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Preface

The author, for SVD of bidiagonal matrices, has analyzed numerical stability of

singular value computation algorithms and preconditioning toward accurately

solving linear systems which correspond to compute singular vectors. More

precisely, at first, the author showed a new algorithm which is algebraically

equivalent to the original mdLVs algorithm, and confirmed numerical stability

of the new algorithm. Additionally, he analyzed behavior of the discrete Lotka-

Volterra (dLV) system as the free parameter δ → ∞, where the dLV system is

the basis of the mdLVs algorithm. Moreover, the author presented a numerical

method which transforms a given linear system whose coefficient matrix is

positive definite and tridiagonal into another linear system whose coefficient

matrix has a smaller condition number than that of coefficient matrix of the

given linear system.

Backgrounds of author’s research are as follows. The I-SVD is contrived

from the mdLVs algorithm and the algorithm applying the twisted factoriza-

tion based on the dLV type transformation. These algorithms are presented

by Iwasaki et al. and compute the singular values and singular vectors of a

given bidiagonal matrix, respectively. The mdLVs algorithm is a shifted ver-

sion of the dLV algorithm and it is known that numerical experiments of the

mdLVs algorithm show its competitiveness with existing algorithms for com-

puting singular values from the view point of accuracy. However, its numerical

stability had not shown in theory(Issue 1). In addition, it had not known that

the behavior of the dLV system as the free parameter δ → ∞(Issue 2) though

it is known that the convergence speed of the dLV system grows faster as δ

becomes larger.

On the other hand, singular vectors computed with the I-SVD algorithm

are as almost accurate as those computed with existing algorithms. Computing

singular vectors corresponds to solving a linear system whose coefficient matrix

has a large condition number, namely, an ill-conditioned linear system. In

general, since it is known that accuracy of the solution is not good enough

in the case when we solve a given ill-conditioned linear system, it is desirable
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that we apply reducing the condition number of coefficient matrix which is

called preconditioning before we solve the system. But, this process is not

practiced(Issue 3) in the I-SVD algorithm.

The main purpose of author’s research is contributing some useful results

gained by working on the above three issues improving accuracy of the I-SVD

algorithm.

The main results which the author has obtained are as follows. In [A1],

the author et al. have shown a new algorithm which is algebraically equiva-

lent to the original mdLVs algorithm and its numerical stability. In addition,

they quantitatively have estimated relative changes of singular values which

rounding error causes. In [A2], the author et al. have studied the behavior

of the dLV system as δ → ∞ and derived a new recursion formula corre-

sponding to a similarity transformation of matrix. Then, they have shown

that the recursion formula is applicable for computing singular values simi-

larly to the original dLV algorithm and it is numerically stable and forward

stable. In addition, they quantitatively have estimated relative changes of sin-

gular values which rounding error cause and shown that upper bounds to the

relative changes are smaller than those of the dLV algorithm. In [A3], the

author et al. have shown that, with an appropriate nonsingular matrix S, if

we transform an M -tridiagonal matrix such that all entries are zero except for

the diagonal, (i, i + M) and (i + M, i) entries into a 2M -tridiagonal matrix

Ã(= SA), the condition number of Ã becomes smaller than that of A. We

have proven it by applying the result shown by Wang et al. in the case when

A is tridiagonal(1-tridiagonal). Additionally, we have shown that block diag-

onalizing 2M -tridiagonal matrices with appropriate similarity transformation

enables us to implement preconditioning for computing singular vectors with

the I-SVD algorithm.
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Chapter 1

Introduction

Singular value decomposition (SVD, for simplicity) is one of the matrix de-

composition methods in linear algebra. It is known that SVD is applied to

processing[29] and data search[22] in information processing. For a rectangu-

lar matrix A ∈ Rm×n(m ≥ n), SVD is expressed as follows.

A = U

(

Σ
O

)

V ⊤,

where U ∈ Rm×m and V ∈ Rn×n are orthogonal matrices, Σ ∈ Rn×n is a

diagonal matrix whose i-th diagonal element σi(A) is the i-th singular value

of A, and O ∈ R(m−n)×n is a zero matrix. It is noted that σ1(A) ≥ σ2(A) ≥
. . . ≥ σn(A) ≥ 0. The i-th column of U is called the i-th left singular vector

and the i-th column of V are called the i-th right singular vector, respectively.

One of commonly used algorithms for SVD consists of the following 4

phases:

1. Apply a preprocessing to transform a given dense matrix A into a bidi-

agonal matrix B without changing the singular values.

2. Compute the singular values of B.

3. Compute the singular vectors of B.

4. Apply a postprocessing to transform the computed singular vectors of B

into those of A.

In this thesis, we discuss accuracy in the 2nd and 3rd phases.

When SVD is executed with numerical algorithms in finite precision arith-

metic, a greater or less extent, almost certainly, numerical errors (ex. rounding

error) arise. Then, it concerns all computational scientists and engineers who
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demand the accuracy of numerical solutions. Thus, in order to remove their

concern, we discuss numerical stability or condition of singular value com-

putation algorithm and singular vector computation algorithm which are or

will be incorporated to the integrable singular value decomposition (I-SVD)

algorithm[26, 35, 36], where the I-SVD algorithm is an algorithm for the SVD

of B, namely, it corresponds to the 2nd and 3rd phases. It implies that the

I-SVD algorithm becomes applicable to the SVD for arbitrary A by adding

some appropriate preprocessing(corresponds to the 1st phase) and postpro-

cessing(corresponds to the 4th phase). The reason why we choose the I-SVD

algorithm is that it has potential for progress in accuracy. It is mentioned in

Section 1.2 and 1.3.

This chapter is organized as follows. In Section 1.1, we confirm the senses

of numerical stability and condition for discussing accuracy of numerical algo-

rithms. In Section 1.2, we mention some algorithms which computes accurate

singular values for bidiagonal matrices. In Section 1.3, we mention some al-

gorithms which computes accurate singular vectors for bidiagonal matrices,

and show an approach toward computing more accurate singular vectors with

preconditioning, which is used for solving linear systems. In Section 1.4, we

give organization on and after Chapter 2.

1.1 Preliminaries

Understanding backward errors and forward errors is vital to showing numer-

ical stability of numerical algorithms. Let ŷ be an approximation to y = f(x),

which is computed in an arithmetic of precision u, where f is a real scalar

function of a real scalar variable x. Then, since it does not necessarily mean

that it exactly holds that ŷ = y, we can interpret ŷ as the exact solution to the

input data x+∆x, namely, ŷ = f(x+∆x). The values of |∆x| and |∆x/x| and
the process of estimating them are called backward errors and backward error

analysis, respectively. The term “backward” means the errors are reflected

back into the original problem [9]. Backward error analysis on numerical al-

gorithms was provided by Wilkinson [39, 40] about 50 years ago. According

to [14], “although a number of more recent books have included analysis of

rounding errors, none has treated the subject in the same depth as Wilkinson.”

Through backward error analysis, we can grasp rounding errors as pertur-

bations of the input data and resolve the question of bounding the forward

error into perturbation theory, where the forward error means the absolute or

relative error of ŷ. If a numerical algorithm which computes y = f(x) works
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out ŷ with a small backward error for any x, then the algorithm is called back-

ward stable. It is noted that the definition of the term “small” depends on

context. On the other hand, in the case that there exists the weaker relational

expression ŷ+∆y = f(x+∆x) than ŷ = f(x+∆x), instead of backward sta-

bility, numerical stability is argued with the following mixed forward-backward

error result

ŷ +∆y = f(x+∆x), |∆y| ≤ ϵ|y|, |∆x| ≤ η|x|.

If ϵ and η are small, an algorithm computing y = f(x) is numerically stable.

This definition is restricted to numerical algorithms whose rounding errors oc-

cupy the most of ones since stability holds various intention in other disciplines

and fields of numerical analysis.

Other than stability, condition is often used as an index measuring the

quality of a problem. The condition of a problem indicates how much pertur-

bations in the data affect the solution of the problem. Especially, a problem is

called ill-conditioned if small perturbations in the data bring relatively large

perturbations in the solution. Otherwise, a problem is called well-conditioned.

It is noted here that condition is different from the degree of difficulty in solving

the problem.

We assess the condition of a problem with a condition number and deter-

mine whether or not a problem is ill-conditioned. For example, we derive the

condition number for f as follow [14]. Let f be twice differentiable, then, we

have

ŷ − y = f(x+∆x)− f(x)

= f ′(x)∆x+
f ′′(x+ θ∆x)

2!
∆x2, θ ∈ (0, 1).

By considering the relative error of y, we obtain

ŷ − y

y
=

(

xf ′(x)

f(x)

)

∆x

x
+O

(

∆x2
)

.

Since it implies that
∣

∣

∣

∣

ŷ − y

y

∣

∣

∣

∣

≈
∣

∣

∣

∣

xf ′(x)

f(x)

∣

∣

∣

∣

∣

∣

∣

∣

∆x

x

∣

∣

∣

∣

,

the quality

κ(x) =

∣
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∣

∣

xf ′(x)

f(x)

∣

∣

∣

∣
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is called the condition number of f . Hence, when κ(x) is large, it may be that

small perturbations in input data x give large perturbations in the solution y,

namely, the problem is ill-conditioned. If x or f is a vector, then, the condition

number is defined in a similar way using norms, and it measures the maximum

relative change for some vectors ∆x.

In addition, in general, the condition of linear system Ax = b is evaluated

with the condition number of the coefficient matrix A ∈ Rm×m. Let x̂ be the

solution of the perturbed linear system (A + E)x̂ = b, then, by taking into

account that x̂− x = −A−1Ex̂, we derive

∥x̂− x∥
∥x∥ ≈ ∥x̂− x∥

∥x̂∥ ≤ κ(A) · ∥E∥
∥A∥ ,

where κ(A) = ∥A∥ · ∥A−1∥ just then denotes the matrix condition number [9].

If ∥A∥ is the matrix 2-norm, the matrix condition number is written as

κ(A) =
σmax(A)

σmin(A)
. (1.1)

1.2 Algorithms compute accurate singular

values for bidiagonal matrices

By treading the beaten track, namely, using rounding error analysis and per-

turbation theory, depending on the algorithm, we can evaluate its backward

and forward errors, and show its numerical stability. In singular value compu-

tation for bidiagonal matrices, the QR algorithm with shifts (QRs algorithm)

[7] and differential quotient difference with shifts (dqds) algorithm [11] are

known as typical numerical ones which compute accurate singular values.

The QRs algorithm for bidiagonal matrices is developed by Demmel and

Kahan, and it is applied with the QR decomposition. The QR decomposi-

tion is a matrix operation which factors a given matrix A into a product of an

orthogonal matrix Q and an upper triangular matrix R with nonnegative diag-

onal elements, that is, A = QR in matrix expression. The QR algorithm with

no shift computes singular values of given m-by-m real bidiagonal matrix B by

the iteration Ak = QkRk and Ak+1 := RkQk for k = 0, 1, . . . , which is called

the QR iteration. Note that A0 := B⊤B or BB⊤. Demmel and Kahan have

shown upper bounds to accumulated forward errors by the QR iteration with

the fact that relative perturbations of singular values is expressed the product

of the relative perturbation of each matrix element. It implies that the QR

algorithm is forward stable since those upper bounds are small. Then, it is
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known that singular values computed with the QR algorithm are absolutely

accurate.

The dqds algorithm for bidiagonal matrices is derived from the progressive

quotient difference with shifts (pqds) algorithm of Rutishauser by introduc-

ing temporary variables. Those variables reduce concern for cancellation by

subtraction in finite precision arithmetic. Additionally, it is known that the

dqds algorithm is numerically stable. Fernando and Parlett have shown it

with mixed forward-backward error analysis, and estimated relative perturba-

tions of singular values on the dqds algorithm as well as Demmel and Kahan

have shown. As those perturbations are significantly small, singular values

computed with the dqds algorithm have high relative accuracy.

Besides numerical stability, Fernando and Parlett presented a shift strategy.

Since the dqds algorithm is algebraically equivalent to the pqds algorithm, we

can be perceived that the dqds algorithm is the Cholesky decomposition with

shift of tridiagonal matrices obtained from a product of bidiagonal matrices,

that is,

(B(n+1))⊤B(n+1) = B(n)(B(n))⊤ − τ (n)I,

where τ (n) such that 0 ≤ τ (n) < σ2
min(B

(n)) is called a shift, which accelerates

convergence speed of the algorithm, and B(0) is a given bidiagonal matrix A.

By adopting good values of shift, the number of iteration reduces. It produces a

good result that not just computation time becomes smaller but also accuracy

rises from the point of view that numerical errors accumulate. Thus, we may

argue that a good shift strategy leads to accuracy.

Compared to the QRs algorithm and dqds algorithm, the modified discrete

Lotka-Volterra with shifts (mdLVs) algorithm is a newer one for singular value

computation of bidiagonal matrices [19] and incorporated into the I-SVD al-

gorithm for computing singular value decomposition. It has been proposed as

a shifted version of the dLV algorithm which is based on the finite discrete

Lotka–Volterra (dLV) system,
{

u
(n+1)
k (1 + δ(n+1)u

(n+1)
k+1 ) = u

(n)
k (1 + δ(n)u

(n)
k−1), k = 1, 2, . . . , 2m− 1,

u
(n)
0 ≡ 0, u

(n)
2m ≡ 0, δ(n) > 0, n = 0, 1, . . . ,

(1.2)

where u
(n)
k and δ(n) denote the values of uk and δ at the discrete time t =

∑n−1
i=0 δ(i), respectively. The finite dLV system is yielded with a time dis-

cretization of the Lotka-Volterra system [15, 42], which is known in biological

mathematics as a prey-predator model. In more detail, it describes the indi-

vidual number of each species at the continuous time, where every species is
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numbered such that the kth species preys on the (k+1)th and is simultaneously

food for the (k − 1)th.

It is shown in [16] that the dLV system (1.2) with any positive constant

δ(n) for n = 0, 1, . . . is applicable for computing the singular values of the

bidiagonal matrix B. Under the initial settings u
(0)
2k−1 = (bk,k)

2/(1 + δ(0)u
(0)
2k−2)

and u
(0)
2k = (bk,k+1)

2/(1 + δ(0)u
(0)
2k−1), it holds that limn→∞ u

(n)
2k−1 = (σk(B))2

and limn→∞ u
(n)
2k = 0 where σk(B) denotes the singular value of B with the

decreasing order σ1(B) > σ2(B) > · · · > σm(B). The discussion in [17] also

grasps the case where positive and bounded δ(n) is variable for n = 0, 1, . . . .

Namely, the singular values of B are given through the sequence of the simi-

larity transformations based on the dLV system (1.2). As an method for the

SVD computation, the dLV system has been given a favorable comment that

“numerical experiments show its strong competitiveness with existing SVD

software packages” by Chu [6]. In addition, according to numerical examples

in [20], there are cases when singular values computed with the mdLVs al-

gorithm are more accurate than those computed the QR algorithm and the

dqds algorithm. However, it has not been shown that the mdLVs algorithm

is numerically stable and forward stable. Hence, it is worth modifying the

mdLVs algorithm into numerical stable one. It is remarkable that Fernando

and Parlett has succeeded to show numerical stability of the dqds algorithm

which is algebraically equivalent to the pqds algorithm in [11] though numerical

stability of the pqds algorithm has not been shown.

As previously stated, we can freely choose the parameter δ(n) in the mdLVs

algorithm provided that it is positive and bounded. From the point of view

that numerical errors accumulate, it is desirable that the free parameter δ(n) is

determined such that the number of iteration reduces. Since the convergence

speed of u
(n)
2k−1 and u

(n)
2k in the dLV system grow faster as δ(n) becomes larger

[16], we should choose the large value as much as possible. Thus, it is worth

confirming how the dLV system behaves as the limit δ(n) → ∞.

