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Differential Operators and Congruences

for Siegel Modular Forms of Degree Two

% T R ’fji)ﬁi %%U ( Takakazu Satoh )

1. Introduction

We study congruences between Siegel modular forms of different

weight by using differential operators in case of degree two,

As an example, we have the following congruence between eigen-
(3

values of Hecke operators T(m) on 120 (see §3 for definition)

and on the Eisenstein series [A1a] attached to A18:

(3

N(m, X0 = mA(m,[A,, 1) mod 7,

which was conjectured in Kurockawa [7]., In case of clasgical
elliptic modular forms, such congruences were studied by
Serre [12] and Swinnerton-Dyer [141. We denote by Mk(rn)
(resp. Sk(Fn), M:(Fn)) the C-vector space of holomorphic Siegel
modular forms (resp. holomorphic cusp forms, Cm—modular forms)ﬁ
of degree n and weight k. Let Hn be the Siegel‘ upper halé

plane of degree n and Z=(zjk} be a variable on Hn. We put:

Y = é%(z-f), For feM:(Fn), 1et'f(Z)=Za(T,Y,f)qT‘be its Fourier

expansion where qT=exp(2niTrCTZ)) and T runs over all half-
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integral matrix. If f ieg holomorphic, we write a(T,Y,f) as
al(T,f) in short since it is independent from Y. Usually

£eM (I ) is written in the form £(z)=ga’(T, v, £)et TH(TX) =

but
it is convenient for our purpose to write as the former. For a
subring R of C, we denote by Mk(Fn)R the R-gubmodule of Mk(rn),

whose element has Fourier expangion with coefficients 1in R.

Further we put Sk(Fﬂ)R = Mk(Fn)RﬂSk(Fn)=

We remark that there remains much to be done to obtain
systematic resﬁlts as the elliptic modular casge treated by
Serre [12] and Swinnerton-Dyer [14]1, including the study of (-

adic representations attached to Siegel modular forms,

2. Statement of results

d _ 3 . _ _ -1
We put 3z = [cjk azjk} with Cryp T 1 for j=k and v % for
jtk. For integers rz0 and k, we define differential operators
on a C -function £(Z) on H_ by
kB k=25
By nE=IY] lafl Y] £
and
r.oo_
8k,n_8k+2r—2,n 8k+2,n8k,n'
We shall omit subscript n when there is no ambiguity. We
understand that Si is the identity operator. These differen-
tial operators vere studied by Maasg [817. By
. . .r @ ] g R
Harris [4, 1.5.317, Sk maps Mk(Fn) to Mk+2rfrn). If £ is a
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non-zero eigen function of all Hecke operators, we call £ an
eigen form. For each integer m21, T(m): Mk(Fn) > Mk(Fn)
denotes the m~-th Hecke operator. We denote the eigenvalue of

T{m) hy A(m,£f), The operator & has the following properties.

(1) Let feMk(F“) be a non-zero holomorphic modular form., Then
5.f # 0 for 2kzn and & f = 0 for 2k<n. Note that f is
necegsarily a gingular form in the latter case by Resnik-

“off [10, Theorem 6.41.,

(2) If feMt(Fn> is an eigenform and 8:f¢0, then 8:f ig alse an
eigen form, As for eigenvalues, we have

l(m,BZf) = mnrk(m,f). (The same 1is true for arbitrary

double cosets.)
We note a proof of the following congruences:

A(m,Xiﬂ)

n°Aln,p,> mod 5 (2.1)

and

2
A(m,114) mAlm,X,,) mod 23. (2.2)

Here we use usual notation for special elements of Mkcrz) as

follows: wkeMk(rz) is (Siegel’'s) Eisenstein series of weight k.

1 1/2 .
Let § = [1/2 . }. For k=10,12,14, we denote by X, the cusp
form of weight k normalized ask a[S,4X10] = -1, a[S,iEXlZ] =1
and a[S,4X14} = -1, It is known by Igusa [5, Theorem 11 that

XkeSk(Fz)Z for k=10, 12 and 14. Using
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we abtain

20 ¥ = 27.3.7. 75 L
2¢484@4 27:3-7 4X10 788 15%g -
i0._.4
23 % . _ 23 « B2 ol 0q% ~
13 9.0, 0, 14 90,9, = "2 34X 4 5 81212112—288812£A12]
where gk = (2ni)_n8k and [A,,] is the Eisenstein series
attached to the elliptic cusp form A,,. Noting uniguenesge of

