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G.A.G.A. affine by polynomial growth
by
Hakuki Yamaguchi

§0. Introduction

P.Deligne and G.Maltsiniotis studied G.A.G.A. on a non-singular
separated scheme of finite type over €. Their method is dependent on
12 estimates for the 9 operator by Hdrmander. On the other hand,using
the éech theory and Cousin integrals,N.Sasakura studied a polynomial
growth cochain complex for a p.g. coherent sheaf. We shall define a
polynomial growth cochain complex for a locally free sheaf(i.e.a vector
bundle)by his techniques in (2] and give G.A.G.A. similar to the one
due to [1]. This is a generalization of the theorem(3.4) in [2].

Thé contents of the various sections are as follows, In §1 we
summarise some results in [2],which we shall use in the last section.
In §2 we shall define a polynomial growth cochain complex for locally
free sheaf over a smooth affine variety over C. In §3 we shall give
G.A.G.A.(Th.(3.0)) for a vector bundle over a smooth affine variety.

The idea of this paper is much: in debt to Professor N,Sasakura,

. Professor T.Kori has encouriged me in my studies. I wish to thank them.

§1. Preliminaries

Let X be a smooth affine variety over C. Unless Qe say otherwise,
we regard X as the analytic variety (with the underlying analytic
structure). Moreover, C& = the structure sheaf of the analytic variety.
Let X‘:j;— CN be an embedding of X and g = |zl + 1 a growth function

increasing at infinity, where z is the coordinate of CN.

e



158

Definition(1.0)
By a polynomial growth (or simply p.g.) covering of X of size
q = (CT1,CY2)(<TH Z 1,9 z 1) with respect to g, we mean the
c&llection as follows:
Ag(X;g)lor simply,= ﬁh(X)) {UG—(Q ig) = XnUs(Q;8); Qexy, where

Us(Q;g) is the disc, whose center is Q and radlus 1s-——g(Q) .

Definition(1.1)
k ”n
By a p.g. cochain compex of(ﬁ& for Ag(X),we mean the subgroup

of the cochain compex C LRq(X) (9 k) as follows:

o Qe (0), (40580, A5 etx), U300, 87 1,11 Hliets 1
,where V?lruns through all the components of 3’3

,where (?Xk is a direct sum of C&.

Theorem(1.2)
Let X be as above. Then Hq(lim C (ﬁQ(X) (/X )p g) =0 forqg 21

O(%-._g C (%W(X)o ()X )p.g '—’r(xalge @XI;]- )

,where Lz is a sructure sheaf as an algebraic variety.
alg.

We shall extend it to a locally free sheaf in the last sectian.

2, Polynomial growth cochain complexes for locally free sheaves.

(1) Let X, U& and g be the same as those in 81.
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Proposition(2.1) -

=/ /
Let X &%~ ¢V ve another embedding of X and g = (z'|+ 1 a growth

/
function,Where z’is the coordinate of cN. Then

* N fy k_ *, A v S
1n ¢"(As(0), Oe), , = i ¢ (A(0), Of5e o
In order to prove this proposition we need the following Lemma.

Lemma(2,2)

Let H(z) be a polynomial of z = (z1--- - --‘zN),then there exist
D/1>O,O(2>O, (313 o, §2>0 such that
(*) o4z + 1)X[H(2)] + 1 <Rzl + 15%

proof of (2.2)

We may write H(z) =Z ayz:/'——-— Z? . Then we have
< ST N . n
(a) fH(z)‘ Algkayz’; - - - - zy }g “I;I?sxn\ay\ (lzl+ 1),

We derive the inequality of the right hand side in (*) from (a).
On the other hand we divide the numerator and the denominator of
the following function by [zln,

(v) (Lz]+ 1)°

Y] VN '

And | z] —%oo,ti'len (b) has a non-zero limit,so that there exist

r>0 and M>0 such that

(c) (lzi+ 1)< M (l5(z)| + 1) for |z >r.

Now we have

(@) (lz + < (r + )" for |z| <.

Then we get the following inequality by (c) and (d):

(e) =(lzl+ 1) <[H(z)| + 1,wnere M = Max ((r + 1)%,M ).
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proof of (2.1)

By the assumption of the embeding of X there exist polynomials

fi(z) E ¢ Tz, s zy] (i =1 - N ) such that
(a) 2{ = f,(z) (1 =1 N

From (a) and Lemma(2.2) we have
(v) 04( Zz| + 1 )2 g [z'] + 1 -ggx(\zi + 1)Ezon X.
We take an element @éac*(ﬁg(x),69xk;g)p g By the definition of
C*(ﬁa-(x), (ﬂxk;g)p g and (b) we get
A S, A
(c) @1 = (2t + 1),
(c) shows that ¢ is contained in c*(?g(x),CQXk;g) .

p-g
Q.E.D.

