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Tekata Shiokawa (Yokohama)

Recently R. Kaneiwa, J. Tamura and the author of
this paper [1] proved, by making use of a certain kind
of convinued fraction algrithm for complex numbers, a
theorem of Perron on complex Diophantine approximations [2]:
Fo; any complex number © not belonging to the imsginary
guadratic field 9(4/-3) +there exist infinitely many
integral elements 1p, q in 0(4/-3) such that

A 1

If 0= 4(3+ /T E), vhere %= 3(1 +/73), the

constant &/13 can not be improved.

In this paper we investigate some ergcdic properties
‘of the complex continued fraciicn transfecrmation defined
as the remainders of the algorithm in [1].

1. Definition cf the algorithm

Every complex number 2z can be uniguely written in
the form z = ud + v%, where u and v are real znd W
is the complex conjugate bf a complex number w. We put

z = [uld + [v]z-,

where, in the right-hand side, [x] is the largest rational
integer not exceeding a real number x. Note that if =3
is real then [z] becomes the ordinary Gauss's symbol.
Now we define a continued fraction algoritkm (*) as

follows;
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1j (n>1), Toz-: z -0z
2
(%) <

1
a, = an(z) = [m:} (n21), as = a()(f") =[z]

~ 4

These procedures terminate, i.e. ™y = 0 for some n>0,
if and only if =z TDbelongs to @ 4[?37). Hence every com-
plex number 2z can be expanded in the form
1 J 1 |
z = ag+ 4 oo 4 = (n20), (1)
. l ay

a + T’z
n

provided Xy, # 0 for all k<n,
Let Zr‘, be the ring of all integers in
Q( 4/ =3) and let N, be the subset of 7, defined by
N, = {uZ+ v%; u, v non-negative initegers with u+v>1}.

We pu

o
f

{ug+ u, v20, utv20 },

{ug+

v3;
vy ;

>
n

0<u, v<11},
and
Y=D\{z; z ' ex}.
Thus the remainder Tnz, in the algorithm (*), is the nth

power of the transformation T of X onto itself defined

‘ 1 1
Tz = —— = | =—— (z€X),
z z

which is an extension of the real continuedéd fraction trans-

by

formation

1 1 |
P = e = [-——-:I (XG[O. 12 ).
X X ‘
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By definition we have

243 . \
|Z!$ 3" (ZEYl‘i (2)
7
[2]2 === (zen 00, (3)

and
{aglz) 5 zec} = 2, ,
{an(z) 1 z€C} = N, C DN\X (n21) (4)
wHere C is the set of all complex numbers.

Every finite continued fraction

1 ‘ 1 [ 1J
+ L T Sp—
| i
’ 21 ! Zs | Zn
whose partial denominators Zys Boy sty B belong to

D\ {0} is well~defined, since the fractions z;1, zpn1+zh',
... are different from zero. (Note that if z€D\{ 0}

then z '€ DN{ O} and that if 2, weD\{ O} then z+weD\{0}.)

Let, more precisely, Zys Zos e s zné D\ X. Then

1

z;1€ Y\N{ O} and so zn_1+z; € D\ X. Repeating this process

we get
1 1
7, + et € D\ X (5)
~ z z
and 2 n
1 ‘ 1 } 1
+ oo+ e Y\{o0}. (6)
lz1 IZZ Zn
Let ay, a1,.}. be any sequence of inte~

gers in Q(/-3) such that a € N (n21)., Every finite

continued fraction

1J 1

ag + + o +-r~——J
a. a

I i | “n

()
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has a canonical representation pn/qn (pn, G, €Z¢ ),
called nth approximant, in the form of an crdinary frac-
tion. ZEspecially if the seguence 8qy 844 --- is given
by the algorithm (*) we call the fraction pn/qn the nth
approximant of z. Thus from the general theory of finite

continved fractions we have the following formulae (7)—(10):

(For the proofs see [3].)

