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1 BA

NA T FERIARNERE Galerkin(HDG) #1013, &8 L T2HA & 7% 5 M@k
&, BEAM LOBE N L —AZHW TGRS 2 B{Hfitii TH 5. HDG HEiE A
Galerkin(DG) 2 WEB L2 DICZ>THD, ZTOREELT, BUEFL—RICE-T
MEDARFIEZ IS § T &V T & ZEHNMER, YRG0 T & D IR R < 7
ZENHRE END 5.

BEOREZH Z BB, BATVABHENMEONZEDICE > TWHEANE LD
%. WSS EORM D R BECE K Ba, Bz 2 AL TENL TR Z
FioTWa. ZOK, BEDEUDHAICK > TE, RDIZVIEE 5 5 FEDEEL
fpZZft LT LE S T ehdb b, EFHIEHAEZEZ ZTHEM7 FEICET % Babuska O
INT Ry X[, 85 W &ZD—HITHB. TDIo, BiFILZT T, HEEOLIEIC X -
THEUBRECHLTEMITT 2T ENRETHS. TORICDNT, HHENRARE
FHETIZ[S, §4.4] % [4, §4.4]), [2] DS AT IILF— /)L LEPLE $ 5 HIE8E <
FObNTVB. TETE 7 D&% L>® /VLIR LI BB ITbNTVS. —
i, HDG LTI, 2AEM8E, © L <IE 5 Rz g HEZ B L T L Z2I0E
LT MNIZ EAETH D, 1SS Z A TR LI GIc B 5 it



FEEAEITDNTWIEW. ZDOWED—~DTH S Cockburn HIC KB [6] T, WIHMK&
TEIE [0 Dirichlet BEFSAHIC LT, MBI EBICHEY ARAENZED 2T LT
HDG AF—LZHH LTS, UL, EMEERSEMITRT BT DWW TIEIIED
RUHIND 5.

ARETIE, 185 D Poisson AREICHTY 2 HDG EDAF— LDOENB KT
WL O DEUIEIZERT. 5T, FHNHHFIC DWW THIITIANRS.

2 EFIVATERE HDG RF—L
2.1 ETFTIVAER

QO CRV(N = 2,3) ZWEMEER T = 00 ZHOLERERETS. XDLS &
Robin 5l & HOM B B £ 2 5.

{ V(¢ V)

¢ 'Wu-v+au

fin Q
g on I

(1)

CTCT, vidT EOaEBATERNYZ MV TH D, aZIEERTHS. cld—HRICiEE
ORFEATINABIEL, [ & g BAAT—IETH Y, +cmshTH5Ld 5. D
FREREUA T EFRETHS.

cg+Vu = 0 in
Vg = [ in Q (2)
—q-v+au = g on T

DL E, Eg e Hl(Q) Tr J:Eg =g THY, ||SgHH1(Q) < C||g||H1/2(F) Ziii’z 96
DIMAHES 5.
22 HDG RAF—L0DEH (cf. [5, §3])

{Tayn ZEAEZABABOEL L, h = max hie LT 5. SHBHK Q2 0, =
int(Uer, K) CED, TOERZT, =00, £55. 0T, = {0K: K € T} &L,

Fp:={F: Fisan (N — 1)-face of some K € Tp,}, FZ={FcF,: FCI}}

£9%. TOEE, T 3Ty =Upepp F ERBTES. T BROFKT T OELTH

% EET S.
FeF)OFTXTOESENT Ficdh .
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5L, 4
Fi={FeFy: F¢Ty} =F\F’
L95. f, GREINEN, f, £Eg D Q) ZEOFHEANOHIEL T 5.
Ti T BNATZRTEDS.
(w,'U)’]'h - Z (w7U)K7 <w7U>87_}L = Z <w7U>8K'

KeTy, KeTy

ABRERZEM 2R TED B

Wi = {wy, € L*(): wi|x € Wi(K)YK € T},
Vi, = {Uh e LQ(Qh)Nt vh\K S Vh(K) VK S 7-h}»
My, = {pn € L*(Fp): pnlx € My (F)"F € Fp}.

EREL, KeT, BXUF e Fichl, Wi(K), Vi(K), My(F) 3ZFNZriyizaiR
RO TH 5.

BUF HDG iEDAF— LZEHT 5. (gr, un) € Vi, x Wy & HDG IETHRS N 2L
fre U, ap € My, % up, OFE S L—2Z, Gn = qn(qn,un,tn) Z qn OFME R L—A &7
5. B KeT oL, (2) 01 X5 2 T X MEBEMT, Hafnd2T LT,

(cqnsvn)k = (un, V- vp) ik + (U, v-n)ox =0 Yo, € Vi (K) (3)
—(qn, Vwn)k + (Gn - n,w)ox = (fiw)x  Yw, € Wi(K)
w195, Fizo, BIREMELD, FeFPiHL,
—(Gn ) F A albn, pr) e = (G pn) e € My (F) (4)
1535,
KecT, bZDHNoK D F € Fricil g, ZRTEDS.
dn -m = qp-n+ 7(up — p) (5)

FEL, nid FED KIS 25005 BIESRA Y LV THD, T R S
HMBTHS. §, DEIHCONT, Fe FilchiL,

(lan - n].pn)r =0 Yy € My(F) (6)

£9%. C2CT, F=0KtNoK~ THbv, nt 3 K+ O EHALERARZ L,
lgn -n]l =4 -nt+4q, -n~ TH%.



