sufficiently
small compared with the 5-dimensional curvature scale, and hence the metrics on the
both branes are identical at the leading order of the small separation expansion. This
approximation is called the gradient expansion. Here, we present the strategy to derive
the effective action using the gradient expansion in detail.

We choose the coordinate system as follows:
ds® = N*(z)dy® + g, datdz” (6.1.3)

where we use the gauge degrees of freedom to fix the lapse function N and the shift
vector N* as 9,N = 0 and N* = 0. Simultaneously with these gauge fixing condi-
tions, at the lowest order of the expansion, the (+)-branes can be set at the constant
y-coordinate value y = y=, respectively. Decomposing the bulk equations with respect to
the y = constant hypersurfaces under the above gauge fixing conditions, as is discussed
in Appendix. A, we obtain the evolution equations, the Hamiltonian constraint and the
momentum constraints from Egs. (A.2.10), (A.0.5), (A.2.2) and (A.2.3), respectively as

4 N,
0K, = —2KLK,, + KK, + 9w — R + =5, (6.1.4)
1
KMV = _§agjgp,l/a (615)
9 v 12
A (6.1.6)
K,— K’ =0, (6.1.7)

where we define 9; = %@/. K,, and R, are the extrinsic curvature and the 4-dimensional
Ricci tensor evaluated on each y-constant surface (notice that not on the § = Ny =
constant hypersurface), respectively. f,, is the covariant derivative of the field f as-
sociated with the 4-dimensional metric g,,, and the indices are raised and lowered by
Guv-

We will solve these equations with the given boundary metrics. Let the boundary
geometries specified by gf;)(x)dx“dﬁ and g, (2)dz*dz” (gff)(x) is reserved for later
use) on the respective branes. The bulk equations of motion should be able to give an
appropriately interpolating bulk solution for these two given boundary geometries. There
seems to be the arbitrariness in the way how to relate the 4-dimensional coordinates on
one brane with those on the other, however, since we adopt the above metric ansatz
(6.1.3), the way of connecting between two branes is completely specified by its gauge
choice. In the coordinates on the (4)-brane, namely, the metric on the (—)-brane given

as
_ 0z 9z

cannot be chosen arbitrarily. If the bulk equations Egs. (6.1.4)-(6.1.6) (excluding (6.1.7))
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are solved with the boundary metrics g,(;) and g,(;), the coordinate transformation z%(x)
is determined by the momentum constraint (6.1.7). Now, we consider the gradient ex-
pansion, then we can expand g, around the middle point ¥ = 0 in the bulk as

[ P
95 = G + 0a0 ™ + 50520, (5 + - (6.1.9)

where g, := g,,(0), and §*= = N(z)y*. As we set the middle point of the bulk § = 0, the
values of g and ¢~ are related with each other as §~ = —¢™. Since at the leading order
of the gradient expansion the (4)-branes locate at the respective constant y-coordinate
values, we denote the brane positions as y* = Fy, and obtain

Gt =—Nyo <0, § =Ny >0. (6.1.10)

Using the expression (6.1.9), we obtain g, and K, in terms of g,gf) and §T from the
evolution equations (6.1.4) and (6.1.5), and then the Hamiltonian constraint (6.1.6) de-
termines ¢+, and equivalently N, in terms of g;(f,f). Finally, the effective action is given
in terms of the boundary metrics gﬁ) by substituting the obtained g,, and K w into the

bulk action expanded around y = 0:

12
Sy, = rNdy (5R — 6_2)
_ M2 d4 N/ d _* 5R_12 + 5< _g<5R_%>>a
- 2 7”(+ T y g é?\ y 5guy yguu
Ly 6< 7 <5R_%>>a + (6.1.11)
2% 59 v o
with the aid of the equation
12 12
‘R— S =K —-K!K!+R— =, (6.1.12)
tx Ca

which is derived in the Appendix. A as Eq. (A.2.13). Since no second derivative of the
metric in the y-direction appears in the integrand of Eq. (6.1.11), we need not consider
the boundary Gibbons-Hawking terms in this expression. We do not manifestly need
to impose the momentum constraints, because they are automatically satisfied by the
junction conditions as follows. In this model, the junction conditions Egs. (4.1.3) are
written as

K — KB ¢S = 4@ (G + 049F)) | (6.1.13)

where 7 are defined in the same way in the previous chapters, as in Eq. (4.1.4). Then,
it is obvious that the divergence of Eq. (6.1.13) yields the momentum constraints (6.1.7)

using the Bianchi identity. As long as K ,Sf) for the bulk solution agree with the ones
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that are derived from the variation of the obtained effective action with respect to g,(ﬁ),

as is expected, the variation of the effective action with respect to g,(i) gives the same

equation as the junction conditions (6.1.13). Therefore, the correctly obtained solution
automatically satisfies the momentum constraint.

6.2 Perturbation around de Sitter spacetime

First, we again consider the perturbation around a de Sitter brane solution with the
comoving curvature H, the one discussed in Chapter. 4 and 5, and calculate the effective
action quadratic in the perturbation, as a warm-up. The background spacetime is given
as

ds®* = dy*+ a*(y)yudatda” (6.2.1)

where we set N =1, a(y = 0) =1 and ~,, is the 4-dimensional de Sitter metric with the
Hubble scale H. Similarly in Egs. (4.1.6) and (4.1.9), H := 0,a/a, which corresponds to
the background value of —K /4, is determined by the background equations of motion as

[ 1 H2
2.2
H Zta (6.2.2)

H2
M, (_"—i+—) , (6.2.3)

2
3 ai

where Hy = H (y = Fyo) and ax := a (y = Fyo). Here we choose the convention with
H(y = 0) > 0 so that the tension on the (4)-brane should be positive: o, > 0. Eq. (6.2.2)
is solved as

1
H=—tan (L +A , (6.2.4)
Oy Uy

with the integration constant

A = —arccos (%) (<0). (6.2.5)

Using a(y = 0) = 1, we obtain

a = (s H cos (g + A> : (6.2.6)
Uy

From the above expression, we can expand H around y = 0 as

Hy :=H (Fy) = Ho = H?yo + HOO(H293)~ (6.2.7)
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where we define Hy := H(y = 0) as

Ho = /3> + H2. (6.2.8)

We represent the perturbation around this background as

9t = @’ (Fvo) (v + 1)) (6.2.9)
N = 14z, ide, 75 =Fyp(l+z). (6.2.10)

Here, we emphasize that we can consider the value of y-coordinate at the location of the
perturbed (+£)-brane as y = Fyo in our coordinate system, as long as we work on the
leading order of the gradient expansion. To avoid the complexity from the y-dependence
related to the background warp factor a(y), we introduce new variables as

Guw (W) = a9y, (6.2.11)

Kl = a0 (Kl) + 0000 ) (6212

With these new variables, Egs. (6.1.4)-(6.1.7) become

Ok = —2K0Kp + KKy — %ICQW - 4%/@”
-+ (% + 4%—2 + 8§VH) G — a 2Ry, + a_2N];\’;V ,(6.2.13)
Ko = —%Ggg,w : (6.2.14)
K? — G%IC - KLkl = R—12 (%—z + %) : (6.2.15)

Then, we will solve Egs. (6.2.11)-(6.2.15) using the gradient expansion. We expand
Q,Sf) as
_ . 1—
g/(;) = Guw+ ayg;wyi + §a§gm/(yi)2 +oe
g_w/ - QICuygi - aﬂlcuu(gi)Q + - y (6216)

where the overbar denotes the value evaluated at y = 0. In the following, we only work
on the lowest order in the gradient expansion, i.e., keep the leading order of

€= |Kyol , (6.2.17)

when we compute the effective action up to the quadratic order of the metric perturbation.
We must choose the parameter region with 1 :|:2r£i)7—li > (, in which both radion and the
massive gravitons have no ghost instabilities, as is discussed in Sec. 5.2, since such ghost
appearance will prohibit recovering the ghost-free bigravity interaction in the effective
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action. Under the gradient expansion € < 1, then, O(| K|) is estimated as
K| SO (1/rF) . (6.2.18)