P, = 8P 4+ Ppos Gy = 80, 4 * O o (n21), (7)
1 1 1 a._
!+ |+ + l= n- (nz1), (8)
l 2y | 8n-1 ‘ a4 9n
-1
PG, 1 = Pyoqdy = (1" (n > 0), (9)

where p_, = 1, q_1'= 0, Py = ags Qg = 1. Further if

pn/qn is the nth approximant of =2z, then

¢ 1

q,,_ -
L= (-1 (an+1 g opntl, oot ) ! = (10)
9y 9y 95

LEMMA 1. (R. Kaneiwa, I. Shiokawa and J. Tamura [2])
Let ags g5 .- be any infinite sequences of
integers in 0(/~3) such that a €N {(n>1) and let

pn/qn be the nth approximant. Then we have
qn - 00 as n ~»0o0.,

For completeness we prove this lemma.
Proof. Suppose, on the contrary, that gq_ A 00 as
n 00 So we can choose an infinite subsequence {qn }w
_ ) 351
such that an |< M for all n21, where M is a con-
J

stant independent of j. But from (2) and (6) we have



D , 2/%
—2-1 < af\i +
and so
2/
| < el -0
J 3

where the right-hand side is also independent of j. It

follows from these Inequalities that Py /qn =P, /qn
1, . y

for some J anéd k with j< k, since the ring of all
integers in 0(/-3) 1is discrete. Hence we have

1

a a
n.+1
J

n.+2 n
J

vhich contradicts (7).

LEMMA 2, (ibid.) Let =2z be any complex number not
belonging to 0Q(/-3) and let pn/qn be its nth approxi-
mant. Then we have '

1Y
z = lim n_,
n-»00
9n

Proof. By (10) as well as (3), (5), (6), (8) we have

9n

which tend to zero as n - o0,

LEMMA 3., (ibid.) With the same notations as in
Lemma 1, the nth approximant pn/qn converges to some
complex number which belongs to bO+Y.

Proof. Similar to that of Lemma 2.

Now, by means of Lemma 2, every complex number =z

can be expanded in a regular continued fraction whose
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artial denominators a_(z) are integers in Q(/=3);
n =3 9

O T a(m) [ a2 '
This complex centinued fraction expansion is a natural
extension of the ordinary real one, since both algorithms
coincide when 3z 1is real.
2. Admissible sequences and fundamental cells
We put
A L a2 e (2) 5 zex} (1< n <o)

Seguences belonging to A(n) (1<n <00) will be called
admissible. (Note that Lemma 3 suggests the existance

of non-admissible sequences.) By definition if a n‘aneA(n)

1

' (n-1) (n-1) . (09}
then a,...a ;e A and a,--a €A . If aja,ccel

then a ea € A(n) for all nx1. And the conjugate

1
5152... of some (finite or infinite) admissible seguence

is also admissible.
For any ayr--a € A(n) we define

X = {zeX;ak(z)=ak,1S.k.<_n},

3.1...an
which will be called a fundamental cell of rank n. Thus

we have

n

X = U (n) Xaq---a

a1...ane‘A

where Ka1-~-an(\ Xb1=~-bn =<¢ if a, +#b, for some k%

with 1<% <n ; i.e. the set of all fundamental cells of
rank n form a partition of X. Besides, for any fixed

infinite admissible .sequence ajayece we find

XD Xa1 D e DX

1" “n-1
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and (by Lemma 2)

diam (Xa . a ) > o0 as n >N,

1 n
Hence every Lebesgue measurable subset of X may be ap-
proximated with any accuracy by finite unions of mutually

disjoint fundamental cells.,

For any given a1---ane.A(n) we difine a function

of 2z by
1 1 1
qra e a (z) = w——J £ oee e+ ! +
1 n la1 a4 la, + 2
or (replacing a, in (7) by an+z)
D+ D 42
< —n - n-f (zex).

9n * -1
Because of the formula (9) the linear +transformation

IV ' has the inverse
3_1... an

(4fa1...an)-1(z) =

Pp = 9y%

(se, ..q (0.

“Pp-1 * 1%
But the equality (1) can be rewitten in the form

7 = \Paf“ an(TnZ) (zeX).

Hence for any fixed aT--z%leA(n) the nth power of T

restricted on the cell X o 1s identical with the
1" “n '
inverse of ‘@é gl
1 n
-1
™z = ( )7 (2)  (zeX ). (11)
qraﬂ' 2 aq--- 8y

Especially we have for any ay...a € A\n)

= n \ |
Xa oo a. \Pa ... a (T ) P (12)
1 n 1 n
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Now we need some notations : Put

/=3 /3
U, = {zeX; |z + — > },
3 3
Uy = {z€X; Im(z) > 0 },
Ug = {zeX; ZeU,, Im(2)>0},

and define
' Uy = {z; zer} (3 =1, 2, 3).
Further we set UO = X for notational convenience.

