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The Characteristics of Vibrations Produced by SH Type
Torque in Multi-Layered Elastic Ground

By Michiyasu SHIMA and Kojiro IRIKURA

Abstract

The vibrational characteristics of multi-Jayered elastic ground are theoretically inves-
tigated in the case of the stationary harmonic vibration of the surface of the ground.
As the first step we treat the vibration generated by SH torque that emits the pure
SH torque wave of axial symmetry with respect to the vertical axis.

Integral expressions for the displacement fields are derived by using a technique
applied first by N. A. Haskell to seismological problems. These expressions are trans-
formed to complex integrals on the complex plane for ease of computation. As the
points of computation of the displacement are near the origin, the branch line inte-
grals become comparable with the contribution from the pole.

The numerical results are compared with the spectra in a case where an infinite
train of harmonic plane waves is vertically transmitted to the surface layers. When
the depth of the poinis is several ¢imes as large as the thickness of the surface layer,
the peak and dip of the spectral curve approximately agree with those in the incidence
of SH plane waves.

1. Introduction

It has gradually been clarified by many researchers that the vibrational chara-
cteristics of the ground in an earthquake depend on the structure of the ground.
The characteristics of the ground are generally obtained from the results of the
Fourier analyses of seismic waves recorded during natural earthquakes. How-
ever, it may not safely be said that they are determined only by the structure
of the surface layers, since the frequency characteristics of the origin and the
path through the crust influence the characteristics of the ground surface. If
simultaneous measurements are made at the surface and points more than 100m
below the bottom boundary plane, the characteristics of the structure of the
ground can be extracted. However, it is very difficult to obtain them.

Waves produced by artificial oscillation may be suitable for known incident
waves. A shaking machine with a range of frequency similar to that of earth-
quakes is an example of this, and it is often used to investigate the vibrational
characteristics of various structures. In order to generate waves corresponding
to seismic waves incident upwards, we must set the shaking machine under-
ground, but this is very difficult. According to the reciprocity theorem, it is
clarified that the same ocsillation as in the above case is obtained for the same
shaking, even if the position of the source and the receiver is exchanged.
Thus, in order to obtain the vibrational characteristics at the ground surface we
may set the shaking machine on the surface and the seismometers underground.

In order to clarify the relations between the vibrational characteristics of the
ground surface caused by upward incident plane waves and those caused by the
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incidence of spherical waves generated from a point source, we investigated the
characteristics of the vibration of an elastic medium generated by horizontal
(SH) torque source on the surface, when the elastic isotropic solid half space is
composed of homogeneous layers with plane parallel boundaries.

Problems of elastic waves in a Jayered medium have been investigated in detail
for a long time, mainly to clarify the phenomena of the propagation of surface
waves and of dispersion?. These investigations were mainly directed to the be-
haviour of points distant from the source, and the features of waves near the
source have hardly been investigated at all, because the perfect formation of the
surface waves is distant from the source and the numerical calculation of the
displacement near the source is difficult.

The vibrational characteristics in the case of the vertical incidence of plane
waves correspond to that of the point beneath or near the source. Thus, we
should investigate the frequency characteristics of the displacement near the SH
torque source in order to find out the vibrational characteristics of the ground
surface corresponding to the part of S waves in natural earthguakes. As the
first step, we treated the waves which are emitted symmetrically with respect to
the vertical axis from the SH torque source.

Integral expressions for the displacement were derived by using a technique
applied by N. A. Haskell to seismological problems®»?. That is, the integrand is
composed of the product of Haskell’s Jayer matrix for each layer and the factor
expressing the characteristics of the source. These integral expressions are
transformed to the integrals on the complex plane, and since the point of calcu-
lation is near the source, the contribution from the branch line integral is comp-
arable with that from the pole.

