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Global well-posedness of compressible Navier-Stokes equations 

with BV data 

Haitao Wang 

Institute of Natural Sciences, Shanghai Jiao Tong University 

1 Introduction 

1.1 Problems and background 

This article is to summarize our recent work [12] joint with Shih-Hsien Yu and Xiongtao 
Zhang on the well-posedness theory of 1-D compressible Navier-Stokes equations for initial 
data having small total variations. It is an extension of [8] from isentropic gas to the full 
system including the energy conservation law. Consider 1-D compressible Navier-Stokes 
equations in Lagrangian coordinates, 
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Here t denotes time, x denotes the Lagrangian coordinate which labels the fluid element in 
terms of mass, v is the specific volume, u is the velocity, p is the pressure, e is the specific 
internal energy, 0 is the temperature. μ and t,, are the viscosity and heat conductivity 
coefficients, respectively, and are assumed to be positive constants. For the derivation of 
this system from the us叫 Eulerianform, one is referred to [11]. We consider the ideal 
gases 

KO 
p(v, 0) =―,e  = Cv0, 

V 
(2) 

where K, and heat capacity仰 areboth positive constants. System (1) can also be written 
in terms of (v,u,0): 
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medium. In this case, the first two equations in (1) form a closed system, called p-system, 

｛：二：： ［＇μvux)の (4) 

The main purpose of this article is to study the well-posedness and time asymptotic 
behavior of system (3) with initial data being a rough perturbation around a constant 
state. Without loss of generality, the constant state is assumed to be (v, u, 0) = (1, 0, 1). 
The initial data (v,u,0)(x,0) = (v0,u0,0。)（x)is given to satisfy 

llvo -lllLょ+||vollBv+ lluollLJ, + lluollBv + 110。— lllLJ, + 110。||Bv<O≪l, (5) 
where L; denotes the L1 norm in the space variable x, and II ・ IIBv denotes the total 
variation, 

IIJIIBv三 sup.. L lf(x;) -f(x;-1)1-
少： partitionof IR x~少

(6) 

The well-posedness theories for compressible Navier-Stokes equations are established 
by Nash [10] and Itaya [4] for Holder continuous initial data. The equations are rewritten 
into a nonlinear parabolic system for velocity and temperature, where the fundamental 
solution for variable coefficient parabolic system played a key role. For Holder data, the 
classical frozen coefficient and parametrix method are sufficient for the construction of 
fundamental solution. Based on the local existence, Kanel [5] and Kazhikhov-Shelukin 
[6] derived a priori energy-type estimate and thus obtained the global solution for 1-D 
system. The energy method is then generalized to compressible Navier-Stokes equations 
in 3-D to obtain the global existence by Matsumura and Nishida [9] for initial data in high 
order Sobolev's space, where a local existence theory is also provided based on estimates 
of constant coefficient linear parabolic system. 
On the other hand, the quasi-linear and hyperbolic-parabolic nature of (1) allows the 
initial discontinuities in specific volume v to propagate in later time. Nash and Itaya's 
theory are not applicable due to the coefficients in equations of u and 0 cease to be Holder 
continuous. Later, the construction of weak solution arc studied by Hoff [2, 3], Lions [7] 
and Feireisl [l], etc. The piecewise energy estimate is carried out and total variation 
estimate is obtained by Hoff [2]. The construction in [7] and [l] are applicable to more 
general data, for example, in the presence of vacuum. There is no well-posedness theory 
for the weak solutions obtained by these approaches. 
Liu-Yu [8] initiated a new approach to establish weak solutions in a constructive way 
and obtained the well-posedness theory as well as properties of the solution for the isen-
tropic N avier-Stokes equations (4). It is based on the construction of the fundamental 
solution to the heat equation with BV coefficient: 

｛⑰ -如(x,t)心H(x,t;y;μ)＝ 0, 
H(x, O; y; μ) = o(x -y). 

With sharp estimates of heat kernel, the classical iteration scheme [4] originally for Holder 
coefficient can be applied to BV coefficient, thus establishing the constructive proof of local 
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well-posedness theory for isentropic Na vier-Stokes (4). Precisely, the following Theorem 
is obatined in [8]: 

Theorem 1 ([8]) Suppose that the initial data for (4) satisfies 

llvo -lllv + llvollBv + lluollv + lluollBv::::; J (7) 

for b ≪ 1. Then there exist t廿＞ 0and Ci > 0 such that the weak solution (v, u) for (4) 
exists fort < ti and satisfying fort E (0，り），

llv(・, t) -lllu + llv(・, t)IIBv +||vtux(-,t)IIL00 :S: 2qb. 

