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1. Problem and Result

It has been known that the solution u(v,t,x) of the initial val-
ue problem for the incompressible Navier-Stokes equation tends to
the (unique) solution u(0,t,x) of the initial value problem for the
incompressibie Euler equation, as the viscosity coefficient v > O
tends to zero. Moreovre it is a smooth funcyion of v € [0,1] in
some function spaces. For example, see {4], [3] and [11.

 We consider the samé problem for the ihitial boundary value
problem ( I1.B.V.P.) in the half space RE = { X % (xl, --°,xn_1,xn)
= (x',xn) s xn > 0 } , 2 2 . There hasvbeen no result for this
problem, though the boundary layer originated by Prandtl in 1905
provides a good approximation method.

Let u =t(u1,-°~;un) = t(u',un) = u(v,t,x) be the velocity of the
fluid at the time t 2 0 and the point x € RE . The 1.B.V.P. for the
incompressible Navier-Stokes equation is.written as follows :
(1.1)’(7) Btu + u'Vu - VAu + Vp = 0 , t } 0, X § RE ,

(2) Veu = 0 ,
3> ul,_5 =14,
4) 7vu = ul =0 .
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Here v€(0,1] is the viscosity coefficient, u-vu = u181u1+-°‘+un8nun,_

- a2 - 2 =t -
veu = 9,u,+ +8nu , Au = 81u + + anu and Vp = (alp, ,anp)

171
Similarly the I1.B.V.P. for the incompressible Euler equation is

n

written as

(1.2) (7) d,u+uvu+9p=0, t>0, xe€RY,
(2) veu = 0,
(3 ul,_. =u

(4) Y u=zul 0 =0

As for the initial data uO , we assume the "compatibility"”
(1.3) (7 v-u, = 0 ,
(2) Yu = 0

We intend to get the solution of (1.1) in the following form

(1.4) uw,t,x) = ul(v,t,x) + gui(e,t,x) + g2u(e,t,x)

1 2~2

+ HO(S,t,x:xn/S) + gl (e, t,x,x /€) + €°u"(g,t,x,x /),

Ni, -
[ Ei (S,t,x:xn/s) ) Ci= 0.1,
Sun (e,t,x,xn/e)

t( 52/

El(e,t,x:xn/e)

‘ s
( ,xn/s), un( ,xn/e)) ’

Leg,t,x) + e2p2(e,t,x)

(B, t,x7x /€) + szgz(s,t,xixn/S),

W2 ce,t,x7x, /e)
pv,t,x) = pO(v,t,x) + €p
| + gp’
g =/ € (0,11
Each term in the above expansioh is determiméd to satisfy the
following "Navier-Stokes equafidns" (1.5)-(1;9); respectively:
.50 8, + ¥ va® - val® + w0 =0, o0, x e R",

v-eu = 0 ,
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(160 8,00+ @iy v RO w cu vl -erire 107 -vat® w0 vu® = o,
~0 . -1 :~0, - © :~0, -
u (€, t,x) = -8 "Viu (g, t,x) = anV_u‘«(S,t,x 0o 0dn
-t - A
V= (al, ,an_l) =9 ,
'\'O -
wlyig =0,
~0 _ ~0- _ -0
y’u” = u |X g T Y uw o,
(1.7 atul + u0 vu o - vAu1'+u1~Vuo + Vp1 = 0 ,
V'u1 = 0,
1 -
wlig =0,
1 _ . ~0
ruoo= -y ou,
(1.8) {3t+(u0+8u1+82u2)'v —varu? + u?-vu®+guly +vp? = -ulv-ul,

2 =
u |t=0 =0,

(1.9) {8t+(u0+8u1+82u2+ﬁo+831+8232)-V——vA}(§1+852) + vipleep?)
+(3leed?) -vulsgul+e2u?+3%) = 7% wul - /O,
~{ _ o
ulyo=0, 1=1,2,
; 1. .. 1., ~0-
ho = [ (un Yun)anu J , (See (6.2)),
HO~Vu0'+(uO+8u1+EO)-VEO —8_1v'-;0'
n n n
v-(8u2+ﬁl+852)‘= o,
v(gu?+ul+gn®) = -t ul, »

By using the notations described in the next Section, our. result
is stated as follows:

Theorem. Let u,€ HE P9 yith £>(n-1)/2+3, p>0, 0<KO<N/4 and a>0,

0 a
and assume the "compatibility condition” (1.3). Then, there exists
a time interval [0,T], T > 0 , independent of Vv €(0,11, such that
(1.1) has a (unigue) solution u(v,t,x) of the form (1.4) and each

term satisfies (1.5)-(1.9), respectively, and the follwing :

-3 -
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(1.100 P, t,x) € kt0.0
a,BO,T
i t-i,p,H0 -
u (g,t,x) € xa,Bi,T , 1 = 1,2, 0 < 80 < 81 < 82 ,
‘\'i, -
uO(S’t,x) = [Bl (Ssts)’( ,xn) ) € xi/ésgigi‘(u)’ “ > O s
un(e,t,x ,Xn) [

{-i-1,p,8

~i ~
u (e, t,x ,x,) € xa/8\,32,T ’

i=1,2

In particular, S;u(v,t,x:xn), 0 <j< &, is a continuous function

”;-j’p
8 ,T
with some 87> 0 and 8°> 0 , and uO(O,t,x) is the unique solution of

0f (v,x ) € [0,11xZ(85a)N{0}x{0} in the strong topology of K
(1.2) .

