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Abstract

The energetic ion losses in the rippled tokamaks are studied in this thesis. Since the
orbits of the energetic ions depend on the magnetic field structure, the field component
generated by the equilibrium plasma current also alters the energetic ion losses. These
effects are called finite beta effects. The physical mechanism of the finite beta effects
should be clarified especially in the high-beta rippled tokamaks.

This research can be separated by two parts: the magnetohydrodynamics (MHD)
equilibrium calculation and the orbit calculation. Firstly, the MHD equilibrium should
be calculated to clarify the finite beta effects on the field structure. Secondly, the orbit
calculation should be performed using the MHD equilibrium field. Since there are a
wide variety of the calculation codes and they all have their distinctive characteristics,
the conditions and situations should be treated carefully. This thesis consists of seven
chapters.

In Chapter 1, the introduction is described. The energetic alpha-particles are produced
in the Deuterium-Tritium (DT) fusion reaction and they induce a lot of phenomena and
problems. Especially, the confinement of the alpha particles is one of the most important
issues to achieve the fusion reactor. The energetic ion losses are increased in the rippled
tokamaks, when it is compared to the axisymmetric tokamaks. Not only the energetic ion
confinement, but also other physics such as the plasma instability and the alpha heating
are shown in this chapter.

In Chapter 2 and Chapter 3, the basic theories are described. The MHD equilibrium
equation is finally derived from the Kilmontovich equations in Chapter 2. The MHD
equilibrium calculation codes are introduced in Appendix A such as the VMEC code,
the HINT code and the Grad-Shafranov equation. The orbit equations of the energetic
ions in the rippled tokamaks are described in Chapter 3. Due to the non-axisymmetric
field component, the new kinds of the orbits should be taken into account such as the
banana drift, the ripple resonance and the deeply ripple-trapped particles. These trapped
particles are easily affected by the magnetic field contour line. Since the diamagnetic
effect strongly alters the field contour in the high-beta plasmas, the finite beta effects are
quite important for the confinement of the energetic ion losses.

In Chapter 4, the finite beta effects on the magnetic field structure and the orbits
of the energetic ions are clarified. To investigate these issues, the MHD equilibrium is
calculated using the VMEC code in an ITER-like plasma and the orbit of the energetic
ions are calculated using the GCB code. The finite beta effects on the ripple ratio are
categorized by two parts: the axisymmetric and the non-axisymmetric finite beta effects.
In the center of a plasma, both effects increase the ripple ratio. While, the axisymmetric
finite beta effect decreases the ripple ratio at the outer torus. The decrease of the ripple
ratio by the axisymmetric finite beta effect is strongly larger than the increase of it because



of the non-axisymmetric finite beta effect. Therefore, the finite beta effects increase the
ripple ratio in the center of a plasma and decrease it at the outer torus. The diamagnetic
effect reduces the field strength and alter the field contour structure. It significantly bends
the field contour line in a high-beta plasma and produces two opposing effects: 1) the
reduction of the energetic ion losses due to the closed field line contour and 2) increase of
these losses due to the field contour line bending effect.

In Chapter 5, the problem of the VMEC code about the calculation region is resolved.
The full three-dimensional (3D) MHD equilibria can be easily obtained by the VMEC
code, while the calculation region is limited to the inside plasma region because the flux
coordinates are used in this code. However, the equilibrium magnetic field between the
plasma boundary and the first wall is required to quantitatively evaluate the energetic
ion losses. In this study, the field calculation code, which is based on the Biot-Savart law
using the VMEC results, is developed. The computation accuracy of the field component
obtained by this method is sufficiently high; it is less than 0.3 % in the plasma boundary.

In Chapter 6, the finite beta effects on the energetic ion losses are quantitatively
evaluated. The MHD equilibrium is calculated using the VMEC code and the orbits of
fusion alpha particles are followed by using the fully three-dimensional magnetic field
orbit-following Monte Carlo code. In the relatively low-beta plasmas, the changes in the
magnetic field component due to the plasma current negligibly affect the confinement of
the alpha particles except for the Shafranov shift effect. However for the high-beta plas-
mas, the diamagnetic effect reduces the magnetic field strength and significantly increases
the alpha particle losses. In these high-beta cases, the non-axisymmetric field component
generated by the equilibrium current also increases these losses, but not as effectively as
compared to the diamagnetic effect.

In Chapter 7, the conclusions are shown. Finally, the summary of the important
results are briefly shown by a run of the item.
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Chapter 1

Introduction

1.1 History of the research

Nuclear fusion power is a fascinating energy to resolve the energy problems because there
are huge amount of resources in the world. In addition to that, the fusion energy is
assumed as a clean energy since the carbon dioxide (CO;) is not emitted in the fusion
reaction.

There are several kinds of nuclear fusion reactions such as Deuterium-Deuterium (DD)
reaction, Deuterium-Helium reaction and Deuterium-Tritium (DT) reaction. Because the
DT reactions have the most efficient rate in a relatively low temperature plasma, it is
expected to use for the nuclear fusion reactor. The energetic alpha particles are produced
in the DT reactions:

D+ T — «a (3.5MeV) +n (14.1MeV). (1.1)

The fusion alpha particles heat the plasma and alter the magnetrohydrodynamics (MHD)
equilibrium. Moreover, these particles might damage the reactor wall if they hit the wall.
Since the alpha particle physics is quite important to achieve the fusion reactor, a lot of
researches have been performed until now.

To generate the fusion reaction, the DT plasmas should be heated. Due to the external
heating, the fusion reaction can be occurred over 10keV plasma and the energetic alpha
particles are produced in this reaction. There are mainly two methods to heat the plasma
externally: the radio-frequency (RF) heating which supplies energy by the electromagnetic
wave and the neutral beam injection (NBI) heating which gives energy by the Coulomb
collision of the energetic ions. Fusion energy gain factor () which is the ratio between the
total fusion energy (e.g., 17.6MeV for the DT reaction) and the external heating energy.
Because the power-generating plant is not meaningful when the @) is not less than unity,
Q = 1 is one of the criterion conditions for the power plant. According to the experimental
data of the Joint European Torus (JET) in the European Union (EU), @ = 1 can be
achieved in the DT plasma which consists of 50% Deuterium and 50% Tritium. While,
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the high @ is needed to increase the economical efficiency in the fusion reactors. Since the
neutrons have the high penetrating power and do not interact with the DT plasma, they
could not give energy to the plasma. Whereas, the energy of the fusion alpha particles can
be used to heat the DT plasma. This heating process is called alpha heating. By using
the alpha heating instead of the external heating, () value can be increased. Although
the external heating should be zero to ultimately achieve the self-ignition condition (i.e.,
() — 00), it is not always necessary for the realistic fusion reactor. It is said that ¢ should
exceed 20 to keep the economical efficiency comparing to other power plants [1]. In the
future experimental reactor International Thermonuclear Experimental Reactor (ITER),
Q is expected to exceed 10 for I5MA scenario and 5 for 9MA scenario. ITER is a tokamak
fusion reactor which is conducted by seven member entities: the EU, India, Japan, China,
Russia, South Korea and the United States. ITER is constructed in Cadarache, France,
but Japan also intend to support with the investment, the procurement of experimental
instruments and the dispatch of a lot of researchers. The past experimental devices could
not continuously generate the fusion energy and the maximum momentary value was only
16MW in the JET in 1997. While ITER is expected to generate 500MW output and it
will become the first fusion reactor around the world. This experiment is also expected
to clarify high energetic alpha particles physics. Not only the experimental research, but
also the theoretical study and the numerical analysis can help to understand the alpha
particles physics. In this section, the three kinds of theoretical research about the alpha
particles can be introduced: (1) the instability of plasma due to the alpha particles, (2)
the alpha heating and (3) the fusion alpha particle losses.

Since the fusion alpha particles have high energy (3.5MeV), they can easily exceed the
Alfven velocity (i.e., va = B(2popm)~/?). Therefore, the instability with respect to the
Alfven wave can be emerged. As can be seen in the example of NBI ions, the fish-bone
instability can be observed when the energetic ion losses keep in phase with the MHD
wave oscillation. When the fusion reactions resonate with the oscillation of the magnetic
field, the fish-bone instability can be also happened by the fusion alpha particles.

The toroidicity-induced Alfven eigen-mode (TAE) is also important as a new kind of
the long-wavelength instability. This instability can be found when the untrapped alpha
particles have the same order of the velocity with the Alfven velocity. Although, the shear
Alfven wave usually has the continuous spectrum, the hole of the wave-frequency spectrum
exists in the torus-system. If the resonant frequency correspond with the spectrum gap,
the Alfven wave could not be decayed by the continuum damping and the TAE instability
appears. Since the TAE instability depends on the shear Alfven velocity, the growth
rate depends on the safety-factor value and the plasma current. Therefore, the plasma
instability can be controlling by the plasma current.

Since the alpha particles have the electric charge, they transfer their energy to the
plasma through the Coulomb collisions. This energy affects on the fusion energy gain
factor ) which determines the performance of the fusion reactor. Unless the particles do
not hit the reactor wall, they give the kinetic energy to the plasma until they reach to
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the thermal energy. The slowing down time is the characteristic lost time for the target
ions. It is proportional to Ti?’/ % and inversely proportional to n., where 7; is the energy
of ions and n, is the density of electrons, respectively. If n. = 1.02° m3 and the energy of
alpha particles T; = 3.5 MeV, the slowing down time 7, for fusion alpha particles becomes
approximately 0.1 s. Therefore, the fusion alpha particles should be confine for 0.1 s to
successfully obtain the energy from them.

The physics of alpha particle losses can be categorized whether the Coulomb collisions
and the non-axisymmetric field component are included or not. In the axisymmetric
tokamaks, since the toroidal component of the angular momentum can be conserved during
the collisionless process, the projections of the trapped particles are completely closed
on the poloidal cross-section. Therefore, most of energetic particles can be successfully
confined in the axisymmetric tokamaks. However, the alpha particles, which are generated
near the plasma surface, may lose their energy during the one-bounce time because of the
large width of the banana orbit. This loss process is called first-orbit loss. Since the birth
rate of the fusion alpha particles depends on the plasma pressure, only a few particles
are generated around the plasma surfaces. Although the number of the first-orbit loss
particles is not so many, the lost energy of one particle is high and it can damage the
first wall significantly. Figure 1.1 shows the loss region of the first-orbit losses of the
alpha particles in a circular tokamak [2]. The particles are deeply ripple-trapped by the
TF ripples around v ~ 0 and other region is caused by the first-orbit loss. The loss
region spreads over a wide area especially in Fig. 1.1 (a). However the alpha particles are
generated near the plasma core and the banana-width for a D-shaped tokamak is smaller
than that for a circular tokamak. Therefore, the effect of the first-orbit losses is not so
significant for the fusion alpha particles.

If the TF ripples are taken into account in the tokamaks, other loss process can be
found. In the non-axisymmetric systems, the toroidal component of the angular momen-
tum is not conserved and the sum of VB drift between the up-path and the down-path is
not canceled. As the result, the orbit of a banana particle is not closed in the one-bounce
time and the orbit may become ergotic even if the Coulomb collisions are ignored. The
idea of the ergotic banana particles in the TF ripples was proposed by R. J. Goldsone in
1981 [3]. They experientially found the conditions that the banana orbits become ergotic
in the circular tokamak. If the ripple ratio is larger than the GWB critical ripple ratio

dGwB;

1
(N7g/e)*?pdg/dr’

0 > dgwp ~ (12)

these particles become ergotic and lose their energy. Where N is the number of TFCs, ¢ is
the safety-factor value and p is the Larmor radius. Figure 1.2 shows the collisionless ergotic
region in the circular tokamak. The dotted line shows the analytical solution obtained
by the GWB condition and the solid line shows the numerical solution [2]. Especially
at the outside of the torus, the numerical solution does not correspond with the GWB
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analytical solution. Therefore, the GWB condition is only rough estimation. When the
banana orbit becomes chaotic, the loss process can be treated as the diffusion phenomena
by averaging with a lot of test particles. The diffusion efficiency of the ergotic banana
orbit can be described as,
A 2
D ~ 21
1 N v p?¢??
16,/2 sin Oy, Re>/2K (§)

where Ar is the displacement of the orbit during the one-bounce motion, 7, is the bounce
time, 6, is the poloidal angle on the reflection point, £ is sin %‘” and K is the elliptic integral
of the first kind. Moreover, the parallel velocity is approximately zero on the ripple well,
these particles may be trapped by the TF ripples. In this case, the energetic particles
may be lost for a quite short time due to the VB drift. Since these deeply ripple-trapped
particles have high energy and they collide on the specific part of the reactor, it is the
significant issue to design the fusion reactor.

If the Coulomb collisions are taken into account, the loss process can be treated as
the diffusion phenomena. In the axisymmetric tokamaks, the neoclassical diffusion is
dominant and it can be categorized by the collisional frequency. For the low collisional
frequency, the particles can describe the banana orbit. Since the step width is correspond
with the banana width, the diffusion coefficient is

(1.3)

Dy = 2N v (1.4)

where Ay, is the banana width and v is the collisional frequency. For the high collisional
frequency, the particles could not describe the banana orbit because of the Coulomb
collisions. In this Pfirsch-Schliiter region, the step size is not the Larmor radius but
the displacement between the flux surface and the drift surface. Therefore, the diffusion
coefficient is

Dps = ¢*p*v. (1.5)

The collisional frequency region between the banana region and the Pfirsch-Schliiter region
is called plateau region. In this case, the diffusion coefficient can be obtained by the Vlasov
equation,

D, = ¢*p°vps (1.6)

where vp g is the minimum value of the collisional frequency for the Pfirsch-Schliiter region.
The diffusion coefficient does not depend on the collisional frequency in the plateau region.

When the Coulomb collision and the TF ripples are taken into account, the diffusion
becomes even more complex. If the energy of alpha particles is high and the collision
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frequency is low, the ripple resonance region is dominant. Since the particles can describe
the periodic banana orbit in this case, the collisionless orbit is important. The banana
orbit is displaced in the radial direction during the one-bounce time by the TF ripples.
The displacement depends on the toroidal angle at the banana tip. If the difference of the
toroidal angle between adjacent banana tips always corresponds with the toroidal period,
the particle drifts in the same radial direction. As the result, the radial displacement of
the banana orbit is resonantly enhanced. This diffusion process is called ripple resonant
diffusion. Because the alpha particles are not always trapped with the same toroidal
angle, the ripple resonance does not significantly affect on the energetic ion losses. If the
velocity of alpha particles is decreased and the mean collision time becomes shorter than
the bounce time of the banana orbit, the ripple-plateau region is dominant. In this case,
the particles could not describe the banana orbits due to the Coulomb collisions. The
step size is the radial displacement of the banana orbit and the step time is the bounce
time of the banana orbit. Therefore, the diffusion coefficient is

_ No?piv

D,, 7

(1.7)
where, pg is the poloidal Larmor radius. In this region, the diffusion coefficient does not
depend on the collisional frequency but depends on the kinetic energy. Figure 1.3 shows
the energy E and ellipticity x dependence of the diffusion coefficient D in the rippled
tokamaks [2].

Whereas for the actual tokamaks, the energetic ion losses have to be calculated nu-
merically. In these days, the orbits of large number of test particles are followed with
consideration of the Coulomb collisions by the Monte Carlo method [4]. The numerical
calculation results are highly consistent with the experimental results [5]. However, since
the numerical analysis needs enormous computation time, there are not enough researches
in this field. One of the most important research purposes is to estimate the distribution
of the heat loads due to the fusion alpha particles. When the TF ripples are partially
small, the damage on the reactor wall is more capital issue than the decrease of () value.
It affects on the safety and the economic efficiency of the fusion reactor. The deeply
ripple-trapped particles tend to collide with a part of wall between TFCs. By inserting
the Ferritic Inserts (FIs) under the TFCs, the TF ripples become smaller and the energetic
ion losses are reduced. Shinohara et. al. clarified how FIs can reduce the energetic ion
losses in an ITER plasma using the F3D-OFMC code [6]. The confinement of the alpha
particles is significantly improved by decreasing ripple ratio especially on the reflection
points. However, the FIs can produce the harmonic component of the TF ripples. Due
to the harmonic component, N in Eq. (1.3) becomes larger and the ripple diffusion co-
efficient also becomes larger. To prevent from this issue, the FIs should be located well
away from the plasma [7].

