Scaling limits for the Gibbs states on distance-regular graphs
with classical parameters
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1 XL®IC

AFRDANEIE Masoumeh Koohestani k. & MR & O L[FERFFEICED <,

BTHERGRONIGNHD T 7 T DRARY MILVOWFE (cf. [7]) Tl HUDERER (CLT)
DEMEEZ 5 Z 8 IFHIKFEN Ny 7 TH B, 23U Cayley 77 7 DEEIRITEAR
BHEEMTHD, 2o D) ofEofs oEENET 5, 2O ARTEE R
o2 22077 7 LT, BERIERIT 57 [2, 3, 4] B%1F 5415, Hora [5] 1% Hamming
7' 7% Johnson 77 7 & ST HEEIEAIZ 7 7 DWW L DD RINTOWT CLT /R L7z
H, CLT %2153 L TZ DR S N -BHETHOEFRROFIER, HREERIZ S 7k
EDDOUIMHENRWV, BB, BEFIMOFHEIHER L EAIICT 2720 TR EFFRDE
R (QCLT) DERII b DhA - .

AR TIRFTEGHEN/NS X—2 2 FOE/EER 272 70 QCLT iIZOW TR 5. 2
D XS RFEBEER 25 7 DR XENIER I L =DDRFRXA—K g, 0, fTEENS, 2D
BB EMEN, d> 3725130, -1 DANOBEEZI S, ZHASIZERIERNZZ 70
T LRI S D L DR RN 2 H Ltk BlRRTHIS ATV 2 FREEERN
7 7D (dDFRT %) FRRYNIE T, HHY AT X=X 2FFon, BHNEZDEI7%D
DICEFRITEE L TV S, o T, HHMI T X =X eFOMMEER 75 72 &35 2
T, Mo TV BEEREERIZ 7 7 D KER D 2 EERNIIAN—FT 22 81285, ¢=1
ERBZHNEETHIEZINTE D, Hamming 77 7 & Johnson 7' 7 7 % & 4 RYI L0272
WV, ZABHIZDWTIE Hora [5, 6] % Hora-Obata O [7] TAREICE TR D bt Tw
DT, AETIE A1 DHEEEEL, d— oo & L1zt =D QCLT DR DIFFESM:
%qa,B8HWTEZ %,

2 AEBVRERZR. BERIERIS 57, RUEFFOERERE

RKYPBERTEM . CLO+RBALZOLOREp: A - COM (A p)DZET
Hd, ZZTeIRETH 2 L. FEEBRTH-T, p(la) =122 p(a*a) >0 (a € A)
i IRV (I3 ADHRMTEZERT), ADTTld (REW) BEEH L TIN5,
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HREHoc AlZa* =aZMiizTEERTHL VD, EiERLEHac AITHLT, R
@ Borel HERHE 1T

p(a’) = u(de)  (i=0,1,2,...) (1)
il T HODEET b0 27 L p 3 —BIE—EI TRV,

RRTEZ 7 7 o150 2 REUVHERZZEZ B 5, DT = (X, R) (& AR
W77 7835, X IFHAKE, RIGEEETDH %, 2THR o,y BIOBEHEL 0(x,y) TR
L. TolEE%Z d=max{0(z,y) : v,y € X} £F 5, /. AZ T OFHETIIE L. AD)
PREEAEE T2, LT, AT) LoREOHIZ 3 RT3 ¢

FL—2RE : 2

1
ou(B) = — tr(B) (B e A(Il))
| X
TEDONG, ZOHE, MREL AT 5 (1) OMERNE 113 —EWTHDH, TDR
RIPFHETHRAONS ¢

my

#(GZ):W (i:0717"'7e)
2Tl 0y, .., 03T DEZZEEMHETHD, m lEZT DARY MUY 3 0; DEE

Ez#T,
BZRRE: Hm) oe X ZHEIEL,

po(B) = (0, B0) = Bo, (B € A(l'))

TEDOHND, TZTolFoDFERZ A 2RL, () IFEHEOTLI—FAETH %,
Gibbs REE | ZHUI LD oo D—RILTH B, t c REZFHE L.

p(B) = > t%Ni Bo) =Y "B, (B Al))
zeX reX
TEDOHND, 72720, 0V:=1BIRT 5, Gibbs IREEIZEREZIRE L N5, 72
B, LoZo0fle B a b, Gibbs IRERIZFEFRIRARIZ /2 5 L IR 5720 (of. Lemma 1),
D, T = (X,R) \IEEBEERI T ST 5%, kbbb, A, % T OF# TAleT 5L
&, HBIEEER a;, b, (i=0,1,...,d) BIFELT