1.3 Preconditioning for computing singular

vectors

After computing singular values, the I-SVD algorithm solve following linear

system whose coefficient matrix is tridiagonal,

(B⊤B − σ2
i I)vi = 0. (1.3)
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Since the coefficient matrix A = B⊤B − σ2
i (B)I is normal, from (1.1) it holds

that

κ(A) =
|λ(A)|max

|λ(A)|min

, (1.4)

where |λ(A)|max = max1≤i≤m |λi(A)| and |λ(A)|min = min1≤i≤m |λi(A)|. Hence,
the more the computed singular value σ̂i(B) is accurate, the more the linear

system (1.3) becomes ill-conditioned. In this case, in order to compute accurate

singular vectors, we must devise an algorithm for solving the linear system

(1.3).

Parlett and Dhillon presented the multiple relatively robust representations

(MR3) algorithm [28], which computes the eigenvectors of given real symmetric

tridiagonal matrix B⊤B by applying the twisted factorization to the coefficient

matrix of (1.3). It is known that the MR3 algorithm accurately computes eigen-

vector vi corresponding to eigenvalue λi(B
⊤B) in the case when the relative

gap between λi(B
⊤B) and its nearest eigenvalue λi+1(B

⊤B) is large. Thus,

by applying the twisted factorization, Parlett and Dhillon found a method for

computing accurately orthogonal eigenvectors from the ill-conditioned problem

whose coefficient matrix has the large relative gap.

On the other hand, in contradistinction to the twisted factorization based

on the qd type transformation presented by Parlett and Dhillon, Iwasaki et

al. presented a new method for computing the twisted factorization based on

the dLV type transformation [18]. This method is incorporated in the I-SVD

algorithm, and it corresponds to computing the left singular vectors of B in

SVD. It is known that singular vectors computed with the I-SVD algorithm

are as accurate in the sense of SVD and orthogonality with respect to singular

vectors as those computed with the QR algorithm.

In general, solving an ill-conditioned problem such as (1.3) has a bad in-

fluence on accuracy of the solution. Hence, it is desirable that we apply pre-

conditioning to the ill-conditioned problem. In the case when we rewrite an

original linear system Ax = b into another linear system

M−1
P Ax = M−1

P b (1.5)

with a nonsingular MP ∈ Rm×m, the new linear system is called a precondi-

tioned system and MP is the preconditioning matrix or preconditioner. Also,

we can also rewrite an original linear system Ax = b as follows.

M−1
L AM−1

R (MRx) = M−1
L b, (1.6)

7



where ML,MR ∈ Rm×m are nonsingular and called the left precoditioner and

the right preconditioner, respectively. Note that the preconditioned systems

(1.5) and (1.6) have the same solution as the original system in exact arith-

metic. In order to make computed singular vectors more accurate, we should

put off solving the linear system and transform the original system (1.3) into

an appropriate preconditioned system.

Preconditioning is applied to improve convergence since it is known that

the condition number of coefficient matrix involves convergence of iterative

method, for example, conjugate gradient method [24, 32]. As one of precondi-

tioned conjugate gradient method, the incomplete Cholesky-conjugate gradient

(ICCG) method is well-known [23, 25]. In the ICCGmethod, a positive-definite

symmetric coefficient matrix A is decomposed as follows.

A = LL⊤ + E (1.7)

or

A = ĽĎĽ⊤ + E,

where Ď is a diagonal matrix, L and Ľ are tridiagonal matrices such that

L = ĽĎ1/2 and E is an error matrix. Then, the original linear system is

preconditioned as follows.

L−1A(L⊤)−1(L⊤x) = L−1b, (1.8)

where we use the (1.7) decomposition. Thus, we can expect to improve con-

vergence since the coefficient matrix L−1A(L⊤)−1 of the preconditioned system

(1.8) will be an approximate identity matrix, namely, the condition number is

approximately equal to 1.

For the linear system (1.3), we also consider an appropriate preconditioning

which reduces the condition number of the coefficient matrix A = B⊤B −
σ2
i (B)I. By recalling that the MR3 algorithm and the twisted factorization

based on the dLV type transformation have accurate results, it is natural

that we reduce the condition number of A with a nonsingular matrix S at

first and then, rewrite it into a matrix to which the MR3 algorithm and the

twisted factorization based on the dLV type transformation is applicable by

similarity transformation with some appropriate nonsingular matrix P . In

matrix expression, it is written as follows.

P−1SAP (P−1x) = 0. (1.9)

8



In this precondition system, the left preconditioner ML = (P−1S)−1 and the

right preconditioner MR = P−1.

In 2010, Wang et al. showed in [38] that the ratio of maximal eigenvalue

to minimal eigenvalue of the pentadiagonal coefficient matrix is smaller than

that of given tridiagonal matrix if it is positive definite and has the same

sign in each pair of symmetric subdiagonal entries, where the pentadiagonal

coefficient matrix is obtained from given tridiagonal matrix with the 1st step

of the cyclic reduction method. In addition, it has been shown that the 1st

step of the cyclic reduction method for the original coefficient matrix A is given

as a form of SA. These facts make us expect to improve the ill-conditioned

problem (1.3) though B⊤B − σ̂2
i (B)I is not positive definite in the case when

computed singular value σ̂i(B) is larger than exact singular value σi(B).

The cyclic reduction method is a classical technique for solving linear sys-

tems with tridiagonal coefficient matrices [10, 12]. This method involves a

sequence of transformations of coefficient matrices such that two bands (ex-

cept for the diagonal band and zero-values bands) move stepwise away from

the diagonal band. In the final step of the cyclic reduction method, the co-

efficient matrix is transformed into a diagonal matrix. The cyclic reduction

method has been extended to the block cyclic reduction method for application

to block tridiagonal linear systems that appear when solving partial differential

equations, such as Poisson’s equation [4, 34].

Another extension of the cyclic reduction method is the stride reduction

method. The 2M -stride reduction method is applicable to linear systems with

coefficient matrices of the form:

A :=























b1 a1
. . . . . .

cM+1 bM+1
. . .

. . . . . . am−M

. . . . . .

cm bm























. (1.10)

In this thesis, we refer to the band matrix A as an M -tridiagonal matrix.

A 2M -tridiagonal matrix has the same form as that in (1.10), but replacing

the suffix M with 2M . These appear in coefficient matrices of linear systems

following 2M -stride reduction of linear systems with M -tridiagonal coefficient

matrices. It is clear that 2-stride reduction is equal to the 1st step of the cyclic

reduction method. Therefore, the 1st step of the cyclic reduction method

may be regarded as a special case of stride reduction. This case is referred to
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hereinafter as 2-stride reduction.

The ratios of maximal eigenvalue to minimal eigenvalue of coefficient ma-

trices have not yet been fully studied at all steps of the cyclic reduction method

for obtaining a linear system with a diagonal coefficient matrix. In this the-

sis, for simplicity, we call the ratio (1.4) of maximal eigenvalue to minimal

eigenvalue of matrix the extended condition number. If A is normal, then,

the extended condition number is equal to the matrix condition number of A.

Thus, by investigating how condition numbers and extended condition num-

bers of coefficient matrices behave in the stride reduction method, we may

find some properties which is useful for solving the linear system to compute

singular vectors.

1.4 Organization of the thesis

On and after Chapter 2, this thesis is organized as follows.

In Chapter 2, at first, the m2dLVs transformation is introduced in order to

improve accuracy of the mdLVs algorithm, where the m2dLVs transformation

is algebraically equivalent to the original mdLVs transformation which is the

recursion formula in the mdLVs algorithm. Then, numerical stability of the

m2dLVs transformation, the relative perturbations with respect to singular

values and the forward errors in the m2dLVs transformation are discussed.

In Chapter 3, by taking the limit δ(n) → ∞ in the dLV system, a new

recursion formula of the similarity transformation is derived. We call the new

recursion formula the dLV∞ similarity transformation in this thesis. Then, it is

shown that the dLV∞ similarity transformation is applicable to singular value

computation and numerically and forward stable. Moreover, some numerical

example are given in order to confirm numerical and forward stability of the

dLV∞ similarity transformation.

In Chapter 4, the arbitrary-stride reduction method is mentioned and it is

clarified that the arbitrary-tridiagonal matrix is transformed by the permuta-

tion matrix into a tridiagonal matrix without changing the eigenvalues of the

matrix. Then, it is shown that 2M -stride reduction is expressed with a com-

bination of 2-stride reduction and row and column permutations. Moreover,

using the findings of Wang et al. [38], a remarkable property with respect to

the condition numbers or extended condition numbers in the arbitrary-stride

reduction method. At the end of the chapter, two numerical examples are

presented in order to confirm the property.

Chapter 5 describe concluding remarks of the thesis.

10



Chapter 2

Error analysis of the m2dLVs

algorithms for computing

bidiagonal singular values

In Chapter 1, we describe some features of the mdLVs algorithm. From the

point of view of computational scientists and engineers who demand the ac-

curacy of numerical solutions, it is a problem that numerical stability of the

mdLVs algorithm which is incorporated into the I-SVD algorithm has not

shown. Actually, due to difficulty of showing numerical stability, we rewrite

the main recursive formula in the mdLVs algorithm (the mdLVs transforma-

tion) into another algebraically equivalent one (the m2dLVs transformation).

The main purpose of this chapter is to show numerical stability of the m2dLVs

transformation.

This chapter is organized as follows. In Section 2.1, we briefly explain the

features of the mdLVs transformation. With respect to the mdLVs transfor-

mation, we present a perturbation theorem on singular values in Section 2.2,

and then, by taking account of a part of the results in Section 2.2, we also

estimate the forward errors in Section 2.3.

2.1 The mdLVs transformation

In this section, we give a short explanation for the mdLVs transformation based

on the dLV system (1.2).

Some integrable systems have their matrix representation called the Lax

11



representation. The Lax representation for the dLV system (1.2) is written as

L(n+1)R(n+1) − 1

δ(n+1)
I = R(n)L(n) − 1

δ(n)
I, (2.1)

L(n) :=











q
(n)
1

1 q
(n)
2
. . . . . .

1 q
(n)
m











, R(n) :=













1 e
(n)
1

1
. . .
. . . e

(n)
m−1

1













,

q
(n)
k :=

1

δ(n)
(1 + δ(n)u

(n)
2k−2)(1 + δ(n)u

(n)
2k−1), e

(n)
k := δ(n)u

(n)
2k−1u

(n)
2k ,

where I is the m-by-m identity matrix. The equality in the each entry leads

to the dLV system (1.2). Let us introduce the tridiagonal matrix,

Y (n) := L(n)R(n) − 1

δ(n)
=













w
(n)
1 w

(n)
1 w

(n)
2

1 w
(n)
2 + w

(n)
3

. . .
. . . . . . w

(n)
2m−3w

(n)
2m−2

1 w
(n)
2m−2 + w

(n)
2m−1













,

(2.2)

where w
(n)
k := u

(n)
k (1 + δ(n)u

(n)
k−1). Then it follows from (2.1) and (2.2) that

Y (n+1) = R(n)Y (n)(R(n))−1. (2.3)

Hereinafter, we call the similarity transformation from Y (n) to Y (n+1) with the

dLV transformation. Equation (2.3) implies that the eigenvalues of Y (n) are

kept constant under the evolution from n to n+ 1.

The dLV transformation differs from the similarity transformations associ-

ated with the qd algorithm in [11] and appearing in [3, 1] essentially. The dLV

transformation is not a simple LR transformations. Though, in fact, Y (n) can

be decomposed into the LR form,

Y (n) := L̄(n)R̄(n),

L̄(n) :=











w
(n)
1

1 w
(n)
3
. . . . . .

1 w
(n)
2m−1











, R̄(n) :=













1 w
(n)
2

1
. . .
. . . w

(n)
2m−2

1













,

the product R̄(n)L̄(n) is not equal to Y (n+1) given by the dLV transformation.

12



Moreover, let us introduce the diagonal matrix,

G(n) := diag

(

m−1
∏

j=1

√

w
(n)
2j−1w

(n)
2j ,

m−1
∏

j=2

√

w
(n)
2j−1w

(n)
2j , . . . ,

√

w
(n)
2m−3w

(n)
2m−2, 1

)

.

Then, by taking account of it in (2.3) with (2.2), we get

Y (n+1)
s = [(G(n+1))−1R(n)G(n)]Y (n)

s [(G(n+1))−1R(n)G(n)]−1, (2.4)

where Y
(n)
s := (G(n))−1Y (n)G(n) is the symmetric tridiagonal matrix,

Y (n)
s =

















w
(n)
1

√

w
(n)
1 w

(n)
2

√

w
(n)
1 w

(n)
2 w

(n)
2 + w

(n)
3

. . .

. . . . . .
√

w
(n)
2m−3w

(n)
2m−2

√

w
(n)
2m−3w

(n)
2m−2 w

(n)
2m−2 + w

(n)
2m−1

















.

The symmetric tridiagonal matrix Y
(n)
s can be decomposed as

Y (n)
s = (B(n))⊤B(n), B(n) :=

















√

w
(n)
1

√

w
(n)
2

√

w
(n)
3

. . .

. . .
√

w
(n)
2m−2

√

w
(n)
2m−1

















. (2.5)

Equations (2.4) and (2.5) claim that the dLV transformation sequentially gen-

erates B(1), B(2), . . . whose singular values are equal to those of B(0) = B.

The variables w
(n+1)
1 , w

(n+1)
2 , . . . , w

(n+1)
2m−1 in B(n+1) are computed from w

(n)
1 ,

w
(n)
2 , . . . , w

(n)
2m−1 in B(n) as follows.

{

u
(n)
k = w

(n)
k /(1 + δ(n) ∗ u(n)

k−1), k = 1, 2, . . . , 2m− 1,

w
(n+1)
k−1 = u

(n)
k−1 ∗ (1 + δ(n) ∗ u(n)

k ), k = 2, 3, . . . , 2m− 1,

where u
(n)
0 = 0 and u

(n)
2m = 0. As is described in Chapter 1, u

(n)
2k−1 → (σ(B))2

and u
(n)
2k → 0 as n → ∞. So, w

(n)
2k−1 → (σk(B))2 and w

(n)
2k → 0 as n → ∞.

In order to accelerate the convergence, a shift of origin is introduced into the

dLV transformation [19]. The mdLVs transformation is presented as a shifted

version of the dLV transformation and the recursion formula is expressed as

13



follows.






















u
(n)
k = w

(n)
k /(1 + δ(n) ∗ u(n)

k−1), k = 1, 2, . . . , 2m− 1,

v
(n)
k = u

(n)
k ∗ (1 + δ(n) ∗ u(n)

k+1), k = 1, 2, . . . , 2m− 1,

w
(n+1)
2k−1 = v

(n)
2k−2 + v

(n)
2k−1 − w

(n+1)
2k−2 − τ (n), k =, 1, 2, . . . ,m,

w
(n+1)
2k = v

(n)
2k−1 ∗ (v

(n)
2k /w

(n+1)
2k−1 ), k =, 1, 2, . . . ,m− 1,

(2.6)

where u
(n)
0 = 0, u

(n)
2m = 0, w

(n+1)
0 = 0, v

(n)
k denote new auxiliary variables,

and τ (n) denotes the shift such that 0 ≤ τ (n) < (σm(B
(n)))2. However, it

has not shown that the 3rd and 4th recursion formulas in (2.6) is numerically

stable. Hence, we replace them with the numerical stable recursion formulas

based on differential form of the stationary qd transform (dstqds) shown in [8].

Herewith, since we have another new transformation, in order to distinguish it

from the original mdLVs transformation, we call it the m2dLVs transformation.