The equilibrium current flows in a plasma to keep the MHD equilibria and alters the
magnetic field structure. This effects are called finite beta effects and the changes of the
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field structure also affect the energetic ion losses. For the analysis of the energetic ion
losses in the tokamak plasmas, the Grad-Shafranov (GS) equation has been usually used
to obtain the MHD equilibrium field. Since the GS equation is 2D MHD equilibrium
equation, the non-axisymmetry of the plasma could not be taken into account. Moreover,
the finite beta effects on the toroidal field are ignored for the low-beta plasmas. In this
case, the 3D magnetic field structure can be approximately obtained by superimposing the
poloidal component of the equilibrium field on the vacuum TF ripples. Most of researchers
targeted (5) < 2% plasma like an ITER plasma in which the equilibrium current does not
significantly alter the non-axisymmetric component and the toroidal component of the
magnetic field. However, the plasma beta should be increased to improve the economical
efficiency of the fusion reactor. A lot of researchers recently try to clarify the finite beta
effects on the energetic ion losses in the high-beta plasmas. The 3D MHD equilibrium
calculation code is required to consider the non-axisymmetry of plasmas. Strumberger et.
al. and Suzuki et. al. analyzed these issues using the VMEC code [8][9]. As the results,
several kinds of the finite beta effects are clarified, however, the effect of the field strength
vending effect due to the diamagnetic effect is not sufficiently discussed. Moreover, most
of these researches did not calculate the alpha particles orbits and did not quantitatively
evaluate the finite beta effects on these losses. Therefore, both 3D MHD equilibrium
equation and alpha particles orbits should be calculated.

Analysis using the HINT code, which can calculate the 3D MHD equilibria, is also
important for the research of the energetic ion losses. Especially in the high-beta plasmas,
the flux surfaces are disturbed around the plasma boundary. Moreover, if the edge lo-
calized modes (ELM) mitigation coils and the test blanket modules (TBMs) in an ITER
operation are installed, the eigen toroidal mode is produced and the magnetic island
structure can appear. The VMEC code could not be used in such situations because the
nested flux surfaces are assumed to exit [10][11]. Whereas, the HINT code can calculate
the 3D MHD equilibria in the real coordinates and consider the stochasticity of the flux
surfaces and the magnetic island structure. Although HINT needs a lot of calculation
time comparing to VMEC, it is one of the most important tool for the alpha particle
losses.

Since the high () value is expected in an ITER operation, the alpha particles confine-
ment is quite important issue. A lot of researchers evaluated alpha particle losses in an
ITER plasma. In an ITER operation, the volume-averaged beta () is about 2%, the
aspect ratio is approximately 2.8, the number of TFCs is 18, and the maximum ripple
ratio in a plasma is approximately 1.0%. Therefore, the ITER is conservative design and
the alpha particle losses are not so effective. The troyon beta limit is described as below
[12];

Iy 5

(B) < /BNa_BO ~ q—H@NQ (1.8)

where [y is the troyon coefficient, € is the inverse aspect ratio, I;, is the plasma current,
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is ellipticity, and ¢, is the safety-factor at the plasma surface. When the troyon coefficient
is assumed to be 5, the plasma beta limit is approximately 3% in OMA ITER operation.
(B) = 3% plasma in an ITER configuration is not realistic actually. Therefore, it is
also important for the analysis in other realistic tokamaks such as the low aspect ratio
tokamaks and spherical tokamaks (STs), if the physics of the high-beta plasma is focused
on.

1.2 Research model

The research model is shown in this section. The calculation model is a realistic D-shaped
tokamak consisting of 18 TFCs [8][13]. It is referred by the 9MA scenario of an ITER
operation. The parameters are shown in Tab. 1.1. The non-axisymmetric field component
is generated only by the TFCs in this study and any ferrite materials are ignored. The
TFC positions have toroidal angles ¢ given by
2T
o= Ek (k=0,1,...,17).

Figures 1.4(a) and (b), respectively, show the plasma pressure P profile which is nor-
malized by the peak pressure P, and the safety-factor ¢ profile as a function of the
normalized toroidal magnetic flux s. Considering the P/ P, profile, ¢ profile and the
shape of plasma boundary, the MHD equilibrium is calculated using VMEC by chang-
ing the plasma beta. The peak pressure P, and the volume-averaged beta value (f3)
is changed depending on the calculation. Figure 1.4(c) shows the ripple ratio § for the
vacuum field on the poloidal cross-section. The ripple ratio § along the toroidal angle ¢
is defined by

o Bmax - Bmin

B Bmax + Bmin’
where B.x and By, are respectively the maximum and minimum field strengths |B)|
along the toroidal angle. In this study, dy.c is less than 0.01 in a plasma region and it is
same for all calculations.

(1.9)

1.3 Compositions of thesis

The remainder of the paper is organized as follows. In Chapter 2 and Chapter 3, the
detailed MHD equilibrium equations and the typical orbit of the energetic ions in the
rippled tokamaks are introduced, respectively. The calculation method of the equilibrium
field in the vacuum region using the VMEC results is introduced in Chapter 4. The
mechanism of the finite beta effects of lost particles are discussed in Chapter 5. The loss
power fraction of the alpha particles are quantitatively evaluated in Chapter 6. Finally,
the summary and conclusions are shown in Chapter 7.
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Table 1.1: The parameters of an ITER operation

Major radius Rmaj = 6.1 m
Minor radius Mminor = 2.5 M
Aspect ratio A=3.1
Plasma current [, =9MA
Vacuum toroidal field
Bior = 5.4 T

atR=6.1m
Maximum toroidal field |B, = 11.5T
Number of TFCs Nei = 18
Maximum ripple ratio 0 =1%
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Figure 1.2: The collisionless ergotic region in a circular tokamak. The dotted line shows
the analytical solution obtained by the GWB condition and the solid line shows the
numerical solution [2].
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Figure 1.4: (a) The pressure P/ P,y profile and (b) the safety-factor ¢ profile as a function
of the normalized toroidal magnetic flux s, and (c¢) dyac on the poloidal cross-section.
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Chapter 2

MHD equilibrium equation

2.1 Fusion plasma

If the gas molecules and the atoms are heated, these particles can be ionized. These
particles are called plasmas. In the fusion reactors, the Deuterium and the Tritium atoms
are heated and they can turn into plasmas. If the magnetic field is used to confine these
charged particles, the effect of plasmas on the field structure should be clarified. For
this purpose, the magnetrohydrodynamics (MHD) is commonly used by assuming the
plasma to be one kind of electrically-charged fluid. In this section, the MHD equation is
introduced [14].

2.2 Klimontovich equation

Firstly, the Klimontovich equation for the discrete distribution functions is derived. The
discrete distribution functions for a certain particle o is defined as below,

(r,v,1)) Z(Sr—’r] dv — v;(t)]. (2.1)

If the collisions can be ignored, the number of the particles in a volume element drdv
remains constant. Therefore, the distribution functions can be written as below,

ng— aFo— aFo’ . aF’O’

_ . . = 0. 2.2
& o TV T e Y 22)
The motion equations for plasma are written as,
d’Ui
mja = q; (E+Ui X B) (23)
By substituting Eq. (2.3) into Eq. (2.2),
or, or, U OF,
E B =0. 2.4
o TV o, BBl (24)
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Chapter 2 2.3. BOLTZMANN EQUATION

This equation is called Klimontovich equation for the discrete distribution functions with
respect to position, velocity and time.

2.3 Boltzmann equation

To solve the Klimontovich equation, the accurate initial conditions with respect to posi-
tions and velocities are required for all particles. However, it is difficult to know these
informations, so the smooth motion equation is introduced by statistically averaging the
distribution functions. In this section, (x) shows statistical average and ¢ shows the sta-
tistical error. The distribution function, the electric filed and the magnetic field can be
written as below,

F,(r,v,t) = fo(r,v,t)+ 0F,(r,v,t)
E(r,v,t) = (E(r,v,t)) +0E(r,v,t) = E(r,v,t) + dE(r,v,t) (2.5)
B(r,v,t) = (B(r,v,t)) +0B(r,v,t) = B(r,v,t) + B(r,v,t).

By substituting these equations into the Klimontovich equation, Eq. (2.4) can be written
as below,

of, . 0f, of,
R R +m—U(E+ xB)- 22 = (2.6)
. DS F,
(ck - —m—g<((5E+'u X 0B)- = >) ,

where, C} shows the collision term. This equation is called the Boltzmann equation.

2.4 Moment equation

If the Boltzmann equation is multiplied by the weighting function about v and integrated
it over the velocity space, the moment equations can be obtained. The continuity equation,
the motion equation and the energy balance equation can be derived from the zeroth, the
first and the second order moment equation, respectively. In this section, the zeroth and
the first moment equation are derived.

Firstly, the Boltzmann equation is integrated over the velocity space,

0fo 0fo 9fs
/(at+ o +m—U(E+ vx B)- U) :/de'v.

If the creation and the annihilation of the particles are ignored, the above equations can
be written as below,

8710 o
vk [ 90+ 229, (B0 B) )] do =0

14



Chapter 2 2.4. MOMENT EQUATION

By using the Gauss’s divergence theorem, it can be written as below,
4o

58”; F (g (e, 0) + / (E+vxB)f, dS, =0, (2.7)

where n,, is the particle number density and w, is the fluid velocity, which are respectively

defined as below,
ne = [ fudv

U, = /vfadv.

Moreover, f, becomes zero in the case of v — oo, therefore the third term in Eq. (2.7)
becomes zero. Therefore, the zeroth order momentum equation can be written as below,

on,
ot
This equation is called the equation of continuity.

Secondly, the Boltzmann equation is multiplied by m,v and integrated it over the
velocity space.

+ V- (n,u,(r,t)) =0. (2.8)

afa afd do afg _
/mgv<§+v-a—r+m—a(E+’va)-a—v)dv = /mng’kdv
m,,%—i—/[mgV-(vva)—i—qav (E+vxB) V,f,]Jdv = F, (2.9)

The second term in Eq. (2.9) is the divergence of the stress tensor and it is written as
below,

M, = mg/vvfad'v

= mg/(v—ug—i—ua)(v—ug—i—ug)fgdfv

M, = ny,msus,u, + P,
P, = m, /(’U — U,) (v — uy) fodv.
Where P, is the pressure tensor. It is defined as below,
Pa = pO'I + HU
Lyp, =2 / (0 — uy)2fod
e = S WU Es;=_-M4 V— Uy v
b 3 3

P = Nely.

15



Chapter 2 2.5. TWO-FLUIDS EQUATION

where, p, is the isotropic component and I1, is the anisotropic component of the pressure
tensor. The third term in Eq. (2.9) is written as below,

/[QJU(E+UXB)'vva]dU - —qU/vav-(’U(E—i-'UXB))d’U
— Bt g [ LV, (00 B))dv

= —q¢.n.E + qa/fg (v x B)dv
= —g¢ony (E+u, x B).

As described above, the first order moment equation can be written as below,

0 (n,uy)

o +V-M, =n,q, (E+u, x B)+ F,. (2.10)

Mg

This equation is called the motion equation.
The energy balance equation can be obtained from the second momentum equation.

ow,

5t TV Qo =neloths - B+ Lo, (2.11)

where W, is the energy density, Q, is the energy flux and R, is the energy exchange due
to the collisions. They are respectively defined as below,

W, = %/UQfadv
2

QU == %/Uzvfodv

R, — % / Cv2dv.

2.5 Two-fluids equation
The moment equations are satisfied for each kind of particles. For example, if the plasma

consists of the electron and the plus charged ion with the electric charge Z, they can be
described by the two-fluids equation. The zeroth, the first and the second equations for

16



Chapter 2 2.6. SINGLE-FLUID EQUATION

the electrons and ions are respectively written as,

88719 F V- (neue(r,t)) = 0 (2.12)
887: LV (sl ) = 0 (2.13)
me%+V-Me = —en.(E+u.x B)+ F (2.14)
m:” (gitui) YV-M, = Zen(E+wxB)—F (2.15)
agt/e +V-Q. = —enu.-E+ R (2.16)
8;/1 +V-Q;i = Zenyu;- E—R. (2.17)

The sum of the momentum and the energy are constant for all particles, the following
conditions can be used,

F = F.=-F (2.18)
R = R.=-R,. (2.19)

2.6 Single-fluid equation

In the single-fluid equation, the plasma consists of the electrons and the monovalent plus
ions. In this equation, the mass density p = ¥n,m,, the mass velocity u = Xn,my,u,/p,
the charge density ¢ = ¥n,q, and the current density 3 = Xg,m,u, are used. By
summing the moment equations for electrons and ions,

The equation of continuity:

dp

i . =0 2.20
24V (ou) (220)
The motion equation:
0
(ath) +V-(puu+P)=0E+jx B (2.21)
The energy balance equation:
o (1 , 3 | 3 .
— | = = | = = P- =j5-FE 2.22
at(2pu +2p>+V <2puu—|—2pu—|— u—i—q) J (2.22)

In this section, the equation of continuity and the motion equation are derived.

17



Chapter 2 2.6. SINGLE-FLUID EQUATION

If the equation of continuity for each particle are multiplied by each mass and two
equations are summed, the equation of continuity for the single-fluid equation can be

obtained.
a ellle il
(n maj nim) + V- (nemette + nymiu;) = 0
dp
riy. -0
5 TV ()
If the motion equation for each particle are summed,
0
% + V- (nemeuete + nimuiu; + P+ P)) =cE +j x B
9 (pu) — ;
oy + V- {nemeto(u + due) + nymiui(u + du;)) + P} =cE + j X B
J (pu) B )
T + V- (puu) + V- (P + nemeucdu, + nymiu;du;)) = oE + 3 X B.
Where,
pUU = NMUU + NMUU = NeMeULU + MU U
NeMOUU + nymiou;u = 0
NeMeUOUe + NiMiU0U; =  NeMeOUOUe + MM OUOU;
Therefore,
J (pu) B )
o + V- (puu) + V- (P + nemeducdu, + nyim;dudw;)) = cE + j x B

The pressure tensor for each particle in a single-fluid model is defined as,
P, = m, /(v —u)(v —u)f,dv
= mg/(v—ug+ug—u)(v—ug+ug—u)f0dv
= My /('v — Uy + du, ) (v — U, + du,) fodv

= P,+m, / (20u, (v — u,) + duy,du,) fodv
P = P,+mynsoudu,.
Therefore,

9 (pu)
ot

+V-(puu)+V -P*"=0cFE +j x B.

18

(2.23)



Chapter 2 2.7. MHD EQUATION

Moreover,
%—ku-V(/)u)—l—O—i—V'P*:UE‘FjXB
(%H,,v) (pu) +V-P*=oE +j x B
%(pu)Jrv.P*:gEJrij. (2.24)
Where,
%:%+u-v (2.25)

is called convective derivative which is the temporal differentiation for the moving coor-
dinate system.

2.7 MHD equation

Since the single-fluid equation is not closed-form equation, the several orderings and
assumptions are required. In this section, the MHD model and ordering are introduced.
Firstly, the vertical fluid velocity is assumed to be same order as the drift velocity
E x B. Since this drift velocity is determined by the electric field and the magnetic field,
it does not depend on mass and electric charge. Therefore, the ions and the electrons have
same fluid velocity. Moreover, if the parallel fluid velocity is assumed to be also same
order for the ions and electrons, they are locally at thermal equilibrium with each other.
In this case, the viscosity and the thermal conductivity of plasmas become zero. Secondly,
the positive charges are assumed to be same as the negative charges in the plasma. This
assumption is called quasi-neutral condition. In the single-fluid model, the quasi-neutral
condition means that the number density for the electrons is same as that for ions. In
addition to that, since ion’s mass is much larger than electron’s mass, the inertial term of
the electrons can be ignored and the mass velocity w equals to the ion’s mass velocity w;.
The motion equation for the electrons can be written as below,

1
E+u.xB = —(-Vp.+F,)
ne

1
E+uxB—jxB = —(—Vp.+F,)
ne

1
E+uxB = E(ij—Vpe—kFg). (2.26)

Equation (2.26) is the generalized Ohm’s law. The first and second term in the right hand
side of Eq. (2.26) respectively show the Hall effect and the drift term. These values are
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Chapter 2 2.8. MHD EQUILIBRIUM EQUATION

negligibly small when it is compared to the left hand side of Eq. (2.26). The third term
in right hand side of Eq. (2.26) is the frictional force for the electrons. Since this force
mainly depends on the electric residence, it can be written as below,

F. ~ennyg.

By using these assumptions, the MHD equations can be written as below,

0
(a—i-u-V)p = —pV.u (2.27)
0 .
p(a—i—u-V)u = —-Vp+j3xB (2.28)
0 . .
(g +u- V) p+ypVa = (y—nljf (2.29)
0B
- —_ _ E 2.
5 V x (2.30)
E+uxB = nj (2.31)
wj = V xB. (2.32)

If Eq. (2.31) and Eq. (2.32) are substituted into Eq. (2.30), the magnetic diffusive
equation can be obtained,

oB N <o
E = _VX(UXB)+/LOV B. (233)

The ratio between the first and the second term in the left hand side of Eq. (2.23) can
be written as below,

UL
n

Re

(2.34)

where L is the characteristic length, U is the characteristic velocity and Re is the magnetic
Reynolds number. In the case of Re > 1, the plasma resistance 7 can be ignored. In this
case, the MHD model is called ideal MHD model.

