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A Method of Evaluation of the Function Kis(x)
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Kyoto University
~and Sadayuki MURASHIMA, Faculty of Eng.,
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1. Integral Representations of the Function Kis(x)
It is well known that the modified Bessel function of the

second kind K, ,(x) can be expressed in the following forms [1]:

4]

1 Co o
K (x) = —————— j” cos{x sinh t)cosh(pt) dt, (1.1)
Y cosl%‘1 0 ' i
and'
(5.0}
Ky(x) = Jf e™X cosh t cosh(pt) dt, ' (1.2)
0 ) -
" where x > 0 and -1 < R(Y)<K 1.
When ./ = is, where s 1is real, these two become as‘fol-
lows:
1 w0 .
Kis(X) = s ]ﬁ cos(x sinh t) cos(st) dt,. (1,3)
cosh—E— 0
and ©
Kis(x) =‘j~ e ¥ cosh-t cos(st) dt. (1)

0

2. Numerical Computation of the Function Kis(x)

In order to compute the integral of (l.u4) directly by the



use of a quadrature formula of Gauss-Laguerre type, i.e.

it is

or

where

when

vide the interval (0, ®.) of the

oo n X
~[ e™t £(t) at = 2. ay £(t,),
0 ’ i=1
necessary to write
? ot ht+t
K. (x) = jﬂ e " (e COS cos(st)) dt,
is
0
[ee]
-x -v
Kis<x) = e j; e £f(v) dv,

(2.1)

(2.2)

(2.3)

f{v) = cos(s log( % (v + x + Jvlv + 2x) ))/ Jviv + 2x) .

The results thus obtained show large errors especially

s 1is large. Therefore it seems to be worthwhile to di-

integral in (1.4) into sub-

(2.4)

intervals (O,tl}s (tl’tZ)’ ..., where t is the n-th zero of
cos(st).
Substituting
t=Zm+P, -1<v<l,

into

where

and

(1.4) we get:

. w0’
= T L (-1)"
K; (%) = o= j; (-1)" 6 _(s,x),
n=0 :
. 1 Lt
Go(s,x) = jr f(v,0) dv = a-J[ £f(v,0) dv,
o - Jo1 .
1
G_(s,x) = J[ f(v,n) dv, n =1, 2, ...
n o1

f(v,n) = cos(%?vd‘exp(—x cosh(%% (2n + v))).

Some difficulties are expected in computing these

(2.5)

(2.6)

(2.7)

integrals
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by the use of a quadrature formula of Gauss-Legendre type, i.e.
1 n v . .
j’ f(v) dv = 2, a, f(v.) . (2.8)
; i i
-1 - i=1

One of them is’due to the slow convergence of the series (Z.Sf,
when s is large and x is small. The other is the very rapid
decay of the integrand f(v,n) in the intervalvcorresponding to
a specific value of n, when s is small and x is large.

These situations will be understood when we consider where
the "envelope" of the integrand

g(z) = exp(-x cosh(%% z)),

(2.9)
zZ = 2n + v,
vanishes in the sense that
| g(z)/g(0) = 107N | (2.0}
The root of this equation can be obtained easily:
_ 2s /.2
Zc‘——floge(,f“' l),

L2.11)

.
i

(N/M)/x + 1, 1/M = log_ 10.

Let n, be the value of n which corresponds to the

interval where z, appears, and v be the value of v cor-

responding to z_, then we have

=]
1]

[[zc]/z + 0.5],
(2.12)

v =2z - 2n_ .
c c c

Neglecting the terms Gn's preceeded by Gnc’ we get the

following formula in place of (2.5):

n
C

K, (x) = & égg (-1)" 6_(s,%) . (2.13)

In. some cases' z_ becomes less than unity, and KiS(x) can



be computed simply by: 10 '
) X=0.|
= &
KiS(X) ol GO(s,x) s S L
(2.19)
2+
(see Fig.l). I
g-1) v F
In such a case, con- Q.5
siderable errors will re- ok
sult if we apply, for §=
. . 1051 .10 1.00
instance, a (2m+l)-point
formula of the type (2.8) i
. L A &
directly to Go(s,x), i.e. 0 10,
.Go(s,x) Fig.l. The function f(v,0)
1
= % Jf f(v,0) dv
-1 ’
1 m
= 5 a, £(0,0) + 3, a, £(v,,0) ,-
i=1 * o

because the points vi's which exist to the right of the point
v, do not contribute to the integral at all.

