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Some Problems on Non-linear Stochastic-
| - Control Processes®
by

Yoshifumi Sunahara*¥

1. ﬁIntréductioﬁ:and sxgpolic'conventions

"~ During the paet decade, the problem of finding the optimal controi
has;reeeiVed a great deal of interest as ?esults of the ever—eomplicated
demand ;o‘controls and.everfincreasing complexity of the eperetien of
modern éysteme;‘ Hewever, most of this work has concentrated én com-
pletely liﬁear‘dynamical systems, neglecting the effects of nonlinear
charactefisticsvekhibited in practice. There is no needs to say thaf
dyﬂamical eystems»to be controlled exhibit various kinds of nonlinear:

' cheracﬁéristicsband mey operate in a rendom'eﬁvironment whose stochastic
eharacteristics:undergO'drgstic>changes;_ Thuse.thevgeneral problem to
Solved is.to find the control of & noisy’nonlineer dynamicaI*syétem~br
in some optlmal fashlon, glven only partlal and noisy observatlons of"
system state and, p0551bly, only an ncomplete knovledge of the system.
Under such cpnditions as 1inear1ty of the dyhamical systenm, noisyi
oﬁservatien andiéerfcrmance»criterion given bj a quedratic cost function-
51; it‘has alreeﬁyrbeen shown: that the optimal control‘problem and
the‘optimql estimation problem'of the system state from-the noisee
eorrupted observatione may independently be eolved. flﬂm{3]~ HoweVer,
this is not the case in general for the optlmal control of nonllnear

dynemical systems and the overall problem of optimal control and esti-

metion must be carried~out 31multaneonsly.t Slnce the establlshment of
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the przeise technigue for the state estimation and the optimal control
of nonlinear dynamical syétems is almost impossible, in this paper, the
aﬁthor will introduce the reader to an approximate method which will be
shéwn to play an important role in the realization of aibroad class of
stocha;tic optimal control and which will hopefully be of an eXtensive.
. usé to the véréion éf'computing control in industrial‘proéessesﬂ
Throughoﬁt this paper, we use the samé symbols for the frue spo- 
chastic procésses and for the quasi-linear s@ochastié processesvwhiph
are thé approximations to the true one by the method descriﬁed later.
Vector and ﬁatrix nofations follow the usual manner, that is, lower éase f,’
letters a, b and c, *°° will denote columﬁ vectors'vith i—th‘feél com-: -
Vponents éi, bi’ and s e, Capitél létters A, B, C and G, +++ denote
matrices with elements 8,5 b. A

d ce s - _i 3
ij° cij an gij’ respectively If‘M is
a matrix, then M' denotes its transpose. The symbol] Mi denotes the
determinant of the matrix M.
Certain algebraic guantities such as algebras, fields, etc., are ex~

pressed by the symbols, Y, F, °++, etc. The symbol, Y, , denotes the

£
smallest o-algebra of w sets with respect to which the random variables
y(1) with 1<t are measurable, where w is thehgeneriq point of the proba—
Vbility space Q; The mathematical expectation is denojed by E. The con-
ditional expecta£ioﬁ o: a random variable conditionea by Vt ié”simply
expressed by "' gsuch that E{%(t}]VT} = ;(tIT)5 where. t<t. »‘ ‘

For convenience ofrthe‘present descriptibn,fthe prihcipal symbols
used heré are listed below: | o
t: timé variable, particularly the presegt timer
fo: the in tial time at which observations start

x(t) and .y(:): n-dimensicnal vector stochastic processes representing

the system states and the observations respectively.
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u(t): m-dimensional contrel vector taking values in a convex compact
subset UcE™ where EU is tue m-di@énbiunal Eucliieanvsgiceﬁ |
w(t) and v(t): d,- and d,-dimensional Brownian motion processes re-
spectively
c(t), G(t) and R(t): nxm, nXdl and nxd2 matrices whose components depend
on t
f{t, x(t)] and h[t, x(t)]: n-dimensional vector valued nonlinéar functions
respectively
x(t[t): optimal estimate of x(t) conditioned by Voo Loen, B{x(t) ]V, 2
P(t|t): an error covariance matrix in optimal estimate of x(t) con-

ditioned by ¥, i.e., P(t|t) & cov. [x(t)th].

