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X: X-+ R: X f--t Xm(x) if X E Xm 

:a: x O)f,IT:mt J:-~~o 5'c x = (ai) E sit2 t::x,J-l,-C, 't"O) r {iO),it~l,f;:)lx;:5:tO)tJ:9~~.&~Ll 
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~~ 1 (?''57-1!-5~~) 6= (V,Ql) li1'f~N1'ffiil!l57, 3 Ii .X-;;f~t,t Ql2 O){r~71ffl 

-& , 0 : Qt x Qt ---+ R ti1J{jU::: 9 Q a :::. 0) t ~, t '<t ~~ t 9 Q ~t(;l'!k).;fi!H& Z3 ( t; 0) '<t, 
11~ 0 7'.J> G IB§~ ~ n Q tf fiil ~7" 5 7 6 0) -~l 5 7 -I! - 5 ~~ t 1,, -5 a 

~/::, Zrrt,.(t;0), Zrr, (t;0) Ii, 't"ti,.::fti,~/:: Z,:,.(t;0), Z~(t;0) --C-~~tl,Qa i;!W,i¥]t,t t,. 
-7''5 7-li'-:$? Ii, "t"O)@:!W,/:: j::31,,-c litf~N~tili-7''5 7 /::~t G-C5E~ ~ ti,Qa 1'f~N~tilW'5 
7 r = (V, E) 7'.J{ ~ Q t 9 Q O ffl-& V '<t nt~ffl-&' ffl-& E '<t illffl-& t \, \ 'JO JJt~ffl,&O) 
n'<r r O)]l,~, ill.ffl-&O)n'<t r O);i2J.t1,,-5a ill.li-t[l'i'F.tQ 2JJt~ u,v E V O);\I[ {u,v} 
t:EIM~nQo ill e = {u,v} /::xtG, 2-:JO)/lll'!~xt (u,v),(v,u) '<txtJ,t~ii, "t"tLG~ 

{.,f,;'<t Qlr --C-~9o 9f,t;b't:, 

Qlr = {(u,v),(v,u) I {u,v} EE} 

--C-~ Qa :::. 0) t ~, Qlr '<rtf fiilill t 9 Q1'JfiiJ -7''5 7 (V, Qlr) '<t, r O)~~~IPJ{r. t J: 'Cf 6r 

--c-~9o :::. 0) t ~, Wct .:z ti'Wffil:-!i'- :>? --c-~nt;f, 't"O)it!W,1¥Jt.t5E~ti, 

1:: J: IJ 5E i Q 11~ er : Qt x Qt ---+ R 7'.)> G ~*~ ~ tl,Q 6 = 6r 0) -7''7 7-li'- :>? Z,:,.(t; er) t 
l,-C5E~~tl,Qo 't"0)~0)!14~1¥J~~t9~-C::.O)~'""C'~~nQo 

{;Jtffil:-li'- :>? /::~ i Q !W,~1¥]t,t-li'- :>? Ii, 't" 0) ffil:!141:: }.,\,, -c Ii 1 :;t-1 5 -~~J --C-5:E~ ~ n 
Q::.t~~t~~--C-~Qo ::::.::.--c-~-®1¥J~~5EO)L'""C', ~57~-:$?0):;,r-15-~~'<t 
fflll l, -C}., < o 6 = (V, Qt) '<t1'J~N1'f fiiJ-7''7 7 t l.,, 0 : Qt X Qt---+ R '<r1J~ t 9 Qo Q(Z 0) 