2. Notations and Function spaces

First we introduce several notations .:

(-p,p)" 1 (open cube) ,

(2.1) 1(p)
D(p) = R™ L/ FT1(p) = (27= x"+/-1y"; x"€ R™L, y7e 1¢om),

- Z(8,a) = £,(6,a)UZ,(8,a) , 0< 6 <M/4, a>0 |

Zl(e,a) { z = xn+J—1y H !ynl $~xntan9 , 0 < xns al} ,

n
{

22<e,a> z.= xn+./-1yn ; IanJS a tanf , X 2 a |

Q(p,0,a) = D(pI)x=Z(8,a) ,
Ly") = R" 14 /=Ty ¢ pepy ,

L(8,a) = Ll(e:a)uLz(eja) c Z(0,a) , 18671 <86,

Ll(e,a) = { 2, = xn+J-1yn; Y= xntane , 0L xns al) ,
L2(9,a) = { z = xn+J-1yn; Y= a tan8 , xnz a ) .

Next we introduce function spaces :

(2.2) For a Banach space X with the norm | IX , Bk([O,T]; X) is
the set of all Ck-functions from [0,T] to X with the norm
k J
1 £1 = 2 sup l18,f(t)ly, ¢ =
kT 520 ogt<T ° X

- 4 -
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With [0,T] replaced by AT= [0,11x[0,T] (resp. 2(9,&)); we define

%A

T;X) (resp. Bk(Z(G,a);X)) in a similar way .

2.3) For a Banach scale §p= XXp; 0 £ p X po} (with the norm | |

P

. : K . k . .
of Xp; we define BS([O,T],Xp) {resp. BB(AT’XO)) with the norm
k ~d
[£1 = Z sup |3
Po-K:8,T 1o ogtcr ° 0

(resp. £l = ¥  sup I18ladsce, )l
Po ka8 T T ik RT gt p

: )
0 Bt

For further details, see 4 .

(2.4) P st == (1) £(x"+/~1y") is analytic in D(p) ,

2

(2) 8 %t (x"+/~Iy") € L°(L(y ")) for vy € 1(p), lal<t ,

(3 1£l = X sup la’°‘£(~+/——1y’)| 2 . <
te 7 i<t yoelep) | L2y

{,p0,8

(2.5) Ha

5 f <==> (/) f(z’,zn> is analytic inside Q(p,0,a) ,
2) a“f(z’,zn) e 82¢z0,a);:8°%"") for lal < ¢ ,

(8) £l = X sup 18%£( -,z )1 o,
BRZLILENPAPY) z €2(6,a) 'Tn7 0,0

Hi’p’g’(”) 35 f (u=0) <==> (7) f € Hi’p’e ,

2

(2.6)

[ £1 = X sup e*Xn 18%8 ¢,z 1 < »,
8p 8, W g1ct 2 exco,0) n” 0,p

2.7 K = N Bg(co,TJ; p-t-2i.p

j<l/2

1 £ pX sup leif(t,
j<i/2 0<Lt<T
"C_k,p ) 7

8,T

£,0,8,T ° M2y, 0-81

n B¥(ro,11; k
k<t
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(2.

2

2.

(2.

(2

2.7)°

8>

.9)

10D

5)

.6)

3.

Ki’g’g = n Bg([o,TJ; Hj'Zi’p’e )
B j<8/2
I£1 = 3 sup 183fCt, )1, .. PO
xi'g’g - n B¥(ro,113 Ki"§’¥’9 y ,» (10,11 3 € )
’. ’ ks{ 4 9
Ki’g’g’(u)= n B;([O,T]; Hi—zj’p’e,(u) ) .
P j<t/2 ,
I£1 =z sup 183fct,y1, .. _ PN
£,0,8,(W),8,T 3<8/2 0<t<T t “L=-2j,p-Bt,0-Bt, (u-Bt)
00,0, gRpg gy kKRGO 1y 5 6
a,B,T 8 a;B,T
k<{
ii’g’g - n  B¥ro,11; K:_zk%p’e > . ( [0,11 3 v )
] s ks{/z bl s’
ut P05 ¢ ooy 7y f(2” ' lytic inside Q(p,9
a.q == z ,z, ) is analytic inside Q(p,0,a) ,
&) %27,z ) € LqLeo;a);H %Py, 1671¢< 0, lal< ¢,
8) I£l = 3 sup 118%£¢-,201. 1.q - .<=.
£p.8.a o<t - 10710 n"0.p L7(6,a)
~4,0,8 _ . ¢,p,0 t,p0,0
H = H, nH DT
’fl£’p,g = lflt’p’e + lfI‘L,P,e,l .
ki’g!g = n Bg([o,TJ; ﬁi’p’e ),
¥ i<i/2
L£17, = T sup 183£c¢t, )15 .. P
£,0,0,8,T ° . Jp/n ofter b t-2j,p-8t,6-8¢
~4,p,0 _ k . xt,p,0
Ka'gip = N B (10,115 K 'g p)

k<{

Operators and the Stokes equations

This section consists of three parts. First we introduce Poisson

operator N or D (resp. Pl(v)~or Pz(v)) of the Neumann or Dirichlet_

Problem of the Laplace operator A (resp. the heat operator at—vA)

and other related operators.

- 6 -
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Second we construct "evolution operatdrs" solving the equation
(1.5)-(1.9>. In pafticular{ we construct the "PoiSson operator"
P(v) of the Stokes equation, combining the operators defined above.

Finally we give the estimates for these operators in the functi-
on spaces introduced in 2, and the estimates of Cauchy—Kowalewski

type for the firstr-order differential 6perators

7. Various operators

(3.1) rf f!Rn (the restiction of the function f of Rn onto Rz).
+ i

ef = a "nice" extension of the function f of Rf to R". Here
"nice" means the regularity preservjng property (cf. [51).

ef(z.z ) = f(z,z_ ) for x.= Rez 20, = 0 for x < O
n n n n n

Dpy * f|2n=0 (ef.(1.1) (4)).

v = f|

9
(3.2) U (v, t,x) = (anvt) M2 IXIT/UAVE (4ot Kernel in R™),

0
Uo(v,t)f(x)

fRn Uo(v?t,x-n)f(n)dn s

t
UgWECt, s> = [o Ugv,t=s)f (s, )ds ,

' ' -, 2
Ua(v,t,x’) = (4mvt) (n-1)/2 -1x"17/4nvt)

' 2
Uyv,t,x) = Ugy, t,x7) (4nt) 172 -x /ant)

ﬁo(v,t) and‘ﬁo(v) are defined similarly as Uo(v,t) and Uo(v);

1(resp.[O.w)XRn_l).

