Crossed Burnside rings and cohomological Mackey 2-motives
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HEE MREREAORHANEZ S AZID, HRAOALS FITEREBIGRCRD £ L. 2Dz h b Tl
L ERFES.

AR, HHAATE, 17r K e o [OTY] o |G TH 5.

G WEHEREE, kIZAIR Y 3 5. Mackey 2-functors ¥ Mackey 2-motives @ Balmer-Dell’ Ambrogio ¥
i ([BD20)) 1%, FEHICZ L O TICISHMRETH 5. ZOMEIMLTIORTZ L OBED 7 —~ULE Y L
T D5 ED Mackey 2-motives IZHIHIZNTVWA I Z/RLTWVWS ©

o BEFHICBYS k LD G OBEE kG T3 kG-NEEOB M(G) = kG-mod.
o ZHHITHT 3 kG-mod DEKE M(G) = D(KG).

o [HZARE b —aICBIF 5 G-spectra DHRE + E—E M(G) = SH(G).

o JERIHEEINICH T 5 G-C*-fRED Kasparov B M(G) = KK(G).

RO FXER T —~OLEE N ET 572912, Balmer & Dell’ Ambrogio & Mackey 2-motives @
BES - 24U Grothendieck 12 & 2 REGR(T2212 B 3 pure motives D plain 1-ED 7 A 7 7 IAFE X 7z
WCEREL 7. 513 M(G) 725 onfZzililill 3 & flAao Mk z €5 — 7t Xidh s d 2E0I2E T
% W O A fiE

G~ (G e)® (Gea)® - ®(G,ep), (0.1)

772L, e & kAR Mackey 2-motives DM kSpan(G, G) ([BD20, Definition 7.1.7]) OHAL 1-cell Idg -
G — G OHCRE EndlkSp/a\n(G,G) (Idg) OREHIL, KR L. 2L T, & End[kSp/a\n(G,G)(IdG) s
Yoshida 12 & D EA X NIRIAN=2H 4 FE BL(G) ([Yo97]) LHETH % Z ¥ % L 7 ([BD20, Theorem
7.4.5]). E51Z, #5613 [BD21] T cohomological Mackey 2-functors ¥ cohomological Mackey 2-motives
DFFRELAN Lz, @% Mackey 2-motive ¥ cohomological Mackey 2-motive D% % G RT3 72
12, 151 [BD21] T i Mackey 2-motive % cohomological Mackey 2-motive 15 D FHHF P ZELA
L7z, XREOFEE (0.1) & Mackey 2-functor M %3 2 21 Xk D 7 —~LE D55 fiR

M(G) = M(G,e) @ -+ M(G,ep)

192 225 [BD20] ® 1 2D FEHITH -7z, [BD21] TENRHEOFE (0.1) WRET P 2iidZrick
D, cohomological Mackey 2-motives D€ F— 7 57 fi#

G~ (G7 PG(el)) O D (G7,0G(3n))

PEOND e ZmLiz. 2L, W DhD pale;) 72bld 0 L A25EBHDZL VI FRTHS. ZIT,
LUT D & 5 72 BRI DD TED .

. pele) =0 EBBEBAEET ¢, € B (G) £HET&.
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COMEOFHIZ, HBREDE k 12xid % [BD21, Theorem 5.3] DFEE AL (Theorems 3.2, 3.4, 3.5)
25252 THB. ROHMWIEXK, Z FO G ORAN=VH 4 FEROFMNEHFTLERET L2 THS
(Theorem 1.2). FEHEESAHMEER O LORAN—2 34 FEE BG(G) DI RTOFIMBNEFETLOIR S 2T
%7912, F41E Bouc ML 7z Green functor Bz B (G) D7fR%E 5% % 7-9)5MF % (Proposition
2.5).

COWMEDKRIILL T D@D © Section 1 T, BANA—H A FEROEH L EANME21H3 5%, Section
213 Bouc 12 &% Green functor iz £ 5. AREMNTIE [Bo03b] THL 6N TEH 2, IGHE
LT B§(G) D% 5% 5. Section 3 T, Mackey 2-motives D€ F— 7 ROEET P ic k5%
LT, cohomological Mackey 2-motives DEF — 7RO 2 H N2 idik 5 5. FHT, RoN—2H 4 FE
D EDJFIENEEHILA, Balmer & Dell’ Ambrogio 285 A L7z pe ([BD21, Theorem 5.3]) DRI E 42 5
ZHET 27005 ELZ 3.