Furthermore, we want to investigate the energy regime comparable to the mass of the
lowest mode of massive gravitons. Using Eq. (5.1.14) as the mass squared of the lowest
mode of massive gravitons at the lowest order of the gradient expansion, therefore, H?
should be

H? ~mi~ O (|K[/e) , (6.2.19)

and the 4-dimensional momentum squared is estimated as well. Equation (6.2.19) implies
that £, should be tuned so as to cancel out with H? in Eq. (6.2.8) at the leading order of
the gradient expansion, since H3 ~ O (K?) is much smaller than H* ~ O (|K|*/¢). This
requires that the background expansion rate should balance with the value determined
by the bulk cosmological constant:

H =~ (" (6.2.20)

Among the perturbed geometrical variables, also, the Hamiltonian constraint (6.1.6) re-
quires

R—120% ~ O (K?) . (6.2.21)

Furthermore, the trace of the junction conditions (6.1.13) implies that the trace part
of Rﬁf) should cancel with the brane tension o, at the leading order of the gradient
expansion in Eq. (6.1.13), while the traceless part of R, is required to balance with
Ku,,/r((;i) ~ O (K?) by the traceless part of Eq. (6.1.13). Therefore, Eqgs. (6.1.6) and
(6.1.13) determines R, at the leading order of gradient expansion as

R ~ 337G + O (K?) . (6.2.22)

The above fine-tuned conditions are easily violated if we consider large matter energy
momentum tensors on the respective branes in addition, and hence one cannot use the
present model to describe the system with the background energy scale varied by a large
amount from the fine-tuned value.

Based on this understanding, IC,, at the middle point y = 0 is given from Eq. (6.2.16)
as

e G =G,
pyo 4g+

= (x?—[ofyﬂ,, + iAhW) (1—2)+ O (ehK) , (6.2.23)
0
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where we assume that  ~ O (¢’h), which will be confirmed later, and define

Ahyy, = h(5) — b)) ~ O (eh) . (6.2.24)
The first term in the first parentheses in Eq. (6.2.23) comes from the factor a=2(y) in
the definition of G, in Eq. (6.2.11). In order to solve Egs. (6.2.13) and (6.2.15), we also
calculate G;w to raise the subscript of ICW and to obtain R. Eq. (6.2.16) determines Q_W
as

_ 1 B -
Guw = B (gﬁ) + g;(w)) + aﬂKW(Zﬁf +e

= Y+ /3“,, + 2H2xy(2)fyw + H? (:cyo)2 Vv
+(1+2) (V,Vo2)yg + O (2, €h) | (6.2.25)

where V, is the covariant differentiation associated with v, and we define

h =

uv

(hi) +ni)) . (6.2.26)

N[ —

In the second equality in Eq. (6.2.25), we used Eq. (6.2.13) but only its last three terms
where with the aid of Eqgs. (6.2.20) and (6.2.22) ¢;? and R, are replaced by H? and
3H?g,,, respectively, since the other contribution is subdominant in (6.2.25) at the order
of the present approximation.

At first order of the metric perturbation h, the Hamiltonian constraint (6.2.15) deter-
mines r as

Ah RW
1 — _ _ +
16yoHo  24H3

O (eh) =: + O (eh) , (6.2.27)

~ 16y0Ho
where x and R are expanded as A = AM + A®) + ... with respect to the order of the
metric perturbation h. The last equality defines a new variable ®, which denotes the
perturbation of the brane separation rescaled by Ho. R(") is computed using Eq. (6.2.25)
as

RO = (R + 202930 ) + O (eh )

1 - H?
_ v o 2
= TF FPEE (hu,, 1 Ah’yw,> + O (ehK?) | (6.2.28)
where we define
O 3 ) .
Lo = VuNy = T = (O+4H?) v, 0O:=V'V,, (6.2.29)
and
o= H2=qH?, (:=a(0+4H?).

2’}‘[0 Y ?
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In the last expression of Eq. (6.2.28), we formally solved the differential equation after
substituting Eq. (6.2.27) into 2" in the first line, and we also use the identity

L, V"A” =0, (6.2.30)

which holds for an arbitrary vector A”. Substituting Eq. (6.2.28) into Eq. (6.2.27), we
obtain

4oy 1 ~ H?
d=—-16 O =Anh+ ——-—— 1" h,, — —Ahv,, | . 6.2.31
YoHox + 31— 720 < m 4 T ) ( )

As RM contains the non-local operator (1—H2?C1)~" in Eq. (6.2.28), one may concern that
an extra degree of freedom appears corresponding to the pole at [J = H2. However, we
have already seen that there is no physical mode at [J = H2 from the linear perturbation
analysis in Sec. 5.1. In order to prevent such an unphysical degree of freedom from
appearing, the non-local operator (1—H2[]) ! should be expanded as 14+H20+H4[ 1>+ - -
by setting the upper bound to the energy scale as H?O < 1. Imposing that H ~ my and
that the normal branch is chosen: 1 F 2r§i)7-[i > 0, moreover, the allowed energy region
becomes

(+)
O+4H2 <O (K?“ > <0 (m), (6.2.32)

Yo

which is marginally consistent with the energy scale we want to investigate. Even if we
keep this pole at [J = H ~2_ interestingly, the analysis of the evaluated effective action
reveals that its contribution to the metric perturbation is not sourced by the matter
energy momentum tensors localized on the branes, as we will find in the next section.

Similarly, we will apply the above sequence of calculation to the second order of the
metric perturbation. With Eq. (6.2.23), the Hamiltonian constraint (6.2.15) at the 2nd
order of h is given as

Ah
— 6H, {4%0:(:(2) — (— + 4%095(1)) x@)]
4yo
WAL AR Ah,, _
— 1212002 — 7, " - .+ O (eh’K?) = R® . (6.2.33)
210 16y;

R® is explicitly expressed using Eq. (6.2.25) as
R = g2 |20V, V20 + H? (M), + 2H2x(2)’y,w] + O (eh®K?) , (6.2.34)

and then, as in the case of (M, () is solved as

1 1 3 _
@ = — AR? — AW Ah,, — ~®% + 4a®RWM
v 1 — [120) 384H2y2 { 3@ e

2

—%M” (®V,.V, P + H2<I>2fyw,)] + O (eh®) .(6.2.35)
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Again, x contains a non-trivial non-local operator, but the pole locates at the same point
as the one in (1.

From the above calculation, we can integrate out the bulk degrees of freedom and
evaluate the total second-order effective action from

M? | 1 12

2 27“((;”
6H> 6H>
+/d4x\/—g<+> (R<+> - a—2) +X/d4x —9(-) (R() - 7)] , (6.2.36)
+

in terms of g,(i) as

1 5 12
o v (R )
+
1 Yo P
= _r(+) /+ Ndy/d4x2\/—7 {127_[(2) 4 LH (gw _ y23gK,w) + 0 (EhQKQ)}
c Yo

o~

1 _ _
- m/d%c 2= {2Nyo (12H2 + R + R¥Y)
T

C

—%Nygﬁ“” (NV,V,N + N*H?y,,) + O (€r°K) }

1 ? - _
= / dz/—y C (384 (?—0) (1 — 4H4) z® —4a®RY + 0O (e3h2)>
Te A

Yo
— /d% = m? {Ah2 — AWM Ah,, — ZCD (1-m0)e+0 (e3h2)} . (6.2.37)

where we define
m? = —1
" 8T((;+)yo

In the first equality in Eq. (6.2.37), R(y) — 12¢,? is expanded around y = 0 as

(6.2.38)

12
A

= 12H3 + L (G — 20K, — §°0; K, + -+ ) + O (eK?) ,(6.2.39)

R(y) — — = 12H*+ L"g,.,(y) + O (eK?)

and the linear term in ¢ is integrated to be zero. In Eq. (6.2.37), also, we use Eq. (6.1.4)
in the second equality and Egs. (6.2.30) and (6.2.34) in the third equality where the
total derivative terms are neglected. In the obtained action (6.2.37), a non-local operator
(1 — H200)~! appears through @ defined by Eq. (6.2.31). As mentioned above, we treat
the apparently non-local operator (1 — H ZG)_l as a local one by restricting the energy
scale as in Eq. (6.2.32).