Specifically, the recursion formula of the m2dLVs transformation is given as














































u
(n)
k = w

(n)
k /(1 + δ(n) ∗ u(n)

k−1), k = 1, 2, . . . , 2m− 1,

v
(n)
k = u

(n)
k ∗ (1 + δ(n) ∗ u(n)

k+1), k = 1, 2, . . . , 2m− 1,

d
(n)
1 = −τ (n),

w
(n+1)
2k−1 = d

(n)
k + v

(n)
2k−1, k =, 1, 2, . . . ,m,

w
(n+1)
2k = v

(n)
2k−1 ∗ (v

(n)
2k /w

(n+1)
2k−1 ), k =, 1, 2, . . . ,m− 1,

d
(n)
k+1 = d

(n)
k ∗ (v(n)2k /w

(n+1)
2k−1 )− τ (n), k = 1, 2, . . . ,m− 1,

where d
(n)
k denote new auxiliary variables. It is noted that 0 < w

(n+1)
k < M0 and

0 < uk ≤ vk < M1, for any n, if 0 < w
(0)
k < M0 and 0 ≤∑∞

n=0 τ
(n) < (σm(B))2,

and it is shown similarly to Lemma 4.1 in [19] because the m2dLVs transfor-

mation is algebraically equivalent to the original mdLVs transformation. The

m2dLVs transformation generates the matrix transformation

Y (n)
v = R(n)Y (n)(R(n))−1, Y (n+1) = Y (n)

v − τ (n)I,

Y (n)
v := G(n)

v (B(n)
v )⊤B(n)

v (G(n)
v )−1,

B(n)
v :=

















√

v
(n)
1

√

v
(n)
2

√

v
(n)
3

. . .

. . .
√

v
(n)
2m−2

√

v
(n)
2m−1

















,

G(n)
v = diag

(

m−1
∏

j=1

√

v
(n)
2j−1v

(n)
2j ,

m−1
∏

j=2

√

v
(n)
2j−1v

(n)
2j , . . . ,

√

v
(n)
2m−3v

(n)
2m−2, 1

)

.
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If τ (n) < (σm(B
(n)))2, then w

(n)
2k−1 → (σk(B))2 −∑n

N=0 τ
(N) and w

(n)
2k → 0 as

n → ∞. Though it is proved in [19] for the original mdLVs transformation, it

also holds in the m2dLVs transformation since it is algebraically equivalent to

the original mdLVs transformation.

2.2 Mixed forward-backward error analysis

In this section, from the viewpoint of the mixed forward-backward error anal-

ysis, we evaluate the perturbations on singular values after the m2dLVs trans-

formation in floating point arithmetic.

It is hardly expected that the operations op = +,−, ∗, / are carried out

without numerical errors in floating point arithmetic. In order to evaluate

numerical errors in floating point arithmetic, we use the standard model of

floating point arithmetic [14],

fl(x op y) := (x op y)(1 + ϵ) = (x op y)(1 + ϵ′)−1, |ϵ|, |ϵ′| ≤ ε, (2.7)

where x and y are floating point numbers, fl(x op y) is the output of x op y in

floating point arithmetic, and ε is the machine precision.

Here, let U (n) := {u(n)
1 , u

(n)
2 , . . . , u

(n)
2m−1}, V̂ (n) := {v̂(n)1 , v̂

(n)
2 , . . . , v̂

(n)
2m−1}

and W (n) := {w(n)
1 , w

(n)
2 , . . . , w

(n)
2m−1} be the sets of variables appearing in the

m2dLVs transformation in floating point arithmetic. Let Û (n) := {û(n)
1 , û

(n)
2 ,

. . . , û
(n)
2m−1} with û

(n)
k := u

(n)
k + ∆u

(n)
k be the set that the perturbations are

added to U (n). Let us assume that W̃ (n) := {w̃(n)
1 , w̃

(n)
2 , . . . , w̃

(n)
2m−1} is the set

where û
(n)
k = w̃

(n)
k /(1 + δ(n)û

(n)
k−1) for k = 1, 2, . . . , 2m − 1. Then it is ob-

vious that W̃ (n) is a perturbed set from W (n). Moreover, let us introduce

a new set V̌ (n) := {v̌(n)1 , v̌
(n)
2 , . . . , v̌

(n)
2m−1} where v̌

(n)
k := û

(n)
k (1 + δ(n)û

(n)
k+1)

for k = 1, 2, . . . , 2m − 1. Then V̌ (n) can be regarded as be computed from

W̃ (n) in exact arithmetic, and be rounded into V̂ (n) := {v̂(n)1 , v̂
(n)
2 , . . . , v̂

(n)
2m−1}

in floating point arithmetic. So, it is realized that the transformation from

W (n) to V̂ (n) is the composition of three mappings, a mapping from W (n) to

W̃ (n), a mapping from W̃ (n) to V̌ (n) and a mapping from V̌ (n) to V̂ (n), as

shown in Fig. 2.1. Similarly, the transformation from V̂ (n) to Ŵ (n+1) is repre-

sentable as the composition of three mappings associated with the perturbed

sets Ṽ (n) := {ṽ(n)1 , ṽ
(n)
2 , . . . , ṽ

(n)
2m−1} and W̌ (n+1) := {w̌(n+1)

1 , w̌
(n+1)
2 , . . . , w̌

(n+1)
2m−1}.

Without loss of generality, let us assume that the entries of W (n) and δ(n)

are the floating point numbers. Then w̃
(n)
k , v̂

(n)
k and ṽ

(n)
k , ŵ

(n+1)
k are expressed

in terms of w
(n)
k , v̌

(n)
k and v̂

(n)
k , w̌

(n+1)
k , respectively, in the following theorem,
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W̃ (n)

W (n)

❄
✲

✲

similarity transformation
in floating point arithmetic

similarity transformation
in exact arithmetic

V̌ (n)

V̂ (n)

✻

✻

Ṽ (n) ✲

✲

W̌ (n+1)

Ŵ (n+1)

❄

shift in floating point
arithmetic

shift in exact arithmetic

Figure 2.1: The m2dLVs transformation in floating point arithmetic.

which is the main result for showing numerical stability of the m2dLVs trans-

formation.

Theorem 2.2.1. The entries of W (n), W̃ , V̌ (n) and V̂ (n) satisfy

w̃
(n)
k = w

(n)
k

3
∏

j=1

(1 + ξj,k−1), k = 1, 2, . . . , 2m− 1, (2.8)

v̂
(n)
k = v̌

(n)
k

5
∏

j=3

(1 + ξj,k+1)
−1, k = 1, 2, . . . , 2m− 1, (2.9)

where all the ξ’s are equal to or smaller than the machine epsilon ε. Moreover,

the entries of V̂ (n), Ṽ (n), W̌ (n+1) and Ŵ (n+1) satisfy

{

ṽ
(n)
2k−1 = v̂

(n)
2k−1(1 + η1,k), k = 1, 2, . . . ,m,

ṽ
(n)
2k = v̂

(n)
2k (1 + η2,k)(1 + η3,k)(1 + η4,k), k = 1, 2, . . . ,m− 1,

(2.10)

{

ŵ
(n+1)
2k−1 = w̌

(n+1)
2k−1 [(1 + η1,k)(1 + η2,k)]

−1, k = 1, 2, . . . ,m,

ŵ
(n+1)
2k = w̌

(n+1)
2k−1 [(1 + η4,k)(1 + η5,k)]

−1, k = 1, 2, . . . ,m− 1,
(2.11)

where all the η’s are equal to or smaller than ε.

Proof. The equality û
(n)
k = fl(w

(n)
k /fl(1 + fl(δ(n) ∗ û(n)

k−1))) leads to

û
(n)
k =

w
(n)
k (1 + ξ1,k−1)(1 + ξ2,k−1)

1 + δ(n)û
(n)
k−1(1 + ξ′3,k−1)

−1
, (2.12)

where |ξ1,k−1|, |ξ2,k−1|, |ξ′3,k−1| ≤ ε. Since there exists ξ3,k−1 such that |ξ3,k−1| ≤
|ξ′3,k−1| and 1 + δ(n)û

(n)
k−1(1 + ξ′3,k−1)

−1 = (1 + δ(n)û
(n)
k−1)(1 + ξ3,k−1)

−1, we may
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rewrite (2.12) as

û
(n)
k =

w
(n)
k

1 + δ(n)û
(n)
k−1

3
∏

j=1

(1 + ξj,k−1). (2.13)

Let us recall that û
(n)
k = w̃

(n)
k /(1 + δ(n)û

(n)
k−1). Then, by combining it with

(2.13), we get (2.8). Similarly, from v̂
(n)
k = fl(û

(n)
k ∗ fl(1 + fl(δ(n) ∗ û(n)

k+1))) and

v̌
(n)
k = û

(n)
k (1 + δ(n)û

(n)
k+1), we derive (2.9).

The variables ŵ
(n+1)
2k−1 , ŵ

(n+1)
2k and d̂

(n)
k+1 are representable as















ŵ
(n+1)
2k−1 = (d̂

(n)
k + v̂

(n)
2k−1)(1 + η2,k)

−1,

ŵ
(n+1)
2k =

v̂
(n)
2k−1v̂

(n)
2k

ŵ
(n+1)
2k−1

(1 + η3,k)(1 + η5,k)
−1,

(2.14)

d̂
(n)
k+1 =

[

d̂
(n)
k v̂

(n)
2k

ŵ
(n+1)
2k−1

(1 + η3,k)(1 + η4,k)− τ (n)

]

(1 + η1,k+1)
−1, (2.15)

respectively, where all the η’s are equal to or smaller than ε. It is noted here

that the entries of W̌ (n) and Ṽ (n) satisfy










w̌
(n+1)
2k−1 = d̃

(n)
k + ṽ

(n)
2k−1,

w̌
(n+1)
2k = ṽ

(n)
2k−1

ṽ
(n)
2k

w̌
(n+1)
2k−1

.
(2.16)

Let us assume that (2.10) and d̃
(n)
k = d̂

(n)
k (1 + η1,k). Then, by combining it

with (2.14)–(2.16), we have (2.11).

From Theorem 2.2.1, we see that W̃ (n), V̂ (n), Ṽ (n) and Ŵ (n+1) have small

relative differences from W (n), V̌ (n), V̂ (n) and W̌ (n+1), respectively. By taking

account that it is a mixed forward-backward error result, Theorem 2.2.1 shows

that the m2dLVs transformation is numerically stable.

Let B̃(n), B̌
(n)
v , B̂

(n)
v , B̃

(n)
v , B̌(n+1) and B̂(n+1) be the upper bidiagonal ma-

trices associated with W̃ (n), V̌ (n), V̂ (n), Ṽ (n), W̌ (n+1) and Ŵ (n+1), respectively

in the same way as B(n) associated with W (n). Corollary 2 in Demmel-Kahan

[7] helps us to estimate the relative differences of singular values of B(n), B̌
(n)
v ,

B̂
(n)
v , B̃

(n)
v , B̌(n+1) and B̂(n+1).

Theorem 2.2.2 (Demmel-Kahan [7]). Let σ1(B
(n)) ≥ · · · ≥ σm(B

(n)) be the

singular values of B(n). If B̃
(n)
ii = α2i−1B

(n)
ii , B̃

(n)
i,i+1 = α2iB

(n)
i,i+1, αj ̸= 0, then

1

ᾱ
≤ σk(B̃

(n))

σk(B(n))
≤ ᾱ,

where ᾱ =
∏2m−1

j=1 max(|αj|, |α−1
j |).

17



By combining Theorem 2.2.1 with Theorem 2.2.2, we get a theorem for the

singular values of B(n), B̌
(n)
v , B̂

(n)
v , B̃

(n)
v , B̌(n+1) and B̂(n+1).

Theorem 2.2.3. The singular values of B(n), B̃(n), B̌
(n)
v , B̂

(n)
v , B̃

(n)
v , B̌(n+1)

and B̂(n+1) satisfy

σi(B̃
(n)) = σi(B

(n)) exp[3(m− 1)εi], i = 1, 2, . . . ,m, (2.17)

σi(B̌
(n)
v ) = σi(B̃

(n)), i = 1, 2, . . . ,m, (2.18)

σi(B̂
(n)
v ) = σi(B̌

(n)
v ) exp[3(m− 1)ε̌i], i = 1, 2, . . . ,m, (2.19)

σi(B̃
(n)
v ) = σi(B̂

(n)
v ) exp[2(m− 1)ε̂′i], i = 1, 2, . . . ,m, (2.20)

σi(B̌
(n+1)) = σi(B̃

(n)
v )− τ (n), i = 1, 2, . . . ,m, (2.21)

σi(B̂
(n+1)) = σi(B̌

(n+1)) exp[(2m− 1)ε̌′i], i = 1, 2, . . . ,m, (2.22)

where |εi|, |ε̌i|, |ε̂′i|, |ε̌′i| ≤ ε.

Proof. From the relationships of W̃ (n), V̌ (n), Ṽ (n) and W̌ (n), we can easily get

(2.18) and (2.21).

It is obvious from Theorem 2.2.1 that
√

w̃
(n)
k =

√

w
(n)
k

3
∏

j=1

√

1 + ξj,k−1.

It is noted here that max(1 + ξj,k−1, (1 + ξj,k−1)
−1) ≤ 1 + ε. With the help of

Theorem 2.2.2, we may estimate the relative difference in any singular value

between B(n) and B̃(n) by using the product of all the relative differences of
√

w̃
(n)
k from

√

w
(n)
k for k = 1, 2, . . . , 2m− 1, namely,

σi(B̃
(n))

σi(B(n))
≤

2m−1
∏

k=1

max

(

3
∏

j=1

√

(1 + ξj,k−1),
3
∏

j=1

√

(1 + ξj,k−1)−1

)

≤
2m−1
∏

k=1

3
∏

j=1

max
(

√

1 + ξj,k−1,
√

(1 + ξj,k−1)−1
)

≤ (1 + ε)3(m−1)

≤ exp[3(m− 1)ε], (2.23)

and

σi(B̃
(n))

σi(B(n))
≥ exp[−3(m− 1)ε]. (2.24)

By introducing εi such that |εi| ≤ ε, we can rewrite (2.23) and (2.24) as (2.17).

Similarly, we derive (2.19), (2.20) and (2.22).

Theorem 2.2.3 suggests that the m2dLVs transformation in floating point

arithmetic gives rise to the sufficiently small perturbations on singular values.
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2.3 Forward error analysis

In this section, we investigate the forward stability of the m2dLVs transforma-

tion in floating point arithmetic. We also give an upper bound of the forward

errors which occur in the m2dLVs transformation.

Let us begin our analysis with introducing a lemma for the forward errors

which occurs in the mapping from W (n) to V̂ (n).

Lemma 2.3.1. The auxiliary variables û
(n)
k and v̂

(n)
k in floating point arith-

metic are representable in terms of u
(n)
k and v

(n)
k given in exact arithmetic as

û
(n)
k = u

(n)
k (1 + µk), k = 1, 2, . . . , 2m− 1, (2.25)

v̂
(n)
k = v

(n)
k (1 + νk), k = 1, 2, . . . , 2m− 1, (2.26)

respectively, where

|µk| ≤ 3(k − 1)ε, k = 1, 2, . . . , 2m− 1, (2.27)
{

|νk| ≤ 6kε+O(ε2), k = 1, 2, . . . , 2m− 2,

|ν2m−1| ≤ 6(m− 1)ε+O(ε2).
(2.28)

Proof. For fixed k, it holds that

û
(n)
k =

w
(n)
k

1 + δ(n)û
(n)
k−1

3
∏

j=1

(1 + ϵj,k), (2.29)

where |ϵj,k| ≤ ε. From û
(n)
0 = 0 and w

(n)
1 = u

(n)
1 , it is obvious that û

(0)
1 = u

(0)
1 .

Let us assume that û
(n)
k−1 = u

(n)
k−1

∏k−1
j=2

∏3
i=1(1 + ϵ′i,j) where |ϵ′i,j| ≤ ε. Then

there exists ϵi,j such that |ϵi,j| ≤ ε and

1

1 + δ(n)û
(n)
k−1

=
1

1 + δ(n)u
(n)
k−1

k−1
∏

j=2

3
∏

i=1

(1 + ϵi,j).

So, by taking account of it in (2.29), we get

û
(n)
k = u

(n)
k

k
∏

j=2

3
∏

i=1

(1 + ϵi,j). (2.30)

By induction for k, from (2.30) we derive (2.27).