2.8 MHD equilibrium equation
In the fusion reactors, the plasma should be confined successfully under the high pressure
and high temperature. For this purpose, the force from the gradient of the plasma pressure

and the Lorentz force must be in an equilibrium state for a long time. Therefore, the
behavior of plasmas should be clarified in the MHD equilibrium state. If the plasma is
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Chapter 2 2.8. MHD EQUILIBRIUM EQUATION

under the equilibrium state and the fluid velocity is negligibly small as compared to the
thermal velocity, the MHD equilibrium equations can be written as below,

Vp = jxB (2.35)
g = VxB (2.36)
V-B = 0. (2.37)
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Chapter 3

Orbit of energetic ions

3.1 Guiding center motion

The ion orbits can be separated by the Larmor motion which quickly circles with the radius
p and the guiding center motion which drifts slowly. If p is sufficiently smaller than the
characteristic device length L, the motion of the charged particles can be approximated
by the guiding center motion.

For example, the ratio of p for the alpha particles and L in an ITER plasma is ap-
proximately

P )
T 1.0 x 107=.

In this case, the finite Larmor effect is negligibly small.

While, the guiding center orbit consists of the several kinds of the drift velocity, such
as the EZ x B drift, the VB drift and the curvature drift. In the next section, these kinds
of drift velocity are derived.

3.1.1 FE x B drift

If the electric field E and the magnetic field B exist, the charged particles drifts across
the magnetic field line. The motion equation of a charged particle is written as below,

dv
maze(E—l—va), (3.1)
where m and e are the mass and electric charge, respectively. In the case of v = u+ E X

B/ B2, the motion equation can be written as below,
du

mg = S(EH +u X B)
U = v-—ug
E x B
U = B2 .
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Chapter 3 3.1. GUIDING CENTER MOTION

Since E x B drift only depends on the electromagnetic field, it is same for all particles.

3.1.2 VDB drift

If the magnetic field has gradient, the charged particles drift in the vertical direction of
V B since the Larmor radius is large on the strong |B| area and small on the weak |B|
area. If there is no electric field and the magnetic field satisfies B = B(x)e,, the orbit of
a particle can be written as below,

T=T,+p (3.2)

where p is the orbit of Larmaor motion and x, is the guiding center orbit. If the Larmor
radius is sufficiently smaller than the characteristic length of the guiding center orbit, the
magnetic field can be written as below,

OB ()

Lg

B~B {1 + (x — xg)} . (3.3)

Therefore, the motion equation of an electron can be written as below,

Lo ey {1 " aBZg) (o xg>] v,
% ~ —we(y) {1 + 81(3;;95) (z — xg)} Vg (34)

The first order of the motion equation in the x direction can be written as below,

dv, c B .
Ztl — WUy = —% [g—xgpcos(wct)vl sm(wct)}
2
v{ 0B
= LT cos(2wet)]. .
2B or, [1 — cos(2w,t)] (3.5)

Likewise, the first order of the motion equation in the y direction can be written as below,

dv v? 0B |
dil_wcvﬂ = —ﬁa—xgsm@wct). (3.6)

If these motion equations are averaged in the Larmor cycle, these equations can be written
as below,

dvg v} OB
— Wy = —————
dt vl 2B Oz,
dv,
dtl —wevy1 = 0.

24



Chapter 3 3.1. GUIDING CENTER MOTION

Since the Fyp corresponds with eF in E x B, the VB drift can be written as below,

oo — mv? 10B .
VBT 2eBboz,
By generalizing this section, the VB drift can be written as,
2
mv{ B x VB
=—=— 3.7
VBT %R B (3.7)

3.1.3 Curvature drift

If the magnetic field strength has the curvature, the particles are affected by the centrifugal
force,

» mvﬁB
=7 B
The drift velocity from the centrifugal force can be written as below,

_mUﬁBxb

-5 (3.8)

Vq

By using the equation:
B x(VxB) = BVB-—(B-V)B,
the gradient of the magnetic field strength can be written as below,

VB = (b-V)B+bx (VxB)
OB b
= b+ By +bx (VxB)
OB B
= b B +bx (VX B)

The cross product of the above equations and B can be written as below,

B};b = %BXVBJr{bx(VxB)}xb

_ %BxVBHVxB)—(b-(VxB))b

1
= EBXVB—F(VXB)J_.

Therefore, the curvature drift can be written as below,

2

mvﬁ muj
——lpxvB+ —l(vxB),. (3.9)

Vg =
eB3 eB?
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Chapter 3 3.1. GUIDING CENTER MOTION

3.1.4 Summary of guiding center drift

The guiding center drift can be summarized as,
Ex B mvﬁ + mov? /2

VT T T o

The magnetic momentum p and the whole energy W can be written as below,

2
muvi

_ 11
1 5B (3.11)

m
W = eng—?(vﬁ—l—vi), (3.12)

mvﬁ

where ¢ is the electrostatic potential. Therefore, the guiding center drift can be written
as below,
2

_ bxVe 1 [my muj
ve T Ty +eB< b ﬂt)bXVBJreB2(VXB)L

1 mvﬁ mvﬁ
= e—BbX V(€¢+Bﬂ)+TVB +ﬁ(va)L.

Moreover, by Eq. (3.12),

v (%mvﬁ) =V (W —ep — uB)).

If the whole energy and the magnetic moment are conserved, the velocity can be assumed
to be the function of the position of the particles,

mu Vo = =V (e¢ + uB3).

By using this equation, the guiding center drift can be written as below,
mv”
Vg = Pl {—Bb X Vo +vibx VB —i—’U”(V X B)J_}

Since

B
VX(U”—) = U—VxBJerva—%VBxB

b b b
1
= B(—BbXV’UH+V||b><VB+v||V><B),

the drift velocity of the guiding center orbit can be written as below [15],

vy = Mgy (UP
¢ 7 ¢B b

ep|
= b q
-V x (pb) (3.13)

muv
o= 5 (3.14)
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Chapter 3 3.2. ORBIT OF CHARTED PARTICLES IN RIPPLED TOKAMAKS

3.1.5 Parallel velocity of guiding center motion

In the previous discussion, the Larmor radius was assumed to be the zeroth order. How-
ever, since the distribution function might be moved from the normal distribution due to
the Larmor motion, it should be modified to satisfy the drift kinetic theory. In the ideal
drift kinetic theory, since the number of the particles is conserved, the divergence of the

number flux becomes zero,
A\ </ vdfd'v> = 0. (3.15)

The volume element in the velocity coordinates can be written as below,
dv = JdWdude, (3.16)

where W is the whole energy, u is the magnetic moment and ¢ is the phase in the Larmor
motion. Since the drift velocity does not depend on the phase of the Larmor motion, this
equation can be written as below,

dv = 27 (J) dWdp,

where, (J) is the averaged Jacobian in the Larmor phase. Since Eq. (3.15) is valid in any
W and p conditions, vq has to be modified to satisfy the below condition,

V- ((J)vg) = 0. (3.17)

If the averaged Jacobian is the first order of the Larmor motion, (J) should satisfy
the below condition [16],

(J) = b (1+pb-V xb). (3.18)

mQUH

In this case, the guiding center orbit can be written as below,
. U 1

vg_fl+p||b-V><b[b+vx(p“b)]' (3.19)

3.2 Orbit of charted particles in rippled tokamaks

If these is no electric field, the parallel velocity can be written as below,

o = + %(W— LB). (3.20)

If the whole energy and the magnetic momentum are conserved, v becomes smaller with
increasing the magnetic field strength B and finally it becomes zero. In this case, the
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Chapter 3 3.2. ORBIT OF CHARTED PARTICLES IN RIPPLED TOKAMAKS

particles are trapped by the magnetic field. The conditions to become trapped particles
are shown below,

0 > W-—uB
1 mvd
O > _ 2 — bl
2™ T R,

If the magnetic field strength is described as below,

B=By(1+0B), % —gin),
Vo

this condition can be modified as,
sin\ > 1-6B. (3.21)

This equation means that the conditions to become trapped particles depends on the
pitch angle and 0 B.

In the rippled tokamaks, there are two types of 0 B; the first is the difference due to the
toroidal effect §B; and the second is the difference due to the toroidal field (TF) ripples
0By. Generally 0By is much larger than 0 Bs.

3.2.1 Passing particles

If the particles satisfy 0 < sin? A\ < 1 — 0By, they cycle in the torus direction. Since
it takes 7 = 2w Ry /v to cycle in the torus direction, the particles cycle in the poloidal
direction with the angular velocity w,

L B Ly
; N 2w R07
where ¢ is the rotational transform. In the tokamak plasmas, because B is the torus direc-
tion and V B is the radius direction, the drift velocity is the vertical direction. Therefore,
the motion equations of the guiding center orbit can be written as below,

(3.22)

dX
— = = Z
at v
dz
E = U}X + Vq

where X is R — Ry. Solution of these equations can be shown below,
2
(X X E) 172 =2 (3.23)
w

Equation (3.23) means that the orbit surface moves from the magnetic surface by vq/w
in the radius direction.
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Chapter 3 3.2. ORBIT OF CHARTED PARTICLES IN RIPPLED TOKAMAKS

3.2.2 Banana particles

In the case of 1 —§B; < sin? A\ < 1 — §Bs, the particles are trapped in the weak magnetic
field at the outer torus. If the toroidal field is much stronger than the poloidal field, the
magnetic field strength can be written as below,

B()R() B(] r
B = = ~ By|1— —cosf]. 3.24
R 1+ (r/R)cosf 0< Ry o8 ) (3:24)
In the case of v; > v, r component of the drift velocity can be written as below,
d 2
d—; = vgsinf = GEBO;)—E sin . (3.25)

On the other hand, the parallel component of the motion equation can be written as
below,
dyy v 9B v} Bor . ,00 v B,

_ I A Ry JNy) 2
at 9By 0l 2By Ry VOl T 2Ry By (3.26)

Therefore, the particles cyclically move along the magnetic field line,

d m
N (T + Ev) =0
m
r—To = —Evn- (3.27)
Since the guiding center orbits of these particles seem to be banana shape, they are called
banana particles.

In a high-beta plasma, the strong poloidal field is required in the outboard side of
the torus to maintain the safety-factor on the plasma surface. Since the banana width
is inversely proportional to the field strength, the banana width is squeezed [17]. Due
to this orbit squeezing effect, the banana-orbit losses such as the first-orbit losses may
be reduced. Especially in the spherical tokamaks, this effect is much stronger than that
for the usual tokamaks because the poloidal field is comparable to the toroidal field at
the outer torus. In this case, the valley of the field strength may appear in the radius
direction. As the results, the several unique orbits can be seen.

3.2.3 Toroidal precession

The banana particles precess in the toroidal direction during the repetitive banana orbits.
If the Taylor-expansion is used for the safety-factor ¢ around the banana tip (ry, 0y, (),
it can be written as below,

d
q:qb+d—i(r—rb).
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Chapter 3 3.2. ORBIT OF CHARTED PARTICLES IN RIPPLED TOKAMAKS

By using Eq. (3.27),

=, — ——. 3.28
q=4qv eder ( )

The parallel component of the particle velocity can be written as below,
v = H/em (W — uBy(1 — ecosd))'/?
Since the parallel component of the velocity becomes zero at the banana tip,
W = uBy(1 — cosby). (3.29)

Therefore,

v = H/empueBy (cosf — cos 6)"2 .

The toroidal angle is changed during the half bounce of the banana orbit,

+6y d
O = ¢o+ / {q + e%_\dz /emeBy (cos f — cos Qb)1/2] do
1%

Foy
+6,,
= ¢gExqb, = ﬂ—\dq /emyie By / [(cos 0 — cos Hb)l/ﬂ de
eB, dr 0,
16mdqg [emypue
= gy £ gy + —— I [T TR + (07 — 1)K (0)]

dr B()
O = oL qby + Py,

where, O equals to sin(f,/2), and E(0) and K(©) are respectively complete elliptic
integrals which are defined by

/2 de
K(©) = 3.30
(©) /O (1 - ©2sin? Q)12 (3:30)

/2
E(©) :/O (1 —6?sin?0)"/2de. (3.31)

If the initial toroidal angle ¢q is zero, the toroidal angle is changed during one bounce
of the banana orbit,

A¢ = 26,. (3.32)
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3.2.4 Banana drift

The canonical angular momentum of the guiding center orbit can be written as below,
Py = mRy + eV = const. (3.33)

Therefore, the deviation of P, about the poloidal angle is,

dP¢_ aU” 8\1/ .
L _mRdy
00 e 00

Whereas, the parallel component of the particle velocity in the non-axisymmetric field
can be written as below,

v = +/em (W — uBg(1 + 6 cos No))?
where N is the number of the toroidal field coils. Therefore,

ov R 0By

— = +——— 3.34

00 GUH 00 ( )
The difference of the poloidal magnetic flux ¥ between for the axisymmetric and the
non-axissymetric field can be written as below,

oAV _ROBy (v)(0) — v (9)
90 oo ( vy (8)vy(0) )

While, the parallel component of the particle velocity can be derived as below,

(3.35)

2W By
ve= {1— Bo,
_ % |:1 _ By
m By,
po(cos N — cos Nopy,)
BB S S Na)

1/2
{1+ dcos Ny, + 0(cos No — cos Nﬁbb)}}

1/2
(14 6 cos Ngbb)]

x (3.36)

If the non-axisymmetry of the magnetic field is not so effective, this equation can be
approximated as below,

N S NN
= v(0) [1 - Z(;os{.ilfqi—(go;g (b)b})] '
0, 0/ Bo,

(3.37)
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Therefore,

B v)(0)6(cos N — cos N ¢y,)
v1(0) — v (9) = - 2By, {1 — (By/Ba,)}

By substituting this equation into Eq. (3.35),

0Aw | ROBy (UH(O) —0(5))
00 e 00 U||(5)U||(O)
iR_é@Bg/@@lcos N¢ — cos Ny,
2¢ By, v 1—(By/By,)
_ . R6  0By/00 cos N¢ — cos Ny, (3.38)
26/emW By, {1 —(Bo/Bs,)}** '

By using the Taylor-expansion around the banana tip for By and cos N ¢,

0By

By = Ba,+ 50— ) 3.39)
cos No = cos Ny, — Nsin Nop (¢ — éy). (3.40)
By substituting these equations into Eq. (3.38),
AW Ng6sin N B ~L/2
A\ LR qd sin Ny, (8 9/39) (0 0,)"12, (3.41)
00 2a./emW BQb 0="0y,

Therefore, the changes of ¥ for the one-quarter banana orbit can be described as below,

oy,
AT = / 08T 4
0

a6
_ RNgs [ 6, (0By/o0\ "
= . g ( By, - sin N ¢y,.

Therefore, this equation for the one-bounce banana orbit can be described as,

ARNGS | 6 B,/ 06\ Y/
AU = Rqu emt;/V (8B09/8> sin N ¢y,

0=0y,
= Ab sin Ngbb

(3.42)
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3.2.5 Ripple resonance

As shown in the previous section, the radial displacement depends on the toroidal angle
of the reflection point,

AV = Apsin No¢y

AL ARNgs [ 6, (339/09)‘1/2
e emW Bo, /=,

by = 1R pig) 1 (62— 1)K(6)].
e dr\ By

Therefore, if the banana particles satisfy the below condition,

ING, = 2kr  (k=0,%1,+2,..), (3.43)

they always have the same displacement and the energetic ion losses might be increased.

3.2.6 Deeply ripple-trapped orbit

In the case of 1 — 6B, < sin? A\ < 1, the particles are trapped by the TF ripples. These
particles drift along the minimum magnetic field By, contour [18]. By, is the minimum
value of the field strength with respect to the toroidal angle (i.e., the field strength between
TFCs).

For example, if particles are trapped in the bottom of the TF ripples, v) always equals
to zero,

mvﬁ
— = w-uB=0
2

Therefore,

2 2
mv?_ om Vi g
2 2 Bmin

2
m vg
= —_0p
2 Bmin
. B = Bum. (3.44)

In this case, the particles could not escape from the minimum magnetic field contour.
Therefore, the deeply ripple-trapped particles move along B, contour line.
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3.3 Boozer coordinates

Due to the V - B = 0, the magnetic field can be written by the several scalar functions
as below [19],

B =Vy x Va. (3.45)
Since
B-Vy = 0,

the magnetic flux surfaces 1 correspond to the magnetic surfaces. Therefore, if 1) is chosen
as one component of the flux coordinates, B¥ becomes zero. If the poloidal angle § and
toroidal angle ¢ are chosen as other components of the flux coordinates, Va also has
periodicity. Therefore,

Va = A,0,C)
L a = m()0+ ()¢ + @, 0,).