Moreover, suppose that two initial data (v0,u0) and (vg,ug) satisfy (7). Let (v叫ua)and 
(vb, Uりbetwo weak solutions of the isentropic Navier-Stokes equations (4) constructed as 
above, then 

。翌ft,(llva(·'a-) —炉(·,a-)llu + llu刊·，び）—責， a-)llu) <q(llvg-v心llu+ llug-叫||L1)

The heat kernel with BV coefficient plays a crucial role in local existence since it 
accurately captures the quasi-linear nature of the system (4). Concerning large time 
behavior, the hyperbolic-parabolic structure is important, which is, however, not reflected 
in heat kernel. A new ingredient, Green's function for linearized system around constant 
state, is introduced. An interpolation of BV heat kernel in short time and Green's function 
in long time, yields an "effective Green's function", which respects both quasi-linear and 
dissipative structure of the system. With this, one represents the weak solution of equation 
(4) in terms of an integral form, then a priori estimate concludes the time asymptotic 
behavior of the solution: 

Theorem 2 ([8]) Consider the initial value problem for Navier-Stokes equations (4) for 
the polytropic gases p(v) = Av―', 1::;; 1 < e. Suppose that the initial data (v0(x),u0(x)) 
satisfies (7). Then, there is a positive constant C, such that for sufficiently small <5, the 
solution exists global-in-time and satisfies 

ll(v -1)(・, t)llu +||、/t+l(v-1) (・, t) IIL= + II (v -1) (・, t) IIBv 

+ llu(・, t)llu +||v't+Iu(・, t)IIL= +||』ら(・,t)IIL= + llu(・, t)IIBv < CJ, t > 0. 

1.2 New difficulties and novelties 

We now turn to the full Navier-Stokes equations (1). Comp紅 edto isentropic gas (4), 
there are several new difficulties for (1). 
The noteworthy one is the regularity issue. The second equation in (4) is a diffu-
sion equation for u. As the equation is given in a conservative form, when using Green's 
function as a test function, the weak formulation automatically yields an integral repre-
sentation of (v, u), which紅 econvenient for transferring the derivative between Green's 
function and nonlinear source term, and thus for investigating the time-asymptotic be-
haviors. 
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However, for full system (1), it is a problem to choose whether (v,u,e + u2/2) or 
(v, u, 0) as unknown functions. Considering the diffusion term in the third equation of 
(3), temperature 0 would be a good candidate, while a non-conservative form is not 
convenient for studying time-asymptotic behaviors. If the solution is only constructed in 
distribution sense, one does not have equivalence between (1) and (3), and there is a gap 
between local theory and global existence. 
The problem is resolved by a careful investigation on the regularity of the weak solution 
for (3). We develop some new estimates for heat kernel and show that 0 is Holder continuos 
in time, which helps us to prove Ut is in £00 n £1. Interestingly, this in turn improves 
0 from Holder continuity to differentiable in time. With this regularity, the function 
(v,u,cv0+炉／2)is a weak solution to conservative form (1). This serves as a basis 
towards the global stability. It is also worth mentioning that Holder-type estimates are 
crucial even in the construction of weak solution for (3) due to the pressure term p(v, 0), 
unlike isentropic gas, which is not needed. 
Another novelty of this article is the uniqueness of the solution. In Theorem 1.2 of [8], 
the authors proved that the constructed weak solution for isentropic model depends on 
initial data continuously. In this article, from the regularity result, we identify the function 
space of the constructed weak solution to (3), and prove stability of the solution in this 
function space, which in turn yields that given any weak solution in distribution sense, it 
must be identical to the one we constructed as long as it belongs to the aforementioned 
space. 
These results largely rely on various quantitative estimates of fundamental solution for 
heat equation with BV variable coefficient, which captures the quasi-linear structure of 
the equation (3), and represents the solution accurately. 
The analysis for global existence is done in a similar framework as that of [8]. One 
follows its procedure to replace the Green's function for a linearized 2 x 2 system by a 
3 x 3 system to build "an effective Green's function", derives an integral representation, 
and performs a priori estimates to conclude time asymptotic behavior. The regularity in 
time of velocity u and temperature 0 also plays a role in the a priori estimate. 

1.3 Main results 

Our main results for full Navier-Stokes equations (3) are stated as follows: 

Theorem 3 (Local existence and regularity, [12], Theorem 1.1) Suppose that the 
initial data for (3) satisfies (5). Then, there exist positive constants tij and q such that 
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x=z x=z 

v(-,t)I I::;: 2吋(・)I I, zE'$, 
x=z― x=z-

where h(x) is the Heaviside step function,'$ is the discontinuity set of v0; Moreover, the 

fluxes of u and 0, (i.e. ~ー p and 六°”―に（圧—占 (Uz)2) dz), are both globally 
Lipschitz continuous with respect to x for any t > O; and the specific volume v(x, t) has 
the following Holder continuous properties in time for O::;: s < t, 

｛ ：：：：： ／ ：： ：：：：：：口t喜＿Ss)|lげ(t-s)| 
llv(-, t) -v(-, s)||いさ 2qJ(t-s). 

Theorem 4 (Stability and uniqueness, [12], Theorem 1.2) Suppose there are two 
weak solutions (v叫u叫伊） and(vb, ub, 0りtothe Navier-Stokes equations (3) with the reg-
ularity properties stated in (29), and for a small 5, their initial data both satisfy 

llvollBv + lluollBv + ll0ollBv + llvo -IIIL} + I|叫囚＋ 110。— IIIL; <ふ．

Then, there exist t, > 0 and C, > 0 such that for O < t < t., 

llva -泣|囚 +||ua-uり囚＋ ll0a-0り IL½ ::;: C, (110g -0ぶIIL『+||0g -0g11Ll, 

+ lluり一uなIIL':'+llug -u訓＋ llvg-vぶ IIL½ + llvg -v昌＋ llvg-vgllBv) • 
Theorem 5 (Global existence, [12], Theorem 1.3) There exist 5* > 0 and't/ >。
so that for any initial data (v0, u0, 00) of (3) satisfying 

llvo -IIILJ, + llvollBv + lluollLl, + lluollBv + 110。— IIILJ, + 110。||BV::;:こく 5*,
the solution constructed in Theorem 3 satisfies 