- -1
Considering the reciprocals Uj1 ={z; 2 '€ Uj}

-

we obtain (see Fig. 1)
— CTT | ~
X = Polu) UL, Ul -‘E)N; Y, (0 ),

a
a#3,%

U= RO UK UCE ¥ D UC U o0,

aeNy ,a#%7
Im{a)¢0

U= DU (U R, U C U dm),
i k=1 ‘ aeN; , af%
In(a)<0

and

. .
: U3= ’{IE(UB)-U lgj‘f\trk(U_g)UT‘prg+k(U2) ).

Taking the complex conjugate of (13.1)~(13.3) we have

also the same relations for U_1, U_2 and U_ to

3
we assign (13.-1), (13.-2) and (13.-3) resp.

(13.0)

(13.1)

(13.2)

(13.3)

which



Fig. 1
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In any case Uj can be written in the form

.
<

Uy = LeJMj ¥, (0 (14‘)

where Mj is a subset of Ng and k {(-3<%x<3) are
chosen uniguely according as j and a. In addition,
we note that

Vo NPy () = ¢ (15)
. whenever a # b (a, bE'Nc).

LEMMA 4. Tet nx1 and let a,---a € A(n). Then

we have

Xa...a =\{ja4...a (UJ) (16)

n
and so

ix = U, (17)
1.-- n J

for some j (~3£.j§.3).

Proof. 3By induction on n. First we prove (16).
If n=1 (16) follows from (i13.0). Suppese that (16)
hold for all ai...ané A(n). Then we have for any

‘ (n+1)
agrerap €A

d
fi

. n - n -
{zéXa1.,_ a’ "‘n+1(Z) - a1(T z) = 2p41}

"

{4ra1"'an(W); WE{H' 31(w) = 8ned }

4'31...an<\}fanﬂ(uk>>, (vy (14),(15) )

Yaoooa,,, s

n+

where j is defined by Uj = TnXa ...5 @and k chosen
i n

uniquely in (14). Now (17) follows from (12) and (16).

10
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Let E Dbe any subset of X. Then by Lemma 4 we have

. . (n)
for any 8y anéA

P8 = {zeX ; TPz€E }
= U {zex_ ..., ;tﬂzeﬁmuj}
a - a GA(n) 1 n

it

U Voooa ®BNOUD, Us=1"%, . (18)
aa cafn) ™1 n 1 n
n

3. Estimates of the Lebesgue measure
Let m Dbe the Lebesgue measure on the complex plane
and let B be the r-~field of all measurable subsets of Z.

Then we have for any a,-- anéA(n) and E € B

m(Y, e () - i{

But using (9) we find
_ (_13\n -2
Y, .ooa (2) = (D7 (a4 0y 42)

and so

/ 2 :
oo ()] Baxay, mmxety. (19)

v ()
4 n

Hence we have

— q_—-.‘ ]
2=lqn14|1+“—n' Zl ) (20)
qn

7"’4 '4 / 2 4
574 ¢ |ay] [t{fa1_,._an(z) <3 (21)
and ' ‘
-4 -4 -1 / 2 4
57« !qn, !(l}/afn-an) (z)] = ¢ 37, (22)
since (from (2), (3), (6), (8) )
V3 , 2/3
3_1<-—-—-$-1+q“z <1 4 1/——<3,
2 qy, 3

. )
Taking account of the fact that 3 ° m(Uj) <1

(-3 < 3 <3) we have from (19) and (21)

11



3—6 < !qn|4 m(X_ e Y < ;4 (a1...ane A(n)) (23)

ey n
“We write
S(n) = Z q —4
a,---a_e A(n) ’ n|
1 n
Then for any nz2z1 we have
375 ¢ s(n) < 3° (24)

Indeed it follows from (23) that

3t s(m) > 2 om(x, ., ) =m(x) >3
- A(n) 1 “n

and.
378 s(n) < m(x) < 1.
By means of Lemma 4 the set A(n) of all admissibile
sequences can naturally be divided into seven subsets ;

we put

A:(jn) = {_ 3_1...

then we have

A(n) .J A (n)

By (13.3) (-3<j<3) we have for any n>1 the follow-
ing relations;

Agn) = { ai‘“ ané-A(n); a1"'an—1e'A(()n_1)’ a7 5125

6A1(n_1), a, #3 , Im(an)S.O ;

or a,«--a _,
. (n-1) S q
or a,«--a 4 & Al » 3y £, Im(an)a_o ;
n-1 —_
or a1u-.an_1e Aé ), a, T, Im(an)< 0 3

or a, a _q¢€ Agg_1), a, #3, Im(an)>-0 } (25.0)
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Agn).—; {31.--an€A(n);a--'a_‘EA‘\“1>UA_(_n 1)