In the case of m = 1, n = —(¢) and & = 0, a show the label for the magnetic field line.
a = 0—1u)¢ (3.46)

By Eq. (3.46), the magnetic field can be modified as below,

B = V¢ x V(0 —u(h)Q)
= Vi x VO+ 1()VC x Vb (3.47)

In this case, the contravariant component of the magnetic field can be written as below,

BY = 0
B = % (3.48)
B¢ = L’

NG

where /g is the Jacobian in the Boozer coordinates. Moreover, the toroidal flux @, can
be written as below,

Dy = / B /gdSi = / VEB - V(0 = 2y, (3.49)

where 1 is the toroidal flux which is divided by 2.
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Next, the covariant components of the magnetic field are derived. Since the divergence
of the current density j is zero,

j = %{w X V(I'()0 + G(W)C — 71,0, 0)}
= % (I'Vip x VO — G'V( x Vip — Vip x VD), (3.50)

where ' shows the differentiation about . According to the definitions of the toroidal
current [, and the poloidal current I,

L = / j - V¢ /BdOdy = 2n1 () (3.51)
b = [ 3 6yEdcw = 27G(w), (3.52)

where I and G respectively show the toroidal current and the poloidal current divided by
2m. Due to the Ampere’s law, the current density can be written as below,

mj = VxB (3.53)
(9B 0By 0By 0B
= (80 ag)vexvgju(ac 0 V(¢ x Vi
0By 0By
By substituting Eq. (3.50) into this equation,
9B 0By _
00 oc
0B, 0B ,  OU
v 76 — .54
o 0 G+ ac (3.54)
0B, 0B, _ , o
o 00 00’

Therefore, the covariant components of the magnetic field can be written with the scalar
function 7,

B =0V + IV + GV( + V. (3.55)

Since 7 equals to zero in the Boozer coordinates, the covariant components can be written
as below,

(3.56)

&
I
Q’\ctz

35



Chapter 3 3.3. BOOZER COORDINATES

By summarizing this section, the contravariant and the covariant component can be
written as below,

B =V xV0+.(y)V(x Vi =0Vi+ IVO+ GVC. (3.57)
The Jacobian /g can be written as below,

B* = (G+7I) (VY x Vb) - V(¢

G+r1l
L VE = T (3.58)

In this case, the Jacobian is inversely proportional to the square of the magnetic field
strength.
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Chapter 4

Study of the mechanism of finite
beta effects on the MHD equilibria
and the energetic ion losses

The efficiency of the energetic ion confinement is reduced by the ripple fields, which are
mainly generated by the finite number of toroidal field coils (TFCs) in a tokamak reactor.
The finite beta effects alter the magnetic field structures and the energetic ion orbits.
To evaluate these effects, the MHD equilibrium is calculated using the VMEC code in an
ITER-like plasma and the orbits of energetic ions are calculated using the GCB code. The
finite beta effects on the ripple ratio are categorized by two parts: the axisymmetric and
the non-axisymmetric finite beta effects. In the center of a plasma, both effects increase
the ripple ratio. While, the axisymmetric finite beta effect decreases the ripple ratio at
the outer torus. The decrease of the ripple ratio by the axisymmetric finite beta effect is
larger than the increase of it by the non-axisymmetric finite beta effect. Therefore, the
finite beta effects increase the ripple ratio in the center of a plasma and decrease it at the
outer torus. The diamagnetic effect reduces the field strength and alters the field contour
structure. It significantly bends the field contour line in a high-beta plasma and produces
two opposing effects: 1) the reduction of the energetic ion losses due to the closed field
line contour and 2) the increase of these losses due to the field contour line bending effect.
This paper was published in Nucl. Fusion 52 (2012) 083009 [20].

4.1 Introduction

The magnetic field structure, including the TF ripples, in tokamak plasmas can be calcu-
lated using two methods. The first method uses the two-dimensional (2D) MHD equilib-
rium, which can be obtained by solving the Grad-Shafranov equation. The approximated
three-dimensional (3D) field structure can be obtained by superimposing the external TF
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ripple components on the 2D MHD equilibrium field [21][6]. In this study, this approx-
imation method is called vacuum approximation. The vacuum approximation does not
include the non-axisymmetric field component caused by the equilibrium current, but in-
cludes the external TF ripples. The second method uses the full 3D MHD equilibrium
including the effect of the non-axisymmetric component of the plasma. For example, the
VMEC code which is based on the energy principle in the flux coordinates, can calculate
such a 3D MHD equilibrium [10][11]. In this case, the non-axisymmetry of the plasma
alters the TF ripples themselves [8][9]. If the 2D and 3D MHD equilibrium field are
expressed by (B) and Bjsp respectively, the following equation can be obtained,

t

~ ~ ex ~ pl
Bsp=(B)+B=(B)+B" +B", (4.1)

~ ext
where B™ is the non-axisymmetric external field component generated by the external

~ pl
coil current (i.e., TFCs) and B is the non-axisymmetric field component generated by
the current in the plasma. The scale of this effect depends on the plasma beta and the

~pl
engineering design of the device (e.g., the shape and number of TFCs). If B” is negligi-
ble, the vacuum approximation can be used instead of solving the 3D MHD equilibrium
equation.

~ext

In an ITER operation, B is not very large and the ripple ratio for the external
TF ripples d..c is less than 0.01 in the plasma. In addition to that, the beta value for
an ITER plasma is relatively low: the volume-averaged beta value () is approximately

~pl
2%. In this case, B is negligible and performing the 3D calculation may be unnecessary.
However, for (5) > 2%, these issues have not been fully discussed yet. Strumberger et.al.

reported that Epl increased § by 10% in the high-beta ITER-like plasma and concluded
that this difference is negligible [8]. However, since they did not calculate the energetic
ion orbits, it can not be confirmed whether this increase negligibly affects the confinement
of energetic ions.

The 2D MHD equilibrium field (B) in Eq. (4.1) also affects the energetic ion losses.
It is well known that the Shafranov shift, which is caused by the vertical field due to the
Pfirsch-Schliiter current, changes the birth profile of the alpha particles and affects the
confinement of them [22]. The (B) also includes the diamagnetic effect of the toroidal field
due to the diamagnetic current. By the diamagnetic effect, the magnetic field strength
|B| is reduced and the |B| contour line on the poloidal cross-section is strongly altered.
In a low-beta plasma, the diamagnetic effect on the magnetic field structure is sometimes
ignored for the research of the energetic ion losses. Suzuki et.al. used the 3D MHD
equilibrium equation code VMEC [10][11] to investigate the finite beta effects on the TF
ripples [9]. They investigated in a relatively high-beta tokamak plasma, (5) ~ 12.9 %,
with an impractical circular cross-section. They clarified several finite beta effects, includ-
ing the non-axisymmetric effect, the Shafranov shift effect, and the diamagnetic effect on
the deeply ripple-trapped particles. However, since they did not calculate energetic ion
orbits, the finite beta effects on them were not discussed.
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For these reasons, both MHD equilibrium equation and orbit equation should be cal-
culated to precisely analyze the finite beta effects on the ripple-induced orbit losses. In
the present study, the VMEC and GCB codes [19] are respectively used to perform the
MHD equilibrium and orbit calculations in a D-shaped tokamak; this is almost the same
model as that used in Refs. [8] and [13]. The guiding center orbit equation can be calcu-
lated using the GCB code in the Boozer coordinates from the results obtained using the
VMEC code [23][16][15]. To clarify the physical mechanism of the finite beta effects, the
typical energetic ion orbits are calculated for the various beta plasmas. Therefore, the
actual loss power fraction of fusion alpha particles could not be calculated in this study.
The remainder of the paper is organized as follows. The finite beta effects on the MHD
equilibria are clarified for a realistic D-shaped rippled tokamak in Sec. 4.2. These effects
on the ripple-induced orbit losses are discussed in Sec. 4.3. Finally, Sec. 4.4 summarizes
the findings and conclusions of this study.

4.2 MHD equilibrium calculation

The MHD equilibria are calculated using the VMEC code, which is based on the energy
principle expressed in the flux coordinates (s, ,(), where s is the normalized toroidal
flux, 0 is the poloidal angle, and ( is the toroidal angle. There are three () cases in
this study: 2.34% (J1), 3.99% (J2) and 5.22% (J3). (B) = 5.22 % for J3 is realistic for
the spherical tokamaks and the commercial reactors such as DEMO. To set the plasma
inside the given separatrix, the toroidal magnetic flux at the plasma edge Weqqe, the total
plasma current J,,; and the external poloidal coil currents are changed. Because 18 TFCs
produce 27/18 toroidal periods, the computational cost can be reduced by employing the
periodic boundary conditions. In the VMEC calculations, the number of the radial grid
points for s is 40 and the poloidal and toroidal mode numbers are 12 and 8, respectively.

4.2.1 Finite beta effects on field structures

This section clarifies the finite beta effects on the field structures. There are two plasma
currents in a fusion plasma: the poloidal and toroidal currents. The poloidal current
Jpol is called the diamagnetic current jgi, because it reduces the toroidal field strength
in a high-beta plasma f,, > 1. Figures 4.1(a) and (b) respectively show the toroidal
and vertical field components of J3 along the R direction at (Z,¢) = (0.5 m,0). The
red, green, and blue lines in this figure indicate the vacuum field due to the external
coil current, the field due to the plasma current, and the equilibrium field, respectively.
At R = 7 m, the toroidal field is strongly reduced to 4.5 T' from 4.7 T, which is a 4 %
reduction. Since a huge toroidal current ji,, is required to generate closed flux surfaces in
a tokamak plasma, it is usually larger than j,o. In this toroidal current, Pfirsch-Schliiter
current jpg is also included. The magnitude of B, is high, especially at the outer torus.
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Figure 4.2 shows the magnitude of the equilibrium toroidal field By, the vacuum field
|B*|, and the equilibrium field |B®4| for J3 in the R direction at (Z,¢) = (0.5 m,0).
The vacuum field strength |B®**| is inversely proportional to R. At R = 7.5 m, | B is
reduced by the diamagnetic effect, while it is increased by the poloidal field due to the
plasma current beyond R = 7.5 m. In the results, | B®Y| has the same value at the same Z
position and there is a hole in the R direction. This causes the |B®d| contour to be closed
at the outer torus; this effect is discussed in Sec. 4.2.4.

To accurately investigate the finite beta effects, the non-axisymmetric component of
the field strength AB is represented according to [9],

AB = B(¢=0)— B(¢=m/18)

(B + B + (Bl + Bor?)

1/2

1 <B>tor Bior + B>pol Epol
(B)ior)? + ((B)por)?
5 (Bl Bor + (Bl By
((B)? + ((B)?)

2 <B>tor Etor 2 <B>pol EPOI

~ iz 1/2
(Bl + (B)a?)  ((Bhe)? + ((B)0)?)
2§t0r 2§p01

~ 1/2 + 1/2

(1 (@ 10)) (14 (/) )
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BY uSing f = <B>tor / <B>p01’
AB ~ 2Bui(1+ f2)7 V2 4 2B,(1 + f72)7 12

2\ % ~
~ 2 <]. - 7) Btor + 2pr01

o (1= L) o o (1= L) Bl opBes 4o
~ - 7 tor T - ? tor T f pol + f pol

AB ~ 2|(1-L) Fex + B? + B (4.2)

: 2 tor tor pol .
where (B) is the axisymmetric field component, B®* s the vacuum field, and BP! s
the field generated by the plasma current. Unlike [9], B includes the non-axisymmetric
poloidal field component. Therefore, B is affected not only by the non-axisymmetric
field but also by the axisymmetric toroidal and poloidal fields. B! has the largest effect

because it is induced by the TF ripples. In contrast, the effect of Bg’;} is negligibly small.

The magnitude of Eg(l)l is larger than that of Efér because jior is larger than j, in a
tokamak plasma. However, the effect of the non-axisymmetric poloidal field is reduced
by the factor f = (B) . / (B), - Therefore, the effect of Bg(l)l becomes important at the
outer torus. _ _

The effects of Bfolr and Bgil should be considered separately. According to [9], jior 18
largest and j,o1 is smallest under the TFCs in the toroidal direction. Since the poloidal
field is mainly generated by jior, the poloidal field from ji,, is largest and smallest at
the top and bottom of the ripples, respectively. In the results, ji,, mainly enhances the
non-axisymmetric field, whereas the toroidal field is mainly generated by the TFCs. If
Jpol 18 diamagnetic for fpo > 1 plasma, By, will be reduced more at the bottom than at
the top of the ripples, so Ef’olr will be increased. This implies that the non-axisymmetric
effects due to both ji,, and j,o increase the ripple field in a high-beta plasma.

4.2.2 Ripple ratio along the toroidal angle

Figure 4.3(a) shows the ripple ratio for the vacuum toroidal ripple field d,,. on the poloidal
cross-section. At the outer torus, d,,. is high because the gap between the TFCs is greater
so that the non-axisymmetric field generated by the TFCs is greater. The maximum value
of dyae is almost 0.01, which is considered to be the upper limit for the tokamaks such
as the JT-60U based on the consideration of energetic ion losses and plasma confinement
[24]. The finite beta effects alter the ripple ratio. Figure 4.3(b) shows the ripple ratios ¢
for the vacuum ripple field d,. and for scenario J3, 0(J3). Figure 4.4(a) shows .. and
5(J3) in the R direction at (Z,¢) = (0.5 m,0). In these figures, J is lower at the outer
torus and higher in the core region. To perform the detailed analysis, the 6 components
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Figure 4.1: (a) By and (b) B, of the vacuum field, the field generated by the plasma
current, and the equilibrium field for J3 in the R direction at (Z,¢) = (0.5 m,0)
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Figure 4.2: The magnitudes of the equilibrium toroidal field By, the vacuum field | B™*|,
and the equilibrium field |B®Y| for J3 in the R direction at (Z,¢) = (0.5 m, 0)
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are described by equation (4.2),

5 o Bmax - Bmin o AB
B Bmax + Bmin B 2 <B>
AB .,
= =2 (B
- (B)

= 22 (@ + (20))

AB
= 3, U

tor

~ 2, (%)

L 1 Bt f2 ox
~ ext <1 B _> 1—- < >t§xt - Btort tor prol
<B >t0r 2 <B >tor
2 1
~ 1 1— f_2 1 — <B>$or Eext B‘Eﬁr + fBP01
ext 9 ext tor ext ext
<B>t0r <B>tor <B>t0r <B>tor
1 (B B B
~ ext (1 f2 f_ ]' >Z§)(E 1?())(: + tC:;(t + f Ie):xis
<B>tor 4 <B>tor <B>tor <B>t0r
1 or ex’ Hpl f Spl
~ <B>ext ( - f2 (1 th> Btort ext B‘E)or + <B>ext 501
tor tor tor tor
1 nex f2 <B>e§: ex 1 Hpl f Spl
~ ext ‘501;D - : extyo B‘nort + ext Bil:)or + ext Bgol
<B>tor (<B>tor> <B>tor <B>t0r
8~ Oyae o+ Oap + Oy, + 0P (4.3)

where dop, 62,

non-axisymmetric tor01da1 field and poloidal field components, respectively.

and 6p ., are the finite beta effects of the axisymmetric component and the

To clarify

the finite beta effect on the TF ripples, Fig. 4.4(b) shows each § component for J3 along

the R direction at (Z,¢) =
they are much smaller than .

Table 4.1 shows each ¢ component at (R, Z) =

(0.5 m,0).

While all the finite beta effects are comparable,

(7.9 m, 0.5 m) for J3. The axisymmetric

finite beta effects dop reduce the vacuum toroidal ripple dy.. by 3.85 %, while the non-
axisymmetric finite beta effects 6*' and 5p01 increase dyae by 2.81 and 5.93 %, respectively.

tor
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Figure 4.3: The distributions of § for (a) the vacuum toroidal ripple field and (b) J3 on
the poloidal cross-section

This means that § of the 3D MHD equilibrium field is increased by 8.73 % compared to 0
for the vacuum approximation in the (5) = 5.22 % plasma. We were unable to determine
whether this 8.73 % increase in § is negligibly small; this problem should be solved by
calculating the actual loss power fraction of the energetic ions in a future study.

4.2.3 Ripple well depth along magnetic field line

In the previous section, the non-axisymmetric field was evaluated as a function of the
toroidal angle for fixed R and Z. However, for energetic ion orbits, it is more meaningful
to define the ripple field along the field line. The ripple well depth d,, along the field line
is defined by

’ /

Blyae — B
d, = e i, 4.4
By + B 44)

max min
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Figure 4.4: (a) The vacuum toroidal ripple ratio and the ripple ratio for J3 and (b) each
d component for J3 in the R direction at (Z, ¢) = (0.5 m,0)
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Table 4.1: § components at (R, Z) = (7.9 m,0.5 m) for J3
Scenario | (8) % Ovac dap 5{’(; 553)1 )

J3 1 5.22 | 0.004909 | -0.000189 | 0.000138 | 0.000291 | 0.005149
100 % -3.85 % 2.81 % 5.93 % || 104.88 %

where B, and B, are respectively the maximum and minimum values of |B| along
the field line. Figure 4.6(a) shows the d,, distribution for J3 on the poloidal cross-section.
The ripple well depth d,, depends strongly on the field line pitch (i.e., the local inclination

of the field lines). The ripple well exists if the following condition is satisfied,

(0 (B) /9l)

—(8331)/81) ' <1 (4.5)

-

where [ is the distance along the field line [25][26]. For a steeper pitch, « is increased
and d,, is reduced, as shown in Fig. 4.5. Figure 4.6(b) shows the difference in the ripple
well depths d,, for J3 and J1 (i.e., J3 — J1) to clarify the finite beta effects on the ripple
well. In this figure, ¢ is reduced at the outer torus and increased at the core region. This
relation is more remarkable than 0 in Sec. 4.2.2. It implies that the field line pitch is
steep in a high-beta plasma at the outer torus.