2. Mathematical models and problem statement

Guided by a well-known state space representation concept, the dyn-
amics of an important class of dynamiéal systems can be described by a

nonlinear vector differential equation,

(2.i) _ i‘%ﬁ)— = ft, x(t,w)] - c(thu(t) + G(t)y(t,w),

wheré Y(t, w) is a dl;dimensional Gaussian white noise disturbance. For
the economy of descriptions, we shall omit to write the symbol w in the
sequel because of no confusion.

We shall start with a precise version of Eq. (2.1), namely the sto-

chastic differential equation of Ito~type, [L]
(2.2) ax(t) = £{t, x(t)]dat - c(t)u(t)at + G(t)aw(t),

where the dl-dimensional Brownian motion process w(t) has been introduced
here along the relation between a Brownian motion process and a white

noise or a sufficiently wide (but finite) band Gaussian random. process

v(t), [5]+[6]

ne-
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—
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(2.2Y e T Y s)as.

We suppose that observations are made at-the output of the nonlinear
system with additive Gaussian disturbance. The observation process y{t)

is the n-dimensional vector random process’determined by
(2.4) . dy(t) = nlt, x(t)]dat + R{t)dav(t),

where we assume that the system noise w(t) and the observation noise
v{t) are mutually independent.
In practical terms, the problem is to control x{(t) in such a way as

to minimize a real valued functional,

<t<T]

(2.5) EERR VRS 0 o

b, x(t), u(t)lael, [

based on the a priori probability distribution. of x(to), provided that
<s<t is acquired as the observation process,

o—

‘where y(to) = 0 and where L éhdei are bounded, uniformly Holder con-

the process y(s) for t

‘tinuous in t and uniformly-Lipsckitz centinuous in x, and wheré'Lﬁﬁ is
bounded and continuous on [tos'T] x E® X U. The subscript denotes
diffe;entiation here and below.

We shall counsider the case where the state variables x(t) are com-
életély obsér&able. Usually, in tﬁis cése, the optimal control must be
assumed tc depend on x(s), where toigip. Bearing this fact in mind,

and following:[3}, wé shzll proceed %c establish the solution of the sto-

Let G denotes the class of continuous functions A(t) which. are de-

fined on [%.; T] and which take the values in E°, and Ft denotes-a -

o *
functional operator in En. Clearly, if XQG, then FtASG.v;Furthermore,_

let ¢ denotes a mapping of [t T] x G onto U with the following proper-

O’

‘ties:

T
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P-l: For each XeG, the functional ¥(t, ) is Holder continuous with re-
spect to t.

For teft

as]
t
n

!

0’ T], the functional ¢ satisfies a uniform Lipschitz con-

dition, i.e.,

lvte, 20 = wes A< xln-ngl s

where the function »_eG and K

o 1 is a real positive constant, and where

”."sup expresses sup. norm in G.

Let ¥(t, +) be an m-dimensional vector stochastic process, such that,

for each telt., T], w(t, *) is measurable and

0’
: T V12,
(2.6) jé E{lu(t, +)] rat<e,
G
where | *|| expresses the norm in Z°. Zlet ¢ be the class of the y(t, +)-

t) admissible and write ueU, if

—~

process. For some ye¥, we call the u

(2.7) . . ult) = wit, ) for ta[to, Tl.
For the security of mathematical development-in the seéquel, the

following hypotheses are additionally made:

H-l: The component of the functions £+, +*] and hi-, ¢} are Baire

functions with respect to the pair (t, §) for to§p§I and -w<g<eo,
where x(t) = .

H-2: The functions f[+, ] and u{+, *] satisfy a uniform Lipschitz con-

ditions in the variable ¢ and are bounded respectively by

(2.88) fe(e, ) <k, (1 + grg)t/?
and
(2.8b) - |n(t, &) 1K3(l + 5'5)1/2-

where both K2 and K_ are real positive constants and are independent of

3
both t and & respectively.
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H-3: The functions [+, *] and g[+, ] are uniformly Holder continuocus
in t with exponent «.

