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Abstract

The theory of p-divisible groups is studied in various contexts of arithmetic geometry
and applied to the study of p-adic cohomological properties of algebraic varieties, including
abelian varieties, K3 surfaces, and Shimura varieties.

Nygaard-Ogus introduced the notion of a class of characteristic 0 liftings, called quasi-
canonical liftings, and proved that the Tate conjecture holds for K3 surfaces over a finite
field admitting a quasi-canonical lifting. Furthermore, they showed that, when the charac-
teristic is at least 5, a K3 surface of finite height over a finite field admits a quasi-canonical
lifting, using the deformation theory of p-divisible groups. In the first part of this thesis,
we give another construction of quasi-canonical liftings of such K3 surfaces, which is valid
even when the characteristic is 3.

Faltings-Chai constructed a toroidal compactification of the moduli stack of princi-
pally polarized abelian varieties, called Siegel modular stack, by collecting semi-abelian
degenerations of abelian schemes. Kato introduced the notion of log p-divisible groups,
which captures degeneration of p-divisible groups, and it is important to understand log
p-divisible groups to study p-adic properties of toroidal compactifications of Siegel modular
stacks (or more generally Shimura varieties). In the second part of this thesis, we study
some extension properties around log p-divisible groups over log regular bases. Moreover,
we prove a log version of the results of Oort-Zink on slope filtrations of p-divisible groups
and give a construction of log p-divisible groups associated with semi-abelian degenerations
of abelian schemes.

Philosophically, the Shimura variety associated with a Shimura datum (G,X) is re-
garded as the moduli space of “motives with G-structure of type X”. Imai-Kato-Youcis
constructed realizations of “the universal motives with G-structure of type X” in the frame-
work of prismatic cohomology theory, called prismatic realizations. In the third part of this
thesis, we construct the extension of prismatic realizations over toroidal compactifications
of Shimura varieties by establishing log prismatic Dieudonné theory, which is a log version
of prismatic Dieudonné theory of Anschütz-Le Bras. Moreover, we apply our construction
to p-adic comparison isomorphisms for p-adic étale cohomology of automorphic p-adic local
systems on Shimura varieties. This result generalizes Lovering’s result proved in the case
where Shimura varieties are proper.
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CHAPTER 1

Introduction

1.1. Outline of this thesis

The theory of p-divisible groups is deeply related to various objects in arithmetic ge-
ometry, including abelian varieties, K3 surfaces, and Shimura varieties. In this thesis, we
focus on deformation and degeneration of p-divisible groups. More specifically, we obtain
the following results:

(1) We prove that, for a K3 surface of finite height over a finite field of odd charac-
teristic, there exists a quasi-canonical lifting of it. See Chapter 2 for detail. This
result is based on the published paper [Ino24].

(2) We prove that, for a log p-divisible group over a log regular base, an isogeny
from its generic fiber to a completely slope divisible log p-divisible group uniquely
extends to an isogeny over the whole base. See Chapter 3 for detail. This result
is based on the preprint [Ino23].

(3) We canonically associate a log p-divisible group with a semi-abelian scheme over a
regular base whose restriction to the complement of a normal crossings divisor is
an abelian scheme. See Chapter 4 for detail. This result is based on the preprint
[Ino25c].

(4) We construct functors associating with log prismatic F -crystals coefficient objects
in other p-adic cohomology theories and study their properties. See Chapter 5 for
detail. This result is based on the preprint [Ino25b].

(5) We establish an equivalence between the category of log p-divisible groups and
the category of log prismatic Dieudonné crystals over a class of p-adic log formal
schemes that are important for applications. Furthermore, we apply it to the
construction of log prismatic realization on toroidal compactifications of canonical
integral models of Shimura varieties of Hodge type. See Chapter 6 for detail. This
result is based on the preprint [Ino25a].

In the rest of this chapter, we shall give precise statements of our results. At the
beginning of each chapter, a more detained introduction will be provided.

1.2. Notation and conventions

(1) Unless otherwise specified, p is a prime number.
(2) All rings are associative, unitary, and commutative.
(3) All monoids are commutative. For a monoid M , let M := M/M×, and let Mgp

be an abelian group associated to M .
(4) For a monoid P and an integer n ≥ 1, let P 1/n denote the monoid P with P → P 1/n

mapping p to pn. The colimit of P 1/n with respect to n ≥ 1 is denoted by PQ≥0
.

(5) A log (formal) scheme is a triple (X,MX , α) consisting of a (formal) schemeX and
a sheaf of monoids MX on the étale site Xét with a monoid map α :MX → OX
inducing α−1(O×

X)
∼→ O×

X . When there is no possibility of confusion, we simply
1



2 1. INTRODUCTION

write (X,MX) for a log (formal) scheme (X,MX , α). A morphism (X,MX) →
(Y,MY ) is called strict if the natural map f ∗MY →MX is an isomorphism.

(6) A prelog ring is a triple (A,M,α) consisting of a ring A, a monoidM , and a monoid
map α : M → A, where A is regarded as a monoid with respect to multiplication.
We simply write (A,M) for (A,M,α) when there is no possibility of confusion.
For a prelog ring (A,M), the associated log scheme is denoted by (Spec(A),M)a.

(7) Let (X,MX) be a log (formal) scheme and f : Y → X be a morphism of (formal)
schemes. Unless otherwise specified, we write MY for the pullback log structure
f ∗MX .

(8) Let P be a property of (formal) schemes, including quasi-compact, quasi-
separated, and locally noetherian. We say that a log (formal) scheme (X,MX)
satisfies P if the underlying (formal) scheme X satisfies P .

(9) Let P be a property of morphisms of (formal) schemes. We say that a morphism
of log (formal) schemes (X,MX) → (Y,MY ) satisfies P if the morphism of the
underlying (formal) schemes X → Y satisfies P .

(10) A chart on a log (formal) scheme (X,MX) is a monoid P and a map P →MX

of sheaves of monoids, where P is regarded as the associated constant sheaf, such
that the induced map of log structures P a → MX is an isomorphism. A chart
P →MX is called neat at x ∈ X if P →MX,x̄ is an isomorphism.

(11) For a site C , the associated topos with C is denoted by Shv(C ).

1.3. Quasi-canonical liftings of K3 surfaces

In Chapter 2, we give an application of the deformation theory of p-divisible groups to
liftings of K3 surfaces.

The notion of quasi-canonical liftings of varieties over a perfect field k of positive char-
acteristic is introduced by Nygaard–Ogus to show that Tate’s conjecture holds for K3
surfaces of finite height ([NO85, Definition 1.5]). Let X0 be a K3 surface of finite height
over a finite field k of characteristic p. They proved that, if there is a quasi-canonical lift-
ing of X0, the K3 surface X0 satisfies Tate’s conjecture [NO85, Theorem 2.1 and Remark
2.2.3]. Moreover, they constructed a quasi-canonical lifting of X0 under the assumption
that p ≥ 5.

In Chapter 2, we prove the following theorem.

Theorem 1.3.1 (see Theorem 2.4.1). Let X0 be a K3 surface of finite height h <∞
over a finite field k of odd characteristic p. Then there exists a totally ramified finite
extension V/W (k) of degree h and a quasi-canonical lifting X/V of X0/k.

This result is previously obtained by Nygaard–Ogus when p ≥ 5 (see [NO85, Theorem
5.6]). We give an alternative proof when p ≥ 5. Our result seems new when p = 3. While
Nygaard–Ogus used crystalline deformation theory, we use display deformation theory in
our proof. For details, see Section 2.1.

1.4. Slope filtrations of log p-divisible groups

In Chapter 3, we prove some extension properties of log p-divisible groups over a log
regular base and a log version of the results of Oort-Zink.

First, we briefly recall the results of Oort-Zink for p-divisible groups. Zink proved that
a p-divisible group over a regular Fp-scheme with constant Newton polygon is isogenous
to a p-divisible group admitting a slope filtration ([Zin01a]), and Oort-Zink generalized
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this result to the case where a base scheme is normal ([OZ02]). [OZ02] states that, for a
locally noetherian normal schemeX over Fp and a p-divisible group G overX with constant
Newton polygon, there exists a completely slope divisible p-divisible group H over X and
an isogeny G→ H. Here, a p-divisible group H over X is called completely slope divisible
if H admits a filtration of p-divisible subgroups

0 = H0 ⊂ H1 ⊂ · · · ⊂ Hm = H,

and if there are integers
s ≥ r1 > r2 > · · · > rm ≥ 0

such that the following conditions are satisfied :
(1) The quasi-isogeny p−riF s : Hi → H

(ps)
i is an isogeny for i = 1, . . . ,m.

(2) The p-divisible group Hi/Hi−1 is isoclinic of slope ri/s for i = 1, . . . ,m.
This theorem plays an important role in the theory of foliations in the moduli space of
abelian varieties in characteristic p (see [Oor04]).

The goal of Chapter 3 is to prove a log version of the theorem of Oort-Zink. Kato intro-
duced the notion of log p-divisible groups in [Kat23] (for the definition, Definition 3.2.28).
Log p-divisible groups are degenerating objects of p-divisible groups in the framework of
logarithmic geometry. In [KKN08b], Kajiwara-Kato-Nakayama introduced the notion of
log abelian varieties, which are degenerating objects of abelian varieties in the framework
of logarithmic geometry. Their motivation is to realize the toroidal compactification of
the moduli space of abelian varieties constructed by Faltings-Chai as the fine moduli of
log abelian varieties, and this is indeed achieved in [KKN21]. In the usual way, one can
associate a log p-divisible group with a log abelian variety (see Example 3.2.30).

The following result is the main theorem of Chapter 3.

Theorem 1.4.1 (see Theorem 3.5.4). Let (X,MX) be a log regular fs log scheme
over Fp and U be a dense open subset of X. Let G be a log p-divisible group over
(X,MX). Suppose that we are given a completely slope divisible log p-divisible group
HU over (U,MU) and an isogeny G|U → HU . Then there exist a completely slope divisible
log p-divisible group H over (X,MX) and an isogeny G→ H which restricts to the given
isogeny G|U → HU .

We expect that this result is helpful to study the structure of the toroidal compactifi-
cation of the moduli space of abelian varieties in characteristic p.

1.5. Log p-divisible groups associated with semi-abelian schemes

In Chapter 4, we prove that, when an abelian scheme degenerates to a semi-abelian
scheme along a normal crossings divisor on a regular scheme, the corresponding p-divisible
group degenerates to a log p-divisible group.

It is an important to understand degeneration of abelian varieties. Among such degen-
erating objects, semi-abelian degeneration of abelian varieties is of particular importance,
as is suggested by the semi-stable reduction theorem ([SGA7-I]) and the theory of toroidal
compactifications of moduli spaces of abelian varieties ([FC90]). In Chapter 4, we study
the behavior of torsion subgroups of abelian varieties degenerating to semi-abelian schemes.

We begin with a simple situation. Let K be a complete discrete valuation field of
characteristic 0 with valuation ring OK whose residue field k is of characteristic p > 0.
Let A be a semi-abelian scheme over OK with AK := A ⊗OK

K being an abelian variety.
The associated p-divisible group AK [p∞] over K degenerates to a system of quasi-finite flat
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group schemes A[p∞] := {A[pn] := Ker(×pn : A → A)}n≥1 over OK . However, this object
does not behave well. The height of A[p∞] drops under the specialization, and so A[p∞]
does not have enough information.

The theory of log p-divisible groups improves this situation. Log p-divisible groups be-
have like usual p-divisible groups, as, for example, suggested by a log version of Dieudonné
theory (cf. [Kat23] and Chapter 6). From this perspective, Kato and Zhao proved that
the p-divisible group AK [p

∞] over K uniquely extends to a log p-divisible group over OK
equipped with the standard log structure in [Zha21, Theorem 5.2] and [Kat23, §4.3].

The goal of Chapter 4 is to prove a higher dimensional version of the results of Kato
and Zhao. The precise statement is the following.

Theorem 1.5.1 (Theorem 4.4.4). Let (X,MX) be an fs log scheme defined by a
locally noetherian regular scheme X with a normal crossings divisor D, and A be a semi-
abelian scheme over X. Let U := X\D. Suppose that AU is an abelian scheme over
U . Then the p-divisible group AU [p

∞] over U uniquely extends to a log p-divisible group
A[p∞]log over (X,MX).

For the relationship with the theory of log abelian varieties, see Section 4.1.

1.6. Log prismatic F -crystals and realization functors

In chapter 5, we construct realization functors for log prismatic F -crystals and study
some properties of them. The results in this chapter are used in Chapter 6 to study log
p-divisible groups.

The theory of prismatic cohomology is introduced in [BS22]. This cohomology theory
involves coefficient objects called prismatic F -crystals. We let Vectφ(X∆) denote the cate-
gory of prismatic F -crystals on a bounded p-adic formal scheme X. As a striking feature,
the prismatic cohomology theory specializes to other p-adic cohomology theories. To be
precise, the works [GR24,IKY25] give the following: for a p-adic formal scheme which is
smooth over OK , an étale realization functor

Tét : Vect
φ(X∆)→ LocZp(Xη)

and a crystalline realization functor

Tfisoc : Vect
φ(X∆)→ FilIsocφ(X)

are constructed, where LocZp(Xη) is the category of Zp-local systems on the generic fiber Xη

and FilIsocφ(X) is the category of filtered F -isocrystals on X. Moreover, for a prismatic F -
crystal E , the coefficient objects Tét(E) and Tfisoc(E) are associated in the sense of Faltings.

A log version of prismatic cohomology theory is established in [Kos22,KY25]. Log
prismatic cohomology theory has coefficient objects called log prismatic F -crystals. We let
Vectφ((X,MX)∆) denote the category of log prismatic F -crystals on a bounded p-adic log
formal scheme. Log prismatic cohomology theory enables us to treat p-adic Hodge theory
on a smooth variety over a p-adic field K admitting an open immersion to a proper semi-
stable scheme over OK while (non-log) prismatic cohomology theory behaves well only for
a proper smooth variety over K with good reduction. We make a precise setup.

Definition 1.6.1. Let k be a perfect field, K a totally ramified finite extension of
W (k)[1/p], and OK a valuation ring of K. We fix a uniformizer π of OK . Consider the
prelog ring (R0,Nr) defined as follows. Let l,m, n ∈ Z≥0, r := m + n. We define R0 as
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follows:

R0 :=

{
OK〈x±1

1 , . . . , x±1
l , y1, . . . , ym〉 (n = 0)

OK〈x±1
1 , . . . , x±1

l , y1, . . . , ym, z1, . . . , zn〉/(
∏n

k=1 zk − π) (n ≥ 1).

We define a prelog structure Nr → R0 by

ei 7→

{
yi (1 ≤ i ≤ m)

zi−m (m+ 1 ≤ i ≤ r).

A p-adic log formal scheme (Spf(R),MR) over OK is called small affine if there exists a
strict étale map (Spf(R),MR)→ (Spf(R0),Nr)a for some l,m, n. Such a strict étale map
is called a framing. A p-adic log formal scheme (X,MX) over OK is called semi-stable if
(X,MX) has an étale covering consisting of small affine log formal schemes.

The first goal of Chapter 5 is to generalize the construction of realization functors
and the relationship between them to log prismatic F -crystals on semi-stable log formal
schemes over OK .

Theorem 1.6.2 (see Theorem 5.6.18). For a semi-stable log formal scheme (X,MX)
over OK , there exist an étale realization functor

Tét : Vect
φ((X,MX)∆)→ LocZp((X,MX)η)

and a crystalline realization functor

Tfisoc : Vect
φ((X,MX)∆)→ FilIsocφ(X,MX),

where LocZp((X,MX)η) denotes the category of Kummer étale Zp-local systems on the
generic fiber (X,MX)η and FilIsocφ(X,MX) denotes the category of filtered F -isocrystals
on (X,MX). Moreover, for a log prismatic F -crystal E , coefficient objects Tét(E) and
Tfisoc(E) are associated in the sense of Definition 5.4.18 (2) (cf. [Fal89,AI12,Tsu]).

The next goal is to prove the fully faithfulness and the bi-exactness of étale realization
functors.

Theorem 1.6.3 (see Theorem 5.6.27 and Theorem 5.6.32). Let (X,MX) be a
semi-stable log formal scheme over OK . Consider the étale realization functor

Tét : Vect
an,φ((X,MX)∆)→ LocZp((X,MX)η).

Then the following statements are true.
(1) The functor Tét is fully faithful.
(2) When (X,MX) admits framings with n ≤ 1 étale locally, Tét gives a bi-exact

equivalence to the essential image. In other words, a sequence of analytic log prismatic
F -crystals

0→ E1 → E2 → E3 → 0

is exact if and only if the associated sequence of Kummer étale local systems

0→ Tét(E1)→ Tét(E2)→ Tét(E3)→ 0

is exact.

For related previous work, see Section 5.1.
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1.7. Log prismatic Dieudonné theory and its application to Shimura varieties

In chapter 6, we construct prismatic F -crystals associated with log p-divisible groups
and apply it to Shimura varieties.

First, we recall prismatic Dieudonné theory established by Anschütz-Le Bras in
[ALB23]. Let R be a quasi-syntomic p-complete ring. Anschütz-Le Bras constructed
a fully faithful functor (called a prismatic Dieudonné functor) from the category of p-
divisible groups over R to the category of prismatic Dieudonné crystals over R (for the
definition, see Definition 5.5.3). Moreover, the image of the prismatic Dieudonné functor is
specified, and, specifically, this functor gives an equivalence when there is a quasi-syntomic
cover R→ S with S being perfectoid.

One of the goals in Chapter 6 is to prove a log version of prismatic Dieudonné theory
(which we call log prismatic Dieudonné theory) over semi-stable log formal schemes. The
precise statement is the following.

Theorem 1.7.1 (see Theorem 6.5.12). Let (X,MX) be a semi-stable log formal
scheme over OK . Then there exists an exact anti-equivalence

M∆ : BT(X,MX)→ DM((X,MX)∆)

(which is called a log prismatic Dieudonné functor), where BT(X,MX) is the category of
log p-divisible groups over (X,MX) and DM((X,MX)∆) is the category of log prismatic
Dieudonné crystals on (X,MX) (for the definition, see Definition 5.5.9).

As an application of log prismatic Dieudonné functors, we give the p-adic compari-
son isomorphism on (not necessarily compact) Shimura varieties, which is conjectured in
[Lov17, 3.6.2]. For the precise statement, see Section 6.1.



CHAPTER 2

Quasi-canonical liftings of K3 surfaces of finite height in odd
characteristic

2.1. Introduction

The goal of this chapter is to prove the following theorem.

Theorem 2.1.1 (see Theorem 2.4.1). Let X0 be a K3 surface of finite height h <∞
over a finite field k of odd characteristic p. Then there exists a totally ramified finite
extension V/W (k) of degree h and a quasi-canonical lifting X/V of X0/k.

Recall that Nygaard–Ogus established a one-to-one correspondence between deforma-
tions of X0 over k[t]/(tn) and deformations of the crystalline cohomology H2

crys(X0/W (k))
over k[t]/(tn) as crystals with additional structure (Frobenius, pairing, and Hodge filtra-
tion) under the assumption that p ≥ 5. We need the assumption that p ≥ 5 to justify some
calculation for divided power (see [NO85, Lemma 4.6]). Furthermore, this correspondence
is proved only over the base k[t]/(tn) because crystals behave well only over a base whose
PD envelope is p-torsion free (see the proof of [NO85, Theorem 4.5]).

In Chapter 2, we use the display-theoretic deformation theory of K3 surfaces developed
by Langer–Zink and Lau ([LZ19, Lau21]). When p ≥ 3, the crystalline cohomology of
a K3 surface is naturally equipped with a display structure, and there is a one-to-one
correspondence between deformations of X0 over an arbitrary artinian local ring R with
residue field k and deformations of the crystalline cohomology H2

crys(X0/W (k)) over R as
displays with additional structure.

Remark 2.1.2. From [NO85, Theorem 2.1] and Theorem 2.1.1, it follows that Tate’s
conjecture holds for K3 surfaces of finite height over finite fields of characteristic p ≥
3. Note that Tate’s conjecture for K3 surfaces is previously proved by Madapusi Pera
[Mad15, Theorem 1], [KM16, Theorem A.1]. (See also [Mad20], [IIK21, Section 6.4].)

Remark 2.1.3. If an extension of the base field k is allowed, Theorem 2.1.1 is previously
obtained by Ito-Ito-Koshikawa [IIK21, Corollary 9.11] using the étaleness of the Kuga-
Satake morphism. However, it seems difficult to control the extension degree by the method
of [IIK21].

Remark 2.1.4. In characteristic 2, it is not known whether the crystalline cohomology
of a K3 surface is equipped with a display structure. This is why we assume p ≥ 3
throughout this chapter.

The key step to prove Theorem 2.1.1 is to study a relation between the display asso-
ciated to the crystalline cohomology of a K3 surface and the Dieudonné display of the
enlarged formal Brauer group. We note that the following Theorem is a display-theoretic
analogue of [NO85, Theorem 3.20] (for the notation on displays, see Section 2.2).

Theorem 2.1.5 (see Corollary 2.3.4). Let k be a perfect field of characteristic p ≥ 3,
R be an Artin local ring with residue field k, and X be a K3 surface of finite height over

7



8 2. QUASI-CANONICAL LIFTINGS OF K3 SURFACES

R (i.e. a proper flat scheme over R whose closed fiber is a K3 surface of finite height). Let
B̂rX/R (resp. ψX/R) be the formal Brauer group (resp. the enlarged formal Brauer group)
associated to X/R. Then there exists the following exact sequence of displays over the
small Witt frame Ŵ (R):

0→ D(ψX/R)→ H2
crys(X/Ŵ (R))→ D(B̂r

∗
X/R)(−1)→ 0.

Moreover, this sequence is compatible with base change with respect to R.

The organization of this chapter is as follows. In Section 2.2, we review the display-
theoretic deformation theory of p-divisible groups and K3-surfaces. In Section 2.3, we
study the relation between the Dieudonné display of the enlarged formal Brauer group and
the display of a K3 surface. In Section 2.4, we prove the main theorem of this chapter.

2.2. Frames and displays

In this section, we review some results about displays following [Lau21] (see also [LZ07,
LZ19]).

2.2.1. Frames.

Definition 2.2.1 ([Lau21, Definition 2.0.1]). A frame S = (S, σ, τ ) consists of a
commutative Z-graded ring

S =
⊕
n∈Z

Sn

and ring homomorphisms σ, τ : S → S0 satisfying the following conditions:
(1) τ0 : S0 → S0 is the identity, and τ−n : S−n → S0 is bijective for n ≥ 1. Let t ∈ S−1

be the unique element such that τ−1(t) = 1.
(2) σ0 : S0 → S0 is a Frobenius lift (i.e. a ring homomorphism satisfying σ0(x)− x ∈

pS0 for all x ∈ S0), and σ−1(t) = p.
(3) p ∈ Rad(S0). Here Rad(S0) is the Jacobson radical of S0.

A morphism of frames is a morphism of graded rings that commutes with σ and τ .

Remark 2.2.2. A frame S is uniquely determined by the graded ring S≥0 =
⊕

n≥0 Sn
together with the ring homomorphism σ : S≥0 → S0 and the homomorphism of graded
S≥0-modules t : S≥1 → S≥0 satisfying the following conditions:

(1) σ0 : S0 → S0 is a Frobenius lift, and σ(t(a)) = pσ(a) for all a ∈ S≥1.
(2) p ∈ Rad(S0).

Example 2.2.3. Let A be a p-torsion free ring with p ∈ Rad(A), and σ0 : A→ A be a
Frobenius lift. There is a unique frame A = (A[t], σ, τ ) (deg(t) = −1) such that σ−1(t) = p
and τ−1(t) = 1. This frame is called the tautological frame associated to A.

Example 2.2.4. Let R be an Artin local ring with perfect residue field of characteristic
p ≥ 3. Let Ŵ (R) be the small Witt ring defined in [Zin01b, Section 2]. We obtain a
frame (Ŵ (R), σ, τ ) as follows. We set Ŵ (R)0 = Ŵ (R) and Ŵ (R)n = Î(R) = V (Ŵ (R))

as a Ŵ (R)0-module for n ≥ 1. For n,m ≥ 1, a multiplication map Ŵ (R)n × Ŵ (R)m →
Ŵ (R)n+m is given by

Î(R)× Î(R)→ Î(R), (V (a), V (b)) 7→ V (ab).
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Let σ0 : Ŵ (R) → Ŵ (R) be the Witt vector Frobenius, and we put σn(V (a)) = a for
a ∈ Ŵ (R) and n ≥ 1. The map t : Ŵ (R)1 → Ŵ (R)0 is the inclusion map, and t :

Ŵ (R)n+1 → Ŵ (R)n is the multiplication map p : Î(R)→ Î(R) for n ≥ 1. This determines
a frame (Ŵ (R), σ, τ ) uniquely by Remark 2.2.2. This frame is denoted simply by Ŵ (R)
and called the small Witt frame associated to R.

Remark 2.2.5. Let A be as in Example 2.2.3, R be as in Example 2.2.4, and f :

A → Ŵ (R) be a ring homomorphism. Then f induces the unique morphism of graded
rings A[t] → Ŵ (R) which commutes with τ . This map commutes with σ, and induces a
morphism of frames A→ Ŵ (R).

2.2.2. Displays.

Definition 2.2.6 ([Lau21, Definition 3.2.1]). Let S = (S, σ, τ ) be a frame. Let π :
S → S0/(tS1) be the composite of the projection S → S0 and S0 → S0/(tS1).

(1) An S-display (or simply display) M = (M,F ) consists of a finite projective graded
S-module M and a σ-linear map F : M → M τ which induces an isomorphism
of S0-modules Mσ ∼→ M τ . Here, for a ring homomorphism f : A → B and an
A-module N , we put N f := N ⊗A,f B.

(2) A morphism of displays is a morphism of graded S-modules that commutes with
F .

(3) We call a display (M,F ) an effective display if Mπ :=M ⊗S,π S0/tS1 concentrates
on non-negative degrees.

(4) An effective display (M,F ) is called a d-display if (Mπ)i = 0 for i /∈ [0, d]. Here
(Mπ)i denotes the degree i part of the graded S0/tS1-module Mπ.

Example 2.2.7. Let S = (S, σ, τ ) be a frame and n ∈ Z. Then (S(n), σ) is an S-
display. Here we put S(n)i := Sn+i. This display is denoted by S(n).

Definition 2.2.8. Let M = (M,F ) and M ′ = (M ′, F ′) be S-displays.
• The direct sum of them is the S-display M ⊕M ′ = (M ⊕M ′, F ⊕ F ′).
• The tensor product of them is the S-display M ⊗S M ′ = (M ⊗S M ′, F ⊗S F ′).
• The dual of M is the S-display M∗ = (M∗, (F ∗)−1). Here M∗ is the dual of the
S-module M .

Definition 2.2.9. Let M = (M,F ), M ′ = (M ′, F ′), and M ′′ = (M ′′, F ′′) be S-displays.
A sequence of morphisms of displays

0→M →M ′ →M ′′ → 0

is an exact sequence of displays if the underlying sequence of S-modules
0→M →M ′ →M ′′ → 0

is exact.

Definition 2.2.10. Let S → S ′ be a morphism of frames, and M = (M,F ) be an S-
display. The base change of M by S → S ′ is the S ′-display M ⊗S S ′ = (M ⊗S S ′, F ⊗S S ′).

Remark 2.2.11. Let A be a p-adic ring (i.e. complete and separated in the p-adic
topology). Assume that A is p-torsion free. Let σ : A → A be a Frobenius lift. An A-
display is equivalent to a finite projective A-module M with a descending finite filtration
by direct summands (F iM)i∈Z together with σ-linear maps Fi : F iM → M satisfying the
following conditions ([Lau21, Example 3.6.2]):
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• pFi+1 = Fi|F i+1M for all i ∈ Z.
• M is generated by the union of all Fi(F iM).

In this equivalence, a d-display corresponds to a triple

(M, (F iM)i∈Z, Fi)

such that F iM = 0 for i ≥ d+ 1 and F iM =M for i ≤ 0.

Remark 2.2.12. Let R be as in Example 2.2.4. An effective Ŵ (R)-display is equiv-
alent to a display (Pi, ιi, αi, Fi)i≥0 over the small Witt frame in [LZ19, Definition 3]
(see also [Lau21, Example 3.6.3 (1)]). In this equivalence, a d-display corresponds to
(Pi, ιi, αi, Fi)i≥0 such that αi : Î(R) ⊗ Pi → Pi+1 is surjective for i ≥ d (equivalently,
(Pi, ιi, αi, Fi)i≥0 has a normal decomposition (Li)i≥0 in the sense of [LZ19, Definition 3]
such that Li = 0 for i ≥ d + 1). In particular, a 1-display over Ŵ (R) is equivalent to a
quadruple

(P,Q, F, F1),

where P is a finite projective Ŵ (R)-module, Q is a submodule of P such that Î(R)P ⊂ Q,
the quotient P/Q is projective over R, the maps F : P → P and F1 : Q → P are σ-
linear morphisms such that F1(Q) generates P as a Ŵ (R)-module. We note that this is a
Dieudonné display over R in the sense of [Lau14, Definition 2.6].

2.2.3. Displays and p-divisible groups over p-torsion free bases with Frobe-
nius lifts. Let A, p, and σ be as in Remark 2.2.11. Moreover, we assume that p ≥ 3. Let
G be a p-divisible group over A. We have a covariant Dieudonné crystal D(G) which is a
crystal on the nilpotent crystalline site NilCrys(Spf(A)/Spf(Zp)) ([Mes72, Chapter IV]).
We set

D(G) := D(G)A
F 1D(G) := Ker(D(G)A ↠ Lie(G)) = Lie(G∗)∗.

Let G0 := G⊗ A/pA. The ring morphism σ, the Frobenius map Fr : A/pA→ A/pA, and
the Verschiebung map G(p)

0 → G0 induce the following morphisms of A-modules

D(G)σ = (D(G0)(A↠A/pA))
σ

= (Fr∗crysD(G0))(A↠A/pA)

= D(G(p)
0 )(A↠A/pA)

→ D(G0)(A↠A/pA)

= D(G).

Note that the PD thickening A↠ A/pA is nilpotent because p ≥ 3. The σ-linear morphism
induced by the composite of the above morphisms is denoted by F : D(G)→ D(G).

The following result is presumably well-known to experts (see [Lau14, Proposition
3.17]).

Proposition 2.2.13. The triple (D(G) ⊃ F 1D(G), F ) is a 1-display over the tauto-
logical frame A (see Remark 2.2.11).

Proof . We give the proof for readers’ convenience. It suffices to prove that F (F 1D(G))
is contained in pD(G), and D(G) is generated by F (D(G)) and p−1F (F 1D(G)).
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We consider the following A/pA-linear map

F0 : (D(G0)A/pA)
(p) = D(G)σ ⊗ A/pA→ D(G)⊗ A/pA = D(G0)A/pA.

We consider the following diagram.

Lie((G
(p)
0 )∗)∗

��

F 1D(G)σ ⊗ A/pA � � // D(G)σ ⊗ A/pA

F0

��
Lie(G∗

0)
∗ F 1D(G)⊗ A/pA � � // D(G)⊗ A/pA

In this diagram, the left vertical map is zero because this map is induced by the relative
Frobenius morphism G∗

0 → (G∗
0)

(p) = (G
(p)
0 )∗. Thus F (F 1D(G)) ⊂ pD(G).

Let us fix an A-submodule L of D(G) such that D(G) = L ⊕ F 1D(G). The σ-linear
maps F |L : L→ D(G) and p−1F : F 1D(G)→ D(G) induce a σ-linear map

F̃ : D(G) = L⊕ F 1D(G)→ D(G).

It suffices to show that F̃ induces a surjection of A-modules D(G)σ → D(G). By
Nakayama’s lemma, it suffices to prove that, for an arbitrary field k and an arbitrary
ring morphism A/pA → k, the Frobenius-linear map F̃ ⊗A k induces a surjective mor-
phism of k-vector spaces D(G)σ ⊗A k → D(G) ⊗A k. We may assume that k is a perfect
field. Since A is p-torsion free, the Frobenius lift σ : A→ A induces a ring homomorphism
A → W (A) by [Laz75, VII, Proposition 4.12]. Thus the composite of A → A/pA → k
induces a ring homomorphism A → W (k) commuting with Frobenius lifts. Taking base
change by A → W (k), it suffices to consider the case where A = W (k) and σ is the Witt
vector Frobenius.

In this case, D(G) is the covariant Dieudonné module of the p-divisible group G0 over
k. We have a σ−1-linear map V : D(G) → D(G) satisfying V (D(G)) = F−1(pD(G)).
Therefore pL⊕ F 1D(G) is contained in V (D(G)). Since

dimk((pL⊕ F 1D(G))/pD(G)) = dimk(F
1D(G)/pF 1D(G))

= dimk((Lie(G
∗
0))

∗)

= dimG∗

and

dimk(V (D(G))/pD(G)) = dimk(D(G)/F (D(G)))

= dimG∗

(the last equality follows from [Dem86, Chapter III, Section 9]), we see that pL⊕F 1D(G)
coincides with V (D(G)). Therefore, we have

Im(F̃ ) = F (L) + (p−1F )(F 1D(G))

= (p−1F )(pL⊕ F 1D(G))

= (p−1F )(V (D(G)))

= D(G).

□
Definition 2.2.14. The display defined in Proposition 2.2.13 is called the Dieudonné

display associated to G over the tautological frame A. It is denoted by D(G).
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Proposition 2.2.15 (Berthelot–Breen–Messing). There exists a functorial isomor-
phism of displays

(D(G))∗(−1) ∼→ D(G∗).

Proof . See [BBM82, Proposition 5.3.6]. □
2.2.4. Displays and p-divisible groups over Artin local rings with perfect

residue fields of odd characteristics. As in Example 2.2.4, let R be an Artin local ring
with perfect residue field of characteristic p ≥ 3.

Let G be a p-divisible group over R. We have a covariant Dieudonné crystal D(G)
which is a crystal on the nilpotent crystalline site NilCrys(Spec(R)/Spf(Zp)). We set

D(G) := D(G)(Ŵ (R)↠R)

F 1D(G) := Ker(D(G)(Ŵ (R)↠R) ↠ D(G)R ↠ Lie(G)).

The Witt vector Frobenius σ : Ŵ (R) → Ŵ (R), the Frobenius map Fr : R/pR → R/pR,
and the Verschiebung map (G⊗R/pR)(p) → G⊗R/pR induce the following morphisms of
Ŵ (R)-modules:

D(G)σ = (D(G⊗R/pR)(Ŵ (R)↠R/pR))
σ

= (Fr∗crysD(G⊗R/pR))(Ŵ (R)↠R/pR)

= D((G⊗R/pR)(p))(Ŵ (R)↠R/pR)

→ D(G⊗R/pR)(Ŵ (R)↠R/pR)

= D(G).

The σ-linear map induced by the composite of the above morphisms is denoted by F :
D(G)→ D(G).

Proposition 2.2.16 (Lau). There is a unique σ-linear morphism F1 : F 1D(G) →
D(G) which is functorial in R and G such that the quadruple

(D(G), F 1D(G), F, F1)

is a 1-display over the small Witt frame Ŵ (R) (see Remark 2.2.12).

Proof . See [Lau14, Theorem 3.19]. □
Definition 2.2.17. The display defined in Proposition 2.2.16 is called the Dieudonné

display associated to G over the small Witt frame Ŵ (R). It is denoted by D(G).

Remark 2.2.18. Let α : Ŵ (R) ↠ R be the graded ring homomorphism which is the
composite of the two projection maps Ŵ (R) ↠ Ŵ (R) and Ŵ (R) ↠ R. Let h (resp. d) be
the height (resp. dimension) of G. We can take a normal decomposition D(G) = L ⊕ T
with F 1D(G) = L ⊕ Î(R)T as in [Lau14, Section 2, 2A]. Then D(G) is isomorphic to
(T ⊕ L(−1))⊗Ŵ (R) Ŵ (R) as a graded Ŵ (R)-module. Since we have the isomorphisms

T/Î(R)T ∼= D(G)/F 1D(G) ∼= Lie(G),

the rank of T equals to d. It follows that the rank of L equals to h− d from the fact that
the rank of D(G) equals to h (for example, [BBM82, Théorème 3.3.10]). Therefore we
get the isomorphisms

D(G)α ∼= (T ⊕ L(−1))⊗Ŵ (R) R
∼= R⊕d ⊕R(−1)⊕h−d
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as graded R-modules. Here D(G)α denotes the graded R-module D(G)⊗Ŵ (R),α R.

Proposition 2.2.19. There exists a functorial isomorphism of Ŵ (R)-displays

(D(G))∗(−1) ∼→ D(G∗).

Proof . Let k be the residue field of R and G0 := G ⊗R k. We have the universal defor-
mation of G0

G → Spf(W (k)[[t1, . . . , td]]),

where d := dim(G0) · dim(G∗
0) by [Ill85, Corollaire 4.8 (i)] (see also [Lau14, Proposition

3.11]). We put A := W (k)[[t1, . . . , td]] and An := A/(tn1 , . . . , t
n
d) for n ≥ 1. Let σ : A→ A

be a Frobenius lift such that σ(ti) = tpi for all i and such that σ coincides with the Witt
vector Frobenius on W (k). The Frobenius lift σ defines tautological frames A and An. We
have the unique morphism of local W (k)-algebras A→ R, (ti 7→ xi) corresponding to G/R.
The morphism of local W (k)-algebras A→ Ŵ (R) which sends ti to [xi] for all i induces a
morphism of frames A → Ŵ (R). Here, [xi] denotes the Teichmüller lift of xi. Since R is
an Artin local ring, the map A → R (resp. A → Ŵ (R)) factors as A ↠ Am → R (resp.
A → Am → Ŵ (R)) for some m ≥ 1. Then, by taking base change of the isomorphism of
displays over Am in Proposition 2.2.15

D(G ⊗A Am)∗
∼→ D((G ⊗A Am)∗)

by Am → Ŵ (R), we get the desired isomorphism. □

The following theorem is a main theorem of display-theoretic Dieudonné theory proved
by Lau (see [Lau14] for details).

Theorem 2.2.20 (Lau). The functor

(p-divisible groups over R)→ (1-displays over Ŵ (R))

defined by G 7→ D(G) gives an equivalence of categories.

Proof . See [Lau14, Theorem 3.19]. □

2.2.5. Displays and p-adic formal schemes over p-torsion free bases with
Frobenius lifts. Let A and σ : A → A be as in Remark 2.2.11. Moreover, we assume
that A is Noetherian and p ≥ 3. Let X be a p-adic proper smooth formal scheme over
Spf(A) satisfying the following conditions:

• The Hodge-de Rham spectral sequence associated to X /A

Ei,j
1 = Hj(X ,Ωi

X /A)⇒ H i+j
dR (X /A)

degenerates at E1-page.
• For i, j ≥ 0, Hj(X ,Ωi

X /A) is a finite projective A-module. It follows from this
that Hj(X ,Ωi

X /A) is compatible with base change with respect to A.

We put X0 := X ⊗ A/pA.
When X is projective over A, the following result is proved by Langer–Zink (see [LZ07,

Theorem 5.5]).
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Proposition 2.2.21. Let

Hn
dR(X /A) ⊃ F 1Hn

dR(X /A) ⊃ F 2Hn
dR(X /A) ⊃ · · ·

be the Hodge filtration. Let

F : Hn
dR(X /A)→ Hn

dR(X /A)

be a σ-linear map induced by σ and the identification Hn
dR(X /A) ∼= Hn

crys(X0/A). We
assume p > n. Then the triple

(Hn
dR(X /A), F •Hn

dR(X /A), F )

is an n-display over the tautological frame A (see Remark 2.2.11).

Proof . It suffices to prove that F (F iHn
dR(X /A)) is contained in piHn

dR(X /A) for i ≥ 1,
and Hn

dR(X /A) is generated by the union of (p−iF )(F iHn
dR(X /A)) for i ≥ 0.

The former assertion is proved in [LZ07, Lemma 5.4] when X is projective over A.
In the general case, we use the results of Berthelot–Ogus as follows. By [BO78, Theorem
8.16 and Theorem 8.20], for i ∈ [0, n], we get the following commutative diagram in the
derived category.

Ω≥i
X σ/A

� � // Ωϵ
X σ/A

//

��

Ω•
X σ/A

��
LηΩ•

X /A
// piA⊗L

A Ω•
X /A

// Ω•
X /A

Here ε : N→ N is defined by ε(j) = max{j− i, 0}, η : N→ N is defined by η(j) = ε(j)+ j,
and Ω≥i

X σ/A(resp. Ωϵ
X σ/A) is the subcomplex of Ω•

X σ/A whose degree j part is 0 for j ≤ i−1

and Ωj
X σ/A for j ≥ i (resp. 0 for j ≤ −1 and Ω

ϵ(j)
X σ/A for j ≥ 0). Taking hypercohomology,

the first assertion is proved.
We prove the latter assertion. By the same argument as the proof of Proposition

2.2.13, it suffices to consider the case that A = W (k) where k is a perfect field and σ is
the Witt vector Frobenius. Then the latter assertion follows from the strong divisibility
of the crystalline cohomology Hn

crys(X0/W (k)) since p > n (see [Fon83, p.91, Section 1,
Proposition (i)]). □

The n-display given by Proposition 2.2.21 is denoted by Hn
dR(X /A).

2.2.6. Displays and K3 surfaces over Artin local rings. Let R be an Artin local
ring with perfect residue field k of characteristic p ≥ 3.

Definition 2.2.22. ([Lau21, Definition 8.0.1]) A K3 display (M, (, )) consists of a
Ŵ (R)-display M = (M,F ) and a symmetric perfect pairing

(, ) :M ×M → Ŵ (R)(−2)

(i.e. a morphism of Ŵ (R)-displays M ⊗M → Ŵ (R)(−2) which is a symmetric perfect
pairing of graded Ŵ (R)-modules) such that

Mα ∼= R⊕R(−1)⊕n ⊕R(−2)

as graded R-modules for some n ≥ 0. Here, α : Ŵ (R) ↠ R is the map of graded rings
defined in 2.2.18.
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The following result is proved by Langer–Zink [LZ19, Proposition 19] (see also [Lau21,
Section 8.1]).

Proposition 2.2.23 (Langer–Zink). Let X be a K3 surface of over R. Then
H2

crys(X/Ŵ (R)) is canonically equipped with K3 display structure. To be more precise,
there exists a canonical K3 display

(H2
crys(X/Ŵ (R)), (, ))

satisfying the following conditions:
(1) The degree 0 part (H2

crys(X/Ŵ (R)))0 coincides with H2
crys(X/Ŵ (R)), and

(, )0 : H
2
crys(X/Ŵ (R))×H2

crys(X/Ŵ (R))→ Ŵ (R)

is the pairing defined by Poincaré duality.
(2) For i = 1, 2, let M i be the image of the composite of the following maps:

(H2
crys(X/Ŵ (R)))i

×ti−−→ H2
crys(X/Ŵ (R)) ↠ H2

dR(X/R).

Then

H2
dR(X/R) ⊃M1 ⊃M2

is the Hodge filtration.
(3) The K3 display (H2

crys(X/Ŵ (R)), (, )) is compatible with base change with respect
to R.

Proof . We briefly give a sketch of the proof for readers’ convenience. Let X0 := X ⊗R k.
Let X → Spf(W (k)[[t1, . . . , t20]]) be the universal deformation of X0. We put A :=
W (k)[[t1, . . . , t20]] and An := A/(tn1 , . . . , t

n
20). Let σ be a Frobenius lift such that σ(ti) = tpi

for all i and such that σ coincides with the Witt vector Frobenius on W (k). The Frobenius
lift σ defines the tautological frames A and An. We have the unique morphism of local
W (k)-algebras A → R, (ti 7→ xi) corresponding to X/R. The morphism of local W (k)-
algebras A → Ŵ (R) which sends ti to [xi] for all i induces a morphism of frames A →
Ŵ (R). Here, [xi] denotes the Teichmüller lift of xi. Since R is an Artin local ring, the ring
morphism A → R (resp. the morphism of frames A → Ŵ (R)) factors as A ↠ Am → R

(resp. A→ Am → Ŵ (R)) for some m ≥ 1. Then, by taking base change of the Am-display
H2

dR((X ⊗A Am)/Am) (defined in Subsection 2.2.5) and a symmetric perfect pairing

H2
dR((X ⊗A Am)/Am)×H2

dR((X ⊗A Am)/Am)→ Am(−2)

by the morphism of frames Am → Ŵ (R), we get the desired K3 display. □
The following theorem is a display-theoretic deformation theory for K3 surfaces proved

by Lau [Lau21]. (When X is ordinary, it is proved by Langer–Zink [LZ19, Theorem 36].)

Theorem 2.2.24 (Langer–Zink, Lau). Let S ↠ R be a surjection of Artin local
rings with perfect residue field of characteristic p ≥ 3 and X be a K3 surface over R. Then

X ′/S 7→ H2
crys(X

′/Ŵ (S))

gives an equivalence of categories between deformations of X to K3 surfaces over S and
deformations of H2

crys(X/Ŵ (R)) to K3 displays over Ŵ (S).

Proof . See [Lau21, Theorem 8.1.1]. □
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2.3. Crystalline cohomology and the enlarged formal Brauer group

First, we recall some results in [NO85, Section 3]. Let p be a prime number, k be
a perfect field of characteristic p, R be an Artin local ring over W (k) with residue field
k, and X/R be a K3 surface of finite height (i.e. a proper flat scheme over R whose
closed fiber X0 is a K3 surface of finite height). To this, we can associate a formal p-
divisible group B̂rX/R which is called the formal Brauer group of X/R and a p-divisible
group ψX/R which is called the enlarged formal Brauer group. We note that B̂rX/R is the
connected component of the identity of ψX/R. For a p-divisible group G over R, let D(G)
be the (covariant) Dieudonné crystal on NilCrys(Spec(R)/Spf(Zp)). Let H2

crys(X/R) be
the crystal on Crys(Spec(R)/Spf(Zp)) such that

H2
crys(X/R)(S ↠ R) = H2

crys(X/S)

for any (S ↠ R) ∈ Crys(Spec(R)/Spf(Zp)). By [NO85, Theorem 3.16], there is a natural
morphism of F -crystals

ρ : D(ψX/R)→ H2
crys(X/R).

By the composition with the inclusion D(B̂rX/R) ↪→ D(ψX/R), we get a morphism
D(B̂rX/R)→ H2

crys(X/R). Taking the dual, we get a morphism of F -crystals

H2
crys(X/R)→ D(B̂r

∗
X/R)(−1)

because H2
crys(X/R)

∗ = H2
crys(X/R)(2) and D(B̂rX/R)∗ = D(B̂r

∗
X/R)(1).

Theorem 2.3.1 (Nygaard–Ogus). There is the following exact sequence of F -
crystals:

0→ D(ψX/R)
ρ−→ H2

crys(X/R)→ D(B̂r
∗
X/R)(−1)→ 0.

Moreover, by evaluating on the trivial PD thickening R id−→ R, we get the following com-
mutative diagram:

0 // 0 //

��

F 2H2
dR(X/R)

//
� _

��

F 1D(B̂r
∗
X/R)(−1)R //
� _

��

0

0 // F 1D(ψX/R)R //
� _

��

F 1H2
dR(X/R)

//
� _

��

D(B̂r
∗
X/R)(−1)R // 0

0 // D(ψX/R)R
ρ // H2

dR(X/R)
// D(B̂r

∗
X/R)(−1)R // 0

In this diagram, all horizontal rows are exact.

Proof . See [NO85, Theorem 3.20]. □
In this section, we prove a display-theoretic analogue of Theorem 2.3.1. By evaluating

on the PD thickening Ŵ (R) ↠ R, we get a morphism of Ŵ (R)-modules

ρ̂ : D(ψX/R)(Ŵ (R)→R) → H2
crys(X/Ŵ (R)).

We want to construct a morphism of Ŵ (R)-displays D(ψX/R) → H2
crys(X/Ŵ (R)) which

induces ρ̂ on the underlying Ŵ (R)-modules. In order to do this, we work on p-torsion free
bases.
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In the following, we assume p ≥ 3. Let X→ Spf W (k)[[t1, ..., t20]] be the universal
deformation of X0. We put A := W (k)[[t1, ..., t20]], An := A/(tn1 , ..., t

n
20), and Xn :=

X ⊗A An. Let σ : A → A be the endomorphism such that σ(ti) = tpi and such that σ is
the Frobenius on W (k). By evaluating ρ on the trivial PD thickening An

id−→ An, we get a
morphism of An-modules

ρAn : D(ψXn/An)An → H2
dR(Xn/An).

Here D(ψXn/An)An is the underlying An-module of the Dieudonné display associated to
ψXn/An , and H2

dR(Xn/An) is the underlying An-module of the K3 display associated to the
K3 surface Xn/An.

Proposition 2.3.2. The map ρAn defines a morphism of An-displays

ρAn : D(ψXn/An)→ H2
dR(Xn/An).

Proof . It suffices to prove that ρAn commutes with F and preserves filtrations. The
former is clear because ρ is a morphism of F -crystals. We prove the latter assertion.
Since D(ψXn/An) is a 1-display, it suffices to prove that ρAn(F

1D(ψXn/An)) is contained
in F 1H2

dR(Xn/An). This assertion follows from the commutative diagram in Theorem
2.3.1. □

Composing ρAn with D(B̂rXn/An) ↪→ D(ψXn/An), we get a morphism of An-displays
D(B̂rXn/An) → H2

dR(Xn/An). By taking the dual of this map, we get a morphism of
An-displays

H2
dR(Xn/An)→ D(B̂r

∗
Xn/An

)(−1)

because D(B̂rXn/An)
∗ ∼= D(B̂r

∗
Xn/An

)(1) and (H2
dR(Xn/An))

∗ ∼= H2
dR(Xn/An)(2).

Theorem 2.3.3. There is the following exact sequence of An-displays:

0→ D(ψXn/An)
ρAn−−→ H2

dR(Xn/An)→ D(B̂r
∗
Xn/An

)(−1)→ 0

Proof . It suffices to show that the following three sequences of An-modules are exact.

0→ D(ψXn/An)
ρAn−−→ H2

dR(Xn/An)→ D(B̂r
∗
Xn/An

)→ 0

0→ F 1D(ψXn/An)
ρAn−−→ F 1H2

dR(Xn/An)→ D(B̂r
∗
Xn/An

)→ 0

0→ F 2D(ψXn/An)
ρAn−−→ F 2H2

dR(Xn/An)→ F 1D(B̂r
∗
Xn/An

)→ 0

The exactness of all sequences follows from Theorem 2.3.1. □

Corollary 2.3.4. Let X/R, ψX/R, and B̂rX/R be the same as the beginning of this
section. Then there is the following exact sequence of Ŵ (R)-displays:

0→ D(ψX/R)→ H2
crys(X/Ŵ (R))→ D(B̂r

∗
X/R)(−1)→ 0.

Moreover, this sequence is compatible with base change with respect to R.

Proof . Let A → R, (ti 7→ xi) be the morphism which corresponds to the deformation
X/R. We define φ : A → Ŵ (R) by φ(ti) = [xi], where [xi] denotes the Teichmüller lift of
xi. Then, for a sufficiently large n, the map φ induces a morphism of frames An → Ŵ (R).
Taking the base change of the sequence in Theorem 2.3.3 by this morphism, we get the
desired exact sequence. □
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2.4. A constrution of quasi-canonical liftings

In this section, we prove the main result of this chapter.

Theorem 2.4.1. Let X0 be a K3 surface of finite height h <∞ over a finite field k of
characteristic p ≥ 3. Then there exist a totally ramified finite extension V/W (k) of degree
h and a quasi-canonical lifting X/V of X0/k.

Proof . We follow the strategy of Nygaard–Ogus [NO85]. Instead of the crystalline de-
formation theory used in [NO85], we use the display-theoretic deformation theory of K3
surfaces.

We put k = Fpm . Let B̂rX0/k (resp. ψX0/k) be the formal Brauer group (resp. the
enlarged formal Brauer group) of X0/k. We note that ht(B̂rX0/k) = h, ht(ψX0/k) = 22− h,
and dim(B̂rX0/k) = dim(ψX0/k) = 1. Let Fr : B̂rX0/k → B̂r

(p)

X0/k
be the relative Frobenius

morphism. By [Haz12, Theorem 24.2.6, Theorem 24.3.4], there exists a totally ramified
finite extension V/W (k) of degree h, a lifting G of B̂rX0/k over V , and an endomorphism
F : G→ G which lifts Frm : B̂rX0/k → B̂rX0/k. Let π be a prime element of V .