戸 (v(-,t) -1) ＋ v't+Tu(-,t)II_ + llv't+T(e(-,t)-1) 
L'::' ||玲

＋凶四(•,t)|| ＋畠(・,t)t'::'::;: ;:':'fort E (0, +(X)）． 
L'£'II..  IIL'£' 
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1.4 Organization 

The rest of this paper is organized as follows. In Section 2, we demonstrate the main 
ideas and steps for constructing BV coefficient heat kernel. In Section 3, we construct 
local solution using heat kernel and prove its regularity and stability. In Section 4, we 
give the pointwise estimate of Green's function for system (1) linearized around constant 
state (1, 0, 1). In Section 5, we represent the solution in terms of an integral equation by 
using "effective Green's function", and derive a priori estimate to conclude global well-
posedness. In last section, we give an outlook for the possible future development of our 
approach. 

2 Heat kernel for BV coefficient 

We will demonstrate the main steps for construction of heat kernel with BV coefficient. 
This section is mainly based on [8], and some estimates are from [12]. 
Consider the following equation for heat kernel H with the coefficient p(x, t) being a 
BV function with respect to x, 

｛ ⑰ -如(x,t此）H（x,t;y,t。;p)=O, t>t。,
H(訊t。;Y,to; p) = o(x -y), 

where the BV coefficient p(x, t) satisfies the following properties, 

{ ||p(•) -P||Llさふ， 1|p（・,t)||BV <心 ||pt(•,t)||00 さ 6*max (］, 1), 0 < 6* ≪ 1, 
ク三 {zI p(z, t) is not continuous at z} is invariant int. (S) 

Here p(x, t) plays the role as 1/v(x, t) in the Navier-Stokes equations (3). 
To construct H(x, t; y, t。;p),the strategy is as follows: we first treat the case that p is a 
step function in space and independent of time; then we use step function to approximate 
a general BV function (still time-independent); lastly, we use time-independent solution 
and time-frozen technique to construct the heat kernel for tim叫 ependentBV coefficient. 

2.1 Step function coefficient 

One considers 
{ （8t —加（鴫）H（x,t;y,t。;μ)= 0, 
H(x, to; y, t。;μ)= o(x -y), 

t > t。,

where μ(x) is a step function satisfying the following properties, 

~ = {zl [μ](z) =JO}=｛叫iE Z}, [μ](z) = μ(z + 0) -μ(z -0), 
μ(z) =凡， zE(年ぶ＋1), i E Z, 

lim年＝士oo, inf{lxi+l -xii, i E Z}＞ふ，
t→土CXJ

llμIIBv = L l[μ(z)]I-
zE,g 

(9) 
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Since the equation is time homogeneous, the solution depends only on the time difference 
t-t。,sowe may write the heat kernel as H(x, t; y; μ). It is easy to check H(x, t; y; μ) is a 
weak solution of (9) if and only if⑰ -0研 (x)如H(x,t; y, μ) = 0 at any continuity point 
x of μ(x), and 

H(x, t; y, μ), μ(x)axH(x, t; y, μ) (10) 

are continuous across any jump point x of μ(x). 
Assume that y E (x0, x1) and x E (xj,的＋1). Take Laplace transform of (9) with 
respect to time, 

訓 (x,s; y, μ)三 JOOe―stH(x, t; y, μ)dt, 

゜one has 
(s -如（鴫）.C[H](x,s; y, μ) = 5(x -y). 

In particular, for x E (xか巧＋1),

(s -噂）.C[H](x,s; y, μ)＝らo5(x-y),

where妬isthe Kronecker symbol，妬＝ 1when i = j and 5;j = 0 when i =f j. Therefore, 
we have, for x E (xj,巧＋1),

訓 (x,s;y,μ)= eご戸叫Uj+1(Y,s) + e―ご（x-露 (y,s) ＋も~e-ご|x-yl
2亨

(11) 

for some functions Uj+1 and Sj. The continuity condition (10) at x = Xj implies that the 
coefficients Uj and Sj satisfy 

e―../s△，口UJ+1+SJ 十も~e-ごlxo-YI = uj + e己Sj-l+~e―ごx,-yl
2亨 2亨

四 (e―../s△9+luJ+1-SJ十釘o e―ごxo-yl)＝ご (uj―e―凸sj-1-
6 jl -ご|X1-y|~e-y'sk,lxo-yl) = ~ (Uj _ e-../sLl.,5j-l _ ~e-y'sk,lx1-yl), 

△j=  
巧ーXj-l

り戸・

The above identities can be written as 

(~;) = e―vg△JRJ ([JJ-：） + e―V△J+1LJ ([:+＋11) + (：そ），（12)
where 
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Here R, and T, can be viewed as reflection and transmission coefficients at the jumps. 
This yields an infinitely many algebraic equations for (Uj, Sj),j E Z, which is difficult to 
solve directly. We construct (Uj, Sj) by recurrence, 

信11)=eふ国（悶＿：）＋eふ△J+lLj（翌：）
Then U1 = ~~=o U1 and S1 = ~~=o S1 give the solution to (12) whenever they are 
convergent. This recurrence relation looks like a random walk starting from x。andx1・
Plugging them into (11), we obtain 