ARTE, GIRHEAIC e ZHOHMRE, kIZEMCE O IR LTOR S LTHEETS 5.

1 §N—2HYA KRB

GOk EORIA—>H 4 FEZEGHT ([Bo03b], [OYO0L], [Yo7)). IEDIEHT G EA YL 2% LIS
G % G ehl. BGEEDA (category of crossed G-sets) 1& G H:EG G° Lo GHEEDETH S : 7}
G AL (X,q), 2L, X 2 GHES, a: X - G GEERTHY, # G H£E (X,a) »b (Y, 5) ~
DL, GER f: X =Y THY fof=a%iilcddbords. BN—25A1FE (crossed Burnside
group) B¢(G) i # G £EOEDIELANCEIT % Grothendieck ##TH 2. [X,a] TR G HEE (X,a) D
AL T5. (X,a) & (V,0) 257008 G (AL T3Y, 7 GHAEDHE, (X x Y,a.5) TEE 57t
GHRAETHS. 2L, X xY BNAERTEES GHEE, a.f iF (a.f)(v,y) =a(z)by) TEES GH
X XY > G rF5. ZORGELOREBIFLMETIRTHY, T, B(G) hEED 5. B(G)
BEOME 215, Redzhz G O MN—28A RE (crossed Burnside ring) 2R, ZOBDH
BEIE [o,ua], 72750, o 21 GRS, ud e DITE G OBRITTICS>F G EETHS. B GBS
(G/H,my), 72721, H<G, mg:G/H — G & my(gH) =9%a := gag~' (a € Cq(H)), LFRETH 35
GBI, MR G A LIRS, Po 38 (Ha) (H< G, ac Co(H) 2hORTEEL T5. B
GiEHBUTED PoicfBIL, 20 G o efERE [Po] £ &<, (H,a) € Po oL T, # G HRaE
(G/H,m,) OFRWE% [H,alc $71& (G/H), ©KF. %8 {[H,de | (H,a) € [Pe]} & BY(G) @ k 3
EE 2T EAHSRTYLS (JOY0L, (3.1.¢)), [Bod3b, Corollary 2.2.3]). Ab_— 44 FE BS(G) Id—
YA RER Br(G) Z#0ERICH D (see Lemma (1.1)). fREIRI k=Z Ot & B(G) (or B4(G)) t&#X<.

1.1 Some maps between B(G) and B°(G)
BRERME ok, : BY(G) — Bi(G) %
(G/U)] = [G/U]

T, & Bu(G) - BS(G) &
[G/U] = [(G/U)].

WEDZNZIED B, of oug =idp q) PDILODT, N=H 4 FE B(G) & Imug, EA—HTE 3,
Bu(G) = J] k
HeC(G)

L35,
[G/U] = (¢5(G/U)) rec(a),

EEL, ¢%(G/U) = mve((G/U)) = {gU € G/U | H < 9U}, THA S5 MEBHERB G ¢~
Bi(G) — By(G) DMFET 5. #0 B H < G 1ML T

Zéss — ZZS



THZ 6N BBUEFRIER &% : kOg(H) — k 13 k ORI kOg(H) ® augmentation map & IFi¥h
% ([MS02, Definition 3.2.9]). kCq(H) OFL7zb DEMER [[ 5. ZkCo(H) O G BERD R TN ERE

G
Bi(G) = (H Z[kccaf))

H<G
TRY. BUERGE &Y Bi(G) — Bi(G) %
(rr)n<c = (5 (@) rece)

T, % Bu(G) = BY(G) %
(yu)ueca) = Yu)u<o,

72720, K<GHPHDGIZBIIZHEZLAMTHEILE g =y £ T2, TERZNED L. HLHIIZ,
g olg = idg, () PO D, HHEE H < GITHLT,
Pi(Ds) = > Is=> t{gDe(G/D)" |9s =1}t
_qDG(G/D)H teG

ERENCHR L CER S N A BRUEERTIEG oY BY(G) — E&(G) PIFET 5. Burnside homomorphism 1%

= () rec(o  BUG) = BL(G)

LLThALBNS. fiifDkd, k=ZDr %, LIELIEg, ¢, ag, 1q L Z ZHMBLTEL. XD
ZHEfHS 5.