For each n ≥ 0, we put Rn := V/πn+1 and Gn := G⊗V Rn. Let Hn denote the unique
lifting of the étale part of ψX0/k over Rn. We define a Ŵ (Rn)-display K(Gn) as

K(Gn) := D(Gn)⊕D(Hn)⊕D(G∗
n)(−1).

Taking base change by Ŵ (Rn)→ W (k), the right hand side gives the slope decomposition
of H2

crys(X0/W (k)). Let α : Ŵ (Rn) → Rn be as in Remark 2.2.18. Since we have the
following isomorphisms

D(Gn)
α ∼= Rn ⊕Rn(−1)⊕h−1

D(Hn)
α ∼= Rn(−1)⊕22−2h

D(G∗
n)
α ∼= R⊕h−1

n ⊕Rn(−1)

by Remark 2.2.18, K(Gn)
α is isomorphic to

Rn ⊕Rn(−1)⊕20 ⊕Rn(−2).

We have a canonical perfect pairing

D(Gn)×D(G∗
n)(−1)→ Ŵ (Rn)(−2)

and a perfect pairing

D(Hn)×D(Hn)→ Ŵ (Rn)(−2)

which is the unique lifting of the pairing on the slope one part ofH2
crys(X0/W (k)) ([Zin01b,

Lemma 42]). These pairings define a K3 display structure on K(Gn).
Let X be a formal lifting which corresponds to the inverse system of K3 displays

{K(Gn)} (Theorem 2.2.24). Let Xn := X ⊗V Rn. Then Xn is a K3 surface over Rn

corresponding to the K3 display K(Gn). We consider the following morphisms of Ŵ (Rn)-
displays:

D(G∗
n)(−1) ↪→ K(Gn) = H2

crys(Xn/Ŵ (Rn)) ↠ D(B̂r
∗
Xn/Rn

)(−1),
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where the last morphism is the one in Corollary 2.3.4. The composite of the above mor-
phisms is an isomorphism of displays because it becomes an isomorphism after the base
change by Ŵ (Rn)→ W (k). Then we have the following diagram.

0 // D(ψXn/Rn) //

��

H2
crys(Xn/Ŵ (Rn)) // D(B̂r

∗
Xn/Rn

)(−1) //

'
��

0

0 // D(Gn)⊕D(Hn) // K(Gn) // D(G∗
n)(−1) // 0

In this diagram, both rows are exact by Theorem 2.3.3. So we get a canonical isomorphism
of displays

D(ψXn/Rn)
∼→ D(Gn)⊕D(Hn) = D(Gn ⊕Hn).

By Theorem 2.2.20, this induces an isomorphism

ψXn/Rn

∼→ Gn ⊕Hn

of p-divisible groups over Rn. In particular, the enlarged formal Brauer group ψXn/Rn splits
into a direct sum of a connected part and an étale part. Since the map Pic(Xn)→ Pic(X0)
is surjective by the argument in the proof of [Nyg83, Proposition 1.8], there is a proper
smooth scheme X over V and a line bundle L on X such that X ⊗V Rn = Xn and L |X0

is ample and primitive.
By [NO85, Definition 1.5 and Theorem 1.9], in order to prove that X/V is a quasi-

canonical lifting of X0/k, it suffices to prove that there exists γ ∈ Wcrys(K) of non-zero
degree such that the action of γ on H2

dR(X/V ) ⊗V K preserves the Hodge filtration. Let
H denote the unique lifting of the étale part of ψX0/k. By the definition of K(Gn),

H2
dR(X/V ) = D(G)V ⊕ D(H)V ⊕ D(G∗)(−1)V

⊃ F 1D(G)V ⊕ D(H)V ⊕ D(G∗)(−1)V
⊃ F 1D(G∗)(−1)V

is the Hodge filtration on H2
dR(X/V ). Here K is an algebraic closure of the fraction field

of V and Wcrys(K) is the crystalline Weil group (for the definition, see [BO83, Definition
4.1]). By [BO83, Proposition 3.14], we have Wcrys(K)-equivariant isomorphisms

H2
dR(X/V )⊗K = (D(G)V ⊕ D(H)V ⊕ D(G∗)(−1)V )⊗V K

∼= (D(B̂rX0/k)W (k) ⊕ D(H0)W (k) ⊕ D(B̂r
∗
X0/k

)(−1)W (k))⊗W (k) K

∼= H2
crys(X0/W (k))⊗W (k) K.

Since the isomorphism

D(G∗)V ⊗V K ∼= D(G∗
0)W (k) ⊗W (k) K = D(B̂r

∗
X0/k

)W (k) ⊗W (k) K

is functorial in G, an element γ ∈ Wcrys(K) with deg(γ) = m acts on D(G∗)V ⊗V K as
D(F ∗)⊗ γ. Therefore, the action of such γ ∈ Wcrys(K) on H2

dR(X/V )⊗V K preserves the
Hodge filtration. This completes the proof. □





CHAPTER 3

Slope filtration of log p-divisible groups

3.1. Introduction

The following is the first goal of this chapter.

Theorem 3.1.1 (see Corollary 3.3.7). Let (X,MX) be a locally noetherian normal
fs log scheme over Fp. Then, for a log p-divisible group G over (X,MX) with constant
Newton polygon, there exists a completely slope divisible log p-divisible group H and an
isogeny G→ H.

This result is deduced from the corresponding result of Oort-Zink by using the fact
that a completely slope divisible log p-divisible group is written as an extension of a clas-
sical étale p-divisible group by a classical completely slope divisible formal Lie group (see
Proposition 3.3.4).

Next, we consider a stronger statement. Oort-Zink proved the above result by extending
an isogeny generically defined. We prove that we can make the same procedure for log p-
divisible groups.

Theorem 3.1.2 (see Theorem 3.5.4). Let (X,MX) be a log regular fs log scheme
over Fp and U be a dense open subset of X. Let G be a log p-divisible group over
(X,MX). Suppose that we are given a completely slope divisible log p-divisible group
HU over (U,MU) and an isogeny G|U → HU . Then there exist a completely slope divisible
log p-divisible group H over (X,MX) and an isogeny G→ H which restricts to the given
isogeny G|U → HU .

When X is regular, this theorem follows from a result on the extendability of complete
slope divisible log p-divisible groups (see Proposition 3.5.3). In general cases, we reduce
the problem to the above case by using resolutions of toric singularities in [Niz06].

Note that we need the assumption of log regularity. Theorem 3.1.2 does not hold under
the assumption of Theorem 3.1.1 (for a counterexample, see Remark 3.4.7).

The outline of this chapter is as follows. In Section 3.2, we review the definitions of kfl
topology, kfl quasi-coherent sheaves, log finite group schemes, and log p-divisible groups,
and we prove some fundamental properties of them. In Section 3.3, we introduce the notion
of completely slope divisible log p-divisible groups and Newton polygons for log p-divisible
groups. In Section 3.4, we review the definition and properties of log regular fs log scheme,
and we study log finite group schemes and kfl vector bundles on log regular fs log schemes
for the proof of Theorem 3.5.4. In Section 3.5, we shall prove Theorem 3.5.4.

Convention. Throughout this chapter, fiber products of saturated log schemes are
taken in the category of saturated log schemes unless otherwise specified. For morphisms
of saturated log schemes (X,MX) → (Z,MZ) and (Y,MY ) → (Z,MZ), the saturated
fiber product of (X,MX) and (Y,MY ) over (Z,MZ) is simply denoted by

(X,MX)×(Z,MZ) (Y,MY ).

21
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3.2. Preliminaries on log schemes and log p-divisible groups

Throughout this section, let (X,MX) denote an fs log scheme.

3.2.1. Kummer log flat topologies.
We recall some basic results on Kummer log flat topology (which is called kfl topology,

for short) introduced by Kato in [Kat21, Definition 2.3].

Definition 3.2.1 (Kummer maps of monoids). A monoid map f : M → N is called
Kummer if f is injective and, for every q ∈ N , there exist an integer n ≥ 1 and p ∈ M
such that f(p) = qn.

Definition 3.2.2 ([Kat21, (1.10) and Definition 2.2]). Let f : (X,MX) → (Y,MY )
be a morphism of fs log schemes.

(1) The morphism f is log flat (resp. log étale) if, fppf (resp. étale) locally on X and
Y , there exists a chart P → Q of f , where P and Q are finitely generated, such
that the following conditions are satisfied:
• the induced map P gp → Qgp is injective (resp. injective and its cokernel is a

finite abelian group with an order invertible on X);
• the induced morphism (X,MX)→ (Y,MY )⊗(Z[P ],P )a (Z[Q], Q)a is strict flat

(resp. strict étale).
(2) The morphism f is Kummer if, for each x ∈ X, the natural map MY,y/O×

Y,y →
MX,x/O×

X,x is Kummer, where y := f(x).

Lemma 3.2.3. Let f : (X,MX)→ (Y,MY ) be a Kummer morphism of fs log schemes.
Suppose that X is quasi-compact, and that we are given an fs chart P → MY . We put
(Yn,MYn) := (Y,MY ) ⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a for an integer n ≥ 1. Then the natural
morphism

(X,MX)×(Y,MY ) (Yn,MY ′)→ (Yn,MYn)

is strict for some n ≥ 1.

Proof . See the proof of [Kat21, Proposition 2.7 (2)]. □
Definition 3.2.4. A family of morphisms {fi : (Ui,MUi

)→ (X,MX)} of fs log schemes
is called a Kummer log flat covering (resp. a Kummer log étale covering) if the following
conditions are satisfied.

(1) Each fi is log flat (resp. log étale) and Kummer, and its underlying morphism of
schemes is locally of finite presentation.

(2) The family is set-theoretically surjective, i.e. X = ∪fi(Ui).
For short, a Kummer log flat covering (resp. a Kummer log étale covering) is called a kfl
covering (resp. a két covering).

We define a site (X,MX)kfl (resp. (X,MX)két) as the category of fs log schemes
over (X,MX) equipped with the topology defined by kfl coverings (resp. két coverings)
([Kat21, Definition 2.3]). This topology is called kfl topology (resp. két topology), and
the resulting site is called a kfl site (resp. a két site). The kfl topology is subcanonical
([Kat21, Theorem 3.1]). In other words, for an fs log scheme (Z,MZ) over (X,MX), the
presheaf on (X,MX)kfl given by (Y,MY ) 7→ Mor(X,MX)((Y,MY ), (Z,MZ)) is a sheaf. In
particular, we have a sheaf on (X,MX)kfl defined by (Y,MY ) 7→ Γ(Y,OY ), denoted by
O(X,MX). Furthermore, we define Gm,log as the strict étale sheafification of the presheaf
on (X,MX)kfl given by (Y,MY ) 7→ Γ(Y,MY )

gp. Then Gm,log is a sheaf on (X,MX)kfl
([Kat21, Theorem 3.2]).
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3.2.2. Kfl vector bundles. Let (X,MX) be an fs log scheme.

Definition 3.2.5. A vector bundle on the ringed site ((X,MX)kfl,O(X,MX)) is called a
kfl vector bundle on (X,MX). The category of kfl vector bundles on (X,MX) is denoted
by Vectkfl(X,MX). The family of short exact sequences as sheaves on (X,MX)kfl makes
Vectkfl(X,MX) an exact category.

For a vector bundle E on X, we define the O(X,MX)-module ι(E) by (Y,MY ) 7→
Γ(Y, f ∗E), where f : Y → X is the structure morphism. By [Niz08, Proposition 2.19],
ι(E) is a sheaf on (X,MX)kfl.

Lemma 3.2.6. The functor ι : Vect(X)→ Vectkfl(X,MX) gives a bi-exact equivalence
to the essential image, where Vect(X) denotes the category of vector bundles on X.

Proof . Fully faithfulness and exactness follow from the definition. It suffices to prove
that a sequence of vector bundles on X

(3.2.1) 0→ E1 → E2 → E3 → 0

is exact if the associated sequence

(3.2.2) 0→ ι(E1)→ ι(E2)→ ι(E3)→ 0

is exact in Vectkfl(X,MX). Let U be an affine open subset of X. Since H1((U,MU), ι(E1))
vanishes by [Niz08, Proposition 3.27], applying H0((U,MU),−) to the exact sequence
(3.2.2) gives an exact sequence

0→ E1(U)→ E2(U)→ E3(U)→ 0.

Therefore, the sequence (3.2.1) is exact. □
We regard Vect(X) as a full subcategory of Vectkfl(X,MX) via the functor ι. When

there is no possibility of confusion, we simply write E for ι(E). A kfl vector bundle E on
(X,MX) is called classical if E belongs to Vect(X).

Lemma 3.2.7. Let (X,MX) be a quasi-compact fs log scheme and F be a kfl quasi-
coherent sheaf on (X,MX). Suppose that we are given an fs chart P → MX . Then the
pullback of F by a kfl covering

(X,MX)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a → (X,MX)

is classical for some n ≥ 1.

Proof . Take a kfl covering (Y,MY ) → (X,MX) such that Y is quasi-compact and
F|(Y,MY ) is classical. For an integer n ≥ 1, we set

(Xn,MXn) := (X,MX)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a,

(Yn,MYn) := (Y,MY )⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a.

By Lemma 3.2.3, the natural morphism

(Ym,MYm)→ (Xm,MXm)

is a strict fppf covering for some m ≥ 1. Since F|(Y,MY ) is classical, F|(Ym,MYm ) is classical.
By fppf descent, F|(Xm,MXm ) is also classical. □

Proposition 3.2.8. Let {(Xi,MXi
)}i∈I be a cofiltered system of fs log schemes

satisfying the condition (∗) in the beginning of Appendix 3.A. We put (X,MX) :=
lim←−i∈I(Xi,MXi

).
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(1) Suppose that the cofiltered category I has a final object 0. Let E0 and F0 be kfl
vector bundles on (X0,MX0). We put

Ei := E0|(Xi,MXi
), E := E0|(X,MX),

Fi := F0|(Xi,MXi
), F := F0|(X,MX).

Then the natural map

lim−→
i∈I

Hom(Ei,Fi)→ Hom(E ,F)

is an isomorphism.
(2) For any kfl vector bundle E on (X,MX), there exist i ∈ I and a kfl vector bundle
Ei on (Xi,MXi

) with an isomorphism Ei|X ∼= E .

Proof . (1) By working Kummer log flat locally on (X0,MX0), this statement follows
from the limit argument for usual vector bundles on schemes.

(2) Take a qcqs kfl covering (Y,MY ) → (X,MX) such that E|Y is classical. By
Proposition 3.A.3 (2) and Proposition 3.A.5 (4), (Y,MY ) → (X,MX) comes from a kfl
covering (Yi,MYi) → (Xi,MXi

) and E|Y comes from a vector bundle EYi over Yi for
some i ∈ I. By replacing i with a bigger object of I, we may assume that the descent
datum of E|Y over (Y,MY ) ×(X,MX) (Y,MY ) comes from the descent datum of EYi over
(Yi,MYi) ×(Xi,MXi

) (Yi,MYi), which defines a kfl vector bundle Ei on (Xi,MXi
) with an

isomorphism Ei|X ∼= E . □
Proposition 3.2.9 (cf. [Kat21, Theorem 6.2]). Let E be a kfl vector bundle on

(X,MX). Suppose that the pullback of E to a point x ∈ X is classical. Then there exists
an open neighborhood U ⊂ X of x such that E|(U,MU ) is classical. In particular, if the
pullback of E to every point x ∈ X is classical, then E is also classical.

Proof . By the limit argument (Proposition 3.2.8), we may assume that X is the spectrum
of a noetherian strict local ring with the unique closed point x. In this case, the assertion
follows from [Kat21, Theorem 6.2]. □

3.2.3. Log finite group schemes.
In this subsection, we review the definition of log finite group schemes and prove some

fundamental properties.

Definition 3.2.10 ([Kat23], Section 1). (1) A sheaf of abelian groups G on
(X,MX)kfl is called a weak log finite group scheme if there exists a kfl cover-
ing {(Ui,MUi

)→ (X,MX)} such that the pullback G|(Ui,MUi
) is representable by

a finite locally free group scheme over Ui. The category of weak log finite group
schemes over (X,MX) is denoted by wFin(X,MX).

(2) For a weak log finite group scheme G over (X,MX), the sheaf G∗ := Hom(G,Gm)
on (X,MX)kfl is called the Cartier dual of G. The sheaf G∗ is also a weak log
finite group scheme over (X,MX).

(3) A weak log finite group scheme G over (X,MX) is called a log finite group scheme
if G and G∗ are representable by a finite Kummer log flat fs log scheme of finite
presentation over (X,MX). The full subcategory of wFin(X,MX) consisting of
log finite group schemes is denoted by Fin(X,MX).

We have the inclusion relation of categories

Fin(X) ⊂ Fin(X,MX) ⊂ wFin(X,MX),
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where Fin(X) denotes the category of finite locally free group schemes over X. A weak log
finite group scheme G over (X,MX) is called classical if G belongs to Fin(X).

Definition 3.2.11. Let (X,MX) be an fs log scheme. A weak log finite group scheme
G over (X,MX) is called of order n if there exists a kfl covering {(Ui,MUi

)→ (X,MX)}
such that G|(Ui,MUi

) is classical and of order n for every i.

Example 3.2.12. For an fs log scheme (X,MX) withMX being trivial, every log finite
group scheme over (X,MX) is classical. This follows from the fact that every Kummer
morphism (Y,MY )→ (X,MX) of fs log schemes is strict.

Example 3.2.13. Let n ≥ 1. A log abelian variety A over an fs log scheme (X,MX)
(for its definition, see [KKN08b, Definition 4.1]) is a sheaf on (X,MX)kfl by [Zha17,
Theoerem 2.1(1)]. Then A[n] := Ker(×n : A → A) is a log finite group scheme of order
n2 dim(A) over (X,MX) by [KKN15, Proposition 18.1 (2)], Proposition 3.2.24 below, and
[Zha17, Proposition 3.4 (3)].

Example 3.2.14. Let (X,MX) be an fs log scheme. For n ≥ 1, we have a Kummer
sequence ([Kat21, Proposition 4.2])

0→ µn → Gm,log
(−)n→ Gm,log → 0.

From this sequence, we get a connecting homomorphism

Gm,log(X,MX) = Γ(X,Mgp
X )→ H1((X,MX)kfl, µn) = Ext1(X,MX)kfl

(Z/nZ, µn),

which associates to any q ∈ Γ(X,Mgp
X ) an extension of sheaves on (X,MX)kfl

0→ µn → Gq → Z/nZ→ 0.

The sheaf Gq is a log finite group scheme by [Kat23, Proposition 2.3].

Lemma 3.2.15. Let G be a weak log finite group scheme over a quasi-compact fs log
scheme (X,MX) with an fs chart P →MX . Then the pullback of G by a kfl covering

(X,MX)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a → (X,MX)

is classical for some n ≥ 1.

Proof . This follows from the same argument as Lemma 3.2.7. □
Proposition 3.2.16. Let {(Xi,MXi

)}i∈I be a cofiltered system of fs log schemes
satisfying the condition (∗) in the beginning of Appendix 3.A. We put (X,MX) :=
lim←−i∈I(Xi,MXi

).
(1) Suppose that the cofiltered category I has a final object 0. Let G0 and H0 be

weak log finite group schemes over (X0,MX0). We put

Gi := G0|(Xi,MXi
), G := G0|(X,MX),

Hi := H0|(Xi,MXi
), H := H0|(X,MX).

Then the natural map

lim−→
i∈I

Hom(Gi, Hi)→ Hom(G,H)

is bijective.
(2) For a weak log finite group scheme G over (X,MX), there exist i ∈ I and a weak

log finite group scheme Gi over (Xi,MXi
) with an isomorphism Gi|(X,MX)

∼= G.
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(3) For a log finite group scheme G over (X,MX), there exist i ∈ I and a log finite
group scheme Gi over (Xi,MXi

) with an isomorphism Gi|(X,MX)
∼= G.

Proof . (1) By working Kummer log flat locally on (X0,MX0), this statement follows
from the limit argument for usual finite locally free group schemes over schemes.

(2) This follows from the same argument as Proposition 3.2.8 (2).
(3) This follows from (1) and the limit argument for finite Kummer log flat fs log

schemes of finite presentation (Proposition 3.A.3 and Proposition 3.A.5 (4)). □
Remark 3.2.17. The theory of log finite group schemes is introduced and developed

in [Kat23] under the assumption that the base log scheme is noetherian. Since an fs
affine noetherian log scheme can be written as a limit of a cofiltered system of fs affine log
schemes satisfying the condition (∗) in the beginning of Appendix 3.A by Lemma 3.A.2,
Proposition 3.2.16 enables us to generalize several results in loc. cit. to the non-noetherian
case.

Let G be a weak log finite group scheme over (X,MX). We let AG denote the sheaf of
morphisms Mor(G,O(X,MX)) on (X,MX)kfl. The O(X,MX)-algebra structure on O(X,MX)

makesAG anO(X,MX)-algebra, and the abelian group structure on G defines a commutative
Hopf

O(X,MX)

-algebra structure on AG. When G is classical, AG coincides with the usual coordinate
ring of G. Hence, by working kfl locally on (X,MX), we see that the underlying O(X,MX)-
module of AG is a kfl vector bundle. Therefore, AG is a commutative Hopf object of the
unitary symmetric monoidal category Vectkfl(X,MX).

Conversely, for a commutative Hopf object A of Vectkfl(X,MX), we let GA denote
the sheaf of homomorphisms of O(X,MX)-algebras Hom(A,O(X,MX)) on (X,MX)kfl. The
commutative Hopf structure on A defines an abelian group structure GA. By working kfl
locally on (X,MX), we see that GA is a weak log finite group scheme over (X,MX).

Proposition 3.2.18 (cf. [Kat23, Proposition 2.15]). The assignments G 7→ AG
and A 7→ GA give a contravariant equivalence between the category wFin(X,MX) and
the category of commutative Hopf objects of the unitary symmetric monoidal category
Vectkfl(X,MX). Moreover, an weak log finite group scheme G over (X,MX) is classical if
and only if AG is classical.

Proof . The former assertion follows from the definition, and the latter assertion follows
the former one. □

Proposition 3.2.19. Let H ⊂ G be weak log finite group schemes over (X,MX).
Suppose that G is classical. Then H and G/H are also classical.

Proof . By working kfl locally on (X,MX), we see that the inclusion morphism H ↪→ G
induces a surjection AG ↠ AH . Since AG is classical, AH is also classical by [Niz08,
Proposition 3.29]. Hence, Proposition 3.2.18 implies that H is classical. Therefore, G/H
is also classical. □

Construction 3.2.20 (Connected-étale sequences,cf. [Kat23, (2.6)]).
Suppose that X = SpecR for a henselian local ring R, and let G be a weak log finite

group scheme over (X,MX). We shall construct a unique exact sequence of objects of
weak log finite group schemes
(3.2.3) 0→ G0 → G→ Gét → 0



3.2. PRELIMINARIES ON LOG SCHEMES AND LOG P -DIVISIBLE GROUPS 27

such that, for every finite Kummer log flat cover (Y,MY )→ (X,MX) with G|(Y,MY ) being
classical, the pullback of the sequence (3.2.3) is the connected-étale sequence for G|(Y,MY ).
This sequence is called the connected-étale sequence for G. The uniqueness follows from
the uniqueness of connected-étale sequences in non-log cases.

First, we assume that R is strict local. Take a chart P → MX . By Lemma 3.2.15,
there exists an integer n ≥ 1 such that the pullback G|(Y,MY ) is classical, where we set
(Y,MY ) := (X,MX) ⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a. Since Y is the spectrum of the finite
product of strict local rings, the connected-étale sequence for G|(Y,MY ) descends to the
sequence (3.2.1) via kfl descent by the uniqueness of connected-étale sequences in non-log
cases.

In general, what we proved in the previous paragraph and the limit argument (Propo-
sition 3.2.16) allow us to take a strict finite étale cover (X ′,MX′) → (X,MX) such that
G|(X′,MX′ ) admits a connected-étale sequence. By the uniqueness of connected-étale se-
quences, this descends to the desired sequence (3.2.1).

Lemma 3.2.21. Suppose that X is the spectrum of a henselian local ring. Let H ⊂ G
be weak log finite group schemes over (X,MX). Then there are natural isomorphisms

H0 ∼= H ∩G0, Hét ∼= Im(H → Gét), (G/H)0 ∼= G0/H0, (G/H)ét ∼= Gét/Hét.

Proof . The analogous statements for non-log finite locally free group schemes are well-
known, to which one can reduce the original statement by kfl descent. □

Proposition 3.2.22 (cf. [Kat23, Proposition 2.7 (3)]). Suppose that X = SpecR for
a henselian local ring R with residue characteristic p > 0. Let G be a weak log finite group
scheme over (X,MX) killed by some power of p. Then G is a log finite group scheme if
and only if both of G0 and Gét are classical. Moreover, in this case, G0 (resp. Gét) is a
connected finite locally free group scheme (resp. a finite étale group scheme) over X.

Proof . This is proved in [Kat23, Proposition 2.7 (3)] in the case where R is noetherian.
In general, one can reduce the problem to this case by the limit argument (Proposition
3.2.16). □

Lemma 3.2.23. Let G be a log finite group scheme over (X,MX). Suppose that p
is locally nilpotent on X and that the order of (G|x)ét is constant for every x ∈ X. Then
there exists a unique exact sequence

0→ G0 → G→ Gét → 0,

where G0 is a finite locally free radiciel group scheme over X and Gét is a finite étale group
scheme over X.

Proof . Since the exact sequence as in the statement is unique if it exists, we may work
étale locally on X. Take x ∈ X. By applying the limit argument (Proposition 3.2.16) to
the connected-étale sequence for the pullback of G to the strict localization of X at x̄, one
can take an étale neighborhood U of X at x̄ and an exact sequence

0→ G0
U → G|U → Gét

U → 0,
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where G0
U is a finite locally free group scheme over U and Gét

U is a finite étale group scheme
over U by Proposition 3.2.22. For every t ∈ U , we have the following diagram:

0 // (G|t)0 //

��

G|t //

∼
��

(G|t)ét //

��

0

0 // G0
U |t // (G|U)|t // Gét

U |t // 0.

By the assumption, the right vertical homomorphism is a homomorphism between finite
étale group schemes of the same order, which is an isomorphism. Hence, the left vertical
morphism is also an isomorphism. In particular, G0

U is radiciel over U . Since we may work
étale locally on X, this proves the statement. □

Proposition 3.2.24 (cf. [Kat23, Proposition 2.16]). Let G be a weak log finite group
scheme over (X,MX). Suppose that the pullback of G to a point x ∈ X is a log finite
group scheme (resp. classical). Then there exists an open neighborhood U ⊂ X of x such
that G|(U,MU ) is a log finite group scheme (resp. classical). In particular, if the pullback of
G to every point x ∈ X is a log finite group scheme (resp. classical), then G is also a log
finite group scheme (resp. classical).

Proof . By the limit argument (Proposition 3.2.16), we may assume that X is noetherian.
In this case, the assertion follows from [Kat23, Proposition 2.16]. □

Lemma 3.2.25. Let G be a log finite group scheme over (X,MX) of order p. Suppose
that p is locally nilpotent over X. Then G is classical.

Proof . Due to Proposition 3.2.24, we may assume that the X is the spectrum of a field.
Since the order of G is equal to the product of the orders of G0 and Gét, the log finite
group scheme G is isomorphic to either G0 or Gét. Hence, the assertion follows from
[Kat23, Proposition 2.7 (3)]. □

Lemma 3.2.26. Suppose that X = SpecR for a reduced henselian local ring R with
residue characteristic p > 0. Let G be a log finite group scheme over (X,MX) killed by
some power of p, and let H1, H2 be log finite subgroup schemes of G. Suppose that H0

1 is
contained in H0

2 , Hét
1 is contained in Hét

2 , and G0 is radiciel over X. Then H1 is contained
in H2.

Proof . By Lemma 3.2.21, we have the following commutative diagram:

0 // H0
1

//

0
��

H1
//

��

Hét
1

//

0
��

0

0 // G0/H0
2

// G/H2
// Gét/Hét

2
// 0.

By the above diagram, the canonical morphism H1 → G/H2 factors as H1 → Hét
1 →

G0/H0
2 → G/H2. Since Hét

1 is reduced and G0/H0
2 is radiciel over X, we get

Hom(Hét
1 , G

0/H0
2 ) = 0.

Therefore, H1 is contained in H2. □
Proposition 3.2.27. Let H ⊂ G be weak log finite group schemes over (X,MX).

Suppose that G is a log finite group scheme. Then H and G/H are also log finite group
schemes.
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Proof . Proposition 3.2.24 allows us to assume that X = Speck for a field k of character-
istic p ≥ 0. By [Kat23, Proposition 2.1], it is enough to treat the case where p > 0 and G
is killed by some power of p.

Note that G0 and Gét are classical by Proposition 3.2.22. There are inclusion relations
H0 ⊂ G0 and Hét ⊂ Gét by Lemma 3.2.21. Hence, Proposition 3.2.19 implies that H0 and
Hét are also classical. By using Proposition 3.2.22 again, we see that H is a log finite group
scheme. By applying this result to the subobject (G/H)∗ ⊂ G∗, we conclude that G/H is
also a log finite group scheme. □

3.2.4. Log p-divisible groups.

Definition 3.2.28 ([Kat23], Section 4). Let G be a sheaf of abelian groups on
(X,MX)kfl. We say that G is a weak log p-divisible group over (X,MX) if the following
conditions are satisfied.

(1) The map ×p : G→ G is surjective.
(2) For each n ≥ 1, the sheaf G[pn] := Ker(×pn : G → G) is a weak log finite group

scheme over (X,MX).
(3) G = ∪n≥1G[p

n].
The category of weak log p-divisible groups over (X,MX) is denoted by wBT(X,MX). A
weak log p-divisible group G over (X,MX) is called a log p-divisible group if G[pn] is a log
finite group scheme for each n ≥ 1. The category of log p-divisible groups over (X,MX)
is denoted by BT(X,MX). The category BT(X) of p-divisible groups over X is regarded
as the full subcategory of wBT(X,MX). A weak log p-divisible group G over (X,MX) is
called classical if G belongs to BT(X). Clearly, G is classical if and only if G[pn] is classical
for each n ≥ 1.

Definition 3.2.29. For a weak log p-divisible group G over (X,MX), we say that G
is of height h if the order of G[pn] is pnh for each n ≥ 1 (equivalently, the order of G[p] is
ph).

Example 3.2.30. Let n ≥ 1. For any log abelian variety A over (X,MX) with
dim(A) = d, A[p∞] := ∪n≥1A[p

n] is a log p-divisible group of height 2d over (X,MX)
because A[pn] is a log finite group scheme of order p2nd by Example 3.2.13 and ×p : A→ A
is surjective from [KKN15, Subsection 18.6].

Lemma 3.2.31. Suppose that X is the spectrum of a henselian local ring. Let G be
a weak log p-divisible group over (X,MX). Then

G0 :=
⋃
n≥1

G[pn]0 and Gét :=
⋃
n≥1

G[pn]ét

are weak log p-divisible groups over (X,MX), and there exists an exact sequence

0→ G0 → G→ Gét → 0.

Proof . Let ? ∈ {0, ét} be a subscript and n,m ≥ 1 be integers. By Lemma 3.2.21, the
homomorphism ×pn : G[pn+m]⋆ → G[pn+m]⋆ factors as

G[pn+m]⋆ → G[pm]⋆ ↪→ G[pn+m]⋆.

We also simply write ×pn for the homomorphism G[pn+m]⋆ → G[pm]⋆ defined above. Then,
by applying Lemma 3.2.21 again, we see that the sequence

0→ G[pn]⋆ ↪→ G[pn+m]⋆
×pn→ G[pm]⋆ → 0
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is exact, which implies thatG⋆ is a weak log p-divisible group over (X,MX). The remaining
assertion is clear. □

Lemma 3.2.32. Let G be a log p-divisible group over (X,MX). Suppose that p is
locally nilpotent on X and that the height of (G|x)ét is constant for every x ∈ X. Then
there exists a unique exact sequence

0→ G0 → G→ Gét → 0,

where G0 is a formal Lie group over X and Gét is an étale p-divisible group over X.

Proof . This immediately follows from Lemma 3.2.23. □
Definition 3.2.33. Let G1 and G2 be log p-divisible groups over (X,MX). A homo-

morphism f : G1 → G2 is called an isogeny if f is surjective and Ker(f) is a weak log finite
group scheme over (X,MX).

Let QIsog(G1, G2) be the subset of Hom(G1, G2)[1/p] consisting of elements which can
be written as g/pn for an integer n ≥ 1 and an isogeny g : G1 → G2. A quasi-isogeny from
G1 to G2 is an element of the global section of the Zariski sheaf on X associated with the
presheaf given by U 7→ QIsog(G1|U , G2|U) for an open subset U ⊂ X. Note that, when X
is quasi-compact, the set of quasi-isogenies from G1 to G2 is naturally in bijection with the
set QIsog(G1, G2).

Lemma 3.2.34. Let G be a log p-divisible group and H be a log finite subgroup scheme
of G. Then the sheaf G/H is a log p-divisible group, and the canonical map G→ G/H is
an isogeny. Moreover, this gives a one-to-one correspondence between log finite subgroup
schemes of G and isogenies from G.

Proof . By working Zariski locally on X, we may assume that H is killed by pd for an
integer d ≥ 1. For an integer n ≥ d, applying the snake lemma to the diagram

0 // H //

0

��

G //

×pn

��

G/H //

×pn
��

0

0 // H // G // G/H // 0

gives an exact sequence

0→ G[pn]/H → (G/H)[pn]→ H → 0.

Hence, it follows from [Kat23, Proposition 2.3] that (G/H)[pn] is a log finite group scheme,
and so G/H is a log p-divisible group.

Conversely, for an isogeny f : G1 → G2, the weak log finite group scheme Ker(f) is a
log finite group scheme by Proposition 3.2.27. This proves the assertion. □

Proposition 3.2.35. Let (X,MX) be a locally noetherian fs log scheme. Let f : G1 →
G2 be a homomorphism of log p-divisible groups over (X,MX). Suppose that f is surjective
and, Zariski locally, Ker(f) is killed by pd for an integer d ≥ 1. Then f is an isogeny.

Proof . It is enough to prove that Ker(f) is a log finite group scheme over (X,MX).
By working Zariski locally on X, we may assume that Ker(f) ⊂ G1[p

d] for an integer
d ≥ 1. The sheaf Ker(f) is representable by an fs log scheme of finite presentation over
(X,MX) as it coincides with the kernel of the homomorphism of log finite group schemes
G1[p

d] → G2[p
d] induced from f . Hence, by the limit argument (Proposition 3.2.16 and

Proposition 3.A.3), we may assume that X is the spectrum of a strict local ring.
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Since Ker(f) is killed by pd and f is surjective, there exists a unique homomorphism
g : G2 → G1 such that both of fg and gf are equal to the multiplication by pd. The
homomorphism f uniquely induces homomorphisms f 0 : G0

1 → G0
2 and f ét : Gét

1 → Gét
2

fitting into the following diagram:

0 // G0
1

//

f0

��

G1
//

f

��

Gét
1

//

fét

��

0

0 // G0
2

// G2
// Gét

2
// 0.

Similarly, the homomorphism g uniquely induces homomorphisms g0 : G0
2 → G0

1 and
gét : Gét

2 → Gét
1 . By the uniqueness of the induced morphism on the connected part and the

étale part, all of the homomorphisms f 0g0, f étgét, g0f 0, and gétf ét are the multiplication
by pd. It follows from [CCO14, Proposition 3.3.8] that all of the homomorphisms f 0, f ét,
g0, and gét are isogenies. By applying the snake lemma to the above diagram, we get an
exact sequence

0→ Ker(f 0)→ Ker(f)→ Ker(f ét)→ 0.

Since Ker(f 0) and Ker(f ét) are finite locally free group schemes over X, the sheaf Ker(f)
is a log finite group scheme over (X,MX) by [Kat23, Proposition 2.3]. □

3.3. Completely slope divisible log p-divisible groups

Throughout this section, let (X,MX) be an fs log scheme over Fp.

Definition 3.3.1. Let G be a sheaf of abelian groups on (X,MX)kfl (the examples of
primary interest are objects of weak log finite group schemes or weak log p-divisible groups.
Let G(pn) denote the pullback of G by the n-th power Frobenius morphism on (X,MX).

In the usual way, Frobenius morphisms on log schemes over Fp induce a homomorphism
F : G→ G(p), called the Frobenius homomorphism. When G belongs to Fin(X) or BT(X),
the homomorphism F is nothing but the usual Frobenius homomorphism. For an integer
n ≥ 1, the composite of homomorphisms

G
F→ G(p) F

(p)

→ G(p2) F
(p2)

→ . . .
F (pn−1)

→ G(pn)

are simply denoted by F n, where F (pk) denotes the base change of F by the k-th power
Frobenius morphism on (X,MX) for an integer k ≥ 1.

Lemma 3.3.2. Let G be a log finite group scheme over (X,MX). Suppose that there
is an integer n ≥ 1 such that the homomorphism F n : G→ G(pn) is an isomorphism (resp. a
zero map). Then G is classical. In particular, G is a finite étale group scheme (resp. a
finite radiciel locally free group scheme) over X.

Proof . We shall prove the assertion just in the case where F n is an isomorphism because
the same argument also works in the other case. By Proposition 3.2.24, we may assume
that X = Speck for a field k. In this case, we have the following diagram:

0 // G0 //

Fn

��

G //

Fn∼
��

Gét //

Fn∼
��

0

0 // (G0)(p
n) // G(pn) // (Gét)(p

n) // 0.
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Since Gét is a finite étale group scheme over X, the right vertical map in this diagram is
an isomorphism. Hence, the left vertical map is also an isomorphism. On the other hand,
the m-th power of the Frobenius homomorphism G0 → (G0)(p

m) is a zero map for some
integer m ≥ 1 because G0 is a connected finite group scheme over the field k. Therefore,
G0 is trivial, and so G ∼= Gét. In particular, G is classical. □

Definition 3.3.3. A log p-divisible group G over (X,MX) over Fp is completely slope
divisible if G admits a filtration of log p-divisible subgroups

0 = G0 ⊂ G1 ⊂ · · · ⊂ Gm = G,

and if there are integers
s ≥ r1 > r2 > · · · > rm ≥ 0

such that the following conditions are satisfied :
(1) The quasi-isogeny p−riF s from Gi to G(ps)

i is an isogeny for every 1 ≤ i ≤ m.
(2) The morphism Gi/Gi−1 → (Gi/Gi−1)

(ps) induced from p−riF s : Gi → G
(ps)
i is an

isomorphism for every 1 ≤ i ≤ m.

Proposition 3.3.4. Let G be a completely slope divisible log p-divisible group over
(X,MX). Then there exists a unique exact sequence

0→ G0 → G→ Gét → 0,

where G0 is a completely slope divisible formal Lie group over X and Gét is an étale
p-divisible group over X.

Proof . We use the notation in Definition 3.3.3. We may assume that rm =
0. Let n ≥ 1 be an integer. By the definition, the Frobenius homomorphism
F : (G/Gm−1)[p

n] → (G/Gm−1)[p
n](p) is an isomorphism, and the homomorphism

F sn : Gm−1[p
n] → Gm−1[p

n](p
sn) is a zero map. Hence, by Lemma 3.3.2, G/Gm−1 is an

étale p-divisible group over X, and Gm−1 is a formal Lie group over X. Therefore, the
exact sequence

0→ Gm−1 → G→ G/Gm−1 → 0

is the desired one. □
We generalize the notion of Newton polygons to log p-divisible groups.

Definition 3.3.5. Suppose that X is the spectrum of a field of characteristic p > 0.
Let G be a log p-divisible group over (X,MX). The Newton polygon of G is the Newton
polygon of the classical p-divisible group G0 ⊕Gét.

The notion of Newton polygons for log p-divisible groups enables us to formulate a log
version of [OZ02, Proposition 2.3] as follows.

Corollary 3.3.6. Let G be a log p-divisible group over (X,MX) with constant Newton
polygon. Suppose thatX is integral, and that the pullbackG|η is completely slope divisible,
where η is the generic point. Then G is completely slope divisible.

Proof . We take G0 and Gét as in Lemma 3.2.32. The formal Lie group G0 has a con-
stant Newton polygon, and its generic fiber G0|η is completely slope divisible. Hence,
[OZ02, Proposition 2.3] implies that G0 is completely slope divisible. Therefore, G is also
completely slope divisible. □

The following corollary is a log version of [OZ02, Theorem 2.1].
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Corollary 3.3.7. Let G be a log p-divisible group over (X,MX) with constant Newton
polygon. Suppose that X is normal. Then there exist a completely slope divisible log p-
divisible group H over (X,MX) and an isogeny G→ H.

Proof . We take G0 and Gét as in Lemma 3.2.32. Since G0 has a constant Newton polygon,
there exist a completely slope divisible p-divisible group H ′ over X and an isogeny φ : G0 →
H ′ by [OZ02, Theorem 2.1]. Then there is an exact sequence

0→ H ′ → G/Ker(φ)→ Gét → 0,

and so G/Ker(φ) is a completely slope divisible log p-divisible group. Hence, the canonical
surjection G↠ G/Ker(φ) is the desired isogeny. □

The following lemma is a log version of [OZ02, Lemma 2.5], which we use in the proof
of the main theorem.

Lemma 3.3.8. Suppose that X is the spectrum of an algebraically closed field. Let
G be a log p-divisible group over (X,MX) and d ≥ 1 be an integer. Then there are
only finitely many isomorphism classes of isogenies G → H of degree pd in which H is a
completely slope divisible log p-divisible group.

Proof . Let K be a log finite subgroup scheme of G of order pd. Since G/K is completely
slope divisible if and only if (G/K)0 = G0/K0 and (G/K)ét = Gét/Két, there are only
finitely many possibilities of K0 and Két such that G/K is completely slope divisible
by [OZ02, Lemma 2.5]. Lemma 3.2.26 implies that K is determined from K0 and Két

uniquely. This proves the statement. □

3.4. Some extension properties on log regular schemes

In this section, we study log finite groups and log p-divisible groups over log regular
bases.

3.4.1. Log regular schemes. In this subsection, we recall the definition of log regu-
larity and some properties of log regular log schemes.

Definition 3.4.1 ([Kat94, Niz06]). Let (X,MX) be a locally noetherian fs log
scheme. For x ∈ X, let x̄ denote a geometric point on x. Let I(x̄) be the ideal of
OX,x̄ generated by the image of the map MX,x̄ \ O×

X,x̄ → OX,x̄. We say that (X,MX) is
log regular at x if the following conditions are satisfied:

(1) OX,x̄/I(x̄) is a regular local ring.
(2) dim(OX,x̄) = dim(OX,x̄/I(x̄)) + rk(Mgp

X,x̄/O
×
X,x̄).

The log scheme (X,MX) is called log regular if it is log regular at every point x ∈ X.
For example, an fs log scheme (X,MX) defined by a locally noetherian regular scheme X
and a normal crossings divisor D is log regular. Conversely, for a log regular log scheme
(X,MX) whose underlying scheme X is regular, the log structure MX is defined by a
normal crossings divisor by [Kat94, Theorem 11.6] and [Ogu18, Chapter III, Theorem
1.11.6].

For a log regular log scheme (X,MX), the condition (2) implies that the largest open
subset U on which the log structureMX is trivial is dense. Such an open subset U is called
the interior of (X,MX).

Proposition 3.4.2 (Kato). Let (X,MX) be a locally noetherian fs log scheme.
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(1) The subset {x ∈ X | (X,MX) is log regular at x} ⊂ X is stable under general-
ization.

(2) If (X,MX) is log regular at x ∈ X, the scheme X is normal at x.
(3) Suppose that (X,MX) is log regular. Let U be the interior of (X,MX). Then
MX is the subsheaf of OX consisting of functions invertible on U .

Proof . (1) See [Kat94, Proposition 7.1].
(2) See [Kat94, Theorem 4.1].
(3) See [Kat94, Theorem 11.6]. □

Lemma 3.4.3. Let (X,MX) be a log regular log scheme such that X is the spectrum
of a noetherian strict local ring. Let x be the unique closed point of X. Fix a chart
P →MX which is neat at x. Then, for a sharp fs monoid Q with a Kummer map P → Q,
the fs log scheme (Y,MY ) := (X,MX)⊗(Z[P ],P )a (Z[Q], Q)a is also log regular.

Proof . First, we claim that R⊗Z[P ]Z[Q] is a noetherian strict local ring. Since Y is finite
over X, it suffices to prove that the special fiber of Y → X consists of a single point. Let
k be the residue field of R. Since P → Q is local, sending Q\{1} to 0 defines a ring map
k ⊗Z[P ] Z[Q] → k. This ring map induces a ring map (k ⊗Z[P ] Z[Q])red → k, which is the
inverse of a natural map k → (k ⊗Z[P ] Z[Q])red. Hence, we get k ∼= (k ⊗Z[P ] Z[Q])red, and
so the special fiber of Y → X consists of a single point.

By Proposition 3.4.2 (1), it suffices to prove that (Y,MY ) is log regular at the unique
closed point y. Since R → R ⊗Z[P ] Z[Q] is finite and injective, we have the equation
dim(R) = dim(R⊗Z[P ] Z[Q]). The Kummerness of P → Q implies

rk(Mgp
X,x/O

×
X,x) = rk(P gp) = rk(Qgp) = rk(Mgp

Y,y/O
×
Y,y).

Since (X,MX) is log regular, it is enough to show the equation dim(R/I(x)) =
dim((R ⊗Z[P ] Z[Q])/I(y)). The ideal I(x) ⊂ R (resp. I(y) ⊂ R ⊗Z[P ] Z[Q]) is gener-
ated by the image of P\{1} (resp. Q\{1}). Sending Q\{1} to 0 defines a ring morphism
(R⊗Z[P ] Z[Q])/I(y)→ R/I(x), and it can be checked directly that this map is the inverse
of the natural map R/I(x) → (R ⊗Z[P ] Z[Q])/I(y). In particular, we have the equation
dim(R/I(x)) = dim((R⊗Z[P ] Z[Q])/I(y)). □

Lemma 3.4.4. Let (X,MX) be a quasi-compact log regular fs log scheme with the
interior U ⊂ X. Suppose that we are given a finitely generated monoid P and a chart
α : P →MX . Then a natural monoid map P gp ⊕MX(X)→ OX(U)× is surjective.

Proof . Take a generator {p1, . . . , pm} of P , and let p :=
∏m

i=1 pi. Then the vanishing locus
of α(p) ∈MX(X) ⊂ OX(X) coincides with X\U . Let f ∈ OU(U)×. For the generic point
η of each irreducible component E of X\U with codimX(E) = 1, the local ring OX,η is a
discrete valuation ring by Proposition 3.4.2 (2). Take a sufficiently large integer N ≥ 1 such
that the valuation of α(p)Nf defined by the discrete valuation ring OX,η is non-negative
for every η. Then α(p)Nf ∈ OX(X), and so α(p)Nf ∈ MX(X) by Proposition 3.4.2 (3).
This proves the assertion. □

3.4.2. One dimensional cases.

Lemma 3.4.5. Let (X,MX) be a log regular fs log scheme such that X = SpecR for
a strict local discrete valuation ring R. Then the log structureMX is either of the trivial
one or the standard one (i.e. the log structure defined by the unique closed point).
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Proof . Let x denote the unique closed point of X. The condition rk((MX,x)
gp) = 1

implies the monoid MX,x is isomorphic to either of 0 or N. In the former case, the log
structureMX is trivial. In the latter case, we can take a chart N→MX,x which is neat at
x. Since (X,MX) is log regular, R/I(x) is a field. Hence, the monoid map N→MX,x → R
has to map 1 ∈ N to a uniformizer of R. Therefore, the log structureMX is the standard
log structure. □

Proposition 3.4.6. Let (X,MX) be a log regular fs log scheme such that X = SpecR
for a henselian discrete valuation ring R. Let K be a fraction field of R. Suppose that
G is a log finite group scheme and HK is a log finite subgroup scheme of GK . Then HK

uniquely extends to a log finite subgroup scheme of G.

Proof . By the limit argument and Galois descent, we may assume that R is strictly local.
By Lemma 3.4.5, MX is either of the trivial log structure or the standard log structure.
In the former case, G is classical, and so the scheme theoretic closure of HK in G is the
unique extension of HK .

We consider the latter case. We fix a uniformizer π ∈ R. By Lemma 3.2.15, there exists
an integer n ≥ 1 such that G|(Y,MY ) is classical, where Y = SpecR[π1/n] and MY is the
standard log structure. By the argument in the previous paragraph, H|K(π1/n) extends to a
finite subgroup scheme HY of G|(Y,MY ) uniquely. The pullbacks of HY by two projections

(Y ′,MY ′) := (Y,MY )×(X,MX) (Y,MY )→ (Y,MY )

coincide on Spec(K(π1/n)⊗K K(π1/n)), which is dense open in

Y ′ ∼= Spec(R[π1/n][X]/(Xn − 1)).

Hence, they coincide on the whole of Y ′. Hence, HY descends to a weak log finite subgroup
scheme H of G, which is the unique extension of H|K . By Proposition 3.2.19, H is a log
finite group scheme. □

Remark 3.4.7. Proposition 3.4.6 does not hold without the assumption that (X,MX)
is log regular. Let R be a henselian discrete valuation ring over Fp with a uniformizer π
and a fraction field K. Consider the prelog ring (R,N) given by N → R mapping 1 to
πp. Let (X,MX) be its associated log scheme (which is not log regular). Let η be the
generic point of X and x be the closed point of X. By abuse of notation, we simply write
x for the log scheme (Speck(x),MSpeck(x)). As in Example 3.2.14, we can associate to
q := πp ∈ Gm,log(X,MX) an exact sequence of log finite group schemes over (X,MX)

(3.4.1) 0→ µp → Gq → Z/pZ→ 0.

The Kummer sequence
0→ µp → Gm,log → Gm,log → 0

induces the following commutative diagram in which both rows are exact:

πpZR× (−)p
//

� _

��

πpZR× //
� _

��

0

((QQ
QQQ

QQQ
QQQ

QQQ
Q Ext1(X,MX)kfl

(Z/pZ, µp)

��

K× (−)p
// K× // Ext1ηfppf (Z/pZ, µp).

By this diagram, we see that the generic fiber of the exact sequence (3.4.1) splits. We
claim that the unique section (Z/pZ)η ↣ (Gq)|η does not extend to a log finite subgroup
scheme of Gq. Assume that there exists an extension H ⊂ Gq. Since the order of H
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is a prime number p, H is classical by Lemma 3.2.25. Since the surjection Gq ↠ Z/pZ
admits no section, the composite H ↪→ Gq ↠ Z/pZ is not an isomorphism. Hence, the
composite H|x ↣ Gq|x ↠ (Z/pZ)x is not an isomorphism, and so it is trivial. Therefore,
we obtain H|x ∼= µp,x by (3.4.1). In particular, the multiplicative rank of H jumps under
the specialization. This is contradiction.

3.4.3. Extension properties on log regular schemes.

Proposition 3.4.8. Let (X,MX) be a log regular fs log scheme and U be a dense
open subset of X. Then the restriction functors

Vectkfl(X,MX)→ Vectkfl(U,MU)

wFin(X,MX)→ wFin(U,MU)

are faithful.

Proof . Due to Proposition 3.2.18, it is enough to prove the faithfulness of the former
functor. Let E1, E2 be kfl vector bundles on (X,MX). It suffices to show that the map

Hom(E1, E2)→ Hom(E1|U , E2|U)
is bijective. By the limit argument (Proposition 3.2.8), we may assume that X is the
spectrum of a strict local ring. Let x be the unique closed point of X. Fix a chart
P →MX which is neat at x.