Let u(x’) (resp. u(t,x )) be a function on R™”
We define the Fourier transform (resp. Fourier-Laplace tfansform)

Q") (resp. U(A,£7)) of u(x’) (resp. u(t,x )) by

-

(3.3) e = e TD/2 IR g xax” i = T,
(resp. T(x, &) = g et fict, rat )

- 7 -
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We call the multiplier o(T)(£7) in‘i'(resp. O(TY(X,E7) in (E7X))
the symbol of the operator T , if there holds
(3.4 b = o(T)(Ef)ﬁ(s’)
(resp. (TWO,E7) = o(T)(A,EDUMLET) )
Poisson operators N, D, Pl(v) and Pz(v) are defined by the
following equations, respectively
(3.5) ANu = 0 , ?SnNu = g (given boundary data),

ADu = 0 , 7rYu =g,

(3.6) (8,-vA)Py (wu =0, P, (Wul,_=0, 8P (Vu=g,
(@,-vA)P,(Wu = 0 , Py(Wuf,_,= 0, rP,(Mu =g
Clearly we have '
)
- - ~ - &
(3.2) TUGW,t)E) = e vilg i
- ' - _ - -1&71x
(3.5) o(N)(E7x ) = -1/1&71 e n ,
o(D)(ijxn) = e_'g tXn ,
_ a2y At -2
D=298N, dD=28Ns=-AN= (A N),
, _ _ -,2.1/2
(3.6)" G(PL (V) QL,ET) = —a/velg 15T m /IR,
' ~,2.1/2
0P (W)(A,E7) = e AVHIE IR 5 4y 2 8 Py,
2 2 n 1
For later use we define the Poisson operators Pj(v), i=1,2, by
L -.2.1/2
(3.7 OB (1) (,ET) =(-Qavlg 151272 T vIE T,

which is associated with the heat operator (at—vA'—ai)
We introduce two kinds of singular integral operators. The first

group, Qm, Pw, N'=t(N1,---,N > and A , are of Calderon—Zygmund

n-1
' . . n n-1 .
type and act in the function spaces on R’ and R , respectively :
-t~ 2 - 2 @
© £ 13 ©
(3.8) (@7 (&)= ( s tﬁ,/'g'z gzﬁn/'g' ] . P®= 1 - Q%= ( P }
g ET/IEIS E/1E] 28

( Only here in (3.8), we adopt the Fourier transform in Rn. )

- 8 -
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(3.9) O(NH(ETY = GE/IETD , i =/-T,
(3.10) oA I(ET) = lg’l , Ai = AT+ 1
(3.11) o (W) X,E7) = IET1/ (/v + g7 12172
Qw) = N o '™N" = e (WIN'NT @, (V) = A oy
(3.12) g(T(VII(X,ET) = LETI/{x/Y s 15H Y2 ey

T, 0 = ey - TV = o (v)T(V)

By symbol calculus, we have equalities

@ -1 © .o
(3.13) Q = VA "V, VQ =V, VP =0,
-2
(3.14) oy, ) (E7) = n /21 2471/2 ey mvtie ™
-2
s, @) = vig 12 VHETT 02 - seny

AQD = - 2 - -
oty )&= nluig 12heTVHE 1T T2 gy g
- 3 - _ol/2 5
(3.15) P,(w) = wl(v)PZ(v) s PLW) = -v e, (WP, (V)
YU . 1) = -1/ @wIP W, DY + PLo, Y ),
where T* means the adjoint of T, and ¥(x:xn) = f(x:-xn) for x > 0

For later use we define the modified operators ém and ?w by

e 2 ~t, - g" _ - -0 -G
(3.8)7 o(Q (&) = ( e £ g8 sn ](SZI& |2+52 ) 1, P=1-Q .
t,- 2 n
eg & £

We note that the identity 1 = Qm+ Pm gives the Helmholtz decom-
position in R". sIimilarly the following operators Q and P give the
same decomposition in Rf (associated with the Euler eguation):

(3.16) P=rPe - VNYane , Q=1-P

2. The "Stokes equations"
Define the "evolution operator”™ V(v,t) {(and V(b)) by
(3.17) Vv, ) = rP U (v, be - VN?nPwUO(v,t)e (or = PrU (v, tle )
CVOOE) = [ Vv, t-8)i(s, )ds ).

Then V(v,t) satisfies
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_ N : . . - n
(3.18) (at VAYV(v,t) + VNYnP atUO(V,t)e =0, t > 0, x € R+ s

o,

V'V(V,t)

V(v,0) = P ,

YnV(v,t); 0
The evolution operator Ul(v) (resp. Uz(v)) of the Neumann (resp.
Dirichlet) problem for the heat operator at-vA is given by
(3.19) Ul(v) = rUO(v)e - Pl(v)yanUO(v)e
(resp. Uz(v)=rUO(v)e -Pz(v)yU

These operators satisfy

(Ve = rUO(v)e +P (v)YanUO(v)e J.