=-:JO)n x,y i)!l'i'!]{f X ~ y --C-~Q t Ii, Jilf~ k E z 7'.)t(ftEl, y = >.k(x) --e~Q::. t '<t\,\ 
'Ja :::. :::. --e .x-1 li~~ft .X 0)~1J~, 9t.tv't:,1:11/7 I- '<t~9a 2-:JO))WJ;M,~ x,y 7'.J!icu 
{il'[--C-~nt;f, "t"tLGO)JWJMli-fi(9Qo 9t,tvt,=-:JO)~{lf: x E Xm, y E Xm iJ!l'i'!]{il'[--C­
~Q:::. t'<t, ~~1::~_iESJ.j9Q,:::_t7'.J{--e~Qo 3 '<t .X-;;f~t,t Ql2 O){r~71ffl,&t9Qo ,::_O) 

t ~, !m{u'i~~ ~ 1iJWlM£~{.,$; X LO)fm{il'i~~'<tl§..:Z Q 0)--C-, 't"O)~ffl-& X/ ~ '<t X 

1:'~9o ~ G 1::, ~ li~JWJM,~ffl-& Xm LO)icu{il'i~~--c-t ~QO)'""C', Xm = Xm/ ~ t B 
< t' X = Um2:1Xm '<r1i Qo X O)n '<rffi~t l, < li-lj-1? Jv t J: ✓~~o JWJM£ X '<t{~~n 

t9Qf/l!1~'<t [x] --C-~9o n X EX /::xtG-c, 't"O))Wj;lWO):J'&1J\{il'[ min{m IX E Xm} '<r, 
x O)~~M t J: tf' w(x) --C-~9o 1'JZ0)1ffi/fflli~~i¥]t,tjil!lfa/:: J: IJ ~iESJ.l--C- ~ Qo 

1m~ 2 {f:~O))WJ;M,~ x t"t"O)JWJM m /::xtG w(x)lm iJ!J1t:tz:9Qo 
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JWJ:l(Jh'K X = (a;) f::JtG, {f~O) w(x)-ffii~, X O)~[pt J:.~~o X O)*ffij;IJ!--:::>~/J:rt, 
t:::.. t ~, -t" O)*ffij ~ 1r(x) -r:-~i""-=. t iJ1i:lb Q o 18]{@:t~=-:::> 0) JWJ:ltJh'K x, y /il8J l5 JWJ:ltH:: ti-:::> 
0)-C, -t"O)*JWl:Mti-3& w(x) = w(y) 9Qo Gt:::..iJ1'?-c fi~ ~ = [x] f:::ttG-Cti, -t" 
O)~~!Ww(~) ~w(x) f::J:IJ;E'..9Q,:.tiJ1-C~Qa it:::., -t":rLGO)*ffii1r(x),1r(y) t> 
18]{@:tt~Q-:.t/iSJJGiJ>t~O)-C, ~ O)~ffiJ1r(x) iJ!1r(~) = [1r(x)] f::J:IJJE'.~-C~Qa ~ 
~ t ~ ti -:::>t'XO)~Ai'l~J;;i\W(~ 

~ B2 (t; 0) -C~i""a 3 = II~ 0)~-8'/i E~(t; 0) -C~ G, 3 = II~ 0)~-8'/i E":,_(t; 0) -C 

~9o 

~~ 3 ~ = (V,~{) ti~~Jl~[ci]:7''7 7, 3 Ii >.-::f~t~ Q(Z O)~~:fr~-8', 0: Qt x Qt-+ R ii 
'¥~ l'. 9 Qo ,:_ 0) l'. ~, ~A Zs(t; 0) = Es(t; 0) iJ!JJx.s'z:9 Qo 

-=. O)~~ Es(t; 0) ~ :7''7 7--1:l-:)? Zs(t; 0) O)~,( 5-~~ l'. 1,, ?a -15, ;E~Af:: 
t¥.ffl Gt:::..~~A Zs(t; 0) /i:J!§~~~ t J:.~~-=- t f:: i"" Qa ,WIJ t G-C, 3 = II~ f::Jti"" Q,ftt 
~-li'-:)? Z~(t;0) O);;d-,(7-~~ E~(t;0) iJ\ {itH1-9t~;E'.- [3, 4, 13] 1::-3&9Q,:.t 
~JJ.Q 2 0 1::~2-~wifO)tt*il.JJ.-rti, w~--1:l-:)? z~(t;01) O):;t,( 7-~~ E~(t;01) ti, 
IT,:;El'.(1-circ01(1r(~)t"'(E))-1 tt~Q7J1, ,:_O)~~Af::/i r~ttJ iJ1i:bQo 't"O) r~ttJ ~ 
~Uif~ti""t, {i~i'f'9t~;;d-,(7-~~/::-3&9Qo iftJi!§.x=(a;);EzEII~ /::JtG, ~fci] 