2. Wave Equation and Formulation by Matrix

We consider a semi-infinite elastic medium made up of n parallel solid homo-
geneous isotropic layers as in Fig.1 and a point source of SH torque type in the
medium. Then, when the source oscillates harmonically, the spatially dependent
factor vy(r,z) of the azimuthal displacement #;(7, z)e’*! in each layer can be

expressed by potential as Xj(7, z) follows:-

. Y 550, 2 = =BT D (1
d, B ‘ / 7, The wave equation is satisfied if ¥;(7, 2) is the solu-
Ba ! 2 tion of
L : Zser reli(r, 2) = ~ki#di(r, 2) (2)
~dk- - S p As the source is the SH type with axial symmetry
e Za in this case, the displacement is only the azimuthatl
f component and is independent of 4.
ol 2ot The azimuthal tangential stress is
B l n bé=i(r, z)=~wazxa’r(+z) (3)
7 We now express Xi(r,z) by integral expression as
follows:-
Fig. 1

%, 2)={ 12 Jo(krrak (4)
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Then we substitute (4) into equation (1), (3). Equating integrals, we obtain

S =" . dJo(kr) = (2 d]o(kr)
50,9 = {12 —HsE) | ap= {712 JoED ar -
5 (=(_, @ dLED) ([ _r;z) GLolkn)
p,,,j(r,z)—go{ iz dzkr) ]dk_gu{ 7i(2) dzkr) ]dk
where we have used the following relations
PLE =k Xi(2) (6)

At the interface between two layers, we impose the boundary condition of
continuity of displacement and stress. This continuity at 7—1 interface between
layers 7—1 and j can be expressed as follows.

[\i’j_(?!—l)w‘| [ z.)j—l(_zi—l) ]
¢ = c (7
75 (Zi-y) 7j-1(2j-\)

For layers not containing a source, we use for X;j(2) the general solutions of
equation (6)

Xi(2) =ése a5 el (8)
Defining
¢ =i ke vz, € =& ke, (9

and substitute (8) into eguation (5), we obtain
v—jgz) -=(ej’ +e€i" )ik cos {yj(z—zi-)}+ (¢i' —€i' VR sin{ri(z—2z-)}

Ti(2) = — (¢ + €5 ) piys sin{yi(z—2j-)}— (65 —€i"")ipgys cos{yri(z—=zj-)} (10)
Evaluating equation (10) for j-th layer at z=zj.,, we obtain

[ 2iCzj-) €' e
¢ =Ej J 1D

L zi(Zj-0) €5’ —¢ji”’
or
(€' +ej”’ ~ 05(Zj-y)
= Fy! c
Le5' —€5"’ 7j(2i-1)
a_(GR™ 0
Ei I_< 0 —(ikmﬁi)"> (12

and evaluating (10) at z=z;, we can eliminate the coefficients (e’ +¢'’) and
(e¢;’—¢€;’"), and obtain the Haskell matrix.

9i(25) bizin)
¢ =aj ¢ 13)
75(25) 7i(2j-()
cos Qi _tksin Qs
a;5= #v (14)

i sinQi oo o
k /
Qi=71id;

For source layer s, we use a point source located at D, (2s<D<zs-1) such
that the z dependent integrands of the source potential are the solution of
equation (6) everywhere in § continuous with continuous derivatives except at
D or
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S+ -iy (2-D) ; ‘~.D
Xso(2) = S:‘z'friib-z) : 220 (15)

Combining (15) with the solution of equation (6), the general potential for the
source layer is

Xs(z) =Es/erst+Es) elrgt z<D

1s(2) =Esy/e 1t 4+ Egy 0797 z2>D (16)
where

€s) =&g, &5 =&+ Sy eirg?

Exy’ =&5' + Sptetis?, €52/ =FEs"’ "W

€s\', €s/'', €5, &€s,”’ are those of the same character as the coefficients for the
layers not containing the source and (16) is the same form as (8). Therefore,
using the same as the procedures for the layers not containing the source, we
obtain the following matrix relations for the source layers

1351(2)__ !')Sl(ZS-O
4 =as) ¢
r51(D) T5-1(25-1)
B 7553(_2.5’) - sz(D)
c =das; 4 (18)
T32(25) Ts:(D)
cos Qs _th sin & i”; st
nsys
PN dpsys sin Qu cos Qs "
k 1
Qsi=73(D—2zs.) Qs:=7s(zs—D)
And we have
Cds(D) ] [ Bs(D) o(22)
¢ = c +| V¢ 20
Ts:(D) t51(D) 0ts
where from (5) and (16)
o( %8 ) =i (S —5v)
0Ts= —1tkpusys(Se*+So7) @)