Prop.(2.1) shows that p.g cochain complex is independent of any

embedding of X,

Let E be an algebraic vector bundle over X and X = X

16;1 fi

(= i&glxi simply) an affine open covering,where E is trivial over
each X, and f, (1€1) is a polynomial, Taking a subset J of I,

X denotes Xf AN Xf = Xf_\\‘f . There is a wellknown diagram:
1 :

J s 1 s
oV - {£,0t =0} —> s =41 - £.(zw =0 ---- 1 - f_(z)w =05 xc®
1 1
(Z)= >(Z)X( y TTTTT B F )
" f1(z) sZz)
y » U
%{J s X. = s x,)
J [ J
,» where 30 ; CNX-Cs —_— CN is a projection and (w) is the coordinate of

7~ .
¢S, Since X; and X; are isomorphic each other in (*),
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- 1 S - TS R ;
By = 1T+ 1z + \f1(z)i + + lfs(z)\ is a growth function on
XJ. E is trivial over XJ and we can regard E as an analytic vector
bundle, so

~ k

(**) E| Xy = c& I Xye
From (**) we can define the p.g. cochain complex C*QQW(XJ;gJ),E)p g
This p.g. cochain complex is independent of the way of taking any

isomorphism in . (*¥*) and uniquely determined by Prop.(2.1).

Proposition(2.3)

Let K be a subset of J, then XJ<: XK and there is a restriction

map :
* , N * ~ .
TeSy g3 Y (ﬁy(XJ;gJ)yE)p.g““‘—‘““"? c (AG(XK’gK)’E)p.g'
proof
Because

1 :
gle) = T EGRY T T G

(
iOJ(Z)

1 ...J—-—~——-— - ” o A . q_,;’:,_"“-' &+ + 1
= +12\+\f1(2)\+ T T ER] £.(z) ,
we nave gK(Q) £ gJ(Q) for ¥q € X;. This means that

(a) UU(Q;gJ)_) q;Q;gK), where UG(Q;gJ) is the disc, whose center
is Q and radius is %:g&fqi. We have the following refining map by (a):
! A
() 5 Alxse) > AdlXsigg)
W W/
UG"(Q;gK) = Uo’(Q;gK)(\ XK > UT(Q;gJ) = Uq‘(Q;gJ)f'\xJ-
(b) induces the following restriction map:
¥* N * I
resysi C (AlXgigp),B)) , —> C (Aa(Xysigy ), By e
Q'E‘D.

J



162

(ﬂ) Let X,E and 8y be as above. We make a double complex

in the following manner:

alt
Pa & é) P .
K —— C X E .

P8 T IS g+ FslXyigg), )p.8
Differentials 81 and §, can be defined asfollows:

. xPd _y gbt1q
; Ks
815 K T,D.8 ’ ,p g
W
@ S ‘{’
X alt.
where (§9). .= S ’( 1)*res(f, A ..., ) and
™30 Jp+1 50 ) k Jp+1 ©
denotes an alternating sum.
qu S qu*1
825 K p.g 4 GsP-8
WV U
¢« >&,9
1
(8 q2+,( 1)¥res ” (9. 4
,where = - \ o .
2L?)j.(:)»-~-~iq+1 5 (i, ~—i )(i e A eig, )(?1,,-»1{""'3*\)
~
and res(i )(i SRR q+1) is the restriction map in
Prop (2. 3) On the other hand we have the following refining map:
(a) 5 AslXyig;) 5 AslXie) |
Y W
X, 0 Us(Qs8y) & > X Us{Q;8),

where gy = 1 +|z|+‘—fl/(—z—)\and g=1%)z}y . From (a) we have the

following diagram:
R R B LU ACRTREY

S

k.
bcp(ﬁw(xi i ;gi i )vE)
:'Loi1 071 071

,where CP(A(X;g),E), CP(.//‘Ic(Xi:gx),E) and Cp(ﬁ“(xioi1;gioi1)’E)

are the usual cochain complexes and

1
Bgt, TV T G G G

01

©



163

Proposition(2.3)

We take the inductive limit of the above diagram:

) ~ &% .
lim CP(As(X),E) r=% >C§);_1_r; cp(/?g(xi),E)

ag

5.

)+ E)

okt
() 11m cP (, 3(X1011

~

Then Ker 62 = Imr,

proof
Ker 82 > Imr is trivial.