By Lemma 3.2.7, there exist an integer n ≥ 1 such that E1|(Y,MY ) and E2|(Y,MY ) are
classical, where we put (Y,MY ) := (X,MX) ⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a. Since (Y,MY ) is
log regular by Lemma 3.4.3, it follows from Lemma 3.4.2 (2) that Y is normal. Let V be
the preimage of U by Y → X. Since Y → X is a finite dominant morphism of normal
schemes, the going down property holds for Y → X by [SP25, Proposition 00H8]. Hence,
V is dense in Y , and so the restriction map

Hom(E1|(Y,MY ), E2|(Y,MY ))→ Hom(E1|(V,MV ), E2|(V,MV ))

is injective. Therefore, the restriction map

Hom(E1, E2)→ Hom(E1|U , E2|U)
is injective by kfl descent. □

Lemma 3.4.9. Let f : X → Y be a flat morphism of from a (not necessarily locally
noetherian) scheme X to a locally noetherian normal scheme Y . Let U be a dense open
subset of Y containing all points of codimension 1. Then the restriction functors

Vect(X)→ Vect(f−1(U))

Fin(X)→ Fin(f−1(U))

are fully faithful.

Proof . It is enough to prove the fully faithfulness of the former functor. By taking
internal homomorphisms, the problem is reduced to showing that, for a vector bundle E on
X, the restriction map Γ(X, E) → Γ(f−1(U), E) is an isomorphism. Let i : f−1(U) ↪→ X
and j : U ↪→ Y be natural open immersions. Then we have isomorphisms of OX-modules

i∗i
∗E ∼= E ⊗ i∗Of−1(U)

∼= E ⊗ f ∗j∗OU ∼= E ⊗ f ∗OY ∼= E ,
where the first isomorphism is the projection formula, the second one is the flat base
change, and the third one follows from the assumption that U is an open subset of a
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locally noetherian normal scheme Y containing all points of codimension 1. Taking global
sections on both sides, we obtain the statement. □

Proposition 3.4.10. Let f : (X,MX) → (Y,MY ) be a strict flat morphism from a
(not necessarily locally noetherian) fs log scheme (X,MX) to a log regular log scheme
(Y,MY ). Let U be a dense open subset of Y containing all points of codimension 1. Then
the restriction functors

Vectkfl(X,MX)→ Vectkfl(f
−1(U),Mf−1(U))

wFin(X,MX)→ wFin(f−1(U),Mf−1(U))

are fully faithful.

Proof . Due to Proposition 3.2.18, it is enough to prove that the fully faithfulness of the
former functor. Let E1, E2 be kfl vector bundles on (X,MX). We shall prove that the
restriction map

Hom(E1, E2)→ Hom(E1|f−1(U), E2|f−1(U))

is an isomorphism. By the limit argument (Proposition 3.2.8), we may assume that Y is
the spectrum of a strict local ring. Let y ∈ Y be a unique closed point. Take a chart
P →MY which is neat at y. By Lemma 3.2.7, we can take an integer n ≥ 1 such that the
pullback of Ei to (X ′,MX′) := (X,MX)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a is classical for i = 1, 2.
Let (Y ′,MY ′) := (Y,MY ) ⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a. By Lemma 3.4.3, (Y ′,MY ′) is log
regular, and so Y ′ is normal by Proposition 3.4.2 (2). Let (X ′′,MX′′) denote the self-fiber
product of (X ′,MX′) over (X,MX). Let V ′ (resp. V ′′) (resp. U ′) be the preimage of U in
X ′ (resp. X ′′) (resp. Y ′). Since Y ′ → Y is a finite dominant morphism of normal schemes,
the going down property holds for Y ′ → Y by [SP25, Proposition 00H8]. Hence, U ′ is
a dense open subset of Y ′ containing all points of codimension 1. Applying Lemma 3.4.9
to flat morphisms of schemes X ′ → Y ′ and X ′′ → Y ′ and the open subset U ′ ⊂ Y ′, we
conclude that the restriction maps

Hom(E1|(X′,MX′ ), E2|(X′,MX′ ))→ Hom(E1|(V ′,MV ′ ), E2|(V ′,MV ′ )),

Hom(E1|(X′′,MX′′ ), E2|(X′′,MX′′ ))→ Hom(E1|(V ′′,MV ′′ ), E2|(V ′′,MV ′′ ))

are isomorphisms. Therefore, the claim follows from kfl descent. □
The following proposition is a log version of the theorem of Tate and de Jong ([Tat67,

Theorem 4] and [dJ98, Corollary 1.2]). This is proved in the case where X is the spectrum
of a discrete valuation ring by Bertapelle-Wang-Zhao in [BWZ24, Theorem 5.19]. We
prove the following proposition by using the reduction to 1-dimensional cases.

Proposition 3.4.11. Let (X,MX) be a log regular fs log scheme and U be a dense
open subset of X. Then the restriction functor

BT(X,MX)→ BT(U,MU)

is fully faithful.

Proof . Let G and H be log p-divisible groups over (X,MX). We shall prove the natural
map

Hom(G,H)→ Hom(G|U , H|U)
is an isomorphism. The injectivity follows from Lemma 3.4.8. To show the surjectivity,
we take a homomorphism fU : G|U → H|U . Fix an integer n ≥ 1. By [BWZ24, Theorem
5.19] and Lemma 3.4.5, there exists an open subset V of S containing U and all points
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of codimension 1 such that the homomorphism fU,n : G[p
n]|U → H[pn]|U induced from

fU extends to a homomorphism fV,n : G[p
n]|V → H[pn]|V . Furthermore, fV,n extends to

a homomorphism fn : G[p
n] → H[pn] by Proposition 3.4.10. By Lemma 3.4.8, fn is the

unique extension of fU,n, and so, when n varies, the system {fn}n≥1 gives a homomorphism
f : G→ H restricting to fU . □

Proposition 3.4.12. Let (X,MX) be a log regular fs log scheme and U be a dense
open subset of X. Let f : G1 → G2 be a homomorphism of log p-divisible groups over
(X,MX). Suppose that f |U : G1|U → G2|U is an isogeny. Then f itself is an isogeny.

Proof . We may assume that X is quasi-compact. Take an integer d ≥ 1 such that
Ker(f |U) is killed by pd. Since f |U is surjective, there exists a unique homomorphism
gU : G2|U → G1|U such that both of f |U ◦ gU and gU ◦ f |U are the multiplication by pd. By
Proposition 3.4.11, gU uniquely extends to a homomorphism g : G2 → G1, and both of fg
and gf are the multiplication by pd. In particular, Ker(f) is killed by pd. Therefore, it
follows from Proposition 3.2.35 that f is an isogeny. □

3.5. Slope filtrations of log p-divisible groups

The goal of this section is to prove Theorem 3.5.4. We start with some technical
lemmas.

Lemma 3.5.1. Let f : X → Y be a faithfully flat morphism of locally noetherian nor-
mal schemes. Let U be a dense open subset of Y containing all points on Y of codimension
1, and V := f−1(U). Let GU be a finite locally free group scheme over U . Suppose that
GV := GU |V extends to a finite locally free group scheme GX over X. Then GU itself
uniquely extends to a finite locally free group scheme over Y .

Proof . Let j : U ↪→ Y and j′ : V ↪→ X denote the natural open immersions. Let fU : V →
U be the restriction of f . For a finite locally free group scheme H over a scheme S, we write
AH for the Hopf algebra object in Vect(S) corresponding to H (cf. Proposition 3.2.18). By
the flat base change theorem, there are isomorphisms

(3.5.1) f ∗j∗AGU
∼= j′∗(fU)

∗AGU
∼= j′∗AGV

.

Since f has the going down property by the flatness of f , the open subset V contains all
points on Y of codimension 1. Hence, there are isomorphisms

(3.5.2) j′∗AGV
∼= j′∗j

′∗AGX
∼= AGX

,

by the normality of X. It follows from (3.5.1) and (3.5.2) that f ∗j∗AGU
is a vector bundle

on X, and so j∗AGU
is also a vector bundle on Y . Since the restriction functor Vect(Y )→

Vect(U) is fully faithful, the Hopf algebra structure onAGU
uniquely induces a Hopf algebra

structure on j∗AGU
, which corresponds to the desired finite locally free group scheme over

Y extending GU . □
Lemma 3.5.2. Let X be a normal scheme and U be a dense open subset of X con-

taining all points of codimension 1. Let G′ → G→ G′′ be a sequence of finite locally free
group schemes over X. Suppose that G′′ is finite étale over X, and that the sequence

0→ G′|U → G|U → G′′|U → 0

is exact. Then the sequence
0→ G′ → G→ G′′ → 0

is also exact.
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Proof . Since G′′ is finite étale over X, the morphism G → G′′ is finite flat. The image
of G → G′′ is closed and contains a dense open subset G′′

U = G ×X U , and so G → G′′

is faithfully flat. What remains to be proved is that the composite G′ → G → G′′ is a
zero map and that the induced homomorphism G′ → Ker(G → G′′) is an isomorphism.
Both of them follow from the fully faithfulness of the restriction functor Fin(X)→ Fin(U)
(cf. Proposition 3.4.10). □

Proposition 3.5.3. Let (X,MX) be a log regular fs log scheme over Fp with X being
regular, and let U be a dense open subset of X containing all points of codimension 1. Let
GU be a completely slope divisible log p-divisible group over (U,MU). Then GU uniquely
extends to a log p-divisible group over (X,MX).

Proof . Since GU is completely slope divisible, there exists an exact sequence
0→ G0

U → GU → Gét
U → 0

as in Proposition 3.3.4. By [Zin01a, Proposition 14], G0
U (resp. Gét

U ) extends to a formal
Lie group H1 (resp. an étale p-divisible group H2) over X.

Note thatMX,x̄/O×
X,x̄ is a free monoid for all x ∈ X by [Ogu18, Chapter III, Theorem

1.11.6]. It is enough to prove the following two claims:
(1) GU [p

n] uniquely extends to a log finite group scheme Gn over (X,MX) for each
n ≥ 1;

(2) G := lim−→n≥1
Gn is a log p-divisible group over (X,MX).

Hence, the limit argument (Proposition 3.2.16) allows us to assume that X = SpecR for
a strict local ring R. Let x ∈ X be the unique closed point. Take a chart Nr → MX,x

which is neat at x. Let α : Nr → R denote the composite map Nr →MX,x → R. By the
log regularity of (X,MX), the sequence (α(e1), . . . , α(er)) can be extended to a system of
parameter of R, where ei is the i-th standard basis of Nr for 1 ≤ i ≤ r.

We shall prove the claim (1) for a fixed n ≥ 1. By Lemma 3.2.15, there exists an in-
teger m ≥ 1 such that GU [p

n]|V is classical, where we set (Y,MY ) := (X,MX)⊗(Z[Nr],Nr)a

(Z[ 1
m
Nr], 1

m
Nr)a and V to be the preimage of U by Y → X. Since the sequence

(α(e1), . . . , α(er)) can be extended to a system of parameter of R, the scheme Y is regular.
We have an exact sequence of finite locally free group schemes over V
(3.5.3) 0→ H1[p

n]|V → GU [p
n]|V → H2[p

n]|V → 0.

By the argument in [Zin01a, page 7] (or the fifth paragraph of the proof of [Zin01a,
Proposition 14]), this sequence splits after taking the pullback by the k-th power of the
Frobenius morphism F k

V : V → V (which is a fpqc covering by the regularity of V ) for
some integer k ≥ 1. In particular, the pullback of GU [p

n]|V by F k
V̊

extends to a finite
locally free group scheme over Y . Hence, by Lemma 3.5.1, GU [p

n]|V itself also extends to a
finite locally free group scheme Gn,Y over Y . By Lemma 3.5.2, the exact sequence (3.5.3)
uniquely extends to an exact sequence of finite locally free group schemes over Y
(3.5.4) 0→ H1[p

n]|(Y,MY ) → Gn,Y → H2[p
n]|(Y,MY ) → 0.

Since projection morphisms (Y,MY ) ×(X,MX) (Y,MY ) → (Y,MY ) are strict finite free,
the descent datum on GU [p

n]|V over (V,MV ) ×(U,MU ) (V,MV ) uniquely extends to the
descent datum on Gn,Y over (Y,MY )×(X,MX) (Y,MY ) by Lemma 3.4.9. Therefore, Gn,Y

descends to a weak log finite group scheme Gn over (X,MX) by kfl descent. Since the
exact sequence (3.5.4) descends to an exact sequence
(3.5.5) 0→ H1[p

n]→ Gn → H2[p
n]→ 0,
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Gn is a log finite group scheme by [Kat23, Proposition 2.3]. This proves the claim (1).
By construction, Gn is killed by pn for any integer n ≥ 1. Due to Proposition 3.4.10,

the sequence GU [p] ↪→ GU [p
2] ↪→ . . . uniquely extends to a sequence

G1 → G2 → . . . .

To prove the claim (2), it is enough to prove that the following claims are true:
• Gn → Gn+1 is an injection for any integer n ≥ 1;
• the sequence

0→ Gn → Gn+m
×pn→ Gm → 0

is exact.
These claims follow from the exact sequence (3.5.5) and the fact that similar properties
hold for systems {H1[p

n} and {H2[p
n]}. □

Theorem 3.5.4. Let (X,MX) be a locally noetherian log regular fs log scheme over Fp
and U be a dense open subset ofX. LetG be a log p-divisible group over (X,MX). Suppose
that we are given a completely slope divisible log p-divisible group HU over (U,MU) and
an isogeny fU : G|U → HU . Then there exist a completely slope divisible log p-divisible
group H over (X,MX) and an isogeny f : G→ H extending fU .

Proof . By the limit argument (Proposition 3.2.16), we may assume that the X is the
spectrum of a strict local ring with the unique closed point x. Fix a chart P → MX

which is neat at x and an integer d ≥ 1 with Ker(fU) ⊂ G[pd]|U . By Lemma 3.2.15,
there exists an integer n ≥ 1 such that G[pd]|(Y,MY ) is classical, where we set (Y,MY ) :=

(X,MX)×(Z[P ],P )a (Z[P 1/n], P 1/n)a. Let V be the preimage of U by Y → X.
Then, Nizioł’s desingularization theorem [Niz06, Theorem 5.10] gives a log regu-

lar fs log scheme (Y ′,MY ′) with Y ′ being regular and a proper birational morphism
π : (Y ′,MY ′) → (Y,MY ). By Proposition 3.5.3, Proposition 3.4.11, and Proposition
3.4.12, there exists a unique isogeny f ′ : G|(Y ′,MY ′ ) → HY ′ extending f |π−1(V ).

We shall prove that f ′ descends to (Y,MY ) by using the method of Oort-Zink; see
[OZ02, Proposition 2.7]. Let M → Y be the moduli (non-log) scheme of isogenies from
G|(Y,MY ) whose kernel is contained in G[pd]|(Y,MY ). The isogeny f ′ induces a morphism
ϕ : Y ′ → M of schemes. It suffices to prove that ϕ factors as Y ′ → Y → M. Since
OY ∼= π∗OY ′ by the normality of Y , it is enough to show that, for y ∈ Y , the morphism
ϕ maps π−1(y) to a single point. This follows from Lemma 3.3.8 and the connectivity of
π−1(y).

As a result, we obtain a log p-divisible group HY over (Y,MY ) with (HY )|(Y ′,MY ′ )
∼=

HY ′ and an isogeny fY : G|(Y,MY ) → HY with (fY )|(Y ′,MY ′ ) = f ′. Since π is birational,
fY is the extension of (fU)|(V,MV ) by Lemma 3.4.8. Hence, by Lemma 3.4.9, the two
pullbacks of Ker(fY ) by two projection morphisms (Y,MY )×(X,MX) (Y,MY )→ (Y,MY )
are equal as subobjects of G[pd]|(Y,MY )×(X,MX )(Y,MY )→(Y,MY ). Therefore, by kfl descent,
Ker(fY ) descends to a log finite subgroup of G[pd]. Let H := G/Ker(fY ) and f : G → H
be the natural surjection. Then the isogeny f restricts to the given isogeny fU . By Corollary
3.3.6, H is completely slope divisible. This proves the statement. □

3.A. Limit arguments for log schemes

In this appendix, we shall prove some fundamental results on limits of log schemes which
are well-known to experts. We note that Lemma 3.A.2 for fine log schemes can be deduced
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easily from the fact that Olsson’s stack LogS is of finite presentation ([Ols03, Theorem
1.1]). Here, we shall give a more direct proof.

Let {(Xi,MXi
)}i∈I be a cofiltered system of coherent log schemes. In this section, we

say that {(Xi,MXi
)} satisfies the condition (∗) if the following conditions are satisfied.

(∗)

{
(1) The scheme Xi is quasi-compact and quasi-separated for any i ∈ I.
(2) Every transition morphism (Xi,MXi

)→ (Xj,MXj
) is affine and strict.

When {(Xi,MXi
)} satisfies the condition (∗), there exists a coherent log scheme

(X,MX) which is a limit of {(Xi,MXi
)} in the category of log schemes, and one can

construct (X,MX) explicitly as follows. The underlying scheme X is a limit of schemes
lim←−Xi. The log structure MX is the pullback log structure of MXi

by the natural pro-
jection morphism X → Xi for some i, which is independent of the choice of i by the
assumption (∗). Obviously, when (Xi,MXi

) is fine (resp. fs) for each i ∈ I, the log scheme
(X,MX) is a limit of {(Xi,MXi

)} in the category of fine (resp. fs) log schemes.

Lemma 3.A.1. Let {(Xi,MXi
)} be a cofiltered system of coherent log schemes satis-

fying the condition (∗). We put (X,MX) := lim←−
i∈I

(Xi,MXi
). Then the canonical morphism

lim−→
i∈I

Γ(Xi,MXi
)→ Γ(X,MX)

is an isomorphism.

Proof . Let pi : X → Xi be the projection morphism. We have the following diagram

1 // lim−→ p−1
i O×

Xi
//

'
��

lim−→ p−1
i MXi

//

��

lim−→ p−1
i (MXi

/O×
Xi
)

'
��

1 // O×
X

//MX
//MX/O×

X

where the both rows are exact. Here, note that p−1
i MXi

is not the pullback log structure but
the inverse image ofMXi

by pi as a sheaf. Hence, the canonical morphism lim−→ p−1
i MXi

→
MX is an isomorphism.

For a quasi-compact and quasi-separated étale morphism U → X, we define a monoid
M′

X(U) as follows. For some j ∈ I, there exists a quasi-compact and quasi-separated étale
morphism Uj → Xj with an isomorphism U ∼= Uj ×Xj

X over X. Here, we set

M′
X(U) := lim−→

i≥j
MXi

(Uj ×Xj
Xi).

Clearly, this definition is independent of the choice of j. Then U 7→ M′
X(U) defines a

presheaf M′
X on the category of quasi-compact and quasi-separated étale morphisms to

X. Since M′
X satisfies the sheaf condition for quasi-compact and quasi-separated étale

coverings, M′
X extends to an étale sheaf on X which is also denoted by M′

X . By con-
struction, M′

X satisfies the same universal mapping property as lim−→ p−1
i MXi

. Hence, the
natural morphism lim−→ p−1

i MXi
→M′

X is an isomorphism. The isomorphisms

MX
∼= lim−→ p−1

i MXi
∼=M′

X

give the desired isomorphism lim−→Γ(Xi,MXi
) ∼= Γ(X,MX). □
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Lemma 3.A.2. Let {Xi}i∈I be a cofiltered system of quasi-compact and quasi-
separated schemes in which every transition morphism is affine. We put X := lim←−

i∈I
Xi.

(1) Suppose that the cofiltered category I has a final object 0. Let M0, N0 be log
structures on X0. Let Mi (resp. Ni) denote the pullback log structure of M0

(resp. N0) to Xi, and let M (resp. N ) denote the pullback log structure of M0

(resp. N0) to X. Suppose thatM0 is coherent. Then the map

lim−→
i∈I

HomXi
(Mi,Ni)→ HomX(M,N )

is bijective, where HomXi
(Mi,Ni) (resp. HomX(M,N )) is the set of morphisms

of log structuresMi → Ni (resp. M→N ).
(2) Let M be a coherent (resp. fine) (resp. fs) log structure on X. Then there exist

i ∈ I and a coherent (resp. fine) (resp. fs) log structure Mi on Xi such that M
is isomorphic to the pullback log structure ofMi.

Proof . (1) By working étale locally on X0, we may assume that there are a finitely
generated monoid P and a chart P → M0. Then the map in the statement factors as
follows:

lim−→HomXi
(Mi,Ni)

∼→ lim−→Hom(P,Γ(Xi,Ni))
→ Hom(P, lim−→Γ(Xi,Ni))
→ Hom(P,Γ(X,N ))
∼→ HomX(M,N ).

Here, the second morphism is bijective by the fact that P is finitely presented, and the
third morphism is bijective by 3.A.1. This proves (1).

(2) We prove only the assertion for coherent log structures because other assertion
follows from the same argument. First, we consider the case thatM admits a chart P →M
for a finitely generated monoid P . Since P is finitely presented and lim−→Γ(Xi,OXi

) is
isomorphic to Γ(X,OX), the morphism P →M→ OX descends to a morphism P → OXi

for some i ∈ I. Then the associated log structure to the morphism P → OXi
is a desired

one.
We consider the general case. Take a quasi-compact and quasi-separated étale covering

π : U → X such thatMU := π∗M admits a chart. For some i ∈ I, the morphism π descends
to an étale covering πi : Ui → Xi andMU descends to a coherent log structureMUi

on Ui.
Let pk : U×XU → U and pi,k : Ui×Xi

Ui → Ui be natural projection morphisms for k = 1, 2.
Due to the assertion (1), we may assume that the isomorphism p∗1MU

∼= p∗2MU descends
to an isomorphism p∗i,1MUi

∼= p∗i,2MUi
satisfying the cocycle condition over Ui×Xi

Ui×Xi
Ui

by replacing i with a bigger one. This descent datum gives a coherent log structureMi on
Xi such that the pullback log structure ofMi to X is isomorphic toM. □

Proposition 3.A.3. Let {(Xi,MXi
)}i∈I be a cofiltered system of coherent log schemes

satisfying the condition (∗). We put (X,MX) := lim←−
i∈I

(Xi,MXi
).

(1) Suppose that the cofiltered category I has a final object 0. Let (Y0,MY0) and
(Z0,MZ0) be coherent log schemes over (X0,MX0). Assume that Z0 is of finite
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presentation over X0. We set
(Yi,MYi) := (Y0,MY0)×(X0,MX0

) (Xi,MXi
),

(Y,MY ) := (Y0,MY0)×(X0,MX0
) (X,MX),

(Zi,MZi
) := (Z0,MZ0)×(X0,MX0

) (Xi,MXi
),

(Z,MZ) := (Z0,MZ0)×(X0,MX0
) (X,MX).

Then the natural map
lim−→
i∈I

Mor(Xi,MXi
)((Yi,MYi), (Zi,MZi

))→ Mor(X,MX)((Y,MY ), (Z,MZ))

is bijective.
(2) Let (Y,MY ) be a coherent (resp. fine) (resp. fs) log scheme of finite presentation

over (X,MX). Then there exist i ∈ I and a coherent (resp. fine) (resp. fs)
log scheme (Yi,MYi) of finite presentation over (Xi,MXi

) with an isomorphism
(Y,MY ) ∼= (Yi,MYi)×(Xi,MXi

) (X,MX).

Proof . These statement are direct consequences of the analogous statements for schemes
and Lemma 3.A.2. □

Lemma 3.A.4. Let {(Xi,MXi
)}i∈I be a cofiltered system of coherent log schemes

satisfying the condition (∗). We put (X,MX) := lim←−
i∈I

(Xi,MXi
). Suppose that we are

given a finitely generated monoid P and a chart P →MX . Then this chart descends to a
chart P →MXi

for some i ∈ I.
Proof . Since P is finitely presented, the given chart descends to a homomorphism P →
MXi

for some i ∈ I. Let Ni be the log structure associated to the homomorphism P →
MXi

→ OXi
and φi : Ni →MXi

be the morphism of coherent log structures induced from
P →MXi

. Since the pullback of φi to X is an isomorphism, the pullback of φi to Xj is also
an isomorphism for some j ≥ i by Lemma 3.A.2 (1). Then the homomorphism P →MXj

induced from P →MXi
is the desired chart. □

Proposition 3.A.5. Let {(Xi,MXi
)}i∈I be a cofiltered system of fs log schemes sat-

isfying the condition (∗). We put (X,MX) := lim←−(Xi,MXi
). Suppose that the cofiltered

category I has a final object 0. Let (Y0,MY0) be an fs log scheme of finite presentation
over (X0,MX0). We set

(Yi,MYi) := (Y0,MY0)×(X0,MX0
) (Xi,MXi

),

(Y,MY ) := (Y0,MY0)×(X0,MX0
) (X,MX).

Let fi : (Yi,MYi) → (Xi,MXi
) and f : (Y,MY ) → (X,MX) denote the natural mor-

phisms.
Let P be one of the following properties of morphisms of fs log schemes. Then, if f

satisfies the property P , fi also satisfies the property P for some i ∈ I.
(1) log flat
(2) log smooth
(3) log étale
(4) Kummer log flat

Proof . These properties has a criterion using a chart of a morphism. For (1), this is just
the definition. For (2) and (3), see [Kat89, Theorem 3.5]. For (4), see [INT13, Proposition
1.3]. Then the statement can be deduced from these criteria and Lemma 3.A.4. □





CHAPTER 4

Log p-divisible groups associated with semi-abelian schemes

4.1. Introduction

The goal of this chapter is to prove the following theorem.

Theorem 4.1.1 (Theorem 4.4.4). Let (X,MX) be an fs log scheme defined by a
locally noetherian regular scheme X with a normal crossings divisor D, and A be a semi-
abelian scheme over X. Let U := X − D. Suppose that AU is an abelian scheme over
U . Then the p-divisible group AU [p

∞] over U uniquely extends to a log p-divisible group
A[p∞]log over (X,MX).

We also prove an analogue of Theorem 4.1.1 for n-torsion points of AU when n is
invertible on the generic points of D. This assumption is necessary in order to ensure the
uniqueness of the extension of AU [n].

Theorem 4.1.2 (Theorem 4.4.3). Let n ≥ 1 be an integer. Let (X,MX) be an
fs log scheme defined by a locally noetherian regular scheme X with a normal crossings
divisor D, and A be a semi-abelian scheme over X. Let U := X\D. Suppose that AU is
an abelian scheme over U and that D ⊗Z Z[1/n] is dense in D. Then the finite flat group
scheme AU [n] over U uniquely extends to a log finite group scheme A[n]log over (X,MX).

Let us explain the relationship between this result and the theory of log abelian varieties,
which we do not use in this thesis. The conclusion of Theorem 1.5.1 is true when A is the
semi-abelian part of a log abelian scheme over (X,MX) in the sense of [KKN08b, 4.4]
(cf. Example 3.2.30). It seems to be natural to ask the following question.

Question 4.1.3. Let (X,MX) and A be as in Theorem 1.5.1. Then there is a unique
log abelian scheme Alog over (X,MX) whose semi-abelian part is isomorphic to A.

When Question 4.1.3 has an affirmative answer, Theorem 1.5.1 is directly deduced from
it.

Remark 4.1.4. Question 4.1.3 is answered affirmatively in the following cases.
(1) When (X,MX) is the spectrum of a complete discrete valuation ring equipped

with the standard log structure, Question 4.1.3 is resolved affirmatively in
[KKN19, Corollary 4.5].

(2) Let n ≥ 3 be an integer. Let Ag,n denote the moduli space of principally po-
larized g-dimensional abelian varieties with level-n structures, and AΣ

g,n denote
the toroidal compactification of Ag,n associated with a fixed smooth cone decom-
position Σ constructed by Faltings-Chai in [FC90]. We equip AΣ

g,n with the log
structureMAΣ

g,n
defined by the boundary divisor. Kajiwara-Kato-Nakayama stud-

ied fundamental properties of log abelian varieties and interpreted the log scheme
(AΣ

g,n,MAΣ
g,n
) as the moduli space of log abelian varieties in a series of papers

[KKN08a,KKN08b,KKN15,KKN18,KKN19,KKN21,KKN22], . In par-
ticular, their results imply that there exists a universal log abelian scheme Alog

univ

45
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on (AΣ
g,n,MAΣ

g,n
) such that its semi-abelian part is isomorphic to the universal

semi-abelian scheme Asab
univ.

Let (X,MX) and A be as in Theorem 1.5.1. Suppose that there is a morphism
X → AΣ

g,n such that A is obtained as the pullback of Asab
univ along this morphism.

Then it follows that Question 4.1.3 has an affirmative answer from the functoriality
of the semi-abelian parts of log abelian schemes. For example, this assumption
holds for the toroidal compactification of the integral canonical model of a Shimura
variety of Hodge type with hyperspecial level constructed by Lan and Madapusi
in [Lan13,Mad19].

(3) When X is a smooth variety over the complex number field C and A admits a
polarization, Question 4.1.3 is resolved affirmatively in [KKN08a, Proposition
3.9.2] by using log Hodge theory.

Remark 4.1.5. Even if Question 4.1.3 has an affirmative answer, our method in Chap-
ter 4 gives another simpler proof of Theorem 1.5.1 because we do not use the theory of log
abelian varieties.

In what follows, we explain the strategy of our proof of Theorem 4.1.2. Theorem 4.1.1
is proved in a similar way. We may assume that X = Spec(R) is affine. First, we consider
the case where R is a complete regular local ring. In this case, Mumford’s degeneration
theory (cf. [FC90]) allows us to associate a log 1-motive with a semi-abelian degeneration
A. Then the log finite group scheme associated with this log 1-motive constructed in
Proposition 4.3.14) is the desired object. In this step, we prove the following.

Theorem 4.1.6 (Theorem 4.3.20). Let X be a spectrum of a complete regular local
ring and U be an open subset of X whose complement is a normal crossings divisor. Then
there are natural equivalences of categories:

DEG(X,U) ' DD(X,U) ' DDlog(X,U).

Here, the categories DEG(X,U), DD(X,U), and DDlog(X,U) are defined in Definition
4.3.17.

While the first equivalence is already known in [FC90], the second one is new and
allows us to interpret the degeneration theory in terms of the theory of log 1-motives. We
believe that Theorem 4.1.6 is well-known to experts.

Next, we treat the case where R is a (not necessarily complete) discrete valuation ring.
In this case, Theorem 4.1.2 follows from what we proved above and Beauville-Laszlo gluing
(Proposition 4.2.2).

Finally, we consider general cases. By the results in the previous cases and the limit
argument, we obtain an extension AV [n]

log of AU [n] to an open subset V ⊂ X containing
U such that the codimension of the complement of V in X is at least 2. The purity for
homomorphisms of log finite group schemes (Proposition 3.4.10) and the limit argument
allow us to assume that R is local. Let R̂ be the completion of R. Consider a strict fpqc
cover (Spec(R̂),MR̂)→ (X,MX). What we proved above implies that there is a log finite
group scheme AR̂[n]

log over (Spec(R̂),MR̂) extending the pullback of AV [n]log, and AR̂[n]
log

is naturally equipped with a descent datum over (Spec(R̂ ⊗R R̂),MR̂⊗RR̂
) by the purity

for homomorphisms of log finite group schemes (Proposition 3.4.10). Therefore, we obtain
the desired extension by strict fpqc descent for log finite group schemes ([Kat21, Theorem
7.1 and Theorem 8.1]).
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Let us explain the outline of this chapter. In Section 4.2, we recall some basic prop-
erties of log p-divisible groups. In Section 4.3, we give the reinterpretation of Mumford’s
degeneration theory of abelian schemes in terms of log 1-motives. In Section 4.4, we prove
the main theorem (Theorem 4.4.3).

We refer readers to [Ogu18] for notation and terminologies concerning log schemes.

4.2. Beauville-Laszlo gluing for log p-divisible groups

Proposition 4.2.1 (Beauville-Laszlo gluing for kfl vector bundles). Let
(Spec(R),MR) be a spectrum of a discrete valuation ring R equipped with the log structure
defined by the unique closed point. Let K be the fraction field of R, R̂ be the completion
of R, and K̂ be the fraction field of R̂. Then a natural functor

Vectkfl(Spec(R),MR)→ Vect(K)×Vect(K̂) Vectkfl(Spec(R̂),MR̂)

is an equivalence of categories.

Proof . Fix a uniformizer π ∈ R, and let α : N→MR be a chart defined by 1 7→ π. For
an integer n ≥ 1, we set

(Spec(R(0)
n ),M

R
(0)
n
) := (Spec(R),MR)⊗(Z[N],N) (Z[

1

n
N],

1

n
N),

and we let (Spec(R(m)
n ),M

R
(m)
n

) denote the (m+1)–fold self-product of (Spec(R(0)
n ),M

R
(0)
n
)

in the category of saturated log schemes over (Spec(R),MR) for m ≥ 0. Let K(m)
n :=

R
(m)
n [1/π], and let R̂(m)

n denote the π-adic completion of R(m)
n . Let K̂(m)

n := R̂
(m)
n [1/π]. The

ring R(0)
n is a discrete valuation ring, and R

(m)
n is flat over R(0)

n for m ≥ 1. Hence, R(m)
n is

π-torsion free for m ≥ 0. Beauville-Laszlo gluing ([BL95, Theorem and Remarques (1)])
gives equivalences

Vect(R(m)
n )

∼→ Vect(K(m)
n )×

Vect(K̂
(m)
n )

Vect(R̂(m)
n )

for m ≥ 0. Therefore, by working kfl locally, we obtain an equivalence

Vectkfl,n(Spec(R),MR)→ Vect(K)×Vect(K̂) Vectkfl,n(Spec(R̂),MR̂),

where Vectkfl,n(Spec(R),MR) (resp. Vectkfl,n(Spec(R̂),MR̂)) is the full subcategory of
the category of kfl vector bundles on (Spec(R),MR) (resp. (Spec(R̂),MR̂)) consisting
of objects which become classical after being pulled back to (Spec(R

(0)
n ),M

R
(0)
n
) (resp.

(Spec(R̂
(0)
n ),M

R̂
(0)
n
)). Taking the colimit with respect to n ≥ 1, we obtain the equivalence

in the assertion by Lemma 6.2.17. □
In this subsection, we recall basic results on log finite group schemes and log p-divisible

groups introduced by Kato in [Kat23].
For a scheme X, let Fin(X) (resp. BT(X)) denote the category of finite and locally

free group schemes (resp. p-divisible groups) over X. When X = Spec(R) is affine, we
write Fin(R) = Fin(X) and BT(R) = BT(X).

Proposition 4.2.2 (Beauville-Laszlo gluing for log finite group schemes). Un-
der the notation of Proposition 4.2.1, natural functors

wFin(Spec(R),MR)→ Fin(K)×Fin(K̂) wFin(Spec(R̂),MR̂),

Fin(Spec(R),MR)→ Fin(K)×Fin(K̂) Fin(Spec(R̂),MR̂)
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are equivalence of categories.

Proof . The equivalence of the former functor follows from Proposition 4.2.1 and Proposi-
tion 3.2.18. Then the former equivalence restricts to the latter equivalence thanks to strict
fpqc descent for finite Kummer log flat log schemes ([Kat21, Theorem 7.1 and Theorem
8.1]). Although the statement in loc. cit. proves strict fppf descent, the same proof as in
loc. cit. also shows strict fpqc descent. □

Let Lcf((X,MX)két) denote the category of locally constant sheaves of finite abelian
groups on (X,MX)két. Then we have a natural fully faithful functor

Lcf((X,MX)két) ↪→ wFin(X,MX)

by [Kat21, Theorem 10.2 (2)].

Lemma 4.2.3. Let n ≥ 1 be an integer that is invertible on X. Then the above functor
induces equivalences

Lcf((X,MX)két,Z/n)
∼→ Fin((X,MX),Z/n)

∼→ wFin((X,MX),Z/n),

where Lcf((X,MX)két,Z/n), Fin((X,MX),Z/n), wFin((X,MX),Z/n) are the full sub-
categories of Lcf((X,MX)két), Fin(X,MX), wFin(X,MX))) consisting of objects killed
by n, respectively.

Proof . The equivalence of the second functor follows from [Kat23, Proposition 2.1].
Since a finite and locally free group scheme killed by an integer invertible on the base is

an étale locally constant sheaf, wFin((X,MX),Z/n) is nothing but the category of locally
constant sheaves of finite Z/n-modules on (X,MX)kfl. Hence, it follows from [Kat21,
Theorem 10.2 (2)] that the composite of the functors in the statement is an equivalence. □

4.3. Degeneration theory of abelian schemes

The goal of this section is to reinterpret the degeneration theory of abelian schemes
established by Mumford, Falting-Chai, and Lan in [FC90,Lan13] in terms of log 1-motives
(Proposition 4.3.20).

4.3.1. 1-motives. Let S be a base scheme. A commutative group scheme G of finite
presentation over S is called a semi-abelian scheme if every geometric fiber of G is written
as an extension of an abelian variety by a torus. We say that a semi-abelian scheme G is
split if there is an exact sequence 0 → T → G → A → 0, where T is a torus and A is
an abelian scheme over S. This exact sequence is unique up to a unique isomorphism if it
exists, and T (resp. A) is called the torus part (resp. abelian part) of G.

Definition 4.3.1 (1-motives, [Del74, Définition 10.1.2 and Variante 10.1.10]). A 1-
motive over S is a morphism Q = (Y

u→ G) of étale sheaves, where Y is a locally constant
sheaf of free Z-modules of finite rank on Sét and G is a split semi-abelian scheme over S.

Let Q = (Y
u→ G) be a 1-motive over S and T (resp. A) be the torus part (resp. the

abelian part) of G. We let c : Y → A denote the composite of Y u→ G↠ A. Let X denote
the character group sheaf of T . The extension class corresponding to G belongs to

Ext1Sét
(A, T ) ∼= HomSét(X, Ext1Sét

(A,Gm)) ∼= HomSét(X,A
∨).
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This gives a group homomorphism c∨ : X → A∨. Take x ∈ X(S). Taking the pushout along
x : T → Gm and the pullback along c : Y → A for the exact sequence 0→ T → G→ A→ 0
gives an exact sequence

0→ Gm → (c× c∨(x))∗PA → Y → 0,

where PA is the Poincaré biextension over A×A∨ and c×c∨(x) denotes a map Y → A×A∨

given by y 7→ c(y) × c∨(x). Then u induces a section of this exact sequence. By varying
x ∈ X(S), sections defined in this way are totalized into a trivialization of a Gm-biextension
over Y ×X

τ : 1Y×X
∼→ (c× c∨)∗PA.

By construction, we can recover the 1-motive Q from the tuple (X,Y,A, c, c∨, τ). As a
summary, we get the following lemma.

Lemma 4.3.2 (The description of 1-motives of a symmetric form). Consider
the category of tuples (X,Y,A, c, c∨, τ) consisting of the following objects:

• X and Y are locally constant sheaves of free Z-modules of finite rank on Sét;
• A is an abelian scheme over S
• c : Y → A and c∨ : X → A∨ are group homomorphisms;
• τ : 1Y×X

∼→ (c× c∨)∗PA is a trivialization of a Gm-biextension over Y ×X.
Morphisms f : (X1, Y1, A1, c1, c

∨
1 , τ1) → (X2, Y2, A2, c2, c

∨
2 , τ2) are group homomorphisms

fmult : X2 → X1, f ab : A1 → A2, and f ét : Y1 → Y2 satisfying the following conditions:
• f abc1 = c2f

ét and c∨1 fmult = (f ab)∨c∨2 ;
• (idX1 × fmult)∗τ1 and (f ét × idX2)

∗τ2 are equal via the isomorphisms

(idX1 × fmult)∗(c1 × c∨1 )∗PA1
∼= (c1 × c∨2 )∗(idA1 × (f ab)∨)∗PA1

∼= (c1 × c∨2 )∗(f ab × idA∨
2
)∗PA2

∼= (f ét × idX2)
∗(c2 × c∨2 )∗PA2 .

Then this category is naturally equivalent to the category of 1-motives over S.

Remark 4.3.3. We also refer to an object of the category in Lemma 4.3.2 as a 1-motive
over S.

Definition 4.3.4 (Polarization on 1-motives). Let Q = (X,Y,A, c, c∨, τ) be a 1-
motive over S. The tuple Q∨ := (Y,X,A∨, c∨, c, τ∨) is called the dual 1-motive of Q. Here,
τ∨ is the composite of the isomorphisms of Gm-biextensions over X × Y defined in the
following way:

1X×Y

s∗τ
∼→ s∗(c× c∨)∗PA ∼= (c∨ × c)∗t∗PA ∼= (c∨ × c)∗PA∨ ,

where s : X × Y → Y ×X and t : A∨ × A→ A× A∨ are the switching maps.
Let T∨ denote the torus over S whose character group is Y . The group homomorphism

c corresponds to a split semi-abelian scheme G∨ with an exact sequence 0→ T∨ → G∨ →
A∨ → 0. Then τ∨ gives a group homomorphism u∨ : X → G∨, which corresponds to the
dual 1-motive Q∨ via the equivalence in Lemma 4.3.2.

A polarization on Q is a morphism λ : Q → Q∨ such that the following conditions are
satisfied:

• λmult = λét : Y → X and these maps induce an isomorphism Y ⊗Z Q ∼→ X ⊗Z Q;
• λab : A→ A∨ is a polarization on the abelian scheme A.
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4.3.2. Log 1-motives. Next, we consider the log version of 1-motives. Let (S,MS)
be a locally noetherian fs log scheme.

Let T be a torus over S with character group X. We define a sheaf Tlog on (S,MS)kfl
by

Tlog := Hom(S,MS)kfl(X,Gm,log).

The natural injection Gm ↪→ Gm,log induces an injection T ↪→ Tlog. More generally, for a
split semi-abelian scheme G over S with torus part T and abelian part A, we define the
sheaf Glog on (S,MS)kfl by the following pushout diagram:

T //

��

Tlog

��
G // Glog.

Then we have an exact sequence 0→ Tlog → Glog → A→ 0 of sheaves on (S,MS)kfl.

Lemma 4.3.5. The restriction to the small étale site Sét gives an exact sequence of
sheaves on Sét

0→ (Tlog)|Sét → (Glog)|Sét → A→ 0.

Proof . By working étale locally on S, we may assume that T is a split torus. Consider the
morphism of sites ε : (S,MS)kfl → Sét induced from the inclusion functor Sét ↪→ (S,MS)kfl.
By [Kat21, Theorem 5.1], we have R1ε∗Tlog = 0. Therefore, applying ε∗ to the exact
sequence 0→ Tlog → Glog → A→ 0 gives the exact sequence in the assertion. □

Definition 4.3.6 (Log 1-motives, [KKN08b, Definition 2.2]). A log 1-motive over
(S,MS) is a morphism Qlog := (Y

u→ Glog) of sheaves of abelian groups on (S,MS)kfl,
where Y is a strict étale locally constant sheaf of free Z-modules of finite rank on (S,MS)kfl
and G is a split semi-abelian scheme over S.

For an abelian scheme A over S, we let P log
A denote the Gm,log-biextension over A×A∨

defined as the base change of the Poincaré biextension PA along Gm → Gm,log. In the same
way as Lemma 4.3.2, we get the following lemma.

Lemma 4.3.7 (The description of log 1-motives of a symmetric form). Consider
the category of tuples (X,Y,A, c, c∨, τ) consisting of the following objects:

• (X,Y,A, c, c∨) is the same as in Lemma 4.3.2;
• τ : 1Y×X

∼→ (c× c∨)∗P log
A is a trivialization of a Gm,log-biextension over Y ×X.

Morphisms are also defined in the same way as in Lemma 4.3.2. Then this category is
naturally equivalent to the category of log 1-motives over (S,MS).

Remark 4.3.8. We also refer to an object of the category in Lemma 4.3.7 as a log
1-motive over (S,MS).

Definition 4.3.9 (Monodromy pairings associated with log 1-motives,
[KKN08b, (2.3)]). Let Qlog = (Y

u→ Glog) = (X,Y,A, c, c∨, τ) be a log 1-motive over
(S,MS). We have the following commutative diagram whose rows are exact sequences of
sheaves on (S,MS)kfl:

0 // T //

��

G //

��

A // 0

0 // Tlog // Glog
// A // 0.
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By the snake lemma, we get an isomorphism Tlog/T
∼→ Glog/G. The homomorphism u

induces a homomorphism

Y → Glog ↠ Glog/G ∼= Tlog/T ∼= Hom(S,MS)kfl(X,Gm,log/Gm),

which corresponds to a bilinear pairing

〈−,−〉 : Y ×X → Gm,log/Gm.

This pairing is called the monodromy pairing associated with Qlog.

Definition 4.3.10 (Dual on log 1-motives, [KKN08b, Definition 2.7.4]).
Let Qlog = (X,Y,A, c, c∨, τ) be a log 1-motive over (S,MS). The tuple Q∨

log :=
(Y,X,A∨, c∨, c, τ∨) is called the dual log 1-motive of Qlog. Here, the trivialization τ∨

of the Glog
m -biextension (c∨× c)∗P log

A∨ over X×Y is defined in the same way as in Definition
4.3.4. Then τ∨ gives a group homomorphism u∨ : X → G∨

log, which corresponds to the dual
log 1-motive Q∨

log via the equivalence in Lemma 4.3.7.

We can associate a log finite group scheme with a log 1-motive by taking n-torsion
points in an appropriate sense.

Definition 4.3.11 ([WZ24, Definition 3.4]). Let Qlog = (Y
u→ Glog) be a log 1-motive

over (S,MS). For an integer n ≥ 1, consider the sheaf of commutative groups on (S,MS)kfl
defined by

Qlog[n] := H−1((Y
u→ Glog)⊗L

Z Z/n),

where (Y
u→ Glog) is regarded as a complex of sheaves on (S,MS)kfl such that Y lives in

the degree −1 part. Concretely, we can write

Qlog[n] =
Ker(u− (×n) : Y ⊕Glog → Glog)

Im((×n) + u : Y → Y ⊕Glog)
.

Lemma 4.3.12. Let Qlog = (Y
u→ Glog) = (X,Y,A, c, c∨, τ) be a log 1-motive over

(S,MS). Let π : Glog → A and π∨ : G∨
log → A∨ be natural surjections. Then there are

natural trivializations of Gm,log-biextensions

ρ1 : 1Glog×X
∼→ (π × c∨)∗P log

A , ρ2 : 1Y×G∨
log

∼→ (c× π∨)∗P log
A ,

and we have an equality (u× idX)
∗(ρ1) = (idY × u∨)∗(ρ2) = τ .

Proof . Take a section x ∈ X(S,MS). We have the following commutative diagram of
exact sequences:

0 // Tlog //

��

Glog
//

��

A // 0

0 // Gm,log
// P log

A |A×{c∨(x)} // A // 0,

where the left vertical map is induced from x : T → Gm. Then the middle vertical map
gives a trivialization of the Gm,log-torsor ((π × c∨)∗P log

A )|Glog×{x} on Glog × {x} ∼= Glog.
By varying x, the trivializations obtained in this way are totalized into a trivialization of
Gm,log-biextensions ρ1 : 1Glog×X

∼→ (π× c∨)∗P log
A . By construction, (u× idX)

∗(ρ1) coincides
with τ . The remaining assertions are also proved in the same way. □
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Construction 4.3.13 (Weil pairings associated with log 1-motives). Let Qlog =

(Y
u→ Glog) = (X,Y,A, c, c∨, τ) be a log 1-motive over (S,MS). We shall construct a

pairing
eQlog[n] : Qlog[n]×Q∨

log[n]→ Gm,log

as follows: Let q1 := (y, g) ∈ (Y ×Glog)(S,MS) and q2 := (x, h) ∈ (X ×G∨
log)(S,MS) such

that u(y) = ng and u∨(x) = nh. Then there is a unique eQlog[n](q1, q2) ∈ Gm,log(S,MS)
fitting into the following commutative diagram of Gm,log-torsors on (S,MS):

P log
A |(ng,h)

∼ // P log
A |(u(y),h)

ρ2(y,h)

∼
// Gm,log

eQlog[n](q1,q2)

��

(P log
A |(g,h))⊗n

∼
OO

∼
��

P log
A |(g,nh)

∼ // P log
A |(g,u∨(x))

ρ1(g,x)

∼
// Gm,log.

Here, the left vertical maps are defined by the Gm,log-biextension structure on P log
A . The

last assertion of Lemma 4.3.12 implies that (q1, q2) 7→ eQlog[n](q1, q2) induces a pairing
eQlog[n] : Qlog[n]×Q∨

log[n]→ Gm (the bilinearity implies the image is contained in Gm,log[n] =
Gm[n] ⊂ Gm). The pairing eQlog[n] is called the Weil pairing associated with the log 1-
motive Qlog.

Proposition 4.3.14 (cf. [WZ24, Proposition 3.5]). For a log 1-motive Qlog = (Y
u→

Glog) over (S,MS), the following statements hold.
(1) Qlog[n] fits into an exact sequence

0→ G[n]→ Qlog[n]→ Y/nY → 0

of sheaves of abelian groups on (S,MS)kfl.
(2) Qlog[n] is a log finite group scheme over (S,MS).
(3) The Weil pairing eQlog[n] induces an isomorphism Q∨

log[n]
∼→ (Qlog[n])

∨ of log finite
group schemes.

(4) For another integer m ≥ 1, there is a natural exact sequence

0→ Qlog[m]→ Qlog[mn]→ Qlog[n]→ 0.

In particular, for a prime number p, Qlog[p
∞] :=

⋃
n≥1Qlog[p

n] is a log p-divisible
group over (S,MS).

Proof . (1) is proved by Würthen-Zhao in [WZ24, Proposition 3.5]. (2) follows from
[Kat23, Proposition 2.3] and (1). (4) follows from (1) and the snake lemma. (3) is
presumably well-known to experts. We shall give a proof here because we could not find
proofs in the literature.

We define a filtration W−2,Qlog
⊂ W−1,Qlog

⊂ W0,Qlog
= Qlog[n] by

W−2,Qlog
:= T [n] ∼= X∨ ⊗Z µn, W−1,Qlog

:= G[n].

Applying (1) to Q∨
log allows us to define a filtration

W−2,Q∨
log
⊂ W−1,Q∨

log
⊂ W0,Q∨

log
= Q∨

log[n]



4.3. DEGENERATION THEORY OF ABELIAN SCHEMES 53

by
W−2,Q∨

log
:= T∨[n] ∼= Y ∨ ⊗Z µn, W−1,Q∨

log
:= G∨[n].

It follows from the definition of the Weil pairing and the last assertion of Lemma 4.3.12
that

eQlog[n](W−1,Qlog
,W−2,Q∨

log
) = eQlog[n](W−2,Qlog

,W−1,Q∨
log
) = 0,

and direct computations imply that natural pairings

(W0,Qlog
/W−1,Qlog

)×W−2,Q∨
log

∼= Y/nY × (Y ∨ ⊗Z µn)→ µn,

(W−1,Qlog
/W−2,Qlog

)× (W−1,Q∨
log
/W−2,Q∨

log
) ∼= A[n]× A∨[n]→ µn,

W−2,Qlog
× (W0,Q∨

log
/W−1,Q∨

log
) ∼= (X∨ ⊗Z µn)×X/nX → µn,

coincide with the induced pairings from eQlog[n] by construction of the Weil pairing. Since
the above three pairings are perfect pairings, eQlog[n] is also a perfect pairing. This proves
(3). □

Let (S,MS) be an fs log regular log scheme. Let U be the interior of (S,MS)
and j : U ↪→ S be the inclusion map. The pullback along j gives a morphism of sites
(U,MU)kfl → (S,MS)kfl. The associated direct image functor

Shv((U,MU)kfl)→ Shv((S,MS)kfl)

is denoted by jkfl,∗. In the same way, the direct image functor

Shv(Uét)→ Shv(Sét)

induced from j is denoted by jét,∗.
Let G be a split semi-abelian scheme over S with torus part T and abelian part A.

Lemma 4.3.15. The natural map Glog → jkfl,∗(G|U) of sheaves on (S,MS)kfl induces
an isomorphism of sheaves on Sét

Glog|Sét

∼→ jét,∗(G|U).

Proof . First, we treat the case where G = T . By working étale locally on S, we may
assume that T = Gm and that there is an fs chart P → MS. Let S ′ ∈ Sét. We have
natural maps

MS(S
′)→ OS′(S ′)→ OS′(U ×S S ′)×

By Proposition 3.4.2(2) and (3), both maps are injective. Hence, the map Gm,log|Sét →
jét,∗(Gm,U) in the assertion is injective. Further, Lemma 3.4.4 implies that the map
Gm,log|Sét → jét,∗(Gm,U) is surjective. This proves the assertion then G = T .

