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Abstract
In this article, we introduce the fractional medians, give an expression of the set of all fractional medians
in terms of non-increasing rearrangements and then investigate mapping properties of the fractional maximal
operators defined by such medians. The maximal operator is a generalization of that in Strémberg [19]. It
turns out that our maximal operator is a more smooth operator than the usual fractional maximal operator.
Further, we give another proof of the embedding from BV to L™ (=11 due to Alvino [1] by using the usual
medians.
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1 Introduction

The integral average of function f, defined on R™;

1
e = [E \fldz,

for E C R™ with 0 < |E| < oo, plays an important role in Harmonic analysis. Of course, if f is not locally
integrable, the average is not useful. On the other hand, for such functions, medians exist and are finite. For
example, the median of ||~ is finite. For a real-valued measurable function f and the same F as above and
a € (0,1), we say that a real number m is a median of f if it satisfies

o € B: f(z) <m}| < (1 - )|B| and [{ € E; f(x) > m}| < a|E|. (1)

Let us denote Med$%[f] as the set of all the medians. The integral average is the mean of function in the L?
sense, whereas the median can be regarded the mean of function in the L' sense. The gap of them is very
important in Harmonic analysis, especially for boundedness of several operators. Unfortunately, median is not
uniquely determined. To overcome this difficulty, several authors used the maximal median, max Med%|[f],
which is also a median of f.

We explain how median have been applied. Carleson [3] gave a definition of BMO, all of functions having
bounded mean oscillation, by using the maximal median. Since his definition does not use the integral average,
his definition appears to be weaker than the conventional one. Stromberg [19] consider the case of critical index
that Carleson [3] did not addressed, and then established the equivalence

IfllBaro =~ sup L [(f = m@)xel (Q)),

where the supremum is taken over all cubes @ C R™, mqg € Medg[f], 0 < a < 1/2, and L is the left-
continuous non-increasing rearrangement, see below for the definition. This equivalence also indicates that the
local integrability is not necessary for the definition of BMO. Furthermore, it was mentioned in [19] that this
equivalence fails if the rearrangement L is replaced by another rearrangement R, which is right continuous. The
characteristic function f(z) = xg(x) with 0 < |E| and 0 < |E°| gives a counterexample, indeed ||xg||prro = 1/2
and

sup Rl(xz - (xw)o)xal (1Q1/2) = oo,
where (xg)qg € Med({?/ ’[x£]. In [19], he also introduced the local sharp maximal operator;

M of(2) 1= sup inf Lifxol(elQ)),
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and make use of it to give pointwise estimate for the Riesz transform Rj;
M o(Rjf)(2) S M*f(2), (2)

where M* is the sharp maximal operator. This operator appears to have been first addressed by John [13].
Obviously, we have from (2) the inequality Mgﬁa(Rj f)(@) < Mf(x). This can be compared with a well-known
inequality; M*(R;f) < M(|f|")Y/" with any 7 € (1,00). This improvement is achieved by using the median
instead of the integral mean. Jawerth-Torchinsky [12] provided a representation, using the local sharp maximal
operator, of the K-functional including BMO. Fujii [7] proved the following; for almost everywhere xo that
for any sequence of medians {mq,}32, of a measurable function f with cubes @; shrinking to x¢, the limit
lim;_, o Mm@, equals f(zo). Poelhuis-Torchinsky [17] showed the same fact in the general case. See 5 in Remark
4.2 for this fact. Lerner [16] gave a useful decomposition of a measurable function, which is an improvement on
previous studies such as Carleson [4], Garnett-Jones [8], and Fujii [6]. We can find applications of medians in
Poincaré inequality, see Theorem 3.51 in Ambrosio-Fusco-Pallara [2] for example.

Here, we introduce the fractional median. The motivation of our definition is to ensure that the inequality

1 1/r
m < inf (/ |f|rdac) , for any m € Medg)|[f]
a|Q Jq

holds even in the fractional case. Let f be a real-valued measurable function, E C R™ with 0 < |E| < oo,
v €[0,n) and « € (0, |E|"/™). We say a real number m is a fractional median of f if

{z € E; f(z) <m}| < |E| — alE]*™/™ and

{z € B f(z) > m}| < o EJ'7/.