ill. a; iJ! a; = a;_\ ~ ri/ilft:::.. 9 t ~, a; ~ ai-l /:: 1'1°9 QI~ 'Y ? 1-- 5 o/ ? t J: -~~a iffji!§. x iJ! 
I~ 'Y ? 1-- 7 ',!I ? ~ 'b -:J l'. /i, X 0) J1x:fr/::J', ,y :7 r 7 o/ :7 iJ!{¥{f9 Q ~-g-/:: \, \? 0 J\ o/ :7 r 
7 o/ :7 ~ t> t:::.. t~ 1, ,iffJi!§.~ fBl~~lffi. t J: -~~a ~ ~ 0) II~ ii.t.BU0iff)Eg~~O) t~i""~-8' t 1,, -5 
-=. t /:: t~ IJ, X":,_ -C-t"O)JWl:lt§,~~{*0)~-8', 9t~;pt:, ~ 0)1.8l~'5f.ljffi.0)~-8'~~9a it:::.., 

p~ = {1r(~) I~ EX}, P":,_ = {1r(~) I~ EX'} t jS ~' p~ O)ji:;~ ~ O)~qj)i (~"if,(? 
Jv), P":,. O)ji:;~1Bl~~qJJ1 (1Bl~~-tt1'? Jv) t J:.~~a '¥~ 01 O)JE'.•iJ• G, 

. ( ( )) { 1, ~ E X', 
ClfCer 7f ~ = b 

0, ~EX\ X 

E~(t; er)= IT 1 - ~ro(E) 

EEP;,,_ 
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~Zfoo ;:O)~~!i, ~1it§li't?/:b~:ho f{¥@:·ll-:$(0)n:'.aJ (WUx.!J, [9]~~) r:­
~9 o o ;: 0)5i;O);t'Jllli E~ (t; 01) --c ib o;: t 1:a~9 o o ;: :n~ ffi8~~ /: W2M9 o t 

Z~(t; 01) /:t.too 9t.t:b'i:>, Z~(t; 01), Z~(t; 01), E~(t; 01), E~(t; 01) 0)[9~!i-~9 oo 
;::n1iWJJJ:-it'-:$(~~~~90'lJ~ 01 n\ ffEl~~~~{lf:J (n:'.a s ~~) ~mt::9;: tr: 
~lz.;I L,--n,oo ;: 0);: t /:--:J1,,--c liffi 3 ffii--C§lk.9 oo 

-HO)U~--c:t, *45-~~~ffi~~--cffi8~~~W2M--c~oo L,~L,, ffi8~~ 
~ *4 5-~~t:W2M9 o 1: Ii r*4 5-~{lf: J iJ!~,~--Cibo;: t iJ!~ G:n--c1i,0 [6]o t:: 

ti:G, ::~t57-it'-:$(0)•~1:1i, r*47-~{lf:J -JJ!s~1:mt::~:n--c1i,0 [7]0)--c, ,f 

57~-:$(~MG--c~ffi8~~t*45-~~~~ffl~~~t~oo~~--c~, ;:O)~O) 