The Pfirsch-Schliiter current flows along the magnetic field line. This parallel current
generates the poloidal magnetic field and alters the field line pitch. Figure 4.7(a) shows
|B| /| Bo| on the field line that passes through (R, Z,¢) = (8.0 m,0.5 m,0) for the 2D
equilibrium field, where By is |B| at (R, Z,¢) = (8.0 m,0.5 m,0). As mentioned above,
the field line pitch becomes steeper at the outer torus with increasing the beta value.
Figure 4.7(b) shows |B|/|By| for the 3D equilibrium field. In this figure, d,, is reduced
at the outer torus because of the steeper field line pitch in a high-beta plasma.

4.2.4 Change in the field strength contour

The deeply ripple-trapped particles are repeatedly reflected by the magnetic mirror effect
and they drift along the bottom of the ripple well [18]. The B, contour, which was
defined in Sec. 4.2.2, can be used to estimate and control their orbits.

Figures 4.8(a), (b), and (c) show the By, contours for J1, J2, and J3, respectively.
At the outer torus, the contour curvature becomes higher with increasing the beta value
and it eventually becomes closed at the outer torus. This phenomena is induced by the
diamagnetic effect of j,, and the paramagnetic effect of jio,, as mentioned in Sec. 4.2.1.
The curved By, contour enables the deeply ripple-trapped particles to move more easily
to high ¢ and d,, regions. However, if this contour is completely closed in a high-beta
plasma, the trapped particle losses will be reduced.
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Figure 4.5: The ripple well region for the pitch of the magnetic field line
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Figure 4.6: The distribution of d,, for (a) J3 and (b) J3 — J1 in the poloidal cross-section
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Figure 4.7: The variation in |B|/|By| for (a) 2D and (b) 3D MHD equilibrium field on
the field line that passes through (R, Z, ¢) = (8.0 m, 0.5 m, 0)
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Figure 4.8: B, contours for (a) J1, (b) J2, and (c) J3 in the poloidal cross-section

Not only the deeply ripple-trapped particles, but also the banana-trapped particles are
associated with the field strength |B| contour because the banana tip also moves along it.
Because the parallel velocity v is zero at the banana tip, the magnetic moment i, can

be written as,

mul  m? (4.6)

Hm = 51B] ~ 2By’

where By, is |B| at the banana tip. The banana tip follows the |B| contour because
Ly and mé“Q are conserved. If the particles are trapped in the closed |B| contour region,
they do not be lost. However, if the particles are trapped in the non-closed |B| contour
region, their orbits strongly depend on the | B| contour curvature. The diamagnetic effect
increases the | B| contour curvature and the banana tip also more easily move to the outer
torus. Therefore, the particles, which are trapped in the non-closed |B| contour region,
are more strongly affected by the ripple field and the energetic ion losses will be increased.
This is confirmed in Section 3 where their orbits are calculated.
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4.2.5 Change in the flux surface positions

The Shafranov shift strongly affects the alpha particle losses, which are produced by a
thermal-thermal reaction. The vertical field is generated by the Pfirsch-Schliiter current
and the flux surfaces are shifted to the outer torus. Figure 4.9 shows the changes in the
positions of the normalized toroidal flux surfaces s = (0.2, 0.4, 0.6, 0.8, and 1.0) at ¢ = 0.

The Shafranov shift moves the generation points of the alpha particles out to the
outer torus, namely the higher ripple region. In addition, it reduces the distance from the
generation point to the first wall. In the results, the Shafranov shift effect increases the
energetic ion losses and the heat loads due to the fusion alpha particles.

4.3 Finite beta effects on energetic ion orbits

4.3.1 Classification of orbits in a rippled tokamak

The finite beta effects on the MHD equilibria were clarified in the previous section. How-
ever, the orbit calculation is also required to quantitatively estimate the finite beta effects
on the energetic ion losses. In this study, the energetic ion orbits are calculated by the
GCB code, which is based on the guiding center orbit equations in the Boozer coordinates.
However, the orbits cannot be determined outside the plasma because the flux coordinates
are used. This calculation also ignores collisions. Therefore, the particles are assumed
to be lost when the guiding center reaches the plasma boundary, unless the tracing time
exceeds 0.01 s, in which case they are assumed to be non-loss particles. While the actual
loss power fraction of energetic ions could not be obtained, it is sufficient to only classify
the orbits in a rippled tokamak.

Figures 4.10(a), (b), and (c) show the orbit classification of the alpha particles that
start at (R, Z,¢) = (7.5 m, 0.5 m, 7/18) for J1, J2, and J3, respectively. The initial energy
Ey is divided between 1.0 and 3.5 MeV in 0.1 MeV intervals and the pitch angle A, which
is defined as

A= Lo (Ui) . (4.7)

m U”

is divided between 0 and 1 in 0.01 intervals. They are classified according to the following
colors:

e Passing particles [Blue]

e Banana-trapped loss particles [Red]

Banana-trapped non-loss particles [Light blue]

Ripple-trapped loss particles [Black]
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Z [m]

R [m]

Figure 4.9: The changes in the position of s = (0.2, 0.4, 0.6, 0.8, and 1.0) at ¢ = 0 for
each beta value
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e Ripple-trapped non-loss particles [Yellow],

where ripple-trapped particles are defined as trapped particles that are confined only in
the d,, region and the banana-trapped particles are the other trapped particles. Figures
4.11(a), (b), and (c) show the By, contours (the black line) and the orbits of the particles
(the red line), which start from (R, Z,¢) = (7.5 m,0.5 m,n/18) for J1, J2, and J3,
respectively. For J3, the B, contour is closed at the initial point; it thus describes a
closed path. For J1 and J2, these particles reach the plasma boundary. For J1, the deeply
ripple-trapped particles escape from the d, region and become the disturbed banana
particles. However for J2, the orbit follows the B, contour because this contour curves
toward the high ripple region.

Figures 4.12(a) and (b) respectively show the loss power fraction € and the loss position
on the plasma boundary for 3.5 MeV alpha particles with respect to A. The initial position
is fixed at (R, Z,¢) = (7.5 m,0.5 m,7/18) and A is divided between 0 and 1 in 0.0001
intervals. Figure 4.13(a) shows that the loss process can be separated into the rapid and
slow loss. The rapid loss particles appear only in J2; they thus originate from deeply
ripple-trapped loss particles. Furthermore, the localized loss position appears only for J2
in Fig. 4.13(b) around (Z,¢) = (—0.8 m,7/36). Banana-trapped loss particles have a
longer loss time than deeply ripple-trapped particles and the loss positions of the banana-
trapped loss particles are widely distributed over the entire plasma boundary. However,
the conditions for the deeply ripple-trapped particles are strict, namely A ~ 0.5 at the
bottom of the ripple well (in this study, ¢ = 7/18). The deeply ripple-trapped and the
banana-trapped loss particles have quite different loss times and positions. Therefore, the
two loss processes should be distinguished when analyzing the finite beta effects on the
energetic ion losses.

4.3.2 Finite beta effects on trapped particles

In the previous section, the energetic ion orbits were categorized with respect to A. In
this section, the orbits of the trapped particles are analyzed with respect to the initial
position. Figures 4.13(a), (b), and (c) show the classification of the trapped particles that
start from ¢ = 7/18 with A = 0.5, using the same color scheme as Fig. 4.10.

For J2, the number of the ripple-trapped particles (the black region) is increased at
the outer torus for two reasons: the increased non-axisymmetric field at the core region
and the curved By, contour, as mentioned in Sec. 4.2.4. The latter is the more important
effect because the boundary between the red and black regions has a similar shape to that
of the B, contour and the increase in the ripple ratio is quite small inside the plasma.
The closed B, contour region (the yellow region) for J2 is quite small, whereas the
yellow region becomes remarkable for J3 and the number of the deeply ripple-trapped loss
particles is highly reduced by this effect. The number of banana-trapped loss particles
(the red region) is increased for J3. At Z = 0.5 m, the boundary between the red
and light-blue region is located at 7 m for J1 and 6.6 m for J3. The banana-trapped
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Figure 4.10: The orbit classification of the alpha particles starting from (R, Z,¢) =

(7.5 m,0.5 m,7/18) for (a) J1, (b) J2, and (c) J3
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Z [m]

7 [m]

Figure 4.11: The By, contour (the black line) and the orbits of the particles (the red
line) that start from (R, Z, ¢) = (7.5 m, 0.5 m,7/18) with A = 0.5 for (a) J1, (b) J2, and

(c) J3

26



Chapter 4 4.3. FINITE BETA EFFECTS ON ENERGETIC ION ORBITS

0-15 L ' ' ' | LI LI L L] 1 L Ll L) ¥ T
[ J1 — )
J2 o
J3 — 7
01 | _
)
0.05
0 [ i P M PR PR S T T
0 0.0025 0.005 0.0075 0.01
t [s]
1 I 1 I
J1
J2
0.5 J3 i
— 0 n n
g
N 0_5 - -
1k ; _ -
B T o o T
1.5 IR | | (b)
0 /36 /18 3n/36 2n/18

Toroidal angle

Figure 4.12: (a) The loss power fraction € and (b) the loss position of alpha particles with
respect to A, which start from (R, Z,¢) = (7.5 m,0.5 m, 7/18)
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Figure 4.13: The orbit classification of the trapped particles that start from ¢ = 7/18
with A = 0.5 for (a) J1, (b) J2, and (c) J3

loss particles also originate from the curved B, contour. A yellow region appears near
(R,Z) = (5 m,1m). At the inner torus, there are strong ripples because the field strength
along the field line is a maximum and the numerator of equation (4.5) becomes quite small.
Therefore, particles starting from (R, Z) = (5 m,1 m) with A = 0.5 will be trapped by
the ripple well and become passing particles. In the results, they are categorized as the
ripple-trapped non-loss particles.

In these figures, the magnitude of the finite beta effects strongly depends on the
generation points of the targeted energetic ions. For example, the positions and the
pitch angle of the alpha particles produced by the thermal-thermal reaction are randomly
disturbed. Therefore, the number of the deeply ripple-trapped particles is quite low.
However, for the NBI-generated fast ions, the strong confinement of the deeply ripple-
trapped particles permits quasi-perpendicular injection to realize better beam penetration.
In the future, the ripple-induced orbit losses should be statistically investigated by the
Monte Carlo calculations while considering birth profiles using codes such as the F3D-
OFMC code [27].
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4.4 Summary

Finite beta effects on the energetic ion losses were studied in a realistic D-shaped toka-
mak. The finite beta effects on the MHD equilibria were clarified. This topic has been
investigated by Suzuki et.al. [9] and Strumberger et.al. [8]. Suzuki et.al. state that
”the magnitude of Epol is usually very small compared with Etor”. However, the opposite
relation was observed in this study, which indicates that the non-axisymmetric poloidal
field cannot be ignored. Strumberger et.al. mainly focused on the non-axisymmetric finite
beta effect. In their calculations, the non-axisymmetric finite beta effect increased the
ripple ratio by 8.2%, which is very similar to the 8.73% increase obtained in the present
study. To precisely clarify the physical considerations, the finite beta effects on the ripple
ratio were categorized using equation (4.3). The non-axisymmetric toroidal and poloidal
field components generated by the plasma current respectively increased the ripple ratio
by up to 2.81 and 5.93% and the axisymmetric finite beta effect reduced it by 3.85%.

Suzuki et.al. said the By, contour was closed in an unrealistic high-beta plasma [9].
In this study, the B, contour started to be closed for (5) = 4 % and a wide closed |B)|
contour region was obtained for (8) = 5 %. Unlike [9], we investigated how much these
finite beta effects alter the energetic ion orbits. The orbit calculations were performed
from the same initial position (R, Z) in the different beta plasmas. In Fig. 4.13, a non-loss
particle (the yellow) region appears at the outer torus for J2 and J3. The diamagnetic
effect reduces the energetic ion losses, which are trapped in the closed | B| contour region.
If the particles are trapped in the non-closed |B| contour region, their orbits strongly
depend on the contour curvature. Since the |B| contour curvature is increased by the
diamagnetic effect, the trapped particles can easily move to the outer torus (i.e., the high
ripple region). The banana-trapped loss (the red color) region extends inside the plasma
with increasing the beta value. This implies that other trapped particles inside the plasma
become loss particles by the finite beta effects. This effect has not been mentioned in the
previous studies; we clarified it by calculating the energetic ion orbits actually.

The magnitude of the finite beta effects depends strongly on the generation points
of the targeted energetic ions. In the future, we will attempt to estimate the actual loss
power fraction of the energetic ions such as the alpha particles and the NBI-generated fast
ions including the birth profiles and the Coulomb collisions using the F3D-OFMC code
[27]. The quantitative evaluation of the finite beta effects on target energetic ion losses
will greatly help to design the fusion reactors that can confine energetic ions successfully.
However, there is a problem about the VMEC calculation. Since the flux coordinates
are used in the VMEC, the calculation region is limited only in the plasma region. The
equilibrium magnetic field between the plasma boundary and the first wall is required
to quantitatively evaluate the energetic ion losses. Therefore, this problem should be
resolved in the next chapter.
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Chapter 5

Development of field calculation
method in the vacuum region using

the VMEC results

For the orbit calculation, the MHD equilibrium field should be calculated by a MHD
calculation code. The full 3D MHD equilibria can be easily obtained by the VMEC code.
However, the calculation region is limited to the inside plasma region because the flux
coordinates are used in this code. The MHD equilibrium magnetic field between the
plasma boundary and the first wall is required to quantitatively evaluate the energetic ion
losses. The field calculation code, which is based on the Biot-Savart law using the VMEC
results, is developed. The details of the method and results are described in this study.
This paper was published in Plasma Science and Technology 15 115 (2013) [28].

5.1 Introduction

The VMEC code is one of the 3D, free boundary MHD equilibrium calculation code and
it has been ordinary used in a helical plasma [10][11]. In these days, the VMEC code is
used also in the rippled tokamaks [8][9][29]. The full 3D MHD equilibria can be easily
obtained by the VMEC code, while the calculation region is limited to the inside plasma
region because the flux coordinates are used in this code. In the result, the loss power
fraction and the loss position of the energetic ions could not be accurately evaluated.
The equilibrium field consists of the magnetic fields from the external coil current and
the plasma equilibrium current. If the plasma is assumed to be a kind of coils, the
equilibrium field can be calculated from every coil shape and every coil current by using
the Biot-Savart law. The equilibrium field calculation code, which is based on this idea,
is developed in this study. The separatrix structures and the heat loads on the wall can
be analyzed with this code.
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In Sec. 5.2, the field calculation code is precisely explained. In Sec. 5.3, the 3D mag-
netic configuration, which is obtained by this code, is analyzed. Finally, the summaries
and conclusions are described in Sec. 5.4.

5.2 Details of the developed calculation code

The equilibrium field can be calculated inside the plasma by the VMEC code in the
flux coordinates (s,0,(), where s, # and ¢ are the normalized toroidal magnetic flux,
the poloidal angle and the toroidal angle, respectively. The toroidal angle ¢ of the flux
coordinates is consistent with the toroidal angle ¢ of the cylindrical coordinates (R, Z, ¢).

5.2.1 Inverse-Mapping for the inside plasma region

Inside the plasma, the equilibrium field in the flux coordinates is transformed to that in
the cylindrical coordinates by the Inverse-Mapping method [30]. The components of the
position vector (R, Z, ¢) in the VMEC can be written as,

R(s,0,() = Z Ry . (s)cos(mf —n¢) + R, (s) sin(mf — n()] (5.1)
Z(s,0,¢) = Z [Z; . (s) cos(mf — n() + Z5,, (s) sin(mb — n()] (5.2)
¢(s,0,¢) = ¢ (5.3)

Since the cylindrical coordinates (R, Z, ¢) are independent, the Taylor-expanding of R
and Z about the initial guess (s°,6° ¢) can be written as below,
R(S, 9, C) = RO + R(SJ(S — 80) + Rg(@ — 90) + OR(AZ)
Z(5,0,0) = Z°+ Z)(s — s0) + Z5(0 — o) + Oz(A?)

~~
or ot

Where,

R = R(s",6°.)
Z° = Z(s",6"¢)

RY = 8_R

; 95 | (50,00.¢)
OR

R) = —
90 | (50,90 .¢)

70 — E)_Z

; 95 | (50,00.¢)
07

Zy = — :
90 | (0,90 ¢)
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Therefore, the solution can be written as below,

0 _ 70 _ 0 _ RO
s(RZg) = 04 MEZL)LEZR)

g 2R R) — Ry(Z -~ 2°)

70

O,(A?) (5.6)

(R, Z,¢) = + Oy(A?) (5.7)

where

s = s(R,2°9)
0° = R, 2 9)
™ = RyZ) - R)Z.

st and 0! are defined as the solution using the initial guess (s°, 0%, ¢) without the second
order error term O(A?),

o, BZ-29 - Zy(R- R

S = S

(5.8)
70
g0 ZR= RO~ RYZ - 2)

70

o' =

(5.9)

Moreover, by using (s!, 0%, ¢), the solution (s% 6% () can be obtained. These equations
are generalized as below,

k—1 7 — Zkfl _ Zk—l _ pk-1
T
ZFYR—R"Y) - Ry (Z -z

If these equations are solved until the first order error terms (s* — s*~1) and (6% — 9*~1)
become sufficiently small, the solution (s, 8, () for given (R, Z, ¢) can be obtained. Since
the equilibrium magnetic field can be written in VMEC as below,

B(R,Z,¢) = B(s",6)
= Z (B, (s*) cos(m6* — n¢) + B, (s)(m6* — n()] (5.12)

mn

the equilibrium magnetic field can be obtained inside the plasma region by the Inverse-
Mapping method.