First we show that Ker S CImr in case p=0. We take an element

= (ﬁa )6@0 (%G‘(X ),E). If we can takecr2c—(0‘ > Ty 0«’27(?2)
\eve
which is 1ndepende1u, vl TEH zuch that/\e)usts i = lQé I foerEX and

(a) 'uo-'(Q-g> ¢ Ue(Qig;)s we may take T =1Fo}q €CO(ALX),E) suen
that EEQ ) U,7(Q;g). On the other hand for another correspondence
j = JQ as above we can define EE as 5Q1 UQ—(Q,g ), then there exists

i € I such that q’i = L?j on UG(Xij ; ij) which is a cocycle condi-

Q .
tion (i.e. .9 = 0). This means that ¥’ =Y. Therefore the
_ 2 Q Q
1 SN
/{:EQ\)QQCO(/{@(X),E) is independent of the above correspondence,

X2Q vY—> 1 = iQ &€ I. Then we shall define the tollowing manner:

where this i, is i such that g;(Q) = mirIl g5 (Q)k . Since I is finite,
JL
we can choose it. The existence of 0 \u which is independent of

QeX is derived from the following figure:
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é){ Q(Q;g) and g = 1 +}z|. When we choose sufficiently
efr. =0 .

larged, X = U X%Nz . We can prove Ker g2<;Im r for the p-th

iel A .

cochain complex CP(A:(X),E) in the same manner.

, wWhere Ng

.E.D.

Now we can define a p.g. cochain complex C*(X,E)p g for X.

Definition(2.4)
P . P,
CT(X,E), o —Tl.i_zg;(lm )yl g o
o
where (Im r)gjg (jf%) Cp(ﬁﬁ(xi;gi)’E)p;g‘ Since
(Im r)PC@ P(Rs(X, 58;),E) and CP(As(X; 5g;),E), , has defined,
i o ¢
we can attach (Im r)p’G'tQAp.g. condition,

Remark(2.5)

As r is injective, Im r is uniquely defined. (i.e. Cp(X,E)p 2

is independent of an affine open tovering X = \g X;.)
iel

Proposition(2.6)

C*(X,E)p gis a complex in the usual manner.

This is trivial by the definition,

¥
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§3. The comparison and_vanishing theorem

»*
Let X and E be as above and C (X,E)p 2 the one in the def.(2.4).

Theorem(3.0)

I

q *
HA(0* (x,B) )

HO(C*(X’E)p.g)‘ "(Xalg.’Ealg.)‘

When we regard E as an algebraic vector bundle, we write E

0 for q2> 1,

[1Y4

alg,*

In order to prove the Th.(3.0) we think the following diagram;

(=)
0 0
O,np Qi
O } C (,U.( ’Ealg.)"éc (,Ul 'Ealg.) .___>
il :Ll
v . Y N\
o 0 ta 00 01
> Ky g ————>
_____? C (X’E)p.g Koo g L
$\ S,
J ’ \% J
, 1 2 10 11
0 —>C (K8 ¢ >¥o.g 7%p.g 7
ow———ecp(kx E) Ve g0 , xP1 >
“p.g - 7 7p.g “"p.g 4
S\ g?.
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, where W ={Xi§i€I is an affine open covering and

kP _ 1ip xP9 .
P.g 0——3 ,P.8

By the simple observation we have the following:

(a) © 1), £ Ty )
a) k%0 - 1im C ). E X yE
p g ¢~ io““ ) /Qé 1 i fgz'iq io“'iq P.8
(b) alt. rY alt.TX
b X, g F X,

C> q o ig ng 1 1o q’ alg.)

= "Cq(W{EQ’lg. ) .
We derive the first equality in (b) from the Sasakura’s th.(1.2)

and the second equality in (b) from the Serre’s vanishing theorem

of affine varieties.Therefore i, is injective from (a) and (b).

Also i, is injective by Prop.(2.3). On the other hand
Do %q alt,
H (Kp.g) = i(:)) lig HP (¢ (/zs(x ,_iq),E)p'g =0 for p71
q

by the Sasakura’s vanishing theorem(1.2). This means that (1) in

the following proposition is true,

Proposition(3.1)

The complexes,

(K —xll — - B for q 320
p.8 p.g
pO Pl o ... - .. . P4 _ .. for p2>0,
(2) x ~—>-Kp g > — kb, —

are exact

We must prove (2).

Lemma(3,2)

Let Y = { } 1 be as above. Then H (Kp ) = 0 for p20.