Next, consider a general split semi-abelian scheme G. We have the following commu-
tative diagram of sheaves on Sét whose rows are exact:

0 // Tlog|Sét
//

��

Glog|Sét
//

��

A //

� �

0

0 // jét,∗(T |U) // jét,∗(G|U) // jét,∗(A|U).

It follows from what we have proved in the previous paragraph that the left vertical map
is an isomorphism. By [FC90, Ch.I, Proposition 2.7], the right vertical map is also an
isomorphism. Therefore, the snake lemma implies that the middle vertical map is also an
isomorphism. □
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4.3.3. Degeneration theory. In this subsection, we study a relation between semi-
abelian schemes, 1-motives, and log 1-motives over complete regular local rings.

Let S = Spec(R) be the spectrum of a complete regular local ring R with unique closed
point s, and D be a normal crossings divisor on S. Let (S,MS) be the fs log scheme
defined by D. Set U := S\D. Note that every torus over S is split after finite étale base
change.

Definition 4.3.16. Let P be a Gm-torsor on S. Let Div(S, U) denote the group of
Weil divisors of S whose support is contained in D. Then taking valuations defined by
generic points of irreducible components of D gives a map ν : P(U)→ Div(X,U).

Definition 4.3.17. We define the following categories.
• Let DEG(S, U) be the category of semi-abelian schemes A over S such that A×SU

is an abelian scheme over U .
• Let wDD(S, U) be the category of triples (Y,G, u : Y |U → G|U) consisting of a

locally constant sheaf Y of free Z-modules of finite rank on Sét, a split semi-abelian
scheme G over S, and a group homomorphism u : Y |U → G|U . In the same way as
Lemma 4.3.2, wDD(S, U) is naturally equivalent to the category of 1-motivesQU =
(XU , YU , AU , cU , c

∨
U , τ) over U such that the tuple (XU , YU , AU , cU , c

∨
U) (uniquely)

extends to (X,Y,A, c, c∨) over S. In particular, wDD(S, U) is a full subcategory
of the category of 1-motives over U .
• Let DDpol(S, U) be the category of an object QU = (XU , YU , AU , cU , c

∨
U , τ) ∈

wDD(S, U) equipped with a polarization λU : QU → Q∨
U satisfying the following

conditions:
– λabU extends to a polarization on A;
– there is a connected finite étale cover S ′ → S such that the pullback of Y to
S ′ is constant and, for each y ∈ Y (S ′), we have

ν(τ(y, λét(y))) ∈ Div+(S ′, U ′)\{0},

where U ′ := U×S S ′ and Div+(S ′, U ′) is the submonoid of Div(S ′, U ′) consist-
ing of effective divisors. Clearly, this condition is independent of the choice
of S ′.

Forgetting polarizations gives a functor DDpol(S, U)→ wDD(S, U). The essential
image of this functor is denoted by DD(S, U).
• Let wDDlog(S, U) be the category of log 1-motives over (S,MS).
• Let DDlog

pol(S, U) be the category of a log 1-motive Qlog = (X,Y,A, c, c∨, τ log)
equipped with a morphism λ : Qlog → Q∨

log satisfying the following conditions:
– λab is a polarization on A;
– for y ∈ Ys\{0}, we have 〈y, λét(y)〉 ∈ (MS,s/O×

S,s)\{1}, where s̄ is a geometric
point on S above s, and 〈−,−〉 is the monodromy pairing Y ×X → Gm,log/Gm

(see Definition 4.3.9).
Forgetting λ gives a functor DDlog

pol(S, U)→ wDDlog(S, U). The essential image of
this functor is denoted by DDlog(S, U).

Remark 4.3.18. The notion of polarizations on log 1-motives is also defined in
[KKN08b, Definition 2.8]. However, we do not use it in this chapter. Note that, for
an object (Qlog, λ) of the category DDlog

pol(S, U), the morphism λ is not a polarization in
the sense of loc. cit. unless S = U .
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Theorem 4.3.19 (Mumford’s degeneration theory, cf. [FC90,Lan13,Mad19]).
There is a natural equivalence of categories

DEG(S, U) ' DD(S, U).

Proof . See [Mad19, (1.2.2)]. □
By reinterpreting the right hand side in the equivalence in Theorem 4.3.19 in terms of

log 1-motives, we obtain the following result.

Theorem 4.3.20. There are natural equivalences of categories

DEG(S, U) ' DD(S, U) ' DDlog(S, U).

Proof . It is enough to prove the second equivalence. For a locally constant sheaf Y of
free Z-modules of finite rank on Sét and a split semi-abelian scheme G on S, giving a group
homomorphism Y |U → G|U is equivalent to giving a homomorphism Y → Glog by Lemma
4.3.15. Hence, there is a natural equivalence of categories

wDD(S, U) ' wDDlog(S, U).

If we take a connected finite étale cover S ′ → S such that every irreducible component of
S ′ − U ′ is regular, we have an isomorphism of monoids Div+(S ′, U ′) ∼=MS,s/O×

S,s, where
we put U ′ := U ×S S ′. Therefore, the above equivalence induces an equivalence

DDpol(S, U) ' DDlog
pol(S, U),

and so we obtain an equivalence

DD(S, U) ' DDlog(S, U).

□
Proposition 4.3.21. Let A ∈ DEG(S, U). Let QU (resp. Qlog) be the object of

DD(S, U) (resp. DDlog(S, U)) corresponding to A via the equivalences in Theorem 4.3.20.
Then there are natural isomorphisms of finite flat group schemes over U

A|U [n] ∼= QU [n] ∼= Qlog[n]|U
for any integer n ≥ 1.

Proof . We have a natural isomorphism A|U [n] ∼= QU [n] (see [FC90, Ch.III, Corollary 7.3]
or [Mad19, (1.2.2.1)]). Since the restriction ofQlog to U coincides withQU by construction,
we have natural isomorphisms

QU [n] ∼= (Qlog)|U [n] ∼= Qlog[n]|U .
□

4.4. The proof of the main theorems

Lemma 4.4.1. Let R be a discrete valuation ring with fraction field K, and MR be
the log structure on Spec(R) defined by the unique closed point.

(1) Let n ≥ 1 be an integer invertible in R. Let G1 and G2 be weak log finite group
schemes over (Spec(R),MR) killed by n. Then the restriction map

Hom(G1, G2)→ Hom(G1|K , G2|K)
is an isomorphism.
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(2) Let p be a prime number. Let G1 and G2 be log p-divisible groups over
(Spec(R),MR). Then the restriction map

Hom(G1, G2)→ Hom(G1|K , G2|K)
is an isomorphism.

Proof . (1) follows from Lemma 4.2.3 and the surjectivity of

Gal(K/K)→ π1,két(Spec(R),MR).

(2) is nothing but the log version of the theorem of Tate and de Jong ([BWZ24, The-
orem 5.19]). Note that, although [BWZ24, Theorem 5.19] assumes that K is of mixed
characteristic (0, p), and that the residue field of R is perfect, the fully faithfulness part
is essentially proved in [BWZ24, Lemma 4.8], in which the argument works without such
an additional assumption. □

Proposition 4.4.2. Let notations be as in Lemma 4.4.1. Let A be a semi-abelian
scheme over R with AK := A⊗R K being an abelian variety over K.

(1) Let n ≥ 1 be an integer invertible in R. Then the finite group scheme AK [n] over
K uniquely extends to a log finite group scheme over (Spec(R),MR).

(2) Let p be a prime number. Then the p-divisible group AK [p
∞] over K uniquely

extends to a log p-divisible group over (Spec(R),MR).

Proof . For both assertions, the uniqueness follows from Lemma 4.4.1. By Proposition
4.2.2, we may assume that R is complete. Let Qlog be the log 1-motive on (Spec(R),MR)
corresponding to A ∈ DEG(R,K) via the equivalence in Theorem 4.3.20. Then the log
finite group schemeQlog[n] and the log p-divisible groupQlog[p

∞] are the desired extensions.
□

Theorem 4.4.3. Let n ≥ 1 be an integer. Let (X,MX) be an fs log scheme defined
by a locally noetherian regular scheme X with a normal crossings divisor D, and A be a
semi-abelian scheme over X. Let U := X\D. Suppose that AU := A ×X U is an abelian
scheme over U and that D ⊗Z Z[1/n] is dense in D. Then the finite flat group scheme
AU [n] over U uniquely extends to a log finite group scheme A[n]log over (X,MX).

Proof . First, we prove the following claim: for weak log finite group schemes G1 and G2

over (X,MX) killed by n, the restriction map

Hom(G1, G2)→ Hom(G1|U , G2|U)
is an isomorphism. Take a homomorphism fU : G1|U → G2|U . By the assumption, n is
invertible in OX,η for each generic point η of D. Hence, there exist an open subset V of
X containing U with codimX(X\V ) ≥ 2 and an extension fV : G1|V → G2|V of fU by
Lemma 4.4.1 (1) and the limit argument. Then fV uniquely extends to a homomorphism
f : G1 → G2 by Proposition 3.4.10. This argument also shows that f is a unique extension
of fU .

We turn to proving Theorem 4.4.3. Since the uniqueness of the extension follows from
the claim in the previous paragraph, we may work Zariski locally on X. Hence, the limit
argument allows us to assume that X = Spec(R) for a local ring R. By the assumption,
n is invertible in OX,η for each generic point η of D. Hence, there exist an open subset
V of X containing U with codimX(X\V ) ≥ 2 and a log finite group scheme AV [n]log over
(V,MV ) extending AU [n] by Proposition 4.4.2 (1) and the limit argument. It is enough
to extend AV [n]

log to a log finite group scheme over (X,MX). Let X ′ := Spec(R̂) and
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X ′′ := X ′ ×X X ′. Let pi : (X ′′,MX′′) → (X ′,MX′) be the projection maps for i = 1, 2.
Let U ′ (resp. V ′) denotes the preimage of U (resp. V ) via X ′ → X. Let Qlog be the object
of DDlog(X ′, U ′) corresponding to A×X X ′ ∈ DEG(X ′, U ′). By Proposition 4.3.21, the log
finite group scheme Qlog[n] is an extension of (A ×X U ′)[n]. By the claim in the previous
paragraph, we have an isomorphism Qlog[n]|V ′ ∼= AV [n]

log|V ′ . Applying Proposition 3.4.10
to the strict flat map (X ′′,MX′′)→ (X,MX) and the open set V ⊂ X, we obtain a unique
isomorphism p∗1Qlog[n] ∼= p∗2Qlog[n] extending the isomorphism

(p∗1Qlog[n])|V ′′ ∼= AV [n]
log|V ′′ ∼= p∗2Qlog[n]|V ′′ ,

where V ′′ is the preimage of V via X ′′ → X. This defines descent datum of Qlog[n], and
we obtain a log finite group scheme A[n]log extending AV [n]log by strict fpqc descent for
finite Kummer log flat schemes ([Kat21, Theorem 7.1 and Theorem 8.1]). This finishes
the proof. □

Theorem 4.4.4. Let (X,MX) be an fs log scheme defined by a locally noetherian
regular scheme X with a normal crossings divisor D, and A be a semi-abelian scheme over
X. Let U := X\D. Suppose that AU is an abelian scheme over U . Then the p-divisible
group AU [p∞] over U uniquely extends to a log p-divisible group Alog[p∞] over (X,MX).

Proof . Although almost all arguments of Theorem 4.4.3 work in this setting, we have to
notice that we need to pass to finite levels when we use the limit argument.

For each generic point η of D, there exists a unique log p-divisible group AOX,η
[p∞]log

over (Spec(OX,η),MOX,η
) extending AU [p∞]|Spec(K(η)) by Lemma 4.4.2, where K(η) denotes

the fraction field of OX,η. For every n ≥ 1, by the same argument as Theorem 4.4.3,
there exists a unique log finite group A[pn]log over (X,MX) with compatible isomorphisms
A[pn]log|U ∼= AU [p

n] and A[pn]log|(Spec(OX,η),MOX,η
)
∼= AOX,η

[pn] for each generic point η of
D.

Natural inclusion maps AU [pn] ↪→ AU [p
n+1] and AOX,η

[pn] ↪→ AOX,η
[pn+1] uniquely

extend to a homomorphism A[pn]log → A[pn+1]log for every n ≥ 1 by the limit argument
and Proposition 3.4.10. It is enough to check that A[p∞]log := lim−→

n≥1

A[pn]log is a log p-divisible

group with
A[pn]log ∼= Ker(×pn : A[p∞]log → A[p∞]log).

To check this, it suffices show that it is so after taking the base change to
(Spec(ÔX,x),MÔX,x

) for every x ∈ X. Hence, we may assume that X = Spec(R) for
a complete regular local ring R. Let Qlog be the object of DDlog(X,U) corresponding to
A under the equivalence in Theorem 4.3.20. By the uniqueness of extension, A[pn]log is
isomorphic to Qlog[p

n]. Therefore, the claim follows from Proposition 4.3.14 (3). □





CHAPTER 5

Log prismatic F -crystals and realization functors

5.1. Introduction

The first goal of this chapter is to generalize the construction of realization functors
and the relationship between them to log prismatic F -crystals on semi-stable log formal
schemes over OK .

Theorem 5.1.1 (see Theorem 5.6.18). For a semi-stable log formal scheme (X,MX)
over OK , there exist an étale realization functor

Tét : Vect
φ((X,MX)∆)→ LocZp((X,MX)η)

and a crystalline realization functor

Tfisoc : Vect
φ((X,MX)∆)→ FilIsocφ(X,MX),

where LocZp((X,MX)η) denotes the category of Kummer étale Zp-local systems on the
generic fiber (X,MX)η and FilIsocφ(X,MX) denotes the category of filtered F -isocrystals
on (X,MX). Moreover, for a log prismatic F -crystal E , coefficient objects Tét(E) and
Tfisoc(E) are associated in the sense of Definition 5.4.18 (2) (cf. [Fal89,AI12,Tsu]).

Remark 5.1.2. In fact, we work with the category of analytic log prismatic F -crystals,
denoted by Vectan,φ((X,MX)∆), which is larger than Vectφ((X,MX)∆).

Remark 5.1.3. When (X,MX) has framings with m = n = 0 (resp. m = 0 and n ≥ 1)
étale locally, this theorem is proved in [DLMS23,GR24] (resp. [DLMS24]). Moreover,
the work [IKY25] gives the description of Tfisoc using Nygaard filtrations when (X,MX)
has a framing with m = n = 0 étale locally. We also generalize this description for arbitrary
m,n.

The next goal is to prove the fully faithfulness and bi-exactness of étale realization
functors.

Theorem 5.1.4 (see Theorem 5.6.27 and Theorem 5.6.32). Let (X,MX) be a
semi-stable log formal scheme over OK . Consider the étale realization functor

Tét : Vect
an,φ((X,MX)∆)→ LocZp((X,MX)η).

(1) The functor Tét is fully faithful.
(2) When (X,MX) admits framings with n ≤ 1 étale locally, Tét gives a bi-exact

equivalence to the essential image. In other words, a sequence of analytic log
prismatic F -crystals

0→ E1 → E2 → E3 → 0

is exact if and only if the corresponding sequence of Kummer étale local systems

0→ Tét(E1)→ Tét(E2)→ Tét(E3)→ 0

is exact.
59
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Remark 5.1.5. When (X,MX) has framings with m = n = 0 (resp. m = 0 and n ≥ 1)
étale locally, the fully faithfulness of the étale realization functor is proved in [BS23,
DLMS23,GR24] (resp. [DLMS24]). While the detailed calculation concerning Breuil-
Kisin rings is the core of the proof in [DLMS23,DLMS24], the works [BS23,GR24] use
the fully faithfulness of Fargues’s functor. In this chapter, we adopt the method using the
fully faithfulness of Fargues’s functor.

Remark 5.1.6. When (X,MX) has framings with m = n = 0, the bi-exactness is
proved in [IKY24].

Remark 5.1.7. It is an important problem to specify the essential image of the étale
realization functor

Tét : Vect
an,φ((X,MX)∆)→ LocZp((X,MX)η).

This problem is indeed solved in some cases: When X = Spf(OK) and MX is trivial,
it is proved that the functor Tét gives the equivalence to the category of crystalline Zp-
representation of Gal(K/K) in [BS23]. More generally, when MX is trivial and X is
higher dimensional, the essential image of Tét is the full subcategory of crystalline Zp-local
systems. The work [GR24] proves this by the method generalizing [BS23], and the work
[DLMS23] proves this by using the detailed computation concerning Breuil-Kisin rings.
When X = Spf(OK) andMX is the standard log structure, the work [DL24] shows that the
essential image of Tét is the full subcategory of semi-stable Zp-representations of Gal(K/K).
When (X,MX) has framings with m = 0 and n ≥ 1 étale locally, it is shown that Tét gives
the equivalences to the category of semi-stable Zp-local systems in [DLMS24] by a similar
approach to [DLMS23].

In this thesis, we do not treat this problem. Naive expectation is that the essential
image of Tét is the full subcategory of semi-stable Zp-local systems in the sense of Definition
5.4.18.

We briefly explain the structure of this chapter. In Section 5.2, we define semi-stable log
formal schemes and arrange notation and terminology concerning them. When we refer to
semi-stable log formal schemes, we use notation in this section without reference. In Section
5.3, we recall basics on absolute log crystalline sites and F -isocrystals. One of targets of
this section is Proposition 5.3.36, which generalizes [GY24, Theorem 2.21]. This allows us
to describe F -isocrystals on the special fibers of semi-stable log formal schemes admitting
framings with n = 1 étale locally as F -isocrystals equipped with monodromy operators
on the special fibers of horizontally semi-stable log formal schemes. In Section 5.4, we
introduce de Rham (resp. crystalline)(resp. semi-stable) period sheaves and the notion of
semi-stable Zp-local systems on the generic fibers of semi-stable log formal schemes. A key
idea to do this is to consider the notion of big log affinoid perfectoids (Definition 5.4.4).
Although de Rham period sheaves on log adic spaces are already defined in [DLLZ23b],
we give another construction which is similar to one in [Sch16] in spirit. In Section 5.5, we
review fundamental results on log prismatic sites and prismatic F -crystals. This descent
property enables us to make an analogous argument to [BS22,GR24,IKY24] in order to
prove Theorem 5.1.4. In Section 5.6, we construct several realization functors and prove
Theorem 5.1.1 and Theorem 5.1.4.

Notation and conventions.
• Limits of categories mean 2-limits.
• The i-th standard basis of Nr is denote by ei for 1 ≤ i ≤ r.
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• For I-adically complete ring A and a monoid M , a ring A〈M〉 denotes the I-adic
completion of the monoid algebra A[M ].

5.2. Setups for semi-stable log formal schemes

In this section, we summarize notations around small affine log formal schemes and
framings on them. Throughout this thesis, we use the notation in this subsection without
mentioning it.

Fix a uniformizer π of OK and E(t) ∈ W [t] be a corresponding Eisenstein polynomial.
Let l,m, n ∈ Z≥0, r := m+ n. Consider the prelog ring (R0,Nr) defined as follows:

R0 :=

{
OK〈x±1

1 , . . . , x±1
l , y1, . . . , ym〉 (n = 0)

OK〈x±1
1 , . . . , x±1

l , y1, . . . , ym, z1, . . . , zn〉/(
∏n

k=1 zk − π) (n ≥ 1)

equipped with a prelog structure Nr → R0 given by

ei 7→

{
yi (1 ≤ i ≤ m)

zi−m (m+ 1 ≤ i ≤ r).

We define an integral perfectoid OC-algebra R̃0
∞ as follows:

R̃0
∞ :=

{
OC〈{x±1/p∞

i }, {yQ≥0

j }〉 (n = 0)

OC〈{x±1/p∞

i }, {yQ≥0

j }, {zQ≥0

k }〉/(
∏n

k=1 z
1/s
k − π1/s)s≥1 (n ≥ 1).

We define a prelog structure Qr
≥0 → R̃0

∞ by

sei 7→

{
ysi (1 ≤ i ≤ m)

zsi−m (m+ 1 ≤ i ≤ r).

for s ∈ Q≥0. If we put R0
∞ := R0⊗̂Zp〈Nr〉Zp〈Qr

≥0〉, there is a sequence of p-complete prelog
rings

(5.2.1) (R0,Nr)→ (R0
∞,Qr

≥0)→ (R̃0
∞,Qr

≥0).

The sequence of p-adic fs log formal schemes associated with the sequence (5.2.1) is denoted
by

(5.2.2) (Spf(R̃0
∞),MR̃0

∞
)→ (Spf(R0

∞),MR0
∞)→ (Spf(R),MR).

Let Ũ0
∞ be the object of (Spf(R0),Nr)aη,prokét written as the limit of finite Kummer étale

coverings

(Spf(OL〈{x±1/pm

i }, {y1/mj }, {z1/mk }〉/(
n∏
k=1

z
1/m
k − π1/m)),

1

m
Nr)aη → (Spf(R0),Nr)aη,

where m ≥ 1 and L is a finite extension of K[π1/m] contained in C. Then Ũ0
∞ is a log

affinoid perfectoid, and its associated affinoid perfectoid space is isomorphic to Spf(R̃0
∞)η.

Let
(xsi )

♭ := (xsi , x
s/p
i , x

s/p2

i , . . . ) ∈ (R̃0
∞)♭

for s ∈ Z[1/p], and let

(ysj )
♭ := (ysj , y

s/p
j , y

s/p2

j , . . . ) ∈ (R̃0
∞)♭

(zsk)
♭ := (zsk, z

s/p
k , z

s/p2

k , . . . ) ∈ (R̃0
∞)♭
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for s ∈ Q≥0. When n ≥ 1, we set

(πs)♭ :=
n∏
k=1

(zsk)
♭

for s ∈ Q≥0.

Notation 5.2.1. When we would like to ease the notation, we write

ti :=


xi (1 ≤ i ≤ l)

yi−l (l + 1 ≤ i ≤ l +m)

zi−l−m (l +m+ 1 ≤ i ≤ l + r)

s :=

{
l +m (n = 0)

l +m+ n− 1 = l + r − 1 (n ≥ 1).

Definition 5.2.2 (Small affine log formal schemes). A p-adic affine log formal
scheme (Spf(R),MR) over OK is called small affine if (Spf(R),MR) admits a strict étale
map to (Spf(R0),Nr)a for some l,m, n, called a framing.

Let (Spf(R),MR) be a small affine log formal scheme over OK and fix a framing
(Spf(R),MR)→ (Spf(R0),Nr)a. Let α : Nr →MR denote the induced chart. We set

R∞,α := R0
∞⊗̂R0R, R̃∞,α := R̃0

∞⊗̂R0R.

Taking p-completed base change of the sequence (5.2.1) along R0 → R, we obtain a se-
quence of p-complete prelog rings

(5.2.3) (R,Nr)→ (R∞,α,Qr
≥0)→ (R̃∞,α,Qr

≥0).

The sequence of p-adic fs log formal schemes associated with the sequence (5.2.3) is denoted
by

(5.2.4) (Spf(R̃∞,α),MR̃∞,α
)→ (Spf(R∞,α),MR∞,α)→ (Spf(R),MR),

which is also obtained as the base change of the sequence (5.2.2) along (Spf(R),MR) →
(Spf(R0),Nr)a.

Let Ũ∞,α := Ũ0
∞ ×(Spf(R0),Nr)aη

(Spf(R),MR)η. Then Ũ∞,α is a log affinoid perfectoid in
(Spf(R),MR)η,prokét with the associated perfectoid space isomorphic to Spf(R̃∞,α)η.

The following lemma is used afterward.

Lemma 5.2.3. The natural map (Spf(R̃∞,α),MR̃∞,α
)→ (Spf(R∞,α),MR∞,α) is a strict

quasi-syntomic cover.

Proof . It suffices to prove that R0
∞ → R̃0

∞ is a quasi-syntomic cover, where R0
∞ :=

R0⊗̂Zp〈Nr〉Zp〈Qr
≥0〉. When n = 0, the assertion is easy. Hence, we treat the case that

n ≥ 1. The ring map

R0
∞ = OK〈{x±1

i },{y
Q≥0

j }, {zQ≥0

k }〉/(
n∏
k=1

zk − π)

→ R′0
∞ := OK〈{x±1/p∞

i }, {yQ≥0

j }, {zQ≥0

k }〉/(
n∏
k=1

zk − π)
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is a quasi-syntomic cover. Let OK∞ denote the p-adic completion of⋃
s≥1

OK [π1/s](⊂ OC),

and consider a map OK∞ → R′0
∞ mapping π1/s to

∏n
k=1 z

1/s
k . Then R′0

∞⊗̂OK∞
OC is naturally

isomorphic to R̃0
∞, and so R′0

∞ → R̃0
∞ is a quasi-syntomic cover. This proves the claim. □

Definition 5.2.4 (Semi-stable log formal schemes). A p-adic log formal scheme
(X,MX) over OK is called horizontally semi-stable (resp. vertically semi-stable) if (X,MX)
admits a framing with n = 0 (resp. n ≥ 1) étale locally, and (X,MX) is called semi-stable if
it admits a framing étale locally. When (X,MX) is horizontally semi-stable (resp. vertically
semi-stable), we let MOK

denote the trivial (resp. standard) log structure on Spf(OK).
Then (X,MX)→ (Spf(OK),MOK

) is log smooth.

Definition 5.2.5 (Unramified models). Let (X,MX) be a horizontally semi-stable
log formal scheme over OK . A horizontally semi-stable log formal scheme (X0,MX0) over
W with (X0,MX0)⊗W OK ∼= (X,MX) is called an unramified model of (X,MX).

Let (Spf(R),MR) be a small affine log formal scheme over OK with a fixed framing
such that n = 0. Consider a prelog ring (R0

0,Nr) defined as follows:

R0
0 := W 〈x±1

1 , . . . , x±1
l , y1, . . . , ym〉

equipped with a prelog structure Nr → R0
0 given by ei 7→ yi. Note that now we have

m = r by n = 0. The framing (Spf(R),MR) → (Spf(R0),Nr)a uniquely descends to a
strict étale map (Spf(R0),MR0)→ (Spf(R0

0),Nr)a. Then (Spf(R0),MR0) is an unramified
model of (Spf(R),MR). We call it the unramified model defined by the framing. The ring
map R0

0 → R0
0 given by xi 7→ xpi , yj 7→ ypj and the monoid map ×p : Nr → Nr gives a

Frobenius lift on the log formal scheme (Spf(R0
0),Nr)a, which uniquely lifts to a Frobenius

lift on (Spf(R0),MR0).

5.3. F -isocrystals on log crystalline sites

5.3.1. Log crystalline sites. In this subsection, we review fundamental properties
of crystals on absolute log crystalline sites.

Definition 5.3.1 (Big absolute log crystalline sites). Let (X,MX) be a log scheme
over Fp. Let (X,MX)crys be the site defined as follows: an object consists of

• a log scheme (T,MT ) on which p is nilpotent and a PD-thickening U ↪→ T such
that the PD-structure on Ker(OT ↠ OU) is compatible with the natural PD-
structure on (p) ⊂ Zp,
• a map of log schemes f : (U,MU) → (X,MX), where MU is the inverse image

log structure ofMT .
Morphisms are obvious ones. We simply write (U, T,MT ) or (T,MT ) for an object of
(X,MX)crys when there exists no confusion. When T = Spec(R) and U = Spec(R/I),
we write (R ↠ R/I,MR) for a log PD-thickening (U, T,MT ). We say that a map
(U1, T1,MT1) → (U2, T2,MT2) in (X,MX)crys is Cartesian if the natural map U1 →
U2 ×T2 T1 is an isomorphism. A family of Cartesian maps {(Ui, T ′

i ,MT ′
i
) → (U, T,MT )}i

is covering if {(T ′
i ,MT ′

i
) → (T,MT )}i is a strict fpqc covering. For a morphism

f : (Y,MY )→ (X,MX), there exists a natural morphism of sites

(X,MX)crys → (Y,MY )crys.
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Let Ocrys denote the ring sheaf given by (T,MT ) 7→ Γ(T,OT ).
Let (X,MX)

str
crys denote the full subcategory of (X,MX)crys consisting of an object

(U, T,MT ) such that the structure map (U,MU)→ (X,MX) is strict.

Remark 5.3.2. In many references, the site (X,MX)
str
crys is called an (absolute) log

crystalline site.

Definition 5.3.3 (Crystalline crystals on log schemes).
Let Crys((X,MX)crys) be the category of crystals of quasi-coherent sheaves of finite

type on the log crystalline site (X,MX)crys. An object of Crys((X,MX)crys) is called
a crystalline crystal on (X,MX). The Frobenius morphism F : (X,MX) → (X,MX)
induces a functor

F ∗ : Crys((X,MX)crys)→ Crys((X,MX)crys).

Let Vect((X,MX)crys) denote the full subcategory of the category Crys((X,MX)crys) con-
sisting of crystals of vector bundles on (X,MX)crys.

Let Isoc((X,MX)crys) denote the isogeny category Crys((X,MX)crys)⊗ZpQp. An object
E of Isoc((X,MX)crys) is called an isocrystal. For E+ ∈ Crys((X,MX)crys), the image of
E+ by the natural functor

Crys((X,MX)crys)→ Isoc((X,MX)crys)

is denoted by E+[1/p]. For a p-adic log PD-thickening (Spec(A/I), Spf(A),MA) ∈
(X,MX), there is an evaluation functor

Isoc((X,MX)crys)→ Mod(A[1/p]).

The image of an isocrystal E via this functor is simply denoted by EA. An
isocrystal E is called locally free if EA is a finite projective A[1/p]-module for every
(Spec(A/I), Spf(A),MA). The full subcategory of Isoc((X,MX)crys) consisting of locally
free objects is denoted by Isoclf((X,MX)crys).

Let Vectφ((X,MX)crys) be the category of pairs (E , ϕE) consisting of a locally free
crystalline crystal E on (X,MX) and an isomorphism ϕE : F

∗E ∼→ E in the isogeny category
Crys((X,MX)crys) ⊗Zp Qp. Morphisms (E1, ϕE1) → (E2, ϕE2) are morphisms E1 → E2 that
are compatible with ϕE1 and ϕE2 . When no confusion occurs, we simply write E for (E , ϕE).

Let Isocφ((X,MX)crys) be the category of pairs (E , ϕE) consisting of an isocrystal E
on (X,MX) and an isomorphism ϕE : F

∗E ∼→ E of isocrystals. Morphisms are ones in
the category of isocrystals that are compatible with Frobenius isomorphisms. When no
confusion occurs, we simply write E for (E , ϕE). An object of Isocφ((X,MX)crys) is called an
F -isocrystal on (X,MX). An F -isocrystal is called locally free if its underlying isocrystal is
locally free, and the full subcategory of Isocφ((X,MX)crys) consisting of locally free objects
is denoted by Isocφlf((X,MX)crys).

A crystalline Dieudonné crystal on (X,MX) is a triple consisting of E ∈
Vect((X,MX)crys) and maps ϕE : F

∗E → E , ψE : E → F ∗E such that the composite
E ψE→ F ∗E φE→ E coincides with the multiplication by p. The category of crystalline
Dieudonné crystals on (X,MX) is denoted by DM((X,MX)crys).

Lemma 5.3.4. For an integral log scheme (X,MX) over Fp, the inclusion functor

(X,MX)
str
crys ↪→ (X,MX)crys

has a right adjoint functor

(X,MX)crys → (X,MX)
str
crys ((U, T,MT ) 7→ (U, T,NT )).



5.3. F -ISOCRYSTALS ON LOG CRYSTALLINE SITES 65

Proof . Let (U, T,MT ) ∈ (X,MX)
str
crys and f : (U,MU)→ (X,MX) denote the structure

morphism. We define a log structure NT on T by

NT :=MT ×MU
f ∗MX ,

under the identification Tét ' Uét. Since (X,MX) is integral, the surjectionMT ↠MU is
1 + I-torsor, where I := Ker(OT ↠ OU). Therefore, (U, f ∗MX) ↪→ (T,NT ) is strict, and
(U, T,NT ) belongs to (X,MX)

str
crys. Then the functor sending (U, T,MT ) to (U, T,NT ) is

the desired one. □

For a morphism of integral log schemes (Y,MY )→ (X,MX), we have a functor

(Y,MY )
str
crys ↪→ (Y,MY )crys → (X,MX)crys → (X,MX)

str
crys,

where the last functor is one given in Lemma 5.3.4. This gives a morphism of site

(X,MX)
str
crys → (Y,MY )

str
crys,

which induces pullback functors

f ∗ : Crys((X,MX)
str
crys)→ Crys((Y,MY )

str
crys),

f ∗ : Vect((X,MX)
str
crys)→ Vect((Y,MY )

str
crys),

f ∗ : Isoc((X,MX)
str
crys)→ Isoc((Y,MY )

str
crys).

This functoriality allows us to define variants

Vectφ((X,MX)
str
crys), Isoc

φ((X,MX)
str
crys), DM((X,MX)

str
crys)

by replacing (X,MX)crys with a strict site (X,MX)
str
crys in Definition 5.3.3.

Remark 5.3.5. For ? ∈ {str, ∅}, we have canonical bi-exact equivalences

Crys((X,MX)
⋆
crys) ' lim←−

(T,MT )∈(X,MX)⋆crys

FQCoh(T ),

Vect((X,MX)
⋆
crys) ' lim←−

(T,MT )∈(X,MX)⋆crys

Vect(T ).

Remark 5.3.6. Let (X,MX) be an integral log scheme over Fp. For a crystalline
crystal E on (X,MX) and a log PD-thickening (U, T,MT ) ∈ (X,MX)crys, the crystal
property gives an isomorphism

E(U,T,MT )
∼= E(U,T,NT ),

where (U, T,NT ) is the image of (U, T,MT ) via the functor in Lemma 5.3.4. Therefore,
the restriction functors

Crys((X,MX)crys)→ Crys((X,MX)
str
crys),

Vect⋆((X,MX)crys)→ Vect⋆((X,MX)
str
crys),

Isoc⋆((X,MX)crys)→ Isoc⋆((X,MX)
str
crys),

DM((X,MX)crys)→ DM((X,MX)
str
crys),

give equivalences for ? ∈ {∅, ϕ}.

Lemma 5.3.7 (Dwork’s trick). Let ι : (X,MX) ↪→ (X ′,MX′) be a strict nilpotent
immersion of log schemes over Fp.
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(1) The restriction functor

ι∗ : Isocφ((X ′,MX′)crys)→ Isocφ((X,MX)crys)

is an equivalence.
(2) Let E be an F -isocrystal on (X ′,MX′) and (A ↠ A/I,MA) be a p-adic log

PD-thickening in (X ′,MX′)crys. Suppose that ι has a retraction r : (X ′,MX′)→
(X,MX). Let (A ↠ A/I,MA)

r := (ir)−1(A ↠ A/I,MA). Then there exists a
natural isomorphism

E(A↠A/I,MA)r
∼= E(A↠A/I,MA).

Proof . (1): See [DLMS24, Remark B.23].
(2): Take an integer n ≥ 1 such that the iterated Frobenius map F n : (X ′,MX′) →

(X ′,MX′) factors thorough (X,MX) ↪→ (X ′,MX′). Then, by irF n = F n, we have
isomorphisms

E(A↠A/I,MA)
∼= E(Fn)−1(A↠A/I,MA) = E(Fn)−1(A↠A/I,MA)r

∼= E(A↠A/I,MA)r ,

where the first and third isomorphisms are induced by the Frobenius structure on E . We can
check directly that the resulting isomorphism E(A↠A/I,MA)

∼= E(A↠A/I,MA)r is independent
of the choice of n. □

Remark 5.3.8. Let (X,MX) be a horizontally semi-stable log formal scheme over W .
We set (X,MX) := (X,MX) ⊗W k, (X ′,MX′) := (X,MX) ⊗W OK/p. Then the natural
map k → OK/p induces a retraction r : (X ′,MX′) → (X,MX) of the natural inclusion
ι : (X,MX)→ (X ′,MX′), and so the above lemma can be applied.

The following notion plays an important role when we clarify the relationship between
isocrystals and modules with connection.

Definition 5.3.9 (cf. [ES18, p.2117]). Let E be an object of Crys((X,MX)crys). We
say that E is p-torsion free if, étale locally on X, there exist a p-adic log PD-thickening
(D,MD) ∈ (X,MX)

str
crys satisfying the following conditions:

• D is Zp-flat ;
• (D,MD) covers the final object of the topos associated with (X,MX)crys;
• there exists an n + 1–fold self product (D(n),MD(n)) of (D,MD) in (X,MX)crys

for each n ≥ 0;
• ED(n) is p-torsion free for each n ≥ 0.

Let Crystf((X,MX)crys) be the full subcategory of Crys((X,MX)crys) consisting of p-
torsion free objects. Let Isoctf((X,MX)crys) denote the essential image of the natural
functor

Crystf((X,MX)crys) ↪→ Crys((X,MX)crys)→ Isoc((X,MX)crys).

We say that an isocrystal E is p-torsion free if E belongs to Isoctf((X,MX)crys) as well. Let
Isoclftf((X,MX)crys) denote the full subcategory of Isoc((X,MX)crys) consisting of locally
free and p-torsion free objects and Isocφlftf((X,MX)crys) denote the category of F -isocrystals
whose underlying isocrystals belong to Isoclftf((X,MX)crys).

Lemma 5.3.10. Suppose that we can take (D,MD) in Definition 5.3.9 such that D is
noetherian. Then every isocrystal on (X,MX) is p-torsion free.

Proof . Let E be an isocrystal on (X,MX), and take E+ ∈ Crys((X,MX)crys) with
E ∼= E+[1/p]. Then E+ corresponds to a quasi-coherentOD-moduleM := E+A equipped with
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HPD-stratification. LetM be the maximal p-torsion free quotient ofM. Since D(1) → D
is flat,M has the induced HPD-stratification (see Lemma 5.6.12 below). The OD-module
M equipped with HPD-stratification defines an object E+ ∈ Crys((X,MX)crys). Since A
is noetherian, M and M is isomorphic in the isogeny category Mod(OD)⊗ZpQp. Therefore,
we get E ∼= E+[1/p] ∼= E+[1/p]. This proves that E is p-torsion free. □

Remark 5.3.11. By the above proposition, when (X,MX) is log smooth over k, every
isocrystal on (X,MX) is p-torsion free. Indeed, a log smooth formal lift (D,MD) of
(X,MX) is enough.

5.3.2. Isocrystals and connections. In this subsection, we recall the relation be-
tween crystals and modules with integrable connections studied in [Kat89, Section 6].

Let (S,MS) be a p-adic fine noetherian Zp-flat log formal scheme with a PD-ideal I
containing p that is compatible with the natural PD-structure on (p) ⊂ Zp. Let (S,MS) be
the strict closed subscheme of (S,MS) defined by I. Consider a fine log scheme (X,MX)
over (S,MS). Suppose that there is a strict closed immersion (X,MX) ↪→ (Y,MY), where
(Y,MY) is a p-adic fine log formal scheme that is log smooth and integral over (S,MS).
Let (D,MD) be the log PD-envelope of (X,MX) ↪→ (Y,MY) and (D(n),MD(n)) be the
log PD-envelope of the diagonal map

(X,MX) ↪→ (Y,MY)×(S,MS) · · · ×(S,MS) (Y,MY)︸ ︷︷ ︸
n+1 copies of (Y,MY)

for n ≥ 1.

Construction 5.3.12. Let J denote the kernel of the surjection OD(1) ↠ OD induced
from the diagonal map (Y,MY) ↪→ (Y,MY)×(S,MS) (Y,MY). Suppose that we are given
t1, . . . , ts ∈ Γ(Y,MY) such that dlog(t1), . . . , dlog(ts) forms a basis of Ω1

(Y,MY)/(S,MS) (this
is the case étale locally on Y). By [Kat89, Proposition 6.5], there is an isomorphism of
OD-algebras

OD{ξ1, . . . , ξs}
∼→ OD(1)

given by ξi 7→ p∗1(ti)p
∗
2(ti)

−1 − 1, where OD(1) is viewed as an OD-algebra via p2 and
OD{ξ1, . . . , ξs} is the p-completed PD-polynomial ring with variables ξ1, . . . , ξs over OD.

Let F be a quasi-coherent OD-module with a HPD-stratification p∗1F
∼→ p∗2F . Then, by

cutting off the HPD-stratification on F modulo J [≥2], we obtain an integrable connection

∇ : F → F ⊗OY
Ω1

(Y,MY)/(S,MS).

We define a OS-linear map ∇ti
∂

∂ti

: F → F as follows:

∇(x) =
s∑
i=1

∇ti
∂

∂ti

(x)⊗ dlog(ti) (x ∈ F).

More generally, let ∇tni
∂n

∂tn
i

: F → F be the OS-linear map defined by

∇tni
∂n

∂tn
i

:=
n−1∏
j=0

(∇ti
∂

∂ti

− j)

for 1 ≤ i ≤ s and n ≥ 1. Then, by the proof of [Kat89, Theorem 6.2], the OS-linear map

η : F → p∗1F
∼→ p∗2F
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defined from the HPD-stratification is written as follows:

η(x) =
∑

n=(n1,...,ns)∈Ns

∇n(x)⊗ ξn (x ∈ F),

where ∇n :=
∏

1≤i≤s

∇
t
ni
i

∂ni

∂t
ni
i

, and ξn :=
∏

1≤i≤s

ξ
[ni]
i .

This procedure gives the following equivalence.

Proposition 5.3.13 (cf. [Ber74, Théorème 4.2.11],[Kat89, Theorem 6.2]). There is
a natural equivalence between the following categories:

• the category of quasi-coherent OD-modules with HPD-stratification;
• the category of quasi-coherent OD-modules with topologically quasi-nilpotent in-

tegrable connection.
Here, an integrable connection F → F ⊗OY

Ω1
(Y,MY)/(S,MS) is called topologically quasi-

nilpotent if, for some (or equivalently any) local sections t1, . . . , ts ∈ Γ(Y,MY) as in
Construction 5.3.12, x ∈ F , and 1 ≤ i ≤ s, ∇tni

∂n

∂tn
i

(x) converges to 0 when n→∞.

Definition 5.3.14. We define the following categories.
• Let StrFQCoh(D) be the category of quasi-coherent OD-modules of finite type

equipped with HPD-stratification.
• Let FQCoh∇(D) be the category of quasi-coherent OD-modules M of finite type

equipped with topologically quasi-nilpotent integrable connection.

Let E ∈ Crys((X,MX)crys). By the crystal property of E , there are isomorphisms

p∗1ED ∼= ED(1)
∼= p∗2ED,

where pi : (D(1),MD(1)) → (D,MD) is the natural projection map for i = 1, 2. This
isomorphism satisfies the cocycle condition on D(2) and gives a HPD-stratification on ED.
This construction and the equivalence in Proposition 5.3.13 gives the following proposition.

Proposition 5.3.15. There is a natural functor

Crys((X,MX)crys)→ StrFQCoh(D)(' FQCoh∇(D)).

Corollary 5.3.16. Suppose that (S,MS) = (Spf(W ),MW ) is the formal spectrum of
W equipped with the trivial log structure and I = (p). Then there are natural equivalences

Crys((X,MX)crys) ' StrFQCoh(D) ' FQCoh(D).

Proof . Since (Y,MY) is log smooth over W , the p-adic log PD-thickening (D,MD)
covers the final object of the topos associated with (X,MX)crys. Therefore, the functor in
Proposition 5.3.15 gives an equivalence. □

Next, we turn to studying isocrystals. We start with some lemmas on completions of
modules.

Lemma 5.3.17. (cf. [DLMS23, Lemma 3.24(4)]) Let A → B be a ring map from a
p-complete and p-torsion free ring A to a p-complete ring B. Let M be a finitely generated
A-module. Suppose that M [1/p] is finite projective over A[1/p]. Then there is a natural
isomorphism

M [1/p]⊗A B
∼→ (M ⊗A B)∧[1/p].
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Proof . Since M ⊗A B is a finitely generated B-module, the natural map

M ⊗A B → (M ⊗A B)∧

is surjective. It suffices to show that the induced surjection M [1/p]⊗AB → (M⊗AB)∧[1/p]
is injective.

Since M [1/p] is finite projective over A[1/p], we can take a finite free A-module N
and an injection M → N such that M [1/p] → N [1/p] admits a retract. Then the map
M ⊗A B → N ⊗A B factors as

M ⊗A B → (M ⊗A B)∧ → N ⊗A B.

Since M [1/p] → N [1/p] admits a retract, M [1/p] ⊗A B → N [1/p] ⊗A B is also injective.
Therefore, M [1/p]⊗A B → (M ⊗A B)∧[1/p] is also injective. □

Lemma 5.3.18. Let A be a p-complete and p-torsion free ring. Let M be a finitely
generated p-torsion free A-module. Suppose that M [1/p] is finite projective over A[1/p].
Then M is p-complete.

Proof . Since M is finitely generated, the natural map M → M∧ is surjective. To prove
that this map is injective, it suffices to show that M [1/p] → M∧[1/p] is an isomorphism
due to the p-torsion freeness of M . The natural map

M∧[1/p] = (lim←−
n≥1

M/pnM)[1/p]→ lim←−
n≥1

M [1/p]/pnM = (M [1/p])∧

is an isomorphism. Since the topology on M [1/p] is independent of the choice of a lat-
tice, the assumption that M [1/p] is finite projective over A[1/p] implies that we have
(M [1/p])∧ ∼= M [1/p]. Therefore, we conclude that M [1/p] ∼= M∧[1/p]. □

Definition 5.3.19. We define the following categories:
• Let StrVect(D) be the category of p-torsion free quasi-coherent OD-module M+

such that M+[1/p] is locally projective OD[1/p]-module equipped with a OD(1)-
linear isomorphism

ε : p∗1M+ ∼→ p∗2M+;

• Let StrVect(D[1/p]) be the category of locally finite projective OD[1/p]-modules
M with a OD(1) [1/p]-linear isomorphism

ε : p∗1M
∼→ p∗2M

satisfying the cocycle condition over D(2);
• Let Vect∇(D[1/p]) be the category of locally finite projective OD[1/p]-modulesM

equipped with a topologically quasi-nilpotent integrable connection

∇M :M→M⊗OY
Ω1

(Y,MY)/(S,MS).

Lemma 5.3.20. There is a natural equivalence

StrVect(D[1/p]) ∼→ Vect∇(D[1/p]).

Proof . Both of the source and the target satisfies étale descent by [Dri22, Proposi-
tion 2.6]. We may assume that every formal scheme is affine and there are sections
t1, . . . , ts ∈ Γ(Y,MY) such that dlog(t1), . . . , dlog(ts) forms a basis of Ω1

(Y,MY)/(S,MS).
Let Y = Spf(B), D = Spf(D), and D(n) = Spf(D(n)).
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An object of the source category is described as a pair (M, ε) consisting of a finite
projective D[1/p]-module M and an D(1)[1/p]-linear isomorphism

ε : M ⊗D,p1 D(1) ∼→M ⊗D,p2 D(1)

satisfying the cocycle condition over D(2). We have an exact sequence of D-modules

0→ D ⊗B Ω1
(Y,MY)/(S,MS) → D(1)/J [≥2] → D → 0.

Hence, the map M →M ⊗D D1/J [≥2] given by x 7→ ε(x⊗ 1)− x⊗ 1 defines a connection

∇M : M →M ⊗B Ω1
(Y,MY)/(S,MS).

We define a map ∇ti
∂

∂ti

: M →M by ∇M(x) =
∑s

i=1∇ti
∂

∂ti

(x)⊗ dlog(ti) for 1 ≤ i ≤ s.
Since M is finite projective over D[1/p], there is an isomorphism

M ⊗D,p2 D(1) ∼=
⊕̂

n=(n1,....ns)∈Ns

M · ξ[n]

(see Construction 5.3.12). Then, in the same way as [Ber74, Théorème 4.2.11] or [Kat89,
Theorem 6.2], we conclude that the map

M →M ⊗D,p1 D(1)
ϵ
∼→M ⊗D,p2 D(1) ∼=

⊕̂
n=(n1,....ns)∈Ns

M · ξ[n]

is described as
x 7→

∑
n=(n1,...,ns)∈Ns

∇n(x)⊗ ξ[n]

under the same notation as Construction 5.3.12. This description allows us to check that
(M,∇M) belongs to Vect∇(D[1/p]) and the functor StrVect(D[1/p]) → Vect∇(D[1/p])
given by (M, ε) 7→ (M,∇M) is an equivalence □

Lemma 5.3.21. There is a natural equivalence

StrVect(D)⊗Zp Qp
∼→ StrVect(D[1/p]),

where the source category is the isogeny category.

Proof . Both of the source and the target satisfies étale descent by [Dri22, Proposition 2.6
and Corollary 2.5]. We may assume that every formal scheme is affine and there are sections
t1, . . . , ts ∈ Γ(Y,MY) such that dlog(t1), . . . , dlog(ts) forms a basis of Ω1

(Y,MY)/(S,MS). Let
Y = Spf(B), D = Spf(D), and D(n) = Spf(D(n)).

By Lemma 5.3.17, inverting p gives the functor in the statement by Lemma 5.3.17.
Note that, for a ring A and finitely generated p-torsion free A-modules M,N , the natural
map

HomA(M,N)[1/p]→ HomA[1/p](M [1/p], N [1/p])

is an isomorphism. Since pi : D → D(1) is p-adically flat, M+⊗̂D,piD(1) is p-torsion free for
each object (M+, ε) ∈ StrVect(D). Hence, the functor in the statement is fully faithful.

We use the notation in Construction 5.3.12 and the proof of Proposition 5.3.20. Let
(M, ε) ∈ StrVect(D[1/p]). To show the essential surjectivity, it is enough to prove that
there exists a finitely generated D-submodule M+ of M that is preserved by ∇ti

∂
∂ti

for

each 1 ≤ i ≤ s. Fix a finitely generated D-submodule M+
0 of M . By the convergence
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condition, there exists an integer N ≥ 1 such that ∇n(M
+
0 ) is contained in M+

0 for every
n ∈ Ns\[0, N ]s. We put

M+ :=
∑

n∈[0,N ]s

∇n(M
+
0 ).

The formula D · ∇n(M
+
0 ) ⊂M+

0 +∇n(M
+
0 ) for each n ∈ Ns coming from the Leibniz rule

implies that M+ is a finitely generated D-submodule. The formula
∇ti

∂
∂ti

◦ ∇n = ∇(n1,...,ni+1,...,ns) + ni∇n (n ∈ Ns, 1 ≤ i ≤ s)

implies that M+ is preserved by ∇ti
∂

∂ti

for any 1 ≤ i ≤ s. Then the essential surjectivity
follows. □

Proposition 5.3.22. There is a natural functor
Isoclf((X,MX)crys)→ StrVect(D[1/p])(' Vect∇(D[1/p])).

Proof . This can be defined in the same way as Proposition 5.3.15. □
Proposition 5.3.23. Suppose that (S,MS) is Spf(W ) equipped with the trivial log

structure and I = (p). Then there are natural equivalences

Isoclftf((X,MX)crys) ' StrVect(D[1/p]) ' Vect∇(D[1/p]).
In particular, when (X,MX) is log smooth over k, there are natural equivalences

Isoclf((X,MX)crys) ' StrVect(D[1/p]) ' Vect∇(D[1/p]).
Proof . Since the latter assertion follows from the former and Remark 5.3.11, it is enough
to prove the former one. The restriction of the functor in Proposition 5.3.22 gives a functor
(5.3.1) evD : Isoclftf((X,MX)crys)→ StrVect(D[1/p]).
We consider the inverse direction. Corollary 5.3.16 gives a fully faithful functor

StrVect(D)→ Crystf((X,MX)crys).

By passing to isogeny categories, we obtain a fully faithful functor
StrVect(D)⊗Zp Qp → Isoclftf((X,MX)crys).

Taking the composition with the equivalence in Lemma 5.3.21 gives a fully faithful functor
(5.3.2) StrVect(D[1/p])→ Isoclftf((X,MX)crys).