We denote the set of all fractional medians by Med % [f]. While |B(0,1)|*/"(|z[~") p(o,1) = oo, its fractional
median exists and is given by
Med%’a)’l)ﬁxr"} = {ofl} )

Furthermore, the fractional median of |z|~™ for m > n also exists. One can see that for any m € Med%"[f],

it holds 1
E/n "
m < inf 1] / |f|"dx ,
>0 « E| E

which is showed in Proposition 2.2. This inequality is consistent with the fact that the definition of the median
does not require local integrability. In general, not only in the case v = 0, the fractional median is not uniquely
determined. One of the purpose of this article is to give a representation of Med%”[f] in terms of rearrangements
R and L;

Med§;[f] = [Rlfxe] (ol BI'™/")  Llfxe] (al B /)],

see Theorem 3.1. This means that the both ends are the fractional medians of f, and the right end is the
fractional maximal median. Hence, the medians are quantitatively controlled by these rearrangements from
both below and above. Poelhuis-Torchinsky [17] showed the inclusion “C”in the case v = 0.

Our next interest lies on the mapping properties of the maximal function;

mé [f)(z) = sup Lifxa] (2lQI'/") xq(@).
Q

See Section 4. This operator with v = 0 was introduced by Stromberg [19]. It is found that m%  does not cause
significant quantitative changes, see Remark 4.4. It is natural to ask the mapping property of mgﬁ. Although
the fractional maximal operator

M, f(x) := up Q™ (faxa(x), (0<y<n)

maps LP to LP for all p € (1,n/y) with p = np/(n — 7), our maximal operator mf , maps L to L4 for
any p, ¢ € (0,00] and p € [np/(n — 7),00). See Theorem 4.1 in Section 4. The proof follows from a pointwise
estimate of the distribution function. While the maximal operator mg,o does not cause significant changes
in functions, the operator provides a bridge between f and M (x| ¢>x}) in terms of the distribution function
scale. By applying this fact, we can offer another proof of Alvino’s embedding BV «— L™/ ("=l with the aid
of the coarea formula in Section 5. Here, BV is the space of all functions of bounded variation. Our estimate
is covered by a result in Spector [18], although our argument is more succinct.



2 Preliminary

For a measurable subset 2 C R™, let us denote the n-dimensional Lebesgue measure of 2 by |€2|. The distribution
function of a Lebesgue measurable function f on R™ is defined by

dr(A) = {z e R%; [f(2)| > A}, (A €[0,00)).

It holds that df(0) = |[{f # 0}| < |supp f|. In this article, we define F as the set of all Lebesgue measurable
functions on R™ satisfying

|f(x)] < oo ae. z€R"and df(X) < oo, (A€ (0,00)).
Let us also define Fy as the space of all f € F satisfying that for any bounded subset £ C R™,
diys(A) = 0as A — oo.

It is well-known that for f € F, the distribution function dy is right continuous on (0, c0). The latter condition
of F ensures this continuity. In fact, if f(z) := A+ |z|~!, (Jz| > 1), then df(A+¢) < oo for any £ > 0, however
dy(X) = 00. For 0 < p < oo and 0 < ¢ < oo, Lorentz spaces LP4(R™) are defined by quasi-norms

S 1/q
1/p)7 dA if
1l = {”/ (pas0'7) A} g <oo

sup Ady(\) /P if ¢ = 0.
A>0

2.1 Non-increasing rearrangements

Although Lorentz quasi-norms are defined by the distribution function dy, we prefer non-increasing rearrange-
ments; for f € F and ¢ € [0, 00)

Ry[f](t) :==1inf{A > 0 : ds(\) <t} and
Lqi[f](t) == inf{X > 0 : ds(\) < t},

where inf () := co. It is well-known that if f € Fy, then R;[f](¢) < oo for all ¢ € (0, c0), thus
Ra[f](t) = min{A > 0: dp(A) < ¢}, (t € (0,00)).
Both Ry[f] and L;[f] are equimeasurable with |f|, which means that
dr(A) = dp,(51(A) = dp, (X)), (A € (0,00)).