.C[H](x, s; y, μ)＝区
m["Y]e―孤Lb]

-yE％→2 
2~ 

(13) 

Here fly→x denotes all the discrete paths starting from y and ending at x: 

QY→X三{1 = 1(r) I, a continuous path y→x, and 1,'(r)I = 1 when 1(r) is not in'≫}, 
where'≫ is the discontinuity set of μ(x). For each I E fly→x, there exists O = 7i。＜巧く
乃<・・・く加 <Tm+lsuch that 

{1(O) ＝ y, 1（町） ＝ 1l€ ク，．．． 1（加） ＝ ％ Eク， 1（Tm+1)＝ x, 

1((r;, ri+1)) n'≫ = 0 for i = 0, 1, • • •, m. 
(14) 

For a path I given by (14), the phase-length of path Lb] is defined as 

L[,l = 
IY 叫 l,2 叫

＋ ＋・・・十
l,m -1m-1I, Ix -1ml ` Vμ(1(Ti)） ＋ 
¢ 二亨・

(15) 
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one formally obtains from (13) that 

e―亨
H(x, t;y,μ)＝ L mbl 

叫→ 占可i

It is shown in [8] by some combinatorics argument that when llμIIBv is sufficiently small, 
the series actually converges uniformly. Therefore, one can obtain the following estimates 
of heat kernel and its derivative from (13): 

p roposition 6 ([8]) When step functionμ satisfies that 

lltt(x) -P:lloo ≪ 1, and lltLIIBv ≪ 1 (17) 

the heat kernel for step function coefficients satisfies the following estimates: for all x, y E 
罠

e ーい戸／
H(x, t; y; μ) = (1 + 0(1) ll1illBv) 

亭'

eーエ此H(x,t;y;μ)I,I研 (x,t; y; μ)I = 0(1)~, 
t 

e ーい馴／
1仇H(x,t;y;μ)I,laxyH(x,t;y;μ)I = 0(1) t3/2 

-~ 
Dt 

fェ dz)2
e 

1如H(x,t; y; μ)I, l8tyH(x, t; y; μ)I= 0(1)~-

Given two steps function μa and μb satisfying (17), consider the following identities, 

0 = 1'1 H(x, t -T; z，忙）仇—亨(z凰） H(z,T;y，忙）dzdT.
0 J]R 

Using integration by parts and heat kernel estimates, one obtains that 

(J; dz) 2 

IH(x, t; y; μa) -H(x, t; y；忙）1：：：：：： O(l)llμa_忙||oot―1;2e
占T了vご
5t (18) 

The comparison estimates for derivatives are much more subtle, straightforward dif-
ferentiating the integral equation will induce non-integrable time singularity. One has to 
do delicate estimate for each path in the summation on the Laplace level, then invert it 
to physical variable. See [8] for details. 

2.2 Time-independent BV coefficient 

Now consider coefficient μ(x) is a general BV function. The idea is to construct a sequence 
of step functions μ勺x)to approximate μ(x) in the following sense 

IIμりIBv'.S2llμIIBv, llμk -μllooく 2―k→0, ask→00. 
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For each step function μ勺x),one c皿 constructthe heat kernel H(x, t; y; μk). Then it is 
shown from (18) that _lim H(x, t; y; μり exits,which gives a heat kernel for BV coefficient 

K→OO 
μ(x). Moreover, the derivatives estimates follow from taking difference estimates. 

Proposition 7 ([8], Theorem 3.6) Suppose llμIIBv ≪ 1 and i~f μ(z) >ビ >0.Let μk 
zE股

be the step functions constructed as above. Then 

H(x, t;y;μ)三 limH(x, t; y; μり exists.
K→OO 

H(x, t; y; μ) is a weak solution of 

｛ ⑰ -如疇）H（x,t;y;μ)＝0, 
H(x, O; y; μ) = 8(x -y), 

and satisfies similar estimates as in Proposition 6. 

2.3 Time-dependent BV coefficient 

Let p(x, t) be a function satisfying 

t > 0, 

{ ||p(・) -h||L1 <心 ||p(・, t)||BV <と, ||pパ・，t）||OOこふmax(》，1)，

ク三{z I p (z, t) is not continuous at z} is invariant in t. 

〇＜ふ≪ 1, 

(19) 
We are now in the position to consider the Green's function H(x, t; y, t。;p)to the following 
equation, ｛邸＝8x (p(x,t)紐）， t＞ t。,

H(x,t。;Y,t。;p)= 6(x -y). (20) 

To establish the estimate for H(x, t; y, t。;p),we shall represent it by an integral equa-
tion using time-independent coefficient problem. We denote H(x, t; y, t。;p)by月(x,t; y, to) 
for the simplicity of notation. For fixed T > 0, set μ(x)三 p(x,T) and consider 

0 = Lt 1 H(x,t;z,u;μ)（訊(z,u; y, to) -Oz (p(z, u)訊 (z,u; y, to))) dzdu. 
t。R

By the fact that H(x, t; z，び；μ)and μ(z)紐 (x,t; z, u; μ) are continuous in z, one performs 
integration by parts to get the representation of打(x,t; y, t0), 

加，t;y, to) = H(x, t; y, to;μ)+ Lt 1止(x,t; z，び；μ)(p(z,T)-p(z，び））几(z，び；y,to)dzdぴ
to JR 