Fourier coefficients we have

- 59 1
-2 S alT, e, )T, lalT, 0,0 = 2 -3-7a(T,4X10)—7!T§a[T,15¢B}

T 4T, =T
and
23 % T |{~1a(T ¢ YalT. ¢ )—La(T. ¢ da(T. .o )]
el 2 33 17786 2’786 14 12787 2+" 4
T 4T =T |
170
21034

8 .2
= -2 3 alT, 4x, O+ 5 [Tla(T, 12X, ,)-288|Tja (T, [A,, 1),
We note congruences

7a(T,[A12]) = 0 mod 23 for T>0 and 23f}2T|

which is proved by Bocherer [2, Satz 5(a)]. Here we note that
7a(T,[A12]) € Z for all T>0, In »addition, by

Maass [9, Satz 11, we see that

a(T,4X10)

1]
3
¢}
—
-3
|-
[—
]
[}
Q.
(93]

a(T,4X14) = 14!T!a(T,12X12) mod 23,



for all T>0., Noting explicit action of Hecke operators on
Fourier coefficients of holomorphic modular forms obtained by

Andrianov [1, (2.1.,11)3, we have (2.1) and (2.2).

Up to now, the lack of knowledge on non-holomorphic modu-
lar forms preventg the author from proving further congruences
by the above method, To avoid this difficulty, we make use of

holomorphic projection defined by Sturm [13], We put

) N oty 1 1 - 1
U = { X = (xjk} € M(n,R) X = 7X, 5 < X £ 5 for 1527, kEn I,
v = { y = [yjk] e M(n,R) | ¥ = Sy, v>0 }
and dX = ] dxjk, dy = [ dy,, . We put
i<k i<k
P (f) = § P(w,T,a(T.Y,£))q",
T™>0
where
J a(T,Y,f)e_4nTr(TY)lYIw_l—ndY
P(w,T,a(T,Y,£)) = —V
j e—4nTr(TY)!th—1fndY
v

and T runs over all half-integral positive definite matrices of

size two. Then, Pw(f) belongs to the fing of formal power
, =1 , _ ,

series C[qjk'qjk][[qjjjjlgj,kgn where,qjk-exp(anzjk). Assume

moreover that w>2n and that f is of bounded growth, namely,

f r
} J FEx+ivd 1YY T e PTr Y gvax < »
v
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for any positive constant p. Then, Pw(f) converges for all
ZeH and it is a holomorphic cusp form of weight w. (See

Sturm[13, Theorem 11.)

In what follows, we treat degree two case. For complex numbers
a and B, we put

cla B

I3

)-{a(a~1),,.(5+1)8 if a-8 is a non-negative integer,

otherwige,

and

a[a—%}...{5+%]ﬁ if 2¢(a-B) is a non-negative integer,

1 otherwise.

Theorem 1. Let R be a subring (not necessarily contain-

ing 1) of C satisfying iRCR. Let feM, (T, ), and geM,(r,)  with

k+2>4., Suppose that 1 is an ideal of R satisfying

(1) %ch

(2) a(T,g) € I for all T#0.

’

Let s be a non-negative integer and t be a positive integer,

We put r=s+t and w=k+8+2r, Then for any positive integer m,

(2ni)_2rga{mE,Pw[éiffagg}}—vmzra(mE,fg)
belongs to (2w-2r-3)I, where §=e(w—3,w—r—2)é w—é,w—r—g and
, , 2 2)
v=n[k+s—1,k—%}n[9+t—1,n—%}.

Theorem 2. Let feMk(Fz) and geM (Fz) with w>4  where

?

k+0=w. Let s and t be non-negative integers. Then we have the
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following:

(1) Bif-ﬁgg is of ‘bounded growth for s+t23,. Especially,
S g a2 3
Pw+zs(98kf) belongs to uw+25(1‘2) for s23,
(2) If at least one of f and g is a cusp form, then 8§f~8§g is
of bounded growth for all s, t20,
(3 Pw+2(gakf+faﬁg) belongs to Sw+2(F2) where
3 -1, .
a:=e[k+r—§,k—§} ol. Especially, P2k+2(f8kf) belongs to
Sy ke Ty e
2 2
(4) Pw+4(gak f+28kf'aﬁg+faQ g) belongs to Sw+4(F2).