0 1

(3.20) (8, -vAU, (Wf = £(t,x) , t >0, x € R},

1
o

U, wifl, g =

2

-i
van U f

n
[«
ot

1}
—

-
N

By replacing Uy(v) and P (V) with‘ﬁo(v)vand P.(v), we also define

ﬁi(v), which is associated wifh the heat operator St—vA’—ai . Note

| -1 - _r -1
(3.21) 8 " T,a» = Tyma

- (. (»e - B i (eye-l
= {rUI(v)e Pl(v}vUO(v)e}en
The Poisson operator ?(v) of the original Stokes equation is

defined by solving

(3.22) (8,-vA)w + Vp = 0, t >0, x € R},
Vew = 0 ,
i =0
yw = g(t,x )= t(gjgn)
Let w = w1 + w2 + wO , and put
| 1 _ _
(3.23) woo= WNfy o, fol =0, _
2" -t - T£7 -
W= PO = TP, (»ET, PLOED , VIET+ £ =0,
wo = U(wvg = B¢ U,(W¥a , U (13 a), Ag = 0

Clearly each w' satisfies the first three conditions of (3.22) and
the following "boundary conditions"

_10_
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1 _t, - -
(3.24) YwS = ( =N fO, fO ),
2t - .
YW= « £, YPI(V)fn) s
yw® = Yo7, 1/v P, (Vv + 2Y8hU0(v)€q ).

We determine q by the following condition
(3.25) Ag = 0 , va = -vf , i.e. g = -vDf = hi-AE 3
Then, w satisfies (3.22), if the following equation is satisfied ;
(3.26) £ - N’fo =g ,
. S

f0+ P2(v) DA'N-f = &, -

Here we haverused the equalities (cf. (3.15) or (3.31))
- . % . P
2vYanUO(v)e = P2(v) and v = AN

Hence we obtain

(3.26)7 £+ N'Pz(v)*DA’fo/='g/+-N;g = Mg

By symbol culculus ( and the identity :‘NfN/= -1 ), we have
(3.27) Pz(v)*DA' =T, (1 - town iz em,
(3.28) (1 + NP,on¥*pa' N i 1 s Nt N =1+ Qo)

2
Thus (3.26) is solved by

-

(3.29) £7= (1 + QUW)IMg ,
fo = &, " T(WIN“ {1 + Q(v)}IMg = g, {t(v)-r1<v)}N-Mg .
Substituting (3.29) into (3.22) and rearranging the expression

of w , we obtain

(3.30) V= Png = P g+ P,00E + P NE

vNg, - UNT(VIN* {1 + Q(v)}Mg

P'(v)( E- - T, (N ‘72
2 o)/2 1 T (INT/2

+

){1 + Q(Vv)IMg

+ YIrviU (v)e D{1 + Qv)IMg .

We note that the boundary layer arises only from ?Z(v)g

_11...
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3. Estimates
Fix p0> 0 and 0 < 60< n/4 . Then we have the following estimates

which hold uniformly in p and @ with 0 < p < o and 0 £ @ < eo

Lemma 3.1. Let v €(0,11, € = /v , £ >0 and a > 0 . Then : (7)

(3.31) rU v, t)e = o(l) , rﬁo(v,t)e = 0(1) ,

A ru v, the = oct™®/2y, €A *rl v, e = ot 2),
(eh">*a rli (v, tre = oct”1/2 “Kk/2y 5 0,
uniformly in €, £ and a in the function spaces Hi’p’e, Hﬁ}g’e'(u)
and ﬁﬁ}g’e. The same holds if the extension e is replaced by e
(2) There hold the following relations
(3.32) B ) = (8AH 7' B, (o) = B (v, )%, (convolution in t ) ,
2vly (v, t)e = B v, 0, 2v8 U, v, )6 = Bv, 0)*
As operators from H'i’p to Hi}g'e’(u) (resp. Hi}g:? ), |
(3.33)  (eADF B w,t) = 0t™H2 T2y (resp. 0ty L k20,
Fé(v,t) = oct™!) (resp. oct” 12y
uniformly in € ,{ and a . From Hi’p’e (resp. Hi:?’e ) to H't’p .
(3.3 P v, 0% = 08371 tTUTI/Z) (regp. 0e27 172y,
vol 1w, , B, ) = 0TI/ 2) (regp. 0712y,
(3) As operators acting in H’t’p ,
(3.35) (A o, t), A *tw, by, A KT, w,t) = ot IR/,

1 0<k<1,

-

N = o(Dl)

uniformly in g

p,G' l;sp;e
and Ha/a

(4) As operators acting in Hi’ 1

., P°, @, B” = o)

{,p,0
a ’

D=0(1), 9UN=D -N,1) = oc1)

(5) As the operators acting from H’t’p to H

_12_
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~Lemma 3.2. ‘Under the corresponding conditions in Lemma 3.1, we

have
(3.36) Uy (W)= TU (v, thex + U, (v, t)*,,

A L, w0 = 0T, 8 Ew, b = ot 1
(3.37) P (W)y= WNY_+ WNA (v, )%, (eAT , (BADNA (v, )= otT 1T/2y

P _(vyy= EVA. (v, t)%, (EAY , (EAHYXA (v, t) = O(t*K/z),

0 0 t 0

ean?O(v>y‘= ~?0(v)?8A’ - vPl(v)avf(1+Q(v))My ,

- = E° 0 - . -

?2(v)7— Pz(v)( o o )Mr + ﬂz(v,t)*t(SA ),

(€A H* 2, v, ) = o(t” (1¥K)/2,

Here *t means convolution in t ( on [0,t]), and §2(v)_is defined by

replacing Pz(v) with ?2(V)'in the definition (3.29) of ?2(v).