(3), (4), (6) ZADETHINT ST LT, XD HDG AdF—LE{1S.

Find (qh,uh,ﬂh) e Vi x Wy x M;, s.t.
(cqn,vn)7, — (un, V- o)1, + (Up,v-n)a7;, =0 Yon € Vi
—~(qn, V)7, + (Gn - n,whor, = (f,w)a,  “w, € W

—{Gn -,y pn)or, + b, pr)r, = (G, )T, " pn € My,

CDAF—LIE, #YEMED N T B iz,

2.3 AF—LORE

(7)

FREDRIBIC $19 3 FEM OiZ [2] 5T, DG L0 [3] 2 & LI 217 -7

LU ZDOMETH 5.

h < ho7%51E _ )
dist(092,Q) > hy and  dist(9, Qp) > ho.

(8)

ZiliTT &3S, EEB ho EHAHEDERRQ 2 OEET B, [, §EETNER, [,

gD QDL T 5.

BB 2 2
Wi(K) := {wy, € L*(K): w, € P*(K)},
Vi(K) = {v, € L2(K)N: v, € PLHE)NY,
My (F) :={pn € L*(F): pp, € P1(F)}
9% TDLE,

HUhHQLZ(aK) =< Clh;(l th||2L2(K) oy, € Vi(K), K € Th.

BED VD, Cremin %

) (cv,v)x
CK,min = 1T Mol2.
veL2(E)\MO} [|v]| 72y
[FIBRIC Tanin 72
B (Tp, mox
TK,min *— Wall2s

MO} (|15 o)
TEDD. TICDOWVT

—1 -1 Vv
TK,min - MClCK,minhK K e 771

(10)
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100 ¢ 100 ¢

T T
L2—|— |_2_|_

L1l =% ‘ | L1l 1 =%
10t | ! /X/) 10t | h X/>

102} / /‘ 102 | /X/X/ A
g 1073 | . g 1073 |
10'4: ' / 10'4: ' : / '
, / i , / R
S S S S —
10—67‘44 S ] 10-67‘““

1072 10t 1072 101
h h

(a) P1 (b) P2 ®3

1 wu(z1,22) = sin(z1) sin(z2)

Zilc s KO MIEE M > 1 DMFAET 5 ERET 5.
Qp, LOBE w BXT F, LOBE picx L, HDG /IVLERTEDS.

w1 = || /2 Pre Vi

’ 1/2 ’ 2 11
+ HT w — H + .
S|, el

CCTT, Py @RTLEDLND V), NDHETH%.
(Pvq,con)7, = (g, con)r, “on € Vi,
(1) Dfft u D HWEEWESE, T/NEE hISH L, LUFORRAEFHMEAE D 37D,
= un, @ —an}ll, < Ch(llull gs oy + 19l () (12)
@ —unll 2,y < CR* (Il sy + 19 s @) (13)

CTT, aldud QADIETH 3.

3 #Efd

IR, WO OBMBIZFENT S, SZ20E Q= {x e R?: |z| <1} £T 3.
BRI u(xq, x9) = sin(zy)sin(zg) 755Kl ¢, f, g BXT a ZED, tau 1
(10) ZHifz g K WCED . THRIVF— )V ||{d — up, @ — ap}]], BEXT L2 IV L



100 ¢ T 100 T
L2 —— L2 —

NI ‘ o I
10-1: / 10-1:
1074 | ! 10
N e D g
510-3: 1 §1o-3:
04— / L I Te) /f/ '
A T A
ot S N —

10-6 R i P S S i F— 10-6 R i
1072 10t 1072 101

h h

(a) P1 (b) P2 ®3

2 u(zy,x2) = exp(—ai — 23)

@ = unll 20, ICKBRAEZEITRL, ZOMBRZM 1ITRLTz. £ (a) A P1 EHZRZHW
TRHRELEEDTHY, £ (b) D P2EEZHVWTEHRAELIZEDTHS. EHBSICDNT
B, THIVE— IV LORGEE O(h), I2 /VIIC & BHE5EE O(h2) LE->TVWB T &
MNohhs.