It is also well-known that for f € F, the rearrangement R;[f] is right continuous, while L;[f] is left continuous.
We give a proof for the latter in Appendix, for the completeness. We have other representations of them;

Ra[f](t) = Ro[f](#) := inf [[fllLoeae), (€ [0,00)), and

|A|<t
La[f)(t) = La[f](2) == sup ess-inf[f] = Ly[f](t) := sup inf|f], (¢ € (0,00)).
|A|=t |A|=t

Here, of course,
essAinf |f| :==sup {A > 0; {A;|f| < A} =0},

where sup @ := 0. One can see that R1[f](0) = Ra[f](0) = ||fllze, L1[f](0) = La[f](0) = oo and L3[f](0) =
Supga | f|. See Proposition 5 below for the proof of these equalities. The rearrangement Ry can be found in
Hytonen [11], and L; and L} are applied by Lerner [14], [15], for example. Based on such equalities, we write
R:= Ry =Ry and L := Ly = Ly = L}. Lorentz spaces LP*4(R™) can be written as follows;

00 1/q
[l = {/0 (tl/”N[f](t))qcit} if ¢ < o0

sup tY/PN[f](t) if g=o00
>0

where N = R, L.

We show equalities above among rearrangements for the sake of completeness.



Proposition 2.1. Let f € F and t € (0,00). Then one has
Ri[f](t) = Re[f](t) < La[f](t) = La2[f](t) = L3[f1(t).

Remark 2.1. 1. The first and second equality and first inequality remain to be true at t = 0, as we see
above. If we drop the condition “df(\) < oo, (A > 0)”, then the second equality fails at t = 0. For
example, if f =1, then L1[f](0) = oo and Lo[f](0) = 1.

2. The opposite inequality L[f](t) < R[f](t), (t € (0,00)) fails in general. Step functions give counterexam-
ples.

3. We use a local analogy of the inequality of the form;
R[fxel(alE]) < L{fxel(a|E]), (a€(0,1), 0 <|E]| <oo).

See Proposition 2.2 for a representation of L[fxg](a|E|).

Proof. oR1[f](t) < Rz2[f](t): We may assume that Ry[f](t) < co. For any € > 0 there is a measurable subset
A, such that

[Ac| <t & 00 > Ro[f](t) + & 2 [|fll(ag)-
It also holds that [{|f| > [[f][z(ac)}| < |Ae| < t. Therefore,

Ri[f](t) < [[fllLee(ac) < Ra[f](t) +e.
oRy[fI(t) < Ra[f](¢): Since [{[f| > Ru[f](¢)}| <1, one has

Ro[f](t) = \flﬁlf [ flloscacy < N flloo 1< mininy) < Balf]®).

oR1[f](t) < L1[f](t) and L3[f](t) < La[f](t): These are immediate from definitions.

oL1[f](t) < L3[f](t): In the case L1 [f](t) = oo, because dy(A) > t for any A > 0 and (R™; dz) is a non-atomic
space, there is a subset A C {|f| > A} such that |A| = ¢, which implies L5[f](t) > X. Thus, Lo[f](t) = L3[f](t) =
oo. In the case 0 < Ly [f](t) < oo, it holds df(L1[f](t) — ) >t for small ¢ > 0. Similarly as above, there exists
a subset B C {|f| > L1[f](t) — €} so that |B| = ¢, which yields

L311)(6) > inf |1 > La[f)(t) <.

Therefore, L1[f](t) < L5[f](t) < La2[f](t).

oLy[f](t) < L1[f](t): In the case {A > 0;ds(\) < t} = 0, we see L1[f](t) = co. If not the case, we take
A€ {A>0;ds(N) <t}. For any A C R™ with |A| = ¢, thereis x4 € A, for which |f(z4)| < A. Indeed, if |f] > A
on A, then |[A| < df(\) < t. For such A, we have |A\{|f| > A} >t —dg(X) >0, thus

sup ess-inf |f| < sup ess-inf |f| < A
A=t 4 d |A|= tA\{If\>A}| |

Hence, one has Ly[f](t) < A, which means that
Lo[f1(t) < L1 [f](2).
[
We end this subsection with a local analogy of equality between L1[f] and Ls[f] in Proposition 2.1, and a

comparison of L[fxg| with fractional integral average.

Proposition 2.2. Let f € F, v € [0,n), E C R™ with 0 < |E| < oo and o € (0, |E|"/™).

(1)
LIfxel(aE|'™/") = sup  essinf|f].
|Al=a|Bt=/m A
ACE

(2)

uhﬂmw1wﬂ_%m@<§gk/uw)



Proof. (1) We observe that

Ly[fxe)(e|EI"7/™) = max sup  ess-inf | fxpl, sup  ess-inf | fxpl
Al=a|B|' =7/ A Al=alB|'=7/" A
ACE ANE°#£0D
=max(X,Y).