Lemma 3.3. Let f(z )€ H»'{’p . THen,

. . . < -p7), 2 0, <j -1.
(3.38) llelt,p Iflt,p/(p P ) p>p 0, 1 £j £ n-1

t,p,0

Lemma 3.4. Let,f(z:zn) € H_

, and put.x(zn) = mxn(l, Iznl).
THen there exists C(GO) > 0 , independent of a., such that
(3.39) |x<zn>anf|£,p,g, < C(GO)Iflt’p’e/(G-G ) , 86 > 6 =20,

lX(zn)San < C(GO),f|£,p,9,(u)/(e_e )+ ulfl{,p,ﬂj(u)'

4,p,0; ()
1 - -
ISX(SZn)anf‘C,p,G:(u’)S C(GO)lflf,p,e,(u){l/(g—e Y+1/(u-un "0},

Remark. 1In what‘foilows, we put UO(O,t)= 1 and U,(0)= é(t)*t.
Then, rUO(v,t)e (resp. rﬂo(v)e ) is strongly continuous in (v,t) €
[0,11X[0,®) in Hﬁ'p’e (resp. in v in Ki’p’e’(") and Ei’p’e ).

v4. Abstract Cauchy-Kowalewski theorem

We give a survey‘on the abstract Cauchy-Kowalewsky theorem ([2]).

Let ip = (X3 0 < p < py) be a Banach scale with the norm | 'y

-13_
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X -
p980’t

of Xp, ive. Xp/D Xp and | Ipzs | Ib,for 0L p£p« Py - Define
X and Y by
p0789T po)B!T
= H 9 ==
(4.1) XDO,B.T BB([O,T], Xp) f(t) <
7y  ft) € B%¢ro, 171 X)) for p < p-8T , T'< T,
2y 1fl = sup If(t)l (=,
: Por8  ogtxT Pyt
(4.2) Y 3 f(t) <==> (7)) f(t)e BO([O,Tzl; X ) for T T,
po’B’T . B . p
2 Hf"a =  sup . If(t)ipw(Bt/(pO~p)) ( o |, w(t)=(1—t)e—t.
OSpspo—Bt
We also define
(4.3) Xp,B,T(R) = {f(t)e€ xp,B,T : lf'p,s < R} ,
~ _ 0 .
Xp,B,T = B ([0,113; XD,S,T) , ( [0,11 > g ),
xp,B,T(B) : similarly aé Xp,B,T(R)
Let F(g,t,u(*)) be a mapping from [0,1IX[0,TIX xp 8 t(R) into
N » 0)

for 0 < p ' < p £ pO-BOt and 0 < T < T, , and satisfy

(F.1) IF(Sgt,u('))-F(S,t,v(-))IprS fé Clu(s)-v(s)| /(p(s)-p )ds

p(s)

for each u,v € X 0 < p’< p(s)<s p-8s , B = BO, 0 <t <T,

p,B,T’

(F.2) lF(e,t,O)lp SRy<R,€g€100,1]1, 0<t<Tt<T,.

o Bt

Here C,R and R, are constants independent of g .

0
Consider the following equation
(4.4) u(t) = F(g,t,u(*)), 0t T (L TO)

Then, we have

Theorem ACK. (Abstract Cauchy-Kowalewski theorem). Assume (F.1)
and (F.2). Then, there exist 8 > BO and T < TO’ 0<KTx pO/B , such

8 T(R).

that the eguation (4.4) has a uniqﬁe solution ud(g,t) e'ip
N . 0 ’ 9

We can choose B such as
(4.5) B = max { 48,/3 , 8Ce , 16Ce2R0/(R—RO) }

- 14 -
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Sketch of Proof. First we note

(4.6) - full

8 < lulp 8 < (1 - B8 /Be full,- , 8 > 820

[ ‘ 8
By virtue of (F.1), we have

(4.7) IF(E, t,u) - F(s,t;v>u8 < (2Ce/B)lu-vly , B = BO ,

for eavh u,v € X (R).'

po,B,T
Choose B satisfying (4.5), and put
(4.8 uo(t) = F(g,t,0) ,

u (8 = F(g,t,u () , n20,

- _ o—n-1 : _ _ -n-1
Bn = 801 2 ), i.e. B Bn- 82 .

Then, u_. .€ X , ifu €X (R) and T < p./B . (4.7)
n+1l p0,8n+1,T n pO,Bn,T ) 0 _

and (4.8) imply

(4.9 a4 q- unHan (2Ce)/8 ha - un-l“Bn?

(4.10) lu - u_l

_ oh*l -
N+l n pO’B <-Q1 Bn/B)eﬂun+1 un“Bn_ 2 ellun+1 un"B

n
n+

2 1e<2Ce/Bn)“ fu

- u,l

1 0 Bn
n .

< 8/3 e(4Ce/B) Hul .uousl

On the other hand (F.2) implies

lu i, < lu,l <R, , lu-ull, < (2Ce/B8_)liu,l
0'8, 0'py,8, 0 "7 Tols, 1°"%0"8,

Hence, because of. the choice of 8, we have

_ n+l
(4.11) lun+1 unlpo,B < 16/9 e(4Ce/B) Ry

lun+1|po’8 < {1+ 4e(4Ce/B)}RO <R.

~

This shows that {un} converges in X (R) and the limit u(g,t)

pO.B,T
satisfies (4.4), if T s’min{TO,pO/B}. Uniqueness is easily proved.
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5. The first approximation uo(v,t,x)
We solve the egquation (1.5) by using the "evolution operator™
V(v,t) defined by (3.17). We consider the equation

(5.1) w° = Vv, by - vy u?-vu®

= F(v,t,uo)
The solution uO of (5.1) is clearly a solution of (1.5).