Moreover, by combining (2.30) with

v̂
(n)
k = û

(n)
k (1 + δ(n)û

(n)
k+1)

6
∏

j=4

(1 + ϵj,k), (2.31)

where |ϵj,k| ≤ ε, we have (2.28).
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Then, we estimate the forward errors which occurs in the mapping from

W (n) to Ṽ (n). From Theorem 2.2.1 and Lemma 2.3.1, it follows that















ṽ
(n)
2k−1 = v

(n)
2k−1(1 + ν2k−1)(1 + η1,k), k = 1, 2, . . . ,m,

ṽ
(n)
2k = v

(n)
2k (1 + ν2k)

3
∏

j=1

(1 + ηj+1,k), k = 1, 2, . . . ,m− 1,

where |νj| ≤ 12(m − 1)ε + O(ε2) for j = 1, 2, . . . , 2m − 1. This leads to an

upper bound of the forward errors which occurs in the mapping from W (n) to

Ṽ (n) as follows.

max
k

{∣

∣

∣

∣

∣

ṽ
(n)
k − v

(n)
k

v
(n)
k

∣

∣

∣

∣

∣

}

≤ (12m− 9)ε+O(ε2). (2.32)

In general, the forward errors in a transformation can be bounded by using the

product of the backward errors and the condition number, which is shown in

[14]. Hence, by interpreting the forward errors with respect to Ṽ (n) as the back-

ward errors with respect to W̌ (n+1) and defining the relative componentwise

condition number as the amount which means how much the backward errors

impact the forward errors with respect to W̌ (n+1), we estimate the forward

errors with respect to Ŵ (n+1), quantitatively. Bueno and Dopico has already

succeeded in estimating the forward errors in the Darboux transformation and

the Christoffel transformation with a relative componentwise condition num-

ber. Thus, we also introduce the relative componentwise condition number as

follows.

Definition 2.3.1 (cf. Bueno-Marcellan-Dopico [1, 3]). The relative compo-

nentwise condition number in the m2dLVs transformation with respect to per-

turbations associated with the backward errors is defined by

κ(V (n)) := lim
ε→0

sup

{

max
k

{∣

∣

∣

∣

∣

∆w
(n+1)
k

εw
(n+1)
k

∣

∣

∣

∣

∣

}

: |∆v
(n)
k | ≤ ε|v(n)k |

}

, (2.33)

where

max
k

{∣

∣

∣

∣

∣

∆w
(n+1)
k

εw
(n+1)
k

∣

∣

∣

∣

∣

}

:= max

{∣

∣

∣

∣

∣

∆w
(n+1)
1

εw
(n+1)
1

∣

∣

∣

∣

∣

,

∣

∣

∣

∣

∣

∆w
(n+1)
2

εw
(n+1)
2

∣

∣

∣

∣

∣

, . . . ,

∣

∣

∣

∣

∣

∆w
(n+1)
2m−1

εw
(n+1)
2m−1

∣

∣

∣

∣

∣

}

.

The entries of W (n+1) are the rational functions with respect to the entries

of V (n), and are differentiable with respect to those of V (n). Then, according
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to [5], we may rewrite κ(V (n)) in terms of the partial derivatives by the entries

of V (n), namely,

κ(V (n)) := max{κ(n)
1 , κ

(n)
2 , . . . , κ

(n)
2m−1}, (2.34)

where

κ
(n)
k :=

k
∑

j=1

∣

∣

∣

∣

∣

v
(n)
j

w
(n+1)
k

∂w
(n+1)
k

∂v
(n)
j

∣

∣

∣

∣

∣

, k = 1, 2, . . . , 2m− 1. (2.35)

Here we prepare a lemma for (v
(n)
j /w

(n+1)
k )(∂w

(n+1)
k /∂v

(n)
j ) in (2.35).
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Lemma 2.3.2. The partial derivative ∂w
(n+1)
k /∂v

(n)
j satisfies

v
(n)
2j−1

w
(n+1)
2k−1

∂w
(n+1)
2k−1

∂v
(n)
2j−1

=















































−
d
(n)
j

w
(n+1)
2k−1

k−1
∏

i=j

w
(n+1)
2i

w
(n+1)
2i−1

, j = 1, 2, . . . , k − 2,

− d
(n)
k−1

w
(n+1)
2k−1

w
(n+1)
2k−2

w
(n+1)
2k−3

, j = k − 1,

v
(n)
2k−1

w
(n+1)
2k−1

, j = k,

(2.36)

v
(n)
2j

w
(n+1)
2k−1

∂w
(n+1)
2k−1

∂v
(n)
2j

=



































d
(n)
j

w
(n+1)
2k−1

v
(n+1)
2j

w
(n+1)
2j−1

k−1
∏

i=j+1

w
(n+1)
2i

w
(n+1)
2i−1

, j = 1, 2, . . . , k − 2,

d
(n)
k−1

w
(n+1)
2k−1

v
(n+1)
2k−2

w
(n+1)
2k−3

, j = k − 1,

0, j = k,

(2.37)

v
(n)
2j−1

w
(n+1)
2k

∂w
(n+1)
2k

∂v
(n)
2j−1

=















































d
(n)
j

w
(n+1)
2k−1

k−1
∏

i=j

w
(n+1)
2i

w
(n+1)
2i−1

, j = 1, 2, . . . , k − 2,

d
(n)
k−1

w
(n+1)
2k−1

w
(n+1)
2k−2

w
(n+1)
2k−3

, j = k − 1,

d
(n)
k

w
(n+1)
2k−1

, j = k,

(2.38)

v
(n)
2j

w
(n+1)
2k

∂w
(n+1)
2k

∂v
(n)
2j

=



































−
d
(n)
j

w
(n+1)
2k−1

v
(n)
2j

w
(n+1)
2j−1

k−1
∏

i=j+1

w
(n+1)
2i

w
(n+1)
2i−1

, j = 1, 2, . . . , k − 2,

− d
(n)
k−1

w
(n+1)
2k−1

v
(n)
2k−2

w
(n+1)
2k−3

, j = k − 1,

1, j = k.

(2.39)

22



Proof. From d
(n)
k+1 = d

(n)
k ∗ (v(n)2k /w

(n+1)
2k−1 )− τ (n), we derive

∂d
(n)
k

∂v
(n)
2j−1

=



























−
d
(n)
j

v
(n+1)
2j−1

k−1
∏

i=j

w
(n+1)
2i

w
(n+1)
2i−1

, j = 1, 2, . . . , k − 1,

− d
(n)
k−1

w
(n+1)
2k−3

v
(n)
2k−2

w
(n+1)
2k−3

, j = k − 1,

(2.40)

∂d
(n)
k

∂v
(n)
2j

=



























d
(n)
j

w
(n+1)
2j−1

k−1
∏

i=j+1

w
(n+1)
2i

w
(n+1)
2i−1

, j = 1, 2, . . . , k − 1,

d
(n)
k−1

w
(n+1)
2k−3

, j = k − 1.

(2.41)

By combining (2.40) and (2.41) with

∂w
(n+1)
2k−1

∂v
(n)
2j−1

=











∂d
(n)
k

∂v
(n)
2j−1

, j = 1, 2, . . . , k − 1,

1, j = k,

∂w
(n+1)
2k−1

∂v
(n)
2j

=











∂d
(n)
k

∂v
(n)
2j

, j = 1, 2, . . . , k − 1,

0, j = k,

∂w
(n+1)
2k

∂v
(n)
2j−1

=























−w
(n+1)
2k

w
(n+1)
2k−1

∂w
(n+1)
2k−1

∂v
(n)
2j−1

, j = 1, 2, . . . , k − 1,

d
(n)
k

w
(n+1)
2k−1

v
(n)
2k

w
(n+1)
2k−1

, j = k,

∂w
(n+1)
2k

∂v
(n)
2j

=























−w
(n+1)
2k

w
(n+1)
2k−1

∂w
(n+1)
2k−1

∂v
(n)
2j

, j = 1, 2, . . . , k − 1,

v
(n)
2k−1

w
(n+1)
2k−1

, j = k,

we have (2.36)–(2.39).

Consequently, from (2.32)–(2.35) with Theorem 2.2.1 and Lemma 2.3.2,

we have a theorem for an upper bound of the forward errors in the m2dLVs

transformation.
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Theorem 2.3.1. For k = 1, 2, . . . , 2m − 1, the relative forward errors with

respect to w
(n+1)
k are bounded as

max
k

{∣

∣

∣

∣

∣

w
(n+1)
k − ŵ

(n+1)
k

w
(n+1)
k

∣

∣

∣

∣

∣

}

≤ [(12m− 9)κ(V (n)) + 2]ε+O(ε2),

where κ(V (n)) = max{κ(n)
1 , κ

(n)
2 , . . . , κ

(n)
2m−1} with

κ
(n)
2k−1 =

k−2
∑

j=1

∣

∣

∣

∣

∣

d
(n)
j

w
(n+1)
2k−1

v
(n)
2j + w

(n+1)
2j

w
(n+1)
2j−1

k−1
∏

i=j+1

w
(n+1)
2i

w
(n+1)
2i−1

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

d
(n)
k−1

w
(n+1)
2k−1

v
(n)
2k−2 + w

(n+1)
2k−2

w
(n+1)
2k−3

∣

∣

∣

∣

∣

+
v
(n)
2k−1

w
(n+1)
2k−1

, k = 1, 2, . . . ,m,

κ
(n)
2k =

k−2
∑

j=1

∣

∣

∣

∣

∣

d
(n)
j

w
(n+1)
2k−1

v
(n)
2j + w

(n+1)
2j

w
(n+1)
2j−1

k−1
∏

i=j+1

w
(n+1)
2i

w
(n+1)
2i−1

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

d
(n)
k−1

w
(n+1)
2k−1

v
(n)
2k−2 + w

(n+1)
2k−2

w
(n+1)
2k−3

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

d
(n)
k

w
(n+1)
2k−1

∣

∣

∣

∣

∣

+ 1, k = 1, 2, . . . ,m− 1.

This theorem shows an upper bound of the total forward errors accumulated

in the process which computes Ŵ (n+1) from W (n). Note that Theorem 2.3.1

differs from (2.32) since (2.32) shows an upper bound of the forward errors

with respect to V̌ (n) which is the set of variables appearing in the middle of

the m2dLVs transformation in floating point arithmetic. (Recall Figure 2.1.)
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Chapter 3

Accurate similarity

transformation derived from the

discrete Lotka-Volterra system

for bidiagonal singular values

As described in Chapter 1, the convergence speed of u
(n)
2k−1 and u

(n)
2k in the dLV

system grow faster as δ(n) becomes larger [16]. From the point of view that

numerical errors accumulate, in this chapter, we confirm how the dLV system

behaves as the limit δ(n) → ∞.

This chapter is organized as follows. In Section 3.1, we first derive the

recursion formula which gives the dLV∞ similarity transformation from the

original dLV transformation [16, 17]. And then, in order to show it is applica-

ble to singular value computation, we prove that the dLV∞ can generate the

singular values of B. Next, in Section 3.2 and Section 3.3, we confirm that the

dLV∞ similarity transformation has numerical stability similarly to Section

2.2 and evaluate the forward errors appearing in the dLV∞ variables, respec-

tively. The results in these sections guarantee accuracy of the dLV∞ similarity

transformation. Finally, in Section 3.4, we give some numerical examples with

the original dLV algorithm, the algorithm based on the dLV∞ similarity trans-

formation and the dqd algorithm, and numerically demonstrate the relative

forward errors in the variables appearing n the dLV∞ similarity transforma-

tion. The reason why we use the dqd algorithm is unraveled in Section 3.1.
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3.1 The dLV∞ similarity transformation

In this section, we first derive a recursion formula of the similarity transforma-

tion by taking the limit δ(n) → ∞ in the dLV similarity transformation, and

next show that it is applicable for computing the singular values of bidiagonal

B.

According to [16, 17], the recursion formula of the dLV similarity transfor-

mation is written as


















u
(n)
k =

w
(n)
k

1 + δ(n)u
(n)
k−1

, k = 1, 2, . . . , 2m− 1,

w
(n+1)
k = u

(n)
k (1 + δ(n)u

(n)
k+1), k = 1, 2, . . . , 2m− 1,

u
(n)
0 := 0, u

(n)
2m := 0, n = 0, 1, . . . .

(3.1)

Equation (3.1) is derived from the dLV system (1.2) by introducing the variable

w
(n)
k := u

(n)
k (1 + δ(n)u

(n)
k−1). Hereinafter, let δ(n) = δ for n = 0, 1, . . . since the

limit δ(n) → ∞ for n = 0, 1, . . . is equivalent to the limit δ → ∞ in (3.1).

We give a lemma in the process for getting u
(n)
1 , u

(n)
2 , . . . , u

(n)
2m−1 from given

w
(n)
1 , w

(n)
2 , . . . , w

(n)
2m−1 in the 1st equation of (3.1).

Lemma 3.1.1. Let w
(n)
1 > 0, w

(n)
2 > 0, . . . , w

(n)
2m−1 > 0. Then it holds that, for

n = 0, 1, . . . ,

d
(n)
k := lim

δ→∞
u
(n)
2k−1 =

w
(n)
2k−1

1 + s
(n)
k−1

> 0, k = 1, 2, . . . ,m, (3.2)

lim
δ→∞

u
(n)
2k = 0, k = 1, 2, . . . ,m− 1, (3.3)

s
(n)
k := lim

δ→∞
δu

(n)
2k =

w
(n)
2k

d
(n)
k

> 0, k = 1, 2, . . . ,m− 1, (3.4)

where s
(n)
0 := 0.

Proof. It is obvious that

d
(n)
1 = lim

δ→∞
u
(n)
1 = lim

δ→∞
w

(n)
1 =

w
(n)
1

1 + s
(n)
0

> 0. (3.5)

From (3.5), it follows that

lim
δ→∞

u
(n)
2 = lim

δ→∞

w
(n)
2

1 + δu
(n)
1

=
w

(n)
2

1 + d
(n)
1 lim

δ→∞
δ
= 0,

s
(n)
1 = lim

δ→∞
δu

(n)
2 = lim

δ→∞

δw
(n)
2

1 + δu
(n)
1

=
w

(n)
2

lim
δ→∞

1

δ
+ d

(n)
1

=
w

(n)
2

d
(n)
1

> 0.
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Let us assume that s
(n)
k−1 = limδ→∞ δu

(n)
2k−2 > 0. Then we get

d
(n)
k = lim

δ→∞
u
(n)
2k−1 =

w
(n)
2k−1

1 + lim
δ→∞

δu
(n)
2k−2

=
w

(n)
2k−1

1 + s
(n)
k−1

> 0. (3.6)

From (3.6), we derive

lim
δ→∞

u
(n)
2k =

w
(n)
2k

1 + d
(n)
k lim

δ→∞
δ
= 0,

s
(n)
k = lim

δ→∞
δu

(n)
2k = lim

δ→∞

δw
(n)
2k

1 + δu
(n)
2k−1

=
w

(n)
2k

lim
δ→∞

1

δ
+ d

(n)
k

=
w

(n)
2k

d
(n)
k

> 0.

By induction for k = 1, 2, . . . ,m, we have (3.2) – (3.4).

Lemma 3.1.1 leads to the following theorem for the dLV similarity trans-

formation in the case where δ → ∞.

Theorem 3.1.1. The dLV similarity transformation with δ → ∞ generates

the evolution from w
(n)
1 > 0, w

(n)
2 > 0, . . . , w

(n)
2m−1 > 0 to w

(n+1)
1 > 0, w

(n+1)
2 >

0, . . . , w
(n+1)
2m−1 > 0, respectively, as follows.



















































w
(n+1)
2k−1 = d

(n)
k (1 + s

(n)
k ), k = 1, 2, . . . ,m,

w
(n+1)
2k = s

(n)
k d

(n)
k+1, k = 1, 2, . . . ,m− 1,

d
(n)
k =

w
(n)
2k−1

1 + s
(n)
k−1

, k = 1, 2, . . . ,m,

s
(n)
k =

w
(n)
2k

d
(n)
k

, k = 1, 2, . . . ,m− 1,

s
(n)
0 := 0, s

(n)
m := 0.