H-L: x(to) is a random variable independent of the w(t)-process.

i
\J1

All parameter matrices are measurable and bounded on the finite

time interval [t., TI].

O’
H-6: {R(t)R(t)'}'l exists and this is bounded on [to, T].

With the properties P-1 and P-2 and the hypotheses H-1 to H-6, Eq. (2.2)
has exactly a unique continuous solution x(t). A precise interpretation

of Eq. (2.2) is given by the stochastic integral equation of Ito-type
(b]:

(2.9) x(t) = x(t)) + ft f[s, x(s)]ds - f: C(s)u(s)ds + fzoc(s)dw(s).
0 ) 0

3. Quasi-linear stochastic differentials d an approximation to non-

linear filtering equations

In this section, the development of the discussion requires that,
until further notice, we set the control u(t) equals to zero in Eq. (2.2).
When u(t) = 0, the symbol is temporarily'changed from x(t) to z(t). With

this symbolic change, Eq. (2.2) is

(3.1) az(t) = £{t, z(t)lat + G(t)aw(t)
and‘also Eq. (2.4) is written by

(3.2) : . dy(t) = n[t, z(t)]ldt + R(t)av(t),

where the same symbol y(t) h=s been used as in Eq. (2.4) bvecause of
economy of notations.

The problem considered here is to find the minimal variance esti-
mate of the state variable z(t), provided that the process y(s) for

to§§§§ is acquired as the observation process, where y(to) = 0.

6



We expand the function, £(t, z), in Eg. (2.1} into
(3.3) - . Cf£[t, z(t)] = a(t) + B(t){z(t) - z(t][t)} + e o),

where a(t), B(t) are an n-dimensional vector and an nXn matrix respective-
1y, and where e(t) denotes the collection of n-dimensional vector error
terms, and where ;(t{t) = E{z(t)]Vt}. We shall determine a(t) and B(t)

in such a way that the conditional expectation of the squared norm of

e(t) conditioned by Vt, E{ﬂe(t)”2|Vt}, becomes minimal with respect to
a(t) and B(t). It is a simple exercise to show in thé calculus of
variation that the necessary and sufficient conditions for nin. Ef“e(t)

ﬂglyt} are given by

(3.ka) : a(t) = E(f[t, z(t)]iyﬁ}

andﬁ

(3.4b) B(t) = E[{£[t,2(t)] - £[t,2z(£)1}{z(t) - ;(t]t)}'lyt]?<t§t)‘l,
where

(3.5) ' | B(t]t) = cov. [2(t)|vt]

The scalar expressions of (3.4) are as follows:

(3.62) a;(t) = B [t, 2(6)]]¥,) = %i[t, z(t)]

N o L
LBy (808l Lz, (8] - g (a]edday () - 25 (e[ 1V, ]

(3.6b)

BLer, e, 2(8)] - 2%, 2(6)]Hz,(8) = 2,(e[0)]Y,)

1]

where zj(t[t) E(z(t)[y,} and i, j=1,2, +*+, n. Using a(t) and B(t)

determined by (3.4) and (3.5), we approximate Eg. (3.1) by
(3.71) =z(t) = Z(to) + fz [a(s) + B(s){z(s) - é(sls)}]ds + f: G(s)aw(s).
0 ' 0] ’

The same procedure is applicable to the observation process given by
Eq. (3.2): Through the expansion of the function, h[t, z(t)], in the

form;
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(3.8) nlt, z(t)] = hl(t) + H2<t){z(t) - Q(tlt)} + eh(t),_

‘the,following conditions can easily be obtained so as to minimize
E{ﬂeh(t)ﬂglyt} with respect to hl(t) and Hz(t):“

(3.9a)  ny(t) = Blnlt, 2(0)]]Y,) £ alt, 2(e)]

(3.90) " Hy(t) = BL{A[t,2(8)] - lt,2(6)]Hale) - 2(s]e)}r ¥, B(t]e) ™

We shall assume here thaﬁ, for te[to, T], the conditional prebability
density function p{z(t)lyt} is Gaussien with the mean value z(t|t) and

~ covariance matrix B(t[t), i.e.,
- n _;_ i
: N 2 2 1 o = -1
(3.10) p{z(t)[Vt} = (2r) S|p(t]t)] exp[-H{z - z2(t]t)}'P(t]t)

x {z - z(t|t)}].