•~~fi5~n:'.--cibon~ ~0)~~~~~77~-?(0)n:'.•~mx.~, ibo~~-e~ 
t.t~n:'.iJ!~~/:t.too J;)~O)~n:'.--C~0)1JH~~lUl9oo ~~.&~~::7··5 7 ~ = (V,sit) r: 
x-t L,' if~?}~~ 3 C sit2 Ii ,\ ... :::f W,': t 9 Q O fium X : X --t R iJ!~~--c ib Q t Ii, ~ f@:t.t 
x,y EX t::x,J'L,--C x(x) = x(y) iJ!JJJG.lI90;: t~1,,50 :flf:-?--C, ~ = [x] EX t:x,J'l,--C, 
x(~) :=x(x) li~!llF.t<n:'.a~:n--c1i,0;:tiJ!:biJ•oo et-?--C, x iJ!:::fW,':t.tGl;f'- t'JZO)~ 
5i;~¥;fl)J(8 

iJ!n:'.·--C~--C\i'oo ;::ti,~ Es(t;x) --C~9o ;: ;: --c Nm(x) = ~ {Ex w(x)x(1r(~)rfw(e) 
w(x)lm 

t r:, ~ (flfllm 2 ~~), ~5i;~¥;fl)J(8 

exp (L, N:x) tm) 
m:?:1 

~ Zs(t; x) --Cib G :P9o 9 o t jljjjJ210)x-f8~ t "? --c -/J> G .lli~V.tM•~~Ht o;: t t: et l'J, 
t'JZ ~ ~9;: t iJ!--C ~ oo 

$~4 ~ ~~~,&~~::7•'57, X !ill~ O)µ'fl;lt)t~O)t.t9~~t900 ;:O)t~, {f~O):::f 

W27ium X: X --t R /:x,J'l,--C, Es(t;x) = Zs(t;x) iJ!JJJGft900 

{=f:~O)'lJ~ 0: sit x sit --t R iJ!~*9 oZ!ll!~fium circe iJ!:::fW,':--Cib o;: t Ii BAG iJ>f.tO) 

--c, /f 5 7~-:$( /: ;t:,1,,--c :t, *4 5-~~1i1it!:ffi8~~r:i'f ~Mx. o;: t iJ!--C ~ oo 

--c Ii~ Ii c:' 5 -/J>o 3 C sit2 Ii ,\-:::f W2 t L,' fium X : X --t R :t -HO) :t 0) /: t Q O ;: 0). 

~--C:t Zs(t;x) lin:'.a--C~oo l,-/J>L,, Es(t;x) iJ!n:'.-~:ho/:!i, X O):::fW,':'t!iJ!~,~t.t 
0)--C, ;:O)~,~--C Zs(t;x) t Es(t;x) !i-8/:~{w[--C!if.tli';: tiJ!;piJ>oo Zs(t;x) 0)/;'t 

5-IJ! Es(t;x) et l'J f~li'J ~~--Ciboo fium X iJ!:::fW,':--Cib:hlJ, *4 5-~~ Es(t;x) 
O)n:'.a §{;,f,;!iPJ'ft~ti:iJ!, ;: O),IB!'.~--c:t i ti Zs(t; x) Ii E3 (t; x) /:~ L, < t.t G t.tli'o ~~ 
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/:Ii, ~ G/:::,flN'iUm x iJ! '*~1¥JJ c·26ttlJ, Zs(t;x) ~ Es(t;x) t::~~~x.0::. t 
iJ{-r:- ~ Q O ?irrm X iJ!*)!~-r:- 26 Q t Ii, {f:~O) JWJ:JtJt~ X E Xm /::xt L,, Xkm(x) = Xm(x )k 
iJ{{f:~O) §~~ k ~ l 1::xtv·ot:tz:i"" 0::. t ~\,\ 'Jo x E Xm f,t G IJ x E Xkm 1::a:~9 

00 ::f~iJ'--:J*~l'!kJt.t?irrm X: X-+ R ~:j:11/~t J: ✓~~o 

:7··57-1:l-??liTJll(E,l;i?irrmx t::xti""0 Zs(t;x) '1:'2600 -=c-Vc 1.l$?irrmcirc0 iJ!ffi,ffl{ 