(3.7)

Proof. From Lemma 3.1.1, it turns out that d
(n)
1 , s

(n)
1 , d

(n)
2 , s

(n)
2 , . . . , d

(n)
m−1, s

(n)
m−1,

d
(n)
m are recursively given by d

(n)
k = w

(n)
2k−1/(1 + s

(n)
k−1) for k = 1, 2, . . . ,m and

s
(n)
k = w

(n)
2k /d

(n)
k for k = 1, 2, . . . ,m − 1. Let us recall here that w

(n+1)
2k−1 =

u
(n)
2k−1(1 + δu

(n)
2k ) for k = 1, 2, . . . ,m and w

(n+1)
2k = u

(n)
2k (1 + δu

(n)
2k+1) for k =

1, 2, . . . ,m− 1. By combining it with Lemma 3.1.1, we also get

w
(n+1)
2k−1 = lim

δ→∞
[u

(n)
2k−1(1 + δu

(n)
2k )] = lim

δ→∞
u
(n)
2k−1 lim

δ→∞
(1 + δu

(n)
2k )

= d
(n)
k (1 + s

(n)
k ), k = 1, 2, . . . ,m,

w
(n+1)
2k = lim

δ→∞
[u

(n)
2k (1 + δu

(n)
2k+1)] = lim

δ→∞
u
(n)
2k + lim

δ→∞
(δu

(n)
2k )u

(n)
2k+1

= s
(n)
k d

(n)
k+1, k = 1, 2, . . . ,m− 1.
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Since d
(n)
1 > 0, d

(n)
2 > 0, . . . , d

(n)
m > 0 and s

(n)
1 > 0, s

(n)
2 > 0, . . . , s

(n)
m−1 > 0, it is

obvious that w
(n+1)
1 > 0, w

(n+1)
2 > 0, . . . , w

(n+1)
m−1 > 0.

In order to distinguish the dLV similarity transformation with bounded

δ > 0, the similarity transformation given by (3.7) is called the dLV∞ similarity

transformation.

Next, we clarify that the dLV∞ similarity transformation is regarded as the

well-known LR transformations. By taking account of the proof for Theorem

3.1.1, we get a lemma for the dLV system (1.2) with δ → ∞.

Lemma 3.1.2. The dLV system (1.2) with δ → ∞ can be rewritten in terms

of d
(n)
1 , s

(n)
1 , d

(n)
2 , s

(n)
2 , . . . , d

(n)
m−1, s

(n)
m−1, d

(n)
m and d

(n+1)
1 , s

(n+1)
1 , d

(n+1)
2 , s

(n+1)
2 , . . . ,

d
(n+1)
m−1 , s

(n+1)
m−1 , d

(n+1)
m as















d
(n+1)
k (1 + s

(n+1)
k−1 ) = d

(n)
k (1 + s

(n)
k ), k = 1, 2, . . . ,m,

d
(n+1)
k s

(n+1)
k = s

(n)
k d

(n)
k+1, k = 1, 2, . . . ,m− 1,

s
(n)
0 := 0, s

(n)
m := 0, n = 0, 1, 2, . . . .

Theorem 3.1.1 and Lemma 3.1.2 bring an expression the dLV∞ similarity

transformation without using d
(n)
1 , d

(n)
2 , . . . , d

(n)
m and s

(n)
1 , s

(n)
2 , . . . , s

(n)
m−1 as in

the following lemma.

Lemma 3.1.3. The dLV∞ similarity transformation can be given by the re-

cursion formula















w
(n+1)
2k−2 + w

(n+1)
2k−1 = w

(n)
2k−1 + w

(n)
2k , k = 1, 2, . . . ,m,

w
(n+1)
2k−1 w

(n+1)
2k = w

(n)
2k w

(n)
2k+1, k = 1, 2, . . . ,m− 1,

w
(n)
0 ≡ 0, w

(n)
2m ≡ 0, n = 0, 1, 2, . . . .

(3.8)

Proof. From Theorem 3.1.1 and Lemma 3.1.2, we derive

w
(n)
2k−1 + w

(n)
2k = d

(n)
k (1 + s

(n)
k−1) + d

(n)
k s

(n)
k = s

(n)
k−1d

(n)
k + d

(n)
k (1 + s

(n)
k )

= d
(n+1)
k−1 s

(n+1)
k−1 + d

(n+1)
k (1 + s

(n+1)
k−1 )

= w
(n+1)
2k−2 + w

(n+1)
2k−1 , k = 1, 2, . . . ,m,

w
(n)
2k w

(n)
2k+1 = (d

(n)
k s

(n)
k )[d

(n)
k+1(1 + s

(n)
k )] = [d

(n)
k (1 + s

(n)
k )](s

(n)
k d

(n)
k+1)

= [d
(n+1)
k (1 + s

(n+1)
k−1 )](d

(n+1)
k s

(n+1)
k )

= w
(n+1)
2k−1 w

(n+1)
2k , k = 1, 2, . . . ,m− 1.
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For given w
(n)
1 , w

(n)
2 , . . . , w

(n)
2m−1, it holds that w

(n+1)
1 , w

(n+1)
2 , . . . , w

(n+1)
2m−1 com-

puted by (3.8) coincide with those by (3.7). Equation (3.8) also becomes

just the recursion formula of the qd algorithm [27, 30] by the replacement

w
(n)
2k−1 = q

(n)
k , w

(n)
2k = e

(n)
k , w

(n)
2k+1 = q

(n)
k+1 and w

(n+1)
2k−2 = q

(n+1)
k−1 , w

(n+1)
2k−1 = q

(n+1)
k ,

w
(n+1)
2k = q

(n+1)
k . So, the dLV∞ similarity transformation is an LR transforma-

tion from Y (n) to Y (n+1) as follows.

Y (n) = L(n)R(n), Y (n+1) = R(n)L(n), (3.9)

L(n) =











w
(n)
1 0

1 w
(n)
3
. . . . . .

1 w
(n)
2m−1











, R(n) =













1 w
(n)
2 0

1
. . .
. . . w

(n)
2m−2

1













,

w
(n)
2k−1 = (1 + s

(n)
k−1)d

(n)
k , w

(n)
2k = d

(n)
k s

(n)
k .

Of course, the dLV∞ similarity transformation is closely related to the LR

transformation based on the recursion formula of the dqd algorithm [11, 27, 30]

without cancellation by subtraction, which is a famous algorithm in symmetric

tradingonal eigenvalue and bidiagonal singular value problems.

Corollary 3.1.1. Equation (3.7), which generates the dLV∞ similarity trans-

formation, is algebraically equivalent to the recursion formula of the dqd algo-

rithm,






























q
(n+1)
k = d

(n)
k + e

(n)
k , k = 1, 2, . . . ,m,

e
(n+1)
k = e

(n)
k

q
(n)
k+1

q
(n+1)
k

, k = 1, 2, . . . ,m− 1,

d
(n)
1 = q

(n)
1 , d

(n)
k+1 = d

(n)
k

q
(n)
k+1

q
(n+1)
k

, k = 1, 2, . . . ,m− 1.

(3.10)

Proof. From the 3rd and the 4th equations of (3.7), it follows that

w
(n+1)
2k−1 = d

(n)
k (1 + s

(n)
k ) = d

(n)
k + w

(n)
2k , k = 1, 2, . . . ,m− 1. (3.11)

From the 1st and the 3rd of (3.7), we derive

d
(n)
k+1 =

w
(n)
2k+1

1 + s
(n)
k

= d
(n)
k

w
(n)
2k+1

w
(n+1)
2k−1

, k = 1, 2, . . . ,m− 1. (3.12)

By combining the 2nd and the 4th of (3.7) with (3.12), we also get

w
(n+1)
2k = s

(n)
k d

(n)
k+1 = w

(n)
2k

w
(n)
2k+1

w
(n+1)
2k−1

, k = 1, 2, . . . ,m− 1. (3.13)

29



Let w
(n)
2k = e

(n)
k , w

(n)
2k+1 = q

(n)
k+1 and w

(n+1)
2k−1 = q

(n+1)
k , w

(n+1)
2k = e

(n+1)
k in (3.11) –

(3.13). Then (3.11) – (3.13) are just equal to (3.10).

Moreover, according to [16], the tridiagonal matrix Y (n) = L(n)R(n) is sym-

metrized as

Y (n)
s = (G(n))−1Y (n)G(n) (3.14)

=

















w
(n)
1

√

w
(n)
1 w

(n)
2

√

w
(n)
1 w

(n)
2 w

(n)
2 + w

(n)
3

. . .

. . . . . .
√

w
(n)
2m−3w

(n)
2m−2

√

w
(n)
2m−3w

(n)
2m−2 w

(n)
2m−2 + w

(n)
2m−1

















,

G(n) := diag

(

m−1
∏

i=1

√

w
(n)
2i−1w

(n)
2i ,

m−1
∏

i=2

√

w
(n)
2i−1w

(n)
2i , . . . ,

√

w
(n)
2m−3w

(n)
2m−2, 1

)

.

From (3.9) and (3.14), we see that the dLV∞ similarity transformation takes

the form of similarity transformation

Y (n+1)
s = Q(n)Y (n)

s (Q(n))−1, Q(n) := (G(n+1))−1R(n)G(n). (3.15)

It is noted here that Y
(n)
s can be decomposed into

Y (n)
s = (B(n))⊤B(n), (3.16)

B(n) :=

















√

w
(n)
1

√

w
(n)
2

√

w
(n)
3

. . .

. . .
√

w
(n)
2m−2

0

√

w
(n)
2m−1

















. (3.17)

Equation (3.16) implies that the singular values of B(n) are equal to the positive

square roots of the eigenvalues of Y
(n)
s . Thus, by combining it with (3.15), we

get a lemma with respect to the transformation from B(n) to B(n+1).

Lemma 3.1.4. The singular values of B(n) coincide with those of B(n+1) given

through the dLV∞ similarity transformation.

As is discussed in the proof of Corollary 3.1.1, w
(n)
2k−1, w

(n)
2k and d

(n)
k corre-

spond to the dqd variables, while s
(n)
k does not appear in the recursion formula

of the dqd algorithm.

Finally, we clarify the convergence of the dLV∞ variables w
(n)
2k−1, w

(n)
2k , d

(n)
k

and s
(n)
k as n → ∞.
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Theorem 3.1.2. Let us assume that every bidiagonal entry of B(0) is nonzero.

Then it holds that

lim
n→∞

w
(n)
2k−1 = ck, k = 1, 2, . . . ,m, (3.18)

lim
n→∞

w
(n)
2k = 0, k = 1, 2, . . . ,m− 1, (3.19)

lim
n→∞

d
(n)
k = ck, k = 1, 2, . . . ,m, (3.20)

lim
n→∞

s
(n)
k = 0, k = 1, 2, . . . ,m− 1, (3.21)

where c1, c2, . . . , cm are some positive constants such that c1 > c2 > · · · > cm.

More precisely,
√
c1,

√
c2, . . . ,

√
cm become the singular values of B(0).

Proof. It is obvious that w
(0)
1 > 0, w

(0)
2 > 0, . . . , w

(0)
2m−1 > 0. From Theorem

3.1.1, it turns out that w
(n)
1 > 0, w

(n)
2 > 0, . . . , w

(n)
2m−1 > 0 for n = 1, 2, . . . . It

is of significance to note that w
(n)
1 + w

(n)
2 + · · · + w

(n)
2m−1 = trace((B(n))⊤B(n))

= (σ1(B
(n)))2 + (σ2(B

(n)))2 + · · · + (σm(B
(n)))2 and w

(n)
1 w

(n)
3 · · · w

(n)
2m−1 =

det((B(n))⊤B(n)) = (σ1(B
(0))σ2(B

(0)) · · · σm(B
(0)))2. From Lemma 3.1.4, it

holds that σ1(B
(n)) = σ1(B

(0)), σ2(B
(n)) = σ2(B

(0)), . . . , σm(B
(n)) = σm(B

(0)).

So, there exist some positive constants K1 and K2 such that w
(n)
1 , w

(n)
2 , . . . ,

w
(n)
2m−1 < K1 and w

(n)
1 w

(n)
3 · · ·w(n)

2m−1 < K2.

Since it is shown in Lemma 3.1.1 that s
(n)
1 > 0, it follows that w

(n+1)
1 =

d
(n)
1 (1+s

(n)
1 ) = w

(n)
1 (1+s

(n)
1 ) > w

(n)
1 . This implies that the sequence {w(0)

1 , w
(1)
1 ,

. . . } is monotonically increasing. Thus, by combining w
(n)
1 < K1 with it, we

simultaneously get w
(n)
1 → c1 and s

(n)
1 → 0 as n → ∞. Let us assume that

lim
n→∞

w
(n)
2j−1 = cj, j = 1, 2, . . . , k − 1. (3.22)

The 1st and the 3rd equations of (3.7) lead to w
(n+1)
2j−1 = [(1 + s

(n)
j )/( 1 +

s
(n)
j−1)]w

(n)
2j−1, and then it holds that

w
(n+1)
1 w

(n+1)
3 · · ·w(n+1)

2k−1 = (1 + s
(n)
1 )w

(n)
1

(

1 + s
(n)
2

1 + s
(n)
1

w
(n)
3

)

· · ·
(

1 + s
(n)
k

1 + s
(n)
k−1

w
(n)
2k−1

)

= (1 + s
(n)
k )w

(n)
1 w

(n)
3 · · ·w(n)

2k−1. (3.23)

By taking account that s
(n)
k > 0 and w

(n)
1 w

(n)
3 · · ·w(n)

2m−1 < K2 in (3.23), we

derive w
(0)
1 w

(0)
3 · · · w

(0)
2k−1 < w

(1)
1 w

(1)
3 · · ·w(1)

2k−1 < · · · < K2. Thus, w
(n)
1 w

(n)
3 · · ·

w
(n)
2k−1 converges to some positive constant as n → ∞. Under the assumption

(3.22), it is observed that

lim
n→∞

w
(n)
2k−1 = ck,

lim
n→∞

s
(n)
k = 0.
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Moreover, it follows from s
(n)
m−1 > 0 that w

(n+1)
2m−1 < w

(n)
2m−1/(1 + s

(n)
m−1) <

w
(n)
2m−1, namely, {w(0)

2m−1, w
(1)
2m−1, . . . } is monotonically decreasing. So, by tak-

ing account that w
(n)
2m−1 > 0, we see that w

(n)
2m−1 converges to some posi-

tive constant as n → ∞. From det((B(0))⊤B(0)) = w
(0)
1 w

(0)
3 · · ·w(0)

2m−1 =

(σ1(B
(0)))2(σ2(B

(0)))2 · · · (σm(B
(0)))2, it turns out that σk(B

(0)) ̸= 0 for k =

1, 2, . . . ,m if w
(0)
2k−1 ̸= 0 for k = 1, 2, . . . ,m. The limit w

(n)
2m−1 → 0 as n → ∞

contradicts that det((B(0))⊤B(0)) ̸= 0. Thus, it is concluded that

lim
n→∞

w
(n)
2m−1 = cm.

Consequently, we have (3.18) and (3.21).

Let us recall that d
(n)
k = w

(n)
2k−1/(1+s

(n)
k−1) and w

(n)
2k = d

(n)
k s

(n)
k = s

(n)
k w

(n)
2k−1/(1

+s
(n)
k−1). Then, from (3.18) and (3.21), we easily obtain (3.19) and (3.20).

The ratio of w
(n+1)
2k to w

(n)
2k as n → ∞ is given as

lim
n→∞

w
(n+1)
2k

w
(n)
2k

= lim
n→∞

s
(n)
k d

(n)
k+1

w
(n)
2k

= lim
n→∞

d
(n)
k+1

d
(n)
k

=
ck+1

ck
.

The positivity w
(0)
2k > 0, w

(1)
2k > 0 and the limit (3.19) imply that the ratio

w
(n+1)
2k /w

(n)
2k is smaller than 1 as n → ∞. So, it is realized that c1 > c2 > · · · >

cm.

From (3.18) – (3.21), it is obvious that (B(n))⊤B(n) → diag(c1, c2, . . . , cm).