With the help 5%‘(3[10);:both a(t) and B(t) ‘can be obtained in the form
a(t) = alt, z(t]t), B(t|t)) and B(t) = B(t, z(t]t), B(t|t)) or by, (t)

g aai(t)/agj(tlt); A striking fact is thaﬁ the random variables a(t)

and B(t) are not independent but depend mutually on the state estimate
;(t{t) and the error covariance matrix B(t|t). ‘From~this pdintkof view,
in reality, more precise symbols, a(t; ;(flt); ?(£|£))fan& B(t;‘;(tlt),
?(t]t))’should be introduced. ﬁowever; for .the economy of deseription,
':‘wé merely denote thesé by a(t) and B(t) without indicafing the dependence
on both 2(t]t) and B(t|t). Both hl(t) and Hé(éj also follbw this
éyﬁbolic COnvention.‘ ' :

’ }f Ffom Eq,‘(3;7), we maf thus define here the following nfdimeﬁsionél.

fquaéi-liﬁearfstochastic differentials of Ito-type for Eq. (3.1),
©o(3.11) o az(t) = B(t)a(t)at + {a(t) - B(t)z(t|t)Iat + G(t)aw(t),
and for the'dbsefvation‘pfocess (3.2),

 (3§12)v ; ?dy(t) = Hz(t)z(t)dt\+'{hl(t) - Hg(t);(t[t)}dt +-R(t)dv(t).'

8



However, respective drift terms in Egs. (3.11) and (3.12) s= 11 remain

&y - . -

snkmown. We shall thus procesed Lo sclivo fhe proltisr ine™nd 7 the cor.

putation of the state estimate z(t|t) and the error covarian.e matrix
B(t]t).

Let o{t, t.) be the fundamental matrix associated with the homo-

)
geneous differential equation, dz(t)/dt = B(t)z(t). The solution of Eq.

(3.11) can formally be written as

(3.13) z(t) = o(t, t,)z(t,) + f: o(t, s)lals) - B(S);(SIS) ds

0" %o

+ f: ¢(t, s)G(s)aw(s).
0

- We write for the second term of the right side of Eq. (3.13)

(3.14) t(t) = -fF o(t, s)als) - B(s)z(s|s)}as
tg ’

and introduée a new stochastic process
(3.15) ' o E(E) = 2(8) +gle).

COmbiniﬁg,Eq. (3.13) with (3.14) and ﬁoting:that g(to) = z(to),

(3.14) and (3.15), the £(t)-process is of Ito—fype and the stochastic

from Egs.

~differential is
'(3’:16) P '@a('t)“='B(t(>z<t)dtr v a(t)ax(s).
» On the chgr hand, it foilovs from Eq. (3.12) that
(3.17) y(e) = ton(s);(s)ds + [f tn(s) - 32(5)£(s[s) as
L

Let theisecond term of the right side of Eg. (3.17) be zy(t) and define

0
R(s)dv(s).

ny(t) & y(t) - cy(t).i,Then we»obta;n
(3.18) ; ‘dny(t) = Hz(t)z(t)dt + R(t)av(t)

with ny(to) = 0. With ny(t) determined by Eq..(3.18), define a new

e P
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stochastic process n(t) by its stochastic differential,

(3.19) - dn(t) = an () + Hy(t)c(t)at,

and n(to) = 0. Using Eqs. (3.15) and (3.18), Eq. (3.19) becomes
(3.20) » an(t) = Hy(t)g(t)at + R(t)av(t).

Since z{t) ;s’yt-measurablg, it follows from Eq. (32.15) that
(3.21) E(tlt) = Ble(e) [y} = alt]t) + c(v).

Let H_ be the o-algebra of w sets generated by the random variables n(s)

for t <s<t. Then the y(t)-process is H, -measurable and thus
(3.22) ELe(e)]V,} = B(e(t)[H} £ £(s]t).