Theorem 3, Let K be an algebraic number field, OK bhe its

ring of integers, p be its prime ideal not dividing the

ideal (2), and R be the localization of OK at p. Let

( ] ] - -
feMW_zr.Fz) and geSw(F be eigenforms with 4<w-2r<w, Sup

R Z)R
pose that all the following conditions (1)-(6) are satisfied:

(1) There exist positive integers m ., m such that

1’

N e (l(mi,fj)} 40 modp

1£1, j¢n

where n=dim SW(FQ) and {f1""'fn} is an eigen basis of
SWCFZ) and L 1is the composite field of K and

QA (m, £ )[m21) for j=1,...,n.
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(2) There exist a positive integer e and 28 (s21) modular

forms h eM

1 €My 2 R’ 5 € r,»n with

1,t 2,t
k1 t+k2't=w~2r, riit%O, r2,t%1 and r1't+r2't=r for
t

=1,...,8 such that

s
alnE,f) = a{mE, >

h, .h } mod p°
t=1

£ e72 ¢

for all m21, where

Vy T "{kl,t+r1,t“i'kl,t“%}”{kz,t+r2,t'1'kz,t'%ﬁ‘

(3) pe divides (2w-2r-3)I where I is the ideal of R generated

by a(T,h > for T20, T#0 and t=1,...,s.

2.t
(4) a(E,f) = a(E,g) mod p° and a(E,f) # 0 mod p.

2r

(5) m, A(mi,f) = A(mi,g) mod pe for i=1,...,n.

r r
1.t "2,t
k hl't-ak2 th2,t belongs to Sw(Fz).

P, 0
1,t

s
(6) z

t=1

Then we have:

mzrx(m,f) = A(m,g) mod pe for all m21.

J. Examples.

We have some congruences between Siegel modular forms of degree
two and different weight by using Theorem 3. Let - ® be the
Siegel ®-operator. For an eigen form feMk(Fi), there is a

unique eigen form [fJeMk(Fz) such that o&[fl=f, Let o, he
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saito-Kurokawa lifting M, _, (T )M (T, ). Let SiICTO) be the

orthogonal complement of ok(SZk_zcri)) in Sk(Fz) with respect
to the Petersson inner product. We may call an element of
siI(Fz) a generic form since it does not lie in the image of
Eigsenstein lifting and Saito-Kurokawa lifting, The modular

(3)_II

. 2 2
form XZO eSzD(Fz) defined by 4Xln¢4w 12% ?, +28569600X10 has

g 12
the minimal weight 20 among generic forms. (See
Kurokawa [6, §5]1.) By using Theorem 3, we have the following

congruences.

Theorem 4. The following congruences hold for all m21:

xc@,xgg>> = mzi(m,EAiel) mod 7,
A(m,XiB) = mzl(m,ws) mod 5, (%)
Nmx,,) = m'Alm,e, ) mod 17,
A(m,X, ) = m A(n,g,) mod 19.

Remark. In the proof of (%), we wuse Theorem 3 with slight

modification.

As to the congruences, we can make the following interpre-
tation. For an eigenform feMk(Fn), let QCf) be‘ the extension
of Q generated by eigenvalues of all Hecke operators on f.
Then, Q(f) is a finite extension‘of Q. For a prime ideal 1 of
Q(f) lying above a rational prime £, we denote by Q(f)1 the 1-
adic completion of QC(£f) and by Z(f)l the integer ring of Q(f)l.
Let 6 be the algebraic closgure of Q. For each eigenform

feMk(Fn), assume the existence of an l-adic representation
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p s Gal(Q/Q) -~ GL(Qn,Z(f)l)

attached to f in the (naturally generalized) sense of

Deligne [31 and Serre [12, 111. Let feSk(Fn) and geMJ(Fn) be

eigenformes where k=j+2r with a non-negative integer r. For
gimplicity, we assume Q(£)>Q(g)., Then a congruence
Am,£) = m Alm,g) mod 1°

can be ascribed to

p1<£) = XQ ®p1(g)

where 5 denoteg the reduction modulo 1€ of a representation p
and XQ is the cyclotomic f-adiec character. In other words, 1
would be an exceptional prime for f. Similar to Serre [121, we
can expect that 0£2k for r>0. Moreover, a prime ideal 1 divid-

ing (k+j)-(n+1) ig likely to induce such congruences. It seens

nr

natural to work with the operator & since pl(6:f) = XQ ®plff)

(cf. p. 302,
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