In the limit am? — 0 which corresponds to the extreme limit of self-accelerating
branch: 1 — r{P7, — —oo, Eq. (6.2.31) requires & — Ah and Eq. (6.2.37) reduces
the bulk contribution in the effective action to a non-derivative interaction between two
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metrics induced on the branes:
M?m? 1
Sy = % / d*z/— (Zmﬂ — Ah,u,Ahf‘”) : (6.2.40)

while the other part of the effective action only gives two Einstein-Hilbert actions for
the induced metrics. The obtained interaction form differs from the one of the ghost-free
dRGT mass terms, which means that a BD ghost appears; the system possesses an extra
scalar mode in addition to the two gravitons. As discussed in Sec. 5.2 for the case with
the radion stabilization field (and in Ref. [34] for the case without radion stabilization as
well), the self-accelerating branch of the DGP 2-brane model inevitably exhibits either
of the spin-0 ghost or the Higuchi ghost. This feature of the DGP model should explain
the apparent existence of BD ghost in the extreme limit of self-accelerating branch as
the appearance of the spin-0 ghost or the Higuchi ghost. When the mass squared of
the massive graviton is smaller than 2H?, the ghost in the DGP model is the Higuchi
ghost. In the specific bigravity model with the interaction Eq. (6.2.40), therefore, the BD
ghost can be the Higuchi ghost, which may not be so harmful as a usual scalar ghost, as
discussed in Ref. [61].

Now we return to the general case without taking the limit am? — 0. In the rest of
this section, we will show that the degrees of freedom in the total effective action (6.2.36)
consists of one massless graviton, one massive graviton, and one scalar, by rewriting the
action (6.2.36) so that the rescaled brane separation ®, which will correspond to the
radion, is manifestly treated as an independent degree of freedom. Instead of using the
constraint ® = Ah + %R(l) and deriving the effective action in terms of hfujf), therefore,
we introduce a Lagrange multiplier A to impose the constraint ® = Ah + %R(l) in the

effective action as

M2 -
g rl V dh/ = m? {Ah2 — AR AR, — Zcp (1 - H2D> o

2
4o (1)
+A P — AR — ?R

6H? 6H?
+/d4l’\/ —9(+) (R(+) - a_z) + X/d4$\/ —9-) (R(—) - a_Q):| - (6.241)
Jr —

A is determined by taking the variation with respect to ® and takes a simple expression
in term of ®:

A= g (1 - fﬂm) . (6.2.42)

In this expression, A seems to contain 1 — H20) that yields a higher derivative Lagrangian
from AR term, but this second-derivative operator cancels out the apparently non-local
operator (1 — H?0)~' in RM after substituting this A back into the action. In fact, the
substitution Eq. (6.2.42) to Eq. (6.2.41) gives the effective action written in terms of the
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independent variables h,(fﬁ) and @ up to their second derivatives as

2

M
S = T”’ U d*x/—ym? {Ah2 — AR Ahy, — ZO{QHQ(I) (O+4H%) @

+Zq> (® — 2AR) — zaqm#"/}W}

6H? 6H?>
+/d4$\/ —9(+) (R(+) - a_Q) +X/d4l‘ —9(-) <R(—) - a—2>] (6.2.43)
+

After separating the radion degrees of freedom ® from he y in this way, we can obtain
the ghost-free Fierz-Pauli interaction even in the limit am? — 0, by fixing the radion
® to 0 by hand, assuming some steep stabilization potential for & . The last term in
the curly brackets of Eq. (6.2.43) can be absorbed into the induced gravity terms by the
conformal transformations gl = exp (mia@)gffﬁ) and gl = exp ([m2a/ X]@)f]ﬁ;): the
action (6.2.43) transforms as

M2l 4 2 2 3
S = Tp {/d xT/—ym; {Ah — AW Ah,, + Z(IJ (® — 2Ah)
3 1 1
+2a ( (1+ )—§H2)<I>(D+4H2)Q>}
4. [ 3 a4, [ 6H2
+ [ dry\/—g) | R —— | +tx | dz , (6.2.44)

where R(H and R(,) are the Ricci scalars for the respective conformal transformed metrics
g,(;) and gf;). Here, the radion field ®, which is now an independent field, couples to both
metrics but only through ~,,. We cannot discriminate to which metric the radion field
couples and two gravitons hﬁ) interact with each other only through the Fierz-Pauli mass
term, in our approximation where all the terms higher order in € are neglected. Therefore,
this system contains only two gravitons and one scalar radion, no extra degrees. On
the other hand, the ghost-freeness cannot be immediately examined just by the action
(6.2.44), since the constraints for Ah,, exist in the obtained action. In the next section,
we will discuss whether the helicity-0 mode of the massive graviton and the scalar radion
are healthy or not by writing down the effective action in terms of the matter energy-

momentum tensor, integrating out the gravitational degrees of freedom.

6.3 Ghost-free condition

Now we confirm that the system contains only two gravitons and one scalar mode whose
ghost-free condition is equivalent to the one discussed in Sec. 5.2. For this purpose, we
analyze the equations of motion derived from the action (6.2.36) and (6.2.37) with addi-
tional matter fields localized on the branes and investigate the poles of the propagators
and their coefficients. Taking the variations of the action (6.2.36) with (6.2.37) with
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respect to h,(fﬁ), we obtain the equations of motion as

X+E28RGT) + 2m? (Ahy, — Al

pl “pv

3 2 4
+§m3 [imw + gacw} (Ah + gaR(1)> = M 2T (6.3.1)

)

where we define T,Ef as the respective energy-momentum tensors of the localized matter

fields, x4+ =1, x_ = x, and

1
Ehap = -5 (Ohpw + Vu Vb = 2V, Vo h5y — 7, 0h + Y VoV 5hP
—2H?h,,, — H*y,,h) , (6.3.2)

is the linearized Einstein tensor derived from the variation of the four-dimensional local-
ized Einstein-Hilbert part of the action. Also, we approximated ayx = 1 in Eq. (6.3.1),
since we need not to distinguish a. from unity within the approximation we work on.
Here, we impose that the traceless part of ilm,, the averaged part of the metric perturba-
tion (6.2.26), becomes transverse:

- 1 -
v (hm, - ﬂwh) =0, (6.3.3)

by use of the gauge degrees of freedom. We decompose the difference of the metric
perturbations (6.2.24) as

1 U
Ahy, = Ah;(gz:T) + Z¢7/w + (Vuvl/ - Z’VW> [ (6.3.4)

where AhﬂT) is the transverse-traceless part of Ah,,. The longitudinal mode 7 is deter-
mined by the divergence of Eq. (6.3.1): with the aid of the identities (6.2.30) and

VHEW Hop =0, (6.3.5)
O 3

% (Vuvy - ZW) V=2V, (O+4H*) W, (6.3.6)

VALY =0, (6.3.7)

where W and H,g are arbitrary scalar and tensor, respectively, the two equations derived
from the divergence of Eq. (6.3.1) give the same equation as

[1]

: (6.3.8)

«
T=—
2

where

= .= (1 . ﬁ2m>_1 (271 - 2H2¢> . (6.3.9)



6.3. GHOST-FREE CONDITION 61

Here, the homogeneous solution that satisfies (O + 4H?)7 = 0 is ignored because the
identity (6.3.6) indicates that such a solution degenerates with the transverse-traceless
mode Ahg,T). One may question whether 7 is uniquely determined because of the pole
at 0 = H2. However, the restriction (6.2.32) has already excluded such ambiguity.
Substituting Eq. (6.3.8) into Eq. (6.3.1), we obtain

X8RS £ 2m2ARTT + m2aL,,

0
¢+ (1 T 5) E] = M*T) . (6.3.10)