Now we consider that the E(t)-process is the fictitious state vari-
ables determined by Eq. (3.16) and that Eq. (3.20) denotes the obser-
vations which are made on the £(t)-process. This situation implies that

the current estimate £(t|t) is given by [9], [10]

(3.23)  aE = Blt)Eat + Py (e[e)my(e) (ROOIR()' 1 an - By(8)Ean),
vhere . .
(3.24) Pg(t[t) = cov. (g(t)[Ht].

Substituting Eq. (3.20) into Eq. (3.23) and using Egs. (3.12) and (3.21),

it follows that
(3.25) iz = %[t; z(t)]dat + ?(t]p)He(t)'{R(t)R(t)'}‘l(dy - ﬂdt),

where Eqs. (3.6a) and (3.9a) have been used. By coﬁbining (3.21) with
(3.24), we have

(3.26a) B(t|t) = cov. fz(t)lvt] = Pg(t[t)
and the version of dP(t|t)/dt is
4B

: =T = - =1 =
—_— = t o ' 1
(3.26b) 3t = BP + PB' + GG PH2 {RR'} HgP.

~10-
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Equetions (3.25) and (3.26) describe the dynamic struciure ~° a Quasi-
iinear Tilter for generatbing a current estimate z(t[t) with the re-

spectively given initial values, z(toito) and ?(toito).

L., Quasi-optimal control

In this section, the control term u(t) in Eq. (3.1) is revived,
noting that the symbol changes naturally from z(t) to x(t).

Let the function L in (2.5) be

(h;l);> L(t, X, u) = x'"™M(t)x + u'N(t)u,
where M and N are réspectively measgrable; locally’bounded, positive
semifdefinite and’positivefdéfinite symmetric matrices. In the case
where-bdth'the’dynamical system and the observation are respectively
| @étérmihed‘by lineér stochastig differentials, it has alread& been vari—
fied.that the optimal control exists and this is uo(ﬁ)‘= [t ;(t[t)]

= NKt)f;C(t)'Q(t)%(t]t), where Q is’therunique'solution of a certain
matrix Riccati'equation. [1], [3) In the‘case‘éf nonlinear regulafor
?roblems cbpsidered, the quasi-optimal control may be found out by an
extensive use of éhe_qﬁaéi—optimal control may be f§und outvby an
extenéive usé of,the,quasi lineagizatiéﬂ technique developed in: the
previoué section to the vgrsi§n,of stochastic control.

If is-apparént that thé x(t)—prbéess has the‘qﬁasininear stochas#ic

differentiai, k |

(h.2) ax(t) = B(t)x(t)dt +1§a(£);ﬁ(t);(t’t)}dt -‘C(t)w(t)dt + G(t)aw(t),

where the definition of the admissible control given‘by'(Z.T)’has been

taken into account with the simplified notation v(t.x). It also follows that

(4.3) dy(t) = hy(t)at + H,(t){x(t) - ;(t't)}dt + R(t)av(t).

~11-
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Furthermore, with the help of Eg. (3.25), it can easily be shown that

the state estimation x{t|t) for the nonlinear system described by Eq.

(h.2) is

(L.k) ax = fat - Cpdt + PHZ'(RR')_l(dy - ﬂdt),

where the Version ofidP/dt has the same form as given by Eq.;(3.26b).
' In the present case, the vasic procéés'isl;(t[t) (tbjpj?) with the
stochastié«differential (4.4); the cost rate function is given by (L4.1)
and the performance in§ex.by (2ﬁ5)' v ‘

Combining the stochastic linearization technique with the line‘of
attack on the linear regulator problem, we shall suppose that u(t)
= &[t, ;(tlt)].' It has beén,proved by solving the following Bellman's

equation [10] that the optimal control v° and V(t, £) exist

(k.52) min  y{L(ts & w) + V. (v, £) + L3V(t, £)} = 0,

with terminal gondition

(4.50) - “ v(T, €) = 0,

where | | » ) .