167

proof of Lemma(3, 2)

We shall prove itAby the induction on the number of sheets: of
the covering N .
(1) When #I = 2, v1={x1,x2}..
We define a neighborhcod Nj of {f1=0§ in‘the following manner:

Ne = U Ue(Q;a(Q,V,,)), where v, = {£,-03 ana v , =4 £ ,-0}n{r,=03

QEVy-Vyo
and d(Q,V12) is a distance from Q to V,, and ?(Q;d(Q,Vm)) is the
disc whose center is Q and radius T“:d(Q,V12)+ *,. Then we have
S \
the following figure: Ne
“ f, =0
X 2
f, =0

1
L PrA .
We take an element (€12€C (/{G(X12),E)p.g, then we give

Ch and ?2 in the following:

‘?1{= =12 on Ne-

= 0 ~on X-N¢
?2’ = 0 on No-
'-§= ?12 on X-Ng& . .
Then we have j”12 = 502— (f1 . When we take sufficiently 1arge05(50'),
Cf)ié Cp(ﬁcr(xi),E)p.g(iﬂ,Z) by the Lojasiewicz inequality and the
triangle inequality, Therefore H1(K§Tg) - 0 for Vp Z 0.

//
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(1) When #I=3, Y =3 X1,X X3} and we take

Y= ((5312'9013’%3)66> ¢ Ut‘f(xij) E),,
Applying the assumption of the induction to {X1,X2§, there exist
9,c Cp(ﬁg(x1),E)p.g and LQZGCP(RS(XZ),E)p‘g such that
3%2 =9§ - ¢, .By the cocycle condition, 3™ q%3+ ?12 = 0, we
have (f23+ §’2)—(fa3+ y1) = 0. Y? define newly as follows:
%25 =fs Y20 B3 <Fis O 0 F2=0 - N
Since (?23,§;3) is aj@?ble for (X13,X23), we can define ?3 as foliows:
Ysf= iz o X5
= 5023 on X23
= 0 om X3m(Xy50 Xp3)- |
This cochain 93 is not contained in C LRG(X ), E) g Now we define
93<5Cp(ﬁ6(x3),E)p.g in the following manner:
503{5?; on X5-N

=0 on N

on otherwise

91 {= P5 on N-x3

0
—’v c
%EJ:@% on N—X3
}: 0 otherwise -
. c . p .
, where X; is a complement of X,. Then (f3 €C (ﬁ‘(XB)’E)p.g and
1/,.,P* :
(Kp. g or P2 -
(i) When #I=n, we can show that H (Kg g) = 0 for p 2 O in the
same manner as (ii).

QCE.D.
Let 10 ={x1,....,, Xﬁ} be a covering of X and Kgfg(ﬂln) as

Kg*g for yln
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Lemma(3.3)
We assume that ‘Hi(Kg*g(’Vln)) =0 fori =q-1, q (g-1 > 1).
Then Hq(xg*g(ﬂn”)) -0.

proof

We take an element <f ezq(Kg*g(VL“”)’. We restrict <)°n+

n+1

M" and (f ézq(Kp* (V™)) denotes it. By the assumption of the

induction there is f Cqu 1(Y(. ) such that 82§n = 50 Now
pq 1 n+1

we define Hzn+1 G;.p.g (U7 ) as follows:

SIHH(Xi N0 Xi ) = Yn(xi(\ (\Xi )(1 i < <i n)

1
En+1(xi1f‘ """ N Xj_ )= 0 (1 —n+1)
q
Ve detine an stement’ §7, € HKE (7)) by
IPY4 ‘
(*) {n'{"‘ = <fn+1 SQYH+1{ ‘ on Xi1n(\ Xiq+1(lq+1gn)
= 'fn+1(xi1r\ A Xi&\ Xn+1)(i <=n).

The number of the sheets of the covering " ={xinxn+1;i 1- }
/
is n. From (*) we can regard anﬂ as an element lfn of

74 1(Kp (&n)) by using the covering ®". By the assumption of the
induction there exists ‘f éKPq 2(0‘5“) such that 52 90 = 3’;1 . We
pull back‘f and we have (fn+1 équq('V(-nH)
.E.D.
proof of (2) in the Proposition(3.1)
By #(kE (N?))
H (Kp* ('Vl3)) 0. By H2(K£Tg('ﬂl3)) = 0, Lemma(3.2) and Lemma(3.3)

0, Lemma(3.2) and Lemma(3.3) we have

0. By using Lemma(3.2),(3.3) repeatedly

P*
we have H (Kp.g(vZ ))

we have (2).
.E.D.
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proof of Th.(3.0) |

By using Prop.(3.1) and the commutative diagram (*) we have
P o* ~ yP(a" (A
(a) HP(C (X,E)p‘g) ~ P (c (Jl,Ealg.)) for p 2 O.
By the Serre’s vanishing theorem we get
»*
(v) uP(c (1&,Ealg.)) =0 for pZ 1.
Therefore this completes the proof Dby (a) and (b).
Q.E.D.
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