We verify Y < X, to do this we take A C R with |A| = |E|'=7/™ and AN E° # §.
Case |[AN E°| = 0: Because |AN E| = |A| = a|E|*~"/", it holds that

ess-inf | fxp| = sup {A > 0; {4A;[fxp| < A} = 0}
=sup{\ > 0;[{ANE;|fxe| <A} =0}

= —' f
“Frpl ]

< X.

Case |[ANE°| > 0: If Ef := {a € R";|f(z)| = oo}, then |Ef| = 0. Hence, for any A € (0, 00),

(A5 |fxel < MM = HAN B [yl < A+ {AN B fxel < A}
= {ANB: [ fxsl < M+ {ANE° N ES: [ fxsl < A}
— (AN Es| fxsl < A} + AN E| > 0.

This means that {A > 0; |{4;|fxe| <A} =0} =0, and then ess-inf4 |fxg| =0 < X.
(2) We have that for A C E with |A| = o|E|*=/"

Al _ .
r > 2 B r_ y/n . T
(fIMEe > | essAlnf\f| a|E| essAmf|f|

This and (1) complete the proof. O

3 Representation of Med%'[f]

Here, we give a representation of Med%”[f] for non-negative functions f € Fy. The inclusion “C”in Theorem
3.1 below with v = 0 was proved by Poelhuis-Torchinsky [17]. While our proof is very elementary, for the
completeness, we give the proof.

Theorem 3.1. Let [ € I‘o, E Cc R™ with 0 < |E| < 00, v E [U,n) and o € (“’ | E“’y/n) lff 18 MON-n gativ :
then it holds that o e e
IECIE’“/[f] - []:[fXE} (OZ‘E|17’Y/n) , [[fXE} (a‘E|1f’y/n>} )

Proof. Let A and B be defined as follows:
A= {m ER;{z € E; f(x) <m}| <|E| - 04|E|1_V/”} and
B:= {m ER:|{z € E; f(z) >m}| < a|E\1*v/n} :

It is clear that Med%"[f] = AN B. Then, from the definition, it obviously holds Med%,”[f] = AN B. One can
see that A and B are the one of the forms

(—00,a) or (—oo,a] or R or ,

and
(b, 00) or [b,00) or R or 0,

for some a,b € R, respectively.



Firstly, we show that
Med}"[f] = [max A, min B (3)

where max A, min B € R. We divide the proof into several steps.

Step 1: A# 0 and B # . If A =0, it holds that

0=H{B:f=—oo}| = |[{E:f <~}

LeN

= Jim [{E; f < —0}| > |E| - al B[/ > 0.
—00

Hence, A # (. Similarly, if we assume B = (), we get the following contradiction;

0=|{E; f=oc}| = |[{E: > ¢}

LeN

= lim [{E; f > 0} > alE[F/m > 0.
—00

Step 2: A # R and B # R: If A =R, one has that

Bl = {B; f < oo}l = || J{EB; f < &}

£eN

— lim [{E: f < £}] < |B| — ol B[*/".
{— 00

This means o < 0. Then, we can see that A = (—00,a) or A = (—00,a] for some a € R. Hence, sup A € R.
Similarly, if B = R, then we have the contradiction

Bl = {B: f > —o0} = || J{B: f > 0}

LeN

= lim [{E;f > —{}| < a|E|*/™.
{— 00

Thus, we have inf B € R.
Step 3: sup A € A & inf B € B. These are trivial from step 2;

[0B: < sup A} = Jim [{E: ] < sup A~ 1/2}] < [B] ol B[,
— 00
and
{E:f > inf BY| = lim [{E;f > inf B+ 1/¢}| < ofE]' /.
—00
Therefore, sup A = max A € R and inf B =min B € R.

Step 4: AN B # (). More precisely, we prove that max A € B & min B € A, which means that Med” [f] =
[max A, min B].