The contribution from the scalar modes ¢ and = in this equation of motion can be
written in terms of the trace of the metric perturbation on each brane h(*). Hereafter,
we eliminate the terms proportional to V,V,¢ from Eq. (6.3.4) when we compute h,(i),
because such terms can be erased by 4-dimensional coordinate transformations on the
respective branes. Then, h*) are found to be given by

2h®) = 2h 4+ (¢ — On)

¢+ (1 T g) E] , (6.3.11)

where in the second equality we use Eq. (6.3.9) to erase h and Eq. (6.2.7) to rewrite H?

in terms of H.. This simplifies the equations of motion (6.3.10) as

X&) £ 2m2AnTD 4 (£8rHL) " LWh® = MPTE) (6.3.12)

w o pl = pv

The trace part of Eq. (6.3.12) gives

-1
AM 2 1 1
[ R — T 6.3.13

3\ Ty, | Otamr? (6.3.13)

Diagonalizing the traceless part of Eq. (6.3.12) with respect to the mass eigenvalues®, we
obtain the equations of motion for the transverse-traceless part of the massless mode h,(f),,),

W) = h(h) + xh,) (6.3.14)

uv uv oo
and that of the massive mode A\

A = Ah

pv 2]

(6.3.15)

IThe eigenmodes coincide with the ones in Eq. (5.1.19), as is expected.
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as

1
(O—2H%) K" = —2M {T,gm — Z—LT(O)%V

1 O 1
= v — Y | =————=TO 6.3.16
*3 (V“v 47“)D+4H2 ] » (6:3.16)

1
(O =282 = m}) )" = =20, [Tém) = 37" e

1 O 1
V.V, — = | =T 3.1
+3( g 47“>D+4H2 }’(63 )

where m? is defined in Eq. (6.2.19) and we define

TO = TP +T), (6.3.18)
)

TG = T — (6.3.19)
X

Using the identity (5.1.7) and eliminating some terms which can be erased by a 4-
dimensional gauge transformation, just in the same way as deriving Eq. (5.1.10), we
obtain A\ and A as

_3(—;H2) (_%W) O +14H2T(0)} ’ (0:3:20
hl(gb) T _ _2Mﬁ2 [[] — 21;2 2 {T;ET) _ iT(m)'ﬂw
s (7 1w T}
—m (—%W) ﬁﬂm)} : (6.3.21)

Now, we will examine the sign of the coupling of the scalar modes to the localized
matter fields. The nature of the helicity-0 mode in the massive graviton is already known:
it becomes Higuchi ghost when m? < 2H? and healthy otherwise. Therefore, we focus on
the spin-0 mode in the following. In order to investigate the coupling to T,Eff), first, we
set T\ = 0 for simplicity. In AS = bl /(1 +x) + A /(1 4+ y~1), the coefficient of the
pole (0 + 4H?)~1, which corresponds to the spin-0 mode, is extracted as

1
O+ 4H?

) 5

—2 (+) 2
, Mpl 2re " H 4 1 (_ 2xH ) T(+),YMV ) (6322)
a 3 2T£+)H+ -1 1 + X

m2 — 2H?

Integrating out the spin-0 degree of freedom, we obtain the contribution of the pole at
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[0 = —4H? to the effective action in terms of T,S,Jf) as
M2 1
- / d*a /=y WD T > ;Z B, / d*z/ =y T<+>D+ 4H2T(+), (6.3.23)
where
By = ! X om (6.3.24)

1—2rP3,  1T+xmi—2H0%

is the minus of the part embraced by the square brackets in Eq. (6.3.22). In order to
obtain the healthy spin-0 mode, 5, > 0 must be imposed Otherwise, the spin-0 degree
of freedom becomes ghost. Here, the sign of 1 — 2! 7—[+ plays an 1mportant role, as is
expected from the discussion in Sec. 5.2. When the condition 1 — 2rit 7-[+ > () is satisfied,
the first term in Eq. (6.3.24) is positive and greater than unity. Considering sufficiently
large m?, the second term becomes negative and its absolute value is less than unity, and
then B, becomes positive in total. In case with 1 — 27’£+)7-[+ < 0, on the other hand, the
positiveness of 3, imposes m? — 2H? < 0, namely, the helicity-0 mode of the massive
graviton becomes Higuchi ghost.

Next, we consider T,EJJ) = ( instead of T,E;) = 0 and investigate the coupling to T,E;)

similarly. the coefficient of the pole (0 + 4H?)~! in h,(;,) is given as

1
— | dru/ =~ BT Pl 4 =) =)
/d /=y, T D —— - /d x =T D—|—4H2T , (6.3.25)
where
1 1 1 m?
o — . 6.3.26
X |1+ 2r07 1+Xm%—2H2] (6320

Again, the signature of 1+ 2r£_)7-[_, the other quantity that determines the branches in
the DGP model derived in Sec. 5.2, becomes essential: [§_ is positive and the graviton
sector is free from Higuchi ghost when 1 + 2r{7)H_ > 0 and the first term is larger than

the second one in magnitude.

Suppose that m? is sufficiently large, the ghost-free conditions B+ > 0 are satisfied
when 1 F 27"£i)7-[i > 0, respectively. In the background energy scale we consider in
Eq. (6.2.19), however, both 8, and _ can be negative when m? is larger than but close
to 2H?%. We need to derive the critical values of m? at which 3, or 3_ crosess zero. Since
the spin-0 mode couples to both traces of the matter energy momentum tensors, T,
and T(_), we expect that the 3, and S_ cross zero simultaneously. In fact, at the leading
order of the gradient expansion, 51 are rewritten by use of Eqs. (6.2.7) and (6.2.19) as

1 m? 12,
Lt xmi —2H% 1 0Py,

c

Be = (6.3.27)

Then, one can find that the conditions S+ > 0 imply 1 + 27“£qc)?-[3F > 0, when m? > 2H?
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and 1 F 2r§i)7{i > 0. When both 1 F QT((;:E)Hi > 0 are satisfied, the ghost-free normal
branch is chosen, and otherwise is the self-accelerating branch, as in the case with the
radion stabilization. This simultaneous sign flip of 54 occurs at the transition from the
ghost-free normal branch to the self-accelerating branch, and at the same time either 5,
or B_ diverges, which means the divergence of metric perturbation and the breakdown
of the perturbative approach. These features are exactly the same ones that we have
already shown in the presence of the radion stabilization at the end of Sec. 4.2.2 2.

Finally, we examine how one can construct the background spacetime that satisfies
the conditions for the ghost-free normal branch. From the normal-branch conditions
15 2r89H, > 0 with the aid of Eqgs. (6.2.7) and (6.2.19), we obtain a constraint for H,
as

H2
—l4 (1+x) — < 2 Hy < x — (1 +x) (6.3.28)

2

; mi’

This constraint requires —1 + (1 + x) H*/m? < x — (1 + x) H*/m?, equivalently m? >

2H?. Hence, the normal-branch conditions automatically impose that the helicity-0 mode

of the massive graviton is healthy, which can be easily satisfied by tuning y; . Further-
more, Eq. (6.3.28) also requires tuning of Hy depending on H/m; and r$,

6.4 Nonlinear generalization

We extend the above method to the nonlinear in the metric perturbation, while we do
not extend the gradient expansion to the higher order. Here, we again assume that

e = | Ky, (6.4.1)

is small with g5 ~ O(1), Agu = g — gh) ~ O (e), and V2 ~ (2 ~ O (|K|*/e),
as in the previous sections. Then, the Hamiltonian constraint (6.1.6) and the junction
conditions (6.1.13) imply Eq. (6.2.22), as is discussed in Sec. 6.2. The following procedure

to derive the effective action is similar to the one in Sec. 6.2. From Eq. (6.1.9), K, and
g, becomes

_ Ag
K, — 4.
M 4(1) I (6 2)
(1)2
G = Gu + OV VL 8 + g + O (8, (6.4.3)
A
where
¢ = Ny, (6.4.4)
(+) (=)
- G’ + 9w
G = T (6.4.5)