AA; = b Aig + ai Ay + i A (i=0,1,...,d) (2)

Ztﬁéo foCL/\ b,1A71:Cd+1Ad+1 I:OZL\ ifibd:CO Z:()tjg<o C@Z%F&i
FHITH Y, X kEk=bTH5EZA6N2%, TOHEE 77 7dFREHTHY, ZDOX

Wk &
_ boby by

C1C2 - G

ki (i=0,1,....,d) (3)



Y753, (2) £
A(F) = Span{A(Jv Ah s 7Ad}

b, FrT. A OFTINIR AR DD —ETHD, €T pp = 0o £ %, Gibbs
R o, DFHE 0 € X DIEGHITKS T,

oi(B) = ﬁ w(K,B) (B e AT)

eEFEI%, LT
K= (1709), oo = Ao+ 1A + P A - 104, € A(T)
Thb, ZOERPLELIZABELNS !

Lemma 1. If T is distance-regular, then the Gibbs state ¢, is a state on A(T) if and only

if the matriz K, is positive semidefinite.
Gibbs IREE o IR 2 HERZERL A DR P TRUIR TR S NS (cf. [7, Lemma 3.25])
o (A) =thk,  YXHA) = (A —thD)?) = k(1 —t)(1 +t +tay) (4)
Lemma 1 DR, 513, ROEEVHETH S !
7(T) = {t € R : K, is positive semidefinite} (5)

HI20,1en(T)THH, WoTr(D) ANV THb, K D2x2FMFNEEZLZ L
TRBTDS
m(T) C [-1,1]

Hiioe X ICTHALT, BETY ADEFSBNELNS @
A=AT+ A+ A°

ZZT. € {+, -0} ZDONT

. 1 ifz~y, d(z,0)=03(y,0) + i,
(A )x,y:{ . ( ) ( ) (ZnyX)
0 otherwise,
Y55, BREL. iy =10 =10, :=0TdH %, HUFIRZ ML, %
CID-*LA-é (1=0,1 d)
7,_\/15 1 S Rt A

THED (cf. (3)s T2 2R

W(T) = span{®q, D1, ..., P4}
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BEZBE.

d

oi(B) =Y #/ki(®;, Boo) (B € A(T)) (6)

=0

Y75, Fh 2 KROB) ED
A+@i =V Cip1bi®ip1, A = V cibi1®i_q, A°D; = a;®; (7)

XZIZ) (Z = 07 ].7. . .,d)o f:?’:b \/Cd+1bdq)d+1 = \/C()b_lq)_l = OT%}Z)O

Remark 2. AT, A~ A° THERINAREBAD) &, |X| =1 OBEEREIEAHRTH D,
0 ZMF % I @ Terwilliger K&K (cf. [9, 10, 11]) D RE 725, Zh s DDREHD
—HT BRI OVTIE[12] Tl I TW 3, W(D) 1 Terwilliger XA D BEKIINEET H
D. EMEELIFEN S,

[7, Section 3.4] THEIL X417z, Gibbs IKEE o, IR 2 BEREER]Z 2 7233 % QCLT
FEET S, LR A ZEREMES L L. (T))ien ZHEHEERZ S 702y b (BRLEE)
3%, iBOfBbDzD, TE TA EFEEWRT 2, X, d ka,b,c F3T OB
CARRT, Tl HETICHLTE(A) >0 45t cn(l) ZEEL (cf. (4). RIEHTD
e 273, ARTIEIMR S AR Y R— 2 RO5E 2D S DT,

d— o0

EIRET %, 7B, MIRZ 2 EICIE 0 MO DE1 7% K512, ROERLEEZ
% (cf. (4)) :

AT = At 4 A4 A° (8)
7oL 2T .
el A Ao
Si(A) ¥ (A)
THb, 7.
wi:;%b&l) (i=1,2,...,d), ai:agm)tk (i=1,2,...,d+1)

35, (T)&D
ATD, = Wi i1, AD =T, AP =a, P,
72 (i=0,1,....d)s 727U oui i = VEod_, = 0TH 3, XHIZ
7, =tk (i=0,1,....d)
L (cf. (6)). ROMREZEZ 3 :
W w, a— e (=120, Y=y (1=0,1,...)