Lemma 1.1. (i) The diagrams

Bi(G)—£- By(G)  BYG) — B(G)
a'gl iafg ,,ng @T (1.1)
By (G) T Bu(G) By (G) — Bi(G)

are commutative. B
(ii) Let x € BS(G). If ¢%(x) = i%(y) for some y € By(G), then ik ok (z) = .

Proof. (i) WIS, (i) ZRT. akoik =idg, ) PWDILODT, (i) XD, UTHHES :

Phougoag (@) =g o ¢* o ag(w) = i 0 g 0 P (x) = i§; 0 &g 0 iG(y) = i (y) = (@)

WoT ik odk(z) =2 25605, O

1.2 Primitive idempotents

BN—H 4 FEROBFUAREFHEITIE Bouc ([Bo03b]) 721k [OY01] TSR TWS. Q LOAN—VH A R
B Bq(G) olitta~ =% E, Gluck ([GI81]) ¥ Yoshida ([Yo83]) i & W Hic G2 57z, Be(G) @
FIANEEITTE, G OO HOLEBNC XD index FIFENTWS. #HOHE H T index {1 A IAN
EETLR e € Bo(G) £ &L N—=rH 4 FEB B(G) DA EZEITIE Dress OEM ([Dr69], or [Bo00,
Corollary 3.3.6]) \2 &k 2. G OEDRE H 13, ZOMTEDRE [H, H] ¥ H £EFE LWL E, TEREIHE LT
BNz, C(G) TG DRRHIH» SR ZHEHD 1 2O R2REREXRT. HO9#F H<GIE K <G
EGHEBETHBLE, H=¢ K t&L. &0 H <G LT, FARESTHEL 25 H Of/NDOIER
ot He &L, H£E

{15 = Yoo el Jecx@)

H>~=¢gJ, HEC(G)
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¥ B(G) D3I RTOFIRELETLOREEGTH % ([Be9l, Corollary 5.4.8 (Dress)]). FRUEFTIER 1 : B(G) —
B°(G) &, B(G) OHEOBEREETED 16(f9) (J € C°(G)) DRNDHRE G 2. RAGAESE
TRB 16(fG)'s BEETRTO B (G) DEUMREHTTHS - L 2AEHT 5.

ROFEHEIAREO LEHDO O DTH D, Theorem 3.2 DFFFIZIGH 5.

Theorem 1.2. The set of elements tc(f5), for J € C®)(G), is the set of primitive idempotents of
B¢(G).

Proof. BS(G) DILEONEHLE 2 55, [MS02, Corollary 7.2.4] 2k b, ZCq(H) (H < G) &, H
HENEHTLOHLEDODT, B2 yc UG) KWHLT ¢(z) =ia(y) tET 2. ZOFEHEL Lemma 1.1 (i)
&Y wgoag(r) =z BELNE. ZoFFICED, RelE 2 ¥ ag(r) € B(G) ZRA—MHLT IV, T
ag : B(G) — B(G) ZBRUERMESLTH 505, ag(r) 1 B(G) DREHLTH B I LS. EoT,
B(G) DFRTONELEE B(G) DTXRTONEELTH 5. O

Theorem 1.2 kD, J € C®(G) TA ¥ F v 7 213 & re BS(G) DEIMREETE T LRLTEL.
k=Q ®r 2o K (1.1) %

Q Q

Bg(G) 4~ B§(G) Bg(G) 2 B§(G)
l Ja¢ T 2] (1.2
Bo(G) —=Ba(G)  Ba(G) —z= Ba(@)

TET.

o1 ([0Y01, (4.2)],[Bo03b, 2.3.1]) & BS(G) » MR ZG Ol ZZG ~DRHERIMUEGRTH 2025,
1(lpee) =1 THBIepbrd. XDEHICE R, KAl of OBRY LT ZZG ORIEE 525 &5
% BY(G) DL o # lpeq) 232 2N TEZDTHS.