(4.6) . V(t, &) = B([{Lls, x(t|t), 4°(s, x(s|s)]las|x(t]t) = &}
(h.7) L =ELls, x(s), ¥°[s, x(s|8)]]|x(s]s) = &}

and.i@ denotes the differential generator of the x(t|t)~process given
R _ | et

(.8) . i&(V),E %tr{Z(t)'YEEZ(t)} + {a(t) = Cle)y(t, £}V,
with L ' ; P

(u.g) ' 1 : T(t) =*PHQrIRR*)‘lR

‘because of (L.4) and the fact that the differential dy-hdt in Eq. (L.b)
may be replaced by the suitably scaled differential of a Brownian motion

process. . -



(4]
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In the case where the function L is given by (U4.1), it follows from
(4.7) that

©(4.10) Lls, £, (s, £)] = tr M(s)P(s|s) + £M(s)g + y'N(s)y.
We shall suppose that Bellman's equation (L.5) has a solution
(b.11) V(t, £) = £'M(t)E + 28'a(t) + B(t),

where T(t), a(t) and B8(t) will be determined as the solutions of matrix
differential equatiohs which will be given later. Applying (L.8), (L.10)
and (4.11) to (h.f) and performing the minimization of Eq. (h;S), the
optimal,controi is- |

(h.lzj JP(t, £) = {N(t)‘lc(‘t)'n(t)}g + N(t,)‘lc(t')'a(t),

and N(t), a(t) satisfy

(4.13) Wle) _ syolome)ele) m(e) + u(z) = 0
(4.14) fa(e) _ pee)otedn(e)o(e) ale) + M(zlalt) = 0

for t <t<T with

(4.15) v - m(m) =0, a(T) = 0.

Furthermore, g(t) in (4.11) satisfies

dat

16) B L o) ) (6)] + trlu(e)B(e[e)] + 2a(t) a(t)

= alt) C()N(E) Te(e) alt) = 0
for to§;§? with
(4.17) » 8(T) =0

and this is necessary to compute (L.11), with n(t) and o(t). In Egs.
(4.13) and (4.14), both T(t) and a(t) are actually independent of the
dynamic. characteristics of an observation mechanism, h(t, x) and R{t).

Hence the optimal control depends on the cost rate function matrices M

13-
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and N and on the system dynamics f(fc._, %). However. a serious difficulty
arises in the version of numerical computation on Ags. i%.12), (B.33),
‘(hilh), (4.15) and (4.16). In fa;t, the computation of (4.12) with Egs.
‘(h.l3) and {L.15) has ésﬂétért with the pre-assigned initial values of
the state estimation Q(toj£d)‘and error -covariance P(tO{tO)_apd, furtyér_

more, with T(t ) and d(to) which are determined by the so-called trial

anderror method.

5. An illustrative exemple

"+ For- the purpoée of exploring the quantitative aspects;, we: shall
consider here the bne—dimehsionﬁl case. The dynamical system considered
here is schematically shown'by block diagram in FPig. 1., From Fig. 1,

the stochastic differential equation of the dynamical system is giVéh by

(5.1) - . dx = £(-x)at + udt + gdw
with.
(5.2) o f(x) = sinx,

The obsgrvatidg process is -

53y | ay = xdt + rav.

Applicaﬁion of (3.ka) andv(3.hb) to the present case‘giyes“
(5.b) . aktj =‘-sin; exp(~0.5p)"

(5.5) - L ’G:»  b(£)v= feés; exp(-0.5p).

From. Egs. (h.h)?gna (3.26b5,'££e:appfoximéted filtéf«dyné@ics*éna related

error covariance are determined by

(5.6) &xA=--sin;,exp(-0.Sp)dt - udt +,pr'2(dy - th) :
and ‘ . | »
(5.7) - - .%% = -2pcosx exp(-0.5p) + & %'pr"g.

. “1“‘
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(5.8) Clt, £) = n(e)g + alt)

and T T

(5.9) V(t, £) = m(t)e° + 20(t)g + B(t),

where

(5.10a) 9%%31-= ﬂg(t) -1

(5.100) dalt) - q()a(s) - n(t)alt)

(5.10;) 9%%31-= -cz(t)w(t) -~ 2a(t)oalt) +~a2(t) - plt]t).