This difficulty can be avoided by a simplé modification,

such as
Go(s,x) = ][ f(v,0) dv =J[ f(v,0) dv
0 0
1 1 A
= v, J[Q f(vcw,O) dw,
-1
or
1 m
Go(s,x) = vc(i-aof(0,0) + é%i a; f(vczi,O)), (2.15)

where a; and z, (i=0;1,...,m). are the weights and pivots in
the (2m+l)-point quadrature formula of. Gauss-Legendre type.

Since the similar situation will occur at the interval cor-
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responding to n also in the case where n, # 0, we should use

the following formula to compute Gnc:

. \' . 1 .
Gnc(ssx) = Jf ¢ £(v, nc) dv = c‘/f f(d+cw, nc) dw, (2.16)
-1 -1
or
m
Gnc(s,x) = c.(ao £(a, nc) + 5;; ai(f(d—pzi9 nc)
+ f(d+czi, nc)). (2.17)

where ¢ = (vc + 1)/2 and 4 = (vc - 1)/2.

A1l Gn's other than Gnc can be computed in the normal

way, i.e.
. , n
G, .(s,x) = L. %y 2. a, flz,, 0), (2.18)
0 270 j=1 1 i
’ m
6 (s,x) = a; £(0,n) + lz_jl a; (£(-z,,n) + £(z,,0)). (2.19)

As to the diffiéulfy due to the slow convergence of the
series (2.5) when x is small and s is large, the number of
terms in (2.13), i.e. nc+l is essential. The following ex-
ample will suggest the amount of computation necessary to get

a value of K, (x) for a given pair of s and x:

is

x=0.10 0.05 0.01 -
s=7C, n_= 6 7 .8
8227, 12 14 17
s=57, T 31 35 42

In this éonnection,_we have to consider the cancellation
between two adjucent terms in the series of (2.13); expecially
when x is small and s is large., Such a cancellation can be
roughly estimated by comparing the value of the function .g(z)
given by (2.9) at 2z =0, 1, ..., or

g(n) = exp(-x coshi(nz/s)).



Table 1. The value of g(n) for s=5% and x=0.01.

n 0 1 2 ; 3 L 5 B 7

g(n)| .9900 .9899 .9893 .9882 .9867 .9847 .9821 .9787

n 8 9 10 1l 12 13 14 15

g(n)| .9746 .9694 .9631 .9554 .9460 .9208 .9042 .8793

n 16 7 ...18 19 20 2 22 23

g(n)| .8793 .8607 .8327 .7996 .7610 .7164 .6654 .6081

-10

n_| 2% 25

g{nj| .54u47 .4761 .1330 .00416 .0000003%4 <10

It can be seen from this table that considerable cancella-
tions between Gn and Gn+l- will occur when n< 20. The number
of decimal places lost in the computation of the series (2.13),

however, will not exceed three in case s g 15 and x> 0.01.
3. Procedures "Kisimps(s,x)" and "Ki(s,x)"

. The procedure Kisimps(s,x) was written to compute exact
values of Kis(x) using an algorithm similar to that of the
last example in the "Report on the Algorithmic Language ALGOL"
(so-called ALGOL 58) [2]. That is, the'values of Gn(s,x)
are computed by the use of the Simpsbn’s one-third rule instead
of the Gaussian'quadrature formula. Since the doubleéprecision

“arithmetic opérations are used, the cancellation between Gn and
Gn+l will have no serious effects except on thé less signifi-
cant digits.

The procedure Ki(s,x) is based on the method discussed in

Section 2, and is aimed at computing the values of K; (%) to

eight decimal digits in fairly large ranges of the parameters.



7

In this procedure, 25-point formula is used -in (2.15) and (2.18),
and 15-point formula in (2.19). The value N/M=24.0 is used in

(2.11).
4, Numerical Results

We can see from Table 2.that the procedure Ki(s,x) gives
satisfactory results except the cases where s and x are both
very small. Considering that in such cases g is zero and Ve
is very small, the errors of Ki(s,x) seem to due to those of
the quadrature formula useé (m=12), However, even in the case
s=0,01 and x=0.01, the discrepancy between the results ob-
tained by these two procedures appears at the ninth decimal.
.place. Therefore, it can be concluded that the algorithm used
in Ki(s,x) is'capable to yield at léast eight significant di-

gits in the range 15> s 2> 0.01 and x > 0.01.