Corollary 1.3. Let 7? be a primitive idempotent of B¢(G) with J € C*(G). Then
QG _ 1 J=1,
ei(fy) = { 0 otherwise.
Proof. #i5#f H<G 2t 3. Zor %, KK (1.2) &b
pric(eq) =

[0}
— 1 H= )
*{ 0 otherwise
Li2BDT, R|AGLITEZS !

= Y edER)
H>~=gJ,HEC(G)
:{ 1 J=1,
0 otherwise.
O
K 25 0 o+ KR&ERAE T 5. By(G) DREIGREEILE [OY01] & [Bo03b] THESINTWVWS. %
NoDFEMNEEITLIE G OFEIHE H ¥ Co(H) DR K IEETA YTy 7 AN TSR TWS. ey &
B (G) DFMRERL T 5. engld BY(G) DEMRESRTT o ZHVT e = ¢ ' (Cug) THABNS
([0Y01, Theorem (5.5)]) DT, F 4l Theorem 3.4 DFEHTHW SN ZRDIERZ1GS.

Lemma 1.4. Let e g be a primitive idempotent of By (G). Then

K o €p H = 1,
prleme) = { 0  otherwise,

where eg is a primitive idempotent of ZKCq(H) (c.f. [NT88, Theorem 2.22]).



2 ldempotents of a p-local crossed Burnside ring

O 3 0 DFEIHBERUS AR, ZORK & 3B p >0 THOREWKRETSZ. O Lo G ORpN—H
4 R Bg(G) DRz 57912 Bouc HERDW L DHhDFEREER L, Green functors DIEARKIIEE % %
D5,

2.1 Green functors

7e k INEEDME k-mod 2% ¥ 5 G ® Mackey functor M X, R G £E5DEH 5 k-mod ~NDET
DX M = (M, M*) TULTDRMZHMIZTEDTHS !

1. Let X and Y be any finite G-sets, and let iy (resp. iy) denote the canonical injection from
X (resp. Y) into X UY. Then the morphisms

(M..(ix), Mu(iy)) : M(X) & M(Y) —» M(X UY),
( M Gix) ) CM(XUY) — M(X)® M(Y)

are mutually inverse isomorphisms.
2. Let

be a pull-back diagram of finite G-sets. Then
M, (b) o M*(a) = M*(d) o M,(c).

G D k @ Green functor A 1, G £A X £ Y & k-bilinear maps A(X) x A(Y) = A(X xY) 28
UTOMWEZR =T E57% G D k I Mackey functor A TH 5 :

1.If f: X - X' and g : Y — Y’ are morphisms of G-sets, then the squares

A(X) X AY) — = A(X x Y) AX) x A(Y) —— AX x Y)
A*(f>><A*<.q)l iA*(fxg) A*(f)xA‘(g)T TA*(fxy)
A(X/)XA(Y’)X—>A(X’><Y’) A(X’)XA(Y’)X—>-A(X’><Y’)

are commutative.
2. If X, Y and Z are G-sets, then the square

id 4 (x) X (X)
A(X) x A(YY) X A(Z) —— A(X) x A(Y x Z)

(X)XidA(z)l lx

A(X><Y)><A(Z)x—>A(X><Y><Z)

is commutative, up to identifications (X xY) x Z~X xY x Z ~ X x (Y x Z).
3. If e denotes the trivial G-set of cardinality 1, there exists an element 4 € A(e), is called the unit
of A, such that for any G-set X and for any a € A(X)

A.(px)(axea) = a= A(gx)(ca X a)
denoting by px (resp. ¢x) the projection from X X e (resp. e x X) to X.
GHEX, Y, acAX)tbe AY) lTHLT

axPh=A.(t)(bxa) € AX xY),
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7272l tiEGEBRY x X - X xY;(y,2) — (z,y), £3B<. Green functor A @ center Z(A) & G %
& X LT
Z(A)(X) = {a € A(X) | VY, Vb € A(Y),a x b= ax° b}