NS DMIFRIZ—BUTIIAFE L IRV DT, ROFEMAFZHRT !



Assumption 3. With the above situation, we assume that the limits w;, o;, and ; exist
and that w; > 0 for all 7. We note that vy = 1.

Assumption 3 D F T, EELLEE{V, :i=0,1,...} ZROEBEXIT C-X7 b L2E
MW ZZZ. {¥;:i=0,1,... } PIEHEREERL 22 K52 VI—- MK () 25
Z%. W LOMIEAEHZ BY, B~,B° %

BT, = /w1 Uiy, BV = /w;V; 4, B = a1V (1=0,1,...)

WEDEDS, HEL Jw V=083 5, BT, B IZEVWOMHERARLRoTWD
ZEIWHERT %, WORA W, {¥,}, BT, B7) 1. JacobiFl {w;} 12tk 3 2 BE{ER Fock
ZEREMIN 5,

Remark 2 T A U 7= JEATHARL A(D) 13 At A- A 1Tk o THAERS B0, Gibbs ik
B o, DEFIRE AD) IR T 222 EZ XS (cf. (6)) ZOIIRIFRIIDES 0 X
DELY JTIZER S 720D, A(D) DIREEICH: - T b IR S 720 (Lemma 1 & D A(T) @
RETIEDH 2), Gibbs IREEICEET 2 QCLT IZLL T L S iR 3 ¢

Theorem 4 ([7, Theorem 3.29]). With reference to Assumption 3, we have

SOt(AEm . Aﬂ) N Z,}/ZOI/“ Bem ... BGI\I}0>

i=0
forany ey, ... 6, € {+,—, 0} and m=1,2,....

Remark 5. (1) & b, X%/ 3 R LD Borel HERHAE po, DFET 5 ¢

[e’e} +00
> 7, (BY + B™ + B°)") = EMun(d€)  (m=1,2,...)
i=0 -
ZD i 1X Gibbs IKEEICEE S 2 A DFHEER AR MLGH EMIEN, 2z KD,
T5 2 EIFBURTROHETH %,

723, Hora—Obata [7, Section 3.4] 13 % mIZDOWVW T w,, =0 & R2LEDEFE LK (Z
DEE po DV R—MIARERS), L LD S, Assumption 3D X HIZETDilTDOWN
Tw; > 0 ER2GEIRIUI. ~ OTHEDIREIZHIINETH %, FFE. Bang—Dubickas—
Koolen-Moulton [1] 1 & D GERI & L7 TR A-REFEZ W TRIREN D ©

p={1113
L
=5

Proposition 6. Suppose that the w; and the «; exist and that w; > 0 for all . Then the
~; exist as well. In particular, Theorem 4 holds true under this weaker assumption.

3 WHHNNSAXA—XZHFOEMERNIT ST

FEBEER 2 7 T g, B, ¢ B

T N (Y
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rRIND L E, HHANSIA—F (d,q,a,8) ZFD 205 (cf. [3, Section 6.1]), 7272 L
m =l+q+¢+-+q¢"!
3¢ "R TH b, ROBFERIFEETH S (cf. [3, Proposition 6.2.1])
qeZ\{0,—-1} ifd>3

BRICAART2 X 512, ¢ =1 %W/ 7 7@BRCRESINTE D, WiH$ 2 QCLT 185
NTV2, o THADERIL g {£2,43,...} L RIGECDH 5,

Lith, TIZHMI NS X —& (d,q,0, ) ZFDOL T B, (5) TEDLES 7(T) ZHUET
23R LWEETH B, g =1 725 Hamming 77 7 & Johnson 277 7
WZOWTIE, ZOEEDHXHE(0,1] 28T Z AR STV S (cf. [7, Propositions 5.16,
6.27))0 KDFERIZ ¢ # 1 DBEIC n(T) DILE BRI D ERES 2 5 -

Proposition 7. Suppose that T has classical parameters (d,q,c«, ) with d > 3 and q €
{£2,+3,...}. Thenq¢ " en(l) fori=0,1,2,....