Differentiate with respect to x to yield the integral equation for fix, 

麟，t;Y, to) = Hx(x, t; Y, t。;μ)＋［J匹 (x,t; z, u; μ)(p(z, T)-p(z, u)）麟，u;y, to)dzdu. 
to JR 

Setting T = t to cancel the time singularity in Hxz, and solving the above integral equa-
tion, one has the estimate of Hx(x, t; y, t。;p).It then follows the estimate of H (x, t; y, t。;p).
In a similar spirit, other derivative estimates of H(x, t; y, t。;p)can also be derived. 
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Proposition 8 ([8],[12]) Suppose the conditions of p in (19) hold. Then, there exist 
positive constants C. and tij ≪ 1 such that the weak solution of (20) exists and satisfies 
the following estimates for t E (t。,t。+tij)

_ （x-y)2 

e C*(t-to) 
IH(x, t; y, t。;p)I~ c. 

vlf=ta' 
＿ （x-ッ）2
e ら (t-to)

IHェ(x,t; y, t。;P)I+ IHy(x,t;y,p)I ~ c.~, 
t-t。
_ （x-y)2 

e c,(t-to) 
IH叫x,t;y, t。;p)I+ IH心，t;y, t。;p)I~ c. 

(t -to)~' 
_ (x-y)2 

€ら(t-t0)

IHty(x, t; Y, to; p)こC*
(t -to)2 ・ 

In addition to the estimates of heat kernel H(x, t; y, t0; p) and its derivatives, we also 
need the comparison estimates of them for construction of local solution, which are fol-
lowed by comparison estimates of time-independent problem and time-frozen techniques. 
For the details, see [12]. 

3 Local well-posedness 

In this section, we will take advantage of time-dependent coefficient heat kernel H(x, t; y, t。;p)
and Picard-type iteration scheme to construct the local solution and show its uniqueness. 

3.1 Existence 

Consider the following iteration scheme motivated by (3) 

wn+1 -U戸＝ 0,

U戸ー (~t =-p(l+V尺1＋び）x,
釘— (ic句刊 ）＝―p(1+V八l+e門均＋ μ （U]， （21) 

仰（1＋い）”仰仰（1＋い）

(Vn+l, un+l, 9n+1)I. = (v; ，叫， 0~) = (vo -1,uo,0。— 1),
t=O 

(V0, u0, 8°) = (0, 0, 0). 

The last equality in (21) means that we choose the initial step to be the unperturbed 
constant state. Thanks to the BV coefficient heat kernel, we can apply Duhamel's principle 
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to construct the weak solution (Vn+l, un+1, 9n+1) to equation (21) as follows, 
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(22) 
where 

μn = μ 
1 + vn' 
氏

炉＝
仰 (1+ Vザ

N{'(x, t) = -oxp(l + V尺1＋的，

均 (x,t) = -p(l + V叫1+8り均＋ μ加）2
Cv ~x'ev(l+い） x ・ 

(23) 

The integral representations (22) yields a weak solution of (21). 
By refined estimates of heat kernel, we can show that (V叫U尺的 formsa Cauchy 
sequence in an appropriate topology and conclude the following local existence result: 

Theorem 9 ([12]) Suppose the initial data (v0, u0, 0。)satisfiesthe condition (5) for small 
ふ Thenthere exists a positive constant ti such that, equation (3) admits a weak solution 

(v,u,0) = (v* + 1,u*,0* + 1), t < ti, 

satisfying the following estimates 

r5 > 0, 0 < t <む＜く 1,

max { llu(・, t)IILl, , llu(・, t)IIL';' , llux(・, t)IIL上' v't llux(・, t)IIL';'} ::::; 2C廿ふ

max{ll0(-,t)-1IIL½, 110(-,t)-1||ぼ,||0x(・,t)11Ll,,凶 ||0叶，t)I心｝::::;2C』

max { llv(・, t)IIBv, llv(・, t) -lllLl,, llv(・, t) -lllL穿'vtllvパ・，t）||ぼ}::::;2Cttr5, (24) 

が＝ v:+vふ碍(x,t) = L v•[: h(x -z), v: i -z v: is continuous 
z<x,zE"≫ 

x=z x=z 
v(-,t)I l::::;2lvi(-)I I, zE~, 
x=z― x=z-

for some positive constant q, where h(x) is the Heaviside step function. Moreover, the 
fluxes of u and 0 

k 

flux of u = ~-P, flux of 0 =乙゚ x-[OO (［叫一-l3;(Uz)2) dz, (25) 
are both continuous with respect to x. 
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Indeed, we introduce the following functional of the iteration difference, 

ク [Vn+1-V叫un+l_ Un, en+l —的 (26)

三 IIIVn+l-vnllloo + 11ivn+l -vnlll1 + IIIVn+l -vnlllsv 
un+1 -Un 

+ 111un+1 _炉||OO + |||un+1 _び|||1+ |lo:T| (U；；；十1-u；；；) ＋ 
00'Ill llogrl 1111 

en+l _ en 好 en+1_on 

llogrl 
+ 111~111 + 111en+l -び|||1+111~(8戸—句） ＋”  00'111 - -1111'I I I I log TI'-x -x 1 111 oo'111 I log 7 I 1111 