So, it turns out that
√
c1,

√
c2, . . . ,

√
cm are the singular values of B(n) as

n → ∞. As is shown in the above, the singular values of B(n) coincide with

those of B(0). Therefore it is concluded that
√
c1,

√
c2, . . . ,

√
cm are the singular

values of B(0).

Theorem 3.1.2 claims that the dLV∞ similarity transformation is applicable

for computing singular values of the bidiagonal matrix of the form of (3.17),

in the same way as the original dLV similarity transformation.

3.2 Mixed forward-backward stability of

the dLV∞ similarity transformation

In this section, we evaluate the perturbations of singular values appearing in

the dLV∞ similarity transformation through the mixed forward-backward error

analysis developed by Fernando-Parlett [11, 27] in the absence of the overflow

and the underflow. The error analysis in this section is different from that in

[18], since the dLV∞ similarity transformation has the auxiliary variables d
(n)
k

and s
(n)
k which do not appear in the original dLV one.
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By recalling (2.7), in floating point arithmetic, the recursion formula for

the dLV∞ similarity transformation is mathematically written as























d̂
(n)
k = fl(w

(n)
2k−1/fl(1 + ŝ

(n)
k−1)), k = 1, 2, . . . ,m,

ŝ
(n)
k = fl(w

(n)
2k /d̂

(n)
k ), k = 1, 2, . . . ,m− 1,

ŵ
(n+1)
2k−1 = fl(d̂

(n)
k ∗ fl(1 + ŝ

(n)
k )), k = 1, 2, . . . ,m,

ŵ
(n+1)
2k = fl(ŝ

(n)
k ∗ d̂(n)k+1), k = 1, 2, . . . ,m− 1.

(3.24)

Let Φ̂ : W (n) → Ŵ (n+1) be the mapping given by (3.24). Moreover, let

Φ1 : W (n) → W̃ (n), Φ2 : W̃ (n) → W̌ (n+1) and Φ3 : W̌ (n+1) → Ŵ (n+1) be

the mappings such that the sets W̃ (n) := {w̃(n)
1 , w̃

(n)
2 , . . . , w̃

(n)
2m−1}, W̌ (n+1) :=

{w̌(n+1)
1 , w̌

(n+1)
2 , . . . , w̌

(n+1)
2m−1} and Ŵ (n+1) := {ŵ(n+1)

1 , ŵ
(n+1)
2 , . . . , ŵ

(n+1)
2m−1} satisfy



















































w̃
(n)
1 = w

(n)
1 ,

w̃
(n)
2k−1 = w

(n)
2k−1(1 + ε1,k)(1 + ε2,k),

=
w

(n)
2k−1

(1 + ε3,k)(1 + ε4,k)
, k = 2, 3, . . . ,m,

w̃
(n)
2k = w

(n)
2k (1 + ε5,k),

=
w

(n)
2k

1 + ε6,k
, k = 1, 2, . . . ,m− 1,

(3.25)











































d̂
(n)
k =

w̃
(n)
2k−1

1 + ŝ
(n)
k−1

, k = 1, 2, . . . ,m,

ŝ
(n)
k =

w̃
(n)
2k

d̂
(n)
k

, k = 1, 2, . . . ,m− 1,

w̌
(n+1)
2k−1 = d̂

(n)
k (1 + ŝ

(n)
k ), k = 1, 2, . . . ,m,

w̌
(n+1)
2k = ŝ

(n)
k d̂

(n)
k+1, k = 1, 2, . . . ,m− 1,

(3.26)















































ŵ
(n+1)
2k−1 = w̌

(n+1)
2k−1 (1 + ε7,k)(1 + ε8,k),

=
w̌

(n+1)
2k−1

(1 + ε9,k)(1 + ε10,k)
, k = 1, 2, . . . ,m− 1,

ŵ
(n+1)
2k = w̌

(n+1)
2k (1 + ε11,k),

=
w̌

(n+1)
2k

1 + ε12,k
, k = 1, 2, . . . ,m− 1,

ŵ
(n+1)
2m−1 = w̌

(n+1)
2m−1,

(3.27)

where all the absolute values of ε’s are equal to or smaller than ε. Then we

get a lemma with respect to the relationship of Φ̂ to Φ1, Φ2 and Φ3.
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W̃ (n)

W (n)

Φ1
❄

W̌ (n+1)

Ŵ (n+1)

✻Φ3

✲

✲
Φ̂

Φ2

Figure 3.1: The dLV∞ similarity transformation in floating point arithmetic.

Lemma 3.2.1. The mapping Φ̂ is equal to the composition of Φ1, Φ2 and Φ3,

namely, Φ̂ = Φ3 ◦ Φ2 ◦ Φ1, as is shown in Fig. 3.1.

Proof. The 1st and the 2nd equations of (3.24) lead to

d̂
(n)
k =

w
(n)
2k−1(1 + ε1,k)(1 + ε2,k)

1 + ŝ
(n)
k−1

=
w

(n)
2k−1

(1 + ŝ
(n)
k−1)(1 + ε3,k)(1 + ε4,k)

, (3.28)

ŝ
(n)
k =

w
(n)
2k (1 + ε5,k)

d̂
(n)
k

=
w

(n)
2k

d̂
(n)
k (1 + ε6,k)

. (3.29)

Then, by combining the 1st and the 2nd of (3.26) with (3.28) and (3.29), we

get (3.25). Similarly, from the 3rd and the 4th of (3.24) and (3.26), we have

(3.27).

Lemma 3.2.1 suggests that the relative differences W̃ (n) and Ŵ (n) are small

relatively different from W (n) and W̌ (n), respectively.

Let B̃(n) = (b̃
(n)
i,j ), B̌

(n+1) = (b̌
(n+1)
i,j ) and B̂(n+1) = (b̂

(n+1)
i,j ) be the upper

bidiagonal matrices associated with W̃ (n), W̌ (n+1), and Ŵ (n+1), respectively

in the same way as B(n) associated with W (n). By combining Theorem 2.2.2

with Lemma 3.2.1, we get a theorem for the perturbations among σi(B
(n)),

σi(B̃
(n)), σi(B̌

(n+1)) and σi(B̂
(n+1)).

Theorem 3.2.1. The singular values σk(B
(n)), σk(B̃

(n)), σk(B̌
(n+1)) and σk

(B̂(n+1)) satisfy

σk(B̃
(n)) = σk(B

(n)) exp

[

3

2
(m− 1)ε̃k

]

, k = 1, 2, . . . ,m, (3.30)

σk(B̌
(n+1)) = σk(B̃

(n)), k = 1, 2, . . . ,m, (3.31)

σk(B̂
(n+1)) = σk(B̌

(n+1)) exp

[

3

2
(m− 1)ε̂k

]

, k = 1, 2, . . . ,m, (3.32)

where |ε̃k|, |ε̂k| ≤ ε.
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Proof. It is obvious from Lemma 3.2.1 that

√

w̃
(n)
2k−1 =

√

w
(n)
2k−1

√

(1 + ε1,k)(1 + ε2,k),

√

w̃
(n)
2k =

√

w
(n)
2k

√

1 + ε3,k.

It is noted here that max(1+ε1,k, (1+ε1,k)
−1),max(1+ε2,k, (1+ε2,k)

−1),max(1+

ε3,k, (1 + ε3,k)
−1) ≤ 1 + ε. With the help of Theorem 2.2.2, we can estimate

the relative difference in any singular value between B(n) and B̃(n) as follows.

exp

[

−3

2
(m− 1)ε

]

≤ σk(B̃
(n))

σk(B(n))
≤ exp

[

3

2
(m− 1)ε

]

, k =, 1, 2, . . . ,m.

(3.33)

Let ε̃k satisfy |ε̃k| ≤ ε. Then (3.33) leads to (3.30).

Similarly, the relative difference in any singular value between B̌(n+1) and

B̂(n+1) is estimated as

exp

[

−3

2
(m− 1)ε

]

≤ σk(B̂
(n+1))

σk(B̌(n+1))
≤ exp

[

3

2
(m− 1)ε

]

, k = 1, 2, . . . ,m.

(3.34)

By taking account of suitable ε̂k such that |ε̂k| ≤ ε, from (3.34), we derive

(3.32).

Incidentally, the replacement of 3/2 with 2 in (3.30) and (3.32) brings

to the perturbation theorem in [18] concerning the original dLV similarity

transformation. In other words, the perturbations of singular values in the

dLV∞ similarity transformation is slightly smaller than those in the original

one in the absence of the overflow and the underflow.

3.3 Forward stability of the dLV∞ similarity

transformation

Let us introduce three setsW (n) := {w(n)
1 , w

(n)
2 , . . . , w

(n)
2m−1},W (n+1) := {w(n+1)

1 ,

w
(n+1)
2 , . . . , w

(n+1)
2m−1} and Ŵ (n+1) := {ŵ(n+1)

1 , ŵ
(n+1)
2 , . . . , ŵ

(n+1)
2m−1}. Then Φ :

W (n) → W (n+1) and Φ̂ : W (n) → Ŵ (n+1) are the mappings given by the

dLV∞ similarity transformations in exact arithmetic and floating point one,

respectively. See also Figure 3.2 for the relationship of two mappings Φ and Φ̂.

The following proposition suggests the relative forward errors in the auxiliary

variables in floating point arithmetic.
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W (n)

Ŵ (n+1)

W (n+1)

❄

relative forward error

❍❍❍❍❍❍❍❍❍❍❥

✲
Φ

Φ̂

Figure 3.2: The dLV∞ similarity transformations in exact arithmetic and float-
ing point one.

Proposition 3.3.1. The auxiliary variables d̂
(n)
k and ŝ

(n)
k in floating point

arithmetic are representable in terms of d
(n)
k and s

(n)
k in exact one as

d̂
(n)
k = d

(n)
k (1 + ξk), |ξk| ≤ (3k − 3)ε+O(ε2), k = 1, 2, . . . ,m, (3.35)

ŝ
(n)
k = s

(n)
k (1 + ηk), |ηk| ≤ (3k − 2)ε+O(ε2), k = 1, 2, . . . ,m− 1. (3.36)

Proof. From ŝ
(n)
0 = 0, it is obvious that ε3,1 = 0, ε4,1 = 0 and d̂

(n)
1 = w

(n)
1 = d

(n)
1 .

Equation (3.29) with k = 1 leads to ŝ
(n)
1 = s

(n)
1 (1 + ε5,1) since d̂

(n)
1 = d

(n)
1 and

w
(n)
2 /d

(n)
1 = s

(n)
1 . It is worth finding here that

1

1 + ŝ
(n)
1

=
1

1 + s
(n)
1

1

1 + ε′1
, (3.37)

where |ε′1| ≤ |ε5,1| ≤ ε. So, by taking account that w
(n)
3 /(1 + s

(n)
1 ) = d

(n)
2 in

(3.28) with k = 2, we easily get d̂
(n)
2 = d

(n)
2 /[(1 + ε′1)(1 + ε′2)(1 + ε′3)] where

ε′2 = ε3,2 and ε′3 = ε4,2.

Let us assume that

d̂
(n)
k−1 =

d
(n)
k−1

(1 + ε′′1)(1 + ε′′2) · · · (1 + ε′′3(k−1)−3)
, (3.38)

where |ε′′j | ≤ ε for j = 1, 2, . . . , 3(k − 1) − 3. Then, by using (3.38) and

w
(n)
2k−2/d

(n)
k−1 = s

(n)
k−1 after replacing k with k − 1 in (3.29), we get

ŝ
(n)
k−1 = s

(n)
k−1(1 + ε′′1)(1 + ε′′2) · · · (1 + ε′′3(k−1)−2), (3.39)

where 1 + ε′′3(k−1)−2 = 1/(1 + ε6,k−1) and |ε′′3(k−1)−2| ≤ ε. Moreover, by taking

account that

1

1 + ŝ
(n)
k−1

=
1

1 + s
(n)
k−1

1

(1 + ε′′′1 )(1 + ε′′′2 ) · · · (1 + ε′′′3(k−1)−2)
,
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where |ε′′′j | ≤ ε for j = 1, 2, . . . , 3(k − 1) − 2 and w
(n)
2k−1/(1 + s

(n)
k−1) = d

(n)
k in

(3.28), we derive

d̂
(n)
k =

d
(n)
k

(1 + ε′′′1 )(1 + ε′′′2 ) · · · (1 + ε′′′3k−3)
, (3.40)

where ε′′′3k−4 = ε3,k and ε′′′3k−3 = ε4,k. From (3.29) with (3.40) and w
(n)
2k /d

(n)
k =

s
(n)
k , it follows that

ŝ
(n)
k = s

(n)
k (1 + ε′′′1 )(1 + ε′′′2 ) · · · (1 + ε′′′3k−2), (3.41)

where ε′′′3k−2 = ε6,k. Thus, by induction for k, from (3.40) and (3.41) we have

(3.35) and (3.36).

Proposition 3.3.1 enable us to give the main theorem concerning the rel-

ative forward error of the dLV∞ similarity transformation in floating point

arithmetic as is shown in Figure 3.2.

Theorem 3.3.1. The relative forward errors in ŵ
(n+1)
1 , ŵ

(n+1)
2 , . . . , ŵ

(n+1)
2m−1 are

bounded as follow.

max
k

{∣

∣

∣

∣

∣

w
(n+1)
k − ŵ

(n+1)
k

w
(n+1)
k

∣

∣

∣

∣

∣

}

≤ (6m− 4)ε+O(ε2). (3.42)

Proof. By combining Proposition 3.3.1 with

ŵ
(n+1)
2k−1 = d̂

(n)
k (1 + ŝ

(n)
k )(1 + ε7,k)(1 + ε8,k),

ŵ
(n+1)
2k = ŝ

(n)
k d̂

(n)
k+1(1 + ε11,k),

where |ε7,k|, |ε8,k|, |ε11,k| ≤ ε, we get

ŵ
(n+1)
2k−1 = w

(n+1)
2k−1 (1 + µk), |µk| ≤ (6k − 3)ε+O(ε2), k = 1, 2, . . . ,m− 1,

ŵ
(n+1)
2k = w

(n+1)
2k (1 + νk), |νk| ≤ (6k − 1)ε+O(ε2), k = 1, 2, . . . ,m− 1,

ŵ
(n+1)
2m−1 = w

(n+1)
2m−1(1 + µm), |µm| ≤ (6m− 4)ε+O(ε2)

which implies (3.42).

Theorem 3.3.1 shows that the upper bound of relative forward error in

the dLV∞ similarity transformation is sufficiently small in floating point arith-

metic, regardless of the entries of W (n). Therefore it is concluded that the

dLV∞ similarity transformation is always forward stable in the absence of the

overflow and the underflow.
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The dLV∞ similarity transformation will be more useful for computing the

singular values of B through introducing a shift of the origin into it. It is how-

ever remarkable that not only the zero-shift dLV∞ similarity transformations

but also nonzero-shift dLV∞ ones surely run since the settings of the shift often

fail in floating point arithmetic. The forward stability of the zero-shift dLV∞

similarity transformation is still a key point for computing the singular values

of B with high relative accuracy in floating point arithmetic.

3.4 Numerical examples

In this section, we present some examples in order to numerically confirm the

resulting theorems for the error analysis of the dLV∞ similarity transformation.

We first show the relative errors in the computed singular values of B by the

sequence of the dLV∞ similarity transformations. Simultaneously, with respect

to the relative errors in the computed singular values of B, we compare the

sequence of the dLV∞ similarity transformations with those of the original

dLV with δ(n) = 1 and the dqd similarity transformations. In this section, we

simply call the sequences of the dLV∞, the dLV with δ(n) = 1 and the dqd

similarity transformations as the dLV∞, the dLV and the dqd, respectively.

We next investigate the relative forward errors in the dLV∞ variables after the

dLV∞ similarity transformation. We use our computer with CPU: Intel Core

i5 2.67GHz, RAM: 4GB, OS: Windows 7 and Compiler: gcc version 4.5.3.