3. Solutions for the SH Torque Source

Now according to the consideration in the introduction, we set the source on
the surface and investigate the frequency characteristics of the displacement in
the layers. For simplicity, we take the SH torque source which radiates spheri-
cal waves and use the following potential-

g et

o (7, 2) =ﬁ-ZT____ (22)
By means of the Sommerfeld integral, we can express (22) as
Ta(r,2) = Sezenin, 121 1y () ak @3)
—ik

Sor=Sv= g m

By (@D
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5(—721-):0, 5T\ = — 2k 24
As the source is on the surface
asi=(§ 9) 751 (D) =0

For the three layered medium, from the boundary condition (17), (18) and
(20), we have the following expressions for the displacements in the first and
second layvers

‘%(Zz)} ll%@)} [ v, (0>._]
¢ =a,a, c =a,a, c (25)
L ra(2) 7y2(D) oty
From equation (12), we have for the half space or bottom layer :-
[e3"+ ¢y’ 03(23) _J |:_22(_Zz)_:|
=By ¢ =Ey ¢ (26)
€' —ey’ t3(2y) 72(2,)

As a boundary condition for the half-space, we require that the coefficients e,"
vanish. Because when the source is on the surface, there is no radiation from
infinity for greater than the half-space S wave velocity, displacement and stress
remain finite for ¢ less than the S wave velocity as the depth becomes infinite.
With this boundary condition, (26) reduces to

€' LDz
oy @7
Les’] 74(23)
Substituting (25) into (27), we have
Eal B U|(O) vl(o)_
= Ea-‘aga| c = ] 4 (28)
_531_ ot 52’|
Eliminating €;’ from (28) yields
50 _ Ju—Tis ’
c Jn— f2| o (29
Substituting (29) into (25), we have
LEZL ff j."z La1() )6t +La, () Tty (30)
'DZEZ) élz? ;'2 La:(2)a1 ] ot +[a:(2)a .01, 31)
where ¢,(2) and a,(z) are given by
cos 71,2 _’lm,‘g_._
a(z)=| . : 7
Sl Sin 7z ;m L cos r\z
cos 1a(z—d)) ik sin y.(z—d))
7a
a@=| . . # (32)
tpa)o ﬂkrz_(_z.__fil)_ cos Tz(z_dl>

For the half-space, setting ¢;’’=0 in equation (10) for j=3, evalvating ¥;/c
and 73 at 2=z, and z=2,, and eliminating ¢;’ from those equations, we obtain

D3(2) _1{3(22)
¢ ={cos y3(z—d\—d;) —i sin ys(z~d,—d»)} ¢ (33)

r3(2) 73(25)
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Therefore, substituting (31) into (33), we have
—la(cz)—={cos ra(z —di—dy) —i sin yo(z—d,—d3)}

[ {?? 5'3 Lasa\]y+Laxa ], |6t (34)

Substituting (30), (31), (34) into (5), we have the integral expressions for the
displacements in each layer. The sign of y; is determined by the condition
Imyi<0, since with this choice infinite value of the displacement as z—oco is
avoided. On this leaf of the Riemann surface

Ti=v kjt—kt =—i B2 kit =—if; (35)
Then
ky<lk<E,
cos @, cosh Q ( AT )sm Q. cosh @, +( ¢l )cos Q. sinh Qz
In~Ja=— —+ = — T L .- L Nsls S —
ik
( Z;;' )sm Q, sinh @,
cos @, cosh Q3+(- s u->sin Q) cosh Qg“r( #37’3 )cos Q. sinh Q.+
]22—f|2= M7 =
—M3)3
szz . .
(fas Join @ sion

[Ca.a 1,1 = cos Q, cosh @;— (—l':ﬂzr" )sm Q, sinh Q,

—jp|[ cos@sinh @, , sin@, cosh @
La.a ]\, ik[ : 1372 + - ) ] (36)
k3<k<k2 :
cos Q, cos @, — ( Al )sm Q. cos Q,~(-H22. )cos Q. sin Qz
Jo—Tn=—- — == 373 - i /17’ = :
ik
AT Vg i
Q—L‘ztz)s;nm
cos @, cos Qz+( #af'a )sm Q. cos Q2+< #al's )COS Q, sin @;—
Jar—Jre= . N mn 2 polr 7
22 12 _.#3),3
< Hale )sm @, sin @,
,Ul nh