29

n
(n) _ ¢ (n). (n-1 -1
Ay = {ayra €A v ag-cca, €A%, ) Aén ). a,~6€N ;
or a;--ra € A(g'1) A(§—1),
a, €N } (25.2)
(n) _ , (n). (n=1)yy,(n-1)
Ay {a a €AYYS a e L€AY u}AB ,
a, =3¢ } (25.3)
and
Afg’) = {ara; a1---an6A§“)} (3=1,2,3) (25.-3)
where N 1is the set of all positive integers.
We write
sj(n)'w b ( >[qn|”4 C(=3<€35¢3).
n
a, --anE.Aj
Thus we have
85(n) = s_j(n) (-3<3<3). (26)
and '
3
S(n) = 2_ s.(n). (27)
j==3 4
LEMMA 5, TFor any n23 we have
si(n) > 3712 (-3¢ <3)
Proof. From (7) and the inequality
-1 i An-2
3 lanl< d.n+—' : <3{an|
Ap-1
we find for any B4-ca € A(n)
-1
5 o] |3net] < [3] <3 [2alfon] - (29)
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By (25.0), (26) and (28) we have

3 5,(n) > -4 2 o | %
0 aeN\f%é} I l . a eA(n-1)i n-1
n-1-"0
. = l - e
ae N,\{; | ) (n~1) | 11
Im(a)< 0 agrran 4 €A
+ 2 2 lal‘4 zz Iq |—4
a ¢ Nt} (n-1) 127
Im(a)< O ayray 1€ A5

> Sy(n-1) + 25,(n=1) + 2 |E+ 1|4 S,{(n-1)
> 3—2(So(n—1) + S1(n—1) + Sz(n—1)).
Hence we have
So(n) > 3"3(So(n—1) + S1(n-1) + 82(n~1)).
In the same way we obtain

5,(n) > 37(55(n=1) + 5,(n-1)

o

5,(n=1)),

S,(n) > 372(5,(n=1) + 8,(n-1) + 55(n=1)),
and

55(n) > 37 (8,(n=1) + 85(n-1))

(using (25.1) - (25.3).) It follows from these inequali-
ties with (24), (26), (27) that
So(n) > 3 6%3 (n-2) > 37 s(n) > 3712,
=0

Similary we have for any n2x3
-12 . s
Sj(n) > 3 (-3<3<3).

4. Invariant measure and ergodicity

THEOREM 1. Let E be any measurable subset of X

such that T 'E = E. Then m(E) = 0 or 1.

Proof. We assume that m(E) > O. By (17) and (18)

we find for any a1-~-ané A(n)



31

=

o)
>
I

a,--.a - T Enqrar--an (Uj)

ENU,), U, = ™ .
IVa1...an( N J)’ b a1...a

i

From this as well as (19), (21), and (23) we have

4|, 174 (x
mENY . ) 23 an|™* m(E Ny

““8 ] ) -
23 m(xaq“_ an) min {m(E N\ Uz), m(ENT_5)}. (29)
But (13.3) and (18) implies that
_ -1
ENUy = TTENUDV5, (ENU,) U YPENT,).
Beside for any measurable suvset F of U2 we have by

’(19) and (20)
m( \I/'1(F)) = jfl? + zl_4dxdy
F

> H |_§—+ 1 + zl_'érdxdy = m(\PE”(F))'
F

Hence
n(E NU3) > n(Yz 4 (BENU)) + nlie  ENT,)
= n(Pg, () > 374 [T 1 Mnm) = 37%m). (50)
Similary we have
n(E NU_g) 2 3 °n(E) (31)
By (29), (30) and (31) the inequality
n(E N F) 2 37 4a(E)n(r). - (32)
hold for all fundamental cell F, and so for any measur-
able set F in X. Thus, putting F = X\E in (32),
we have

m{E)m(X\E) =0
which implies m(E) = 1.
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THEOREM 2.‘ There exists an unique, T-invariant
probability measure %{ eguivalent to Lebesgue measure
such that the inequalities
m(E)

)y ¢ 310
0 ME)

.
3712 _’_f{f__l__ (33)
m(X)

hold for all E€¢WB.
Proof. To prove the existance it is enough to show

that the inequalities

3—15m(E) < m(TE) < 310m(E), (n20) (34)
hold for all Eeé®B. (see F. Schweiger [51%6—%7). By (18)
(19), (21) and (24) we have