I THHIYR I X =2 D—EMHIZoWwTaxXxy ¥ 5, [3, Corollary 6.2.2] 12X D,
d>30r FHMAYPRT X =& (d,q, 0, B) FRD2FEHHZIRE—EINIEE S ©

(d, ¢*,0,0), (d, —, g(fjﬂ a irf_f)d)> (10)

272U, =2 TH b, Ivanov-Shpectorov [8] 1Z. & L T2 EOHIIY T X — X 2D
O, CFFHEARETHD, TIEFTL I — MRS 5 7 2495 1(€) (cf. [3, Section 9.4])
275 2 e &AL 7,

ARG TGS HICROBEZ RS -

Assumption 8. Recall Assumption 3. We moreover assume that the graph I' = I'y has
classical parameters (d, q, o, 3) with d > 3 and ¢ € {£2, £3,...}. We will view ¢, «r, and
[ as functions of T'. For the classical parameters in (10), we understand that we may
choose either set of them.

RO FAERE RN S (KB — by b HE T A — R TEENS 2 LIRS0

Theorem 9. With reference to Assumption 8, q eventually takes at most three values.
Suppose that q is eventually constant. Then so is «, and the following hold:

(i) If a # 0, then B/\k is eventually bounded, and there exist scalars v and p with
p >0 and v(p+ a/p) > —1, such that tv'k — ~ and the accumulation points of
B/Vk are in {p,a/p}. Moreover, we have p = /—a if ¢ < 0.

(ii) If & = 0, then there exist scalars v and p with p > 0 and vp > —1, such that
tvVk — v and B/Vk — p.



Suppose that q is not convergent. Then there exists a subnet of (I'x)aea for which q is
eventually constant and (ii) holds above with p = 0.

Conversely, if (I'x)xea s a net of distance-reqular graphs having classical parameters
withd > 3 and q € {£+2,+3, ...}, where g and o are eventually constant, such that d — oo
and (i) or (i) holds above with respect to a suitable function t € m(T') with ¥2(A) > 0,
then (Tx)aea salisfies Assumption 3 (and thus Assumption 8 as well).

Theorem 9 IZRWT, ¢ BIFEACERTDH 2B EZ L5, 2D ZadbFEhkiFl
AZE;&K& D\ (9) cl: Dﬁyﬁ Ci OCOL\VC%)IEH:%VC\Z@ 50 Wiy O, V4 ciéﬂﬁ‘ﬂ/‘j){?){'—&
¢, v MO Theorem 9 (i), (i) HD v, p ZHWVTRD L 512K E N5 .

i—1
: + -
S A— ai::[ o tale) - (i=1,2,...)
L+y(p+a/p) L+y(p+a/p)
'\/i .
= =0,1,...
== )

72720 0/0:=0K%U00:=1 LR35, Fio, BYREDTy FEED Z & T (8) IKHh
T 5 TIEHARZ ML) 9IRS 2 Z e 2nt, S HICZOMBIMIEXTHES
2, DRJEHC I DTAR TR I DRdidER L, Bz —o>5Z 518D 5,

Example 10. BREF, LD n KT FAZER Fy O d RITEl 0 2R 2R 2 HRES &
L. 2TER 2,y IZ2WT, dimzny=d —175%}2’?40230»%%5%%0 ZHCEDE
%5277 7% J(n,d) ££ L., Grassmann 7 Z 7 LFEX (cf. [3, Section 9.1])s J,(n,d)
& Jy(n,n—d) BRELADT, UTFHEICn 2 2d 2IRET %, Jy(n,d) FEHHE T X —&

(d7q>a7ﬁ) %*ﬁoo ;— ;_VC
n—d

TH5b, qEEEL. d— oo, tVk > IHRHZ0€IZITOVTn—2d+1 25
T2, ZOLEB/VE—p:=q¢ THYH. - T Theorem 9 (i) DIRFICD 575, IEMH 2
RZ PV HIERTE Z 6N 5 HERRE po IZFICRT 5 ¢

p q6+j + quifj _ qé _ qlfo‘ _ 'y’(q _ 1)
(¢ = DVI+(¢" + ¢
1 1 o+j+1.  —1
- (qj(26+j1) - q(j+1>(25+j)> (g =1/ 07 )

g’ g
X 901
q

HBRAWZ, =212k a/p =g 05, § DIE%EZEZ % ¥ Theorem 9 (i) IZFANWTHER
%@@%#xé YD, B, HIERE o, DS, TRhbE v =0 DA,
HIFE p1oo 1 Hora [5] 12 X D BLICKRD 5TV 5,

mv@—Df”) (j=0,1,2,...)
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