The composite
StrVect(D[1/p])→ Isoclftf((X,MX)crys)→ StrVect(D[1/p])

is naturally isomorphic to the identity functor by definition. Hence, in order to show
that functors (5.3.1) and (5.3.2) are inverse to each other, it suffices to verify that the
functor (5.3.1) is fully faithful. Let E+1 , E+2 ∈ Crystf((X,MX)crys) with E+1 [1/p] and E+2 [1/p]
being locally free. Take a p-adic log PD-thickening (D2,MD2) ∈ (X,MX)crys satisfying
conditions in Definition 5.3.9 for a torsion free crystalline crystal E+2 . We can define a
category StrVect(D2[1/p]) and a functor evD2 in a similar way to StrVect(D[1/p]) and evD,
and there is the following commutative diagram:

Isoclftf((X,MX)crys)
evD //

evD2 **TTT
TTTT

TTTT
TTTT

StrVect(D[1/p])
∼
��

StrVect(D2[1/p]).
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Here, the right vertical equivalence is defined from the fact that both of (D,MD) and
(D2,MD2) cover the final object of the topos associated with (X,MX)crys. The natural
map

HomIsoc((X,MX)crys)(E+1 [1/p], E+2 [1/p])→ HomStrVect(D2[1/p])(evD2(E+1 [1/p]), evD2(E+2 [1/p]))

is an isomorphism because of the following general claim: for a ring A, a finitely generated
A-module M , and a p-torsion free A-module N , the natural map

HomA(M,N)[1/p]→ HomA[1/p](M [1/p], N [1/p])

is an isomorphism. Therefore the natural map

HomIsoc((X,MX)crys)(E+1 [1/p], E+2 [1/p])→ HomStrVect(D[1/p])(evD(E+1 [1/p]), evD(E+2 [1/p]))

is also an isomorphism. This proves the fully faithfulness of the functor (5.3.1). □
Remark 5.3.24. Under the assumption of Proposition 5.3.23, we have functors

Isoclf((X,MX)crys)→ StrVect(D[1/p])

given in Proposition 5.3.22 and

StrVect(D[1/p])→ Isoclf((X,MX)crys)

given in Proposition 5.3.23 (or its proof). Although the composition

StrVect(D[1/p])→ Isoclf((X,MX)crys)→ StrVect(D[1/p])

is isomorphic to the identity functor, we do not know whether the composition

Isoclf((X,MX)crys)→ StrVect(D[1/p])→ Isoclf((X,MX)crys)

is isomorphic to the identity functor. In particular, we do not know whether the category
Isoclf((X,MX)crys) is indeed larger than Isoclftf((X,MX)crys).

Definition 5.3.25. Let (X,MX) be an fs log smooth log adic space over K.
We have the sheaf of differentials Ω1

(X,MX)/K defined in [DLLZ23b, Definition 3.3.6].
Let MIC(X,MX) denote the category of vector bundles with integrable connection on
(X,MX).

Proposition 5.3.26. Let MOK
be a log structure on Spf(OK) which is either

of the trivial log structure or the log structure associated with the prelog structure
OK\{0} ↪→ OK . Let (X,MX) be a log smooth log formal scheme over (Spf(OK),MOK

)
and (Xp=0,MXp=0) be the mod-p fiber of (X,MX). Then there exists a natural functor

Isoclftf((Xp=0,MXp=0)crys)→ MIC((X,MX)η) (E 7→ (E := E(X,MX),∇E)),

where E(X,MX) is the vector bundle on Xη obtained as the evaluation of E at the p-adic log
PD-thickening (X0,X,MX). Moreover, when OK = W and MW is trivial, this functor is
fully faithful.

Proof . When (X,MX) = (Spf(R),MR) is affine, MIC((X,MX)η) is equivalent to the
category of finite projective R[1/p]-modules M equipped with an integrable connection

M →M ⊗R Ω1
(R,MR)/(OK ,MOK

),

which include Vect∇(R[1/p]) as a full subcategory. Hence, the assertion follows from Propo-
sition 5.3.22 and Proposition 5.3.23. □
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Definition 5.3.27 (Filtered isocrystals). Let (X,MX) be a semi-stable log formal
scheme over OK . Consider a pair (E ,Fil•(E)) consisting of E ∈ Isocφlftf((Xp=0,MXp=0)crys)
and a descending filtration Fil•(E) on E, where (E,∇E) is the object of MIC((X,MX)η)
obtained via the functor in the Proposition 5.3.26. We say that (E ,Fil•(E)) is a filtered
F -isocrystal on (X,MX) if the following conditions are satisfied:

• Fil•(E) is a separated and exhausted filtration with locally free grading pieces;
• the triple (E,∇E,Fil

•(E)) satisfies the Griffiths transversality.

5.3.3. F -isocrystals and monodromy operators. Let k be a perfect field of char-
acteristic p > 0. Let W := W (k) be the Witt ring of k. Let (X,MX) = (Spec(R),MR) be
a fine log scheme over k admitting a strict étale map (X,MX)→ (Spec(k[P ]), P )a, where
P is an fs monoid such that the order of the torsion part of P gp is prime to p.

The goal of this subsection is to describe F -isocrystals on (X,MX⊕0N)a as F -isocrystals
on (X,MX) equipped with monodromy operators (Proposition 5.3.36). We follows the
argument in [GY24, §2].

Take a strict closed immersion

(X,MX) ↪→ (Spf(B),MB),

where (Spf(B),MB) is a fine log smooth log formal scheme over W equipped with a
Frobenius lift ϕB. Let (Spf(D),MD) be its p-completed log PD-envelope. Let D{u} be the
p-completed PD-polynomial ring over D with a single variable u. LetMB〈u〉 := (MB⊕uN)a
be the log structure on Spf(B〈u〉) and MD{u} be the pullback log structure of MB〈u〉 to
Spf(D{u}). Then (Spf(D{u}),MD{u}) is the p-completed log PD-envelope of the strict
closed immersion

(X,MX ⊕ 0N)a ↪→ (Spf(B〈u〉),MB〈u〉)

given by u 7→ 0. Let ϕB〈u〉 denote the Frobenius lift on (Spf(B〈u〉),MB〈u〉) induced from
ϕB and u 7→ up. Let ϕD and ϕD{u} be induced Frobenius lifts on respective log formal
schemes.

Definition 5.3.28. We define the following categories.

• Let Vectφ,∇(D[1/p]) be the category of tuples (M,ϕM ,∇M) consisting of an object
(M,∇M) of Vect∇(Spf(D)[1/p]) and aD[1/p]-linear isomorphism ϕM : ϕ∗

DM
∼→M

such that ϕM is horizontal with respect to ∇M .
• Let Vectφ,∇(D{u}[1/p]) be the category of tuples (M,ϕM ,∇M) consisting of an

object (M,∇M) of Vect∇(Spf(D{u})[1/p]) and a D{u}[1/p]-linear isomorphism
ϕM : ϕ∗

D{u}M
∼→M such that ϕM is horizontal with respect to ∇M .

• Let Vectφ,∇,N(D[1/p]) be the category of tuples (M,ϕM ,∇M , NM) consisting of
an object (M,ϕM ,∇M) of Vectφ,∇(D[1/p]) and a D[1/p]-linear endomorphism
NM : M →M such that the following conditions are satisfied:

– NM is horizontal with respect to ∇M ;
– NMϕM = pϕM(Nφ∗

DM
), where Nφ∗

DM
: ϕ∗

DM → ϕ∗
DM is the base change of

NM along ϕD.

Construction 5.3.29. We define a functor

Vectφ,∇(D{u}[1/p])→ Vectφ,∇,N(D[1/p]) ((M,ϕM ,∇M) 7→ (M0, ϕM0 ,∇M0 , NM0))
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as follows. Let J : Ker(D{u}[1/p]
u 7→0↠ D[1/p]). Let M0 := M/JM and ϕM0 is the induced

map from ϕM . Since there is a decomposition
Ω1

(B〈u〉,MB⟨u⟩)/W
∼= (Ω1

(B,MB)/W ⊗B B〈u〉)⊕ (Ω1
(W 〈u〉,uN)a/W ⊗W 〈u〉 B〈u〉)

∼= (Ω1
(B,MB)/W ⊗B B〈u〉)⊕ B〈u〉 · dlog(u),

the connection ∇M induces maps
M ↠M ⊗B Ω1

(B,MB)/W

M ↠M ⊗W 〈u〉 Ω
1
(W 〈u〉,uN)a/W

by taking the composition with natural projection maps. These are denoted by ∇hol
M and

NM , respectively. By Leibniz rule, we have ∇M(JM) ⊂ J · M ⊗B〈u〉 Ω
1
(B〈u〉,MB⟨u⟩)/W

.
We define ∇M0 and NM0 as the mod-J reduction of ∇hol

M and NM , respectively. To
check that (M0, ϕM0 ,∇M0 , NM0) is indeed an object of Vectφ,∇,N(D[1/p]), it is enough
to show that NM0ϕM0 = pϕM0(Nφ∗

DM0). This is because the fact that ϕM is horizontal and
ϕD{u}(dlog(u)) = p · dlog(u) implies that NMϕM = pϕM(Nφ∗

D{u}M
).

Definition 5.3.30. Let Isocφ,Nlf ((X,MX)crys) denote the category of triples (E , ϕE , NE)
such that (E , ϕE) is a locally free F -isocrystal on (X,MX) and NE : (E , ϕE) → (E , pϕE) is
a map of F -isocrystals.

Lemma 5.3.31. For every (E , ϕE , NE) ∈ Isocφ,Nlf ((X,MX)crys), the endomorphism NE
is nilpotent.

Proof . Let U be the biggest open subset of X where the log structure MX is trivial.
Concretely, we can write U = X ×Spec(k[P ]) Spec(k[P

gp]). By [GY24, Proposition 2.14],
NE |U is nilpotent. Take a formal log smooth lift (X,MX) of (X,MX) over W and U be the
open subset of X corresponding to U ⊂ X. There is the following commutative diagram:

Isoc((X,MX)crys) //

��

MIC((X,MX)η)

��
Isoc(Ucrys) // MIC(Uη).

Since U is dense in X and X is reduced, the restriction functor
Vect(Xη)→ Vect(Uη)

is faithful. In particular, the right vertical functor in the diagram is also faithful. By
Proposition 5.3.26, both horizontal functors are fully faithful. Therefore, the left vertical
functor is faithful, and so NE is also nilpotent. □

Construction 5.3.32. By Proposition 5.3.23, there are natural equivalences

Isocφ,Nlf ((X,MX)crys) ' Vectφ,∇,N(D[1/p])

Isocφlftf((X,MX ⊕ 0N)acrys) ' Vectφ,∇(D{u}[1/p])
Combining with the functor constructed in Construction 5.3.29, we obtain a functor

Isocφlftf((X,MX ⊕ 0N)acrys)→ Isocφ,Nlf ((X,MX)crys),

denoted by Res. The functor Res is independent of the choice of an embedding (X,MX) ↪→
(Spf(B),MB) because, if we are given two such embeddings, they are dominated by a
common embedding (for example, the exactification of their product).
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Remark 5.3.33. We define a forgetting functor

U : Isoclftf((X,MX ⊕ 0N)acrys)→ Isoclf((X,MX)crys)

by U(E)(T,MT ) := E((T,MT ⊕ 0N)a) for each E ∈ Isoc((X,MX ⊕ 0N)acrys) and (T,MT ) ∈
(X,MX)crys. Also, we can consider a similar functor for the category of F -isocrystals.

Let E be an object of Isocφlftf((X,MX⊕0N)acrys). By construction of the functor Res, the
D[1/p]-module with an Frobenius isomorphism Res(E)D is isomorphic to ED{u} ⊗D{u} D,
which is isomorphic to E(D,MD⊕0N)a by the crystal property of E for the map of p-adic log
PD-thickenings (D{u},MD{u})→ (D,MD⊕0N)a given by u 7→ 0. Therefore, the following
triangle is commutative:

Isocφlf((X,MX ⊕ 0N)acrys)
Res //

U **UUU
UUUU

UUUU
UUUU

UU
Isocφ,Nlf ((X,MX)crys)

��
Isocφlf((X,MX)crys).

Here, the right vertical arrow is the functor forgetting N .

Lemma 5.3.34. Let A,A0 be p-complete and p-torsion free rings equipped with Frobe-
nius lifts ϕA and ϕA0 , respectively. Suppose that we are given a surjection A↠ A0 and its
section A0 → A that are compatible with Frobenius lifts. We assume that the following
condition holds:

• if we set I := Ker(A↠ A0), for an arbitrary integer n ≥ 1, there exists an integer
m ≥ 1 such that ϕmA (J) ⊂ pnA.

Let Vectφ(A[1/p]) (resp. Vectφ(A0[1/p])) be the category of finite projective A[1/p]-
modules (resp. A0-modules) M equipped with A[1/p]-linear isomorphism ϕM : ϕ∗

AM
∼→M

(resp. A0[1/p]-linear isomorphism A0-linear isomorphism ϕ∗
A0
M → M). Then the base

change functor
Vectφ(A[1/p])→ Vectφ(A0[1/p])

along A↠ A0 is an equivalence, and the inverse of this functor is given by

(M,ϕM) 7→ (M ⊗A0 A,ϕM ⊗ ϕA).

Proof . This follows from the same argument as [GY24, Theorem 2.21]. □

Lemma 5.3.35. The functor Vectφ,∇(D{u}[1/p]) → Vectφ,∇,N(D[1/p]) constructed
in Construction 5.3.29 is an equivalence, and the inverse sends (M,ϕM ,∇M , NM) to a
D{u}[1/p]-module M ′ :=M⊗̂WW{u} equipped with additional structures

(ϕM ′ ,∇M ′) := (ϕM ⊗ ϕW{u},∇M ⊗ idW{u} ⊕ (NM ⊗ idW{u} + idM ⊗NW{u}) · dlog(u)),

where we used the identification

M ′ ⊗B〈u〉 Ω
1
(B〈u〉,MB⟨u⟩)/W

∼= (M ′ ⊗B Ω1
(B,MB)/W )⊕M ′ · dlog(u).

Proof . First, we check that (M ′, ϕM ′ ,∇M ′) defined in the assertion indeed belongs to
Vectφ,∇(D{u}[1/p]). The fact that ϕM is horizontal and the equationsNMϕM = pϕMNφ∗

DM

and NW{u}ϕW{u} = pϕW{u}NW{u} imply that ϕM ′ is horizontal. To check the topologically
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quasi-nilpotence of ∇M ′ , it suffices to prove that, for x⊗ u[n] ∈M ′, the element

(
m∏
j=0

(NM ⊗ idW{u} + idM ⊗NW{u} − j))(x⊗ u[n])

=(
m∏
j=0

(NM ⊗ idW{u} + (n− j)))(x⊗ u[n])

converges to 0 when m → ∞. By Lemma 5.3.31, NM is nilpotent. Take r ∈ N such that
N r+1
M = 0. Then the above element is written as a Z-linear combination of x⊗u[n], NM(x)⊗

u[n], . . . , N r
M(x) ⊗ u[n], and their coefficients converges to 0 in the p-adic topology. This

proves that (M ′, ϕM ′ ,∇M ′) belongs Vectφ,∇(D{u}[1/p]). It follows from Lemma 5.3.34
and the same argument as [GY24, Corollary 2.23] that the functor Vectφ,∇,N(D[1/p]) →
Vectφ,∇(D{u}[1/p]) defined in the assertion is indeed the inverse. □

Proposition 5.3.36. The functor

Res: Isocφlftf((X,MX ⊕ 0N)acrys)→ Isocφ,Nlf ((X,MX)crys)

is an equivalence.

Proof . This follows from the construction of the functor Res and Lemma 5.3.35. □

Corollary 5.3.37. The functor Isocφlf((X,MX)crys) → Isocφlftf((X,MX ⊕ 0N)acrys) de-
fined as the pullback along the natural map (X,MX ⊕ 0N)a → (X,MX) is fully faithful,
and the essential image of the functor

Isocφlf((X,MX)crys)→ Isocφlftf((X,MX ⊕ 0N)acrys)
Res
∼→ Isocφ,Nlf ((X,MX)crys)

consists of objects with NE = 0.

Proof . We can directly check that there is a commutative diagram

Isocφlf((X,MX)crys) //

∼
��

Isocφlftf((X,MX ⊕ 0N)acrys)

∼
��

Vectφ,∇(D[1/p]) // Vectφ,∇(D{u}[1/p]),

where the bottom horizontal functor sends (M,ϕM ,∇M) to

(M⊗̂WW{u}, ϕM ⊗ ϕW{u},∇M ⊗ idW{u} ⊕ (idM ⊗NW{u}) · dlog(u)).

Then the assertion follows from Proposition 5.3.36. □

5.4. Local systems on log adic spaces

Let k be a perfect field, W := W (k) the Witt ring of k, K a totally ramified finite
extension of K0 := W [1/p], and OK a valuation ring of K. Let C be the completion of an
algebraic closure of K and OC be the valuation ring of C. Fix a compatible system of pn-th
power roots of unity for n ≥ 1 denoted by (ζp, ζp2 , . . . ) and let ε := (1, ζp, ζp2 , . . . ) ∈ O♭C .

In this section, let (X,MX) be a locally noetherian fs log adic space over Spa(K,OK)
([DLLZ23b]).
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5.4.1. Horizontal period sheaves on log adic spaces. We start with the definition
of various period sheaves on log adic spaces.

Definition 5.4.1. Let S be a p-torsion free integral perfectoid OC-algebra and S♭ :=
lim←−
x7→xp

S/p be the tilt of S.

• Set Ainf(S) := W (S♭). The natural surjection Ainf(S) ↠ S♭ ↠ S/p uniquely lifts
to a surjection θ : Ainf(S) ↠ S, and the ideal Ker(θ) is generated by a regular
element. Let ϕAinf (S) be the Witt vector Frobenius map. Let q := [ε] ∈ Ainf(OC)
and µ := q − 1 ∈ Ainf(OC).
• Set Binf(S) := Ainf(S)[1/p]. Let ϕBinf (S) be the induced ring map from ϕAinf (S).
• Let B+

dR(S) be the Ker(θ)-adic completion of Binf(S) equipped with the Ker(θ)-
adic filtration Fil•(B+

dR(S)). We put

t := log(q) :=
∑
n≥1

(−1)n+1µ
n

n
∈ B+

dR(OC).

• Set
BdR(S) := B+

dR(S)[1/ξ] = B+
dR(S)[1/µ] = B+

dR(S)[1/t]

and Fil•(BdR(S)) be the filtration defined by Filn(BdR(S)) := ξnB+
dR(S) for n ∈ Z.

• Let A0
crys(S) := Ainf(S)[{ξ[n]}n≥1] be the PD-envelope of the surjection θ equipped

with the filtration Fil•(A0
crys(S)) whose n-th filtration is the ideal generated by ξ[i]

for i ≥ n, where ξ is a generator of Ker(θ) ⊂ Ainf(S). The ring map A0
crys(S) →

A0
crys(S) induced from ϕAinf (S) is denoted by ϕA0

crys(S)
.

• Let Acrys(S) denote the p-completion of A0
crys(S) with the filtration Fil•(Acrys(S))

whose n-th filtration is the closure of Filn(A0
crys(S)). In the same way as [TT19,

Proposition 2.23], a natural map Acrys(S) → B+
dR(S) is defined, and this map is

injective by [CK19, Proposition 5.36] (see also Lemma 5.4.13). We put

t := log(q) :=
∑
n≥1

(−1)n+1(n− 1)!µ[n] ∈ Acrys(OC).

This definition is compatible with the one defined in B+
dR(S) via the above embed-

ding. Let ϕAcrys(S) denote the Frobenius lift on Acrys(S) induced from ϕA0
crys(S)

.
• Set B+

crys(S) := Acrys(S)[1/p] and let Fil•(B+
crys(S)) be the induced filtration. Let

ϕB+
crys(S)

the ring map B+
crys(S)→ B+

crys(S) induced from ϕAcrys(S).
• Set

Bcrys(S) := B+
crys(S)[1/t] = B+

crys(S)[1/µ] = Acrys(S)[1/µ]

let Fil•(Bcrys(S)) be the filtration defined by

Filn(Bcrys(S)) :=
∑
i∈Z

t−iFili+n(B+
crys(S))

for n ∈ Z. Let ϕBcrys(S) the ring map Bcrys(S)→ Bcrys(S) induced from ϕB+
crys(S)

.
• LetMAinf (S) be the log structure on Spf(Ainf(S)) associated with a prelog structure
O♭C\{0} → Ainf(S) given by x 7→ [x] andMS be the pullback structure on Spf(S)

of it along θ : Ainf(S) ↠ S. We define (Spf(Âst(S)),MÂst(S)
) as the p-completed

log PD-envelope of the closed immersion

(Spf(S),MS) ↪→ (Spf(Ainf(S)⊗̂WW 〈u〉),MAinf (S) ⊕ u
N)a
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defined by θ and u 7→ p. Explicitly, we can define an isomorphism

Âst(S) ∼= Acrys(S){v} ⊂ B+
dR(S)[[v]]

sending v to u
[p♭]
− 1 by choosing p♭ = (p, p1/p, . . . ) ∈ O♭C , where Acrys(S){v} is the

p-completed PD-polynomial ring with a single variable v over Acrys(S).
We define a monodromy operator NÂst(S)

: Âst(S) → Âst(S) as follows. The
Acrys(S)-linear map Acrys(S){v} → Acrys(S){v} defined by f(v) 7→ (v + 1)f ′(v)

induces the Acrys(S)-linear map Âst(S) → Âst(S), denoted by NÂst(S)
, via the

above isomorphism. We can easily check that NÂst(S)
is independent of the choice

of p♭. The Acrys(S)-subalgebra Acrys(S)[log(
u
[p♭]

)] of Âst(S)(S) is the subset of
nilpotent elements for NÂst(S)

as checked inductively.
The Frobenius lift ϕAinf (S) induces a Frobenius lift on (Spf(Ainf(S)),MAinf (S)),

and we define a Frobenius lift ϕW{u} on (Spf(W{u}), uN)a by u 7→ up. Then
ϕAinf (S) and ϕW{u} induces a Frobenius lift on (Spf(Âst(S)),MÂst(S)

), denoted by
ϕÂst(S)

. The underlying ring map Âst(S)→ Âst(S) is also denoted by ϕÂst(S)
.

• Set B̂+
st(S) := Âst(S)[1/p]. Let NB̂+

st(S)
: B̂+

st(S) → B̂+
st(S) be the monodromy

operator induced from NÂst(S)
. Let ϕB̂+

st(S)
: B̂+

st(S) → B̂+
st(S) be the Frobenius

structure induced from ϕÂst(S)
.

• Set B̂st(S) := B̂+
st(S)[1/t]. Let NB̂st(S)

: B̂st(S)→ B̂st(S) be the monodromy opera-
tor induced from NB̂+

st(S)
. Let ϕB̂st(S)

: B̂st(S)→ B̂st(S) be the Frobenius structure
induced from ϕB̂+

st(S)
.

• Let Ast(S) := Acrys(S)[log(
p

[p♭]
)] be the Acrys(S)-subalgebra of B+

dR(S) gener-
ated by log( p

[p♭]
). This is independent of the choice of p♭ because log( p

[ϵp♭]
) =

log( p
[p♭]

) − log([ε]) and log([ε]) ∈ Acrys(S). By [Shi22, Corollary 2.28], log( p
[p♭]

)

is transcendental over Acrys(S). Let NAst(S) : Ast(S) → Ast(S) be the mon-
odromy operator defined as the Acrys(S)-linear map Ast(S) → Ast(S) given by
(log( p

[p♭]
))n 7→ n(log( p

[p♭]
))n−1 for each n ≥ 1. Let ϕAst(S) : Ast(S) → Ast(S) be

the ring map induced from ϕAcrys(S) and log( p
[p♭]

) 7→ plog( p
[p♭]

). The maps NAst(S)

and ϕAcrys(S) are independent of a choice of p♭. The map of Acrys(S)-algebras
Ast(S) → Âst(S) mapping log( p

[p♭]
) to log( u

[p♭]
) is an injective map which is inde-

pendent of a choice of p♭. This injection is compatible with Frobenius structures
and monodromy operators and identifies Ast(S) with the subset of Âst(S) consist-
ing of all nilpotent elements for NÂst(S)

.
• Set B+

st(S) := Ast[1/p]. Let NB+
st(S)

: B+
st(S)→ B+

st(S) be the monodromy operator
induced from NAst(S), and let ϕB+

st(S)
: B+

st(S)→ B+
st(S) be the Frobenius structure

induced from ϕAst(S).
• Set Bst(S) := B+

st(S)[1/t]. Let NBst(S) : Bst(S) → Bst(S) be the monodromy op-
erator induced from NB+

st(S)
, and let ϕBst(S) : Bst(S) → Bst(S) be the Frobenius

structure induced from ϕB+
st(S)

. .

Let (X,MX)prokét be the pro-Kummer-étale site of (X,MX) ([DLLZ23b, Definition
5.1.2]) and (Ô, Ô+) be completed structure sheaves ([DLLZ23b, Definition 5.4.1]). For
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a log affinoid perfectoid U with the associated affinoid perfectoid space Û = Spa(S, S+)
([DLLZ23b, Definition 5.3.1 and Remark 5.3.5]), there exists a natural morphism of sites

(Spa(S, S+))proét → (X,MX)prokét/U

inducing an equivalence of the associated topoi ([DLLZ23b, Lemma 5.3.8]). The log
affinoid perfectoid objects form a basis of (X,MX)prokét by [DLLZ23b, Proposition 5.3.12].

Lemma 5.4.2. Let (X,MX) be a locally noetherian fs log adic space over Spa(K,OK)
and B ∈ {Ainf , Binf , Bst, B̂st} (resp. B ∈ {B+

dR, BdR, Bcrys}). Then

U 7→ (B(S+)) (resp. (B(S+),Fil•(B(S+))))

defines a sheaf (resp. filtered sheaf) on (X,MX)prokét, where U is a log affinoid perfectoid
in (X,MX)C,prokét and Û = Spa(S, S+) is the associated affinoid perfectoid space (in the
sense of [DLLZ23b, Definition 5.3.1 and Remark 5.3.5]).

Proof . For the case that B = Ainf , Binf , B
+
dR, BdR, see [DLLZ23a, Proposition 2.2.4 (1)].

For the case that B = Bcrys, B̂st, the same argument as the proof of [TT19, Corollary
2.8 (2)] works. In their proof, [Sch13, Lemma 4.10] is used as a key input, which we replace
with [DLLZ23b, Theorem 5.4.3]. In the case that B = Bst(S), the assertion follows from
the result for Bcrys(S) □

Definition 5.4.3. The (filtered) sheaves defined in the above lemma are denoted by
Ainf , Binf , B+

dR, BdR, Bcrys, Bst,B̂st respectively.

5.4.2. Period sheaves with connections for semi-stable log formal schemes.
Let (X,MX) be a semi-stable log formal scheme over OK .

Definition 5.4.4. Let U be a log affinoid perfectoid in (X,MX)η,prokét with the associ-
ated affinoid perfectoid space Û := Spa(S, S+). We say that U is big (with respect to the
formal model (X,MX)) if U → (X,MX)η factors as

U → (Spf(R̃∞,α),MR̃∞,α
)η → (Spf(R),MR)η → (X,MX)η,

where (Spf(R),MR) is a small affine log formal scheme with a fixed framing and the
morphism (Spf(R),MR) → (X,MX) is strict étale. In this situation, we define a log
structure on MS+ as the pullback log structure of MR̃∞,α

by Spf(S+) → Spf(R̃∞,α).
This is independent of the choice of the above factorization. To check this, take another
factorization

U → (Spf(R̃′∞,α′),M
R̃′

∞,α′
)η → (Spf(R′),MR′)η → (X,MX)η,

and set
(V,MV) := (Spf(R̃∞,α),MR̃∞,α

)×sat
(X,MX)

(Spf(R̃′∞,α′),M
R̃′

∞,α′
).

We have the induced map

U → (Spf(R̃∞,α),MR̃∞,α
)η ×sat

(X,MX)η
(Spf(R̃′∞,α′),M

R̃′
∞,α′

)η ∼= (V,MV)η,

and so the natural map Spf(S+) → X factors through V. Since both of two projection
maps from (V,MV) are strict by Lemma 6.A.2, the log structure MS+ is independent of
the choice of a factorization.
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By Lemma 5.A.5,MS+ lifts uniquely to a log structureMAinf (S+) on Spf(Ainf(S
+)), and

MAinf (S+) is isomorphic to the associated log structure with the prelog ring Q≥0 → Ainf(S
+)

defined by

sei 7→

{
[(ysi )

♭] (1 ≤ i ≤ m)

[(zsi−m)
♭] (m+ 1 ≤ i ≤ r)

for s ∈ Q≥0. Let MAcrys(S+) denote the log structure on Spf(Acrys(S
+)) obtained as the

pullback of MAinf (S+). We define a log PD-thickening (Acrys,K(S
+) ↠ S+/p,MAcrys,K(S+))

in (X0,MX0)crys as the p-adic log PD-envelope of the closed immersion

(Spec(S+/p),MS+/p) ↪→ (Spf(Acrys(S
+)⊗W OK), (MAcrys(S+) ⊕MOK

)a),

where MS+/p is the restriction of MS+ . When (X,MX) is horizontally semi-stable (resp.
vertically semi-stable), we have the explicit description

Acrys,K(S
+) = (Acrys(S

+)⊗W OK)[{
([π♭]− π)n

n!
}n≥1]

∧
p

(resp. Acrys,K(S
+) = (Acrys(S

+)⊗W OK)[{
(([π♭]/π)− 1)n

n!
}n≥1]

∧
p ).

Hence, we can define a natural map

Acrys,K(S
+)→ B+

dR(S
+)

in the same way as the map Acrys(S
+)→ B+

dR(S
+).

De Rham period sheaves with connections on log adic spaces are introduced in
[DLLZ23a] and denoted by OB+

dR,log there. These objects are regarded as the log ver-
sion of de Rham period sheaves defined in [Sch13].

We give another construction of OB+
dR,log which is similar to the definition in [Sch16]

under the setting that a formal model is fixed. Our construction is used in Proposition
5.4.19 afterward.

Construction 5.4.5. Let U be a big log affinoid perfectoid in (X,MX)η,prokét with
the associated affinoid perfectoid space Û = Spa(S, S+). Choose a factorization U →
(Spf(R),MR)η → (X,MX)η, where (Spf(R),MR)→ (X,MX) is strict étale. The natural
surjection θ : Ainf(S

+) ↠ S+ induces a closed immersion

(Spf(S+),MS+) ↪→ (Spf(R⊗̂WAinf(S
+)),MR ⊕MAinf (S+))

a.

Let (Spf(OAinf(U)),MOAinf (U)) be its exactification. The surjection OAinf(U)[1/p] ↠ S
is also denoted by θ. Let OB+

dR(U) be the Ker(θ)-adic completion of OAinf(U)[1/p].
Then OB+

dR(U) is independent of the choice of (Spf(R),MR). We have an induced
map θ : OB+

dR(U) ↠ S and define a filtration Fil•(OB+
dR(U)) as the Ker(θ)-adic filtra-

tion. Let (OB+
dR,Fil

•(OB+
dR)) be the filtered sheaf associated with the presheaf given by

U 7→ (OB+
dR(U),Fil

•(OB+
dR(U))).

We define a connection

∇OB+
dR
: OB+

dR → OB
+
dR ⊗OXη

Ω1
(X,MX)η/K

as a unique B+
dR-linear continuous connection extending the derivation OXη → Ω1

(X,MX)η/K

such that
∇OB+

dR
(m/m′) = (m/m′)⊗ dlog(m)
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for sections m ∈ Γ(X,MX) and m′ ∈ Γ(Spf(Ainf(S
+)),MAinf (S+)) with the common image

in Γ(Spf(S+),MS+). By the Leibniz rule, we have

∇OB+
dR
(Filn(OB+

dR)) ⊂ Filn−1(OB+
dR)⊗OXη

Ω1
(X,MX)η/K

for n ≥ 1.
Suppose that (X,MX) = (Spf(R),MR) is small affine log formal scheme over OK with

a fixed framing and that there is a factorization U → Ũ∞,α → (X,MX)η. Then we have an
isomorphism OAinf(U) ∼= (R⊗̂WAinf(S

+))[{([y♭j]/yj)±1}, {([z♭k]/zk)±1}]∧(p,ξ). The connection

∇OB+
dR(U) : OB

+
dR(U)→ OB

+
dR(U)⊗R[1/p] Ω

1
(X,MX)η/K

is characterized as a unique B+
dR(S

+)-linear continuous connection extending the derivation
R[1/p]→ Ω1

(X,MX)η/K
such that

∇OB+
dR(U)(yj/[y

♭
j]) = (yj/[y

♭
j])⊗ dlog(yj), ∇OB+

dR(U)(zk/[z
♭
k]) = (zk/[z

♭
k])⊗ dlog(zk)

for each j, k.
Consider the sheaf OB+

dR[1/t] equipped with a filtration defined by

Filn(OB+
dR[1/t]) :=

∑
m≥0

tn−mFilm(OB+
dR)

for n ∈ Z. Let OBdR denote the completion of OBdR[1/t] with respect to the filtration.
We define a filtration on OBdR by

Filn(OBdR) := lim←−
m≥0

Filn(OB+
dR[1/t])/Fil

n+m(OB+
dR[1/t])

for n ∈ Z. The connection ∇OB+
dR

induces a connection

∇OBdR
: OBdR → OBdR ⊗OXη

Ω1
(X,MX)η/K

satisfying ∇OBdR
(Filn(OBdR)) ⊂ Filn−1(OBdR) for n ∈ Z.

We shall give a local description of OB+
dR. Suppose that (X,MX) = (Spf(R),MR)

is small affine log formal scheme over OK with a fixed framing. Consider a surjection
θ : B+

dR[X1, . . . , Xs] ↠ O♭ induced from the natural surjection θ : B+
dR ↠ O♭ and Xi 7→ 1.

Let B+
dR[[X1 − 1, . . . , Xs − 1]] be the Ker(θ)-adic completion of B+

dR[X1, . . . , Xs]. We have
the induced surjection B+

dR[[X1 − 1, . . . , Xs − 1]] ↠ O♭, which is also denoted by θ. Let
Fil•(B+

dR[[X1 − 1, . . . , Xs − 1]]) be the Ker(θ)-adic filtration of B+
dR[X1, . . . , Xs].

Lemma 5.4.6. Let (X,MX) = (Spf(R),MR) be a small affine log formal scheme over
OK with a fixed framing. Then there is an isomorphism of B+

dR-algebras

OB+
dR|Ũ∞,α

∼= B+
dR[[X1 − 1, . . . , Xs − 1]]|Ũ∞,α

that is compatible with filtrations.

Proof . We follow the argument of [Sch16]. Define a map of B+
dR|Ũ∞,α

-algebras

B+
dR[[X1 − 1, . . . , Xs − 1]]|Ũ∞,α

→ OB+
dR|Ũ∞,α

sending Xi to ti/[t
♭
i] for each i. We shall construct the inverse map. Let U be a log

affinoid perfectoid over Ũ∞,α with the associated affinoid perfectoid space Û = Spa(S, S+).
Consider a map of OK-algebras R0 → B+

dR(S
+)[[X1 − 1, . . . , Xs − 1]] given by

xi 7→ [x♭i]Xi (1 ≤ i ≤ l), yj 7→ [y♭j]Xl+j (1 ≤ j ≤ m)
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zk 7→

{
[z♭k]Xl+m+k (1 ≤ k ≤ n− 1)

π · (
∏n−1

k=1 [z
♭
k]Xl+m+k)

−1 (k = n).

Since R0 → R is étale, there exists a unique map R → B+
dR(S

+)[[X1 − 1, . . . , Xs − 1]]
commuting the following diagram:

R0

��

// B+
dR(S

+)[[X1 − 1, . . . , Xs − 1]]

θ����
R //

55

S.

This map and the natural map Ainf(S
+)→ B+

dR(S
+)[[X1− 1, . . . , Xs− 1]] induce a desired

map OB+
dR|Ũ∞,α

→ B+
dR[[X1 − 1, . . . , Xs − 1]]|Ũ∞,α

.
It is enough to show that the map constructed above is indeed an inverse map. The

composition

B+
dR[[X1 − 1, . . . , Xs − 1]]|Ũ∞,α

→ OB+
dR|Ũ∞,α

→ B+
dR[[X1 − 1, . . . , Xs − 1]]|Ũ∞,α

is the identity map by definition. Hence, it suffices to show that

(B+
dR(S

+)/ξn)[X1, . . . , Xs]/I
n → OB+

dR(U)/Ker(θ)n

is surjective for n ≥ 1, where I is the ideal generated by X1 − 1, . . . , Xs − 1. Let
(Spf(En),MEn) denote the n-th infinitesimal neighborhood of (X,MX) over Spf(W ). Since
(X,MX)→ Spf(W ) is log smooth after passing to generic fibers, the ring map

f : R[X1, . . . , Xs]/I
n → En

defined by f(Xi) = (ti ⊗ 1)(1 ⊗ ti)
−1 is an isomorphism after inverting p. Since R is

topologically of finite type over OK and the image of the ring map

R→ B+
dR(S

+)[[X1 − 1, . . . , Xs − 1]] ↠ S

is contained in S+, the image of the ring map

R→ B+
dR(S

+)[[X1 − 1, . . . , Xs − 1]] ↠ B+
dR(S

+)/ξn

is contained in a p-complete ring Ak := (Ainf(S
+)/ξn)[ξ/pk](⊂ B+

dR(S
+)/ξn) for some k ≥ 1.

Taking the p-complete base change of f along R→ Ak, we get a map

Ak[X1, . . . , Xs]/I
n → En⊗̂RAk

which is an isomorphism up to bounded p-power torsions. By composing a natural surjec-
tion En⊗̂RAk ↠ OAinf(U)/Ker(θ)n and inverting p, we conclude that the map

(B+
dR(S

+)/ξn)[X1, . . . , Xs]/I
n → OB+

dR(U)/Ker(θ)n

is surjective. □
In [DLLZ23a, Definition 2.2.10], they introduced de Rham period sheaves OB+

dR,log on
locally noetherian fs log adic space. The following corollary shows that the sheaf OB+

dR,log

on the generic fiber of a semi-stable log formal scheme coincides with a de Rham period
sheaf defined above by using a fixed formal model.

Corollary 5.4.7. For a semi-stable log formal scheme (X,MX) over OK , there exists
a natural isomorphism of sheaves on (X,MX)η,prokét

OB+
dR,log

∼= OB+
dR

that is compatible with filtrations and connections.
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Proof . By working étale locally on X, we may assume that (X,MX) is a small affine log
formal scheme with a fixed framing. Lemma 5.4.6 and [DLLZ23a, Proposition 2.3.15] give
an isomorphism that is compatible with filtrations and connections

OB+
dR,log|Ũ∞,α

∼= OB+
dR|Ũ∞,α

,

which descents to an isomorphism
OB+

dR,log
∼= OB+

dR

that is compatible with filtrations and connections. □
Let ν : (X,MX)η,prokét → Xη,an be the natural map of sites.

Proposition 5.4.8. There is a natural isomorphism
OXη
∼= ν∗OBdR

that is compatible with connections.

Proof . Let DdR,log be the log p-adic Riemann-Hilbert functor defined in [DLLZ23a,
(3.2.6) and Theorem 3.2.7 (1)]. Then we have isomorphisms

OXη
∼= DdR,log(Q̂p) ∼= ν∗OBdR

by Corollary 5.4.7. □
Next, we turn to defining crystalline and semi-stable period sheaves with connections.

Let (X,MX) be a horizontally semi-stable log formal scheme over W .

Construction 5.4.9 (Crystalline period sheaves with connections). Let U be
a big log affinoid perfectoid in (X,MX)η,prokét with the associated affinoid perfectoid space
Û = Spa(S, S+). Choose a factorization U → (Spf(R),MR)η → (X,MX)η, where the map
(Spf(R),MR)→ (X,MX) is strict étale (this indeed exists because U is big). The natural
surjection θ : Ainf(S

+) ↠ S+ induces a closed immersion

(Spf(S+),MS+) ↪→ (Spf(R⊗̂WAinf(S
+)),MR ⊕MAinf (S+))

a.

Let (Spf(OAcrys(U)),MOAcrys(U)) be its p-adic log PD-envelope. This is independent of the
choice of a factorization. We set

OB+
crys(U) := OAcrys(U)[1/p]

OBcrys(U) := OB+
crys(U)[1/µ].

Suppose that (X,MX) is equipped with a Frobenius lift ϕ(X,MX). Let ϕR denote a unique
Frobenius lift on (Spf(R),MR) such that the strict étale map (Spf(R),MR) → (X,MX)
is compatible with Frobenius lifts on both sides. We let ϕOAcrys(U) denote a Frobenius lift
on (Spf(OAcrys(U)),MOAcrys(U)) induced from the product Frobenius ϕR × ϕAcrys(S+) on
(Spf(R⊗̂WAcrys(S

+)),MR⊕MAcrys(S+))
a. Let ϕOB+

crys(U) and ϕOBcrys(U) be the induced ring
maps on respective rings.

We define a connection
∇OAcrys(U) : OAcrys(U)→ OAcrys(U)⊗R Ω1

(Spf(R),MR)/W

(note that the right hand side is independent of the choice of (Spf(R),MR)) as a unique
Acrys(S

+)-linear continuous connection extending the derivation

R→ Ω1
(Spf(R),MR)/W

satisfying the following condition:
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• Suppose that we have a factorization U → (Spf(R1),MR1)η → (X,MX)η, where
(Spf(R1),MR1)→ (X,MX) is strict étale. Then the equation

∇OAcrys(U)(m/m
′) = (m/m′)⊗ dlog(m)

holds for each m ∈ Γ(Spf(R1),MR1) and m′ ∈ Γ(Spf(Acrys(S
+)),MAcrys(S+)) with

the common image in Γ(Spf(S+),MS+). Here, we used a natural identification

OAcrys(U)⊗R Ω1
(Spf(R),MR)/(Spf(W ),MW )

∼=OAcrys(U)⊗R1 Ω
1
(Spf(R1),MR1

)/(Spf(W ),MW ).

We also have induced connections ∇OB+
crys(U) and ∇OBcrys(U) on respective rings.

Let OBcrys be the sheaf on (X,MX)η,prokét associated with the presheaf given by
U 7→ OBcrys(U). Let ϕOBcrys be a ring map on OBcrys induced from ϕOBcrys(U) for each
U . Connections ∇OBcrys(U) for each U induces a connection

∇OBcrys : OBcrys → OBcrys ⊗OXη
Ω1

(X,MX)η/K0
.

Construction 5.4.10 (Semi-stable period sheaves with connections). Let U be
a big log affinoid perfectoid with the associated affinoid perfectoid space Û = Spa(S, S+).
We set

OAst(U) := OAcrys(U)⊗Acrys(S+) Ast(S
+)

OB+
st(U) := OAst(U)[1/p]

OBst(U) := OB+
st(U)[1/t].

When (X,MX) is equipped with a Frobenius lift ϕ(X,MX), we define a Frobenius struc-
ture ϕOAst(U) on OAst(U) by

ϕOAst(U) := ϕOAcrys(U) ⊗ ϕAst(S+).

Similarly, we can define ϕOB+
st(U) and ϕOBst(U).

Let NOAst(U) be a monodromy operator idOAcrys(U)⊗NAst(S+) on OAst(U). Let ∇OAst(U)

be a connection ∇OAcrys(U)⊗ idAst(S+). Similarly, we can define NOB+
st(U), NOBst(U), ∇OB+

st(U),
and ∇OBst(U).

Let OBst be the sheaf on (X,MX)η,prokét associated with the presheaf given by U 7→
OBst(U), which is equipped with a Frobenius structure ϕOBst and a monodromy operator
NOBst on OBst induced from ϕOBst(U) and NOBst(U). We define a connection

∇OBst : OBst → OBst ⊗R[1/p] Ω
1
(X,MX)η/K0

by ∇OBst
:= ∇OBcrys ⊗Bcrys idBst .

Construction 5.4.11 (cf. [AI12, 2.3.4]). Let U ∈ (X,MX)η,prokét be a big log affi-
noid perfectoid with the associated affinoid perfectoid space Û = Spa(S, S+). Choose a
factorization U → (Spf(R),MR)η → (X,MX)η, where (Spf(R),MR) → (X,MX) is strict
étale. The object U is also big with respect to a semi-stable formal model (X,MX ⊕ pN)a
by definition. We consider the log structure MS+ and MAcrys(S+) defined by the bigness
with respect to (X,MX ⊕ pN)a. There is a natural strict closed immersion

(Spf(S+),MS+) ↪→ (Spf(Acrys(S
+)),MAcrys(S+)).

We set (Spf(R〈u〉),MR〈u〉) := (Spf(R〈u〉),MR ⊕ uN)a. We have a map

(Spf(S+),MS+)→ (Spf(R〈u〉),MR〈u〉)
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given by the structure map R → S+ and u 7→ p. Then these two maps induce a closed
immersion

(Spf(S+),MS+) ↪→ (Spf(Acrys(S
+)⊗̂WR〈u〉),MAcrys(S+) ⊕MR〈u〉)

a.

Let (Spf(OÂst(U)),MOÂst(U)) denote its p-completed log PD-envelope, which is indepen-
dent of the choice of (Spf(R),MR).

By the universal property of PD-envelopes, there is a natural isomorphism

OÂst(U) ∼= OAcrys(U)⊗̂Acrys(S+)Âst(S
+).

When (X,MX) is equipped with a Frobenius lift ϕ(X,MX), we define a Frobenius lift ϕOÂst(U)

on OÂst(U) as the product Frobenius ϕOAcrys(U)⊗ϕÂst(U). Let NOÂst(U) be the monodromy
operator on OÂst(U) given by idOAcrys ⊗NÂst(U).

We set

OB̂+
st(U) := OÂst(U)[1/p]

OB̂st(U) := OB̂+
st(U)[1/t].

Let ϕOB̂+
st(U), ϕOB̂st(U), NOB̂+

st(U), NOB̂st(U) be the induced Frobenius structures and mon-
odromy operators on respective rings.

Let OB̂st be the sheaf on (X,MX)η,prokét associated with the presheaf given by U →
OB̂st(U). This sheaf is equipped with the induced Frobenius structure and the monodromy
operator, denoted by ϕOB̂st

and NOB̂st
.

We shall give a local description of period sheaves OBcrys, OBst, and OB̂st. We define
a sheaf Bcrys{X1 − 1, . . . , Xs − 1} on (X,MX)η,prokét by

U 7→ Acrys(S
+){X1 − 1, . . . , Xs − 1}[1/pt]

for a log affinoid perfectoid U with the associated affinoid perfectoid Û = Spa(S, S+). We
define Bcrys{X1 − 1, . . . , Xs − 1, Y − 1} in the same way. Furthermore, we define the sheaf
Bcrys{X1 − 1, . . . , Xs − 1}[log(Y )] on (X,MX)η,prokét by

U 7→ Acrys(S
+){X1 − 1, . . . , Xs − 1}[log(Y )][1/pt],

where log(Y ) is regarded as an independent variable.

Lemma 5.4.12. Let (X,MX) = (Spf(R),MR) be a small affine log formal scheme
over W with a fixed framing such that n = 0. Then there is the following commutative
diagram of sheaves on (X,MX)η,prokét/Ũ∞,α

:

OBcrys|Ũ∞,α

∼ //
� _

��

Bcrys{X1 − 1, . . . , Xs − 1}|Ũ∞,α� _

��
OBst|Ũ∞,α

∼ //
� _

��

Bcrys{X1 − 1, . . . , Xs − 1}[log(Y )]|Ũ∞,α� _

��
OB̂st|Ũ∞,α

∼ // Bcrys{X1 − 1, . . . , Xs − 1, Y − 1}|Ũ∞,α
.
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Proof . Since we have isomorphisms

OBst
∼= OBcrys ⊗Bcrys Bst, OB̂st

∼= OBcrys ⊗Bcrys B̂st,

it suffices to construct the upper horizontal isomorphism. Let U be a big log affinoid perfec-
toid in (X,MX)η,prokét/Ũ∞,α

with the associated affinoid perfectoid space Û = Spa(S, S+).
Define a map of Acrys(S

+)-algebras

(5.4.1) Acrys(S
+){X1 − 1, . . . , Xs − 1} → OAcrys(U)

sending Xi to ti/[t
♭
i] for each i. We shall construct the inverse map. Consider a map of

W -algebras R0 → Acrys(S
+){X1 − 1, . . . , Xs − 1} given by ti 7→ [t♭i]Xi for each i.

Since R0 → R is p-completely étale, there exists a unique ring map R→ Acrys(S
+){X1−

1, . . . , Xs − 1} fitting into the following commutative diagram:

R0 //

��

Acrys(S
+){X1 − 1, . . . , Xs − 1}

��
R //

55

S+.

This map induces a map of Acrys(S
+)-algebras

R⊗̂WAcrys(S
+)→ Acrys(S

+){X1 − 1, . . . , Xs − 1},
which induces a ring map

(5.4.2) (R⊗̂WAcrys(S
+))[t1/[t

♭
1], . . . , ts/[t

♭
s]]

∧
p → Acrys(S

+){X1 − 1, . . . , Xs − 1}

sending ti/[t♭i] to Xi for each i. Notice that the left hand side of the map (5.4.2) is nothing
but the exactification of the closed immersion

(Spf(S+),MS+) ↪→ (Spf(R⊗̂WAcrys(S
+)),MR ⊕MAcrys(S+))

a.

Since the ring map (2) is compatible with surjections to S+, we obtain a ring map

(5.4.3) OAcrys(U)→ Acrys(S
+){X1 − 1, . . . , Xs − 1}

by taking PD-envelopes.
It is enough to prove the map (5.4.3) is indeed the inverse of the map (5.4.1). The

composition

Acrys(S
+){X1 − 1, . . . , Xs − 1} → OAcrys(U)→ Acrys(S

+){X1 − 1, . . . , Xs − 1}
is the identity map by definition. Hence, it suffices to show that the map OAcrys(U) →
Acrys(S

+){X1− 1, . . . , Xs− 1} is injective. Combining with isomorphisms in Lemma 5.4.6,
we get the following commutative diagram.

Acrys(S
+){X1 − 1, . . . , Xs − 1} //

� _

��

OAcrys(U) //

��

Acrys(S
+){X1 − 1, . . . , Xs − 1}

� _

��
B+

dR(S
+)[[X1 − 1, . . . , Xs − 1]]

∼ // OB+
dR(U)

∼ // B+
dR(S

+)[[X1 − 1, . . . , Xs − 1]]

The middle vertical map is an isomorphism by Lemma 5.4.13 below. Therefore, we conclude
that the upper right map is injective, and so the map

Acrys(S
+){X1 − 1, . . . , Xs − 1} → OAcrys(U)

is an isomorphism. By inverting µ, we obtain the upper horizontal isomorphism in the
diagram in the assertion. □
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Lemma 5.4.13. Let A be a p-torsion free p-complete ring and I = (f1, . . . , fr) be an
ideal of A. Suppose that (f̄1, . . . , f̄r) is a Koszul-regular sequence in A/p and that A/I is
p-torsion free. Let D denote the p-competed PD-envelope of A ↠ A/I and B denote the
I-adic completion of A[1/p]. Then there is a natural injective map D → B.

Proof . We follow the argument of [CK19, Proposition 5.36]. Let C := A[{f [n]
i =

fni
n!
}1≤i≤r,n≥0] ⊂ A[1/p]. By [BS22, Lemma 2.38], we have D ∼= C∧, where ∧ means

the (classical) p-adic completion. Since a Koszul-regular sequence is quasi-regular and A/I
is p-torsion free, the In/In+1 is also p-torsion free for each n ≥ 0. Hence, A/In is also
p-torsion free. Since the image of the natural map C ↪→ A[1/p] ↠ (A/In)[1/p] is contained
an open bounded subring, this extends to a map D → (A/In)[1/p]. Varying n ≥ 0, we get
a map f : D → B.