Here 
好好
llogrl 
(u:+1 -u:) 111 = sup II~ (u:+1 -u:) (・, r)II, 

oo ぐ゚<tiI I I log 7 I '-x -x 1 ' '・ 1 I IL"{' 
and similar for other 111・111 norms. We show the contraction property for sufficiently small 
o and t1, 

ク [Vn+1-V叫un+l_ Un, 9n+l —釘

1 
:::; C, (o+ 占|logt叶十 |logti1) ク [Vn-Vn-1，びー un-1豆—正］．

3.2 Regularity 

From Theorem 9, we have obtained the first order regularity with respect to x and the 
continuity of the且uxesfor the weak solution (v,u,0) to system (3). However, a weak 
solution to (3) is not necessarily a weak solution to the original system in conservative form 
(1) due to nonlinearity, unless some more time regularity estimates can be established. 
By exploring more estimates of heat kernel, we first show 0 is Holder continuous in 
time, then use it to show Ut is well-defined. Lastly, we revisit the integral equation of 0 
and apply time differentiability of u to prove 0t is also defined. 

Theorem 10 ([12]) Suppose the initial data (v0, u0, 00) satisfy the condition (5) for small 
ふ Let(v, u, 0) be the corresponding local-in-time weak solution constructed in Theorem 9. 
The following assertions hold: 

{1) In addition to the estimates in (24), there exists a positive constant q such that when 
t E (0,在）， thesolution satisfies 

max{vt llut(・, t)IIL}, t llut(・, t)IIL':', vt ll0t(・, t)IIL}, t ll0t(・, t)|五}:::;2C廿0. (27) 

(2) The fluxes of u and 0 {defined in (25)) are both globally Lipschitz continuous with 
respect to x fort > 0. 

{3) The specific volume v(x, t) satisfies the following Holder continuity in time properties 
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(28) 

From Theorems 9 and 10, we identify the function space where constructed solution 
belongs to, 

v(x, t) -l E C ([O, ti); L順）nLoo(戦)nBV),

u(x, t) E £00 (0, ti; W1'1（良） nLOO（民））， v'tux(x,t) E £00 (0, t砂°°(賊)），

v'tut(x, t) E £00 (0, t1; L露））， t山(x,t) E £00 (0, t砂嘔））， （29) 

0(x, t) E £00 (0, ti; W叫股） nL噂））， v't0x(x,t) E £00 (0, t砂嘔）），

畠 (x,t) E £00 (0, ti; L囀））， t0心，t)E £00 (0, ti; L嘔））．

Since it owns enough time regularity, one has the following proposition: 

p roposition 11 For the weak solution (v, u, 0) of (3), the function (v, u, cv0 + u2 /2) is 
a weak solution of (l) if (v,u,0) satisfies (29). 

3.3 Stability 

Notice that in (29), the BV norm of v is continuous in time. Therefore, given any weak 
solution (v, u, 0) belong to (29) with llvollBv small, one can construct heat H(x, t; y, T; l/v) 
in short time and represent the weak solution in terms of integral equation. Employing 
heat kernel estimates and its comparison estimates, we establish the following stability 
result. 

Theorem 12 Suppose there are two weak solutions (v尺u叫伊） and(vb, ub, 0りtothe 
Navier-Stokes equations (3) both belonging to (29), and their initial data both satisfy 
the following condition for smallふ，

llvollBv + lluollBv + 110。||BV+ llvo -lllu + lluollu + 110。— 1||L1 ＜ふ≪ 1, 

Then, there exist positive constant t. and C, such that, the following stability hold 

§[va-炉，ua_ ub, ga _ gb] 

：：：：： c,(110g-0闊に＋ 110g-0ぶ1|Li

+ llug — u間に＋ llug-u名 11£:;+ I|婚ーV心11£:;+ llvg — v贔＋ llvg-vぶ IIBv),
where§ is the functional defined in (26). Moreover, this immediately implies the unique-
ness of the weak solution. Namely, for sufficiently small initial data, there exists a positive 
constant t. such that, the equation (3) admits a unique weak solution in the sense (29) 
fort E [O, t,). 
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4 Green's function 

In this section, we introduce the Green's function of system (1) linearized around constant 
state (v,u,0) = (1,0,1), which is for studying time asymptotic behavior of the system 
(3). For the details of construction, one is referred to [12, 13]. 
In order to preserve the conservative form of equation (1), we define the following state 
variables, 

and thus 

1 
E = e+ ~u汽
2 
U = (v,u,E), p(v, e(E, u)）三，

Eード
V 

仰＝ーU, eE = 1. 

(30) 

Then, the system (1) is rewritten as the following conservation form with unknowns 
defined in (30), 

｛：二：二Pee山＋Pee迅＝（μvux)x (31) 

尻十up占＋（p +upeeu）叫＋up衣EEx=（吼euv+µu妬＋ ~Ex）ェ・

We can also write the system into a vector form as follows, 

Ut + F(U)x = (B(U)に）”⇔ Ut+F'(U)に＝ （B(U)に）m

where U, F, F'(U) and Bare defined as below, 

U = （［) F(U) ＝ （::) F'（U) ＝ （：vovu p_-p;euu2 :L) B(U) ＝ (g けーこ）uぷ）
Now we consider the linearization of equations (31) around a constant state U. Let 
U = [J + V. We have 