LIEFRT D ([Bo97, 12.1]). BIF Z(A) i A ® sub-Green functor ¥ MEIN 2D DI 5. e € Z(A)(e) ¥
NEHLTHD L &,
(e x A)(X) = e x A(X) C A(X)

T A DIHAEF e x A DERINS. TOLE, exAlde=exey € (ex A)(e) BHAITTIZED A D
sub-Green functor £ 7% %. LIF, H <G WML T, ®RE No(H)/H 2 W(H) &L,

|G| DZEEBDS> B, ZE p ODADIEAHIE, p LAAEITRTAILTHS8%E R 35, RLOGD
Burnside ring Br(G) OFMHNEHEICIE, Dress (X DESH TS ( [Dr69], or [Bo00, Corollary 3.3.6]).
G DIEFEAE DS B, FRED p B R 2N DOb D% OP(G) &HEL. AREE J & OP(J) = J ZHies
¢ & p-perfect TH % IEN5. CP(G) & G D p-perfect subgroups DIBFHDO U0 DDELERERL T
5. HBH

{#5 = > chlJeC @)}
Or(H)=¢J, HEC(G)

¥ Br(G) DFMNZETORETH 5 ([Be9l, Corollary 5.4.8 (Dress)]).

P8 Ind§, BAR Infy,o FORIEE Boue DL 27 F v —/ —+ [Bo97] EBRE AL,

Theorem 2.1. [Bo97, Proposition 12.1.11] Let R be a ring in which every prime devisor of |G| is
invertible, except for p which is not invertible. Let A be Green functor for G over R. Then there are
isomorphisms of Green functors

A~ P f§xA (2.1)
JECP(G)
and
Ne(H) [ (W(J
[ xAx~ IndgG(J)IanF(S)> ( 1 SERN (Reng(J>A)J> . (2.2)

2.2 Dress construction

Bouc 12 & D EA X7 Green functors ® Dress M ([Bo03a]) 23 5. [0Y04] THEHL ST
W5,
SIFEER GHEELT5. M= (M, M*) 2 G k LD Mackey functor TH % & =, BT Mg 26R G
£EY ITHLT,
Ms(Y) = M(Y x S),
GHE f:Y = Z LT
(Ms).(f) = M.(f xids), (Ms)"(f) = M"(f x ids)

LEDBE Mg 1d G D Mackey functor 27D, FHZ Mg(e) =2 M(S) 23 D D.

T4 FEHCHABICE S GIEH%ZbDOE/ 4 F%E G-monoid ¥ WX, G-equivariant monoid homomor-
phism % G-monoids D W5, GE/ A F S bt p: 5 — G° DX (S,¢) 2 G €/ A K (corossed
G-monoid) &\ 5.

RDAED X 512 Green functor A Y& G £/ 4 K S 75 Green functor Ag %15 % MikiklZ Dress i
IR FEN T WA,

Proposition 2.2. [Bo03a] Let (S,¢) be a crossed G-monoid. If A is a Green functor for G over k, let
Ag denote the Mackey functor obtained by the Dress construction from the G-set S. If X and Y are
finite G-sets, defined a product map xg: Ag(X) @ As(Y) = As(X xY) by

Va € Ag(X),Vbe As(Y), a®@b— axgb= A(c)(a x b),

where 0 : X X SXY xS = X xY xS sending (z,s,y,s") to (z,p(s)y,ss’). Moreover, denote by a4 the
element A, (f)(ea) of A(S) = Ag(e), where f is the map sending the unique element of e to the identity
element of S. Then Ag is a Green functor for G over k.