These are easy to see as follows;
{E; f>max A} = || J{E; f > max A+ 1/¢}
LeN
= elim {E; f > max A+ 1/(}]
—00

= |E| - lim [{E; < max A +1/¢}|
— 00

< |B| - (Bl - alB*/")

= a|E|1_7/"

and

{E;|f| < min B}|

U {(E:|fl <minB - 1/m}|

meN
= lim |{E;|f] <minB - 1/m}|
m—ro0

= |E|— lim |{E;|f] > min B —1/m}|
m—r oo
< |E| — a|E[*7/",



Next, we show that for any m € Med%"[f],
R[fxp](alE]'/") <m < L{fxe](alE]'/"). (4)

We should emphasize that this inequality in the case v = 0 were proved by Poelhuis-Torchinsky [17]. For
simplicity, we write R := R[fxz](a|E|*~"/") and L := L[fxg](a|E|*~7/™). Since

djy(m) = |{E; f > m}| < a|E[" /T,
we see R < m. To show the second inequality, we see for any € > 0 that
{E; |fl S L+e} =|B| — dpyp(L +e) > |B| - af BI'/".
Now we assume that L + ¢ < m, then one has the contradiction as follows:
B = al B["" < {E; |f| < L+ e} < {E;|f| <m}| < |E| - alE]'/".
Thus, m < L. We have proved that

Med%v’y[f] = [maxA,minB} C {R[fXE](a‘EPf’Y/n)?L[fXE](a‘E|17'y/n):| )

Finally, we show that R, L € Med%"[f] by using the assumption f € Fy. On one hand, it holds that

a 1
U {E;f<L—
m
m=1

) 1
=|E|— lim |SE;f>L——

m—o0 m

1
_ _n _ )< _ 1—v/n
|E| = lim djy, (L m) < |E[—alE]| ;

HE [ <R} <{E;f <L} =

thus R, L € A. On the other hand, one has

- 1
{B;f>L}<H{Ef>R}=|{J {E;f>R+m}‘
m=1
= lim d <R+ 1) <a|E|177/n
7m—>oo fxe m - ’
thus R, L € B. -

4 Fractional maximal operators

In this section, let €2 be a non-empty open subset in R™. The purpose of this section is to define fractional
maximal operators with non-increasing rearrangements R and L, and to give mapping properties of them.

Definition 4.1. Let f € F, a € (0,00) and v € [0,n). We define the fractional maximal operators

mi g, [f)(@) = suwp RIfxq] (alQI'") xq(x) and
QCQ

mt o 1f)(@) = sup Lifxa] (alQ'™"") xo(@).
QCQ

In the case Q@ = R™ or v =0, we omit them.

Remark 4.1. 1. The mazimal operators m?/Q and mf/z were introduced by Strémberg [19].



2. It follows from Propositions 2.1 and 2.2 that

mfoqlf@) < mEa M@ < nf (a7 TMR(F@)),

where M,gyl is the fractional mazimal operator, defined by
M f(x) = sup [Q/"(f)gxq()-
QCQ
We write M., = Mﬂ'f”.
3. The fractional maximal operator M,? is written by the rearrangements; for N = R or L,

Q™
M2f(x) = sup / Nl xal(@Q" ™) daxo ().
QCNJO

4. In fact, the suprema in Definition 4.1 are restricted to cubes whose volume is larger than o™/7. For
a>Qp/m,

mli o [fl(@) =mk o [fl(z) =0, (xR
because

R[fxol(alQI'™""™) < R[fx)(IQ]) =0, and

L(fxol(alQ*™) < L{fxql(1Q]) = 0.

5. Fugii [7] in the case o = 1/2 and Poelhuis-Torchinsky [17] in general case proved that for a real-valued,
finite a.e. measurable function f on R™ and a € (0, 1), it holds that

lim mo, = f(z) a.e. z € R"
z€Q;, Qi Nz} s f@)

with any mq, € Med%’f [f]. From this result, we see that

If(z)| < mEB[f](z) for almost all 2 € R™ (5)
This is applied in Section 5.

6. We can define the mazimal operator via fractional medians similar to that above. But the maximal operator
is not unique, because these are many choices of fractional medians for each cubes. Moreover, they are
controlled from both below and above by the rearrangements.

4.1 Boundedness of the fractional maximal operators
In this subsection, we prove the following bounds.

Theorem 4.1. Letp € (0,00), g € (0,00], v € [0,n), r € [1,n/v) and 1/r —1/7 =~/n. Then

1Myl )7
[l = (PP )

where p = (pr/r), equivalently

Remark 4.2. Because v is independent of p and q, Theorem 4.1 implies that mgw . L9 — LP for all
D € [np/(n—1),00). Here, we note that p is not fized, which contrasts with the case for M.. This phenomenon
can be understood from 2 in Remark 4.1. Since p can be larger than np/(n — ), the operator mk _ is smoother

ay
than M.,



The ingredient of the proof is an interesting equality or inclusions between the (strict) super-level sets of

mf_[f] and M, (x{0if1>2})-

Lemma 4.1. Let f € Fg, v €[0,n), a >0 and A > 0. Then,
(1)
{z e qmio, [fl(2) > A} = {2 € %M (xqaqs5x) (@) > a}.