We note that V(v,t) (resp. V(v)) is strongly continuous in (v,t)

in Hi’p’g (resp. in Vv in Kﬁ’p’e ), by virtue of Remark in 3
Fix Py and 90 so that po> 0 and‘ 0 < 60< n/4 , and put
(5.2) G(u) = u'va , u € ﬁi'p’9= {ue Hi’p’e; v,u=0},

£ =2 (n-1)/2 +1 , 0 < p £ Py 0 < 8 < 90 , a>9
By virtue of Sobolev embedding theorem, Lemma3.3 and 3.4, we obtain
the uniform estimates (in p, € and v €(0,11 ):
(5-3) lG(u)Jt’pje’S Clul£’p:e’{Iu'£’p’e:/(p_p )+Iu1£,p:9/(e-e )},

‘IG(u)_G(V)‘t,P:e’S C(IU|{,p/e/+}V|£;p:9’)X

X{lu-V|£’p’e//(p‘p ) + IU‘Vlz’p:G/(9°Q )}9

4,p,0

u,v € ﬁa , 0<p<px< Py 0 < 6°¢< 6 < 6, 0 <V <1,

The constant C is independent of p*, p, 86, 6, a > 0 and v . Thus

the mapping Fv,t,u(+)) = V(v,t)u0 - ¥Y(v)G(u) appearing in (5.1)

ﬁi,o,e
a

satisfies the conditions (F.1) and (F.2) in with arbitrary

TO > 0 . Hence, applying Theorem ACK , we have

Theorem 5.1. Let &£ = (n-1)/2 +3, 0 < p < Por 0 < 0 < 90< n/4

and a > 0 . Assume u0 € Hi,p,ﬁ

exist T > 0 and 80> 0 such that (5.1) has a unique solution uo(v,t)

t,p,0 , which is defined'from ﬁt’p’g
a,BO, a

and the condition (1.3). Then, there

€ X in the same way as in 2

T

- 16 -



121

6. The first boundary layer Eo(e,t,x:xnle)
Let £ = /v € [0,1]. In order to solve (1.6), we change variables

as follows

(6.1) X, = exn . Sn - an/e s
~0 . _ ~0. . '\oO ~0 R
u (e,t,x,xn/e) - 1 (8,t,x,xn), un( ,xn/e) - un( ,xn)/s s
0- - ‘

un(v,t,xiexn)/e

Then, the equation (1.6) is rewriten as v
2~0- ~0 _-0-

~0- =0 ~03. -~0-, =0,~0 ~0 o ~0-  -~0- _
(6.2) atu +(u+u’)*v u +(un+un yun)anu VA u  8nu +1 *Vu = 0,
e, t,x = -alvr 0 e, t, 0 = /2 v (e, t,x 0 ddn.
n X n n
1% 0,
-~0 - ~0- ~ -=0 - 0
= u IX =0 - Y - Y u
We put
(6.3) 30 = ﬁz(v)GO’- B, u’
~0 . -1 :"‘0/ - - -1- :"'0’ B & e 0-
u = 8 "V-u = an Uz(v)v v + Pl(v)?V u

= —trlye- BLonvlymmerd 1viv® + B w)r® (see (3.21))

Then, the last three conditions of (6.2) are automatically satisfied.

Substituting (6.3) into (6.2), we have an equation for vo':
(6.4) P g (ﬁ°/+E°’)-v’62(v)v +(u0+u0—7u »a T, (»v°
' ' ~Q. - ~0 ~0
+ {u"*v * (. ?un)an}u
=0- ~0-. - =0 _ ~0 __~0 5 -0 _
(w7 +u”" ) -v+ (u + u vun)en}Pz(v)? u =0

Note ( See (3.15);)

(6.5) EO —rﬁo fo vial (e, t,xE DdE
(6.6) , (DY wl = B, (»Y (YO, by, - vimu?-vu?
B,y Vv, t) = By vl o, ) (B + NFD)e
- _— "1/2 : % *xV @ . -~ @
= -B, (»v (P, w, )" + P, )™ 1 (P77 NPDe .

_17_
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. where B8,.< 8

From (3.33) and (3.34), it follows Fl(v)v_l/sz(v,t) = 0(1) , and

P (v)?’uO € x&,p,e' Hence, only the underlined terms contain the

2 (-
. . . ~0- . . ‘
first derivatives of v in linear order, and other terms are con-

. .. ~0- ., £-1,p,0
tinuous in.v in Ka/s

we can apply Theorem ACK inorder to solve (6.4) . Since (6.4) has a

{4-1,p,0, ()
a/S,Bl,T1

Thus, by virtue of Lemma 3.3 and 3.4,

with some Bl > 8, and 0 < T1 T,

unique solution 707€ % 0

we have

Theorem 6.1. Under the assumptions of Theorem 5.1, the "Navier-

£-1,p,6, (w)

' 3 ”" i ~0 7
Stokes equation” (6.2) has a solution u (g,t,x,x ) € xa/s.Bl,Tl ’

0 1 and 0 < T1 < T f

7. The second approximation u1(8,t,x)
We solve the equation (1.7) in three steps. (7) First we solve
(7.1) atu + uO-Vu - vAu + Vp = 0 ,P t >0, x é Rf .
S Veu =0,
uIt=0 = v
Ynu =0 .

We write the solution u of (7.1) as u = V(v;t;uo)v which is the

0’
definition of the "evolution operator"'V(v,t;uo) . Since (7.1) is
linear, it is easy to solve it in a framework of Theorem ACK . How-
ever, we sketch briefly how to construct V(v,t;uoi in order to gét
better estimates (cf. [11).