½+F'([J)Vx -B([J）Vxx = [N1(V;[J）＋N2(V;[J）］x, (32) 

where N1 and N2 are nonlinear terms coming from the hyperbolic and parabolic parts 
respectively, 

N1(V; 0-) = -[F(U + V) -F(U) -F'(U)V], N2(V; 0-) = B(U) -B(U). (33) 

The Green's function G(x, t; 0-) for the linearized equation (32) is the solution to the 
following system, 

｛知(x,t;U)＝（-F'（U)0ェ＋B(U)ぬ）G(x,t; U), 
G(x,O; U) = 5(x)I, 

(34) 

where I is the 3 x 3 identity matrix and b(x) is the Dirac-delta function. The Green's 
function G(x, t) can be decomposed into singular and regular parts, G*(x, t) and (Gt(x, t) 
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respectively. Roughly speaking, the singular part is the short wave approximation of IG-, 
which extracts the leading singularity from IG-; while the regular part dominates the large 
time behavior of IG-. 

Proposition 13 ([13]) Let IG-(x, t) be the Green's function of the linearized equation of 
(1) around the constant equilibrium state (v, u, 0) = (1, 0, 1). Then, the Green's function 
IG-(x, t) has the following estimates fort :S: 1, 

1 0 0 ¥ f-i*+ " IO O 0 

C:(x-y,t)-e―丹t6(x-y)（! H) —二三(~n) 
e叩 ＿ヒュ亡 0 0 0 
一心e 国 t （心〗『）こ〇(1)e―吋t-Go|x-y|＋0(1)te―6o|x-y|9 t :S: 1, 

1 o o¥ /O ~ o 
疇— y,t) -e―任t6'（x-y)(>[>)+e―丹t6(x-y) （t[ ］ 
＿。x （二三）（［〗］）二e―王(—:§
＿。x(三三）（［［ 
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1 o o¥ / o ~ o 
鬼 (x-y,t)-e―が6"(x-y)G ~ ~) +e―がが(x-y) (f; ~>)
-e伶t8(x-Y) (（: -[！） -t (_ （凡〗；炉） H))

心（二三）（［〗［）パニ三）（—〗
＼
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_ c,，K 

c?，K 

叫—氏閤―,)
二）ご0(1)e―吋t-uo|x-y|+0(1)te―6o|x-y|9 tさ1.

On the other hand, for large time t：：：： 1, t加凸邸nなJu叩如加珈屈加四呻叫屡

1 0 0 
G(x-y,t)-c―丹t6(x-y) (00 0) 0 0 0 

言二Jo一戸（二）M
3 _ （X-y＋い）2 3 _ (x-y＋叩）2

<ど
O(l)e--'-------'mi 

Mグ＋ど
O(l)e--'-------'mi 

t>
+ O(l)e―"が一びolx-yl,

j=1 t j=1 

1 :St, 
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t2 

1 :::; t, 

1 :St, 

where the parameters a;, /3;, /3; are some explicit constants, Mj are some explicit constant 
matrices. 

5
 
Global well-posedness 

In this section, we give sketch of proof for global well-posedness by using "effective Green's 
function" and a priori estimate. 
In order to construct a new effective integral representation of v, u and 0, we introduce 
an effective Green's function G similar as in [8]. Define a smooth non-increasing cutoff 
function as follows, 

X(t) E C00償砂， X'(t):::; 0, IIX'IIL00（応）::;2, 詞＝は： for t E (0, l], 

fort> 2. 
(35) 

Then, we choose a small positive constant v0 (which will be determined later) such that, 
the heat kernel H(x,t;y,T;~) and the local weak solution (v(x,T),u(x,T),E(x,T)) for 
(I) both exist when T E (t -2v0, t]. We interpolate the heat kernel for short time and 
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Green's function for large time via cutoff function (35), thus introduce the effective Green's 
functions as below, 

｛伽(x,t,y,T)＝ x (t ;。T)H (x,t,y,T, ［） ＋ (1-x (t ;。T)）伽(X-y,t -T)， 
G33(x, t; y, r) = X (!;。=)H (x,t;y,r; ~) + (1-X（口））伽(x-y;t-r)

(36) 
Now we can represent the solution (v, u, E) in terms of the effective Green's function, 
which is given by (G;j) in Proposition 13 with replacing G22 by G22, G33 by G33. It 
captures both the local-in-time regularity and global-in-time space-time structure of the 
solution. 
For example, to obtain the effective integral representation of u, we multiply the vector 
(G21 (x -y, t -r), G22(x, t; y, r), G23(x -y, t -r)) to the system (1), apply integration by 
parts, and split the time integral into three parts [O, t -2v0], [t -2v0, t -v0] and [t -v0, t] 
to have 

u(x,t) = 1島 (x-y, t)(v(y, 0) -l)dy + 1伍 (x,t; y, O)u(y, O)dy 
股

J ＋向(x-y, t) (E(y, 0) -cv) dy＋区悶R i=l 

where the inhomogeneous remainders冗 arespace-time double integral corresponding to 
time intervals [O, t-2v0], [t-2v0, t -v0] and [t-v0, t] respectively. The interested readers 
are referred to [13] for the expressions and computational details. The representations of 
v and 0 can be derived similarly. 
According to Theorems 10 and 12, if the initial data is controlled by a sufficiently small 
constant o as in (5), there exists a unique weak solution (v,u,0) to (3), or equivalently, 
(v, u, E) to (1), fort< t廿． Moreover,the solutions are kept small in the sense of (24) and 
(27). 
We define a stopping time as below, 