We prepare three 100-by-100 bidiagonal matrices B1, B2 and B3 with the

(i, j) entries

bi,j =

{

2.001, i = j,
2, i+ 1 = j,

bi,j =

{

1, i = j,
10, i+ 1 = j,

bi,j =















1, i = j = 1,
0.001, i+ 1 = j = 2,
2, i = j ̸= 1,
0.002, i+ 1 = j ̸= 2,

respectively. In quadruple-precision arithmetic, the computed singular values
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by the dqd is as follows.



























σ1(B1) = 4.00051130686550× 100,
σ2(B1) = 3.99904534684389× 100,
...

σ99(B1) = 9.40106762784246× 10−2,
σ100(B1) = 3.19067259533378× 10−2,



























σ1(B2) = 1.09995522237261× 101,
σ2(B2) = 1.09982092254914× 101,
...

σ99(B2) = 9.00054946951601× 100,
σ100(B2) = 9.89999999999999× 10−100,



























σ1(B3) = 2.00199901409324× 100,
σ2(B3) = 2.00199605734307× 100,
...

σ99(B3) = 1.99800098785371× 100,
σ100(B3) = 9.99999833333097× 10−1.

Hereinafter, we regard them as the exact singular values. The matrix B1 does

not have any special feature with respect to the distribution of singular values.

While B2 and B3 have densely arranged singular values around 1.0× 101 and

2.0 × 100, respectively. The matrix B2 differs from B3 in that the condition

number is considerably large where the condition number is given by the ratio

of the maximal singular value to the minimal one. Figure 3.3 shows the

relative errors rk(Bj) = |σ̂k(Bj) − σk(Bj)|/σk(Bj) in the computed singular

values σ̂k(Bj) by not only the dLV∞ but also the dLV and the dqd in double-

precision arithmetic. The circles, the triangles and the crosses denote the

relative errors r1(Bj), r2(Bj), . . . , r100(Bj) in the cases where the dLV∞, the

dLV and the dqd, respectively. Table 3.1 describes the iteration numberN(Bj),

which is the minimal positive integer such that maxk w
(N(Bj))
2k in the dLV∞, the

dLV or maxk e
(N(Bj))
k in the dqd is smaller than the machine epsilon ε = 2−52,

the maximal relative errors rmax(Bj) := maxk rk(Bj) and the average relative

error rave(Bj) :=
∑100

k=1 rk(Bj)/100 in double-precision arithmetic.

It is obeserved that rmax(B1) is smaller than the product of N(B1) shown

in Table 3.1 and exp(3× 99× ε)− 1 estimated by Theorem 3.2.1 since exp(3×
99× 2−52)− 1 ≈ 6.6× 10−14. It turns out from Table 3.1 and Fig. 3.3 that the

noticeable difference of the relative errors do not appear, among the dLV∞, the

dLV and the dqd. With respect to the iteration number N(B1) in Table 3.1,

the dLV∞ and the dqd are better than the dLV. Similarly to the case of B1,
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Figure 3.3: Graphs of the subscripts 1, 2, . . . , 100 of the computed sin-
gular values σ̂1(Bj), σ̂2(Bj), . . . , σ̂100(Bj) (x-axis) and the relative errors
r1(Bj), r2(Bj), . . . , r100(Bj) in σ̂1(Bj), σ̂2(Bj), . . . , σ̂100(Bj) in double-precision
arithmetic. Circle: the dLV∞, triangle: the dLV and cross: the dqd.

in the case of B2, we can easily check that Theorem 3.2.1 holds. It is obvious

from Table 3.1 and Fig. 3.3 that the dLV∞ is slightly the best with respect

to the accuracy of the computed singular values of B2. More precisely, the

relative errors appearing in the dLV∞ are almost equal to those in the dLV,

and are explicitly different from the dqd, compared with the case of B1. With

respect to the iteration number N(B2), the dLV∞ is the same as the dqd, and

is better than the dLV. In the case of B3, the dLV∞ and the dLV generate

more accurate singular values than the dqd, and Theorem 3.2.1 is numerically

verified. The iteration number N(B3) in the dLV∞ algorithm is the almost

same as that of the dqd, and is smaller than that of the dLV.

Next, we numerically demonstrate Theorem 3.3.1 for estimating the relative

errors in the dLV∞ variables. In the case of B1, w
(1)
2k−1 for k = 1, 2, . . . , 100

and w
(1)
2k for k = 1, 2, . . . , 99 are exactly expressed in terms of w

(0)
2k−1 = 2.0012
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Table 3.1: The iteration number N(Bj), the maximal rmax(Bj) and the average
relative error rave(Bj) in the dLV∞, the dLV and the dqd in double-precision
arithmetic.

the dLV∞ the dLV the dqd
N(B1) 35151 37348 35151
rmax(B1) 5.3× 10−14 5.4× 10−14 5.3× 10−14

rave(B1) 1.4× 10−15 1.7× 10−15 2.3× 10−15

N(B2) 104789 105655 104789
rmax(B2) 8.3× 10−14 8.2× 10−14 8.6× 10−14

rave(B2) 4.5× 10−15 4.6× 10−15 1.0× 10−14

N(B3) 4520413 5648260 4520409
rmax(B3) 1.3× 10−11 1.6× 10−11 1.5× 10−11

rave(B3) 3.9× 10−13 4.8× 10−13 1.2× 10−12

for k = 1, 2, . . . , 100 and w
(0)
2k = 22 for k = 1, 2, . . . , 99 as follows.

w
(1)
2k−1 = 2.0012

(

2000

2001

)2k+2

− 1

(

2000

2001

)2k

− 1

,

w
(1)
2k = 22

(

2000

2001

)2k

− 1

(

2000

2001

)2k+2

− 1

, k = 1, 2, . . . , 99,

w
(1)
199 = 2.0012

(

2000

2001

)2

− 1

(

2000

2001

)200

− 1

.

Similarly, the exact values w
(1)
2k−1 for k = 1, 2, . . . , 100 and w

(1)
2k for k = 1, 2, . . . ,

99 are given by using the values of w
(0)
2k−1 for k = 1, 2, . . . , 100 and w

(0)
2k for

k = 1, 2, . . . , 99 in the cases of B2 and B3. Fig. 3.4 shows the forward errors

|ŵ(1)
k −w

(1)
k |/w(1)

k for k = 1, 2, . . . , 199, where ŵ
(1)
k denotes the computed value

by the dLV∞ similarity transformation in double-precision arithmetic. It turns

out from Fig. 3.4 that the forward errors in ŵ
(1)
k are sufficiently small. The
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Figure 3.4: Graphs of the subscripts 1, 2, . . . , 199 of ŵ
(1)
1 , ŵ

(1)
2 , . . . , ŵ

(1)
199 (x-

axis) and the relative errors in ŵ
(1)
1 , ŵ

(1)
2 , . . . , ŵ

(1)
199 (y-axis) after the dLV∞

similarity transformation. All the plots below the x-axis are omitted.

values of r
(1)
max(Bj) := maxk |ŵ(1)

k −w
(1)
k |/w(1)

k in double-precision arithmetic are

r(1)max(B1) = 1.7× 10−16, r(1)max(B2) = 1.4× 10−16, r(1)max(B3) = 1.3× 10−16.

This suggests that, in the cases of B1, B2 and B3, the forward errors in ŵ
(1)
k

for k = 1, 2, . . . 199 are smaller than 3mε = 6.7× 10−14 shown as in Theorem

3.3.1.
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Chapter 4

Toward Accurate Singular

Vectors of Bidiagonal Matrices

In Chapter 1, we give a brief explanation about the condition number of matrix,

by which we measure the condition of linear system Ax = b, where A ∈
Rm×m and x, b ∈ Rm. As a first step for obtaining more accurate singular

vectors from linear system (1.3), we discuss a preconditioner such that the

preconditioned system is more well-conditioned than the original system in

this chapter. More precisely, we confirm the behavior of the condition number

or extended condition number of coefficient matrix in preconditioning.

Though we assume that the coefficient matrix A of an original linear system

isM -tridiagonal, it is not required that A is symmetric, in this chapter. It aims

at applications of results in this chapter not only to singular vector computa-

tion but also to wider class of linear systems whose coefficient matrix is M -

tridiagonal. Actually, in the case when we solve linear systems with Richard-

son’s iteration, we do not need symmetry of coefficient matrix and the maximal

and minimal eigenvalue of coefficient matrix involves convergence.[31]. Thus,

we express the elements of A as (1.10).

This chapter is organized as follows. In Section 4.1, we explain of the

arbitrary-stride reduction method. Next, in Section 4.2, we clarify the row

and column permutations for transforming the M -tridiagonal matrix into a

tridiagonal matrix without changing the eigenvalues of the matrix. In Section

4.3, we define arbitrary-stride reduction in terms of a combination of 2-stride

reduction and row and column permutations. Using the findings of Wang et

al. [38], in Section 4.4, we describe a remarkable property of coefficient matri-

ces in linear systems involving their condition numbers or extended condition

numbers following stride reduction, and then present two numerical examples.
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4.1 Arbitrary-stride reduction

The 2-stride, 3-stride and 4-stride reductions for tridiagonal linear systems are

presented by Evans [10]. Thus, we will formulate the arbitrary-stride reduction

along the same lines. It is easy to expand this reduction to 2M -stride reduc-

tion for an arbitrary positive integer M . In this section, we define 2M -stride

reduction for transforming M -tridiagonal linear systems into 2M -tridiagonal

systems.

We consider theM -tridiagonal linear system Ax = y with a unique solution

x = (x1, x2, . . . , xm)
⊤ ∈ Rm and given y = (y1, y2, . . . , ym)

⊤ ∈ Rm. By

focusing on the (i−M)th, ith and (i+M)th entries of both sides of Ax = y,

we easily derive the following:

ci−Mxi−2M + bi−Mxi−M + ai−Mxi = yi−M , (4.1)

cixi−M + bixi + aixi+M = yi, and (4.2)

ci+Mxi + bi+Mxi+M + ai+Mxi+2M = yi+M . (4.3)

By multiplying both sides of (4.1) by −ci/bi−M and adding them to both sides

of (4.2), we derive

− ci
bi−M

ci−Mxi−2M +

(

bi −
ci

bi−M

ai−M

)

xi + aixi+M = yi −
ci

bi−M

yi−M . (4.4)

We note that the term with respect to xi−M does not appear in (4.4). Similarly,

it follows from (4.2) and (4.3) that:

cixi−M +

(

bi −
ai

bi+M

ci+M

)

xi −
ai

bi+M

ai+Mxi+2M = yi −
ai

bi+M

yi+M , (4.5)

which does not contain the term with respect to xi+M . Moreover, by adding

(4.4) to (4.5) and by subtracting (4.2), we obtain:

c̃ixi−2M + b̃ixi + ãixi+2M = ỹi,where (4.6)


































ãi = − ai
bi+M

ai+M ,

b̃i = bi −
ci

bi−M

ai−M − ai
bi+M

ci+M ,

c̃i = − ci
bi−M

ci−M ,

ỹi = yi −
ci

bi−M

yi−M − ai
bi+M

yi+M .

(4.7)
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From (4.6) and (4.7), we found that the M -tridiagonal linear system Ax = y

can be transformed into a 2M -tridiagonal linear system

Ãx = ỹ, (4.8)

Ã :=























b̃1 ã1
. . . . . .

c̃2M+1 b̃2M+1
. . .

. . . . . . ãm−2M

. . . . . .

c̃m b̃m























, ỹ :=











ỹ1
ỹ2
...
ỹm











. (4.9)

Since a stride of 2M appears in the subscripts in (4.6), this transformation is

referred to as 2M -stride reduction. The 2M -tridiagonal linear system Ãx = ỹ

can also be found by multiplying both sides of the M -tridiagonal linear system

Ax = y by a M -tridiagonal matrix with αi := −ai/bi+M and βi := −ci/bi−M :

S :=























1 α1

. . . . . .

βM+1 1
. . .

. . . . . . αm−M

. . . . . .

βm 1























, (4.10)

namely, SA = Ã and Sy = ỹ. It is noted here that S is nonsingular if bi ̸= 0

for i = 1, 2, . . . ,m and A is nonsingular.

Proposition 4.1.1. Let bi ̸= 0 for i = 1, 2, . . . ,m, A be nonsingular and D,

Ab be

D := diag
(

(−1)⌈ 1

M ⌉, (−1)⌈ 2

M ⌉, . . . , (−1)⌈m
M ⌉
)

,

Ab := diag (b1, b2, . . . , bm) ,

where ⌈·⌉ denotes the ceiling function. Then,

S = DADA−1
b

and S is nonsingular.

Proof. Let us now introduce an m-dimensional unit column vector ej whose

jth entry is 1. By considering the product A((−1)⌈j/M⌉ej), we obtain

A
(

(−1)⌈ j

M ⌉ej

)

= (−1)⌈ j

M ⌉A∗,j,
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whereA∗,j is the jth column vector of A. Moreover, by considering the product

((−1)⌈i/M⌉ei)
⊤(−1)⌈j/M⌉A∗,j, we derive

(

(−1)⌈ i
M ⌉ei

)⊤

(−1)⌈ j

M ⌉A∗,j = (−1)⌈ i
M ⌉+⌈ j

M ⌉Ai,j,

where Ai,j is the (i, j)th entry of A. For i = j − M , by taking into account

that ⌈x− i⌉ = ⌈x⌉ − i for arbitrary real number x and arbitrary integer i, we

have

(−1)⌈ i
M ⌉+⌈ j

M ⌉Ai,j = (−1)2⌈
j

M ⌉−1Aj−M,j = −aj−M .

For i = j, we have

(−1)⌈ i
M ⌉+⌈ j

M ⌉Ai,j = (−1)2⌈
j

M ⌉Aj,j = bj.

For i = j +M , by taking into account that ⌈x+ i⌉ = ⌈x⌉+ i for arbitrary real

number x and arbitrary integer i, we have

(−1)⌈ i
M ⌉+⌈ j

M ⌉Ai,j = (−1)2⌈ j

M ⌉+1Aj+M,j = −cj+M .

Let

D :=



















(

(−1)⌈ 1

M ⌉e1

)⊤

(

(−1)⌈ 2

M ⌉e2

)⊤

...
(

(−1)⌈m
M ⌉em

)⊤



















.
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Then, by recalling that Ai,j = 0 for i ̸= j −M, j,M + j, we observe that:

DA
(

(−1)⌈
j

M ⌉ej

)

=



















(

(−1)⌈ 1

M ⌉e1

)⊤

(

(−1)⌈ 2

M ⌉e2

)⊤

...
(

(−1)⌈m
M ⌉em

)⊤



















A
(

(−1)⌈
j

M ⌉ej

)

=













0

bj
0

−cj+M

0













,

j = 1, 2, . . . ,M,

DA
(

(−1)⌈
j

M ⌉ej

)

=





















0

−aj−M

0

bj
0

−cj+M

0





















, j = M + 1,M + 2, . . . ,m−M,

DA
(

(−1)⌈
j

M ⌉ej

)

=













0

−aj−M

0

bj
0













, j = m−M + 1,m−M + 2, . . . ,m.

Thus, by noting thatDA((−1)⌈1/M⌉e1 (−1)⌈2/M⌉e2 · · · (−1)⌈m/M⌉em) = DAD,

we find that:

DAD =























b1 −a1
. . . . . .

−cM+1 bM+1
. . .

. . . . . . −am−M

. . . . . .

−cm bm























,

DADA−1
b =































1 − a1
bM+1

. . . . . .

−cM+1

b1
1

. . .

. . . . . . −am−M

bm
. . . . . .

− cm
bm−M

1































= S. (4.11)

47



In order to show that S is nonsingular, we consider det(S). By taking into

account that det(D) = (−1)
∑m

i=1
⌈i/M⌉, namely, det(D) = −1 or 1, from (4.11),

we derive

det(S) = (det(D))2 det(A) det(A−1
b ) = det(A) det(A−1

b ).

Since A is nonsingular and bi ̸= 0 for i = 1, 2, . . . ,m, we see that det(A) ̸= 0

and det(A−1
b ) =

∏m
i=1(1/bi) ̸= 0. Therefore, we have det(S) ̸= 0, that is, S is

nonsingular.

The case when M = 1 in Proposition 4.1.1 corresponds to Lemma 2.1 in

[38].