'1:'260::.t~~M~b~00)'1:', ~O)M•~~00 

~~~~~~Y57t90o ::.::.-r:-~B=~tL,<~~0)-~0)h~-'Jo Y57 

~-??~MGL~,ffi~~~t*~7-~~~~-~~00 L,~L,,m*~~~~--r:-~ 
f,t\,\o i 9\ :7''7 7·t{-::$? /:Mi"" Q•*~~O);E~~fr ?o ~ = (V, sit) ~~~N~~:7•'7 

7 t 9 0 0 ~~ill~~ sit /:: liif:/i[il[ff ~..g.;z L}, < 0 'LJ~ 0: sit X sit-+ R /::ML, L, K)J 

fr~J (0(a, a'))a,a'E'<l ~ Mt!.(0) c'~9o '¥~ 0 iJ{~~9 Q~millfi~J t \,\ 'Jo 0 = 1 0). 

~iJ;:7··5 7:Fl./:: ;J=:,1,,Ljmm-1,, -5 t::. 0 O)illfi~Llc·26 00 ~~ t ~ t--:JM~1¥J•>Wk~ 

1 

det(I - tMt!.(0)) 

~ Ht!.(t; 0) c'~9o ::. O);E~!i ~ O)~~ill~~ sit t '¥~ 0: sit x sit-+ R O)h/::{.tr(f L,, 
B O)~:j:Rt.:119..'<1¥ L,t~\.,::. t t::a:~i"" 00 

'.iEB 7 (~*~ff-) :7•'57-ti.'-?? Zt!.(t;0) iJ!~*~ff-~=t,-::>tli, ~~ Zt!.(t;0) = Ht!.(t;0) 
iJ!Jlt:tz:i"" 0 t ~ ~ 1,, -5 a it::, :7··5 7-{i.'-::$? Z~(t; 0) iJ!ffi*~ff-~=t,-::> t Ii, ~~ Z~(t; 0) = 

Ht!.(t; 0) iJ!ftlG:tz:i"" 0 t ~ ~ 1,, ?a M~l¥J•>Wk~ Ht!.(t; 0) ~ :7··5 7-{i.'-::$? zf\t; 0) O)~* 

~ff- t \,\ 'Jo 

{JIJ;zlf', ftfm{-{i_'-::$?lim*~~~t--:J O 9f,tb1:), ~~Zt!.(t;01) = Ht!.(t;01) iJ{f&:t[ 

i"" 00 -=c-0){-tgO)J;ll!~l'!k]t,t:7''7 7-{i.·-?? t, i"" A.7J' G < •*~~ ~ t--:J::. t iJ!~□ G tt L1,, 
00 i"" 0 t, :7··5 7~-3? t.t Gm-1::m*~~~ t --:J:'AiJ!L, L < 0 iJ!, -=c- -5 lit.t G t,t1,,o ::. 

tt i '1:'li, fj'rm{-{i.'- 3? t.t fJ ;t;·-:r.::,,; = 5 ::,,; 7 7.t - F · -{i.'- 3? t.t fJ, 26 0 1,, !i1'\- 'J Jv'f· 1 · 
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--1:l-?? t lifr'iriJ>J t "\ -3 r.,,iJ,.:;f F.,i t::M~ n -c ~ t.:-=. t iJl, m*•~O)~~:t 1 t.::;f BJ§•O) 
ttm•G"'"C~k-:.tO)~~tffl-3. t:t~~-H~57~-??0)~fi~~i~, ~G 
"'"[:flj.:,js:·~ ~ :t--::i-=. t O)~~:t~ i nli, m*•~ ~~--::>~t.:t~\,\O)tJ-tt::t ~O)~j~iJlBJ§ 

•~n~~~~, ~G~~rm*•~~:t--::iJ -=.tO)*•:t, ~O)••~~~Gb~9-=­
t t:: t~ o. ~ = cv, sit) li~~lHnr'iJ ~7" 5 7, e : sit x sit ---+ R li1j'.~ t 9 o. 