5.2.2 Biot-Savart method for the outside plasma region

This section shows the method of the calculation of the equilibrium field B in the vacuum
region using the VMEC results. According to the Biot-Savart law, the current density in
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a plasma j, produces the magnetic field on the certain position 7,

i Joi(7 r—’r/) ,
) [ B 613

In the VMEC, the current density is written as the flux coordinates (s, 0, (),

ol = J0VC X Vs + 5 Vs x V. (5.14)
The current density can be written in the Cartesian coordinates (XY, 7),

Jpl(X) = Jpi- VX

0X 0X 0X
= Jpl- < Vs + —V + —Vg)

Ds 0 ac
L (00X 0X
Iz Joigg + o ac

1 /. .

where /g is the Jacobian in the flux coordinates (s,6,(). The Y and Z components of
Jpi can be similarly obtained as,

: Iy :
]pl(Y) = ﬁ <ngye + ]&YC)

, L /. ,
Jn(2) 75 <ng29 + JEIZ<> :

Therefore, the X component of the BP! can be written as,

pl _ ]pl W2 —=Z) = ju(Z)(Y =Y) r
P = /// F (Y —Y)? 4 (Z—Z’)2)3/2d

]plye +Jp1 )(Z Z) (Jplze+ﬂplz><y Y)
B /// XP+v—vprz_zpr e

As well as the BPY(X), the Y and Z components of BP!' can be written as,

gy = e f] / Ui ﬂpl ><)X (X) /gjpl)i HPIX) >)3</22 2 ssioic
o Jp1X9 +]p1X<> (Jplye +Jp1Y<) (X —X')
BY(2) = / / / N v g e
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The components of the position vector (R, Z) in the VMEC can be written as Eq.(5.1)
and Eq.(5.2). In the VMEC, ( in the flux coordinates equals to the ¢ in the cylindrical
coordinates. Therefore, the components of the position vector (X,Y, Z) can be written
as,

X(s,0,() = Z [R; .(s)cos(mf —nl) + RS (s)sin(mf —n)]cos¢  (5.16)

mn

Y(5,0,0) = Y [Zfn(s) cos(mf — n¢) + Z5,,(s) sin(mb — n¢)]sin¢  (5.17)

mn

Z(s,0,¢) = Z [Z3n(s) cos(mf — n() + Z5  (s) sin(mé — n()].

mn

Therefore, the partial differentiation of (XY, Z) with respect to # and ( can be written
as,

OR

Xp = S cos¢ (5.18)
X, = (Z—?COSC—RsinC (5.19)
Y = Zing (5.20)
Y, = g—?sinCJchos( (5.21)
Zy = g—g (5.22)
Z, = g—? (5.23)

Where, the partial differentiation of (R, Z) with respect to 6 and ¢ can be written as,

ol >R (o) sin(md = 16) + B () cos(m =)} (520
g_f _ gn{ggm@)sm(me_no—ann<s>cos<me—nc>} (5.25)
Y m{Zg(s)sin(md —n0) + Zp () eos(md —n0)} (520
S = X n{Za(sinmd —n0) - Zg,(s)cos(md - )} (5.27)

mn

Therefore, the components of the magnetic field BP(X), BP(Y) and BP(Z) can be ob-
tained. These magnetic field components can be written in the cylindrical coordinates
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as,

BP(R) = B"(X)cos¢+ BP(Y)sing (5.28)
BP(¢) = —BP(X)sin¢ + BP(Y)cos ¢. (5.29)

To obtain the equilibrium field B(r), the vacuum field vector B**(r), which is gen-
erated by the external coil current density ji(r"), should be superimposed on BP\(r),

B(r) = BP(r)+ B™(r)
— BY(r) + o ;///C Jé(z;%:_(rri’_\;i)dvi' (5.30)

5.3 Calculation accuracy of developed code

The magnetic field components which are obtained by both calculation methods on the
plasma boundary are compared in this section. In this study, the calculation model is
referred by the 9MA scenario of an ITER operation. The volume-averaged beta value is
set to 2% which is same as the original ITER operation [8][13]. Figure 5.1 (a) and (b)
show the relative error of each field component ABgr/ |B|, ABz/|B| and ABiy/ |B| on
the plasma boundary between the results from the VMEC code and the developed field
calculation code along the poloidal angle # at ¢ = 0 and along the toroidal angle ¢ at
0 = 0, respectively. Although the calculation error appear in these figures, the maximum
relative error is only approximately 0.2%. Therefore, the developed field calculation code
has high enough numerical accuracy. In this case, the normalized toroidal magnetic flux
s, the poloidal angle 6 and the toroidal angle 6 is divided to 40, 360 and 720, respectively.
To obtain the field structures, a lot of computational time and resources are required.
Therefore, the equilibrium field is obtained by the Inverse-Mapping method inside the
plasma and calculated by the Biot-Savart law outside the plasma.

5.4 Summary

In this study, the VMEC code is used to analyze the non-axisymmetric finite beta effect.
However, the equilibrium field could not be calculated inside the plasma because the flux
coordinates are used. The field calculation code, which is based on the Biot-Savart law, is
developed. The magnetic field configuration, which obtained by this method, is compared
to the VMEC result and the maximum relative error is less than 0.3%. This calculation
method can help us to quantitatively evaluate the energetic ion losses using the VMEC
results in the next chapter.
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Figure 5.1: The relative error of each field component between the results from the VMEC
code and the developed field calculation code on the plasma boundary (a) along the

poloidal angle 6 at ¢ = 0 and (b) along the toroidal angle ¢ at § = 0
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Chapter 6

Quantitative evaluation of finite beta
effects on alpha particle losses

In tokamak plasmas, the confinement of energetic ions depends on the magnetic field
structure. If the plasma pressure is finite, the equilibrium current (i.e., the Pfirsch-Schliiter
current and diamagnetic current) flows in the plasma to maintain the MHD equilibrium.
These plasma currents generate the poloidal and toroidal magnetic field component and
alter the field structure. Moreover, if the TF ripples are taken into account in the MHD
equilibrium calculation, the non-axisymmetric component of the equilibrium current can
alter the TF ripples themselves. When the plasma beta becomes high, the changes in the
field structure due to the equilibrium current might affect the confinement of energetic ions
significantly. We intend to clarify how these currents alter the field structure and affect the
confinement of alpha particles in high-beta plasmas. The MHD equilibrium is calculated
using the VMEC code and the orbits of fusion alpha particles are followed by using the
fully three-dimensional magnetic field orbit-following Monte Carlo code. In relatively
low-beta plasmas (e.g., the volume-averaged beta value () < 2%), the changes in the
magnetic field component due to the plasma current negligibly affect the confinement
of the alpha particles except for the Shafranov shift effect. However for () > 3%, the
diamagnetic effect reduces the magnetic field strength and significantly increases alpha
particle losses. In these high-beta cases, the non-axisymmetric field component generated
by the equilibrium current also increases these losses, but not as effectively as compared
to the diamagnetic effect. This paper was published in Physics of Plasmas 20 (2013)
082511 [31].

6.1 Introduction

In Chapter 4, the several kinds of finite beta effects on the energetic ion losses were clari-
fied. However, the finite beta effects on the energetic ion losses could not be quantitatively
evaluated because the equilibrium field could not be calculated in the vacuum region using
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the VMEC. Due to the calculation tool which was introduced in Chapter 5, the 3D MHD
equilibrium field was obtained not only in the plasma region, but also in the vacuum
region. By using this 3D field, the fully 3D magnetic field orbit-following Monte-Carlo
(F3D-OFMC) code can be used [27]. Since this code is widely used in the field of the en-
ergetic ion confinement, it possess higher reliability. In this study, the non-axisymmetric

field component Epl and the toroidal field component of the 2D MHD equilibrium field
<B>£’Cl)r are focused on. Moreover, the finite beta effects should be clarified not only on
the energetic ion losses, but also on the heat loads on the wall. This research can help to
design the prospective nuclear fusion reactor.

The remainder of the paper is organized as follows. Sec. 6.2 introduces the calculation
model and the calculation code. Sec. 6.3 shows the results of the orbit calculations for
the fusion alpha particles. Sec. 6.4 describes the mechanism of the finite beta effects of
the energetic ion losses. Finally, Sec. 6.5 summarizes the findings and conclusions of this

study.

6.2 Research method

In this study, the calculation model is referred by the 9MA scenario of an ITER operation.
The MHD equilibrium is calculated using the VMEC code. For the outside of the plasma,
the magnetic field is calculated using the Biot-Savart law which were introduced in the
previous chapter [28]. The volume-averaged beta value () is changed from 0% to about
7%. The beta values are shown in Table 6.1. When (8) = 7%, Sy corresponds to 10
for the tokamak model in this study. Since this value exceeds the Troyon limit, it is
unrealistic to achieve such high-beta plasmas used in this calculation. However, the high-
beta plasma whose () exceeds 5%, which is desirable for the economical reasons, can
be achieved in the low-aspect-ratio tokamaks such as the spherical tokamak (ST). Since
the MHD equilibrium current depends on (), knowledge obtained in this study can be
applied to such a stable high-beta tokamak.

To quantitatively evaluate how equilibrium current alters the field structure and affects
the energetic ion losses, the orbits of the energetic ions are calculated for the following
three magnetic fields:

(i) BY = Byp = (B) + B = (B) + B> + B? = (B)_ + R(B), Vé+ B~ +B"

In this case, the magnetic field structure obtained from the full 3D MHD equilibrium
with VMEC is used in the orbit calculation.
t t

(ii) B = (BY+ B~ = (B) ,+(B),,+B = (B)  +R(B), . Vo+B

This case corresponds to the vacuum approximation, where the non-axisymmetric

pol tor

t

pol tor pol tor

~ext
component of the external field B is superimposed on the axisymmetric MHD

equilibrium field (B). In this study, B™ is defined as B — (B)™", where B
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is the external magnetic field including the TF ripples. The (B) is calculated using
VMEC with the axisymmetric condition and can be expressed as follows:
(B) = (B)ya+(B)

pol tor

1
= %V\IJ x Vo + f(I)Vo,

where W is the poloidal magnetic flux and f(W) is the flux surface quantity, which
. .. ~ pl ..
is defined as f(¥) = R(B),,.. If we compare BY and B, B" is missing in BW.

ext t

+(BY*+ B = (B)

(iii) B = (B) ext bot T RoBoVo + B™
When it is compared to B, (B),o, = f(¥)Vo = R(B),,, V¢ is approximated by
RoByV ¢, where By = constant is the external toroidal field at an arbitrary radius
Ry. If we define WP as the poloidal flux produced by the current in the plasma,

B can also be expressed as follows:

B = Lypl v+ B
2
Since f(V) ~ RyBy is a good approximation for low-beta plasmas, it is frequently
used in the orbit calculation of the energetic ions in the rippled tokamaks. In
this approximation, the toroidal magnetic field component (B)fgr, mainly generated
by the diamagnetic current is ignored. However, since the changes in f(¥) from
RyBy can not be neglected in high-beta plasmas, the influence of this effect will be

evaluated.

By calculating and comparing the fusion alpha particle losses among three cases men-
tioned above, Case (i), Case (i) and Case (iii) (i.e., BY, B" and BWW) how the changes
in field structure affect the confinement of alpha particles can be evaluated. For three
magnetic field models, 10,000 fusion alpha particle orbits are followed using the F3D-
OFMC code [27]. In this code, the guiding center orbits can be calculated by considering
the slowing down and the pitch angle scattering processes. If the particles reach the first
wall before the reduction of the kinetic energy to the thermal energy due to Coulomb
collisions, they are assumed to be lost. The birth profile of the fusion alpha particles
depends on the plasma pressure. Due to the Shafranov shift, the radial position of the
magnetic axis moves to the outboard side of the torus. Therefore, the birth points of the
fusion alpha particles also move to the out board side on increasing the plasma beta. The
same birth profiles are used for the three cases if the beta value of the plasma is the same.

6.3 Fusion alpha particle losses

To evaluate the fusion alpha particle losses, the loss power fraction € is introduced in this
study. The loss power fraction is defined by the ratio of the total kinetic energy of the all
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Table 6.1: The beta values in this calculation

BYR ] B | B
0.60 | 0.0061 | 0.848

1.26 | 0.0127 | 1.764
2.02 | 0.0204 | 2.839
2.79 1 0.0282 | 3.910
3.54 | 0.0358 | 4.975
4.35 ]0.0440 | 6.112
5.18 | 0.0524 | 7.279
6.02 | 0.0609 | 8.454
6.77 | 0.0686 | 9.524
7.56 | 0.0767 | 10.65

lost particles to the total initial energy of the all particles. Figure 6.1 shows the averaged
value of € for the fusion alpha particles. The blue, green and red cross symbols show ¢ for
Cases (i), (ii) and (iii), respectively. For (8) = 2.02, 6.77, and 7.56% plasma, the orbit
calculations are performed five times with the different random numbers determining the
initial conditions for the Monte-Carlo calculations. For example, Table 6.2 shows the
average, the dispersion and the standard deviation of € for Case (i) in (8) = 6.77%. The
standard deviation consistent with the error bar in Fig. 6.1. The solid circles of each color
present the averaged value of ¢, while the error bars show the standard deviation of it.
Figure 6.2 shows the ¢ for the collisionless orbit. In this case, the particles are assumed
to be lost when the guiding center reaches the plasma boundary, unless the tracing time
exceeds 0.01 s, in which case they are assumed to be non-loss particles. Although the
magnitude of € is different between Fig. 6.1 and Fig. 6.2, the shape of the curved line
and the relationships for Case (i), (ii), and (iii) are similar. Therefore, the difference of
the results is not caused by the Coulomb collisions, but caused by the finite beta effects.

The loss power fraction is the largest for Case (i) and the smallest for Case (iii) at
~ pl
the same beta plasma, meaning that both the non-axisymmetric field component, B’ ,

and the toroidal magnetic field component generated by the equilibrium plasma current,

~ pl
(B>f’ér, increase the fusion alpha particle losses. First, B” is discussed. With increasing

the plasma beta, the difference between e for Cases (i) and (ii) increases, but still remains
small in sufficiently high-beta plasmas. For example, for (5) = 6.77%, € is increased by

~pl
approximately 0.0052 because of B’ (i.e., approximately 5% increase in comparison with

that for Case (i)). Since this difference is larger than the respective error bar, B causes
€ to increase.
Second, (B)P is discussed. The loss power fraction for Case (ii) is larger than that

for Case (iii), and therefore, (B)". increases e. For the normal operation in an ITER
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plasma, (/) is planned to be about 2%. Since there is no significant difference between
e in Cases (i) and (iii) at this plasma beta, (B)" negligibly affects the energetic ion
losses in the low-beta plasmas. However, on increasing the plasma beta, this difference
also increases, but it is gradually saturated above (8) = 7%. In the high-beta plasmas, €
is most strongly increased by <B)pl Therefore, the changes in the field structure due to

tor®
(B>fér could not be ignored for energetic ion losses in the plasma with (5) > 3%.

The effect of the poloidal field due to the equilibrium plasma current should be men-
tioned. The Shafranov shift effect increases the fusion alpha particle losses because the
generation points of the fusion alpha particles are moved to the outboard side of the torus
[22]. On increasing the plasma beta, € for Case (iii) also increases until (8) = 6%. The
loss fraction € for (5) = 6% is three times bigger than that for (5) = 0.5%. Over this beta
value, € does not increase evidently because the amount of the magnetic axis shift becomes
smaller as the plasma beta increases. Moreover, the strong poloidal field is needed to fix
the safety-factor profile and the shape of the plasma boundary in the high-beta plasmas.
Because this field reduces the ripple ratio in the outboard side of the torus, € is gradually
reduced at () = 6% for Case (iii) [20].

The loss power fraction for Case (iii) is reduced not only by the decrease of § but also
by the other factors. The Shafranov shift also affects the toroidal precession rate, wp, of
the trapped particles. Due to the Shafranov shift effect, wp is reduced and the energetic
ion losses might be decreased [32]. Moreover, the width of the banana orbit is squeezed
by the strong poloidal field in the outboard side of the torus [17]. Although the first-orbit
losses of the alpha particles are not so effective in this case, this orbit squeezing effect
might reduce these losses. It is quite difficult to qualitatively evaluate these effects on
the energetic ion losses in this study. If it is possible, the more simple tokamak models
should be used (e.g., up-down symmetric tokamak).