First we consider the transport equation

(7.2) atv + WVv. = 0 (w = eup) .t >8 , x € RP , v = v

t=s
k,p-Bs,8-8s
a

0

We assume w(s,x) and vo(x) € H (Rn) (k = ¢-1) , which is

defined in a similar way as in (2.5) with Q(p,08,a) replaced by
Qp,0,a)W(p,0,a72) , B(p,0,a) = {(xjxn);<x:—xn)e Q(p,0,a))
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If w = w(x) does not depend on t, A = -w*-V generates a (time-local)
semigroup e ? in Kg'g’g(kn), since e™® = 1 + tA + (tA)%/21 +
converges on [0,T] strongly in Ki’g’g . Because, with the termi-

nologies of 4 , the estimate : lAflp/ < Ciflp/(p-p'), implies

Lctar sl < tJleflp(Bt/j)_j < (C/B)jjjlflp

-1/2 e-JjJ+1/2

p-Bt

Hence, Stirling's formula : j! = (2mr) {1 + o(1)}, gives

our conclusion with 8 =2 2Ce . If w = w(g,t,x) € Xg’g’eT , Cauchy's
. s O ¥

connected segment method can be applied to prove that -w+-V generates
evolution operator T(t,s;w) such that v = T(t;s;w)v0 is the unique

solution of (7.2) . Second we put

(7.3) Vo (v, t,55w) Pon(v,t—s)T(t,s;w) ,

. ey t . » -
Vv, t,55wW) Vow,t,ssw) + fs VoWst,r3WIR (W, r,s5w)dr
1f we choose Rl(t,s) = Rl(v,t,s;w) satisfying
t : : _ .
(7.4) R, (t,s) - fs Ro(t,r)Rl(r,s)dr = Ry(t,s) ,
Ry(t,s) = Ry(v,t,5;w) = [PwUO(v,t—s), w(E,t, ) V] ,
then, we obtain the evolution operator of the linear N-S equatidn

© R
(7.5) 8, V, + W'V, - VAV, + QR =0, t>s,
Vilieg = F
Since R, (v,t,s;w) = O0(1) in xk’p’a R, 8 > 8 the Volterra
O s Loy a,B,T ’ 0 ’

equation (7.4) is solved by succesive approximation
Next we put

N ¢ N .0 0

(7.6) Vv, t,s5u) = rv,(v,t,s;eu e - VNYnVI(v,t,s;eu )
+ f;{rvl(v,t,r;uo)e - VNanl(v,t,r;euo)}S(v,r,s;uo)dr ,

(7.7) S(t,s) - f; Sl(t,r)S(r,s)ds = Sl(t;s) ,

N = J N 0-,..0" : 0

S,;(t,8)=8, (v, t,s5u )={[u () V,VIN + gn(t)anVN}ynVI(t,s)
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In the same way as above, (7.7) has a unique solution S(v,t,s;uo) .

k,p,0
a,B,T

V(v,t,s;uo) of (7.1)

which is O(1) in X Thus, we have the evolution operator

(£) The Poisson operator 2 = Q(v;uo) of the equation (7.1) is

given by solving

(7.8) Stv + u0°Vv - VAV + Vp = 0 , t >»0 , X € RE ,
Vv = 0,
Voo = 0
rv=eg Czgl,_4=20)

We put

(7.9)  v(t) = WNg + [§ Vv, t, 5501 (s, - )ds

then, v(t) satisfies the last three conditions of (7.9) . The first

equation will be satisfied, if f is determined by

(7.10) f(t) + {uo(t)'V,V]Ng =0, [uO~V,V]N = 0(1) .

2v;u®) is defined by v(t) = Q(v;uo)g , which is 0(1) from X %P

8,T
k,p,6
a,B,T

(3) The solution ul of the equation (1.7) is described as

(7.11) wlcty = —fé viv, t,s;u®ul sy -vulsrds - 2(v;u®

‘{_1,0,9
a,Bl,T1

unique solution ul(s,t,x) in the same space . thus, we have

to X , if k £ { and 8 = BO

)vnﬁo’.

Since thjs is a linear Voltrra equation in X we have a

Theorem 7.1. Under the assumptions of Theorem 5.1 the "N-S
equation" (1.7) has a solution ul(e,t,x) € Xt_l’p’e n Xt-l’p’e .
a,81,T1 a,2,Bl,T1

8. The complemntary terms
We are at the fihal stage, though we can continue our procedure
1 _

which was used to get EO and u’. It provides an asymptotic solution
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of (1.1). In order to solve (1.8) and (1.9), we put

8.1) (7) u® = rP7U,.(v)ev?

o e+ /g

- (?l(v)+?0(v)}YP U0

+ {?l(v)+?0(v)}g/8 s

(2) ul+ed?: rPTU <u)e($1+sA1$2> - ?2(v)meU0(v)e(8v2+ 5

0
- 2YP U (WeBATY + P (0g
 g=-towd,0 e ;1P ana ez e 50000

1771 1’71
Then, all conditions of (1.8)-(1.9) are satisfied except for the

first two equations . Later we will show that we may assume

(8.2) wle,t,x) = “ulle,t,x), uﬁ(s,t,x)) ,
t

]

~1- - ~1 -
(u (S,t,x,xn/s), Sun(e,t,x,xn/e)) ,

t ~2’ - "'2 -
(v™ (g,t,x,x /&), u (B, t,x,x /€))

ﬁl(e,t,xjxn/S)
2

u (e,t,x:xn/e)
We make the change of the variables
- - to-n =t .
(8.3) (x,xn) — (X,an) . v = (V,an) — VvV = (V,an/s) s
Q" — &%= TvPs 32/8% 319, P75 FT= 1 - §7,
i, - i, - _ =i, -
u (x,xn) — 1 (x,sxn) = u (x,xn) ,
-\.i - ~i - o~
u (x,xnle) - u (x,xn) =E u

Then, we have (See (3.8). )

(8.4) Q = ( o R ] , B'= ( e N J = [ B0 ] W,
& § T 0 0
(B () =« s&’&n/(8215’12+§i » = so e /e,
a(5)<e) = £2/e?1eT 1%l )
o (T") (&) = 821£’|2/(82l5’12+§ﬁ y = sa(tN’ﬁ°)(5)ls’l/§;1,
o (@7 (E) = ea(ﬁ”tw’><i)lg’l/§;1 ,
i.e. R = eA’§”N’a;1, T° = eA’Nfﬁ”a;I, Q% = sA'ﬁth'a;l,
— Q0 -0 t -0 1