(2)

{z € Gml o [f1(x) > A} C {& € QM (x(ay 5152 () > a}
= {zexmli o, [fl) > A}

e>0

= ﬂ {IL‘ S Q;m([;—s,ﬂ,’y[f](x) > )\} :

e>0

Remark 4.3. 1. From (5), (1) in Lemma 4.1 and (2) in Proposition 2.2, we have
dy(A) < dmp(s)(A) = dar(x; 515 (@)

. Ml|7p1_7p.oo p
< nt (B ) < ety

T pe(l,o0)

L as shown in (2).

This implies that || f||Le.a = |mE[f]||Le.a for all p,q. A similar equivalence holds for m%
The inequalities above mean that mEZ[f] is “almost”equimeasurable with f. However, the operator mE
connects [ to its super-level set in terms of the distribution function. The author does not know of any

pointwise inequality between f and M(x{s>xry). Although M(x{f>x3) < 1, f can be large.

2. We note that the roles of a and vy are swapped in (1) and (2) in Lemma 4.1 below. The equality in (1) of
Lemma 4.1 for the case v = 0 is found in many literatures, and the proof for other cases is almost same.
For the rearrangement L, although such equality does not hold, the super-level sets are equivalent in some
sense. We will apply (1) and (2) in next section

Proof. (1) We shall show the inclusion “C”. The opposite inclusion can be seen by tracing the argument below

backwards. If mgﬂy,y[f](x) > ), then there exists Q D Q > = so that R[fxo](a|Q|'*™7/™) > \. (Here, the cube

) must satisfies o < |Q|7/ ™. See Remark 4.1.) From the definition of the rearrangement R = Ry, it follows
divo (A) > a|Q[*7/™. Thus

Jo Xt151>2dz

Q| > a,
Q|
which means that M, (x o 7>a})(2) > a.

(2) The first inclusion follows from the same argument in (1). To show the first equality, we take x so that
My (x{a;f1>x1)(2) = . Then, for any & > 0 there is z € Q. C ©, for which |Q.|"/"~* Jo. Xl p1>2ydz > a —e.

This is same as the inequality dyy . ;.. (A) > (@ —€)[Qc|* ™/, thus

A< R [Frgaqssn] (0= 91Q ") <mi,[f)(@).

To trace this argument backwards, the opposite inclusion can be seen. The same argument verifies the second
equality. O

We give the proof of Theorem 4.1.

Proof. 1t is easy to see that

M| praopree \ .
o «



Indeed, from (2) in Lemma 4.1, we have

Az (1A < HMmedpg (00, (@ =€)

e—0
S a7 M7 pre X115 A I

= 0T M [} ey (V)

F/r-

Therefore, in the case ¢ < oo,

Ikl = (7 /f i 001) )

7/p
() (IIM IILrquoo> 1o

The case ¢ = oo is similar. O

INA
SRS

5 Another proof of Alvino’s embedding BV «— L[/ (1)1

We shall give a proof of Alvino’s embedding BV «— L™/ ("~1:1 by using medians.

The Sobolev embedding Wh! < L*/(*=1) (> 2) is well-known. This result was improved by Alvino [1]
who showed that BV «— L™/ ("=1):1 wwhere BV denotes the space of all functions of bounded variation.

Definition 5.1. For f € L}, ., we define

and [fllev == I fllzr +|flev. A subset E C R™ is called a Cacciopolli set if |xg|py < 0.

Remark 5.1. 1. While WY C BV, it holds that |f|gy = |V f|zt for f € WL,

2. We apply the coarea formula for functions in BV in Subsection 4.2;

‘f|BV:/‘XEA|BVd>\a (6)
R

where Ey = {x € R™; f(x) > A}. This formula is found in several literatures, for example Evans-Gariepy

[5]-
We shall show that for n > 2, v € (0,n— 1) and f € BV,

||m£é/,"y[f]||Ln/(n—(1+'y)),1 rg ”fHL"/("*l%l f, ‘f|BVa (7)

where for the second inequality we assume that f is non-negative. Spector [18] proved more strong inequalities.