Mgpy< 2 A
A(n)m(wa‘

3

m(

_ ()
n
< 3%m(B)s(n) < 3'%n(B)
To prove the left-hand side inequalities in (34), we

suppose fiast that E C U3. Then, by (18), (19), (21) and

Lemma 5, we have

n(T "E) >

i} M\)}

B
Ty Fayn, )
J

J=0

-4 3 -15
23 "m(B) 2 S.(n) 2 37 “m(E),
j=0

as required. Similary for any E CZUZ\.U3

2

IRy - Y 2 37 150(x).
WIE) = 2 T (Y (0 2 37 RE)
j

Besides the left-hand side of the inegualities (34)

e
]

also true for any subset E of U_, or U, U_3. As

a result (34) holds for any subset E of X, since
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E= (ENU) U EN N UENT L) U (ENU_NI_3)).
By Theorem 1 the T-invariant probability measure is
uniquely given by the limit
1 1 n=1

MU(E) = lim 2 n(r¥E), EeB. (35)
n{¥) ns00 n k=0

(see also F. Schweiger [5].) And so (33) follows from
(34) and (35).
r THEOREM 3. T 1s ergodic with respect to!u ; l.e.
for any fe ‘L1(X) we have
1 n-1

lim — 2 £(72) = | £(2)ap, a.e.
n>® n .k=0 ¥

Proof., ¥ollows from Theorem 1, 2 and Birkhoff's
individual ergodic theoren.
As an 2pplication of Theorem 3, we have
1
‘ n o
1lim (31(2) +onet an(z})n = e ,
n->o0

oY)

Lo €4

where

o(=floga,(z)d )
x0T

(Note that f(z) = log a1(z)e L1(X), since the series
s a4 log a is convergent.)
a€ N
g
5. Exactness
A measure-preserving transformation T on a normal-

ized measure space (X,ZE’_,/M) is said to be exact if
P
ﬂ T iB = { ‘69 X},
n=0

or equivalently, if for every set E of positive measure with

the measurable images TE, 'I‘ZE, «s»s tThe relation
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1im /,((TnE) = 1 (36)
n -» oo

holds. (see V.A. Rohlin [41)
THEOREM 4. fThe transformation T is exact.
The proof requires the following
LEMMA 6, Let €£>0 and let E be any measurable
set such that
/-l(Uj\ E) < &
for some j {(-3<3j<£3). Then
prE) > 1 - 377
Proof of Lemma 6, It is clearly encugh to consider
only the case Jj = + 3. We may assume further that J = 3,
since the following arguments are available for the con-
jugate case j = =3. TFirst, by (13%.3), we note that
VDU () C oo (37)
But, by (33) and (22) with a, =1, we have
MOy T )NE) € 31900 (2 (Y, (V)N E)) |
< 30 TP (U INE) £ 3% UYL (U,ON B, (38)
In the same way, (using (22) with a, =2 +1)
P54 (UONE)) € 37 e (0,)NE)). (39)
Hence it follows from {(37), (38), and (39) that
MY U )UYs 4 (00N E) )
< 3RO Y (U_) U, (5,)NE )

<3 pu\ e < 37 e (40)
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Therefore, by (37), (40) and (13.%), we obtain
MTE) 2 U (b (U )U s (U,NINE) )
2-/A(T(qq(U_z)LU¥g+1(U2})) -}A(T((4Q(U_2)Lﬂp§+1(U2))\\E))
>1 -3¢,
Proof of Theorem 3. We prove (3€). Let E€B given
arbitrary. (Note that, by the definition of T, EE[R if
and only if TEE€E(B .) Let € > 0. Then there exists a

- fundamental interval F = Xa a such that
1.l.n

m(P\E) < 37°% m(®). (41)
Otherwise, the inequality
m(F\E) > 3% n(z)
holds for 211 fundamental interval F, and so it holds
also for arbitrary measurable set F. Putting F = E
we have mM(F) = 0 ; a contradiction.
Now by Lemma 4, (33), (11), (22), (23) and (41) .
M (2F\ 27E) < M(T(F\E))
<3 m(?(F\E)) = 377 o, |*n(E\E)
<3m(E) n(r\E) < 3707e . (42)
Noticing that e = Uj for some j by Lemma 4, we have
from (42) and Lemma 6
M TE) > 1 - €.
Since }A(E), F(TE), /A(TnE), «es 1is increzsing, the
relation (3%6) is proved. '
As a geheral property of exact transformations (see
V.A. Rohlin [41) we have

Corollary. The transformation T is mixing of all

degrees. In particular T is strongly mixing; i.e. for



any E, FGB we have
. -1 \ »
nl})mOO‘M(T ENF) = )A(b))A(F).
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