2.3 Decomposition of a crossed Burnside ring over p-local ring

X GHELTE. b(X) 2 X Lo GHAEDED Grothendieck group &35 : a G-set (Y, ) over X
is a pair consisting of a finite G-set Y, together with a G-map « : Y — X, and a morphism of G-sets over
X from (Y,«) to (Z,8) is a G-map f from X to Y such that So f = « ([Yo90, Section 9], [Bo97, 2.4]).
Let (Y, ¢) be a G-set over X. If f : X — X’ is a morphism of G-sets, then we put b, ((Y,0)) = (Y, fo¢).
If f : X’ — X is a morphism of G-sets, then we denote by b*((Y, ¢)) the pull-back (Y’ ¢') of (Y, ¢) along
f, obtained by filling the cartesian square

Yy —2>Y

J )

X,—f)X

If E = (U,¢) (resp. F = (V,¢)) is a G-set over X (resp. over Y), we denote by E x F' the G-set
(U x V,¢ x ) over X xY. Then the product x can be extended by linearity to a product from
b(X)®zb(Y) to b(X x Y).

Proposition 2.3. [Bo97, Proposition 2.4.3] With those notations above, b = (b,,b*) is a Green functor
for G over Z.

FAN— A FER Bi(G) 25X % Green functor B3XD L 5136125, G HBE X ITHLT ki(X) =
k®z b(X) tBL. ROA#EE Proposition 2.2 22 54E5 .

Proposition 2.4. [Bo03a, Theorem 5.1] Let kb = (kb,,kb*) be the Burnside Green functor for G over
k and G° := (G¢idge) be the crossed G-monoid. Then kbge is a Green functor for G over k and
kbge(e) = Bi(G).

Fx3x 0 LD G ORIAN=VH A REE BY(G) DOfi%E1F5.

Proposition 2.5. Let R be a ring in which every prime devisor of |G| is invertible, except for p which is
not invertible. Let {f$ | J € CP(G)} the set of primitive idempotents of Br(G). Let Rbge be the Green
functor for G over R. Then there is an isomorphism of Green functors

Rbge ~ @ f§ x Rbge (2.3)
JeCr(G)
and
Ng(H W (.
J§ % Rbge =~ d§, Tt ye (" ( VO (RCSgG(J)RbG(:)J> . (2.4)

In particular, there are ring isomorphisms

By(G) = P &(f7)BH(G) (2.5)
JECP (@)
and Wi
S()BY(G) 2 i (1) BEW (). (2.6)

Proof. Theorem 2.1 ¥ Proposition 2.4 12 & D F4 1% Green functors O (2.3) & (2.4) 2135, A%k

Green functors O 17 G HE (1 58 G RE) OTRIRL T, Bl (2.5) & (2.6) A% [Bo00] Corollary

5.7.6 26155640 5. O
&(fE)e = e BTz T TR TOBUANEEIT e € BE(G) &L Boue ® 0-1K8%

A(G) := BH (G (ff)

o1
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EB< ([Bo03b, 3.2.3]). i3 A(G) DT NTOFIAREFILEPIE L7 ([Bo03b, 3.2.11]). Zhbid, ZkG
D p-blocks TA ¥ 7Ty 7 AHFENTVWSB. p TRy 2 ic ZkG iTHIET % A(G) DFMHNEETLE ic &
# <. Proposition 2.5 @ (2.5) 26K A 1EA 7 7LD ER iR

By(G)= @ AW(D)

JECP(G)

2155, RAE

op

{iwn € AW(T)) | J € CP(G), i€ ZkW(J) : p-block}

& BS(G) DEMMNEETAKOEATHS. X612, RAWE, BY(G) DEMANEETLOML LTOETR

1= > W) (2.7)
JeCP(G),i€e ZkW (J): p-block

2135, AW(J)) (J € CP(G)) DRRICE D, RABUTOMELE 5.

Lemma 2.6. Let iy (y) be a primitive idempotent of B (G), for J € CP(G) and p-block i € ZkW (J).

Then
Oy _ l J = 1;
P1 (ZW(J)) ~ 1 0 otherwise.

3 Images of a motivic decomposition by pseudo-functor Py

Mackey 2-motives @ k-linear bicategory Mack, := ([I<Sﬁa\n'f)" (see [BD21, Recollection 2.2]) 226 coho-
mological Mackey 2-motives @ k-linear bicategory MackS := (biperm)” (see [BD21, Definition 4.18])
D HBIF (pseudo-functor) Py \ZBF 24ER 2 1EE 3 5. Balmer ¥ Dell’Ambrogio (ZLAF OEF % FiEA
L7

Theorem 3.1. [BD21, Theorem 5.3] For every finite group G, there is a well-defined surjective mor-
phism of commutative rings pc : Bp(G) — Z(kG) sending a basis element [H,dla to 3-,c(q/m "a- The
pseudo-functor Py maps the general Mackey 2-motive &;(Gi,e;) to the cohomological Mackey 2-motive
®i(Gi, pa, (e;)), where (G,0) =0 in both bicategories.