Proof of (7): Since

n-1 n—(1+v) _«
n n on’

the first inequality follows from Theorem 4.1 with r =p =n/(n — 1).
We shall show the second inequality. From 1 of Remark 4.3, we have that

[ [PRVEERE ng[f]HLn/(n—ml :/0 dM(X{f»})(a)(n_l)/"d)\

o0
< a_l/o HM(X{f>>\})HLn/(n71)’OO d.
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Since x{f>x} € L™= and M is bounded on L™/("~1:2° e have

||M(X{f>x\})”Ln/(n—1),oo = &11_1;1’(1) HM(SDE * X{f>)\})||Ln/(n—1),oo s
where . is the standard mollifier. Next, we use a standard equality; for g € C*(R") satisfying g(z) — 0 as
|x] — oo
1 (z —y)
9(2) = n
1S Jgn |z =yl

- Vg(y)dy,

which implies |g| < I1(|Vg|) where I,g(x) := g | -|~("~7)(z). Combining with an interesting pointwise bound
from Hong-Moen-Pérez [10]
Mg(z) $ ML(|Vy)(z) S L(IVg])(2), (8)

one obtains that from I, : L' — L/ (n=1).00,

Ln/(n—1),00 dA
E—

Il % [ lms [ (19 (o2 o) )
o
5/ limsup [oe * x| gy AN
0 e—0

The convergence of the mollifier in | - |y, see Remark 1.16 in Giusti [9], and the coarea formula (6) complete
the proof;

£l Lr/en-1)1 S/ IX{r>ay|BVdA < / IX{r>ayIBVAA = |f|BV.
0 R

O

As mentioned in Introduction, our argument is covered by the result ||,V f|
from Spector [18].

Ln/(n—w),l(Rn;[Rn) 5 vaHLl([R”;IR“)

6 Appendix: Left continuity and equimeasurability of L

Here, we prove that the left continuity of L[f] and the equimeasurability of L[f] with f.
Proposition 6.1. Let f € F and t € (0,00). If L[f](t) < oo, then L[f] is left continuous at t.

Proof. From the definition of L;[f], we see that d¢(L1[f](t) +¢) < t for any € > 0. Thus, there is § € (0,¢) so
that
dr(L1[f](t) +¢) <t —.

This means that Li[f](t — 0) < L1[f](t) + «. O

Proposition 6.2. If f € F, then L[f] is equimeasurable with f;
df()\) = dL[f]()\) for A € (0,00).

Proof. We will prove this for Lo[f].
Fix A\ € [0,00) and denote
Q= {t € [0,00); La[f](t) > A},
thus Q, is one of , (0,7"), (0,T] or (0,00) with some T € (0, c0).
o Case: Q) = (). In this case, since dp,[s(\) = 0 it suffers to show d(\) = 0. We assume that dy(\) € (0,00).
Then, from the right continuity of the distribution function, there are 7 € (0,00) and € € (0,00) such that

d¢g(A+¢€) > 7. We can find a measurable subset A C {|f| > X + ¢} satisfying |A] = 7, which implies
Ly[f](7) > X +e. This contradicts Q = 0.

o Case: Q) = (0,7T) or (0,7]. In this case, T' = sup Q € (0,00). For any € € (0,771), it holds La[f](T —¢) > A.
Hence, there exists A. C R™ so that |A.| =T —¢ and in£ |f(z)] > A. Thus d¢(\) > |Ac| =T — ¢, which means
TEAe
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d¢(N) > T. If we assume that d¢(\) > T, then there exist to € (T,d¢()\)) and § > 0 such that d¢(A+ 0) > to.
Since we can find Bs C {|f| > A + d} fulfilling |Bs| = t¢, one has

La[f1(to) 2 inf [f(2)] 2 A+,

and then one has the contradiction ¢y < T'. Therefore, df(X) =T = |Qx| = dp,[71(}).

o Case: ) = (0,00). Since dps)(A) = oo, it is enough to show that dy(\) > t for any ¢ € (0,00). Because

Ly[f](t) > X for t € (0,00), we have measurable subsets {A;};e(0,00) e€njoying |A;| = ¢ and ienff‘ If(z)] > A,
which yields df(X) > |A¢| =t. O
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