RIS, EEEBEDSBRFREIEL u(zy, 20) = exp(—2? — 23) &5 HHIZ RS, FEHE 2
TH3. £ (a) BPLEEEHVTHELEEDTHY, £ (b) M P2 BHEEHOCEHE
L7ic&DTHB. P2 BEEHAVIGS, T3xVF—/)IVL, L2 /)VLOii5EE O(h?)
EIEoTWAT b3S,

WIS, T =1 ULEHZERT. THUE (10) ZHi7ZLTWiEWL. K 3 BZ 0k
RTHo, I (a) WEEM u(ry,0) = sin(z1)sin(xe) DEHERHR, £ (b) HYEE iR
u(zy,we) = exp(—zf — 23) OFIBEHERTHZ. FEOA—H—M (10) ZHilzLTWb L
XLALTHAHT ENDIG. CHUE (10) % Txmm > 0 1CTHHSNB AN S S C &
ZRLTn5.
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L e . L1l =%
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[ /)( ] [ /(
102} / 102 | x/ /
E o b B R
ug 103 | u@J 103 |
104 ' / 10 ' : / '
H b 2
105 [ / 105 [ / L
i P I i /ﬁ L
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1072

101
h

100 ¢

1072

101
h

(b) u(z1,z2) = exp(—z? — 22)

K3 r=1cks8EE

(a) u(zy,z2) = sin(z1) sin(xz)

4 FREOHERY
KeT,&pe l2OK)ITHL, (QuU,) e V(K) x W(K) ZRTEDS.

(Qusvn)k — U, V-on)g = —(u,v-n)ox "o € Vi(K)

—(Qu,Vwn)k +(Qu-n+ 71U, w)ok ; (T, )oK Yy, € Wi (K). (14)
[FRRIC, fe L2(K)Iicxtl, (Qf,Us) € V(K) x W(K) ZRTEDS.
(Qpsvn)x — (Us, V- vk zo Yop, € Viy(K) (15)

—(Qf,th)K—l—<Qf-n—|—TUf,w>aK (f,w)k Yy, € Wi(K).
ChzHnsde, HDG AF—L (T) BUTDOXIICE TR AT LN TES.

Find u, € M;, s.t.
—(Qa, -+ 7(Us, —Un), tn)or, + o(ln, pin)1T,,
=(Qr -n+7Us, pn)or, + (9, tn)r),

an = Qa, +Qf, up=Us, +Uy

Yun e M, (16)

(14), (15) &% K CTHNTAMERODMNT XA TH Y, EpORBICHL T L HT
X%, F/z, (16) &, TTDOAF—L (7) KO {EXOMEN.—X)7FXTH O, Ligimdic
Rl TN TES.



[ FEM | DG | HDG
P1 THAL (25) 3 x B (96) | 2 x U (112)
P2 || TEAL 3 (81) | 6 x HHE (192) | 3 x 4 (168)
P3 TR+ 230 10 x % (320) | 4 x 34 (224)
+ 23 (169)
#£1 MEORFELOLLER 4 e

#11%, FEM, DG #EB XU HDG ECOWT, 2 Korhslic 513 % RO R4z
LD THY, FHMNIEK 4 OREICB 3 RAZEELEEDTHS. FEM B&
U DG #iE, 2HAXOXEE LIP3 T & TRABWNRKEIEZ TV SDICH L, HDG i
AN Z BN TWB T ERbh 5. KT, 2 XL EOIEDZIHAZ vz
Yy, DG &0 E, HDG LD DEDO RN DIx L, BRICEIREWEER T LA
HCE5. 2L, FBUCHEZTIBICE, [FHIDERT A M EORID B & G R
SRS B2, FEEICIEEIRETH .

Eif3

AW, LR EY) —T 770 I LOYKERZ T I DTHS.

BE K

[1] 1. Babuska. The theory of small changes in the domain of existence in the theory
of partial differential equations and its applications. In Differential Equations
and Their Applications (Proc. Conf., Prague, 1962), pages 13-26. Publ. House
Czechoslovak Acad. Sci., Prague; Academic Press, New York, 1963.

[2] J. W. Barrett and C. M. Elliott. Finite-element approximation of elliptic equations
with a Neumann or Robin condition on a curved boundary. IMA J. Numer. Anal.,
8(3):321-342, 1988.

[3] Y. Chiba and N. Saito. Nitsche’s method for a robin boundary value problem in
a smooth domain, 2019.

[4] P. G. Ciarlet. The finite element method for elliptic problems. North-Holland
Publishing Co., Amsterdam-New York-Oxford, 1978. Studies in Mathematics and

17



18

its Applications, Vol. 4.

B. Cockburn. Static condensation, hybridization, and the devising of the HDG
methods. In Building bridges: connections and challenges in modern approaches
to numerical partial differential equations, volume 114 of Lect. Notes Comput. Sci.
Eng., pages 129-177. Springer, [Cham], 2016.

B. Cockburn, W. Qiu, and M. Solano. A priori error analysis for HDG methods
using extensions from subdomains to achieve boundary conformity. Math. Comp.,
83(286):665-699, 2014.

T. Kashiwabara and T. Kemmochi. Pointwise error estimates of linear finite ele-
ment method for Neumann boundary value problems in a smooth domain. Numer.
Math., 144(3):553-584, 2020.

G. Strang and G. J. Fix. An analysis of the finite element method. Prentice-Hall,
Inc., Englewood Cliffs, N. J., 1973. Prentice-Hall Series in Automatic Computa-

tion.