6.4 Effect of plasma current on energetic ion losses

~ pl
6.4.1 Non-axisymmetric field component B’

Figure 6.3(a) shows the difference between the ripple ratio for Cases (i) and (ii) (i.e.,

. y ~ pl
§(BY) and 6(B™)) at (8) = 6.77%. It shows that B increases § throughout the
plasma and increases by 0.0004 at maximum. On the contrary, this non-axisymmetric
field component increases the loss power fraction e by 0.0052 (i.e., an approximately 5%

increase in comparison with Case (i)). It means that Epl does not strongly affect e.
Under the condition of this study, in which the maximum dy,. is approximately 0.01 in
plasma, vacuum approximation can also be used for (8) = 7%. Therefore, the conclusion
in reference [8] can be confirmed even for the high-beta plasmas unless the ripple ratio is
sufficiently small.
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Loss power fraction
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Figure 6.1: The loss power fraction e for Cases (i), (ii) and (iii) are represented by the
blue, green and red cross symbols, respectively. For (8) = 2.02, 6.77, and 7.56%, the solid
circles of each color indicate the averaged value of € and the error bars show the standard
deviation of e.
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Figure 6.2: The loss power fraction e for the collisionless orbit
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Table 6.2: The error bar of € for Case (i) in (8) = 6.77%

i | ey | oo
0 0.1100 4.48E-06
1 0.1087 7.71E-07
> 0.1065 1.87E-06
3 0.1066 1.66E-06
4 0.1075 1.13E-07
Average 0.1078
<g>
Dispersion 1.78E-06
deviaton | 0001334
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Figure 6.3: The difference of the ripple ratio at (3) = 6.77% (a) 5(BW) —6(BW) and (b)
§(BW) — 6(B™W).
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6.4.2 Toroidal field component (B)p1

tor

Figure 6.3(b) shows the difference between the ripple ratio for Cases (ii) and (iii) (i.e.,
§(BW) and 6(B™W)) at (8) = 6.77%. Not only the non-axisymmetric field component
but also the axisymmetric field component alters 6 [9][20]. At (R,Z) = (7.6 m,0.5 m),
(B>fér maximally increases & by 0.0001. This value is negligible, but e is doubled at
(B) = 6.77%. Therefore, there should be another factor including the increase of e.

The diamagnetic current reduces the external toroidal field and alters the field strength
| B| contour line; this effect is known as the diamagnetic effect. Figures 6.4(a) and (b)
show the |B| contour line at ¢ = 0 for BYW and BW at (3) = 6.77%, respectively.
Because of the diamagnetic effect, the | B| contour line is bent and the closed |B| contour
region appears in the outboard side of the torus. If the reflection point of a trapped
energetic ion is located in this region, it is not lost because | B| at the subsequent bounce
points is constant and banana tips of the orbit of this particle should be always on the
same closed |B| contour line [20]. This means that (B)” reduces the number of the lost
particles whose banana tips are in the closed |B| contour region. Figures 6.5 show the
collisionless orbit of a particle which trapped at (R, Z,¢) = (7.3 m,1.1 m,0) (i.e., the
green circle). The trapped points and the orbit are described by the blue dots and the
red line, respectively. For Case (ii), since the particle is trapped in the closed | B| contour
region, the trapped points describe the closed path. As the result, the particles does not
lose even if the tracing time exceeds 5[ms]. While for Case (iii), a particle reaches at the
first wall in the relatively short time (i.e., 0.5[ms]).

In contrast, if the bounce position of a trapped particle is not in the closed | B| contour
region, its orbit is strongly affected by this contour line bending effect [20]. The |B)|
contour line for Case (ii) is highly bent in the outboard side of the torus in comparison
with Case (iii). Since the energetic ions bounce at the same |B| contour line, the trapped
particles can more easily move to the outboard side of the torus (i.e., the high dy, region)
for such a shape of the |B| contour line. As same as Figures 6.5, Figures 6.6 show the
collisionless orbit of a particle which trapped at (R, Z,¢) = (7.2 m,1.9 m,0). At this
point, the |B| contour line for Case (ii) is strongly bent when it is compared to that for
Case (iii). As the result, the particle for Case (ii) reaches at the wall in 5[ms|, but the
particle for Case (iii) does not lose.

As shown above, the bending of |B| contour line due to the diamagnetic effect causes
the increase of the trapped particle losses. However, once the |B| contour line is closed,
the loss of the trapped particles whose banana tips are in the closed |B| contour region
decreases. Since the closed |B| contour line can appear at (5) > 5% and this region is
limited to a quite narrow area, its effect on the particle loss is not substantial. As a result,
(B)f’gr, which represents the diamagnetic effect, increases the energetic ion losses in the
high-beta plasmas as shown in Figs. 6.1.

The diamagnetic effect alters the magnetic field structure, the | B| contour line and the
bounce points of a banana particle. The loss of a banana particle depends on the bounce
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Case (111)
1

Figure 6.4: The field strength | B| contour line at ¢ = 0 for (a) Case (ii) and (b) Case (iii)
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Figure 6.5: The orbit of a banana particle is shown by the red line and the trapped point
is described by the blue dots, starting from the green circle (R, Z, ¢) = (7.3 m, 1.1 m,0)
with a pitch angle A = 7/2 for Case (ii) and Case (iii)
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Figure 6.6: The orbit of a banana particle is shown by the red line and the trapped point
is described by the blue dots, starting from the green circle (R, Z, ¢) = (7.2 m, 1.9 m, 0)
with a pitch angle A = 7/2 for Case (ii) and Case (iii)
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points; therefore, we intend to clarify how the diamagnetic effect changes the energetic
ion losses by following the orbits of the trapped ions. The color depth in Figs. 6.7 shows
the orbit tracing time of the alpha particles having the initial position (R, Z). The initial
positions (R, Z) are distributed over the plasma, while the initial toroidal angle ¢ is fixed
at m/18. The alpha particles orbits are followed with a pitch angle A = 7/2 (i.e., with no
parallel velocity at the initial position). To clearly estimate the effect of (B)P. | in this
calculation the collisions are ignored (i.e., the magnetic moment and the initial energy
are conserved). If the particles reach the first wall before the orbit tracing time exceeds
0.01 s, they are assumed to be lost. These orbits are followed for Cases (ii) and (iii) at
(B) =6.77%.

If a banana particle is trapped in the closed |B| contour area, it is not lost for the
collisionless case, while it may be lost if it is trapped further inside the plasma because
of the |B| contour line bending effect. In this beta plasma, the position of the magnetic
axis locates at (R, Z) = (7.0 m, 0.5 m). Since the generation points of the alpha particles
depend on the magnetic axis, in this case, the |B| contour line bending effect on the
alpha particle losses is much stronger than the closed |B| contour effect. Moreover, in
a sufficiently high-beta plasma (e.g., (8) = 10%), (B)". might reduce ¢ because of the
closed | B| contour effect.

6.5 Heat loads

Figures 6.8 show the heat loads of fusion alpha particles [W/m?], where the vertical and
horizontal axes represent the vertical position Z m and the toroidal angle ¢, respectively.
According to the previous report [13], the heat loads depend on the wall shape. In this
study, the 2D wall shape shown in Fig. 1.4(c) is used for all field models in all beta
plasmas. In the low-beta plasmas, the difference of the heat loads among three magnetic
fields is negligible. On the contrary, in the high-beta plasmas, the heat loads are quite
different for Cases (ii) and (iii). The heat loads are increased and a hot spot appear in
Z = —1m (i.e. Zone A in Fig.6.8 (e)). Figures 6.9 show the |B| contour line at ¢ = 0 for
Case (ii) and (iii), respectively. Because of the diamagnetic effect, the | B| contour line is
bent in the outboard side of the torus. Figure 6.9(c) only shows the |B| contour which
passes (R, Z,¢) = (7.2 m,1.9 m,0) for Case (ii) and (iii). The |B]| contour line for Case
(iii) contacts with the wall at Z = —2.2 m, while that for Case (ii) contacts at Z = —1.5
m. Since the trapped points follow the |B| contour line, most of alpha particles are lost
in Zone A in Fig.6.8 (e).

In this paragraph, the histograms of the ratio of the lost particles Np . and all test
particles N, are shown. The blue, green, and red bar graph show Npos/Nap in (8) =
6.77% for Case (i), Case (ii), and Case (iii), respectively. The horizontal axis in Figures
6.10 represent energy for the lost particles and that in Figures 6.11 represent the pitch
angle A in Eq. (4.7) on the lost point. Because of the diamagnetic effect, the number of
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Figure 6.7: Color depth shows the orbit tracing time [s] for alpha particles at the initial
position (R,Z). These particles started their motion from ¢ = /18 with no parallel
velocity. Figures (a) and (b) show the results for Case (ii) and (iii) at () = 6.77%,
respectively.
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lost particles which have over 3MeV is increased. The Np.s of high energetic particles
for Case (ii) becomes approximately twice when it is compared to that for Case (iii).
These particles mainly consist of the trapped particles A ~ 0.5 in Figures 6.11. Due to
the | B| contour line bending effect, the trapped particles are promptly lost when they are
generated in the outside of the torus. These prompt lost particles produce the Zone A as
shown in Fig.6.8 (e). The effects of the non-axisymmetric plasma current is not effective
for the heat loads. While, the diamagnetic effect can produce the heat spot in the high-
beta plasmas and this effect should not be ignored for the analysis of the energetic ion
losses.

6.6 Summary

Plasma currents flow to keep the MHD equilibrium. These currents generate the poloidal
and toroidal fields and alter the magnetic field structure. These changes also affect the
confinement of the energetic ions. In this study, we clarified how the equilibrium current
changes the field structure and affects energetic ion losses. It is found that the non-
axisymmetric field component Epl and the toroidal field component (B>fc1)r, which is
mainly produced by the diamagnetic current, increase the fusion alpha particle losses and

that the magnitude of these effects depends on the plasma beta.

The effect of Epl is not prominent in this study. Even in the high-beta plasma (5) =
6.77%, it increases the loss power fraction e by approximately 0.0052 (i.e., approximately
5% increase compared with that for Case (i)). Therefore, the vacuum approximation can
be used under the conditions of this study in which the maximum d,. is approximately
0.01 in plasma. The conclusions of a previous study [8] can be confirmed by calculating
the orbits of fusion alpha particles actually. However, if the number of TFCs is reduced
or if the optional coils such as the edge localized mode mitigation coils are installed,
the non-axisymmetry of the magnetic field may be increased. This means that the non-

axisymmetry of the plasma current will also be increased. Therefore, the effect of B" on
the alpha particle losses for such reactors should be evaluated carefully.

The (B>fcl)r, which is mainly due to the diamagnetic effect, negligibly affects the en-
ergetic ion losses for (8) < 2%. However, the |B| contour line is significantly bent over
this beta value, thus producing two opposing effects: 1) the reduction of the energetic ion
losses due to the closed |B| contour and 2) increase of these losses due to the |B| con-
tour line bending effect. The latter is normally stronger than the former for fusion alpha
particles; for example, when () = 6.77%, € is doubled by <B)fér. Therefore, the changes
in field structure due to the diamagnetic effect could not be ignored for the energetic ion
losses corresponding to the (3) > 3% plasma. Because of the diamagnetic effect, the | B)|
contour line intersects with the reactor wall near the center of the Z axis. Therefore, the
heat spot shifts above the Z-axis in this study.

It is well known that the Shafranov shift changes the birth profile of the alpha particles
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Figure 6.8: The heat loads of the fusion alpha particles [W/m"].
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Figure 6.9: Figures (a) and (b) show the |B| contour line at ¢ = 0 for Case (ii) and (iii),
respectively. The red and green line in Fig. (c) show the |B| contour for Case (ii) and
(iii) which passes (R, Z, ¢) = (7.2 m, 1.9 m, 0) (the black circle).
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Figure 6.10: Nposs/Nan against the energy for the lost particles in (8) = 6.77% for Case
(i), Case (ii), and Case (iii), respectively.
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Case (i), Case (ii), and Case (iii), respectively.
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and affects their losses. Since the fusion alpha particles are generated at the further outer
torus (i.e., the high .. region) because of the Shafranov shift, the fusion alpha particles
are more strongly affected by the TF ripples. In this study, € at (8) = 6% is three times
larger than that at () = 0.5%.

The Shafranov effects on the toroidal precession and the orbit squeezing effect of the
strong poloidal field could not be fully discussed . Although these effects might reduce
the energetic ion losses, these effects on energetic ion losses could not be quantitatively
evaluated in this study. To analyze precisely, the more simple tokamak models should be
used (e.g., up-down symmetric tokamak).

Following the fusion alpha particles orbits, several effects of the equilibrium current
on both the magnetic field structure and the energetic ion losses were clarified. The
magnitude of each effect depends on the plasma beta () and the engineering design of
the device, such as the aspect ratio and the number of TFCs. The loss power fraction
was most strongly increased by the diamagnetic effect in the high-beta plasmas, but this
relation might be different in other high d.,. tokamak plasmas. Moreover, it is unrealistic
to achieve the high-beta plasmas such as (#) = 7% under the conditions of this study. On
the other hand, in the low-aspect-ratio tokamaks such as ST, it is not difficult to attain
such high-beta plasma. In future work, we intend to clarify how the equilibrium current
changes the magnetic field structure and affects the energetic ion losses in other tokamaks
such as STs and high d,,. tokamaks.
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Chapter 7

Conclusion

The energetic ion losses in the rippled tokamaks are studied in this thesis. The finite
beta effects alter the magnetic field structure and the energetic ion losses. The physical
mechanism of the finite beta effects should be clarified especially in the high-beta rippled
tokamaks. This research can be separated by two parts: the MHD equilibrium calculation
and the orbit calculation. Firstly, the MHD equilibrium should be calculated to clarify
the finite beta effects on the field structure. Secondly, the orbit calculation should be
performed using the MHD equilibrium field. By changing the beta values in an ITER-like
plasma, the several kinds of the finite beta effects on the energetic ion losses are clarified
in this study.

In Chapter 4, the finite beta effects on the magnetic field structure and the orbits of
the energetic ions are clarified. The finite beta effects on the ripple ratio d are categorized
by two parts: the axisymmetric and the non-axisymmetric finite beta effects. In the center
of a plasma, both effects increase §. While, the axisymmetric finite beta effect decreases
it at the outer torus. The decrease of § by the axisymmetric finite beta effect is strongly
larger than the increase of it by the non-axisymmetric finite beta effect. Therefore, the
finite beta effects increase ¢ in the center of a plasma and decrease it at outer torus. The
diamagnetic effect reduces the field strength | B| and alter the field contour structure. It
significantly bends the | B| contour line in a high-beta plasma and produces two opposing
effects: 1) the reduction of the energetic ion losses due to the closed |B| contour and 2)
increase of these losses due to the | B| contour line bending effect.

In Chapter 5, the problem of the VMEC code about the calculation region is resolved.
The full 3D MHD equilibria can be easily obtained by the VMEC code, while the calcula-
tion region is limited to the inside plasma region because the flux coordinates are used in
this code. However, the equilibrium magnetic field between the plasma boundary and the
first wall is required to quantitatively evaluate the energetic ion losses. The field calcula-
tion code, which is based on the Biot-Savart law using the VMEC results, is developed.
The computation accuracy of the field component obtained by this method is sufficiently
high; it is less than 0.3 % in the plasma boundary.
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In Chapter 6, the finite beta effects on the energetic ion losses are quantitatively
evaluated. The MHD equilibrium is calculated using the VMEC code and the orbits of
fusion alpha particles are followed by using the F3D-OFMC code. In (5) < 2%, the
changes in the magnetic field component due to the plasma current negligibly affect the
confinement of the alpha particles except for the Shafranov shift effect. However for
(B) > 3%, the diamagnetic effect reduces the |B| and significantly increases the alpha
particle losses. The diamagnetic effect produces two opposing effects: 1) the reduction of
energetic ion losses due to the closed |B| contour and 2) increase of these losses due to
the | B| contour line bending effect. For the fusion alpha particles, the diamagnetic effect
usually increases the energetic ion losses. The increase of the lost particles is induced by
the high-energetic trapped particles. Because of the diamagnetic effect, the |B| contour
line intersects with the reactor wall near the center of the Z axis. Therefore, the heat
spot shifts above the Z-axis in this study. In these high-beta cases, the non-axisymmetric
field component generated by the equilibrium current also increases these losses, but not
as effectively as compared to the diamagnetic effect.

In this paper, an ITER-like plasma configuration is used as the calculation model.
However, the strength of each finite beta effect on the energetic ion losses might be
changed if the number of the TFCs is reduced, the local ferrite materials are installed, the
aspect ratio is altered, and the target energetic ions are changed. Therefore, the energetic
ion losses should be analyzed for these tokamak configurations carefully. Moreover, the
HINT code should be used instead of the VMEC in order to clarify the effect of the
magnetic island and the stochasticity of the flux surfaces on the energetic ion losses.