T=悶叶如） ＜0, for Q < T < t}, (37) 

g(T)三|vG7]可(v(・,r) -I)lloo + 11¥IT+lu(・, r)lloo + lh／二（0(・,T)-l)lloo 
+ llv(・,r)-Illu + llu(・,r)llu + 110(・,r) -Illu 
+ llv(・,r)-IIIBv + llu(・,r)IIBv + 110(・,r) -IIIBv 
+ ||好匹(・,r)IIL= + II ✓デ化(·,r)IIL=・ 

By Theorem 10, there exists a positive constantふ(smallerthan o) such that, if the initial 
data satisfy 

llvo -IIIBv + lluollBv + 110。— IIIBv+ llvo -Illu + lluollu + 110。— Illu < o*, (38) 

then the stopping time T > t~. Here t1 is the existence time associated with o in Theorem 
10. 
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Based on the integral representations of the solution and their derivatives, we can prove 
the following a priori estimate, which then yields a sharper estimates of the solution. This 
is the key lemma for the proof of global existence. We refer the interested reader to [13] 
for the details of proof. 

Lemma 14 (A priori estimate, [13]) Let (v,u,E), tu and 5 be the local solution and 
co汀espondingparameters constructed in Theorem 10. We further suppose the following 
propeけieshold for the solution, 

llvo -lllBv + lluollBv + 110。— lllBv+ llvo -1||ぃ+||Uo||ぃ+||0。— 1||L1 < 6*, ｛如）＜ 6，for而<t, （39) 

ti 2 4vo, 

where (](T) is defined in (37), 5* is as in (38) and v。isgiven in (36). Then, u(x, t) has 
the following estimates fort 2 ti, 

llu(・, t)||じ SC(vo)5* + 0(1)（炉＋況柁＋亨＋Vo6十炉），

II ✓戸ゴu(·,t)IIL=さC(vo)が＋0(1)（占8＋炉），
I log(vo)I,2 

llux(・, t)llo S C(vo)が＋0（1) 6 +0(1)匹 5,
氾
I log(vo)I,2 

||ふ叩(・,t)IIL=S C(vo)が＋ 0(1)~52 + 0(1)占 5.
占

0(x, t) has the following estimates fort 2 tゎ

110(・,t)-lllo S 0(1) (C(vo)5*＋心＋炉）＋0(1)(C(vo)が＋心＋炉）2'

llv'l+t(0(・, t) -l)IIL= S 0(1) (C(vo)が＋心＋炉） ＋0(1) (C(vo)が＋心＋炉）2'

I log(vo) I,2 
110ェ (•,t)llo SC(%）が＋0（1) 6 +0(1)0 

占
I log(vo) I,2 

llvi0x(・, t)IIL= S C(vo)5* + 0(1)~52 + O(l)foo5. 
亨

And v(x, t) has the following estimates fort 2 tゎ

{：：□1(||，Lt1)::i［゚:6*S+c:::;:．29+0(1)6叫
llv(・, t) IIBv S C(vo)5* + 0(1)—. 

占

The global existence then follows from a standard continuity argument and choosing 
ふ，v0properly. 

Theorem 15 (Global existence) Suppose initial data (v0, u0, 0。)ofNavier-Stokes equa-
tion (3) satisfy 

llvo -lllL;i, + llvollBv + lluollL;i, + lluollBv + 110。— lllL;i, + ll0ollBvさ5*, (40) 
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for 8* sufficiently small. Then the solution constructed in Theorems 10 and 12 exists 
globally in time, and there exists positive constant ~ such that, the solution satisfies 

v't+l(v(・, t) -1) ＋ v't+Iu(・, t) ＋』可0(・,t) -1) 
Lデ 玲 L空

+ llvtux(・, t)II _ + llvt似，t) さ露 fortE (0, +oo). 
L穿 L'£°

6 Outlook 

The most important ingredient in this work and [8] is the construction of BV coefficient 
heat kernel, because it accurately captures the quasi-linear nature of the compressible 
Navier-Stokes system. Combining BV heat kernel and Green's function, it is even possi-
ble to establish the space-time pointwise estimate of the solution for rough initial data. 
Actually, we have the following result for isentropic gas 

Theorem 16 ([14]) Suppose that the initial data (v0, u0) of (4) satisfies 

llelxl(vo -1)11(XJ +elxluoll(XJ + ||v。ー IIIBv+ lluollBv SE. (41) 

Then, there exist positive constants D。andEo such that for EE (0, Eo) the solution (v, u) 
satisfies for t > 0 

lv(x, t) -11, lu(x, t)I 
＿ （エーBt)2 ＿位十9t)2

sD。E[
e 2Do(t+l) + e 2Do(t+l) 

＋ 
1[-{3t,{3t] (x) 

+e -（|ぉ|＋t)/D。~+~+e-(lxl+t)/Do], 

where/3 ＝二 isthe sound speed, and l[a,b] (x) is the characteristic function of the 
interval [ a, b]. 

This approach has potential to be applied to other problems with rough data, such as 
initial-boundary value problem, perturbation around non-constant state (shock, rarefac-
tion). Moreover, it would be more interesting and challenging to see how to develop the 
theory for multi-dimensional problem. 
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