We consider filtrations on each ring. Let Fil•(C) be the PD-adic filtration on C. In
other words, Filn(C) is the ideal generated by f

[m]
i for 1 ≤ i ≤ r and m ≥ n. We equip

D with the filtration Fil•(D) such that Filn(D) is the closure of Filn(C). Let Fil•(B) be
the IB-adic filtration on B. Suppose that

∑
m=(m1,...,mr)
m1+···+mr=n

amf
[m] ∈ Filn+1(C), where am ∈ A

and f [m] :=
∏r

i=1 f
[mi]
i . Since (f1, . . . , fr) is a quasi-regular sequence in A[1/p], we have

am ∈ I[1/p] ∩ A = I for each m. Therefore, we see that, for each n ≥ 0, there is a natural
isomorphism ⊕

m=(m1,...,mr)
m1+···+mr=n

(A/I) · f [m] ∼= grn(C)

and the natural map grn(C) → grn(B) is injective. In particular, grn(C) and C/Filn(C)
are p-torsion free and p-complete. Hence, the natural map Filn(C)/pm → C/pm is injective
for each n,m ≥ 0. Taking limits with respect to m ≥ 0, we get an injection Filn(C)∧ → D,
which gives Filn(C)∧

∼→ Filn(D). Furthermore, by taking the p-completion of the exact
sequence

0→ Filn+1(C)→ Filn(C)→ grn(C)→ 0,

we obtain an exact sequence

0→ Filn+1(D)→ Filn(D)→ grn(C)→ 0.

In other words, the natural map grn(C) → grn(D) is an isomorphism. Since grn(C) →
grn(B) is injective, the map grn(D)→ grn(B) is also injective.

Since Fil•(B) is separated, it is enough to prove that Fil•(D) is separated. By taking
the mod-p reduction of the pushout square in [BS22, Lemma 2.38], we get an isomorphism

C/p = D/p ∼= A/(p, f p1 , . . . , f
p
r )[{Xi,m}1≤i≤r,m≥1]/(X

p
i,m)1≤i≤r,m≥1

uniquely determined by f
[pm]
i 7→ Xi,m. From this, we see that Fil•(D)/p is a separated

filtration on D/p, which implies that Fil•(D) is separated due to the p-torsion freeness of
D/Filn(D). This proves the claim. □

Corollary 5.4.14. For period sheaves on (X,MX)η,prokét, the following statements
hold.
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(1) There is the following commutative diagram:

Bcrys
∼ //

� _

��

OB∇=0
crys� _

��
Bst

∼ //
� _

��

OB∇=0
st� _

��

B̂st
∼ // OB̂∇=0

st .

(2) There is a natural isomorphism

OBcrys
∼→ OBN=0

st .

(3) The sheaf OBst is the subsheaf of OB̂st consisting of nilpotent sections for NOB̂st
.

Proof . Since all assertions can be checked locally on (X,MX)prokét, they follow from
Lemma 5.4.12 and its proof. □

We can also consider crystalline and semi-stable period sheaves with connections for
horizontally semi-stable log formal scheme over a not absolutely unramified base by using
a fixed model over W .

Definition 5.4.15. Suppose that (X,MX) admit a fixed unramified model (X0,MX0).
We define period sheaves OBcrys,(X0,MX0

) (resp. OBst,(X0,MX0
)) on (X,MX)η,prokét equipped

connections ∇OBcrys,(X0,MX0
)
(resp. ∇OBst,(X0,MX0

)
) as the pullback of (OBcrys,∇OBcrys) (resp.

(OBst,∇OBst)) along a strict étale map (X,MX)η → (X0,MX0)η. When (X0,MX0) is
equipped with a Frobenius lift, OBcrys,(X0,MX0

) and OBst,(X0,MX0
) are also equipped induced

Frobenius structures, denoted by ϕOBcrys and ϕOBst respectively.

Proposition 5.4.16. Let (X,MX) be a horizontally semi-stable log formal scheme over
OK with an unramified model (X0,MX0). Let µ : (X,MX)η,prokét → X0,η,ét be the natural
maps of sites. Then there are natural isomorphisms

OX0 [1/p]
∼= µ∗OBcrys,(X0,MX0

)
∼= µ∗OBst,(X0,MX0

)

that are compatible with connections. Furthermore, when (X0,MX0) is equipped with a
Frobenius lift, the above isomorphisms are compatible with Frobenius structures.

Proof . By Lemma 5.4.6, Proposition 5.4.8, and Lemma 5.4.12, we obtain injective maps
OX0 [1/p] ↪→ µ∗OBcrys,(X0,MX0

) ↪→ µ∗OBst,(X0,MX0
) ↪→ µ∗OBdR.

Taking tensor products with K, we get maps
(5.4.4) OX0 ⊗W K ↪→ µ∗OBcrys,(X0,MX0

) ⊗K0 K ↪→ µ∗OBst,(X0,MX0
) ⊗K0 K → µ∗OBdR

Since the natural map Bst ⊗K0 K → BdR is injective (for example, [Shi22, Proposition
2.27]), it follows from Lemma 5.4.6 and Lemma 5.4.12 that the map

OBst,(X0,MX0
) ⊗K0 K → OBdR

is injective. Hence, the map
µ∗OBst,(X0,MX0

) ⊗K0 K → µ∗OBdR

is also injective. Therefore, Proposition 5.4.8 implies that every map in the diagram (5.4.4)
is an isomorphism. This proves the assertion. □
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5.4.3. Association for local systems on log adic spaces. In this subsection, we
define the notion of semi-stable Zp-local systems on (X,MX)η for a semi-stable log formal
scheme (X,MX) and study their properties. The most part of this subsection follows the
argument of [GR24].

Construction 5.4.17. Let B ∈ {Bcrys,B+
dR,BdR}. For an isocrystal E on (X0,MX0),

we define B-module B(E) on (X,MX)η,prokét by

B(E)(U) := E(Acrys(S
+) ↠ S+/p,MAcrys(S+))⊗B+

crys(S+) B(U)

for a big log affinoid perfectoid U in (X,MX)η,prokét with the associated affinoid perfectoid
space Û = Spa(S, S+). When B ∈ {B+

dR,BdR}, there exists a natural isomorphism

B(E)(U) ∼= E(Acrys,K(S
+) ↠ S+/p,MAcrys,K(S+))⊗Acrys,K(S+) B(U)

by the crystal property of E .
Let B ∈ {B+

dR,BdR}. When E is enhanced to a filtered isocrystal (E ,Fil•(E)), we can
define a descending filtration on B(E) as follows. Let U be a big log affinoid perfectoid
in (X,MX)prokét over (Spf(R̃∞,α),MR̃∞,α

)η and Û = Spa(S, S+) be the associated affi-
noid perfectoid space. Choose a morphism s : (Spf(Acrys,K(S

+)),MAcrys,K(S+))→ (X,MX)
commuting the following diagram:

(Spf(S+),MS+) �
� //

��

(Spf(Acrys,K(S
+)),MAcrys,K(S+))

s
tt

(X,MX) .

By the crystal property of E , the map of log PD-thickenings

s : (R ↠ R/p,MR)→ (Acrys,K(S
+) ↠ S+/p,MAcrys,K(S+))

gives an isomorphism

B(E)(U) ∼= E ⊗R[1/p],s B(U).

The right hand side is equipped with the product filtration Fil•(E) ⊗ Fil•(B(U)), which
induced a filtration on the left side.

To justify this procedure, we need to check that such a map s indeed exists and that
the resulting filtration on B(E)(U) is independent of the choice of s. First, we shall prove
the existence of s. Take a factorization

U → (Spf(R̃∞,α),MR̃∞,α
)η → (Spf(R),MR)η → (X,MX)η

as in Definition 5.4.4. Let (Acrys,K(S
+),Qr

≥0 ⊕ Z · e) be a prelog ring defined by Qr
≥0 →

Ainf(S
+)→ Acrys,K(S

+) and e 7→ π/[π♭]. Note that we have a natural isomorphism

(Spf(Acrys,K(S
+)),Qr

≥0 ⊕ Z · e)a ∼= (Spf(Acrys,K(S
+)),MAcrys,K(S+)).

Consider a map of prelog rings

(R0,Nr)→ (Acrys,K(S
+),Qr

≥0 ⊕ Z · e)
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defined by

xi 7→ [x♭i] (1 ≤ i ≤ l)

yj 7→ [y♭j] (1 ≤ j ≤ m)

zk 7→ [z♭k] (1 ≤ k ≤ n− 1)

zn 7→ π(
n−1∏
k=1

[z♭k])
−1

and the monoid map Nr → Qr
≥0 ⊕ Z · e defined by

ei 7→

{
ei (1 ≤ i ≤ r − 1)

en + e (i = n).

Then, passing to the associated log structures, we obtain a desired map s.
To check that the resulting filtration on B(E)(U) is independent of the choice of s, it

suffices to prove that, for another choice

s′ : (Spf(Acrys,K(S
+)),MAcrys,K(S+))→ (X,MX),

the isomorphism
E ⊗OXη ,s

B(U) ∼= B(E)(U) ∼= E ⊗OXη ,s
′ B(U)

is a filtered isomorphism. This isomorphism can be described by using the connection
∇E as in Construction 5.3.12, and the claim follows from this description and Griffiths
transversality (cf. [GR24, Construction 2.28],[DLMS24, Construction 3.44]).

Definition 5.4.18. Let L be a Kummer étale Zp-local system on (X,MX)η.
(1) We say that L is weakly semi-stable if, for some locally free F -isocrystal E on

(X,MX), there exists an isomorphism

ϑ : L⊗Zp Bcrys
∼= Bcrys(E)

which is compatible with Frobenius isomorphisms. In this case, we say that L and
E are associated.

(2) We say that L is semi-stable if, for some filtered F -isocrystal (E ,Fil•(E)) on
(X,MX), there exists an isomorphism

ϑ : L⊗Zp Bcrys
∼= Bcrys(E)

which is compatible with Frobenius isomorphisms and filtered after taking the base
change along Bcrys → BdR. Here, the filtration on BdR(E) is the one constructed
in Construction 5.4.17. In this case, we say that L and (E ,Fil•(E)) are associated.

Proposition 5.4.19. Let (X,MX) be a semi-stable log formal scheme over OK and let
E be an isocrystal on (X0,MX0). Let (E,∇E) be the corresponding vector bundle with an
integrable connection on Xη.

(1) Let ∇′ be the product connection ∇E and ∇OB+
dR

on OB+
dR-vector bundle E ⊗OXη

OB+
dR. Then (E⊗OXη

OB+
dR,∇′) is naturally isomorphic to (B+

dR(E)⊗B+
dR
OB+

dR, id⊗
∇OB+

dR
).

(2) Assume that E underlies a filtered isocrystal (E ,Fil•(E)), and let Fil•B+
dR(E) be the

induced filtration on B+
dR(E). Then the product filtration Fil•E ⊗OXη

Fil•OB+
dR,log

is naturally isomorphic to the product filtration Fil•B+
dR(E)⊗B+

dR
Fil•OB+

dR,log.



5.4. LOCAL SYSTEMS ON LOG ADIC SPACES 91

Proof . We follow the argument of [GR24, Proposition 2.36]. By working étale locally on
X, we may assume that (X,MX) = (Spf(R),MR) is a small affine log formal scheme with a
fixed framing. Let U be a big log affinoid perfectoid in (X,MX)η,prokét with the associated
affinoid perfectoid space Û = Spa(S, S+). We define OAcrys(S

+), OAcrys(1)(S
+), and

D+(1) to be the p-completed log PD-envelope of

(R⊗̂WAinf(S
+),MR ⊕MAinf(S+)

)a → (S+,MS+),

(R⊗̂OK
R⊗̂WAinf(S

+),MR ⊕MR ⊕MAinf(S+)
)a → (S+,MS+),

(R⊗̂OK
R,MR ⊕MR)

a → (R,MR),

respectively. They fit into the following diagram of p-adic PD-thickenings in (X0,MX0)crys:

D+(1) // OAcrys(1)(S
+)

R

p1

OO

p2

OO

// OAcrys(S
+)

q1

OO
q2

OO

Acrys(S
+)

OO

Fix a factorization U → (Spf(R̃∞,α),MR̃∞,α
)η → (X,MX)η, which induces charts Qr

≥0 →
MS+ and Qr

≥0 →MAinf (S+). We use the notation in Remark 5.2.1 and Construction 5.3.12.
Analogously, the above diagram admits maps to the following diagram:

R[1/p][[ξ1, . . . , ξs]] ∼= D(1) // OB+
dR(1)(S

+) ∼= OB+
dR(S

+)[[ξ1, . . . , ξs]]

R[1/p]

p1

O O
p2

OO

// OB+
dR(S

+)

q1

OO
q2

OO

B+
dR(S

+)

OO

where OB+
dR(S

+), OB+
dR(1)(S

+), and D(1) is the formal completion of the exactification
of surjections of prelog rings

((R⊗̂WAinf(S
+))[1/p],Nr ⊕Qr

≥0)→ (S+,Qr
≥0),

((R⊗̂OK
R⊗̂WAinf(S

+))[1/p],Nr ⊕ Nr ⊕Qr
≥0)→ (S+,Qr

≥0),

((R⊗̂OK
R)[1/p],Nr ⊕ Nr)→ (R,Nr).

Note that OB+
dR(S

+) coincides with OB+
dR(U) by Construction 5.4.5. By extension of

scalars, we can evaluate E at each term in the above diagram.
(1): The crystal property of E for the middle horizontal map and the right bottom

vertical map induces a natural isomorphism

(E ⊗R[1/p] OB+
dR)(U)

∼= (B+
dR(E)⊗B+

dR
OB+

dR)(U).

It suffices to prove that this isomorphism is compatible with connections. The maps
pi : R[1/p] → D(1) and qi : OB+

dR(S
+) → OB+

dR(1)(S
+) induce pi : E → E(D(1)) and
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qi : E(OB+
dR(S

+))→ E(OB+
dR(1)(S

+)) for i = 1, 2, and we have equations

q1(e⊗ f)− q2(e⊗ f)
= q1(f)p1(e)− q2(f)p2(e)
= q1(f)(p1(e)− p2(e)) + (q1(f)− q2(f))p2(e)

= q1(f)(
∑

(n1,...,ns)∈Ns\{0}

(
s∏
i=1

∇
E,t

ni
i

∂ni

∂t
ni
i

)(e)(
s∏
i=1

ξni
i

ni!
))

+ (
∑

(n1,...,ns)∈Ns\{0}

(
s∏
i=1

∇OB+
dR,log,t

ni
i

∂ni

∂t
ni
i

)(f)(
s∏
i=1

ξni
i

ni!
))p2(e)

for e⊗ f ∈ E ⊗R[1/p] OB+
dR(S

+) ∼= E(OB+
dR(S

+)). Hence, the coefficient of ξi in the Taylor
expansion of q1(x)−q2(x) is ∇′

ti
∂

∂ti

(x) for every x ∈ E(OB+
dR(S

+)). Therefore, applying the

crystal property of E to the right column in the above diagram, we see that ∇′ is horizontal
on E(B+

dR(S
+)). This proves the assertion.

(2): By Construction 5.4.17, the filtration on B+
dR(E)⊗B+

dR
OB+

dR is computed by choosing
a section

s : (R,MR)→ (Acrys,K(S
+),MAcrys,K(S+)).

There exists a unique map β of p-adic log PD-thickenings fitting into the following diagram:

(R,MR)
p1 //

p2
// (D+(1),MD+(1))

β // (OAcrys(S
+),MOAcrys(S+))

such that β ◦ p1 is a natural map and β ◦ p2 is the composition map

(R,MR)
s→ (Acrys,K(S

+),MAcrys,K(S+))→ (OAcrys(S
+),MOAcrys(S+)).

The above diagram admits a map to the following diagram:

R[1/p]
p1 //

p2
// D(1)

β // OBdR(S
+).

Therefore, the isomorphism

E ⊗R[1/p] OB+
dR(S

+)
∼→ (B+

dR(E)⊗B+
dR
OB+

dR)(U)
∼→ E ⊗R[1/p],β◦p2 OB+

dR(S
+)

is given by

e⊗ 1 7→
∑

(n1,...,ns)∈Ns

(
s∏
i=1

∇
E,t

ni
i

∂ni

∂t
ni
i

)(e)⊗ (
s∏
i=1

β(ξi)
ni

ni!
)

for e ∈ E, and the Griffiths transversality implies that this is a filtered isomorphism. □

Proposition 5.4.20. Let (X,MX) be a semi-stable log formal scheme over OK . Let L
be a weakly semi-stable Kummer étale local system on (X,MX)η, and take a F -isocrystal
E on (X,MX) and an isomorphism ϑ : L ⊗Zp Bcrys

∼= Bcrys(E) as in Definition 5.4.18 (1).
Then there exists a unique filtration Fil•dR(E) on E := E(X,MX) satisfying the following
conditions:

(1) (E ,Fil•dR(E)) is a filtered F -isocrystal on (X,MX);
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(2) the isomorphism

ϑ⊗Bcrys BdR : L⊗Zp BdR
∼= BdR(E)

is a filtered isomorphism, where the filtration on BdR(E) is the one constructed in
Construction 5.4.17.

Proof . Let U be the open subset of X on which the log structure MX is trivial and U0

be the mod-p fiber of U. Then L|Uη is weakly crystalline (with respect to U) in the sense of
[GR24, Definition 2.31], and L|Uη and E|U0 are associated. By [GR24, Proposition 2.38],
L|Uη is de Rham in the sense of [Sch13, Definition 8.3]. Let U denote the open subset of
Xη on which the log structureMXη is trivial. Then U contains Uη and L|U is de Rham by
[LZ17, Theorem 3.9 (iv)].

Set OBdR,log(E) := BdR(E) ⊗BdR
OBdR,log, which is isomorphic to E ⊗OXη

OBdR,log as
OBdR,log-vector bundles with connection by Proposition 5.4.19. Let µ : (X,MX)η,prokét →
Xη,an be the canonical map of sites. We have isomorphisms

µ∗(L⊗Zp OBdR,log) ∼= µ∗(BdR(E)⊗BdR
OBdR,log) ∼= µ∗(E ⊗OXη

OBdR,log) ∼= E.

By [DLLZ23a, Theorem 3.2.7 (1)(2)] and what we proved in the previous paragraph,
the direct image of the filtration L ⊗Zp Fil

•OBdR,log gives a filtration Fil•(E) on E with
locally free grading pieces such that (E ,Fil•(E)) is a filtered F -isocrystal, and the given
isomorphism is refined to filtered isomorphisms

(L⊗Zp OBdR,log,L⊗Zp Fil
•OBdR,log)

∼= (E ⊗OXη
OBdR,log,Fil

•E ⊗OXη
Fil•OBdR,log)

∼= (BdR(E)⊗BdR
OBdR,log,Fil

•BdR(E)⊗BdR
Fil•OBdR,log)

that are compatible with connections. Taking horizontal sections in both sides, we see that
ϑ⊗Bcrys BdR gives a filtered isomorphism

(L⊗Zp BdR,L⊗Zp Fil
•BdR) ∼= (BdR(E),Fil•BdR(E))

by [DLLZ23a, Corollary 2.4.2 (2)]. This proves the assertion for the existence of the
desired filtration, and the uniqueness of it follows from the above argument. □

Proposition 5.4.21. Let (X,MX) = (Spf(R),MR) be a horizontally semi-stable log
formal scheme over OK with a fixed unramified model (X0,MX0) = (Spf(R0),MR0). Let
E be an object of Isocφlftf((Xk,MXk

⊕ 0N)acrys) and (E0,∇E0 , ϕE0 , NE0) be the object of the
category Vectφ,∇,N(R0) associated with Res(E) (see Proposition 5.3.36). Then there is a
natural isomorphism of the following OBst-modules with connection, Frobenius structures,
and monodromy operators:

• (Bcrys(E)⊗BcrysOBst,(X0,MX0
), id⊗∇OBst,(X0,MX0

)
, ϕBcrys(E)⊗ϕOBst , id⊗NOBst,(X0,MX0

)
)

• (E0⊗R0[1/p]OBst,(X0,MX0
), ϕE0 ⊗ϕOBst,(X0,MX0

)
,∇E0 ⊗∇OBst,(X0,MX0

)
, NE0 ⊗ id+ id⊗

NOBst,(X0,MX0
)
).

Proof . Since the two OB̂st,(X0,MX0
)-modules on (X,MX)η,prokét in the assertion is obtained

as the restriction of the corresponding OB̂st-modules on (X0,MX0)η,prokét, we may assume
that OK = W . It is enough to prove that there is natural isomorphisms of the following
OB̂st-modules with connection, Frobenius structures, and monodromy operators:

• (Bcrys(E)⊗Bcrys OB̂st, id⊗∇OB̂st
, ϕBcrys(E) ⊗ ϕOB̂st

, id⊗NOB̂st
)
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• (E0 ⊗R0[1/p] OB̂st, ϕE0 ⊗ ϕOB̂st
,∇E0 ⊗∇OB̂st

, NE0 ⊗ id + id⊗NOB̂st
).

Indeed, Lemma 5.3.31 and Corollary 5.4.14(3) imply that taking nilpotent sections for
monodromy operators on both sides provides the desired isomorphism.

Let U be a big log affinoid perfectoid in (X,MX)η,prokét with the associated affinoid
perfectoid space Û = Spa(S, S+). Let MS+ , MAcrys(S+)

, and (Spf(R〈u〉),MR〈u〉) be as in
Construction 5.4.11. LetMR{u} be the pullback log structure ofMR〈u〉. The strict closed
immersion

(Xk,MXk
⊕ 0N)a → (Spf(R{u}),MR{u})

defined by u 7→ 0 belongs to (Xk,MXk
⊕ 0N)acrys. Let (Spf(D+(1)),MD+(1)) be the p-

completed log PD-envelope of the diagonal map

(Spf(R/p),MR/p ⊕ 0N)a → (Spf(R〈u1〉),MR〈u1〉)×W (Spf(R〈u2〉),MR〈u2〉),

given by u1, u2 7→ 0. We define (Spf(OÂst(1)(U)),MOÂst(1)(U)) as the p-completed log
PD-envelope of the closed immersion

(Spf(S+/p),MS+/p) ↪→ (Spf(Acrys(S
+)⊗̂WR〈u1〉⊗̂WR〈u2〉),MAcrys(S+)⊕MR〈u1〉⊕MR〈u2〉)

a

Then we have the following commutative diagram of p-adic log PD-thickenings equipped
with Frobenius lists in (Xk,MXk

)crys. (We omit log structures and PD-ideals.)

D+(1) // OÂst(1)(U)

R{u}

p1

OO

p2

OO

// OÂst(U)

q1

OO
q2

OO

Acrys(S
+)

OO

The crystal property of E gives isomorphisms of OB̂+
st(U)-modules with Frobenius struc-

tures
EAcrys(S+) ⊗OÂst(U) ∼= EOÂst(U)

∼= ER〈u〉 ⊗R〈u〉 OÂst(U).

By Lemma 5.3.35, we have an isomorphism

(ER{u}, ϕER{u} ,∇
hol
ER{u}

, NER{u})

∼=(E0⊗̂WW{u}, ϕE0 ⊗ ϕW{u},∇E0 ⊗ id, NE0 ⊗ id + id⊗NW{u}).

Combining these isomorphisms gives an isomorphism of OB̂+
st(U)-modules with Frobenius

structures
EAcrys(S+) ⊗Acrys(S+) OÂst(U) ∼= E0 ⊗R OÂst(U).

This gives a desired isomorphism except for the compatibility with connections and mon-
odromy operators.

To prove the remaining, it is enough to show that the connection and the monodromy
operator on EÂst(U) induced from ∇E0 ⊗∇OÂst(U) and NE0 ⊗ id + id⊗NOÂst(U), denoted by
∇′ and N ′, kills EAcrys(S+). When we fix a framing on (X,MX), there is an isomorphism

R{u}{ξ1, . . . , ξs, ξ} ∼= D+(1)
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given by ξ 7→ p1(ti)p2(ti)
−1 − 1 and ξ 7→ p1(u)p2(u)

−1 − 1, and we have an equation

p∗1(x)− p∗2(x) =
s∑
i=1

∇ER{u},ti
∂

∂ti

(x)ξi +NER{u}(x)ξ

=
s∑
i=1

∇E0,ti ∂
∂ti

(y)ξi +NE0(y)ξ

for x = y ⊗ 1 ∈ ER{u} = E0⊗̂WW{u} after taking modulo (ξ1, . . . , ξs, ξ)
[≥2]. The square in

the above diagram is cocartesian, and there is an induced isomorphism

OÂst(U){ξ1, . . . , ξs, ξ} ∼= OÂst(U)(1).

Hence, we obtain the following equation in EOÂst(U) ⊗OÂst(U),q2
OÂst(U)(1)/(ξ1, . . . , ξ)

[≥2]:

q∗1(x)− q∗2(x) = (q1(f)− q2(f))y + f(p∗1(y ⊗ 1)− p∗2(y ⊗ 1))

= (
s∑
i=1

∇OÂst(U),ti
∂

∂ti

(f)ξi +NOÂst(U)(f)ξ) · y

+ f · (
s∑
i=1

∇E0,ti ∂
∂ti

(y)ξi +NE0(y)ξ)

for x = y ⊗ f ∈ EOÂst(U) = E0 ⊗R OÂst(U) after taking modulo (ξ1, . . . , ξs, ξ)
[≥2], which

implies that ∇′(x) and N ′(x) occur in coefficients of the Taylor expansion of q∗1(x)− q∗2(x).
Therefore, ∇′ and N ′ kill EAcrys(S+)

by the crystal property of E for the right column in the
above diagram. □

Proposition 5.4.22. Let (X,MX) be a semi-stable log formal scheme over OK which
admits framings with n ≤ 1 étale locally. Then the functor

Isocφlftf((Xp=0,MXp=0)crys)→ Vectφ(Bcrys)

sending E to Bcrys(E) is fully faithful.

Proof . By working étale locally on X, we may assume that (X,MX) = (Spf(R),MR)
is a small affine log formal scheme over OK with a fixed framing such that n ≤ 1. Let
(X0,MX0) = (Spf(R0),MR0) denote the unramified model of (X,MX) defined by the fixed
framing.

We may assume that n = 1 because, for a horizontally semi-stable log formal scheme
(Y,MY) over OK , the natural functor

Isocφ((Yp=0,MYp=0)crys)→ Isocφ((Yp=0,MYp=0 ⊕ πN)acrys)

is fully faithful by Lemma 5.3.7 (1) and Corollary 5.3.37. In this case, Proposition 5.4.21
gives the following commutative diagram:

Vectφ(Bcrys)
−⊗BcrysOBst,(X0,MX0

)
// Vectφ,∇,N(OBst,(X0,MX0

))

Isocφlftf((Xp=0,MXp=0)crys)

E 7→Bcrys(E)

OO

∼ // Vectφ,∇,N(R0)

−⊗R0
OBst,(X0,MX0

)

OO
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The bottom horizontal functor is the composition of the equivalence in Proposition 5.3.36
with the equivalence Vectφ,∇,N(R0) ' Isocφ,Nlf ((Xk,MXk

)crys). Since a problem on mor-
phisms between vector bundles can be reduced to one on global sections of them by taking
internal homomorphisms, the right vertical functor is fully faithful by Proposition 5.4.16,
and the upper horizontal functor is fully faithful by Bcrys = OB∇=N=0

st (Corollary 5.4.14
(1)(2)). Therefore, the left vertical functor is also fully faithful. □

Remark 5.4.23. When (X,MX) is horizontally semi-stable, we can use the method
of [GR24, Proposition 2.29], and the above proposition is proved without F -structures.
However, we do not use it in this thesis.

5.5. Log prismatic crystals

First, let us review some basics of prisms introduced by [BS22]. A δ-ring is a ring A
with a map δ : A→ A satisfying the following conditions:

(1) δ(1) = 0
(2) δ(xy) = δ(x)yp + xpδ(y) + pδ(x)δ(y);
(3) δ(x+ y) = δ(x) + δ(y)−

∑p−1
i=1

(p−1)!
i!(p−i)!x

iyp−i.
For a δ-ring A, a map φA : A → A mapping a to ap + pδ(a) is a ring map lifting the
Frobenius map on A/p. A prism is a pair (A, I) consisting of a derived (p, I)-complete
ring A and a locally principal ideal I of A such that p ∈ I + φA(I)A. We say that a prism
(A, I) is bounded if A/I has bounded p∞-torsion. A prism (A, I) is called orientable if I is
a principal ideal. Throughout this thesis, we use the following lemma with no reference.

Lemma 5.5.1. Let (A, I) be a bounded prism and B be a (p, I)-adically complete
A-algebra. Then the map A → B is (p, I)-completely (faithfully) flat if and only if it is
(p, I)-adically (faithfully) flat.

Proof . This follows from results of Yektieli. For the proof, see [IKY24, Lemma 1.3] for
example. □

Let X be a bounded p-adic formal scheme.

Definition 5.5.2. The absolute prismatic site X∆ is the category of prisms (A, I)
equipped with maps Spf(A/I) → X. We equip X∆ with completely flat topology. We
simply write R∆ for Spf(R)∆. Let O∆ (resp. I∆) (resp. Õ∆) denote the sheaf on X∆ given
by (A, I) 7→ A (resp. I) (resp. A/(I, p)). The Frobenius lift φA for a prism (A, I) induces
a map φ : O∆ → O∆.

Definition 5.5.3. A prismatic crystal on X is a vector bundle on the ringed site
(X∆,O∆), and a prismatic F -crystal on X is a pair (E , ϕE) consisting of a prismatic crystal
E and an isomorphism ϕE : (φ

∗E)[1/I∆]
∼→ E [1/I∆]. When no confusion occurs, we simply

write E for (E , ϕE). Let Vect(X∆) (resp. Vectφ(X∆)) denote the category of prismatic
crystals (resp. prismatic F -crystals) on X. For integers a ≤ b, we let Vectφ[a,b](X∆) denote
the full subcategory of Vectφ(X∆) consisting of objects (E , ϕE) with

Ib∆E ⊂ ϕE(φ
∗E) ⊂ Ia∆E .

In particular, we write DM(X∆) for the category Vectφ[0,1](X∆). Objects of DM(X∆) are
called prismatic Dieudonné crystals. Finally, we let Vect(X∆, Õ∆) denote the category of
vector bundles on the ringed site (X∆, Õ∆).
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Lemma 5.5.4 (Quasi-syntomic descent for prismatic crystals). Let Y→ X be
a quasi-compact quasi-syntomic surjection of bounded p-adic formal schemes and Y(•) be
the Čech nerve of Y→ X. Then the natural functor

Vect(X∆)→ lim←−
•∈∆

Vect(Y
(•)
∆ )

is bi-exact equivalent. An analogous assertion for prismatic F -crystals also holds.

Proof . This follows from [BS22, Proposition 7.11]. □

Now, we recall some basics of log prisms introduced in [Kos22]. A δlog-ring is a prelog
ring (A,M) with a δ-ring structure on A and a map δlog :M → A satisfying the following
conditions:

(1) δlog(e) = 0;
(2) α(m)pδlog(m) = δ(α(m));
(3) δlog(mm′) = δlog(m) + δlog(m

′) + pδlog(m)δlog(m
′),

where α : M → A is the structure map. A bounded prelog prism (A, I,M) (resp. bounded
log prism (A, I,MA)) is a bounded prism (A, I) equipped with a prelog structure M → A
(resp. log structure MA on Spf(A)) and a δlog-structure on the prelog ring (A,M) (resp.
the log formal scheme (Spf(A),MA)). Here, a δlog-structure on the log formal scheme
(Spf(A),MA) is a sheaf map MA → OSpf(A) that defines a δlog-structure on each section.
We can attach to a prelog prism (A, I,M) a log prism (A, I,M)a := (A, I,MA := Ma).
For a log prism (A, I,MA), the ring map φA and the map of log structures φ∗

AMA →MA

given by m 7→ mp(1 + pδlog(m)) for m ∈ φ−1
A MA (here, 1 + pδlog(m) ∈ O×

Spf(A) is regarded
as a section of MA) define a morphism of log formal schemes φ(A,MA) : (Spf(A),MA) →
(Spf(A),MA). When no confusion occurs, we write simply φA for φ(A,MA).

Lemma 5.5.5. Let (A, I,M) be a bounded prelog prism. For m ∈ M admitting a
pn-th root for every n ≥ 1, we have δlog(m) = 0.

Proof . For x ∈M , we have a formula

δlog(x
p) =

p∑
i=1

(
p

i

)
pi−1δlog(x)

i,

which can be checked by reducing the problem to the case that A is a free δlog-ring (cf.
[Kos22, Lemma 2.11]). By this formula, δlog(x) ∈ piA implies δlog(xp) ∈ pi+1A. Hence,
δlog(m) is contained in

⋂
i≥1

piA by the assumption. Since A is p-adically separated by the

boundedness, we obtain δlog(m) = 0. □

Definition 5.5.6 (Absolute log prismatic sites, [Kos22, Remark 4.6]). Let
(X,MX) be a bounded p-adic log formal scheme. Let (X,MX)∆ be the site with objects
described as follows: an object consists of

• a log prism (A, I,MA) such that (Spf(A),MA) is quasi-coherent,
• a map of log formal schemes (Spf(A/I),MA/I) → (X,MX), where MA/I is the

restriction ofMA.
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We simply write (A, I,MA) for an object when there exists no confusion. A morphism
(A, I,MA)→ (B, J,MB) is the following commutative diagram:

(Spf(B),MB)

��

(Spf(B/J),MB/J)? _oo

�� ((QQ
QQQ

QQQ
QQQ

QQ

(Spf(A),MA) (Spf(A/I),MA/I)? _oo // (X,MX).

A morphism (A, I,MA)→ (B, J,MB) in (X,MX)∆ is a covering if the corresponding map
(Spf(B),MB)→ (Spf(A),MA) is strict (p, I)-completely faithfully flat. The resulting site
(X,MX)∆ is called the (absolute) log prismatic site of (X,MX).

The structure sheaf O∆ is defined by (A, I,MA) 7→ A. Similarly, the sheaf O∆ (resp.
I∆) (resp. Õ∆) is defined by (A, I,MA) 7→ A/I (resp. I) (resp. A/(I, p)). The ring map
O∆ → O∆ induced by φA for log prisms (A, I,MA) is denoted by φ.

Let (X,MX)
str

∆ denote the full subcategory of (X,MX)∆ consisting of objects whose
structure morphisms (Spf(A/I),MA/I)→ (X,MX) are strict. The site (X,MX)

str

∆ is called
the (absolute) strict log prismatic site of (X,MX).

Remark 5.5.7. The definition of log prismatic sites of [Kos22, Remark 4.6] is different
from the one given above in that the following two assumptions are added in loc.cit.:

• a log prism (A, I,MA) admits a global chart;
• the structure morphism (Spf(A/I),MA/I)→ (X,MX) admits a chart étale locally.

The first additional assumption does not change the associated topoi. On the other hand,
the second additional one changes the associated topoi. However, the category of prismatic
crystals is unchanged under certain mild assumptions (see Lemma 5.5.12).

Remark 5.5.8. Let (X,MX) be a bounded p-adic quasi-coherent and integral log
formal scheme. For the definition of (X,MX)

str

∆ , the condition that (A,MA) is quasi-
coherent is redundant. To check this, it suffices to show that, for a log prism (A, I,MA)
with a strict morphism (Spf(A/I),MA/I)→ (X,MX), the log formal scheme (Spf(A),MA)
is quasi-coherent. By working étale locally on Spf(A), we may assume that there exists an
integral chart P →MX. We put

P̃ := P ×Γ(Spf(A/I),MA/I) Γ(Spf(A),MA).

SinceMA is integral, P̃ → P is a 1+I-torsor by [Kos22, Lemma 3.8]. Therefore, a natural
map P̃ →MA is a chart.

Definition 5.5.9 (Log prismatic F -crystals). Let (X,MX) be a bounded p-adic log
formal scheme. We let Vect((X,MX)∆) (resp. Vect((X,MX)

str

∆ )) denote the category of
vector bundles on the ringed site on ((X,MX)∆,O∆) (resp. ((X,MX)

str

∆ ,O∆)). Objects of
Vect((X,MX)∆) are called log prismatic crystals.

We let Vectφ((X,MX)∆) denote the category of pairs (E , ϕE) where E is an ob-
ject of Vect((X,MX)∆) and ϕE is an isomorphism (φ∗E)[1/I∆]

∼→ E [1/I∆]. Objects
of Vectφ((X,MX)∆) are called log prismatic F -crystals. For integers a ≤ b, we let
Vectφ[a,b]((X,MX)∆) denote the full subcategory of Vectφ((X,MX)∆) consisting of objects
(E , ϕE) with

Ib∆E ⊂ ϕE(φ
∗E) ⊂ Ia∆E .
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In particular, let DM((X,MX)∆) := Vectφ[0,1]((X,MX)∆), whose objects are called log pris-
matic Dieudonné crystals. Finally, we let Vect((X,MX)∆, Õ∆) denote the category of
vector bundles on the ringed site ((X,MX)∆, Õ∆). Similarly, we define variants

Vectφ((X,MX)
str

∆ ),Vectφ[a,b]((X,MX)
str

∆ ),DM((X,MX)
str

∆ ),Vect((X,MX)
str

∆ , Õ∆).

All of these categories are canonically equipped with the structure of an exact category.

Remark 5.5.10. For ? ∈ {str, ∅}, we have the following canonical bi-exact equiva-
lences;

Vect((X,MX)
⋆

∆)
∼→ lim←−

(A,I,MA)∈(X,MX)
⋆
∆

Vect(A),

Vectφ((X,MX)
⋆

∆)
∼→ lim←−

(A,I,MA)∈(X,MX)
⋆
∆

Vectφ(A, I),

Vectφ[a,b]((X,MX)
⋆

∆)
∼→ lim←−

(A,I,MA)∈(X,MX)
⋆
∆

Vectφ[a,b](A, I),

Vect((X,MX)
⋆

∆, Õ∆)
∼→ lim←−

(A,I,MA)∈(X,MX)
⋆
∆

Vect(A/(p, I)).

Here, Vect(R) is the category of finite projective R-modules for a ring R. For a prism
(A, I), Vectφ(A, I) is the category of pairs (N,ϕN) of a finite projective A-module N and
an isomorphism ϕN : (φ∗

AN)[1/I]
∼→ N [1/I], and Vectφ[a,b](A, I) is the full subcategory of

Vectφ(A, I) consisting of objects (N,ϕN) such that IbN ⊂ ϕN(φ
∗
AN) ⊂ IaN . For an object

E of the source category, the image of E via the projection with respect to (A, I,MA) is
denoted by E(A,I,MA). When no confusion occurs, we simply write EA for this.

Definition 5.5.11 (Analytic log prismatic F -crystals, [GR24,DLMS24]).
Let (A, I) be a prism. We let Vectan(A, I) denote the exact category of vector bundles

on a scheme U(A, I) := Spec(A)\V (p, I), and Vectan,φ(A, I) denote the exact category of
pairs (E , ϕE) consisting of E ∈ Vectan(A, I) and an isomorphism ϕE : (φ

∗
AE)[1/I]

∼→ E [1/I].
For a bounded p-adic formal scheme X, we define the exact categories Vectan(X∆) and

Vectan,φ(X∆) by

Vectan(X∆) := lim←−
(A,I,MA)∈X∆

Vectan(A, I),

Vectan,φ(X∆) := lim←−
(A,I,MA)∈X∆

Vectan,φ(A, I).

For a bounded p-adic log formal scheme (X,MX), we define the exact categories
Vectan((X,MX)∆) and Vectan,φ((X,MX)∆) by

Vectan((X,MX)∆) := lim←−
(A,I,MA)∈(X,MX)∆

Vectan(A, I),

Vectan,φ((X,MX)∆) := lim←−
(A,I,MA)∈(X,MX)∆

Vectan,φ(A, I).
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Similarly, we define the exact categories Vectan((X,MX)
str

∆ ) and Vectan,φ((X,MX)
str

∆ ) by

Vectan((X,MX)
str

∆ ) := lim←−
(A,I,MA)∈(X,MX)

str
∆

Vectan(A, I),

Vectan,φ((X,MX)
str

∆ ) := lim←−
(A,I,MA)∈(X,MX)

str
∆

Vectan,φ(A, I).

Objects of the category Vectan((X,MX)∆) (resp. Vectan,φ((X,MX)∆)) are called analytic
log prismatic crystals (resp. analytic log prismatic F -crystals) on (X,MX).

Lemma 5.5.12. Let (X,MX) be a quasi-coherent and integral bounded p-adic formal
scheme. Then the inclusion functor (X,MX)

str

∆ ↪→ (X,MX)∆ has a right adjoint functor

(X,MX)∆ → (X,MX)
str

∆ ((A, I,MA) 7→ (A, I,NA)).

In particular, (X,MX)
str

∆ is cofinal in (X,MX)∆, and, for any ? ∈ {∅, ϕ, an, (an, ϕ)}, the
following restriction functors give bi-exact equivalences:

Vect⋆((X,MX)∆)→ Vect⋆((X,MX)
str

∆ ),

Vectφ[a,b]((X,MX)∆)→ Vectφ[a,b]((X,MX)
str

∆ ),

Vect((X,MX)∆, Õ∆)→ Vect((X,MX)
str

∆ , Õ∆).

Proof . Let (A, I,MA) ∈ (X,MX)∆. We let f : (Spf(A/I),MA/I)→ (X,MX) denote the
structure morphism. Under the identification Spf(A)ét ' Spf(A/I)ét, we define the log
structure NA on Spf(A) by NA :=MA ×MA/I

f ∗MX. By restricting the δlog-structure to
NA, we obtain a log prism (A, I,NA), which belongs to (X,MX)

str

∆ by Remark 5.5.8. Then
the functor (X,MX)∆ → (X,MX)

str

∆ sending (A, I,MA) to (A, I,NA) is the desired one
by construction. □

Lemma 5.5.13. Let (X,MX) be a bounded p-adic integral log formal scheme. Suppose
that (X,MX) admits a chart M → MX where M is uniquely p-divisible (see Definition
5.A.2 for the definition). Then the functor forgetting log structures

(X,MX)
str

∆ → X∆
sending (A, I,MA) to (A, I) is an equivalence.

In particular, for ? ∈ {∅, ϕ, an, (an, ϕ)}, the following natural functors give bi-exact
equivalences:

Vect⋆(X∆)→ Vect⋆((X,MX)
str

∆ ),

Vectφ[a,b](X∆)→ Vectφ[a,b]((X,MX)
str

∆ ),

Vect(X∆, Õ∆)→ Vect((X,MX)
str

∆ , Õ∆).

Proof . The latter assertion follows from the former and Lemma 5.5.12.
We shall prove the former. We construct a quasi-inverse functor. Let (A, I) ∈ X∆. We

let f denote the map

M → Γ(X,MX)→ Γ(Spf(A/I),MA/I)→ A/I.

Since M is uniquely p-divisible, there exists a unique lift f̃ : M → A of f by Lemma 5.A.3.
By setting δlog = 0, the map f̃ defines a prelog prism (A, I,M), and (A, I,M)a belongs to
(X,MX)

str

∆ .
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We shall check the functor sending (A, I) to (A, I,M)a constructed above is indeed a
quasi-inverse functor. As a non-trivial direction, it suffices to prove that, for (A, I,MA) ∈
(X,MX)

str

∆ , there exists a natural isomorphism (A, I,M)a
∼→ (A, I,MA), where (A, I,M) is

a prelog prism defined above. By Lemma 5.A.5 (1), we have a unique map of log structure
Ma → MA lifting the identity map on MA/I . This map Ma → MA is an isomorphism
because so is the restriction to Spf(A/I). It follows from Lemma 5.5.5 that this map is
compatible with δlog-structures. □

Construction 5.5.14 (Breuil-Kisin log prisms). Let (X,MX) = (Spf(R),MR) be
a small affine log formal scheme over OK and fix a framing t. We shall construct a log
prism (SR,t, (E),MSR,t

) = (SR,t, (E),Nr)a ∈ (X,MX)
str

∆ . Let

SR0 := W (k)〈x±1
1 , . . . , x±1

l , y1, . . . , ym, z1, . . . , zn〉JtK/( n∏
k=1

zk − t).

We define a prelog structure Nr → SR0 by

ei 7→

{
yi (1 ≤ i ≤ m)

zi−m (m+ 1 ≤ i ≤ r),

and define a δlog-structure on this prelog ring by δ(xi) = δ(yi) = δ(zi) = 0 and δlog(ei) = 0
for all i. Then we have an isomorphism SR0/(E) ∼= R0, and a log prism (SR0 , (E),Nr)a is
an object of ((Spf(R0),Nr)a)str∆ . The p-adically étale R0-algebra R lifts uniquely to a (p, E)-
adically étale SR0-algebra SR,t. By [Kos22, Lemma 2.13], there exists a unique prelog
prism structure on (SR,t, (E),Nr) such that (SR0 , (E),Nr) → (SR,t, (E),Nr) is a map of
prelog prisms. Then (SR,t, (E),MSR,t

) := (SR,t, (E),Nr)a is an object of (Spf(R),MR)
str

∆ .
When no confusion occurs, we simply write (SR, (E),MSR

) for (SR,t, (E),MSR,t
).

By Lemma 5.5.13, there exists a unique log structure MAinf (R̃∞,α)
on Spf(Ainf(R̃∞,α))

such that (Ainf(R̃∞,α), (ξ),MAinf (R̃∞,α)
) is a log prism in (Spf(R̃∞,α),MR̃∞,α

)str∆ up to a
unique isomorphism. By the proof of loc. cit.,MAinf (R̃∞,α)

is isomorphic to the associated
log structure with the prelog structure Qr

≥0 → Ainf(R̃∞,α) defined by

sei 7→

{
[(ysi )

♭] (1 ≤ i ≤ m)

[(zsi−m)
♭] (m+ 1 ≤ i ≤ r).

We can define a log prism map (SR, (E),MSR
) → (Ainf(R̃∞,α), (ξ),MAinf (R̃∞,α)

) as
follows. Consider a map of prelog rings (SR0 ,Nr)→ (Ainf(R̃∞,α),Qr

≥0) defined by

xi 7→ [x♭i]

yj 7→ [y♭j]

zk 7→ [z♭k]

and the natural inclusion Nr → Qr
≥0. Since SR0 → SR is étale, the above map lifts

uniquely to a map of prelog rings (SR,Nr) → (Ainf(R̃∞,α),Qr
≥0), which gives a log prism

map
(SR, (E),MSR

)→ (Ainf(R̃∞,α), (ξ),MAinf (R̃∞,α)
)

by taking the associated log structures.
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Remark 5.5.15. Let (Spf(R),MR) be a small affine log formal scheme over OK ad-
mitting a fixed framing with n = 0. Then (Spf(R),MR ⊕ πN)a is also small affine and
admits an induced framing with n = 1. Let (Spf(R0),MR0) be the unramified model of
(Spf(R),MR) defined by the fixed framing and ϕR0 be the Frobenius lift on (Spf(R0),MR0)
defined in Definition 5.2.5.

Consider a log formal scheme (Spf(R0[[t]]),MR0[[t]]) := (Spf(R0[[t]]),MR ⊕ tN)a. The
map ϕR0 induces a Frobenius lift ϕR0[[t]] on (Spf(R0[[t]]),MR0[[t]]) given by t 7→ tp,
which induces a δ-ring structure on R0[[t]]. This is refined to a δlog-ring structure on
(Spf(R0[[t]]),MR0[[t]]) defined by δlog(yj) = δlog(t) = 0. Then a triple (R0[[t]], (Et),MR0[[t]])
is a log prism which is isomorphic to the Breuil-Kisin log prism (SR, (E),MSR

) associated
with (Spf(R),MR⊕πN)a. If we replaceMR⊕ tN withMR at the first point, we can obtain
the Breuil-Kisin log prism associated with (Spf(R),MR).

Lemma 5.5.16 (cf. [DLMS24, Lemma 2.7 and Lemma 2.8]). Let (X,MX) =
(Spf(R),MR) be a small affine log formal scheme over OK with a fixed framing, and
(A, I,MA) be an orientable log prism in (X,MX)

str

∆ . Then there exists a coproduct in
(X,MX)∆

(B, J,MB) := (SR, (E),MSR
) t (A, I,MA)

belonging to (X,MX)
str

∆ , and a map (A, I,MA)→ (B, J,MB) is a flat cover. In particular,
(SR, (E),MSR

) covers the final object of the topos associated to (X,MX)
str

∆ .

Proof . By [Kos22, Lemma 3.8], Γ(Spf(A),MA) → Γ(Spf(A/I),MA/I) is surjective.
Hence, a map Nr → Γ(X,MX)→ Γ(Spf(A/I),MA/I) admits a lift Nr → Γ(Spf(A),MA).
Fix such a lift and let (A,MA) denote the prelog ring associated with the fixed lift. Here,
MA = Nr as monoids. Then (A, I,MA) = (A, I,MA)

a. Let

C := A[s±1 , . . . , s
±
l , t1, . . . , tm, u1, . . . , un][v]/(

n∏
k=1

uk − v)

Let (C,MC) the associated prelog ring where MC := MA ⊕ Nr → C is given by MA →
A→ C and

ei 7→

{
ti (1 ≤ i ≤ m)

ui−m (m+ 1 ≤ i ≤ r).

The prelog ring (C,MC) is equipped the unique δlog-structure such that the natural map
(A,MA) → (C,MC) is compatible with δlog-structures and δ(si) = δ(tj) = δ(uk) =
δlog(ei) = 0 for every i, j, k. Consider the surjection (C,MC) → (A/I,MA) induced by
si 7→ xi, tj 7→ yj, and uk 7→ zk, and let

(C,MC)→ (C ′,MC′)→ (A/I,MA)

be the exactification of it. Explicitly, we have
C ′ := C[(ỹ1/t1)

±1, . . . , (ỹm/tm)
±1, (z̃1/u1)

±1, (z̃n/un)
±1]

:= C[T±1
1 , . . . , T±1

m , U±1
1 , . . . , U±1

n ]/(tjTj − ỹj, ukUk − z̃k)j,k,
where ỹj (resp. z̃k) is the image of ej (resp. em+k) via Nr = MA → A for every j, k. The
δlog-structure on (C,MC) uniquely extends to (C ′,MC′) by [Kos22, Proposition 2.16]. Fix
a lift x̃i ∈ A of xi ∈ A/I for each i. Let J denote the kernel of the surjection C ′ → A/I.
Then J is generated by I and (si− x̃i, ỹj/tj−1, z̃k/uk−1)i,j,k. Let (C ′)∧ denote the derived
(p, I)-adic completion of C ′, which coincides with the classical (p, I)-completion because C ′

is flat over A (cf. the proof of [Kos22, Proposition 3.9]), and (B, IB) denote the prismatic
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envelope of the δ-pair ((C ′)∧, J(C ′)∧) over (A, I). Since (si − x̃i, ỹj/tj − 1, z̃k/uk − 1)i,j,k is
a regular sequence in (C ′)∧ and the natural map of derived quotient rings

A/L(p, d)→ (C ′)∧/L(p, d, si − x̃i, ỹj/tj − 1, z̃k/uk − 1)i,j,k

is an isomorphism, the prism map (A, I)→ (B, IB) is a flat cover by [BS22, Proposition
3.13 (1)] or [Ito24, Proposition 2.6.6 (1)].

We define a prelog ring map (SR0 , (E),Nr) → (B, IB,MC′) by xi 7→ si, yj 7→ tJ ,
zk 7→ uk, and t 7→ v. Since E(v) ∈ J implies that ve ∈ (p, I)B, this map is well-defined.
Using the étaleness of SR0 → SR, we obtain a unique lift (SR, (E),Nr) → (B, IB,MC′)
inducing the natural map (R,Nr) → (B/IB,MA). Then (B, IB,MC′) ∈ (Spf(R),MR)

str

∆
is the coproduct of (SR, (E),Nr)a and (A, I,MA) in (Spf(R),MR)∆. □

For a small affine log formal scheme (X,MX) = (Spf(R),MR) over OK with a fixed
framing, the n + 1–fold self coproduct of (SR, (E),MSR

) in (X,MX)∆ is denoted by
(S

(n)
R , (E),M

S
(n)
R
)(∈ (X,MX)

str

∆ ) for each n ≥ 0.

Lemma 5.5.17. Let (X,MX) be a semi-stable log formal scheme over OK . Then the
restriction functor

Vect⋆((X,MX)∆)→ Vectan,⋆((X,MX)∆)

is fully faithful for ? ∈ {∅, ϕ}.