Table 2 Comparison of Ki(s,x) and Kisimps(s,x)

S,X Ki(s,x) Kiéimps n,
s=0.01 . . |
®=0,01 | 4.7191 4290 4,7191 4293 0 0

.02 4.0270 7684 4%,2070 7681 3 0
.03 | 3.6224 7903 3.6224 7900 5 -0
.05} 3.1135 1503 3 3.1135 1503 2 0
0,10 | 2.4266 7164 6 - 2.4266 7164 8 .0
.20 | 1.7525 0948 6 1.7525 0948 6 0
.30 ] 1.3723 4171 9 1.3723 4171 8 0
.50 | 0.9243 6254 17 0.9243 6254 17 0
1.00] 0.4210 0904 79 0.4210 0904 79 0
2.00( 0.1138 9151 17 0.1138 9151 17 0
3.00| 0.0347 3899 8u45 0.0347 3899 845 0
5.00| 0.0036 9106 4499 | 0,0036 9106 4499 0



§=0.02
x=0.01| 4.7128 4130 4.7128 4135 1 0
.02 4,0229 3727 4.0229 3723 6 0
.03 3.6193 2872 3.6193 2869 9 0
.05] 3.1113 5876 0 3.1113 5875 8 0
0.10| 2.4254 7980 9 2.4254 7981 1 0
.20 | 1.7519 2647 9 1.7519 2647 8 0
30| 1.3719 8674 1 1.3719 8674 1 0
.50 | 0.9241 9297 ou 0.9241 9297 04 0
1.00] 0.4209 6288 00 0.4209 6288 00 0
2.00| 0.1138 8u4u42 88 0.1138 8uu42 88 0
3.00| 0.0347 3748 070 | 0.0347 3748 070 0
5.00 0,0036 9096.2998 | 0.0036 9096 2998 0

8=0.03
%=0.01| 4,7023 5139 4.7023 S51lut 1 0
.02 | 4,0160 4455 ] 4.0160 4452 1 0
.03 | 3.6140 8251 3.6140 8249 2 0
.05| 3.1077 6736 8 3.1077 6736 6 0
0.10| 2.4234 9438 6 2.4234 9438 8 0
©20| 1.7509 5513 5 1.7509 5513 5 0
.30f 1.3718 9527 6 | 1.3713 9527 6 0
2501 0.9239 1040 88 0.9239 1040 89 0
1.00} 0,4208 8594 31 0.4208 8594 31 0
2.00| 0.1138 7262 48 0.1138 7262 u48 0
3.00) 0.0347.3495 124 | 0,0347 3495 124 0
5.00| 0,0036 9079 3834 | 0.0036 9079 3834 0

§=0.,05
x=0.01 | 4.6688 9036 4.6688 9040 9 0
.02 | 3.9440 4305 3.9940 4302 4 0
.03 | 3.5793 3074 3.5793 3072 0 0
.05 | 3.0962 9503 1 3.0962 9503 0 0
0.10 | 2.4171 4920 6 2.4171 4920 7 0
.20 | 1.7478 4965 9 1.7478 4965 9 0
.30 | 1.3695 0395 9 1.3695 0395 9 0
.50 0.9230 0669 36 0.9230 0669 36 0
-1.00| 0.4206 3982 75 0.4206 3982 75 0
2.00| 0.1138 3485 97 0.1138 3485 97 0
3,00 | 0.0347 2685 813 | 0.0347 2685 813 0
5.00 | 0.0036 9025 2559 | 0.0036,.9025 2559 0

Fig.2 illustrates the behavior of the function Kis(X) in
a three-dimensional form.

It should be noted that the function Kis(x)’ s >0,
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oscillates very rapidly, when x approaches to zero, keeping
its amplitude nearly constant. (See Fig.3.)
In spite of the property of Ko(x):

lim K (x) = o , lim K '(x) = -o ,
0 0
x>0 x>0

the values of Kis(x), where s 1is. positive and x 1is nearly
zero, are finite but indeterminate; although it can be shown

from (1.3) that

o
Kis(o) = -~—£§—~ J( cos{st) dt,
cosh 22 Y
2
and from (1,4) that
© .
Kis(X) =-/. cos(st) dt,
0
maklng Kis(o) = 0.
r ‘
- | §=2.00

Fig.3.
Oscillation
£

° Kis(x)

neéar x=0,.