Remark 1. The ring homomorphism p¢ above is same as ¢ in [OY01, (4.2)] and z; in [Bo03b, 2.3.1]. The
map p¢ is not only a surjective ring homomorphism, but also essentially a special case of the homonymous
one studied in [BD20, CH. 7.5].

k=7 ot %, 4l Balmer & Dell’Ambrogio 12 & % Theorem 3.1 DFEFELA TALD LSS5 5.
Theorem 3.2. For every finite group G, the pseudo-functor Pz maps the Mackey 2-motive
-G -G e
Gz(G’fl)@(Gvf(]g)ea"'@(G»me) (3'1)

to the cohomological Mackey 2-motive

G~ (G, pa(F) @ (Copa(Fe) - @ (G, pa(F5.) (3.2)
~ (G,1)® (G,0)®---®(G,0) (3.3)
~ (G,1), (3.4)

where {1, Jo, ..., Jn} = C=(G).

Proof. [BD20, 7.5.4] DEF — 7MW O#EH L Theorem 1.2 12 XD, RAFHEME (3.1) 2192, O D
cohomological Mackey 2-motive @ [FfEIX [BD21, Theorem 5.8] & Corollary 1.3 251§ 5415. O



Example 3.3 (Alternating group As). G & 5 XZARHE A5 £ 35, C°(G) = {1,G} £ 725 DT, Theorem
1.2 &0 {J9 oy 28 BS(G) DB~ ESTEah0EE L 5. 512, Bl [0Y01, 6.5 (F)] 12 & h R4,
JRAENEETTI B RHRINCIRE T 2 Z e S TE S &
77 =[As e + [Dio,d +[Ss,¢ = [C3,d = 2(Ca.d] + 1,6, (3.5)
?g = [As,é] — [A4,6] - [Dm,é] - [Sg,t’] + [0376] -+ 2[02,6] - [1,6]. (36)

FEEHILT pe(F) =1 & pa(fe) = 0 BT 3 2 Easbh 3. Lo, Theorem 3.2 & D
F Pz & Mackey 2-motive

G~ (GT) o (G Te) (3.7)
% cohomological Mackey 2-motive
G =~ (G, pa(T1) # (G, pa(TQ)) (3.8)
~ (G,1) & (G,0) (3.9)
~(G,1) (3.10)

2903 Zehbhrs.

K3 0 Ot REWAL T3, Ir(KG) 1k G OFTXTOMMEROE G T4, ROEME, Lemma
14 ZHWEZickD, k=K O%EIC [BD21, Theorem 5.3] DEH(LELZTW5.

Theorem 3.4. For every finite group G, the pseudo-functor Px maps the Mackey 2-motive

G~ @ (G.emp) (3.11)
HeC(G),0ehrr(KCq(H))

to the cohomological Mackey 2-motive

G ~ & (G, pc(eny)) (3.12)
HeC(G), 0chrr(KCq (H))

~ P (G ralers)) (3.13)
0l (KG)

~ @ (G, ep). (3.14)
0clrr(KG)

O 3R 0 DFEMBERUIMEER, Fatk & 3B p > 0 DT REWAE T2, XOEMIE, Lemma 2.6 1&
k=0 O%HEIC [BD21, Theorem 5.3] DFEE(LELGZ TV 5.

Theorem 3.5. For every finite group G, the pseudo-functor Po maps the Mackey 2-motive
G~ o, (Gyiw ) (3.15)
JECP(G),i€ZkW (J) : p-block

to the cohomological Mackey 2-motive

G & (G, pcliv(n)) (3.16)
JECP(Q),i€ ZkW (J) : p-block
~ P (Gorclivny)) (3.17)
i€ ZkW (1) : p-block
~ p G (3.18)

i€ ZkG : p-block
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