Proof . By working étale locally on X, we may assume that (X,MX) = (Spf(R),MR) is
small affine with a fixed framing. The natural functors

Vect⋆((X,MX)∆)→ lim←−
•∈∆

Vect⋆(S
(•)
R , (E)),

Vectan,⋆((X,MX)∆)→ lim←−
•∈∆

Vectan,⋆(S
(•)
R , (E))

give equivalences by Lemma 5.5.16. For each n ≥ 0, the natural functor

Vect⋆(S
(n)
R , (E))→ Vectan,⋆(S

(n)
R , (E))

is fully faithful by [SP25, 0G7P]. Therefore, the functor in the statement is fully faithful.
□

Definition 5.5.18. ([DLMS24, Definition 3.7]) Let DDSR
be the category of pairs

(M, f) where
• M is a finitely generated SR-module such that, M[1/p] (resp. M[1/E]) is finite

projective over SR[1/p] (resp. SR[1/E]), and M = M[1/p] ∩M[1/E];
• f : M⊗SR,p1 S

(1)
R

∼→M⊗SR,p2 S
(1)
R is an isomorphism of S(1)

R -modules satisfying
the cocycle condition over S

(2)
R .

Let DDvect
SR

denote the full subcategory of DDSR
consisting of objects (M, f) with M being

finite projective over SR.
Let DDφ

SR
(resp. DDφ,vect

SR
) be the category of pairs (M, ϕM, f) where

• (M, f) belongs to DDSR
(resp. DDvect

SR
);

• ϕM : (φ∗M)[1/E]
∼→ M[1/E] is an isomorphism of SR[1/E]-modules such that f

is compatible with ϕM.
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Lemma 5.5.19. For ? ∈ {∅, ϕ}, we have natural bi-exact equivalences

Vectan,⋆((X,MX)∆)
∼→ DD⋆

SR
,

Vect⋆((X,MX)∆)
∼→ DD⋆,vect

SR
,

sending E to Γ(U(SR, (E)), E(SR,(E),MSR
)).

Proof . This follows from the same argument as [DLMS24, Lemma 3.8]. □

5.6. Realization functors for log prismatic crystals

In this section, we define étale, crystalline, and de Rham realization functors for analytic
log prismatic F -crystals on a semi-stable log formal scheme over OK and study their
properties.

5.6.1. The étale realization functor for log prismatic F -crystals.

Definition 5.6.1 (Laurent F -crystals, [KY25, Definition 7.34]). Let (X,MX) be
a bounded p-adic log formal scheme. Let O∆[1/I∆]

∧
p denote the sheaf on (X,MX)∆ given

by (A, I,MA) 7→ A[1/I]∧p and φ : O∆[1/I∆]
∧
p → O∆[1/I∆]

∧
p denote the ring map induced

by a ring map φA for each log prism (A, I,MA) ∈ (X,MX)∆. A vector bundle E on the
ringed site ((X,MX)∆,O∆[1/I∆]

∧
p ) equipped with an isomorphism ϕE : φ

∗E ∼→ E is called
a Laurent F -crystal on (X,MX). Let Vectφ((X,MX)∆,O∆[1/I∆]

∧
p ) denote the category of

Laurent F -crystals on (X,MX).

Remark 5.6.2. For a prism (A, I), we let Vectφ(A[1/I]∧p ) denote the category of a
finite projective A[1/I]∧p -module M with an isomorphism φ∗

AM
∼→M , where the ring map

φA : A[1/I]
∧
p → A[1/I]∧p is induced by the ring map φA : A→ A. By the same argument as

in [BS23, Proposition 2.7], there exists a natural equivalence

Vectφ((X,MX)∆,O∆[1/I∆]
∧
p ) ' lim←−

(A,I,MA)∈(X,MX)∆

Vectφ(A[1/I]∧p ).

For a Laurent F -crystal E on (X,MX) and a log prism (A, I,MA) ∈ (X,MX)∆, the
projection of E to Vectφ(A[1/I]∧p ) via the above functor is denoted by E(A,I,MA). When no
confusion occurs, we write EA for this.

Theorem 5.6.3 (cf. [KY25, Theorem 7.35]). For a bounded p-adic fs log formal
scheme (X,MX), there exists a natural fully faithful functor

Tét : Vect
φ((X,MX)∆,O∆[1/I∆]

∧
p )→ LocZp((X,MX)

♢
η,qprokét),

where (X,MX)
♢
η is the log diamond of the generic fiber of (X,MX) ([KY25, Example 7.6]).

Proof . For the proof, see [KY25, Theorem 7.35]. Although the definition of absolute
prismatic sites in [KY25, Definition 7.33] is slightly different from Definition 5.5.6, the
category of Laurent F -crystals is unchanged under this modification by Lemma 5.5.12 (see
also Remark 5.5.7). □

Remark 5.6.4. Let (X,MX) be a bounded p-adic fs log formal scheme and E be a
Laurent F -crystal on (X,MX). By the proof of [KY25, Theorem 7.35], there exists a
functorial isomorphism of A[1/I]∧p -modules

EA ∼= Tét(E)|(Spd(S,S+),MS) ⊗Zp A[1/I]
∧
p
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for a perfect log prism (A, I,MA) ∈ (X,MX)∆ associated with a perfect indiscrete log
prism in the sense of [KY25, Definition 2.36 and Definition 2.39] satisfying the following
conditions:

• the pullback of Tét(E) to (Spd(S, S+),MS) := (Spf(A/I),MA/I)
♢
η is constant (we

simply write Tét(E)|(Spd(S,S+),MS) for the corresponding Zp-module);
• MS/M×

S is divisible.

Definition 5.6.5. Let (X,MX) be a bounded p-adic fs log formal scheme. By Remark
5.5.10 and Remark 5.6.2, we have a sequence of exact functors

Vectφ((X,MX)∆)→ Vectan,φ((X,MX)∆)→ Vectφ((X,MX)∆,O∆[1/I∆]
∧
p ).

Taking the composition with the functor in Proposition 5.6.3, we obtain exact functors

Vectan,φ((X,MX)∆)→ LocZp((X,MX)
♢
η,qprokét),

Vectφ((X,MX)∆)→ LocZp((X,MX)
♢
η,qprokét).

Both of them are also denoted by Tét and called étale realization functors.

Remark 5.6.6. When (X,MX)η is a locally noetherian fs log adic space, the target
category of the étale realization functor can be identified with the category of Zp-local
systems on (X,MX)η,két (or (X,MX)η,prokét) by Proposition 5.B.4.

5.6.2. The crystalline realization functor for log prismatic F -crystals.

Construction 5.6.7 (Breuil log prism). Let (X,MX) = (Spf(R),MR) be a small
affine p-adic fs log formal scheme and fix a framing t. We have a strict closed immersion

(Spf(R),MR) ↪→ (Spf(SR,t),MSR,t
).

Let (Spf(SR,t),MSR,t
) denote a p-completed log PD-envelope of it. More generally, for

an integer i ≥ 0, let (Spf(S
(i)
R,t),MS

(i)
R,t
) denote a p-completed log PD-envelope of a closed

immersion
(Spf(R),MR) ↪→ (Spf(SR,t),MSR,t

)(i)/W ,

where (Spf(SR,t),MSR,t
)(i)/W is the i + 1–fold self product of (Spf(SR,t),MSR,t

) over
W . The p-adic log PD-thickening (S

(i)
R,t ↠ R/p,M

S
(i)
R,t
) belongs to (Xp=0,MXp=0)

str
crys.

By construction, (SR,t ↠ R/p,MSR,t
) covers the final object of the topos associated

with (Xp=0,MXp=0)crys, and (S
(i)
R,t,MS

(i)
R,t
) is the i-th fold self product of (SR,t,MSR,t

) in
(Xp=0,MXp=0). When no confusion occurs, we omit subscripts t.

Since Ker(SR ↠ R) is generated by a single regular element E(t), the ring S(i)
R is also

p-torsion free for each i ≥ 0. Hence, the Frobenius lift φ
S
(i)
R

on (Spf(S
(i)
R ),M

S
(i)
R
) induced

from φ
S

(i)
R

uniquely gives a structure of a δ-ring on S(i)
R . By [Kos22, Proposition 2.16], this

δ-structure uniquely refines to a δlog-structure on (Spf(S
(i)
R ),M

S
(i)
R
) such that the natural

map
(Spf(S

(i)
R ),M

S
(i)
R
)→ (Spf(SR),MSR

)(i)/W

is compatible with δlog-structures. As a result, we obtain a log prism (S
(i)
R , (p), φ

∗
S
(i)
R

M
S
(i)
R
) ∈

(Xp=0,MXp=0)
str

∆ , where the δlog-structure on (S
(i)
R , φ

∗M
S
(i)
R
) is induced from that on
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(S
(i)
R ,MS

(i)
R
), and the ring map SR

ϕSR→ SR → SR induces a log prism map in (X,MX)
str

∆

φ : (S
(i)
R , (E),MS

(i)
R
)→ (S

(i)
R , (p), φ

∗
S
(i)
R

M
S
(i)
R
)

for each i ≥ 0.

Remark 5.6.8. Let (Spf(R),MR) be a small affine log formal scheme over OK ad-
mitting a fixed framing with n = 0. Then (Spf(R),MR ⊕ πN)a is also small affine and
admits an induced framing with n = 1. Let (Spf(R0),MR0) be the unramified model of
(Spf(R),MR) defined by the fixed framing and ϕR0 be the Frobenius lift on (Spf(R0),MR0)
defined in Definition 5.2.5.

Let (Spf(R0[[t]]),MR0[[t]]) as in Remark 5.5.15. Consider a strict closed immersion

(Spf(R),MR) ↪→ (Spf(R0[[t]]),MR0[[t]])

induced from (Spf(R),MR) → (Spf(R0),MR0) and t 7→ π. By Remark 5.5.15, the p-
completed log PD-envelope of it is nothing but the Breuil ring (SR,MSR

) associated with
(Spf(R),MR ⊕ πN)a. Explicitly, we have an isomorphism SR ∼= R0[t][{ ten

(en)!
}n≥1]

∧, where
e := [K : K0]. We can also obtain the Breuil ring associated with (Spf(R),MR) in a similar
way as in Remark 5.5.15.

By using Breuil ring, we can prove the following.

Proposition 5.6.9. Let (Spf(R),MR) be a small affine log formal scheme over OK
admitting a fixed framing with n = 0. Let (Spf(R0),MR0) be the unramified model
defined by the fixed framing. Consider the Breuil ring (Spf(SR),MSR

) associated with
(R,MR ⊕ πN) equipped with the induced framing. Then, for a locally free F -isocrystal E
on (Spec(R/p),MR/p ⊕ πN), there is a natural isomorphism

E(SR↠R/p,MSR
)
∼= E(R0↠R0/p,MR0

⊕0N)a ⊗R0[1/p] SR[1/p]

that is compatible with Frobenius isomorphisms on both sides. In particular, there is a
natural isomorphism

E(R↠R/p,MR⊕πN)a
∼= E(R0↠R0/p,MR0

⊕0N)a ⊗R0[1/p] R[1/p].

Proof . The strict closed immersion

(Spf(R0),MR0 ⊕ 0N)a ↪→ (Spf(R0[[t]]),MR0 ⊕ tN)
given by t 7→ 0 induces a strict closed immersion

(Spf(R0),MR0 ⊕ 0N)a ↪→ (Spf(SR),MSR
)

by the universal property of PD-envelopes and Remark 5.6.8. The crystal property of E
along the above map gives an isomorphism

E(SR↠R/p,MSR
) ⊗SR[1/p] R0[1/p] ∼= E(R0↠R0/p,MR0

⊕0N)a .

Therefore, by applying Lemma 5.3.34 to ring maps R0 → SR ↠ R0, we obtain the former
assertion. The latter one is proved by taking the former isomorphism along SR ↠ R. □

Definition 5.6.10. Let DDSR
denote the category of pairs (M, ε) where

• M is a (not necessarily p-complete) finitely generated SR-module such that M [1/p]
is finite projective over SR[1/p];
• ε : M ⊗SR,p1 S

(1)
R

∼→M ⊗SR,p2 S
(1)
R satisfying the cocycle condition over S(2)

R .
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Morphisms (M, ε)→ (M ′, ε′) in DDSR
are SR-linear morphisms M →M ′ compatible with

ε and ε’. Let DDvect
SR

denote the full subcategory of DDSR
consisting of objects (M, ε) with

M being finite projective over SR.
We let DDφ

SR
(resp. DDφ,vect

SR
) denote the category of triples (M,ϕM , ε) where

• (M, ε) belongs to DDSR
(resp. DDvect

SR
);

• ϕM : (φ∗
SR
M)[1/p]

∼→ M [1/p] is an SR[1/p]-linear isomorphism that is compatible
with ε.

Morphisms (M,ϕM , ε) → (M ′, ϕM ′ , ε′) in DDφ
SR

are SR-linear morphisms M → M ′ com-
patible with ε, ε’, ϕM , and ϕN .

Lemma 5.6.11. Let (X,MX) = (Spf(R),MR) be a small affine log formal scheme
over OK with a fixed framing. Then there exist natural functors

DDSR
→ Crystf((Xp=0,MXp=0)crys),

DDvect
SR
→ Vect((Xp=0,MXp=0)crys),

DDφ
SR
→ Isocφlftf((Xp=0,MXp=0)crys),

DDφ,vect → Vectφ((Xp=0,MXp=0)crys).

Proof . It is enough to construct the first functor. Let (M, ε) ∈ DDSR
. Let M denote

the maximal p-torsion free quotient of M . Then M is p-complete by Lemma 5.3.18, and ε
induces a S(1)

R -linear isomorphism

ε : M⊗̂SR,p1S
(1)
R

∼→M⊗̂SR,p2S
(1)
R

satisfying the cocycle condition over S(2)
R by Lemma 5.6.12 below. Since the p-adic log

PD-thickening (SR ↠ R/p,MSR
) covers the final object of the topos associated with

(Xp=0,MXp=0)crys, the pair (M, ε) gives an object of Crystf((Xp=0,MXp=0)crys). This con-
struction gives the former functor in the statement. □

Lemma 5.6.12. Let A→ B be a p-adically flat ring map of p-complete and p-torsion
free rings. Let M be a finitely generated A-module with M [1/p] being finite projective
over A[1/p]. Let M denote the maximal p-torsion free quotient of M (which is p-complete
by Lemma 5.3.18). Then M⊗̂AB is isomorphic to the maximal p-torsion free quotient of
M ⊗A B.

Proof . Since M ⊗A B is a finitely generated B-module, the natural map M ⊗A B →
M⊗̂AB is surjective. Since A→ B is p-adically flat, M⊗̂AB is p-torsion free. By Lemma
5.3.17, we have a natural isomorphism (M⊗̂AB)[1/p] ∼= M [1/p]⊗A B. As a summary, we
obtain the following commutative diagram:

M ⊗A B

��

// // M ⊗A B // // M⊗̂AB� _

��

M [1/p]⊗A B
∼ // M [1/p]⊗A B

∼ // (M⊗̂AB)[1/p].

This diagram implies the assertion. □
Construction 5.6.13 (Crystalline realization). Let (X,MX) = (Spf(R),MR) be

a semi-stable log formal scheme over OK . First, we shall construct a functor

Vectan((X,MX)∆)→ Crystf((Xp=0,MXp=0)crys).
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To do this, we may work étale locally on X and assume that (X,MX) = (Spf(R),MR) is
a small affine log formal scheme with a fixed framing. We use notations in Construction
5.5.14 and Construction 5.6.7. By Lemma 5.5.19, there is an equivalence

Vectan((X,MX)∆)→ DDSR
.

Taking the base change along log prism maps φ : (S(i)
R , (E),MS

(i)
R
) → (S

(i)
R , (p),MS

(i)
R
)

gives a functor DDSR
→ DDSR

. Then, by composing these functors with the functor in
Lemma 5.6.11, we obtain a functor

Vectan((X,MX)∆)→ Crystf((Xp=0,MXp=0)crys),

denoted by Tcrys. In the same way, we define a functor

Vect((X,MX)∆)→ Vect((Xp=0,MXp=0)crys),

which coincides with the restriction of Tcrys. To globalize the construction of the functor
Tcrys, we need to prove the fact that Tcrys is independent of the choice of a framing, which
can be checked in the same way as [DLMS24, Lemma 3.31].

Next, we shall construct a functor

Vectan,φ((X,MX)∆)→ Isocφlftf((Xp=0,MXp=0)crys).

For E ∈ Vectan,φ((X,MX)∆), we have Tcrys(E) ∈ Crystf((Xp=0,MXp=0)crys). By con-
struction, Tcrys(E) is locally free. Hence, it is enough to construct a Frobenius structure
F ∗Tcrys(E)[1/p]

∼→ Tcrys(E)[1/p]. To do this, we may work étale locally on X, and so we
may assume that (X,MX) = (Spf(R),MR) is a small affine log formal scheme with a
fixed framing. Taking the base change along log prism maps φ : (S

(i)
R , (E),MS

(i)
R
) →

(S
(i)
R , (p), φ

∗M
S
(i)
R
) in Construction 5.6.7 gives a functor

DDφ
SR
→ DDφ

SR
.

Composing this functor with the functors in Lemma 5.5.19 and Lemma 5.6.11, we obtain
a functor

Vectan,φ((X,MX)∆)→ Isocφlftf((Xp=0,MXp=0)crys),

denoted by Tisoc. Since the functor Tisoc is compatible with Tcrys in the sense that there is
an isomorphism Tisoc(E) ∼= Tcrys(E)[1/p], this gives a Frobenius structure on Tcrys(E)[1/p].
In the same way, we define a functor

Vectφ((X,MX)∆)→ Vectφ((Xp=0,MXp=0)crys),

which coincides with the restriction of Tisoc.

Definition 5.6.14 (Crystalline realization). For a semi-stable log formal scheme
(X,MX) over OK , we constructed functors

Tcrys : Vect
an((X,MX)∆)→ Crystf((Xp=0,MXp=0)crys)

Tcrys : Vect((X,MX)∆)→ Vect((Xp=0,MXp=0)crys)

Tisoc : Vect
an,φ((X,MX)∆)→ Isocφlftf((Xp=0,MXp=0)crys),

Tisoc : Vect
φ((X,MX)∆)→ Vectφ((Xp=0,MXp=0)crys)

in Construction 5.6.13. These are called crystalline realization functors.
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5.6.3. The relationship between étale and crystalline realization. Let (X,MX)
be a semi-stable log formal scheme over OK .

Setting 5.6.15. Let (X,MX) be a semi-stable log formal scheme over OK and E be
an analytic log prismatic F -crystal on (X,MX). Consider a p-adic saturated log formal
scheme (Spf(S),MS) over (X,MX) satisfying the following conditions:

• S is an integral perfectoid OC-algebra;
• Tét(E)|(Spf(S),MS)η is a constant Zp-local system;
• the structure map (Spf(S),MS)→ (X,MX) factors as

(Spf(S),MS)→ (Spf(R̃∞,α),MR̃∞,α
)→ (Spf(R),MR)→ (X,MX),

where (Spf(R),MR) is small affine with a fixed framing, (Spf(R),MR) →
(X,MX) is strict étale, and (Spf(S),MS) → (Spf(R̃∞,α),MR̃∞,α

) is a strict map
over OC .

In this situation, there exists a unique log structureMAinf (S) on Spf(Ainf(S)) which restricts
toMS by Lemma 5.A.5. We have a log prism (Ainf(S), (ξ),MAinf (S)).

Proposition 5.6.16. Let E be an analytic log prismatic F -crystal on (X,MX). Let
(Spf(S),MS) be a saturated p-adic log formal scheme over (X,MX) as in Setting 5.6.15.
Then there exists a natural isomorphism

EAinf (S)[1/φ
−1(µ)] ∼= Tét(E)|(Spf(S),MS)η ⊗Zp Ainf(S)[1/φ

−1(µ)].

Here, Tét(E) is regarded as a finite free Zp-module.

Proof . By Remark 5.6.4, we have a natural isomorphism
EAinf (S)[1/φ

−1(µ)] ∼= Tét(E)|(Spf(S),MS)η ⊗Zp Ainf(S)[1/φ
−1(µ)].

It suffices to prove that this restricts to the isomorphism in the statement. This follows
from the argument in the proof of [GR24, Lemma 3.13], which reduces the problem to
[BMS18, Lemma 4.26] via arc descent. Note that, in [GR24], the definition of Breuil-
Kisin-Fargues modules over OC in [BMS18, Definition 4.22] is adopted. This object
naturally corresponds to analytic prismatic F -crystals over (Ainf(OC), (φ(ξ))) (not over
(Ainf(OC), ξ)). □

Theorem 5.6.17. Let E be an analytic log prismatic F -crystal E on (X,MX). Then
the Qp-local system Tét(E)[1/p] on (X,MX)η and the F -isocrystal Tisoc(E) on (X,MX) are
associated. In particular, Tét(E)[1/p] is a semi-stable local system.

Proof . It suffices to show that there exists a natural isomorphism
(Tét(E)⊗Zp Bcrys)(U) ∼= Bcrys(Tcrys(E))(U)

that is compatible with Frobenius for a big log affinoid perfectoid U in (X,MX)η,prokét with
Tét(E)|U being constant. If we set Û := Spa(S, S+) to be the associated affinoid perfectoid
space with U , the natural map (Spf(S+),MS+) → (X,MX) satisfies the conditions in
Setting 5.6.15. Taking the base change of the isomorphism in Proposition 5.6.16 along a
ring map

Ainf(S
+)[1/φ−1(µ)]

ϕ→ Ainf(S
+)[1/µ]→ Bcrys(S

+),

we obtain isomorphisms
(Tét(E)⊗Zp Bcrys)(U) ∼= Tét(E)|U ⊗Zp Bcrys(S

+)

∼= EAinf (S+)[1/φ
−1(µ)]⊗Ainf (S+)[1/ϕ−1(µ)],ϕ Bcrys(S

+)
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which are compatible with Frobenius.
For the right hand side, we have isomorphisms which are compatible with Frobenius

isomorphisms

EAinf (S+)[1/φ
−1(µ)]⊗Ainf (S+)[1/ϕ−1(µ)],ϕ Bcrys(S

+)

∼= EAcrys(S+) ⊗B+
crys(S+) Bcrys(S

+)

∼= Tcrys(E)(Acrys(S+)↠S+/p,MAcrys(S+))
⊗B+

crys(S+) Bcrys(S
+)

∼= Bcrys(Tcrys(E))(U),

where the first isomorphism is defined by the crystal property of E for a log prism map
φ : (Ainf(S

+), (ξ),MAinf (S+)) → (Acrys(S
+), (p),MAcrys(S+)), and the second isomorphism

comes from the definition of crystalline realization functor. By composing this with the
isomorphism in the previous paragraph, we obtain the desired isomorphism. □

Theorem 5.6.18. The crystalline realization functor Tisoc is uniquely enhanced to a
functor

Tfisoc : Vect
an,φ((X,MX)∆)→ FilIsocφ(X,MX)

such that, for every E ∈ Vectan,φ((X,MX)∆), Tét(E) and Tfisoc(E) are associated in the
sense of Definition 5.4.18 (2).

Proof . By Proposition 5.4.20 and Theorem 5.6.17, there exists a unique filtration Fil•dR
on Tisoc(E)(Xp=0,X,MX) such that Tét(E) and Tfisoc(E) := (Tisoc(E)(Xp=0,X,MX),Fil

•
dR) are asso-

ciated in the sense of Definition 5.4.18 (2). Then the functor Tfisoc defined in this way is
the desired one. □

Definition 5.6.19 (De Rham realization). Let FilVect(Xη) be the category of fil-
tered vector bundles on Xη. The functor

Vectan,φ((X,MX)∆)→ FilVect(Xη)

sending E to (Tisoc(E)Xp=0,X,MX
,Fil•dR) is called a de Rham realization functor, denoted by

TdR.

In the next subsection, we give a description of TdR using the Nygaard filtration. To
do this, we make some preparations.

Let (Spf(S),MS) be a p-adic saturated log formal scheme over (X,MX) as in Setting
5.6.15. We put a filtration Fil•ξ on Tét(E)|(Spf(S),MS)η ⊗Zp BdR(S) (resp. EAinf (S) ⊗Ainf (S)

BdR(S)) by

Fil•ξ := Tét(E)|(Spf(S),MS)η ⊗Zp Fil
•BdR(S)

(resp. Fil•ξ := EAinf (S) ⊗Ainf (S) Fil
•BdR(S)).

Moreover we define a filtration Fil•dR,BdR(S) on

EAinf (S) ⊗Ainf (S),ϕ BdR(S) ∼= Tcrys(E)(Acrys(S)↠S/p,MAcrys(S)) ⊗Acrys(S) BdR(S)

in the same way as Construction 5.4.17.
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Lemma 5.6.20. We have the following commutative diagram of isomorphisms of fil-
tered BdR(S)-modules:

(Tét(E)|(Spf(S),MS)η ⊗Zp BdR(S),Fil
•
ξ) ∼= (EAinf (S) ⊗Ainf (S),ϕ BdR(S),Fil

•
dR,BdR(S))

φE⊗id∼
��

(Tét(E)|(Spf(S),MS)η ⊗Zp BdR(S),Fil
•
ξ) ∼= (EAinf (S) ⊗Ainf (S) BdR(S),Fil

•
ξ).

Proof . Since the isomorphism in Proposition 5.6.16 is obtained as the restriction of the
isomorphism in Remark 5.6.4 which is compatible with Frobenius, we have a commutative
diagram

Tét(E)|(Spf(S),MS)η ⊗Zp Ainf(S)[1/φ
−1(µ)]

∼ //

id⊗ϕ∼
��

EAinf (S)[1/φ
−1(µ)]

φE∼
��

Tét(E)|(Spf(S),MS)η ⊗Zp Ainf(S)[1/µ]
∼ // EAinf (S)[1/µ],

where the upper horizontal map is the isomorphism in Proposition 5.6.16, the bottom
horizontal map is the localization of the upper horizontal isomorphism. Taking the base
change of this diagram along ring maps

Ainf(S)[1/φ
−1(µ)]

ϕ
∼→ Ainf(S)[1/µ]→ BdR(S),

we obtain the commutative diagram in the statement.
We shall prove that every isomorphism in the square in the statement is a filtered

isomorphism. Since φ−1(µ) is invertible in B+
dR(S), we have a ring map Ainf(S)[1/φ

−1(µ)]→
B+

dR(S), and the bottom horizontal isomorphism is obtained as the base change of the
isomorphism in Proposition 5.6.16 along

Ainf(S)[1/φ
−1(µ)]→ B+

dR(S)→ BdR(S).

This implies that the bottom horizontal isomorphism in the diagram in the statement is a
filtered isomorphism.

For the upper horizontal isomorphism, note that (Spf(S),MS)η does not necessarily
live in (X,MX)η,prokét. However, when we take a factorization of (Spf(S),MS)→ (X,MX)
as in Setting 5.6.15, by taking the filtered base change of the filtered isomorphism

(Tét(E)|(Spf(R̃∞,α),MR̃∞,α
)η
⊗Zp BdR(R̃∞,α),Fil

•
ξ)

∼=(EAinf (R̃∞,α)
⊗Ainf (R̃∞,α),ϕ

BdR(R̃∞,α),Fil
•
dR,BdR(R̃∞,α)

)

given by Proposition 5.4.20 along BdR(R̃∞,α)→ BdR(S), we see that the upper horizontal
isomorphism is a filtered isomorphism. Therefore, the right vertical morphism is also a
filtered isomorphism. □

5.6.4. The de Rham realization functor for log prismatic F -crystals.
Let (X,MX) = (Spf(R),MR) be a small affine log formal scheme over OK with a fixed

framing t. Let E be an analytic log prismatic F -crystal on (X,MX). The goal of this
subsection is to give the description of the filtered vector bundle (Tisoc(E)(Xp=0,X,MX),Fil

•
dR)

by using Breuil-Kisin log prisms and Nygaard filtrations (Proposition 5.6.23).



112 5. LOG PRISMATIC F -CRYSTALS AND REALIZATION FUNCTORS

For a log prism (A, I,MA) ∈ (X,MX)∆, we set

E [1/p]A := Γ(Spec(A[1/p]), EA),
(φ∗E)[1/p]A := Γ(Spec(A[1/p]), φ∗

AEA),

E [1/p]A := EA[1/p]⊗A[1/p] A/I[1/p],

(φ∗E)[1/p]A := (φ∗E)[1/p]A ⊗A[1/p] A/I[1/p].

The map ϕE : (φ∗E)[1/I∆]
∼→ E [1/I∆] induces a map

ϕEA : (φ∗E)A[1/pI]
∼→ EA[1/pI]

of A[1/pI]-modules. We define a Nygaard filtration Fil•N ,A on (φ∗E)[1/p]A by

FilnN ,A := Im(ϕ−1
EA(I

nEA[1/p]) ∩ (φ∗E)[1/p]A → (φ∗E)[1/p]A).

Lemma 5.6.21. There exists a natural isomorphism of R[1/p]-modules

Tisoc(E)(Xp=0,X,MX)
∼= (φ∗E)[1/p]SR,t

.

Proof . The crystal property of Tisoc(E) for the map

(SR,t ↠ R/p,MSR,t
)→ (R ↠ R/p,MR)

in (Xp=0,MXp=0)
str
crys gives an isomorphism of R[1/p]-modules

Tisoc(E)(Xp=0,X,MX)
∼= Tisoc(E)(SR,t↠R/p,MSR,t

) ⊗SR,t[1/p] R[1/p].

By the definition of Tisoc(E) and the crystal property of E of the map

φ : (SR,t, (E),MSR,t
)→ (SR,t, (p), φ

∗
SR,t
MSR,t

)

in (X,MX)
str

∆ , we have isomorphisms of R[1/p]-modules

Tisoc(E)(SR,t↠R/p,MSR,t
) ⊗SR,t[1/p] R[1/p]

∼=(Γ(Spec(SR,t[1/p]), ESR,t
)⊗SR,t[1/p],ϕ SR,t[1/p])⊗SR,t[1/p] R[1/p]

∼=Γ(Spec(SR,t[1/p]), φ
∗
SR,t
ESR,t

)⊗SR,t[1/p] R[1/p]

∼=(φ∗E)[1/p]SR,t
.

The combination of these isomorphisms give the desired isomorphism. □
Lemma 5.6.22. There exists a p-adic saturated log formal scheme (Spf(S),MS) over

(X,MX) satisfying the following conditions:
• S is an integral perfectoid OC-algebra, and R→ S is faithfully flat;
• L|(Spf(S),MS)η is constant for every Zp-local system L on (X,MX)η,két;
• the structure map (Spf(S),MS)→ (X,MX) factors as

(Spf(S),MS)→ (Spf(R̃∞,α),MR̃∞,α
)→ (X,MX),

where (Spf(S),MS)→ (Spf(R̃∞,α),MR̃∞,α
) is a strict map over OC .

Proof . We may assume that X is connected. Let S denote the p-adic completion of the
integral closure of R in an algebraic closure of Frac(R). The ring S is an integral perfectoid
OC-algebra by [Bha20, Lemma 4.20 (2)], and R→ S is faithfully flat by [Bha20, Theorem
5.16]. Since the ring map R→ S admits a factorization

R→ R̃∞,α → S,
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we fix such a factorization and letMS denote the pullback log structure ofMR̃∞,α
.

It suffices to prove that (Spf(S),MS) satisfies the second condition in the statement.
Let L be a Zp-local system on (X,MX)η,két and let Ln denote the Z/pn-local system L⊗Zp

Z/pn for n ≥ 1. Since GLs(Z/pn+1) → GLs(Z/pn) is surjective for s := rk(L) and each
n ≥ 1, it is enough to show that Ln|(Spf(S),MS)η is constant for each n ≥ 1.

Take a finite Kummer étale cover (Yn,MYn) → (X,MX)η such that Ln|(Yn,MYn )
is

constant. By [DLLZ23b, Lemma 4.2.5], we may refine (Yn,MYn) and assume that
(Yn,MYn)→ (X,MX)η factors as

(Yn,MYn)→ (Xm,α,MXm,α)η → (X,MX)η

for some m ≥ 1, where (Yn,MYn) → (Xm,α,MXm,α)η is strict finite étale. Here,
(Xm,α,MXm,α) is defined by

(Xm,α,MXm,α) := (X,MX)⊗(Z[Nr],Nr)a (Z[
1

m
Nr],

1

m
Nr)a.

Then (Spf(S),MS)→ (X,MX) factors as

(Spf(S),MS)→ (Spf(R̃∞,α),MR̃∞,α
)→ (Xm,α,MXm,α)→ (X,MX),

and, when we fix such a factorization, (Spf(S),MS)η → (Xm,α,MXm,α)η factors as

(Spf(S),MS)η → (Yn,MYn)→ (Xm,α,MXm,α)η

by the same argument as the forth paragraph of the proof of [GR24, Lemma 4.10]. There-
fore, Ln|(Spf(S),MS)η is constant. □

Proposition 5.6.23. The isomorphism in Lemma 5.6.21 is refined to an isomorphism
of filtered vector bundles on Xη

TdR(E) ∼= ((φ∗E)[1/p]SR,t
,Fil•N ,SR,t

).

In particular, the filtration Fil•N ,SR,t
on (φ∗E)[1/p]SR,t

is a filtration with locally free graded
pieces.

Proof . Take a sequence of p-adic saturated log formal schemes

(Spf(S),MS)→ (Spf(R̃∞,α),MR̃∞,α
)→ (X,MX)

as in Lemma 5.6.22. Since R → S is faithfully flat, it is enough to show that the iso-
morphism in Lemma 5.6.21 is a filtered isomorphism after taking the base change along
R[1/p]→ S[1/p].

We prepare some categories and functors as follows:
• Modφ(SR[1/p]) denote the category of a pair (M,ϕM) consisting of a finite pro-

jective SR[1/p]-module M with an isomorphism ϕM : (φ∗
SR
M)[1/E]

∼→M [1/E];
• Mor(B+

dR(S)) denote the category of a triple (M1,M2, f) consisting of finite pro-
jective B+

dR(S)-modules M1 and M2 with a BdR(S)-linear isomorphism

M1 ⊗B+
dR(S) BdR(S)

∼→M2 ⊗B+
dR(S) BdR(S);

• the functor Modφ(SR[1/p])→ Mor(B+
dR(S)) given by

(M,ϕM) 7→ (M ⊗SR,ϕ B
+
dR(S),M ⊗SR

B+
dR(S), ϕM ⊗ id),
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where M ⊗SR,ϕ B
+
dR(S) (resp. M ⊗SR

B+
dR(S)) is the base change of M along the

ring map

SR
ϕ→ SR → Ainf(S)→ BdR(S) (resp. SR → Ainf(S)→ BdR(S))

(for the definition of SR → Ainf(S), see the last paragraph of Construction 5.5.16);
• for a ring A, FilMod(A) denote the category of a finite projective A-module with

a descending filtration;
• the functor Modφ(SR[1/p]) → FilMod(R[1/p]) sending (M,ϕM) to the R[1/p]-

module M ⊗SR[1/p] R[1/p] equipped with the filtration defined as

Im(φ∗
SR
M ∩ ϕ−1

M (E•M)→M ⊗SR[1/p] R[1/p]);

• the functor Mor(B+
dR(S)) → FilMod(S[1/p]) sending (M1,M2, f) to the B+

dR(S)-
module M1 ⊗B+

dR(S) S[1/p] equipped with the filtration defined as

Im(M1 ∩ f−1(ξ•M2)→M1 ⊗B+
dR(S) S[1/p]).

Then, by flatness of the ring map SR → B+
dR(S), the following diagram is commutative:

Modφ(SR[1/p]) //

��

FilMod(R[1/p])

−⊗R[1/p]S[1/p]

��
Mor(B+

dR(S))
// FilMod(S[1/p]).

Let
ϕBdR(S) : ESR

⊗SR,ϕ BdR(S)
∼→ ESR

⊗SR
BdR(S)

be the image of E [1/p]SR
∈ Modφ(SR[1/p]) via the left vertical functor. We define a

filtration Fil•N ,BdR(S) on ESR
⊗SR,ϕ B

+
dR(S) by

Fil•N ,BdR(S) := (ESR
⊗SR,ϕ B

+
dR(S)) ∩ ϕ

−1
BdR(S)(ξ

• · (ESR
⊗SR,ϕ B

+
dR(S))).

Let Fil
•
N ,BdR(S) denote the filtration on ESR

⊗SR,ϕ B
+
dR(S) ⊗B+

dR(S) S[1/p] defined as the
image of Fil•N ,BdR(S) via the surjection

ESR
⊗SR,ϕ B

+
dR(S) ↠ ESR

⊗SR,ϕ B
+
dR(S)⊗B+

dR(S) S[1/p].

Applying the commutativity of the above diagram to E [1/p]SR
∈ Modφ(SR[1/p]) gives an

isomorphism

(5.6.1) ((φ∗E)[1/p]SR
,Fil•N ,SR

)⊗R S ∼= (EAinf (S) ⊗Ainf (S),ϕ B
+
dR(S)⊗B+

dR(S) S,Fil
•
N ,BdR(S)).

By Lemma 5.6.20, we have the identity of filtrations on EAinf (S) ⊗Ainf (S),ϕ B
+
dR(S)

Fil•N ,BdR(S) = (EAinf (S) ⊗Ainf (S),ϕ B
+
dR(S)) ∩ Fil•dR,BdR(S).

By the definition of Fil•dR and the argument in Construction 5.4.17, when we choose
s : (R,MR)→ (Acrys,K(S),MAcrys,K(S)) as in loc. cit., there is an isomorphism

EAinf (S) ⊗Ainf (S),ϕ B
+
dR(S)

∼= Tisoc(E)(Xp=0,X,MX) ⊗R[1/p],s B
+
dR(S)

such that the induced isomorphism

EAinf (S) ⊗Ainf (S),ϕ BdR(S) ∼= Tisoc(E)(Xp=0,X,MX) ⊗R[1/p],s BdR(S)
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sends the filtration on the left hand side Fil•dR,BdR(S) to the product filtration Fil•dR⊗R[1/p],s

Fil•BdR(S) on the right hand side. Therefore, we have filtered isomorphisms

(ESR
⊗SR,ϕ B

+
dR(S),Fil

•
N ,BdR(S))

=(ESR
⊗SR,ϕ B

+
dR(S), (ESR

⊗SR,ϕ B
+
dR(S)) ∩ Fil•dR,BdR(S))

∼=(Tisoc(E)(R↠R/p,MR) ⊗R[1/p] B
+
dR(S),

⊕
n≥0

(Fil•−ndR ⊗R[1/p] Fil
nBdR(S))).

Taking the mod-ξ reductions with induced filtrations, we get a filtered isomorphism

(5.6.2) (ESR
⊗SR,ϕ B

+
dR(S)⊗B+

dR(S) S[1/p],Fil
•
N ,B+

dR(S))
∼= TdR(E)⊗R[1/p] S[1/p].

Then the combination of (5.6.1) and (5.6.2) proves the assertion. □

5.6.5. The proof of fully faithfulness part of Theorem 5.1.4.

Lemma 5.6.24. Let (Spf(S),MS) be a p-adic saturated log formal scheme. Suppose
that S is a p-torsion free qrsp ring, and we are given a chart P →MS with P being and
uniquely n-divisible for every n ≥ 1 and saturated. Then the étale realization functor

Tét : Vect
an,φ((Spf(S),MS)∆)→ LocZp((Spf(S),MS)

♢
η,qprokét)

is faithful.

Proof . We see that the étale realization functor

Tét : Vect
an,φ(S∆)→ LocZp(Spf(S)η,proét)

is faithful by the same argument as the proof of [GR24, Lemma 4.1]. By Lemma 5.5.13,
the source category is equivalent to Vectan,φ((Spf(S),MS)∆). On the other hand, Lemma
5.B.1 gives an equivalence

LocZp((Spf(S),MS)
♢
η,qprokét) ' LocZp(Spf(S)

♢
η,qproét) ' LocZp(Spf(S)η,proét).

This proves the assertion. □
Construction 5.6.25 ([GR24, Construction 4.12]). Let S be a p-torsion free integral

perfectoid OC-algebra and set X := Spf(S). The lattice realization functor is a functor

Vectan,φ(Ainf(S), (ξ))→ B+
dR-Latt

:= {(L,M)| L ∈ LocZp(Xη,proét),M(⊂ L⊗Zp BdR) : B+
dR-lattice}

given on an object (E , ϕE) ∈ Vectan,φ(Ainf(S), (ξ)) as follows:
• L is the étale realization of (E , ϕE).
• Taking the base change of the isomorphism in Proposition 5.6.16 along

Ainf [1/φ
−1(µ)]

ϕ→ Ainf [1/µ]→ BdR,

we get an isomorphism

φ∗
Binf

Binf(E)⊗Binf
BdR
∼= L⊗Zp BdR.

and a B+
dR-lattice M := φ∗

Binf
Binf(E)⊗Binf

B+
dR in L⊗Zp BdR.

Lemma 5.6.26 ([GR24, Lemma 4.3 and Proposition 4.4]). Let S be a p-torsion free
perfectoid OC-algebra. Suppose that S/π is a free OC/π-module. Then the following
assertions hold.
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(1) We have the following formulas.⋂
r≥1

µ

φ−r(µ)
∆S = µ∆S

⋂
r≥1

(
µ

φ−r(µ)
∆S[1/p]) = µ∆S[1/p]⋂

r≥1

(
µ

φ−r(µ)
∆S[1/ξ]) = µ∆S[1/ξ]

(2) The lattice realization functor in Construction 5.6.25 is fully faithful.

Proof . (1) In [GR24, Lemma 4.3], this assertion is proved for a specified integral
perfectoid ring S. The argument in loc. cit. works in this setting as well.

(2) This follows from the same argument as [GR24, Proposition 4.4]. We can use (1)
as a key input.

□
Theorem 5.6.27. For a semi-stable log formal scheme (X,MX) over OK , the étale

realization functor

Tét : Vect
an,φ((X,MX)∆)→ LocZp((X,MX)η)

is fully faithful.

Proof . By working étale locally on X, we may assume that (X,MX) = (Spf(R),MR) is
small affine. Fix a framing (Spf(R),MR) → (Spf(R0),Nr)a. By Proposition 6.4.17 below
and Lemma 5.6.24, it is enough to prove that Tét is full. Let E1, E2 ∈ Vectan,φ((X,MX)∆)
and f : Tét(E1)→ Tét(E2) be a morphism of Zp-local systems.

First, suppose that n ≤ 1 (in other words, the special fiber of X is smooth). In this
case, by isomorphisms

R̃/π ∼= (R⊗OK〈{x±1
i },{yj}〉 OK〈{x

±1/p∞

i }, {yQ≥0

j }〉 ⊗OK
OC)/π

∼= (R/π ⊗k[{x±1
i },{yj}] k[{x

±1/p∞

i }, {yQ≥0

j }])⊗k OC/π,

R̃/π is a free OC/π-module. Hence we can use Lemma 5.6.26 and obtain the following
diagram.

Vectan,φ((X,MX)∆)
E 7→(Tét(E),B+

dR(Tcrys(E))) //

��

BdR(R̃)-Latt

Vectan,φ(R̃∆)
∼ // Vectan,φ(∆R̃, I)

∼ // BdR(R̃)-Latt

By Proposition 5.4.22, there exists a unique map Tcrys(E1)→ Tcrys(E2) of isocrystals which
induces the map

Bcrys(Tcrys(E1)) ∼= Tét(E1)⊗Zp Bcrys
f⊗id→ Tét(E2)⊗Zp Bcrys

∼= Bcrys(Tcrys(E2)),
and so f ⊗ idBdR

: Tét(E1) ⊗Zp BdR → Tét(E1) ⊗Zp BdR maps the B+
dR(Tcrys(E1)) into

B+
dR(Tcrys(E2)). Hence, the above diagram implies that there exists a unique morphism

g : E1|Spf(R̃) → E2|Spf(R̃) which induces f |Spf(R̃)η
via étale realization. Lemma 5.6.24 implies

that pr∗1(g) = pr∗2(g), and so g descents to a morphism E1 → E2 by Proposition 6.4.17
below.
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We shall prove the assertion in general cases by induction on n. What we proved in the
previous paragraph allows us to assume that n ≥ 2. Let Ui be the vanishing locus of xi ∈ R
for i = 1, 2 and U3 := U1 ∩ U2. Let MUi

be log structures obtained as restrictions of MX

for i = 1, 2, 3. By the induction hypothesis, we have morphisms E1|(Ui,MUi
) → E2|(Ui,MUi

)

which induces f via the étale realization for i = 1, 2, and these morphisms coincide on
(U3,MU3) by the faithfulness of the étale realization. Hence, it suffices to prove that the
restriction functor

Vectan,φ((X,MX)∆)

→ Vectan,φ((U1,MU1)∆)×Vectan,φ((U3,MU3
)∆)

Vectan,φ((U2,MU2)∆)

is fully faithful.
Let x3 := x1x2. A log prism (SR[1/xi]

∧
(p,E), (E),MSR[1/xi]∧(p,E)

) ∈ (Ui,MUi
)∆ covers

the final object of the associated topos, and the n + 1-fold product of this log prism in
(Ui,MUi

)str∆ coincides with

(S
(n)
R [1/xi]

∧
(p,E), (E),MS

(n)
R [1/xi]∧(p,E)

).

It suffices to show that

Vectan,φ(S
(n)
R , (E))

→ Vectan,φ(S
(n)
R [1/x1]

∧, (E))×
Vectan,φ(S

(n)
R [1/x3]∧,(E))

Vectan,φ(S
(n)
R [1/x2]

∧, (E))

is fully faithful for n ≥ 0. Since Spf(A) V (p, d) has a covering Spec(A[1/p])∩Spec(A[1/d])
with an intersection Spec(A[1/pd]) for a prism (A, (d)), it is enough to prove that

Vect(S
(n)
R [1/a])

→ Vect(S
(n)
R [1/x1]

∧[1/a])×
Vect(S

(n)
R [1/x3]∧[1/a])

Vect(S
(n)
R [1/x2]

∧[1/a])

is fully faithful for a ∈ {p, E, pE}. Taking internal homomorphisms, we are reduced to
show that

0→ S
(n)
R → S

(n)
R [1/x1]

∧ ×S
(n)
R [1/x2]

∧ → S
(n)
R [1/x3]

∧ (1)

is exact. We have an exact sequence

0→ R→ R[1/x1]
∧
p ×R[1/x2]∧p → R[1/x3]

∧
p (2)

because the mod-π reductions of this is obtained by the base change of an exact sequence

0→ R0/π → (R0/π)[1/x1]× (R0/π)[1/x2]→ (R0/π)[1/x3]

(the exactness of which can be checked by a direct computation) along the étale map
R0/π → R/π. Therefore, the sequence (1) is exact because the mod-E reduction of the
sequence (2) is obtained by the base change of the sequence (1) along the p-completely flat
map R→ S

(n)
R /(E). □

Corollary 5.6.28. For a semi-stable log formal scheme (X,MX) over OK , the étale
realization functor

Tét : Vect
φ((X,MX)∆)→ LocZp((X,MX)η)

is fully faithful.

Proof . This follows from Lemma 5.5.17 and Theorem 5.6.27. □
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5.6.6. The proof of bi-exactness part of Theorem 5.1.4.

Setting 5.6.29. Let (X,MX) = (Spf(R),MR) be a small affine log formal scheme over
OK with a fixed framing. Let E be an analytic log prismatic F -crystal on (X,MX). Let
(Spf(S),MS) be a p-adic saturated log formal scheme over (X,MX) as in Lemma 5.6.22.

We simply write Tét(E)|(Spf(S),MS)η for the Zp-module corresponding to the constant
Zp-local system Tét(E)|(Spf(S),MS)η .

We consider the following rings:

B[0,1] := Ainf(S)[p/[p
♭]]∧[p♭][1/[p

♭]]

B[1,∞] := Ainf(S)[[p
♭]/p]∧p [1/p]

B[1,1] := Ainf(S)[[p
♭]/p, p/[p♭]]∧p [1/p[p

♭]].

Lemma 5.6.30. ([Ked20, Theorem 3.8]) The functor

Vect(U(Ainf(S)), (ξ))→ Vect(B[0,1])×Vect(B[1,1]) Vect(B[1,∞])

is a bi-exact equivalence.

Lemma 5.6.31. We have canonical isomorphisms

EAinf (S) ⊗Ainf (S) B[0,1]
∼= Tét(E)⊗Zp B[0,1]

(EAinf (S) ⊗Ainf (S) B[1,∞])[1/ξ] ∼= (EAcrys(S) ⊗Acrys(S) B[1,∞])[1/ξ].

Proof . First, we construct the former isomorphism. The intersection formula in Lemma
5.6.26 (1) implies that φ−1(µ) is invertible in B[0,1] (cf. [GR24, footnote in p.44]), and so
we have a ring map Ainf [1/φ

−1(µ)]→ B[0,1]. Taking the base change of the isomorphism in
Proposition 5.6.16 along this ring map, we obtain an isomorphism

EAinf (S) ⊗Ainf (S) B[0,1]
∼= Tét(E)⊗Zp B[0,1].

The remaining is to construct the latter isomorphism. The crystal property of E for a log
prism map φ : (Ainf(S), (ξ),MAinf (S)) → (Acrys(S), (p),MAcrys(S)) induces an isomorphism
of B+

crys(S)-modules

EAcrys(S)
∼= EAinf (S) ⊗Ainf (S),ϕ B

+
crys(S).

Therefore, we have isomorphisms

(EAcrys(S) ⊗Acrys(S) B[1,∞])[1/ξ] ∼= (EAinf (S) ⊗Ainf (S),ϕ B[1,∞])[1/ξ]
∼= (φ∗EAinf (S))[1/ξ]⊗Ainf (S) B[1,∞]

φE∼= EAinf (S)[1/ξ]⊗Ainf (S) B[1,∞]

∼= (EAinf (S) ⊗Ainf (S) B[1,∞])[1/ξ].

□

Theorem 5.6.32. Let (X,MX) be a semi-stable log formal scheme over OK which
admits framings with n ≤ 1 étale locally. Then the étale realization functor

Tét : Vect
an,φ((X,MX)∆)→ LocZp((X,MX)η)

gives a bi-exact equivalence to the essential image.
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Proof . By working étale locally on X, we may assume that (X,MX) is a small affine log
formal scheme with a fixed framing such that n ≤ 1. We treat just the n = 1 case because
the same argument works in the n = 0 case.

Let (Spf(R),MR) be a small affine log formal scheme overOK admitting a fixed framing
with n = 0 such that (X,MX) ∼= (Spf(R),MR⊕ πN)a. Let E1 → E2 → E3 be a sequence in
Vectan,φ((X,MX)∆) and suppose that

0→ Tét(E1)→ Tét(E2)→ Tét(E3)→ 0

is exact. The goal is to prove that

0→ E1 → E2 → E3 → 0

is exact. To do this, it is enough to show that the sequence

0→ E1,Ainf (S) → E2,Ainf (S) → E3,Ainf (S) → 0

is exact by Proposition 6.4.17 below.
First, we shall show that the sequence of B+

crys(S)-modules

0→ E1,Acrys(S) → E2,Acrys(S) → E3,Acrys(S) → 0

is exact. In [IKY24], this is proved by using Brinon’s formulation. Since this argument
does not work in this setting, we discuss in a different way. Taking the grading pieces of
an exact sequence of filtered BdR(S)-modules

0→ Tét(E1)⊗Zp BdR(S)→ Tét(E2)⊗Zp BdR(S)→ Tét(E3)⊗Zp BdR(S)→ 0,

we obtain an exact sequence

0→ gr•TdR(E1)⊗R[1/p] gr
•BdR(S)→ gr•TdR(E2)⊗R[1/p] gr

•BdR(S)

→ gr•TdR(E3)⊗R[1/p] gr
•BdR(S)→ 0.