4.2 Block diagonalization with tridiagonal

blocks

In this section, we show that the M -tridiagonal matrix A ∈ Rm×m can be

transformed into a tridiagonal matrix without changing the eigenvalues. More

precisely, we clarify that a similarity transformation for A leads to a block

diagonal matrix with M diagonal blocks that are all tridiagonal. It is expected

that P⊤AP for a permutation matrix P becomes not only tridiagonal but

also block diagonal. This is because A has (m − M) entries in the upper

band, m entries in the diagonal band and (m−M) entries in the lower band,

except at obviously zero-valued bands. The remainder of this section actually

presents a block diagonalization P⊤AP using a permutation matrix P . P⊤AP

is also called a symmetric permutation of A [13]. The block diagonalization

is similar to that given by Jia et al. [21] and Sogabe and El-Mikkawy [33],

but differs in the arrangement of diagonal blocks. Jia et al. [21] also made

use of block diagonalization to present an explicit formula for the inverse of

an M -tridiagonal Toeplitz matrix. Our research requires block diagonalization

to consider an equivalent transformation of 2M -stride reduction. It is worth

noting here that m = kM + ℓ = ℓ(k + 1) + (M − ℓ)k for some positive integer

k and some nonnegative integer ℓ. This suggests that M diagonal blocks can

be divided into ℓ diagonal blocks of order (k+1) and (M − ℓ) diagonal blocks

of order k.

Let us now introduce an m-dimensional unit column vector ej whose jth

entry is 1. By considering the product Aej, we obtain the jth column vector

of A, namely, Aej = A∗,j. Moreover, by considering the product (ei)
⊤A∗,j,

we derive the entry in the ith row of A∗,j, which is simply the (i, j)th entry
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of A, namely, (ei)
⊤A∗,j = Ai,j. Let Ej := (ej eM+j e2M+j · · · ekM+j) for

j = 1, 2, . . . , ℓ. Then, by recalling that A−M+j,j = a−M+j, Aj,j = bj, AM+j,j =

cM+j and Ai,j = 0 for i ̸= −M + j, j,M + j, we observe that:

(Ej)
⊤Aej = (Ej)

⊤A∗,j =















Aj,j

AM+j,j

A2M+j,j
...

AkM+j,j















=















bj
cM+j

0
...
0















, j = 1, 2, . . . , ℓ,

(Ej)
⊤AeiM+j = (Ej)

⊤A∗,iM+j =































Aj,iM+j
...

A(i−2)M+j,iM+j

A(i−1)M+j,iM+j

AiM+j,iM+j

A(i+1)M+j,iM+j

A(i+2)M+j,iM+j
...

AkM+j,iM+j































=































0
...
0

a(i−1)M+j

biM+j

c(i+1)M+j

0
...
0































,

i = 1, 2, . . . , k − 1, j = 1, 2, . . . , ℓ,

(Ej)
⊤AekM+j = (Ej)

⊤A∗,kM+j =















Aj,kM+j
...

A(k−2)M+j,kM+j

A(k−1)M+j,kM+j

AkM+j,kM+j















=















0
...
0

a(k−1)M+j

bkM+j















,

j = 1, 2, . . . , ℓ.

Therefore, by noting that (Ej)
⊤A(ej eM+j · · · ekM+j) = (Ej)

⊤AEj, we find

that:

(Ej)
⊤AEj = Tj, j = 1, 2, . . . , ℓ,

Tj :=















bj aj
cM+j bM+j aM+j

c2M+j b2M+j
. . .

. . . . . . a(k−1)M+j

ckM+j bkM+j















∈ R(k+1)×(k+1).

Moreover, let Ej := (ej eM+j e2M+j · · · e(k−1)M+j) for j = ℓ+1, ℓ+2, . . . ,M .
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Similarly, it follows that

(Ej)
⊤AEj = Tj, j = ℓ+ 1, ℓ+ 2, . . . ,M,

Tj :=















bj aj
cM+j bM+j aM+j

c2M+j b2M+j
. . .

. . . . . . a(k−2)M+j

c(k−1)M+j b(k−1)M+j















∈ Rk×k.

For i ̸= j − M, j, j + M , it holds that (ei)
⊤Aej = Ai,j = 0. This prop-

erty immediately leads to (Ei)
⊤AEj = O for i, j = 1, 2, . . . ,M with i ̸= j.

Thus, by letting P := (E1, E2, . . . , Eℓ, Eℓ+1, Eℓ+2, . . . , EM), we derive P⊤AP =

diag (T1, T2, . . . , Tℓ, Tℓ+1, Tℓ+2, . . . , TM). Since P is a permutation matrix for A,

it is clear that P⊤ = P−1. Taking this into account, we find:

P−1AP = diag (T1, T2, . . . , Tℓ, Tℓ+1, Tℓ+2, . . . , TM), (4.12)

which implies that the similarity transformation for A using the permutation

matrix P generates a block diagonal matrix with ℓ tridiagonal blocks of order

(k + 1) and (M − ℓ) blocks of order k.

4.3 An equivalent transformation

In this section, we describe the transformation from A to Ã = SA in a 2M -

stride reduction for the linear system Ax = y, in terms of the 2-stride reduction

with block diagonalization.

We begin by considering a linear system with the coefficient matrix given by

the similarity transformation by P for Ã, namely, P−1ÃP = (P−1SP )(P−1A

P ). It is worth noting that S is also M -tridiagonal. Therefore, along the same
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lines in Section 4.2, we easily derive:

P−1SP = diag(T1, T2, . . . , Tℓ, Tℓ+1, Tℓ+2, . . . , TM), (4.13)

Tj :=















1 αj

βM+j 1 αM+j

β2M+j 1
. . .

. . . . . . α(k−1)M+j

βkM+j 1















, j = 1, 2, . . . , ℓ,

Tj :=















1 αj

βM+j 1 αM+j

β2M+j 1
. . .

. . . . . . α(k−2)M+j

β(k−1)M+j 1















,

j = ℓ+ 1, ℓ+ 2, . . . ,M.

By combining (4.12) with (4.13), we obtain:

P−1ÃP = diag (T1T1, T2T2, . . . , TℓTℓ, Tℓ+1Tℓ+1, Tℓ+2Tℓ+2, . . . , TMTM). (4.14)

A linear system with the coefficient matrix P−1ÃP can be regarded as a

union of M linear systems. The 2-stride reduction is applicable to each of

the smaller linear systems. Let B be the coefficient matrix in the resulting

linear system after 2-stride reduction for each smaller linear equation. It is

remarkable that Tj differs from Tj only in the symbols of the tridiagonal entries.

This is the same relationship that S has to A with M = 1 and m = k, k + 1.

Thus, TjTj is also given by 2-stride reduction for the linear system with the

coefficient matrix Tj. Using (4.14), we find P−1ÃP = B. Therefore, we

conclude that Ã can be derived using the similarity transformation by P for

B, namely, Ã = PBP−1. See also Figure 4.1 for the relationship of coefficient

matrices.

4.4 Extended condition numbers of coefficient

matrices

In this section, with respect to extended condition numbers, we investigate an

interesting property of coefficient matrices in linear systems appearing in the

stride reduction method.

We consider the case where A is positive definite. It is clear that Λ(A) =

Λ(P−1AP ), where Λ(·) denotes the set of matrix eigenvalues. Using (4.12), we
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Figure 4.1: Coefficient matrices in the 2M -stride reduction and its equivalent
transformation.

obtain:

Λ(A) =
M
∪

j=1

Λ(Tj), (4.15)

which implies that every Tj is also positive definite. Let us assume that all

pairs of symmetrical parts in A have the same signs, namely, aicM+i > 0 for

i = 1, 2, . . . ,m−M . Then, by observing the entries of every Tj, we can see that

they have the same sign as appearing in the entries of A. We recall that TjTj

is the coefficient matrix in the resulting linear system after 2-stride reduction

of a linear system with the coefficient matrix Tj. Thus, according to Theorem

2.4 given by Wang et al. [38], any eigenvalues of TjTj, denoted by λ(TjTj),

satisfy

min(Λ(Tj)) < λ(TjTj) < max(Λ(Tj)), j = 1, 2, . . . ,M, (4.16)

where min(Λ(·)) and max(Λ(·)) denote the minimal and maximal elements of

Λ(·), respectively. From (4.15) and (4.16), it follows that

λmin(A) < λ(TjTj) < λmax(A), j = 1, 2, . . . ,M. (4.17)
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As shown in Section 4.3, it holds that Ã = PBP−1 forB = diag(T1T1, T2T2, . . . ,

TMTM). This similarity immediately leads to Λ(Ã) = ∪M
j=1Λ(TjTj). By com-

bining this with (4.17), we develop the following theorem for the relationship

of λ(Ã) to λ(A).

Theorem 4.4.1. Let A ∈ Rm×m be an M -tridiagonal matrix and let Ã be

the 2M -tridiagonal matrix obtained through 2M -stride reduction of the linear

system Ax = y. If A is positive definite and has the same sign in each pair of

symmetric entries, it holds that:

λmin(A) < λ(Ã) < λmax(A). (4.18)

In other words, the extended condition number of Ã is smaller than that of A.

Here, we take notice of the entries ãi and c̃i+2M for i = 1, 2, . . . ,m − 2M

in Ã under the assumption that aici+M > 0 for i = 1, 2, . . . ,m − M in A.

By recalling that ãi = −aiai+M/bi+M and c̃i+2M = −ci+Mci+2M/bi+M for i =

1, 2, . . . ,m− 2M , we easily derive

c̃i+2M ãi =
(ci+2Mai+M)(ci+Mai)

(bi+M)2
> 0.

This positivity implies that Theorem 4.4.1 also holds in 4M -stride reduction of

the linear system Ãx = ỹ. Moreover, it is clear from (4.7) that the symmetry

of Ã follows that of A in the 2M -stride reduction of the linear system Ax = y.

Thus, in the sequence of stride reductions, the ratios of maximum to minimum

eigenvalues of the coefficient matrices are simply the condition numbers of the

matrices if A is symmetric. Therefore, the condition number or the extended

condition number of a coefficient matrix monotonously decreases when stride

reductions are recursively applied to the linear system Ax = y, if A is a

tridiagonal positive-definite matrix with aici+M > 0 for i = 1, 2, . . . ,m−M .

We present two examples by which we numerically verify the condition

numbers or the extended condition numbers of coefficient matrices in the

stride reduction method. In an original linear system Ax = y, let us con-

sider two cases where A is a symmetric tridiagonal matrix of order 59 with

ai = ci = −15.03759398496241 and bi = 31.07518796992481, and where A is a

5-tridiagonal matrix of order 100 with ai = −4, bi = 8, and ci = 1. The former

case appears in implicit schemes for solving models of one-dimensional heat

conduction with respect to homogeneous materials [41] and the latter is an ex-

ample given by Jia et al. [21]. Moreover, let A(n) denote the coefficient matrix

of the resulting linear system after stride reductions have been performed n
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Table 4.1: Condition numbers of coefficient matrices after stride reductions of
an original linear system with a symmetric tridiagonal coefficient matrix.

Iteration number n Matrix form of A(n) Condition number of A(n)

0 tridiagonal 58.69012794456805

1 2-tridiagonal 15.17679164630569

2 4-tridiagonal 5.616092489770868

3 8-tridiagonal 3.162913589084670

4 16-tridiagonal 2.544195550363177

Table 4.2: Extended condition numbers of coefficient matrices after stride
reductions of an original linear system with a 5-tridiagonal coefficient matrix.

Iteration number n Matrix form of A(n) Extended condition number of A(n)

0 5-tridiagonal 2.955816794797333

1 10-tridiagonal 1.321685342470923

2 20-tridiagonal 1.087052791446233

3 40-tridiagonal 1.077378827066963

4 80-tridiagonal 1.077350269185423

times on the original linear system Ax = y where A(0) = A. Tables 4.1 and 4.2

show the matrix forms and condition numbers of the former A(0), A(1), A(2),

A(3), A(4) and the matrix forms and extended condition numbers of the latter

ones, respectively. From Tables 4.1 and 4.2, we verify that, as n grew larger,

the nonzero off-diagonal entries of A(n) move away from the diagonal entries,

and the condition numbers or the extended condition numbers of A(n) became

smaller.
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Chapter 5

Concluding remarks

The main results we have through the thesis, research associated with them

and prospect of future work are summarized as follows.

In Chapter 2 [A1], the m2dLVs transformation which is algebraically equiv-

alent to the mdLVs transformation is introduced and we have shown that the

m2dLVs transformation is numerically stable. Also, we have estimated the rel-

ative perturbations of the singular values and obtained an upper bound of the

forward errors, in the m2dLVs transformation. After seeing the some results

in [A1], Takata et al. has presented a new shift strategy in the m2dLVs algo-

rithm, showed that the new algorithm accurately computes singular values of

bidiagonal matrices and given an example which shows the m2dLVs algorithm

more accurately computes singular values than the dqds algorithm [37].

In Chapter 3 [A2], we have derived a new transformation, the dLV∞ simi-

larity transformation from the dLV system as the limit δ(n) → ∞, and shown

that the dLV∞ similarity transformation is applicable to singular value compu-

tation for bidiagonal matrices. Then, we have shown numerical stability and

forward stability of the dLV∞ similarity transformation, and estimated the rel-

ative perturbations of singular values and the forward errors of the variables

appearing in the dLV∞ similarity transformation. Since computational com-

plexity of the dLV∞ similarity transformation is less than that of the original

one, from the point of view that numerical errors accumulate, the pertur-

bations of singular values in the dLV∞ similarity transformation is slightly

smaller than those in the original one in the absence of the overflow and the

underflow. Actually, we have given some numerical results which show that

the dLV∞ similarity transformation is slightly better with respect to the accu-

racy of the computed singular values than the original one. However, we also

have obtained some numerical results which show that the dLV∞ similarity

transformation is better with respect to the accuracy of the computed singular
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values than the dqd transformation though the dLV∞ similarity transforma-

tion is algebraically equivalent to the dqd transformation. The author might

work on this reason in future. Also, in order to accelerate the convergence, the

author will introduce a shift of origin into the dLV∞ similarity transformation

and confirm its numerical stability.

In Chapter 4 [A3], we have shown that a preconditioned linear system

Ãx = ỹ is derived from the original system Ax = y by 2M -stride reduction,

and the extended condition number of Ã becomes smaller than that of A if A

is positive-definite. It implies that the condition of the precondition system is

improved than that of the original system by 2M -stride reduction. In addition,

since M -tridiagonal matrix is block diagonalized by the appropriate symmetric

permutation and all of the M block matrices are tridiagonal, we can apply the

symmetric permutation to parallel computation for solving each block linear

system. 2M -stride reduction is useful for increasing the number of block ma-

trices. Moreover, from the main results in Chapter 4, we see that S shown

in (4.10) and the permutation matrix P shown in Section 4.2 are applicable

to the left preconditioner ML and the right preconditioner MR to the original

system (1.3). More precisely, in matrix expression, the preconditioned system

is written as follows.

(PN)
−1SN · · ·S2S1APN((PN)

−1x) = 0,

where Sk is nonsingular matrix which operates 2kM -stride reduction for k =

1, 2, . . . , N and PN is the permutation matrix which block diagonalize 2NM -

tridiagonal matrices by symmetric permutation. Therefore, we can expect that

the computed singular vectors become more accurate by applying the MR3

algorithm or the twisted factorization based on the dLV type transformation

to the preconditioned system.

However, seen from the point of view that accuracy of the MR3 algorithm

depends on the relative gaps of Ã, we need to discuss the relation between the

distribution of eigenvalues of A and that of Ã. Moreover, in singular vector

computation, in general, it does not guarantee that the coefficient matrix of

the linear system (1.3) is positive-definite. Hence, we also need to confirm

the behavior of the condition number in 2M -stride reduction in the case when

A is not positive-definite, in order to estimate the condition of the precondi-

tioned system. The author will treat it and the behavior of the distribution of

eigenvalues and the condition number in 2M -stride reduction, in future work.
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