Finally, the summary of the important results in this study are briefly shown by a run
of the item.

1. The problems of the VMEC code about the calculation region are resolved by using
the Biot-Savart law.

2. The important finite beta effects on the energetic ion losses consist of the Shafranov
shift effect, the changes of the ripple ratio §, and the diamagnetic effect.

3. Although the Shafranov shift effect increases the energetic ion losses as beta in-
creases, the rate of the increase becomes slower in a high-beta plasma.

4. In the center of a plasma, the both axisymmetric and non-axisymmetric finite beta
effects increase 9. While, the axisymmetric finite beta effect decreases it at the
outer torus. Totally, the finite beta effects increase ¢ in the center of a plasma and
decrease it at the outer torus.

5. Although the non-axisymmetric finite beta effect increases the energetic ion losses,
it is not so effective for the ITER-like configuration. Under the conditions of this
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research, the loss power fraction e is increased by five percent due to the non-
axisymmetric finite beta effect for (8) = 7%.

6. For the ITER-like configurations, the | B| contour can be closed for (8) = 5% because
of the diamagnetic effect.

7. The diamagnetic effect produces two kinds of effects on the energetic ion losses: 1)
the reduction of the energetic ion losses due to the closed | B| contour and 2) increase
of these losses due to the | B| contour line bending effect.

8. For the fusion alpha particles, the diamagnetic effect usually increases the high-
energetic trapped ion losses.

9. Because of the diamagnetic effect, the |B| contour line intersects with the reactor
wall near the center of the Z axis. Therefore, the heat spot shifts above the Z-axis
in this study.
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Appendix A

MHD equilibrium calculation

A.1 Grad-Shafranov equation

The Grad-Shafranov equation is one kind of the MHD equilibrium equation for the toka-
mak plasmas. Since plasmas are assumed to be axisymmetric systems in this equation,
the effects of the non-axisymmetric plasmas could not be taken into account.

Since the divergence of the magnetic field is zero and the gradient of the magnetic flux
function V¥ is perpendicular to the magnetic field,

. 1 a 1aBtor aBZ
VB = RapfBi+ g o6 | 07

ov 10V ov
B- VUV = Brp— +Biow=—+Bz— =
"R T PR TPz
If the plasmas can be assumed to be axisymmetric,

100
Bp = ——o-
r ROZ

10U
B, = ——. Al
7 F AR (A1)
Therefore, the magnetic field can be written as below,

=0

0.

1
B = EV\I} X €4 + Btore¢- (A2)

Similarly, the divergence of the current density vector is zero and the gradient of the
magnetic flux function [ is perpendicular to the current vector. Therefore,

o val
R = TRoz
1ol
12 = RoR
1
Jj = EVIX6¢+jtored>- (A.3)
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From the Ampere’s law, the below condition can be derived,
RBior = piol = F. (A.4)

From the Ampere’s law and the MHD equilibrium equation, the Grad-Shafranov equation
can be derived as below,

0 [10V 82\11_ d [F? , dp
Rﬁ (E@) + ﬁ = —@ (7> — R /LOE. (A5)
A.2 VMEC code

The VMEC (Variational Moment Equilibrium Code) is an efficient computer code to
calculate the 3D MHD equilibria using the inverse spectral method [10][11][33]. The total
energy Wy in the plasma region V}, is written as,

B? P
Wy = / (— + —) av, (A.6)
Vol

20 v —1

where P is the scalar plasma pressure. The total energy is minimized based on the
variational principal. The magnetic field B is described by the Clebsch representation as,

B=VsxV (@z}(s)e —X(s)C + A) , (A7)

where s is the label of the magnetic surface, Q/J(S) and Y(s) are respectively derivatives
of the toroidal and poloidal flux function. 6, ¢ are the poloidal and toroidal angle in
the flux coordinates. It is noted that A(s,0,() is a stream function to determine the
optimized poloidal angle as described later. In Eq. (A.6), the value B? is represented
by the contravariant component of the magnetic field on the flux coordinates and Wy is
varied with respect to these variables. When the toroidal angel ( is set to be same as the
geometrical toroidal angle ¢ in the cylindrical coordinates (R, Z, ¢) for simplicity, it is not
necessary to vary Wy with respect to ¢. Here R is the major radius and Z is the hight
from the midplane. Then, from Eq. (A.6), the variational form of W, can be obtained
as,

oWy = —/ F - dxdsddd(. (A.8)
Vi

It should be noted that @ = (R, \,Z). From Eq. (A.8), it is obvious that the MHD
equilibrium which satisfies W}, = 0 is obtained when F' = 0. It can be shown that
the condition F' = 0 is equivalent to the condition that the MHD residual force F =
—J x B + VP is exactly zero, when J is the current represented by J = V x B.
Therefore, in the VMEC, the following numerical scheme is developed to find out the
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solution x correspond to the equilibrium plasma configuration which satisfies F' = 0
instead of solving F=0 directly.

In the VMEC, the shape of the flux surface (R, Z) and A are the Fourier decomposed
with respect to (6, () as follows:

R(s,0,¢) = ZR ) cos(mb — n¢) + R}, (s) sin(mé — n()

Z(s,0,¢) = Z ) cos(mf — n() + Z; (s) sin(mf — n() (A.9)

mn

)\(S, 0, C) = Z )\mn COS m0 - HC) + )\;m( ) Sin(mg - HC)

mn

where (Run, Zmn, Amn) correspond to the moments of (R, Z, \) that are defined on the
discretized radial meshes. Using these Fourier representations, Eq. (A.8) can be written

as,
del Z / -awmnd dedc, (A.10)

where ¢ is the artificial time and F’  is complex conjugate of Fy,,. In the 3D configura-
tions, the large number of the moment amplitudes are needed to describe an equilibrium
with sufficient numerical accuracy. Therefore, an iteration method is developed to follow
the path along with dIV,;/d¢ which decreases a maximum rate (i.e., the steepest-descent
method) [34]. The descent path equation for Eq. (A.10) is

83311111

ot

= F,., (A.11)

and the maximum decreasing rate of W, along this path is given by

dWh 2
= F.,|" dsddd(. A.12
it =2 [ Ml asasac (A12)

From Eq. (A.12), it is clear that the total energy W), is decreased monotonously according
to the solution @, of Eq. (A.11). Since the first order differential equation (A.11) is not
easy to solve numerically, the second order equation;

82 wnln 1 awnln
ot? T Ot

is solved instead of Eq. (A.11) in the VMEC code, which is called the second order
Richardson scheme. The parameter 7 > 0 has little effect on the stability of the least-
damped mode of Eq. (A.13), minimizing the number of iterations required to reach steady
state.

= F, (A.13)
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A.3 HINT code

The HINT code is a 3D MHD equilibrium calculation code based on the time-dependent
relaxation method in the Cartesian coordinates [33]. In these coordinates, the calculation
is performed as follows.

The first step (step-A) is a relaxation process to satisfy the condition B - Vp = 0.
Since this condition is equivalent to no pressure variation along the magnetic field lines,
this process calculates the averaged pressure along the field line that passes through a
grid point;

[ pBtdl

T (A.14)

p~p=
and uses this update the pressure on that grid point. If some field line reaches to the
computational boundary, the pressure sets to p = 0 on the grid point. The averaged
plasma pressure p is calculated on all grid points.
The next step (step-B) is a relaxation of the magnetic field with the plasma pressure
distribution fixed. The process solves the time evolution of the dissipative equations;

Ow) = ~LVp— (G —do) < B (A.15)
O Vx[vx B (i o ) (A.16)
J—Jo = Miv x (B — By) (A.17)

where By is the vacuum magnetic field and jpet is the net current (e.g., the Ohmic and
the neoclassical current) [35][36]. The dissipative parameter 7 is assumed to be constant.
The factor f,,

)1 (B < B.)
ke {(Bc/Bf) (2> o) A

is calculated on all grid points, where B is the magnetic field strength and B, is specified
to between the maximum and the minimum value of the magnetic field in the poloidal
plane.

With these steps, the equilibrium state is finally determined through iteration until
the prescribed net current condition is satisfied.
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Development of the calculation tool

B.1 Determination of the external coil currents

There are two situations exist in the VMEC: a fixed boundary and a free boundary
conditions. Because the last flux surface is given by the input parameter for the fixed
boundary conditions, the vacuum field is not necessary. Whereas for the free boundary
conditions, the last flux surface is controlled by the total toroidal magnetic flux. Therefore,
each coil current is needed to calculate the MHD equilibria using the VMEC for any
pressure profile, the safety-factor profile and the last flux surfaces. This section explains
about the methods to determine the external coil currents which are necessary for the
free boundary calculation in the VMEC.

Firstly, the fixed boundary calculation is performed for the given pressure profile, the
safety-factor profile and the last flux surface. An example of the calculation model is
shown in Fig. B.1. With the VMEC results, the equilibrium field B is obtained on the
plasma boundary (7). Using the magnetic field calculation method which was introduced
in Section 5.2.2, the magnetic field component BP!(r) is also obtained on the plasma
boundary. Therefore, the vacuum field B®*(r) to keep the MHD equilibria for the given
input parameters are written as below,

B™(r) = B(r) — B"(r). (B.1)

By the current density of each external coil 55(r"), the current flows on the cross-section

Sk)
T = g // de(rd X (r—m) g (B.2)
Cx

477\7' = rk]3

If 1[A] flows on the cross-section of a external coil, the magnetic field component is

produces as,
Jc rk )
BX(r av; B.3
///Ck 47r|1° — 'rk|3 k- (B-3)
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Therefore, equation (B.1) can be written as,

> JEB(r) = B(r) - B'(r) (B.4)

where N is the number of the external coils.
Secondly, the plasma boundary is divided in n and the position vector is defined as
r (1=1,2,3,...,n). The square error of equation (B.4) on 7 is written as,

2
a = (B( — B"(1) Z JEBX(r) )
— (Bext Z JXBX(r) ) . (B.5)
The summation of a' can be written as,

A= Za = Z (Bext ZJkBk T ) . (B.6)

I=1

To minimize A, the partial differentiation of A for JX should be zero,

aJk = —QZBk ) (Bext ZJ‘Bl 7| ) =0

Z Ji ZBk ) B (1) ZBk 7)) B (1) (B.7)
i=1

If the equation (B.7) is described as the matrix,

Gur; = Hy
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Where,

J;N
[ S Bl(r)Bl(r) Y. Bl(r)BXr) --- 3. Bl(r)BY(n)

o _ | EBBr) TBinBin) - BAmBI(r)

| S BY(m)Bi(n) Y BNm)BXm) - X BYN(m)BY(n)

[ ZBé(’m)BZ:(ﬁ)
Ho—H — ZBC(TQB (™)

| > B (r))B(m)

By solving equation (B.8), the external coil currents can be obtained for the free boundary
calculation in the VMEC.
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Figure B.1: An example of calculation model. The number of the external poloidal coils
is V and the plasma boundary is divided in n.
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Diamagnetic effect on the ripple
induced losses of energetic ion in a
non-axisymmetric tokamak plasma

In a tokamak plasma, the energetic ion losses are increased by the TF ripples, which are
created by the finite number of the TFCs. The equilibrium plasma current alters the
magnetic field structures and the energetic ion losses. The diamagnetic effect generated
by the poloidal plasma current is one of the most important finite beta effects. It produces
two kinds of effects on the energetic ion losses: 1) the reduction of the energetic ion losses
due to the closed |B| contour and 2) increase of these losses due to the |B| contour line
bending effect. These effects on the energetic ion losses should be evaluated using the
MHD equilibrium calculation code VMEC and the orbit calculation code F3D-OFMC.
In the result, it is found that the diamagnetic effect usually increases the energetic ion
losses, while the quite strong diamagnetic effect reduces them. This paper was published
in Zero-Carbon Energy Kyoto 2012 [37].

C.1 Introduction

The finite number of the TFCs breaks the symmetry of the tokamak plasma. Due to the
TF ripples, the energetic ion losses are increased in a tokamak plasma. Especially, the
fusion alpha particle losses induce several serious issues such as the deterioration of the
plasma heating efficiency and the localized heat loads on the first wall. To confine the en-
ergetic ions successfully, the magnetic field structures have to be investigated. The plasma
itself alters the magnetic field structures and the energetic ion losses. Especially the dia-
magnetic current significantly alters the | B| contour curvature in a high-beta plasma [9].
The diamagnetic effect produces two kinds of effects on the energetic ion losses: 1) the
reduction of the energetic ion losses due to the closed |B| contour and 2) increase of these
losses due to the | B| contour line bending effect. In this study, the toroidal field generated
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by the plasma current is obtained using the VMEC. In order to analyze the diamagnetic
effect on the energetic ion losses, five cases of the 3D field structures are created by ar-
tificially changing the toroidal field component from the poloidal plasma current. The
diamagnetic effect on the energetic ion losses is quantitatively evaluated by calculating
the alpha particles orbits.

C.2 MHD equilibrium calculation

In this study, the calculation model is referred by the 9MA scenario of an ITER operation.
The volume-averaged beta value is set to 2% which is same as the original ITER operation
[8][13]. The reversed sher safety-factor profile is used as Fig. C.1(b). The 2D MHD
equilibrium field is calculated using the VMEC code [10][11]. By superimposing the
vacuum ripple component on the 2D MHD equilibrium field, the approximated 3D field
structure can be created in this study.

Figure C.2(a) shows the vacuum and equilibrium toroidal field By, along the R di-
rection. The vacuum toroidal field is approximately proportional to 1/R. Therefore, the
vacuum toroidal field has not same value along the R direction. Because of the diamag-
netic effect, the vacuum toroidal field is reduced at the outer torus and the | B| contour
curvature becomes higher. To analyze the diamagnetic effect on the energetic ion losses,
five cases of the 3D field structures are artificially created by changing the toroidal field
component from the poloidal plasma current. In this study, each field case is called JO,
J1, J2, J3 and J4, in which the diamagnetic effect on the toroidal field is artificially mul-
tiplied by the weight factor 0, 1, 2, 3 and 4, respectively. Figure C.3(b) shows the field
strength |B| along the R direction at (Z,¢) = (0.5m,0) for each field case. By changing
the diamagnetic effect, the field strength is reduced at outer torus and the |B| contour is
also changed. Figures C.3 show the |B| contour line at ¢ = 0 for each field model. As
mentioned above, the |B| contour line becomes higher and the closed contour region is
extended with increasing the diamagnetic effect. In the next section, how the changes of
| B| contour affect on the energetic ion losses is clarified.

C.3 Diamagnetic effects on the energetic ion losses

The red color in Figures C.4 shows the tracing time of the alpha particles on the initial
point. They are started from the inner plasma with the pitch angle A\ = 0.5. These figures
clearly show that there are two opposing effects due to the diamagnetic effect.

The black dots in Fig. C.4 show the first trapped points of 10,000 fusion alpha
particles, where the untrapped particles are ignored. For these birth profiles, the energetic
ion orbits are calculated using the F3D-OFMC code [27]. Figure C.5 shows the loss power
fraction e. The final € for JO, J1, J2, J3 and J4 models are 0.050, 0.086, 0.101, 0.104 and
0.089, respectively. The diamagnetic effect usually increases the energetic ion losses,
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Vacuum ripple ratio 3

. S5 0.008
3 -
7 H 0.006
n 2
0 I I 1 1 1
0 0.2 04 0.€ 0.8 1
The normarlized toroidal flux =
=0 H 0.004
q profile N
5 -1
7
-2
& 0.002
5 -3
4 -4
3
; ; i ; -5 0
2 4 5 6 7 8
a 0.2 0.4 0.6 0.8 1
The ncrmarlized toroidal flux R [m]

Figure C.1: (a) The pressure profile, (b) the safety-factor profile and (c¢) the vacuum
ripple ratio
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Figure C.2: (a) The vacuum and equilibrium toroidal field strength and (b) the field
strength | B| for each field model along the R direction at (Z,¢) = (0.5m, 0)
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Figure C.3: The contour of the field strength |B| at ¢ = 0 for each field model

while the quite strong diamagnetic effect reduces them. It suggests that there are good
conditions to confine the energetic ions by the strong diamagnetic effect, such as the high
pressure, the high aspect ratio and the high safety-factor.

C.4 Summary

In this study, the diamagnetic effect on the fusion alpha particle losses is investigated using
the VMEC code and the F3D-OFMC code. By artificially multiplying the toroidal field
component from the poloidal plasma current by weight factor 0, 1, 2, 3 and 4, five cases
of the 3D field structures are created. With increasing the weight factor, the |B| contour
curvature becomes higher at the outer torus. For fusion alpha particles, the diamagnetic
effect usually increases the energetic ion losses, while the quite strong diamagnetic effect
reduces them. In a future work, the diamagnetic effect on the energetic ion losses should
be evaluated by changing the aspect ratio and the safety factor.
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Figure C.4: The tracing time [s] for the alpha particles with the pitch angle A = 0.5 on
the initial point (the red color) and the first trapped points of the 10,000 fusion alpha
particles (the black dots)
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Figure C.5: The tracing time dependence of the loss power fraction e for each field model,
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