{a,a ) =cos @, cos Qg—(,/‘.ﬁ]?:'_>sin Q) sin Q.
2
[aza']‘zzik[ cos @ sin @, , sin @, cos Q, ] N

272 i
k<k3 .

cos Q, cos Qz—(-’ﬂ?—\,sin Q. sin Q2+i[<—/f?;—z)cos Q, sin Q,+

_ — H2T2 M3
Ju—=Tn B
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( ZLT; )sm Q1 cos QZ}

>sm Q. cos Q +( ﬁ%)cos Q) sin @, +i{—cos @, cos @+

2/ 2

]az—fnz

—M3Ta

(7#1;: 211@: sin Qz}

[a.a,]))=Cos @, cos Qz—<%i—->5in Q sin @,

4. Evaluation of Integrals

The displacements in each layer are given by

- _ (= 2i(=) d Jo (k) Y a2 69) =
i (r, Z)_ZSD ck ”J%kr) dk= ’So"'}'}}"_]'(kr)dkh

R CIPYACOEL (39)

where Fj(k, vy) is the even valued function of %k Since Fj(k, rs) is the even
valued function of 7, 7s. the corresponding branch points vanish. Only the
branch point %; corresponding to the half space medium determines the Riemann
surface. Thus the Riemann surface is two leaved, as represented in Figs. 2
and 3. As in Fig. 2, the cut given by the condition /my;=0 begins at k; runs

-l M k-plame

'S R ;
ks phe ) pole
3

Fig. 2 Branch line and residues in Fig. 3 Distortion of contour in &-plane.
k-plane.

to the origin along the real axis, and then goes to —ico along the negative ima-
ginary axis. The branch point 4, is in the side of the fourth quadrant and the
real poles of Fj(k,y:) are on the upper leaf of the Riemann surface. It was
shown that the complex poles are not Jocated on the permissible sheet of the
Riemann surface.
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Expressing the J,(k7) by Lhe Hankel functions of the first and the second
kind, respectively, we have

51(r, 2) =—5\ FiCh, 7y B Gary i+ —— " FiCh, 1) Hy® (k) (40)

Since we require the calculation of the displacements for a small value of r we
cannot use the method of the steepest descent which is the usual one in the line
integral. In order to calculate the integrals (40) easily, the first term of equ-
ation (40) along the real axis may be replaced by the integral along the path 7™
in Fig. 3 and the second term by the integral along the I~ using Cauchy’s
theorem. That is, the integrals become integrals along the imaginary axis,
branch line integrals and the residues.

We shall denote by the symbols 7s* in the first or y;~ in the fourth quadrant
that Reys>0 or Reyy<0, respectively. By use of the relation H,\ W (kr) =H,'® (k7),

from (40), we have
ka d .
550, 2 = [Pk 1) = By yi 0} 0 Gyt -2 Fsie, 7t =

2
FiCir, ya ) MK (er)dt —2ni Res{ Fi(k, y3) H\*» (kf)}] (41)
Falk, v5") — Fs(k, vy7) =i,k AC cos @+ (BC+ D)sin @i} 42)
_ actbd p— be—ad
ct+dr’ o+ de

a=—cos @, cos Q2+<f Hal'z )sin ®Q, sin @,
javg
b= —(L“h -)sin Q; cos Qz—(- Lara—)cos Q) sin @,
" Moy
¢ = pu3y5{cos Q cos Q: —(ﬂ'-—)sin Q) sin Q:} (43)
Hal2
d=py) sin @ cos Qa2+ 7 Cos @, sin @,
C=cos @, cos Q2—<~’L"’V' -)sin Q, sin Q,
L1aye

D=sin @ cos Q;/ iy +cos @, sin Qy/ 1272
Qi=1d, Qz:fzdzy Q3=r3(2—d1—d2)
For Fy(k, 15*) —Fa(k, 757, Q: and Qs are replaced by

@Q:=7,(z—d)), ;=0 (44)
For F\(k, 1) —Fi(k 1y7), Q\,Q: and @, are replaced by
Qi=112, Q:=Q:=0 (45)

Though in integral (5), H,® (k) and K,(r7) and have their singular point at
k,r=0, the integrands tend to zero for k,7—0. Thus the integrands have no
pole at k=7r=0.