Equations (5.6) téf(S.lO) are simulated on a-digital cémputer with the
>subroutine for the generation of random disturbance, v(t) and B(t).‘
Figure 2(a) shows‘the running values of thevstate estimation ;(t1t)

(in figures- presented here and below, the symbols ;(t|t) and p(t|t) are
simply denoted by x(t) and p(t)), for the pre-assigned control interval
Lo; 1.0] (sec). The sample path behavior of the true system is also
shown as the run x(t). Howevér, the x(t)-process is, in practice, in
accessible and this‘is only for comparative cbservation. The dotted run
in Fig. 2(a) shows the sample path behavior of the quasi-linearized
system. Comparison of the sample paths of the quasi-linear system and
filter dynamics with the that of true system, actully reveals that, as
time goes on, the pursuit behavior of the é(t)-process to the in-
accessible;x(t)—procesé'becomes improvedfwith the elevated accﬁracy of
the stochaétic lineafization. The,optimalmcdntroivsignalxrun is also
plotted on Fig. 2(a). Figure 2(p) shows the error covariance of filter-
ing action p(t|t), andkalso m(t), a(t) which may be adopted as a success-

ful set of trial and error method. Figure 3 shows the averaged runs of
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ten sample paths.

6. Conclusion
The technique started with the stochastic linearization‘of the dyna-

mical system and with that of the observation dynamics( Based on the
linea;ized system dynamics, a class of finite dimensional approximations
to the optimal filter has been drived. The optimal gontrol has been
obtained for the linearized system by means of solving Bellman's equation.
In éeneral, the optimal control deﬁends parametrically on both the con-

- ditional averaged behavior %[t, x] = a(t) of nonlinear action and the
choice of performance index factors M, N. Through the analytical
development and the numerical results, we may conclude that the approxi-

mation procedure has desirable properties in realizing the feedback con-

figuration of stochastic optimal control.
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System ncise
Gy(t)

Dynamical system

dx=f(t ,x)dt-Cudt+Gdw

" u(Optimal)

Control
computer

w = I\I_lC’Hx + ¥ e

d8/at + tr{z'nL} + 2a'a
+ tr{MP} - Q'O TCr = o

Observation
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R6(t)

Observatibn‘
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~
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Estimation
computer
ax = fat - Cpat
+ PH,"(RR')7T(
dP/dt = BP + PB!'
- PHQ'{RR'}‘lH

dy - hat) il
+ GG

2P

Fig. 1. Over-all configuration of optimal.
control for the nonlinear dynami-
cal system under noisy observation
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Dynamical system dx=-sinxdt-cudtr v
Observation dy=xdtrrdv
Filter dynamics
2.0r d=-sinkexp(-0.5p)dt -cudtspr {dy- kdt) -
Quasi-linear system
dx=-sinX exp(~0.5p)dt-cosXe xp(~0.5p)(x-%)dt
! ’A‘“‘\_/“ -cudtrgdw
hnde e x0)=1.5 y(0)=0. X(0)=0 p(0)=2.25
\ A,
ISR A g%020 r?=010 c=
1.0 Quasi-linear N 7, )
LGP k\\
Lo\
\
Solution process x AV

Optimal control u

Estimation

Fig. 2. (a) Sample path behaviorsof the system, quasi-
linearized system, filter and optimal control

25
Covariance .
o ' g—s{’-=-—2p<:os5(6-xp(—().5;))-»;;2’-—;.>2r'2
15 p(0)=225 g?=0.20 =010

(b) Error covariance p(t|t) and convergence of
() and a(t)
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5 Dynamical system dr=-sinxdt - audt «gdw

~. Chaervation dy=xdterdy

- J\\ Filter dynamics
sl | dR:-shiw(-O,Sm-cudt-pf’(d,-xdt)

\"V‘\ des-sink exp(-0.5p)dt “cosd ex ~0.5pXx-%
i ’\—\‘\_\\.\ ~Cudt«Qdw. ™ Y- Rt
\\ -¥(0)=0 '12(0);0
\_\ 92020 32010 ¢t

10} .

",

M

0s Sotution process x Estimation &

Q'g/ 07 03 Q9 10 sec
Optimal control u

Fig. 3. Averaged runs of 10 sample paths
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