2These features are also shown in Ref. [34] using the original DGP 2-brane model action without
radion stabilization, not the effective one we analyzed here.
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The Hamiltonian constraint (6.1.6) evaluated at y = 0 imposes

R - 2 Ag2 B Ag;wAg'uV
zo 16®2

(6.4.6)

Here and hereafter, the tensor indices are raised by §,,. From Eqgs. (6.1.11) and (6.1.12),
the bulk action is written as
M2 o1

. 12
Sy, = 2p (+) d*zN {Zym/ (R— 52)

12
ot (VII(R-B)) e o1
3 Som N @VMV,,CD + 7 I
O (IKl€”)] . (6.4.7)

Here, the linear term in y in the integrand is integrated to be zero, the term in which
4] (\/—g (R — 126;2)) /6g,, is differentiated with respect to y turns out to be higher or-
der of the gradient expansion, and Eq. (6.1.4) with Eq. (6.2.22) is used. The operator

) (\/—g (R — 126;2)) /64, is derived as

/d%é <\/__g <R _ %» By = /d%; (\/—_gﬁ“”hw +0O (|K|2)> : (6.4.8)

0

for an arbitrary tensor h,,,. Here we defined LM as

. - =3\ L,
A CEF (6.49)

where V is the covariant differentiation associated with §,,. Using Eqs. (6.4.6) and
(6.4.8), the bulk action becomes

M2 [ AR - AguAS B (e N (e oy PP
S = d*z\/—§ { — - L ((Vﬂ)) (V.e) - ggw)

+0 (|K|62)} : (6.4.10)

Here we use an identity valid at the leading order of the expansion in e: f“”@uAl, =0
for an arbitrary vector A,. The analysis in the linear metric perturbation suggests that
treating the radion ® as an independent variable should make it easier to investigate the
structure of the interaction between gfflf) and gl(“_,). Therefore, we impose the Hamiltonian

constraint (6.4.6) with a Lagrange multiplier A in the obtained effective action as

My 2 Ag? — AguAg D - - P2
_ 4 124 lyaI% T~
S, - dir/—g { T + 5L ((vucp) (qu)) @ g,w)
12 Ag? — Ag,,Ag™
MR- — i 4.11
* (R 72 16P2 ’ (6.4.11)
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and take the variation with respect to ® to eliminate A using the equation of motion for
®. To do this, we need to compute R — 12@7\2:

_12 12 . o2
R-g=R-g+ L (@V#Vﬂ) + E—Qg,w) +O(|K]e) . (6.4.12)
A

By taking the variation of Eq. (6.4.11) with respect to ®, we obtain the equation of
motion for ®. This equation of motion is cosiderably simplified with the aid of the
identity EW@”@”\I’ = @“@"EW\I’ = 0 for an arbitrary scalar ¥, which holds at the
leading order of the expansion in €, as

20 A= L)D, (6.4.13)
where
. ) ~ Ag? — Ag, Agh
Ly:=(V,V,®+ —q. | L™ £ 6.4.14
A ( Z +£ig”) * 1603 (6.4.14)
Eq. (6.4.13) yields a extremely simple relation A = , if one ignore the homogeneous

solution £3A = 0. This can be achieved as in the case with (1 — %)~ in Sec. 6.2
by expanding 5;1 as a local operator. It is difficult to derive the explicit energy regime
where such expansion is valid, because the condition for the energy scale depends on .
Here, we just assume that the energy scale is low enough to satisfy this condition. Then,
we can substitute A = % into Eq. (6.4.11), obtaining the 4-dimensional effective action
from the bulk part of the action as

M Ag? — Ag, Agh” (I> 12
_ A /= pv * _ =
o= <+> @ { 320 3 (R Iz >

_%/j/w ((@p) (?,,d)) — %gwﬂ +O(€)

M Ag? — Ag,Ag™ 1 4 o[~ 12
= drz/— et — d+—(R—- =
2 0 / v { 320 22 < * 52) T3 (R ﬁ)

—é (V,8) (V@) (VAV" — [ — R™) @} +O(@), (64.15)

where, in the second equality, we introduce a metric g, which is indistinguishable from
gfw) and g,, at the leading order of gradient expansion, and its covariant differentiation
V and we use R, = 3(,%g,, + O (JK|?). The first term in the effective action (6.4.15)
gives a non-derivative interaction term between two metrics that takes the Fierz-Pauli

form Ag* — Ag,,Ag". This Fierz-Pauli interaction can be written in terms of dRGT

mass terms, V,, := e UL - - UL with UL = gffr))g(_)pw as

8
Ag® — Ag, ,AgW = ——— — Vi s 6.4.16
g Jur 29 c1 + 4cy + 6cs ;C ( )
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using the condition where both gﬁ;) and gﬁz) identically recover Minkowski geometry
(and hence Ag,, — 0) in the limit where the energy densities of matter on the branes
and the brane tensions are sent to zero, which restricts the coefficients ¢, as

1
Cy = _ﬂ (Cl —+ 6C2 + 1803) s
Co = -3 (Cl + 202 -+ 2C3) . (6417)

Although we wrote the interaction between two gravitons in terms of dRGT ones, we
cannot investigate the form of mass interactions at higher order of U/ —6* ~ O (¢) at the
order of the present approximation. On the other hand, the action for ® in the second
line in Eq. (6.4.15) is a cubic Galileon [56,57]. As in Sec. 6.2, ®R term can be absorbed
into the induced gravity terms by conformal transformations for g,(fﬁ) at the leading order
of the gradient expansion, which produces a kinetic term for . Here, the radion ® again
couples only to one metric g,,,, not to the distinguishable two. Therefore, the whole action
Sy + S4 + S_ describes a well-known ghost-free system which contains two interacting
spin-2 degrees of freedom and one spin-0 degree of freedom. If we want to investigate the
coupling of radion as a doubly coupled matter, we have to extend the above analysis to
the higher order of the gradient expansion. However, such extension will be contaminated
by the other massive KK gravitons. At the higher order of the gradient expansion, in
fact, there will appear higher derivative terms, which may yield extra degrees of freedom.
Therefore, our method appears to be ineligible to obtain a doubly coupled matter model
or the structure of the mass interaction non-linear in U* — 6 ~ O (e).






Chapter 7

Summary

In our work, we attempted to embed the ghost-free bigravity, whose interaction terms
between two metrics are strictly constrained by the ghost-free condition, into higher
dimensional gravity. As the higher dimensional theory, we considered the DGP 2-brane
model in which the branes accompany localized gravity terms on them.

First, we showed that at the low energies the graviton’s mass spectrum of the DGP
2-brane model is identical to the one of the ghost-free bigravity, namely, that the mass of
the lowest massive KK graviton is much smaller than the ones of the other KK gravitons
in the DGP 2-brane model, when the brane separation is much shorter than the length
scale r.. Furthermore, we introduced Goldberger-Wise stabilization mechanism so that
the radion degree of freedom is erased and the mass spectrum of the whole system contains
only one massless graviton and one massive graviton at low energies. In order to remove
the radion degrees of freedom, however, we should avoid ghost instability in the radion
sector. The solution of the DGP 2-brane model has two branches: the normal branch
in which the system is free from ghost and self-accelerating branch in which either of
the radion or helicity-0 modes of KK gravitons becomes ghost. Therefore, in order to
obtain bigravity as the low-energy effective theory, we should choose the normal branch.
We derived the normal-branch conditions under which we showed that the system is free
from ghost instabilities.