10
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4. Computing Time

The algorithm proposed here takes considerable-time to get
a value of Kis(x) mainly due to the considerable number of
values of the function f(v,n) defined by (2.7) necessary in
the quadrature. Taking into account the preparatory computaions
to determine n, and V. forkgivén values Qf s and x, the
approximate total time necessary to get a value of Ki(s,x) can
be estimated by:

T = (tnf+ tq + 2tf) + (30nc +25)tx + (15nc + 12)tc s

g’ r X

(x), entier(x), exp(x) and cos{x), respectively.

~where t_, t_, t , t and t_ are computing time for 1n(x), sqrt

If we assume a case whebre
t =100, t _=t_=250, t_=200, and t_=50 microsec.,
q ¢ X ‘n; r
then T becomes
T = 9650 + ll250=’=nc microsec.

As can be seen from this formula, the time T depends strongly

on the values of n given by (2.12),

5. Conclusion

The procedure Ki(s,x) proposed here is capable to yield
very'exact values of the function, Kis(x)‘ as vefified by éomb
parison with the results of a moée elaborated method (Kisiﬁps).

However, such an algorithm based én the integral repre-

sentation of the function is sometimes very time-consuming.

11
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A more efficient computing method seems to be obtained by
the use of the series expansions of this function. The authors
are now considering in such a direction, to establish a'practi-

cal algorithm, which will be published in near future.
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Appendix 1. Table of the Function K, (x)

The values of Kis(x) for

s 0.01(0.01)0.05, 0.10(0:10)0.70, 1.00 and

0.01(0.01)0.10, 0.20(0.10)1.00, 1.50(0.50)5.00

it

x
were computed by kisimps(s,x), and all others were computed by

Ki(s,x).

12
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DISCUSSION

Prof. H. Takahashi suggested that the expression (1.4) is
suited for the trapezoidal rule rather than the Gauss-Legendre
formula, and the amount of computation will be remarkably re-
duced by the use of the former.

Iﬁ this connection, one of the authors calculated the
value of K, (x) in the case of s=0.05 and x=0.10, using

1ls

different formulas, and obtained the following results:

Calculated values of Kis(x) for s=0.05 and x=0.10;

Trapezoidal rule:

% number of theoretical.
step - K, (x)
pivots is error(@
=27
0.05 i 2.4216 984 10
0.04 5 2.4170 804 10734
0.03 7 2.4172 028 10743
0.02 10 2.4171 4915 10768
0.01 20 2.4171 4920 7 107138
Legendre-Gauss (2m+l)-point formula: @ estimated by
Takahashi-Mori's
number of
m pivots Kis(x) method: )
exp(-2°/Aat).
7 % 15 2.4171 4919
FELE: 8 2.4171 6u48
1%k 13 2.4171 4920 6

(exact) 2.4171 4920 7

* aAv = (2s/mw)YAt, (t in (1.4)).

*% applied to the interval (0,1).
%#%% applied to the interval (-1,1).

These results show that both the trapezoidal rule and

Gauss-Legendre formula yield nearly equal accuracy, if the
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same number of pivots is used, and no considerable reduction of
computing time can be expected in such a case.

On the other hand, in case the wvalue of x is large, the
situation will become different. According to the Takahashi-
Mori's method, the error of the trapezoidal quadrature applied
to (1.4) will be given by:

_71:2/.4-.: e-—27r:s/Av

E $ e = s (1)
if the condition
s + /4t > x or 1 + (2/4av) > x/s (i)
holds. Combining (i) and (2.11) we can estimate the number of
pivots necessary to keep E X lO—N
p =z /Av = 0.537N log, (4.605N/x + 2). (iii)

It is remarkable that the number p does not depend on the

pérameter 8. For N=10, we obtain:

x=0,005 0.01 0.02 0.05 0.10 0.20 0.50 1.00 2.00

p= 21.3 19.7 18.1 15.9 14.3 12.7 10.6 9.0 7.5
These results show that the trapezoidal rule will become

more and more advantageous as x  increases, in accordance whith

the'suggestion given by Prof. Takahashi.

The authors expfess their thanks to Prof. H. Takahashi

and Associate Prof. M. Mori for their very useful comments.
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