5. Results of the Calculation and Some Considerations

We show some results obtained from the numerical calculation of the frequency
characteristics of the displacements for the various examples of the layered me-
dium. The structures of the medium numerically calculated are similar to those
of grounds in cities. That is, regarding S wave velocity, we take a set of
100m/s, 200m/s, 400m/s, in the first, second, and third layers, respectively,
and a set of 100m/s, 300m/s, 600m/s. Regarding the thickness of the layers,
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the examples of |5;(7,2)| which are calculated for the various sets of thicknesses
of the layers are shown in Figs. 4-7. As the source is on the surface in this
case and the frequency characteristics of the amplitude of displacement of the
SH wave generated are flat, the frequency characteristics become flat as 7, z—0.
The point of calculation is not beneath the source, but is Sm horizontally from
the source. Because when 7 is too near zero, the convergence of the calculation
of the integral is not good, and generally, the location of the seismometer used
in an observation is not beneath the shaking machine, but set several meters
horizontally from it.

Iy Joa-y:_L;—.
100wg:  JOm
- T 200 s 203
200wk, 20w i
V' tooms 5T OEPTH
“00xge 0

=
T / /

/

= VA YARN

\

! 2 3 % eps 2 % ¢ <fs-_

Fig. 4 Amplitudes of displacement Fig. 5 Amplitudes of displacement
versus frequency for several versus frequency for several
depths and SH plane wave. depths and SH plane wave.

For the source of the type of equation (2), the amplitude of displacement
decreases fast as z—oo. Therefore, in the illustration, we normalize the ampli-
tude curves at each depth, such that the maximum of the curves at each depth
becomes the same value in spite of the depth. And we displace upwards in
order the zero level of each curve, unit by unit. The lowest curve expresses
the frequency characteristics of the displacement of the surface when a plane
SH wave having frequency characteristics of constance regarding the displace-
ment is incident on the bottom plane. ®

In these figures, we expressed the frequency characteristics as those of the
amplitude in the medium for the source on the surface. As, according to the
reciprocity theorem in elastic theory, the same oscillation as in the above case is
obtained for the same shaking when the positions of the source and the receiver
are exchanged, the examples in these figures are equivalent to the results of
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Fig. 6 Amplitudes of displacement Fig. 7 Amplitudes of displacement
versus frequency for severai versus frequency for several
depths and SH plane wave. depths and SH plane wave.

the shaking of the underground points. For the range shown in the figures of
the frequency, the curves have one peak and one ambiguious peak or a beginn-
ing point of the rapid decrease of displacement towards the lower frequency.
The peak of the lower frequency of the two peaks in the four curves correspon-
ding to the points of the bottom layer corresponds to the fundamental mode of
the surface layer consisting of the two layers, and the peak of the higher
frequency to the second mode. The feature of the fundamental mode in the
curves of the displacements of the second layer almost disappears. Only the
peak of the second mode appears in the curves. However, this peak also dis-
appears in the curves of the first layer. In this manner, the vibrational charac-
teristics of the layered medium gradually become evident with the depth of the
point of the receiver.

Only the second mode appears in the curves of the second layer, which corres-
ponds to the fundamental mode when the second and third layers may be regar-
ded as the bottom layer. Thus, joining this with the results obtained from
the calculation of the points in the bottom layer, it may be said that if we
regard layers above the observation point as a surface layer, we can estimate
the frequency of the fundamental mode for such a surface layer.

As is clear from the features, it is desirable that the receiving points be set
as deep as possible. However, in practice we are forced to set the observation
point shallowly for the sake of economy. If we measure the feature of the
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decrease of the displacement towards the lower {requency exactly, even with
respect to the fundamental mode, we may find the frequency of the mode at the
observation point shallow from the bottom plane.

D
2)
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4)

5)
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