In the normal branch, the DGP 2-brane model has no scalar ghost, and hence the
bigravity obtained as its low-energy effective theory is expected to be identical to the
ghost-free bigravity that is free from BD ghost and contains only two gravitons. In
Chapter. 5, we explicitly showed that their equation of motions are identical at the linear
order. Furthermore, we analyzed the appearance of instabilities such as Higuchi ghost
and spin-0 tachyon in the bigravity from the DGP 2-brane model and the ghost-free
bigravity. We showed that in both models the de Sitter solution remains ghost-free as
long as the ghost-free branch is chosen. However, we found that it is difficult to satisfy
the ghost-free conditions in the DGP 2-brane model if the energy density on the branes
becomes slightly high. Consequently, the spin-0 mode becomes a tachyon and one cannot
stabilize the brane separation with Goldberger-Wise scalar stabilization mechanism. On
the other hand, the ghost-free bigravity does not have such a scalar mode corresponding
to the brane separation in the DGP 2-brane model, the tachyonic instability in the DGP
2-brane model does not exist in the ghost-free bigravity. Therefore, the DGP 2-brane
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model with a scalar stabilization coincides with the ghost-free bigravity only in the very
limited low-energy regime, not even in slightly high energy regime.

In Chapter. 6, we intended to derive the ghost-free bigravity action with a single scalar
field from the DGP 2-brane model without stabilization, by solving the bulk equations
for given boundary metrics g,(tf) on the branes and integrating out the bulk degrees of
freedom at the leading order of the gradient expansion where the brane separation is so
close that the difference between gﬁ) is sufficiently small. Then, we succeeded in deriving
an action of a healthy bigravity written in terms of g,%) with a scalar field, as the one of
a 4-dimensional effective theory of the DGP 2-brane model: the interaction between g,(fﬁ)
is reduced to the Fierz-Pauli mass term, which is equivalent to the dRGT mass terms at
the leading order of the gradient expansion. The scalar field effectively couples to only
one of the metrics g,(fﬁ) at the leading order of the gradient expansion and its equation
of motion does not contain higher-order time derivative. To satisfy the normal-branch
condition with this setup, we need to tune the brane tension so that |K| is sufficiently
small. This tuning is easily broken by additional matter fields, and so the energy density
of the matter fields on the branes must be small enough.

We found that one can obtain the Fierz-Pauli mass interaction naturally from the
DGP 2-brane model at the lowest order of the gradient expansion. However, it is difficult
to obtain the nonlinear dRGT mass terms by extending this method to the higher order of
the gradient expansion, because the higher-order terms will be contaminated by other bulk
degrees of freedom. The terms higher in the gradient expansion will includes complex and
higher-derivative interaction terms which will lead extra degrees of freedom in addition
to two gravitons and one scalar radion, corresponding to other bulk degrees of freedom.
It will be possible to investigate the nonlinear mass interactions between two metrics by
taking the limit am? — 0, although in this case the obtained mass interaction will not
take the dRGT form. This is because the self-accelerating branch is chosen and radion or
Higuchi ghost appears. If ghost appears, the interaction between two metrics g,(jﬁ) should
be different from the dRGT one, as is shown in Eq. (6.2.40) at the perturbative level.
However, it might be suggestive that the Fierz-Pauli mass term was recovered by fixing
the radion by hand in Eq. (6.2.43).

We concluded that the DGP 2-brane model can reproduce the ghost-free bigravity
as a low-energy effective theory when the energy densities on the branes are limited to
be sufficiently small and the two metrics on the branes are almost identical. As future
work, we will investigate stabilization models that enable to sustain the brane separation
even with high energy densities on the branes, and also the nonlinear mass interactions

by considering more extended models such as Gauss-Bonnet gravity.
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Appendix A

ADM decomposition

In this section, we review ADM(Arnowitt, Deser and Misner) decomposition [58] where
the D-dimensional spacetime is foliated by D—1-dimensional hypersurfaces and its normal
vector, and then derive the evolution equations and the constraints from the Einstein
equation. Here, we refer Refs. [59,60]. In this section, we use the abstract index notation
for tensor indices, using Latin alphabet.

We consider to foliate D-dimensional spacetime (M, g) using D — 1-dimensional hy-
persurfaces . We define a unit normal vector n® with respect to > which satisfies
gapn®n® = € where € is given as —1 when n® is timelike, or +1 when n® is spacelike. The
necessary and sufficient condition for which a normal vector field n* exists with respect

to a family of hypersurfaces is given as
Vieny =0, (A.0.1)

where V,, is the covariant differentiation defined on the spacetime (M, g), which is known
as Frobenius’s theorem. The metric induced on the hypersurfaces ¥ is given as

Yab = Gab — €NgNy - (AOQ)

The induced metric 7, is by definition orthogonal to n®: y,n® = 0, namely, 7, is the
projection operator from the spacetime (M, g) into the hypersurfaces 3. The covariant
differentiation D, defined on ¥ is obtained as the projection of V,:

DaTyaz o= yeveyed i - VeTais (A.0.3)

c 017027“‘

This definition satisfies D,v;,. = 0, indicating that D, is in fact the covariant differentia-
tion with respect to Yup.

Furthermore, we define a extrinsic curvature K, as
Ky =YYV ng. (A.0.4)

This present how the hypersurfaces ¥ are embedded on the spacetime (M, g). Ky is a
symmetric tensor when V{,ny = 0 is satisfied. We can show that the extrinsic curvature
Ky is equal to the half of the Lie derivative of the metric induced on the hypersurfaces
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Yap With respect to n®: operating the Lie derivative with respect to n* on ~,;, we obtain

Lo ab = L (Gab — €naMp)
= Vonp + Vyng — € (n°Veng)ny + (n°Venp)ng)
= (05 — enngy) Veny + (0 — enny,) Ven,
= Koy + Ky = 2K, . (A.0.5)

Therefore, we obtain K, = %ﬁn%b, which implies that the extrinsic curvature corre-
sponds to the ”velocity” of ~,p.

A.1 Gauss-Codazzi Equations

In this subsection, we derive the equations which relate the geometrical variables in the
D-dimensional spacetime with the ones on the D — 1-dimensional hypersurfaces, so-called
Gauss-Codazzi equations.

First, we derive the Gauss equation. By definition of Riemann tensor, the D — 1-
dimensional Riemann tensor evaluated from 7, is given using an arbitrary vector V¢ on

Y as
P=VReaVe = (DyDy — DyD, )V, . (A.1.1)
Rewriting the right-hand side of this equation in terms of the D-dimensional variables as

DiuDy\Ve = vV s (V75 VaVe)
= YA VAV Y aVe = € (Vpng) n'f V.V, — € (V pnp) nyiVaV]
= VAV VaVe = K iayn™EVaVe — eKoun® i VaVe
= Y7 P Rpacg VI + Ko KiiVe | (A.1.2)

where we use Va5 = gap — €n®n’, ypn® = 0, nV, = 0, and that tensor K, is symmetric,
we obtain the Gauss equation:

(Dil)Rabcd = 7271{7575 (D)Refgh +e€ (Kachd - Kchad> . (A13)

Next, we derive the Codazzi equation. The definition of the D-dimensional Ricci
tensor gives

Yo PRY4en® =7 (VIV, = Vi, V) ng. (A-14)

Now, we rewrite the right-hand side of this equation in terms of the D — 1-dimensional
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variables. The first term in the right-hand side of Eq. (A.1.4) becomes

VIV g = YV [(E + enny) (75 + enng) Vene)
= VUK + eKuenV n®
— 72 (7% 4 en°n?) VyKpe + €Ken®Ven®
= DKo + ey’n°V, (Kbdnd)
= D"Ku, (A.15)

while the second term is

VeV, Ving = D, [(7v* + en"n®) Van,]
~ DK . (A.1.6)

Then, we obtain the Codazzi equation from Eq. (A.1.4) as
Y PIRyn® = DK — DK . (A.1.7)

Notice that the Gauss equation and the Codazzi equation are purely geometrical relations
independent of what the gravitational model is.

A.2 Constraints and Evolution Equation

In this subsection, we will rewrite the D-dimensional Einstein equation in terms of the
D — 1-dimensional geometrical variables.