-0 - G0 -C0 o -—C0 - -0
R, S, T, W (= (W, Wn)= eEN w Sn ) = 0(1), w = 0(1).
Substitute (8.1) into (1.8), and drop the boundary layers and
potential parts. Then, we obtain an equation for v2
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2 1 2 2

(8.5) v (i)+ {u t_gu.f.g.g.} vrp" U Vev

-1a®+euby v, VI Ny _+NA (VBN +EA L (LIEATIPTU (W) ev?
-t ul+guly- V. VINY U gy)w_gA 8 1v1

1 S DI PO Po
~tcul+euly- v YJ{Né (v)+ez, (v)}U (v){eA” 00+ eA 3 “v')

—eu’-v V(Nv_+NA (v)gAl+e4, (VIsAIETT (v)e{ev2+v }

—[(u0+8u1)'V,V]{Nﬁl(v)+8ﬁ0(v))A g -8’ V{UNA (V)+EVA (V))EA g
+ uz-V(uO+8u1) = fl = —ul-Vu1 ,

where only the underlined terms contain the first derivatives of

v2 and ?1 in linear order. Note
8.6)  g'= -vul = —r v, t,5500% ulw® ¢ nHn?
eA Y VY, t,s;u") = occt-s) 12y |
r° = vl (ve - B, (vl (e vy - B oy u® (.37
n 0 1 0 n 1
This and (3.36) of Lemma 3.2 imply that‘the last term containing g
on the left hand side of (8.5) isnin Xi:i;?fﬁ
Taking (8.1)-(2) and (8.4) into account, we set for ﬁl and ﬁz
(8.13 (& 7= rljwevi - F <v>’y§”ﬁ0<v>e(962+ 71y 4 3,00 g,
851 = Srﬁ (v)w ] 8 1v1 ( = rU (V)W:e;1 )
- e, () AYE7T (wreg¥e+ ¥ - 82,0 A&,
W2 = rﬁo(v){( eA 8-1V1)+ B eA[¥%) -F v T (vyeA V.
Substitute (8.1) into (1.9) and change the variables by (8.3) ( and
by (8.1) (2)) . Then, we obtain the equations for Vl and ;2
8. 737> v+ @%-%+ 3% v s U 8 fggg.fgg?f'g%+8u2) V}rU (nevl”
- <<u_°._+.u__>_v_+s£u.tsu?w?+su2> v, () vETD, svzessv?t vh
- {(u /8 +u1+u )8 +(8u +8u1+8 )9 2? (v). yP U (Vye(evi+ v 1y

+ (u +eu1+eu2+ u0+8u1+82u2) -V ? (v) g

+ Tty (u0+8u1+82u2+ ﬁ )+ euz-VuO + (2 +51+52)8 2l
Y P P -1-
= h (u "V + unan)u ,
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- (110"'811 +82

o e

+ (u0+8u1+82

2 ~O ~1
2, ~0 . ~1 _2

+ (§1+8§2)'V(u +8ﬁn

(3 AN? +00 9400 al

-(u +8u1+82ﬁ2+u0+8u1+82u )V ﬁ

ooooooooooooooooooooo

~1

1524 +u 8 +8(u +Eu

.....................

w2+ 1046l +%0%) T A, (v) _eA vETD 2,5t

oooooooooooooooooooo
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22+31l4eq2) - Tyl ()T evl

_____ O(v)(ev +v7)

u“+u +gU +E uz) Vﬁ (v) SA g

1 2=
+& un

2 +sﬁ° ) = Hg

=2 1 ~2

- 39.% —-1 ,

‘v’ +u 8 +8(u +EUS+U - +EU-) VITP U (v)eA v

------------------------

oooooo

1 2= 2

¢ e -.n.—.

+{(gn:gn)8n/8 S3%0vy toaeentee?n?, o0
Here the underlined terms contain the first derivatives of ;1 and ;2
in linear order. We note that the (8.8) results from (8.9)
1 ~1.~1 ~2 £-1,p,9 £-2,p,08, (W) {-2,p,0 £-3,0,8
- (8.8) (u”,u ,un,u ) € Ka,B,T X Ka/e,B,T X Ka/S,B,T X Ka/S,B,T R
1 ~1-_~1 _~2 {,p,0 {-1,p,08, (W {-1,p,0 {-2,p,0
(eu”,gu”,gu;,8u™) € K "g'p X K, o g’ s’ "X Ko erpir X Kyygip.1
1 "'1 "'2 ‘t_lyp’e ‘(. 2 P, e (IJ.) { 2 P,e {—2,{),9
8.8) v, ¥V, e Koo' X Kasergor X Kaelgir X Ko/e'gln
- L‘t-l’p;e
= *a,B,T i
The same holds if the symbol letter K (or L ) is replaced by X ( £ ).
( ¢ is defind from L as in 2 ). We put
(8.9) W= bl I,Gi,Gz)
Then, the equations (8.5) and (8.7) (7),(2),(3) are written as

(8.10) w = G(g,t,w()) ,

. . 4-1,p,0
in the function space La,B,T

0 < TXKT Thus,

1
and we obtain

Theorem 8.1.

Stokes equation”®

with ul= t(ﬁlisﬁz) such that (uz,ﬁl,u
~-2,p,0 {-3,p,6 .
xa/s,Bz,sz xa/S,Bz,T with 8,< 8,

_23_

(or in

(1.8)-(1.9) has a (unique) solution (u

{;-l,p,e

Za,B,T ) , with B > Bl and

we can apply Theorem ACK in order to solve (8;9);

Uhder the assumptions of Theorem 5.1 the "Navier-

19 51+852)
{ 2 P 9 {—2,0,9,“1)
,u )€ xa 8 X xa/s,Bz T X

and 0 < T, < T

2 - "1
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