'.l:E'.~ 8 (~m~di:j: [6]) 1j'.~ 0 iJ1~m*fi:j:~rr!ilff.:9tli, 0(a,a') #0 t~Gli fJ(a) =t(a') 
-C ~ o t ~ /:: 1, \ -3. 1j'.~ 0 iJ1f~~~m*fi:j: ~ rr!ilf t.: 9 t Ii, 0( a, a') # O t~ G Ii' fJ (a) = t( a') 
/J>--::> a-1 #a' -C~ot~/::\,\"Jo 

'.l:E'.!I 9 ([6]) 1j'.~ 0 iJl~m~{lf:~rr!ilft.:itli, (/'57~-?? Z/',.(t;0) li:fli.:,js:·~~:t--::i. 
1j'.~ e iJ11El~~m~1tt: ~mt.:-tt1£, /f 7 7-+!.'-?? z~ (t; e) 1im*•~ ~ :t--::i. 

1j'.~ e 1J"*El~~m~1tt:~mt.:-tttt, ~m~1tt:~mt.:9-=. t 1::a:~9 Q. e iJ11EZ~~m~ 
{lf:~rr!ilff.:9~~' ~~ Z/',.(t;0) = Z~(t;0) O)J¾:ftiJl~fiJ:: ~biJ•o. J::-::i"'"C, ~J:l 6 (:t 
G < lifrtlm 5) J:: ~, Z/',.(t; 0), E/',.(t; 0), Z~(t; 0), E~(t; 0) O)[g~li-lJ:9 o. -tJ, 0 iJl 

~m~{lf:O)Jj.~rr!ilff.:9~~' -~/::Ii Z/',.(t;0) # Z~(t;0) tt~o. -=.nti~/mx E X\X0 

-C circ0 (x) # 0 ~rr!ilff.:9:t O)iJt(f::(£9 o-:_ t t::~[z,;[9 o. J::-::i "'"C~J:l 9 Ii, 0 iJ1~m~{lf: 

O)J}.~rr!ilff.:9~~/:: Ii, ~~ Z~(t; 0) = H/',.(t; 0) iJlJ¾:ftit--f, ~~ Z/',.(t; 0) = H/',.(t; 0) 
O)J}.iJlJ¾:ft90-=.tt::t~o. ftt-::i"'"C, !7"57--li'-?? Z~(t;0) Ii, 7.t-15-•~ E~(t;0) 

Ii :t--::> iJ1~*•~ Ii 't t.: f,t. \, '• 

{JIJ~J}. -CB<. W~--ll-?? ~~&1Jo1j'.~ er litBl~~m~{lf:~J}.f.:9. er(a, a')# o t 

9 Q. :t G, a-1 = a' -c~nli ()(a)= t(a') J:: ~ er(a, a')= 0 -C~le. J::-::i "'"C, a-1 # a' 
-C~o. -:_O)t~, 8a-la1=0. 1/t.-::i"'"C, 1.&~J::~ 8q(a)t(a')#0, 9t~b-t fJ(a)=t(a') J:: 
~' er litEl~~m~{tt:~rr!ilft.:9-:. tiJ1biJ•o. J::-::i"'"C, Z/',.(t;er) = Z~(t;er) = H/',.(t;er) 
iJ1ttt -3. -tJ, ;f-'-x.1/= 5 1/ 7 * - F • -il-?? ~~~9 o1j'.~ eBL 1i~m~1tt:~rr!ilft.: 
9iJ1, 1El~~m~1tt: ~ dj. t.: ~ t~ "\· J:: -::i -c, z/',.(t; eBL) # z~ (t; eBL) -c ~ o. ~ G-c, 
Z/',.(t;0BL) = H/',.(t;0BL) iJl)¾}L9QO)""(\ Z~(t;0BL) = H/',.(t;0BL) liJ¾:V:Gf~\,\ 0 9f~;b 
1::>, f/77{!_'-::$? Z~(t;0BL) /i:fli.:,js:·~~:tf.:t~l,\ 0 
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