First, we rewrite the pure n® component of the D-dimensional Einstein equation
Gunn® = M B(D_g)Tabnanb, where Mp is the D-dimensional Planck mass. From the

Gauss equation Eq. (A.1.3), the D — 1-dimensional Ricci scalar is written as

(D—l)R — (D)Rabcd,yac,ybd T <K2 _ KabKab)
= DR s (g% — enn®) (gbd — enbnd) + € (K2 - KabK“b)
1

= —2¢ <(D)Rab -3 (D)Rgab) n'n® +e (K? — K K*) . (A2.1)

Then, we obtain the pure n® component of the D-dimensional Einstein equation written
in terms of the D — 1-dimensional intrinsic curvature and the extrinsic curvature as

(—e PR+ K? — KyK®) = Gnn® = M) Tynn®. (A2.2)

N | —

Next, we rewrite the mixed components of the D-dimensional Einstein equation Gabn“mﬂ’ =
M, (D_g)Tabna72 using the Codazzi equation. Using the Einstein equation in the left-hand
side of the Codazzi equation Eq. (A.1.7), we obtain

DyK" — D, K = PRy nby¢ = My )T nbye . (A.2.3)
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The extrinisic curvature defined in Eq. (A.0.4) contains only first derivative. There-
fore, the pure n* component and the mixed components of the Einstein equation (A.2.2)
and (A.2.3) do not contain the second derivative of 7, in the direction of n®: they are
constraints when we consider the evolution of v, along the n® direction. The evolu-
tion equation which contains second derivative in the direction of n® is derived by the
remaining component of the Einstein equation. For this purpose, we introduce a coor-
dinates system in which we choose the coordinate ¢ so that X are defines as ¢ = const.
hypersurfaces, and decompose the metric as

ds* = gudatda” = eN?dt* + ;; (da’ + N'dt) (da? + N/dt) . (A.2.4)

Here, n, = eNV,t = (eN, 0), n® = N~ (1, —N*) satisfies Djyny = 0.

Now, we rewrite the remaining components of the D-dimensional Einstein equation
GuVivh =M B(ng)Tab’yg’ys in terms of D — 1-dimensional geometrical variables. Multi-
plying 7" to the Gauss equation Eq. (A.1.3) gives

P Rue = vy PRepgn + €(Koe K — Kio KY)
= voy? (D)Reg — e’yj’yfnfnh (D)Refgh + (K, K — KbaKf) , (A.2.5)

The second term in the right-hand side of Eq. (A.2.5) becomes

veqdnInh PR, ;0 = 7yInb (Ve Vi — ViV )n, . (A.2.6)
Using
Vany = (75 + enng) Veny

= Ky + engnV (eNV,t)

= Ky +1nan°(VeN)eN 1ny + Nngn®Viy(eN 'n,)

= K+ engnng(Veln N) —n,ViyIn N

=Ko —noDpyln N, (A.2.7)
we obtain

1
nggnfnh (D)Refgh = ygvgnh(Veth — VipKey) — ENDQDCN
1
= —KaK? + 7908 (LoKey — K Vn® — Ky Ven®) — ENDQDCN
1
= L, K, + KKy, — ex7DaDeN (A.2.8)

with which Eq. (A.2.5) is reduced the evolution equation as

1
LoKoe = 2K K — KK, — ex7DaDeN + € P=UR.. — ey’ PRy, . (A.2.9)
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With the aid of the Einstein equation, we obtain

1
£nKac = ZKast - KKac - ENDGDCN + € (Dil)Rac

—(D— 1
- 6‘]\/[D(D Y (’Yg'}/gde - m’YacT) . (A210)

From the above, the Einstein equation is shown to be decomposed into Eqs. (A.2.2),
(A.2.3), (A.2.10). For convenience, in this paper we denote the constraints Egs. (A.2.2)
and (A.2.3) as the Hamiltonian and momentum constraints, respectively, although the
constraints are not exactly ”Hamiltonian” and "momentum” constraints when n® is a
spacelike vector.

Furthermore, we derive the expression of the D-dimensional Ricci scalar in terms of
D — 1-dimensional geometrical variables, for the later use. Eq. (A.2.2) gives

DR — 2¢ PR ynn® = P7UR + ¢ (K K™ — K?) | (A.2.11)
where the second term in the left-hand side yields

(DR nonb = (D)Re.  papb
=n*(VYV, — V.,V)n.
= VeV, — n.Vng) — Vo,V 4+ (Vin,)?
= V(naVn, — n.Vn,) — Ko K% + K2 (A.2.12)

Therefore, we obtain

DR = PR — € (K K™ — K?) + 26V°(n,Vne — n.Vn,) . (A.2.13)






Appendix B

Higuchi ghost

In the theory with massive graviton such as massive gravity and bigravity, the massive
spin-2 degrees of freedom can exhibit ghost instabilities even when BD ghost is eliminated.
One famous example is Higuchi ghost, the scalar ghost in de Sitter background [62].

We consider de Sitter background spacetime 7y, with Hubble scale H:

Ywdrtdx = (—Hn)(—dn® + dz* + dy* + dz*) . (B.0.1)

Since we discuss the linear instability of the massive graviton, it is sufficient to analyze
the Fierz-Pauli massive gravity. Up to the quadratic order in the perturbation around
the de Sitter background, the action is given as

1 1 H? 1
S = M, / d'z\/Ay [—L—Lvahmvahﬂ”f + gVahVoh - = (haﬁhaﬁ ¥ §h2>
2
L (W hag — hZ)} ,  (B.0.2)

where V, is the covariant differentiation associated with 7,,. In order to discuss Higuchi
ghost, we will focus on the helicity-0 mode. It does not affect the kinetic terms of the
other modes to change the background spacetime from Minkowski to de Sitter, and hence
they remain healthy as shown in Sec. 2.2.1.

Focusing only on the helicity-0 mode, h,,, is decomposed to four variables as

hoo =0, hoi = 0;¢, hij = 0;0;f — dijx - (B.0.3)

These four variables are to be reduced to one variable, since the action (B.0.2) is free
from BD ghost and so contains only one helicity-0 degree of freedom.

Now, we perform the Fourier transformation with respect to #* and rewrite ¢, f, x in
terms of ¢(k, n). Variation of the action (B.0.2) with respect to h*” gives equations of
motion for b, equivalent to Egs. (2.4.12)-(2.4.19) for h{7) with T, — 0and m2g — m? in
Sec. 2.4. From Egs. (2.4.12) and (2.4.16), h,,, satisfies the transverse-traceless condition:

h=0, (B.0.4)
V=0,
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with which hgy; and h;; are rewritten in terms of hgg as

Z hii = hoo (B.0.6)
. 2

@hio — h()o — Eh()(), (BO?)
. 2

alhl] - hOj - ;hOj . (BOS)

Egs. (B.0.6)-(B.0.8) with the aid of the equations of motion for hgy:
2

.2 m
[—8,27 + azal + 5877 2 2:| h[)() (B09)

determine hg; and h;; in terms of hgy = 1 and ¥ [61] as

;i
hoi(x, n) = _kg [ - —lb } (B.0.10)
0:0; [ 3(2 00 4 M= 6
ot ) = 5 |-R00 - 3 (51# )]
1 —6H
— o |20+ 28w (Bo.11)
Then, the action (B.0.2) is written in terms of hgo as
M2 m?(m? — 2H? m?
S:/dk/dn = (k4 )@zz{ 07 + 0,0' + a +H2n2] . (B.0.12)

This expression indicates that the sign of v’s kinetic term flips at m? = 2H? and the
helicity-0 mode becomes ghost when m? < 2H?. This helicity-0 ghost is called Higuchi
ghost [62].



Appendix C

Residual gauge transformation

In this section, we show that the mode which corresponds the pole at ‘00 = —4H? is
unphysical and has no degree of freedom in the perturbative solution Eqs. (5.1.2)-(5.1.4)
in the DGP 2-brane model with a scalar stabilization, because the terms proportional to
(‘0 4 4H?)7'T™) are totally canceled out each other by a residual gauge transforma-
tion [34].

In Chapter. 4 and 5, we adopt the Newton gauge (4.1.11)-(4.1.14). As is shown in
the following, however, these gauge fixing conditions do not completely fix the gauge
degrees of freedom: when spin-0 mode’s mass becomes ‘(] = —4H? and equivalently
spin-2 mode’s mass becomes (] = 4H?, there exists a residual gauge transformation ¢ as

1 X L .
gy = §a28y (ﬁ) s 5“ = —§7H X’V, (COl)

where the scalar X is the generator of this transformation and the Newton gauge condition
hy, = 0 is preserved under this transformation. By this residual gauge transformation,
the trace part of the metric perturbation ¢ varies by

d¢p = —d'ad, (£> X (C.0.2)

a? a?’

where we used ‘00X = —4H%X. From h,, = 2¢, we can also calculate ¢ by computing
the variation of h,, by the residual gauge transformation as

5 = %ay (aQay (%)) : (C.0.3)

Equating these two expression for d¢, we obtain an equation for X:

- 2
LUNX =-ZX. (C.0.4)
a
which is identical to the equation for the spin-2 mode (4.1.15) when *00 = 4H2. On the
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other hand, the residual gauge transformation X changes the spin-2 mode (5h$T> by

1
5h;(3;T) == (vuvu - ZV;WZLD) X. (005)

Egs. (C.0.4) and (C.0.5) show that the spin-2 mode generated by the residual gauge
transformation X consistently satisfies the original equation for the spin-2 mode (4.1.15).
Also, we can show that d¢ given by Eq. (C.0.2), or equivalently by Eq. (C.0.3), satisfies
the spin-0 mode’s equation (4.1.17) when “0J = —4H?2. Hence, there certainly exists the
residual gauge transformation given by Eq. (C.0.1).

Next, we study the boundary conditions for the modes generated by this residual
gauge transformation. Focusing on the gravitational sector, we ignore the matter field
assuming 7}, = 0. Then, both the spin-2 mode and the spin-0 mode are sourced by
Z4y which satisfies (‘00 + 4H?)Z1) = 0 from Eq. (4.1.29). Also, the solution of the
spin-2 mode hgT) becomes proportional to (VMV,, — ify,w‘lD) Zyy from Eqgs. (4.1.27)
and (4.2.7). Such spin-2 mode can be erased by a residual gauge transformation as in
Eq. (C.0.5) to yield Z) = 0 by the junction conditions for the spin-2 mode (4.1.26).
When Z4) = 0, ¢ := 0 is the only consistent solution of Eqgs. (4.1.17), (4.1.30), unless
we fine-tune the background solution. From the above discussion, it is shown that there
exist critical poles 400 = —4H? for the spin-0 mode and (] = 4H? for the spin-2 mode,
in which both spin-0 and spin-2 modes are considered just as gauge modes generated by
a residual gauge transformation. These gauge modes are not physical modes and in fact
we can show that these modes are canceled out each other, namely, the identities (5.1.8)
and (5.1.9) hold, as follows: first, we set the spin-2 and spin-0 modes at their critical
masses to zero by an appropriate gauge fixing, and then we consider pure gauge modes
h&TfJ and ¢. generated by a residual gauge transformation with a generator X that yields
Z(+y = Zo. From Egs. (C.0.2) and (C.0.5), the gauge modes are written as

1
h(ﬂ? == (vuvu - Z’Yuu4l:l) X7 (COG)
X\ X
¢ = —a aay (ﬁ) - ; (007)

Imposing that these modes satisfy the junction conditions, we obtain the boundary con-
dition for X as

X
a’d, (?) =27y — 2riDa? H? Xy, (C.0.8)
y=y+
at y =y, by Eq. (4.1.26). Substituting Eq. (C.0.8) into Eq. (C.0.7) gives
be(ys) = —2H, Zy — > H*(1 — 2rDH )X . (C.0.9)

On the other hand, X and ¢, can be written in terms of Z; using Egs. (C.0.6), (4.2.7),
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and (4.2.10) as

ui (y+) 4 vZ(y,)
X =4y M 7 e = i Zy.
ZZ-: 2H? —m}"" 3MBa2 H2(2r P H, — 1) Z AH? + 27"
(C.0.10)

Combining Eqgs. (C.0.9) and (C.0.10), we obtain the identity (5.1.8). We obtain the
identity (5.1.9) similarly from Eqgs. (C.0.8)-(C.0.10) by considering the junction conditions
at y = y_ instead of the ones at y = y..






Appendix D

ghost stabilization scalar field

Here, we present the condition in which the spin-0 mode becomes ghost in the DGP
2-brane model with a scalar stabilization [34]. We decompose the induced-metric per-
turbation Buu into the mode-expanded transverse-traceless part and the mode-expanded
trace part:

_ =i 1 -
b =Y i+ 7> 09 (D.0.1)
i J

Rewriting the effective action on the (4)-brane in terms of BEZZ and AW, its kinetic terms
should take the form as

Sun = Y [ oy TFHO (O - 2 — mHif)
n Zﬁj/d4:ﬁ /R (0 — )R | (D.0.2)
j

with some constants «; and ;. When we assume that the matter field localizes only on
the (+)-brane, the matter action that couples to the metric perturbations is given as

Smatter = Y _ % / d*z/=7, TR + ) % / d*z\/—3,ThY (D.0.3)
i J

Comparing the equations of motion given by the variation of the effective action Sk, +
Shatter With Egs. (5.1.2) and (5.1.3), we obtain the expression of «; and §;:

M
Q; = ; D.0.4
52000 (D04
OMEat (2rSIH — 1)2(p2 + AH?
g, = 2% i )k ). (D.0.5)

1280%(y2)

Eq. (D.0.5) implies that the sign of the kinetic term of the spin-0 mode flips at y; = —4H?,
and hence the spin-0 mode becomes ghost when p5 < —4H?. On the other hand, the
signature in front of the spin-2 mode’s kinetic term stays positive and healthy. However,
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as is shown in Appendix. B, the helicity-0 mode in the spin-2 mode becomes ghost when
0 <m?<2H2



Appendix E

Doubly coupled matter in bigravity

In the presence of a matter field that couples to both metrics in the ghost-free bigravity, so-
called doubly coupled matter, BD ghost reappears in general, since the coupling between
two metrics through the matter field breaks the specific ghost-free interaction form.

The ghost-freeness proof of the ghost-free bigravity discussed in Sec. 2.3 can be easily
extended to the case in which there are matter fields that couple to either metric. In this
case, the contributions from the matter fields can be totally absorbed by the redefinition
of Ry and R; or Ro and RZ in all the constraints, which makes the fundamental Poisson
brackets (2.1.7)-(2.1.9) totally unchanged. However, a matter field that couples to both
metric in general breaks the ghost freeness. Basically, this is because two kinetic terms of
the doubly coupled matter field that couples to the respective metrics make the conjugate
momentum of the matter field to be nonlinear in the lapse functions. The doubly coupled
matter disable to define such a new shift-like vector that makes the Lagrangian linear
in the both lapse functions. Then, the constraint that corresponds to C disappears and
BD ghost reappears. Therefore, the doubly coupled matter model considerably restricted
because of the BD-ghost reappearance.

One simple solution of this problem is not to introduce the kinetic term of the doubly
coupled matter [35]. Another particular example of a ghost-free theory with a doubly
coupled matter ¢ is

S = /d4x\/_

Pl +2m2ME Z Cn€n<\/9“ G + 00,0 0,,¢)>]

MR 1
+/d4x\/—§ AP —§gwau¢ay¢] , (E.0.1)

where « is a constant. In this model the BD ghost is absent, because the action is
rewritten into the form with no coupling to the metric g, , after a field redefinition as

Guv = Gy — 0up 0,6 (E.0.2)

The remaining kinetic terms contain no higher temporal derivative terms after the re-
definition (E.0.2), since the temporal derivatives of the lapse and shift functions are
removed by integrating by parts as in the case of the Einstein-Hilbert action. In addi-
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tion, Refs. [36,38] show that a model is ghost free under the strong coupling scale of the
ghost-free bigravity, when a matter field canonically couples to a composite metric gff,,),

which is given as
99 = 02g. + 20890, Y5 + B2Gu (E.0.3)

where Y/ is defined in Eq. (2.3.5).
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