Since grnBdR(S) ∼= S[1/p] is faithfully flat over R[1/p] for each n ≥ 1, we see that the
sequence

0→ TdR(E1)→ TdR(E2)→ TdR(E3)→ 0

is exact. Let (Spf(R0),MR0) be the unramified model of (Spf(R),MR) defined by the
framing. Let (Spf(SR),MSR

) be the Breuil ring associated with (Spf(R),MR ⊕ πN)a. By
Proposition 5.6.9 and Proposition 5.6.21, we have isomorphisms

TdR(Ei) ∼= Tisoc(Ei)(R0,MR0
⊕0N)a ⊗K0 K,(5.6.3)

Tisoc(Ei)(SR,MSR
)
∼= Tisoc(Ei)(R0,MR0

⊕0N)a ⊗R0[1/p] SR[1/p],(5.6.4)

for i = 1, 2, 3. By (5.6.3), the sequence

0→ Tisoc(E1)(R0,MR0
⊕0N)a → Tisoc(E2)(R0,MR0

⊕0N)a → Tisoc(E3)(R0,MR0
⊕0N)a → 0

is exact. By (5.6.4), the sequence

0→ Tisoc(E1)(SR,MSR
) → Tisoc(E2)(SR,MSR

) → Tisoc(E3)(SR,MSR
) → 0

is exact. Since (Spf(SR),MSR
) covers the final object of the topos associated with

(Xp=0,MXp=0)crys, we have an exact sequence

0→ Tisoc(E1)(Acrys(S),MAcrys(S)) → Tisoc(E1)(Acrys(S),MAcrys(S)) → Tisoc(E1)(Acrys(S),MAcrys(S)) → 0.
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Since the crystal property of Ei for a log prism map (SR, (E),MSR
) →

(Acrys(S), (p),MAcrys) gives isomorphisms

Tisoc(Ei)(Acrys(S),MAcrys
) ∼= Tisoc(Ei)SR,MSR

⊗SR[1/p] Acrys(S)[1/p]

∼= (Ei,SR
⊗SR

SR[1/p])⊗SR[1/p] Acrys(S)[1/p]
∼= Ei,Acrys(S)

for i = 1, 2, 3, we conclude that the sequence

0→ E1,Acrys(S) → E2,Acrys(S) → E3,Acrys(S) → 0

is exact.
By Lemma 5.6.30, it suffices to prove that the following sequences are exact:

0→ E1,Ainf (S) ⊗ B[0,1] → E2,Ainf (S) ⊗ B[0,1] → E3,Ainf (S) ⊗ B[0,1] → 0(5.6.5)
0→ E1,Ainf (S) ⊗ B[1,∞] → E2,Ainf (S) ⊗ B[1,∞] → E3,Ainf (S) ⊗ B[1,∞] → 0(5.6.6)

The exactness of the sequence (5.6.5) follows from Lemma 5.6.31. For the exactness of the
sequence (5.6.6), Beauville-Laszlo glueing reduces the problem to prove that the following
sequences are exact:

0→ E1,Ainf (S) ⊗ B[1,∞][1/ξ]→ E2,Ainf (S) ⊗ B[1,∞][1/ξ]→ E3,Ainf (S) ⊗ B[1,∞][1/ξ]→ 0(5.6.7)
0→ (E1,Ainf (S) ⊗ B[1,∞])

∧
ξ → (E2,Ainf (S) ⊗ B[1,∞])

∧
ξ → (E3,Ainf (S) ⊗ B[1,∞])

∧
ξ → 0.(5.6.8)

The exactness of (5.6.7) follows from Lemma 5.6.31 and what we proved in the previ-
ous paragraph, and the exactness of (5.6.8) follows from the exactness of (5.6.5) and the
identification (B[1,∞])

∧
ξ
∼= (B[0,1])

∧
ξ (
∼= B+

dR(S)). This completes the proof. □

5.A. Some lemmas on log schemes

Lemma 5.A.1. Let i : S ↪→ T be a nilpotent closed immersion of affine schemes with
an ideal sheaf I. LetMT be an integral log structure on T . We letMS denote the pullback
log structure i∗MT . Then a natural map Γ(T,MT )→ Γ(S,MS) is a Γ(T, 1 + I)-torsor.

Proof . It is obvious that each fiber of the map Γ(T,MT )→ Γ(S,MS) is a Γ(T, 1 + I)-
orbit. Since MT is integral, the action of Γ(T, 1 + I) on Γ(T,MT ) is faithful. Hence it
suffices to prove that the map Γ(T,MT ) → Γ(S,MS) is surjective. We may assume that
I2 = 0. We have an exact sequence

1→ 1 + I →Mgp
T →M

gp
S → 1

Since we have H1(T, 1 + I) ∼= H1(T, I) = 0, the natural map Γ(T,Mgp
T ) → Γ(S,Mgp

S ) is
surjective, which implies that the natural map Γ(T,MT ) → Γ(S,MS) is also surjective
becauseMT is isomorphic toMS ×Mgp

S
Mgp

T . □
Definition 5.A.2. Let P be a monoid. For an integer n ≥ 1, a monoid P is called

uniquely n-divisible (resp. n-divisible) if a monoid map P → P mapping p to pn is an
isomorphism (resp. a surjection).

Lemma 5.A.3. Let n ≥ 1 be an integer. Let P be a uniquely n-divisible monoid and
π : Q→ R is a surjection of monoids. Assume that there exists an integer k ≥ 1 such that,
for any p1, p2 ∈ P with π(p1) = π(p2), we have pnk

1 = pn
k

2 . Then the natural map

Hom(P,Q)→ Hom(P,R)

is bijective.
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Proof . Let f : P → R be a monoid map. We define a monoid map f̃ : P → Q lifting
f as follows. For p ∈ P , we take a unique p′ ∈ P such that (p′)n

k
= p and choose a lift

q′ ∈ Q of π(p′). We put f̃(p) := (q′)n
k . For another lift q′′ ∈ Q of π(p′), the assumption

implies (q′)nk
= (q′′)n

k . Therefore f̃ is a well-defined monoid map. By construction, f̃ is a
unique lift of f □

Remark 5.A.4. when π : Q → R is either of the following types, the assumption in
Lemma 5.A.3 is satisfied:

• a natural surjection π : A→ A/I where A is a ring, I is an ideal of A with Ik = 0
and n ∈ I
• a natural surjection π : M → M/G where M is a monoid and G is a subgroup of
M× with Gnk

= {1}.
Lemma 5.A.5. Let i : S ↪→ T be a nilpotent closed immersion of schemes with an

ideal sheaf I. Suppose that an integer n ≥ 1 is nilpotent on S.
(1) LetMT ,NT be integral log structures on T . We letMS,NS denote the pullback

log structures i∗MT , i
∗NT respectively. Suppose that, étale locally, MT admits

a chart P → MT for an n-divisible monoid P . Then any map of log structures
MS → NS extends uniquely to a map of log structuresMT → NT .

(2) LetMS be an integral log structure on S. Suppose that, étale locally,MS admits
a chart P →MS for a uniquely n-divisible monoid P . Then there exists a unique
log structureMT on T with i∗MT

∼=MS.

Proof . (1) By working étale locally on T , we may assume that T is affine and we
have an n-divisible monoid P and a chart P →MT . It is enough to prove that a
natural map

Hom(P,Γ(T,MT ))→ Hom(P,Γ(S,MS))

is bijective. We may assume that I2 = 0. Since we have MT
∼=MS ×Mgp

S
Mgp

T ,
we are reduced to show that a natural map

Hom(P gp,Γ(T,Mgp
T ))→ Hom(P gp,Γ(S,Mgp

S ))

is bijective. Lemma 5.A.1 gives an exact sequence
Hom(P gp,Γ(T, I))→ Hom(P gp,Γ(T,Mgp

T ))→ Hom(P gp,Γ(S,Mgp
S ))→

→Ext1(P gp, H1(T, I)),

by 1 + I ∼= I. Since P gp is n-divisible and nkI = 0 for a sufficiently large k, we
have

Hom(P gp,Γ(T, I)) = Ext1(P gp, H1(T, I)) = 0.

This proves the assertion.
(2) By working étale locally on T , we may assume that T is affine and we have a

uniquely n-divisible monoid P and a chart P → MS. Lemma 5.A.3 gives a
unique lift P → OT of the map P →MS → OS. Let MT denote the associated
log structure with the map P → OT . By construction, we have i∗MT

∼=MS. To
prove the uniqueness, we take another log structure NT on T with i∗NT ∼=MS.
By (1), there exist a unique liftMT → NT of the identity map onMS. This map
MT → NT is an isomorphism because so is the pullback to S. This proves the
uniqueness.

□
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5.B. Log adic spaces and log diamonds

In this section, we study the relationship between log adic spaces (introduced in
[DLLZ23b]) and associated log diamond (introduced in [KY25]).

Lemma 5.B.1. Let f : (X,MX) → (Y,MY ) be a map of log diamonds. Suppose
that we are given a divisible saturated monoid P and a chart P → MY . Then f is
quasi-pro-Kummer-étale if and only if it is strict quasi-pro-étale.
Proof . Since the "if" part is trivial, we shall prove the "only if" part. Take a strictly
totally disconnected perfectoid space Z and a quasi-pro-étale cover Z → Y . Let MZ

denote the log structure on Z obtained as the pullback of MY . Consider the following
Cartesian diagram:

(X,MX)×(Y,MY ) (Z,MZ) //

��

(Z,MZ)

��
(X,MX)

f // (Y,MY ).

In this diagram, the upper horizontal map is strict quasi-pro-étale by the definition of
quasi-pro-Kummer-étale maps, and both of vertical maps are strict quasi-pro-étale covers.
Therefore, f is strict quasi-pro-étale. □

Definition 5.B.2. Let (X,MX) be an fs log adic space over Spa(Qp,Zp). We have
the associated locally spatial diamond X♢. there exists a natural morphism of ringed sites

ν : (X♢
qproét, ÔX♢)→ (Xét,OX).

LetMX♢ → ÔX♢ be the associated log structure with the prelog structure

ν−1MX → ν−1OX → ÔX♢ .

The locally spatial log diamond (X♢,MX♢) is called the associated log diamond with
(X,MX) and denoted by (X,MX)

♢. By definition, a chart P → MX induces a chart
P →MX♢ .

Lemma 5.B.3. Let (X,MX)→ (Y,MY ) be a Kummer log étale morphism of locally
noetherian fs log adic spaces over Spa(Qp,Zp). Then the induced morphism of log diamonds
(X,MX)

♢ → (Y,MY )
♢ is Kummer log étale.

Proof . By working étale locally on Y , we may assume that Y is quasi-compact and that
(Y,MY ) admits an fs chart P →MY with P being a torsion free. We set

(Yn,MYn) := (Y,MY )×(Spa(Qp〈P 〉,Zp〈P 〉),P )a (Spa(Qp〈P 1/n〉,Zp〈P 1/n〉), P )a

and let (Xn,MXn) denote the saturated fiber product of (Yn,MYn) and (X,MX) over
(Y,MY ) for an integer. By [DLLZ23b, Lemma 4.2.5], there exists an integer n ≥ 1 such
that the projection map (Xn,MXn)→ (Yn,MYn) is strict étale.

Let f : (Z,MZ)→ (Y,MY )
♢ be a map from strictly totally disconnected log perfectoid

space (Z,MZ). Since Γ(Z,MZ) is divisible by [KY25, Definition 7.12], the map P →MZ

extends to a map PQ≥0
→MZ . Hence, the map f factors through (Yn,MYn) and the base-

changed map
g : (Z,MZ)×(Y,MY )♢ (X,MX)

♢ → (Z,MZ)

can be written as the base change of the strict étale map (Xn,MXn)
♢ → (Yn,MYn)

♢.
Therefore, g is also strict étale, and so the map (X,MX)

♢ → (Y,MY )
♢ is Kummer étale.

□
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Proposition 5.B.4. Let (X,MX) be a locally noetherian fs log adic space. For a site
C , we let LocZ/pn(C ) denote the category of Z/pn-local systems on C . Then the natural
functor

LocZ/pn((X,MX)két)→ LocZ/pn((X,MX)
♢
qprokét)

is an equivalence.

Proof . By working étale locally on X, we may assume that (X,MX) admits a chart
P →MX and that X is qcqs. We define log adic spaces

(Xm,MXm) := (X,MX)×(Spa(Qp〈P 〉,Zp〈P 〉),P )a (Spa(Qp〈P 1/m〉,Zp〈P 1/m〉), P 1/m)a

and a log diamond
(X∞,MX∞) := (X,MX)

♢ ×(Spd(Qp〈P 〉,Zp〈P 〉),P )a (Spd(Qp〈PQ≥0
〉,Zp〈PQ≥0

〉), PQ≥0
)a.

Then the natural map (X∞,MX∞) → (X,MX)
♢ is a quasi-pro-Kummer étale cover by

[KY25, Proposition 7.20 (2)], and we have the following isomorphisms:

X∞ ∼= lim←−
m

X♢
m, (X∞,MX∞) ∼= lim←−

m

(Xm,MXm)
♢.

Let (X
(•)
m ,M

X
(•)
m
) (resp. (X

(•)
∞ ,M

X
(•)
∞
)) is the Čech nerve of (Xm,MXm) → (X,MX)

(resp. (X∞,MX∞)→ (X,MX)
♢) in the category of fs log adic spaces (resp. saturated log

diamonds).
By [DLLZ23b, Lemma 4.2.5 and Theorem 4.4.15], every object of LocZ/pn((X,MX)két)

comes from an object of LocZ/pn((Xm)ét) after being pulled back to (Xm,MXm) for some
m ≥ 1. In other words, we have a natural equivalence

LocZ/pn((X,MX)két) ' lim−→
m

lim←−
•∈∆

LocZ/pn((X
(•)
m )ét).

On the other hand, we have natural equivalences

LocZ/pn((X,MX)
♢
qprokét) ' lim←−

•∈∆
LocZ/pn((X

(•)
∞ ,M

X
(•)
∞
)qprokét)

' lim←−
•∈∆

LocZ/pn((X
(•)
∞ )qproét)

' lim−→
m

lim←−
•∈∆

LocZ/pn((X
(•)
m )♢qproét),

where the first equivalence is quasi-pro-Kummer étale descent, the second one comes from
Lemma 5.B.1, and the third one is the limit argument [Sch22, Proposition 11.23 (i)].
Moreover, [Sch22, Lemma 15.6] and [MW23, Proposition 3.7] imply that there exists an
equivalence

LocZ/pn((X
(k)
m )ét) ' LocZ/pn((X

(k)
m )♢ét) ' LocZ/pn((X

(k)
m )♢qproét)

for each m ≥ 1 and k ≥ 0. This proves the assertion. □





CHAPTER 6

Log prismatic Dieudonné theory and its application to Shimura
varieties

6.1. Introduction

Shimura varieties form a class of algebraic varieties that play an important role in
number theory and algebraic geometry. A guiding principle for Shimura varieties is that
a Shimura variety associated with a Shimura datum (G,X) should be the moduli space
parameterizing “motives with G-structure”. In particular, there ought to be “a universal
motive with G-structure” (which is just a conjectural object). Several cohomological re-
alizations of “a universal motive with G-structure” are constructed so far. As a recent
development in this direction, a realization in the framework of prismatic cohomology has
been constructed in [IKY23].

On the other hand, there is a satisfactory theory of compactifications of Shimura va-
rieties. For canonical models of Shimura varieties, see [Pin90]. For integral models of
Shimura varieties with hyperspecial levels, a theory of compactifications in Siegel cases,
PEL-type cases, and Hodge type cases is established in [FC90], [Lan13], and [Mad19],
respectively. In some cases, “the universal motive with G-structure” on an interior Shimura
variety is known to extend to “the universal degenerating motive with G-structure” on a
toroidal compactification (for example, the realization as log Hodge structures in [KU09] or
G-zip realization in [GK19]). In this chapter, we construct a realization of the hypothet-
ical degenerating motive within the framework of log prismatic cohomology established
by [Kos22, KY25] over a toroidal compactification of the integral canonical models of
Shimura varieties of Hodge type with a hyperspecial level constructed in [Mad19]. The
resulting object is called log prismatic realization. The log prismatic realization restricts
to the prismatic realization on the interior constructed in [IKY23].

To give a precise statement, let (G,X) be a Shimura datum of Hodge type with reflex
field E. Let p > 2 be a prime number and fix a place v of E above p. Let Ev be the com-
pletion of E at v and OEv be a ring of integers of Ev. Let Kp ⊂ G(Qp) be an open compact
subgroup and Kp ⊂ G(A∞,p) be a neat open compact subgroup. Set K := KpK

p. Then
the Shimura variety ShK(G,X) is an algebraic variety over E. Suppose that Kp is hyper-
special and let G be a reductive model of GQp over Zp with G(Zp) = Kp. In this situation,
for a sufficiently small Kp, an integral canonical model SK(G,X) of ShK(G,X)Ev over
OEv is constructed in [Kis10], and the toroidal compactification S Σ

K (G,X) of SK(G,X)
for a suitable (smooth projective) cone decomposition Σ is constructed in [Mad19].
Let ShΣ

K(G,X) := S Σ
K (G,X) ⊗OEv

Ev. Let ŜK(G,X) and Ŝ Σ
K (G,X) denote the p-

adic completion of SK(G,X) and S Σ
K (G,X) respectively. Let (S Σ

K (G,X),MS Σ
K (G,X))

denote the log scheme equipped with the log structure defined by the boundary divi-
sor. Similarly, we define (ShΣ

K(G,X),MShΣK(G,X)) and (Ŝ Σ
K (G,X),MŜ Σ

K (G,X)). Note that

(Ŝ Σ
K (G,X),MŜ Σ

K (G,X)) is a horizontally semi-stable log formal scheme over OEv in the
sense of Definition 5.2.4.

125
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The tower
lim←−

K′
p⊂Kp

ShK′
pK

p(G,X)→ ShK(G,X)

gives a Zp-linear exact tensor functor

ωét : RepZp
(G)→ LocZp(ShK(G,X)),

which is regarded as the étale realization of “the universal motive with G-structure” on
ShK(G,X). Here, RepZp

(G) denotes the category of representations of G over Zp. By
purity, ωét induces a Zp-linear exact tensor functor

ωkét : RepZp
(G)→ LocZp(Sh

Σ
K(G,X),MShΣK(G,X)),

where the target category is the category of Kummer étale Zp-local systems. The object
ωkét can be regarded as the Kummer étale realization of “the universal degenerating motive
with G-structure” on ShΣ

K(G,X). In [IKY23], the prismatic realization of “the universal
motive with G-structure” is constructed as a Zp-linear exact tensor functor

ω∆ : RepZp
(G)→ Vectφ(ŜK(G,X)∆)

with Tét ◦ ω∆
∼= ωét, where Tét is the étale realization functor

Tét : Vect
φ(ŜK(G,X)∆)→ LocZp(ŜK(G,X)η).

Then we can state our main theorem as follows.

Theorem 6.1.1 (see Theorem 6.7.2). There exists a unique Zp-linear exact tensor
functor

ω∆,log : RepZp
(G)→ Vectφ((Ŝ Σ

K (G,X),MŜ Σ
K (G,X))∆)

with Tét ◦ ω∆,log
∼= ωkét and ω∆,log|ŜK(G,X)

∼= ω∆, where Tét is the étale realization functor

Tét : Vect
φ((Ŝ Σ

K (G,X),MŜ Σ
K (G,X))∆)→ LocZp((Ŝ

Σ
K (G,X),MŜ Σ

K (G,X))η).

As an application of our construction, we give the p-adic comparison isomorphism on
(not necessarily compact) Shimura varieties, which is conjectured in [Lov17, 3.6.2].

Theorem 6.1.2. (see Theorem 6.7.5) Let (S
Σ

K(G,X),M
S

Σ
K(G,X)

) be the special fiber
of (S Σ

K (G,X),MS Σ
K (G,X)). Consider a Zp-linear exact tensor functor

ωfisoc : RepZp
(G)→ FilIsocφ(Ŝ Σ

K (G,X),MŜ Σ
K (G,X))

defined by ωfisoc := Tfisoc ◦ ω∆,log, where Tfisoc is the realization functor as filtered F -
isocrystals defined in Theorem 5.6.18. Then the Gal(Ev/Ev)-representation

H i
ét(ShK(G,X)Ev

, ωét(ξ)[1/p])

is crystalline, and we have a comparison isomorphism

H i
ét(ShK(G,X)Ev

, ωét(ξ)[1/p])⊗Qp Bcrys

∼= H i
logcrys((S

Σ

K(G,X),M
S

Σ
K(G,X)

), ωfisoc(ξ))⊗W Bcrys

that is compatible with Galois actions and Frobenius isomorphisms and a filtered isomor-
phism after taking the base change along Bcrys → BdR for any ξ ∈ RepZp

(G).
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Let us explain our construction. One of the key steps is the construction of a log
prismatic F -crystal on Ŝ Σ

K (G,X) which is the extension of the prismatic F -crystal R1f∗O∆
on SK(G,X), where f : Auniv → SK(G,X) is the universal abelian scheme (i.e. the
pullback of the universal abelian scheme on the Siegel modular variety along the Hodge
embedding).

For simplicity, we assume that (G,X) = (GSp, S±). The universal abelian variety
Auniv on SK(G,X) degenerates to a semi-abelian scheme A sab

univ on S Σ
K (G,X). However,

the relative prismatic cohomology of A sab
univ → S Σ

K (G,X) does not work well because this
morphism is not proper. As a substitute, we have two candidates: the log abelian scheme
on S Σ

K (G,X) extending Auniv and a compactification of A sab
univ constructed in [Lan12,

Theorem 2.15]. In this chapter, we adopt the former one.
The compactification S Σ

K (G,X) is reinterpreted as the moduli space of principally
polarized log abelian schemes with level K-structure and local monodromies in Σ (see
[KKN21] or [KKN22, Theorem 2.2.2, Proposition 4.3.4]). In particular, Auniv on
SK(G,X) extends to the universal log abelian scheme A log

univ on S Σ
K (G,X). Then “the

relative log prismatic cohomology of A log
univ over Ŝ Σ

K (G,X)” should be the desired object.
However, it seems technically difficult to consider “the log prismatic cohomology of log
abelian schemes” because log abelian varieties are just sheaves (not even log algebraic
spaces). Circumventing this problem, we pass to the associated log p-divisible groups
which are easier to treat.

The key ingredient is the following theorem.

Theorem 6.1.3 (see Theorem 6.5.12). Let (X,MX) be a semi-stable log formal
scheme over OK . Then there exists an exact anti-equivalence

M∆ : BT(X,MX)→ DM((X,MX)∆)

(which is called a log prismatic Dieudonné functor), where BT(X,MX) is the category of
log p-divisible groups over (X,MX) and DM((X,MX)∆) is the category of log prismatic
Dieudonné crystals on (X,MX) (for the definition, see Definition 5.5.9).

In [ALB23], it is proved that the relative prismatic cohomology of an abelian scheme
is isomorphic to the prismatic Dieudonné crystal of the associated p-divisible group. As
considered by analogy, the log prismatic Dieudonné crystal of A log

univ[p
∞] is the desired

object.
The idea of the proof of Theorem 6.1.3 is to reduce the problem to non-log cases

([ALB23]) by applying saturated descent. Since the category of prismatic crystals does
not satisfy good saturated descent properties, we define a larger category whose objects
are called kfl prismatic crystals (Definition 6.4.1) and prove this category satisfies certain
saturated descent properties which can be regarded as a log version of quasi-syntomic
descent (Proposition 6.4.12). In a similar way, while the category of log p-divisible groups
does not satisfy such descent properties, we have a larger category whose objects are called
weak log p-divisible groups (which is introduced in [Kat23]) and prove certain saturated
descent properties for weak log p-divisible groups which are applicable to non-fs log formal
schemes (Proposition 6.3.27). These descent properties and (non-log) prismatic Dieudonné
theory established in [ALB23] give an equivalence between larger categories (Proposition
6.5.6). To prove that this equivalence restricts to the desired equivalence, we use crystalline
realization functors. In this step, we need the assumption that (X,MX) is semi-stable log
formal scheme over OK .
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Remark 6.1.4. Theorem 6.1.3 is proved in [WZ23] when (X,MX) is Spf(OK) with
the standard log structure, and they use a similar approach. They define the category of kfl
prismatic crystals as the category of vector bundles on the log prismatic site equipped with
Kummer log flat topology ([WZ23, Definition 2.1]). However, it is doubtful that the log
prismatic site equipped with Kummer log flat topology is indeed a site because coverings
in this site may not be stable under base change due to the fact that the underlying ring
map of a Kummer log flat map is not necessarily flat.

We briefly explain the structure of this chapter. In Section 6.2, we generalize the theory
of kfl topology and kfl vector bundles to the setting of log formal schemes. The main goal
of this section is to formulate and prove certain saturated descent properties for kfl vector
bundles which are applicable to a class of non-fs log formal schemes (Proposition 6.2.26).
In Section 6.3, we generalize the theory of (weak) log finite group schemes and (weak) log
p-divisible groups to the setting of log formal schemes and show similar saturated descent
properties for weak log finite group schemes and weak log p-divisible groups (Proposition
6.3.15 and Proposition 6.3.27) in an analogous way. In Section 6.4, we introduce the notion
of kfl prismatic crystals and prove certain saturated descent properties for kfl prismatic
crystals (Proposition 6.4.12), which is the most technical part in this chapter. We also
obtain analogous results for crystalline crystals. In Section 6.5, we prove the main theorem
of log prismatic Dieudonné theory (Theorem 6.5.12). In Section 6.6, we prepare several
results generalizing those in [IKY24] to give an application to Shimura varieties. A pri-
mary result in this section is Theorem 6.6.16. In Section 6.7, we construct log prismatic
realization functors (Theorem 6.7.2) and apply them to the proof of Lovering’s conjecture
(Theorem 6.7.5).

Notation and conventions.
• Limits of categories mean 2-limits.
• Formal schemes are assumed to admit a finitely generated ideal of definition Zariski

locally. For a property P of morphisms of schemes, an adic morphism of formal
schemes is called P if it is adically P .
• The i-th standard basis of Nr is denote by ei for 1 ≤ i ≤ r.
• For I-adically complete ring A and a monoid M , a ring A〈M〉 denotes the I-adic

completion of the monoid algebra A[M ].
• Let X be a formal scheme and n ≥ 1 be an integer. Assume that p is topologically

nilpotent on X when n = 1. The category of finite locally free group schemes
(resp. truncated Barsotti-Tate groups of level n) (resp. p-divisible groups) on X
is denoted by Fin(X) (resp. BTn(X)) (resp. BT(X)).

6.2. Kfl topology on fs log formal schemes

Throughout this section, let (X,MX) denote an fs log formal scheme.

6.2.1. Kummer morphisms of log formal schemes. We recall fundamental prop-
erties of Kummer morphisms.

Definition 6.2.1 (Kummer morphisms of log formal schemes). Let
f : (X,MX) → (Y,MY) be a morphism of saturated log formal schemes. The morphism
f is called Kummer if, for every x ∈ X, the monoid mapMY,y →MX,x is Kummer. Here,
we set y := f(x).
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Lemma 6.2.2 (cf. [Kat21, Proposition 2.7 (2)]). Let f : (X,MX) → (Y,MY) be a
Kummer morphism of fs log formal schemes. Suppose that X is quasi-compact and that
we are given an fs chart P →MY. Then there exists an integer n ≥ 1 such that, if we put
(Y′,MY′) := (Y,MY)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a, the natural morphism

(X,MX)×sat
(Y,MY) (Y

′,MY′)→ (Y′,MY′)

is strict.

Proof . This follows from the same argument as [Kat21, Proposition 2.7 (2)]. □

The following lemma is a generalization of [Kat21, Lemma 2.4] to non-fs cases.

Lemma 6.2.3 (cf. [Kat21, Lemma 2.4 (2)]). Consider the following Cartesian dia-
gram in the category of saturated log formal schemes:

(X′,MX′)
g′ //

f ′

��

(X,MX)

f

��
(Y′,MY′)

g // (Y,MY).

Suppose that (Y,MY) is fs and that f is Kummer. Then, for x ∈ X and y′ ∈ Y′ such that
f(x) = g(y′), there exists x′ ∈ X′ satisfying g′(x′) = x and f ′(x′) = y′.

Proof . We may assume that X = Y = Y′ = Spec(k) for an algebraically closed field k.
It suffices to show that X′ is nonempty. We can writeMX = k× ×Q,MY = k× × P , and
MY′ = k××P ′, where P, P ′, Q are saturated sharp monoids. The monoid mapMY →MX

induced by f has the form of (a, p) 7→ (aα(p), β(p)) for a monoid map α : P → k× and a
Kummer monoid map β : P → Q. Writing Q as the union of fs submonoids of Q containing
β(P ), one can write (X,MX) as an inverse limit of fs log schemes which are Kummer over
(Y,MY). In a similar way, we can write (Y′,MY′) as an inverse limit of fs log schemes
over (Y,MY). Then the assertion follows from the result in fs cases ([Kat21, Lemma 2.4
(2)]) and the limit argument. □

6.2.2. Kfl sites of fs log formal schemes. First, we recall the definition of log flat
morphisms of fs log schemes introduced by Kato in [Kat21].

Definition 6.2.4 (Kummer log flat morphisms of log formal schemes). Let
f : (X,MX)→ (Y,MY) be an adic morphism of fs log formal schemes.

(1) The morphism f is called log flat if, for any open subset U of Y and any finitely
generated ideal of definition I, the morphism of log schemes induced from f

(X,MX)×(Y,MY) (U,MU)→ (U,MU)

is log flat, where (U,MU) is the strict closed subscheme of (U,MU) defined by I.
(2) The morphism f is called Kummer log flat (or kfl for short) if f is Kummer and

log flat.

Lemma 6.2.5 (cf. [Ogu18,Kat21]). The following statements are true.
(1) A strict and log flat morphism of fs log formal schemes is strict flat.
(2) The composite of log flat morphisms of fs log formal schemes is also log flat.
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(3) Let f : (X,MX)→ (Y,MY) be a log flat morphism of fs log formal schemes, and
let (Y′,MY′) → (Y,MY) be an adic morphism of fs log formal schemes. Then
the morphism

(X,MX)×sat
(Y,MY) (Y

′,MY′)→ (Y′,MY′)

induced from f is log flat.
(4) For a kfl morphism of fs log formal schemes (X,MX) → (Y,MY) that is locally

of finite presentation, the morphism X→ Y is open.

Proof . Taking the reduction by an ideal of definition allows us to assume that every
formal scheme is a scheme. For the proof in this case, see [Ogu18, Chapter IV,Proposition
4.1.2] and [Kat21, Lemma 2.4, Proposition 2.5]. □

Definition 6.2.6. A family of morphisms of fs log formal schemes {fi : (Ui,MUi
) →

(X,MX)}i∈I is called a Kummer log flat covering (or a kfl covering for short) if the following
conditions are satisfied.

(1) Each fi is kfl and locally of finite presentation.
(2) The family is set-theoretically surjective (i.e. X =

⋃
i∈I

fi(Ui)).

Definition 6.2.7 (Kfl sites, (cf. [Kat21, Definition 2.3])). We let (X,MX)kfl denote
the category of fs log (not formal) schemes that are adic over (X,MX) equipped with the
Grothendieck topology given by kfl coverings. This topology is called kfl topology, and the
resulting site (X,MX)kfl is called a kfl site.

Proposition 6.2.8 (cf. [Kat21, Theorem 3.1]). Let (Y,MY)→ (X,MX) be an adic
morphism of fs log formal schemes. Then the presheaf on (X,MX)kfl given by

(Z,MZ) 7→ Mor(X,MX)((Z,MZ), (Y,MY))

for (Z,MZ) ∈ (X,MX)kfl is a sheaf. Here, Mor(X,MX)((Z,MZ), (Y,MY)) denotes the set
of morphisms from (Z,MZ) to (Y,MY) over (X,MX).

Proof . This immediately follows from [Kat21, Theorem 3.1]. □

Remark 6.2.9. A formal scheme Y over X is regarded as a log formal scheme over
(X,MX) by equipping Y with the pullback log structure ofMX. Hence, Proposition 6.2.8
gives natural fully faithful functors

FSch/X ↪→ LFSch/(X,MX) ↪→ Shv((X,MX)kfl).

Here, FSch/X denotes the category of formal schemes adic over X, and LFSch/(X,MX) denotes
the category of fs log formal schemes adic over (X,MX).

Definition 6.2.10. We define a presheaf O(X,MX) on (X,MX)kfl by

Γ((Y,MY ),O(X,MX)) := Γ(Y,OY )

for (Y,MY ) ∈ (X,MX)kfl. By Proposition 6.2.8, this is a sheaf on (X,MX)kfl.

6.2.3. Kfl vector bundles on fs log formal schemes. In this subsection, we gener-
alize the notion and properties of kfl vector bundles on lg schemes to the case of log formal
schemes.
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Definition 6.2.11 (Kfl vector bundles). Locally free sheaves of finite rank on the
ringed site ((X,MX)kfl,O(X,MX)) are called kfl vector bundles, and the category of kfl vector
bundles on (X,MX) is denoted by Vectkfl(X,MX). We equip Vectkfl(X,MX) with the
structure of exact category derived from the exactness as sheaves.

For a morphism of fs log formal schemes f : (X,MX) → (Y,MY), the exact pullback
functor

f ∗ : Vectkfl(Y,MY)→ Vectkfl(X,MX)

is naturally defined. For a kfl vector bundle E on (Y,MY), the pullback f ∗E is also denoted
by E|(X,MX).

Lemma 6.2.12. Let (X,MX) be an fs log formal scheme with a finitely generated ideal
of definition I. Let (Xn,MXn) be the strict closed subscheme of (X,MX) defined by In+1

for n ≥ 0. Then the natural functor
Vectkfl(X,MX)→ lim←−

n≥0

Vectkfl(Xn,MXn)

gives a bi-exact equivalence.

Proof . For an integer n ≥ 0, (Xn,MXn)kfl is naturally regarded as the full subcategory of
(X,MX)kfl, and the full subcategory

⋃
n≥0(Xn,MXn)kfl forms a basis of (X,MX)kfl, which

implies the assertion. □
Definition 6.2.13. For a vector bundle E on X, we define a presheaf ι(E) on (X,MX)kfl

by
Γ((Y,MY ), ι(E)) := Γ(Y, f ∗E),

where (Y,MY ) is an object of (X,MX)kfl with structure morphism f : (Y,MY )→ (X,MX).
By [Niz08, Proposition 2.19], ι(E) is a sheaf. Furthermore, ι(E) is a kfl vector bundle on
(X,MX).

Lemma 6.2.14. The functor
ι : Vect(X)→ Vectkfl(X,MX)

gives a bi-exact equivalence to the essential image.

Proof . Lemma 6.2.12 allows us to assume that X is a scheme, in which case the assertion
follows from Lemma 3.2.6. □

We regard Vect(X) as a full subcategory of Vectkfl(X,MX) via ι, and we simply write
E for ι(E) when there is no possibility of confusion.

Definition 6.2.15. A kfl vector bundle E on (X,MX) is said classical if E belongs to
Vect(X).

Lemma 6.2.16 (cf. [Kat21, Theorem 6.2]). Let E be a kfl vector bundle on (X,MX).
For a point x ∈ X with residue field k(x), we let Mk(x) denote the log structure on
Spec(k(x)) induced fromMX. Suppose that the pullback E|(Spec(k(x)),Mk(x)) is classical for a
point x ∈ X. Then there exists an open neighborhood U of x such that E|(U,MU) is classical.
In particular, if E|(Spec(k(x)),Mk(x)) is classical for every x ∈ X, then E itself is classical.

Proof . By shrinking X to an open neighborhood of x, we may assume that X admits a
finitely generated ideal of definition I. Let (Xn,MXn) be the strict closed subscheme of
(X,MX) defined by In+1 for an integer n ≥ 0. Applying Proposition 3.2.9 to the kfl vector
bundle E|(X0,MX0

) on (X0,MX0), we see that there exists an open neighborhood U of x such
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that E|(U0,MU0
) is classical, where we set (Un,MUn) to be the strict closed subscheme of

(U,MU) defined by In+1 for n ≥ 0. Using Proposition 3.2.9 again, we see that E|(Un,MUn )
is

classical for every integer n ≥ 0. Then the system {E|(Un,MUn )
}n≥0 corresponds to a (usual)

vector bundle E ′ on X, which is isomorphic to E|(U,MU) by Lemma 6.2.12. In particular,
E|(U,MU) is classical. □

Lemma 6.2.17. Let (X,MX) be a quasi-compact fs log formal scheme with an fs chart
P →MX, and let E be a kfl vector bundle on (X,MX). Then the pullback of E by a kfl
covering

(X,MX)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a → (X,MX)

is classical for some n ≥ 1.

Proof . By working Zariski locally on X, we may assume that X admits a finitely generated
ideal of definition I. Let (X0,MX0) denote the strict closed subscheme defined by I. By
Lemma 3.2.7, the pullback of E to (X0,MX0)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a is classical for some
n ≥ 1. Hence, the pullback of E to (X,MX) ⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a is also classical by
Lemma 6.2.16. □

Proposition 6.2.18 (cf. [Niz08, Proposition 3.29]). Consider an exact sequence of
kfl vector bundles on (X,MX)

0→ E1 → E2 → E3 → 0.

Then E2 is classical if and only if E1 and E3 are classical.

Proof . By Lemma 6.2.16, we are reduced to the case where X is a scheme. In this case,
the assertion is proved in [Niz08, Proposition 3.29]. □

Our goal of the rest of this subsection is the proof of a certain saturated descent property
of kfl vector bundles (Proposition 6.2.26). To formulate it, we generalize the formalism of
pullback functors for kfl vector bundles to non-fs cases. In the rest of this section, let
f : (Y,MY) → (X,MX) be an adic morphism from a (not necessarily fs) saturated log
formal scheme (Y,MY) to an fs log formal scheme (X,MX).

Definition 6.2.19. Take a geometric point x on X, and let Mx denote the pullback
log structure of MX. [Kat21, Theorem 6.2] implies that the isomorphism classes of kfl
vector bundles on (x,Mx) of rank r is naturally in bijection with

(Mx
gp ⊗Z Q/Z)r/Sr

as pointed sets, where the permutation group Sr acts by permutations. For a kfl vector
bundle E of rank r on (X,MX), the element of (MX,x

gp ⊗Z Q/Z)r/Sr corresponding to
E|(x,Mx) via the above bijection is denoted by c(E , x).

Lemma 6.2.20. Let E be a kfl vector bundle of rank r on (X,MX). Let y be a
geometric point on Y, and let x := f(y). The following statements are equivalent.

(1) The image of c(E , x) by the map induced from f

(MX,x
gp ⊗Z Q/Z)r/Sr → (MY,y

gp ⊗Z Q/Z)r/Sr
is trivial.

(2) There exist a strict fppf morphism p : (V,MV)→ (Y,MY) with y ∈ p(V) and a
factorization of f ◦ p

(V,MV)
g→ (Z,MZ)

h→ (X,MX)
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such that (Z,MZ) is fs and h∗E is classical.

Proof . The implication (2) ⇒ (1) is obvious. We shall prove the implication (1) ⇒
(2). Let f ∗ : Γ(X,MX) → Γ(Y,MY) denote the monoid map induced from f . We set
P := MX,x, Q := MY,y. Write α : P → Q for the monoid map induced from f . Let
β : P gp⊗ZQ→ Qgp⊗ZQ denote the map induced from α. The element c(E , x) is represented
by an r-tuple (c1, . . . , cr) of elements of P gp ⊗Z Q. By Lemma 6.2.21 below, there exist a
Kummer map γ : P → P ′ of fs sharp monoids and a factorization P → P ′ → Q of α such
that the image of ci by P gp ⊗Z Q→ P ′gp ⊗Z Q is contained in P ′gp for 1 ≤ i ≤ r.

Since P gp and P ′gp are finite free, by shrinking X and Y to an étale neighborhood
of x and y respectively, we may assume that there exist a section s : P → Γ(X,MX) of
the natural map πx : Γ(X,MX) → P and a monoid map t : P ′ → Γ(Y,MY) such that
the composite of it with πy : Γ(Y,MY) → Q is equal to the natural map. Although the
monoid maps t ◦ γ and f ∗ ◦ s are not necessarily equal, they coincide after taking the
composition with πy. Hence, shrinking Y to an étale neighborhood of y further, we may
assume that there exists a monoid map u : P → Γ(Y,O×

Y) such that f ∗ ◦ s coincides with
the multiplication of t ◦ γ and u. By replacing (Y,MY) with its strict finite flat cover

(X,MX)⊗u,(Z[P gp],P gp)a (Z[P ′gp], P ′gp)a,

we are reduced to the case that u extends to a monoid map u′ : P ′ → Γ(Y,O×
Y). Replacing

t with its multiplication with u′, we may assume that t ◦ γ and f ∗ ◦ s are equal. Then, if
we set

(Z,MZ) := (X,MX)⊗(Z[P ],P )a (Z[P ′], P ′)a,

the morphism f factors as

(Y,MY)
g→ (Z,MZ)

h→ (X,MX).

By the construction of P ′, the pullback of h∗E to (z,Mz) is classical, where z := g(y). By
Lemma 6.2.16, replacing Z with an open neighborhood of z and Y with its preimage by g
allows us to assume that h∗E is classical. This proves the assertion. □

Lemma 6.2.21. Let α : P → Q be a monoid map from an fs sharp monoid P to a
saturated sharp monoid Q. Write β : P gp ⊗Z Q → Qgp ⊗Z Q for the induced map. Let
c1, . . . , cr be elements of P gp ⊗Z Q with β(ci) ∈ Qgp for every 1 ≤ i ≤ r. Then there exists
a Kummer map of fs sharp monoids P → P ′ such that α factors as P → P ′ → Q and the
image of ci by P gp ⊗Z Q→ P ′gp ⊗Z Q is contained in P ′gp for 1 ≤ i ≤ r.

Proof . First, we claim that β−1(Qgp) = β−1(Q)gp. Since P gp⊗ZQ is written as PQ≥0
−P ,

we get
β−1(Qgp) = (PQ≥0

∩ β−1(Qgp))− P.
Since Q is saturated, PQ≥0

∩ β−1(Qgp) is equal to β−1(Q). Hence, we obtain β−1(Qgp) ⊂
β−1(Q)gp. The inverse inclusion is trivial.

Write the saturated monoid β−1(Q) as the union
⋃
j∈J Pj where Pj runs over all fs

submonoids of β−1(Q) containing P . Since the claim we proved in the previous paragraph
implies β−1(Qgp) =

⋃
j∈J P

gp
j , there exists j0 ∈ J such that ci is contained in P gp

j0
for every

1 ≤ i ≤ r. Then the Kummer map P → Pj0 is the desired one. □
Definition 6.2.22. Let E , x, and y be as in Lemma 6.2.20. We say that E is f -classical

at y if the equivalent conditions in Lemma 6.2.20 are satisfied. This terminology is justified
because this property is independent of a choice of y above y ∈ Y. Lemma 6.2.20 implies
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that, if E is f -classical at y, there exists an open neighborhood V of y such that E is
f -classical at every y′ ∈ V. When E is f -classical at y for every y ∈ Y, the kfl vector
bundle E is called f -classical.

Let Vectf -cl
kfl (X,MX) denote the full subcategory of Vectkfl(X,MX) consisting of f -

classical objects. We define a pullback functor

f ∗ : Vectf -cl
kfl (X,MX)→ Vect(Y)

as follows. Let E ∈ Vectf -cl
kfl (X,MX). By working fppf locally on Y, we may assume that f

admits a factorization as in Lemma 6.2.20 (2). In this situation, we set

f ∗E := g∗(h∗E),
where g∗ is the pullback functor for (non-log) vector bundles along g : Y→ Z. This defini-
tion is independent of the choice of a factorization f = hg because two such factorizations
are dominated by another factorization (for example, by taking the fiber product). When
(Y,MY) is fs, a kfl vector bundle E on (X,MX) is f -classical if and only if the pullback
of E along f in the usual sense is classical because the attachment of c(E , x) is functorial.
In this case, f ∗E coincides with the pullback of E along f in the usual sense.

Lemma 6.2.23. Consider a sequence of adic morphisms of log formal schemes

(Z,MZ)
g→ (Y,MY)

f→ (X,MX)
h→ (W,MW),

where (Z,MZ) is saturated and (W,MW) is fs. Let E be a kfl vector bundle on (W,MW)
with h∗E being f -classical. Then E is hfg-classical, and there is a natural isomorphism of
vector bundles on Z

(hfg)∗E ∼= g∗(f ∗(h∗E)).
Conversely, if E is hfg-classical and g is a strict surjection, then h∗E is f -classical.

Proof . All assertions follow directly from the definition. □
Lemma 6.2.24. Suppose that f admits a chart of the form P → PQ≥0

for an fs monoid
P . Then every kfl vector bundle E on (X,MX) is f -classical.

Proof . Since the map f factors as

(Y,MY)→ (X,MX)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a → (X,MX)

for each integer n ≥ 1, the assertion follows from Lemma 6.2.17. □
Definition 6.2.25. We say that an adic morphism f : (Y,MY) → (X,MX) from

saturated log formal scheme (Y,MY) to an fs log formal scheme (X,MX) is a strongly
pro-kfl morphism if there exists a chart P → Q of f such that P is fs, Q is saturated,
P → Q is Kummer, and the induced map

(Y,MY)→ (X,MX)⊗(Z[P ],P )a (Z[Q], Q)a

is strict flat. The morphism f is called a strongly pro-kfl covering if f is strongly pro-kfl,
quasi-compact, and surjective.

Proposition 6.2.26 (Strongly pro-kfl descent for kfl vector bundles). Let
f : (Y,MY)→ (X,MX) be a strongly pro-kfl covering. Let (Y(•),MY(•)) denote the Čech
nerve of f in the category of saturated log formal schemes. Then there exists a natural
bi-exact equivalence

Vectf -cl
kfl (X,MX)

∼→ lim←−
•∈∆

Vect(Y(•)).
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Proof . By Lemma 6.2.23, the pullback functor f ∗ induces an exact functor

Vectf -cl
kfl (X,MX)→ lim←−

•∈∆
Vect(Y(•)).

We shall prove that this functor is a bi-exact equivalence.
Fix a chart P → Q of f as in Definition 6.2.25. Set

(Z,MZ) := (X,MX)⊗(Z[P ],P )a (Z[Q], Q)a,

and let (Z(•),MZ(•)) denote its Čech nerve in the category of saturated log formal schemes
over (X,MX). Consider the following diagram in which every square is Cartesian:

(W,MW) //

��

(Y,MY)

��
(Z(1),MZ(1)) //

��

(Z,MZ)

g

��
(Z,MZ)

g // (X,MX).

Since there is an isomorphism

Q⊕sat
P Q ∼= Q⊕Qgp/P gp,

both projection maps (Z(1),MZ(1))→ (Z,MZ) are strict fpqc coverings. By Lemma 6.2.3,
the composite of the left vertical maps is surjective. Hence, the upper horizontal map and
the composite of left vertical maps are strict fpqc coverings. Therefore, due to fpqc descent
for (usual) vector bundles, it is enough to show that the functor

Vectf -cl
kfl (X,MX)→ lim←−

•∈∆
Vect(Z(•))

induced from g∗ is a bi-exact equivalence. This claim makes sense because we see that
a kfl vector bundle on (X,MX) is f -classical if and only if g-classical by considering the
condition Lemma 6.2.20 (1).

Lemma 6.2.12 reduces the problem to the case that X is a scheme. Write Q as a union⋃
i∈I Pi, where Pi runs over all fs submonoids of Q including P . Set

(Zi,MZi
) := (X,MX)⊗(Z[P ],P )a (Z[Pi], Pi)a,

and let (Z
(•)
i ,M

Z
(•)
i
) denote its Čech nerve in the category of saturated log schemes over

(X,MX). Let gi : (Zi,MZi
) → (X,MX) denote the structure map. Then we get bi-exact

equivalences

Vectg-clkfl (X,MX) ' lim−→
i∈I

Vectgi-clkfl (X,MX)

' lim−→
i∈I

lim←−
•∈∆

Vect(Z
(•)
i )

' lim←−
•∈∆

lim−→
i∈I

Vect(Z
(•)
i )

' lim←−
•∈∆

Vect(Z(•)),
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where the first equivalence follows from the condition Lemma 6.2.20 (1) because (Z,MZ)
is isomorphic to the inverse limit of (Zi,MZi

) for i ∈ I, and the forth one follows from the
limit argument for (usual) vector bundles on schemes. □

6.3. Log p-divisible groups on fs formal log schemes

Throughout this section, let (X,MX) be an fs log formal scheme.

6.3.1. Log finite group schemes. In this subsection, we introduce the notion of log
finite group schemes over log formal schemes and study some properties.

Definition 6.3.1 (cf. [Kat23, Definition 1.3 and §1.6]). Let n ≥ 1 be an integer.
Assume that p is topologically nilpotent on X when n = 1.

(1) Let G be a sheaf of abelian groups on (X,MX)kfl. We call G a weak log finite
group scheme (resp. a weak log truncated Barsotti-Tate group scheme of level n) if
there exists a kfl covering {(Ui,MUi

) → (X,MX)}i∈I such that the restriction of
G to (Ui,MUi

)kfl belongs to Fin(Ui) (resp. BTn(Ui)) via the inclusion functors in
Remark 6.2.9 for each i ∈ I. We let wFin(X,MX) (resp. wBTn(X,MX)) denote
the category of weak log finite group schemes (resp. weak log truncated Barsotti-
Tate group schemes of level n) over (X,MX). The category Fin(X) (resp. BTn(X))
is regarded as the full subcategory of wFin(X,MX) (resp. wBTn(X,MX)), and an
object G ∈ wFin(X,MX) is called classical if G belongs to Fin(X).

(2) For a weak log finite group scheme G over (X,MX), we define a sheaf G∗ on
(X,MX)kfl as the sheaf of homomorphisms Hom(G,Gm), called the Cartier dual
of G. By working kfl locally on (X,MX), we see that G∗ is a weak log finite group
scheme over (X,MX).

(3) We say that a weak log finite group scheme G over (X,MX) is a log finite group
scheme if G and G∗ are representable by finite and kfl log formal schemes of finite
presentation over (X,MX). We let Fin(X,MX) denote the category of log finite
group schemes over (X,MX).

(4) An object G ∈ wFin(X,MX) is called a log truncated Barsotti-Tate group
schemes of level n if G belongs to both Fin(X,MX) and wBTn(X,MX). We let
BTn(X,MX) denote the category of log truncated Barsotti-Tate group schemes of
level n over (X,MX).

For a morphism of fs log formal schemes f : (X,MX) → (Y,MY), the natural cocon-
tinuous functor (X,MX)kfl → (Y,MY)kfl induces an exact pullback functor

f ∗ : wFin(Y,MY)→ wFin(X,MX).

For a weak log finite group scheme G over (Y,MY), the pullback f ∗G is also denoted by
G|(X,MX).

Lemma 6.3.2. Let (X,MX) be a quasi-compact fs log formal scheme with an fs chart
P →MX, and let G be a weak log finite group scheme over (X,MX). Then the pullback
of G by a kfl covering

(X,MX)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a → (X,MX)

is classical for some n ≥ 1.

Proof . This follows from Lemma 6.2.2 and flat descent for (non-log) finite locally free
group schemes. □
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Lemma 6.3.3. Let (X,MX) be an fs log formal scheme with a finitely generated ideal
of definition I. Let (Xn,MXn) be the strict closed subscheme of (X,MX) defined by In+1

for n ≥ 0. Let m ≥ 1 be an integer, and assume that p is topologically nilpotent on X
when m = 1. Then the natural functors

wFin(X,MX)→ lim←−
n

wFin(Xn,MXn)(6.3.1)

Fin(X,MX)→ lim←−
n

Fin(Xn,MXn)(6.3.2)

wBTm(X,MX)→ lim←−
n

wBTm(Xn,MXn)(6.3.3)

BTm(X,MX)→ lim←−
n

BTm(Xn,MXn)(6.3.4)

give bi-exact equivalences.

Proof . Since the full subcategory
⋃
n≥0(Xn,MXn)kfl of (X,MX)kfl forms a basis, there is

a natural bi-exact equivalence

(6.3.5) Shv((X,MX)kfl)
∼→ lim←−

n

Shv((Xn,MXn)kfl),

where Shv(C ) denotes the category of sheaves of abelian groups on C for a site C . Hence,
the functor (6.3.1) gives a bi-exact equivalence to the essential image. We shall prove the
essential surjectivity. Let {Gn}n≥0 be an object of lim←−n≥0

wFin(Xn,MXn). In other words,
{Gn}n≥0 is a family of weak log finite group schemes Gn on (Xn,MXn) with isomorphisms
Gn+1|(Xn,MXn )

∼= Gn for each n ≥ 0. Due to the equivalence (6.3.5), there is a unique sheaf
G on (X,MX)kfl such that the system {G|(Xn,MXn )

}n≥0 is isomorphic to {Gn}n≥0. It is
enough to prove that G is a weak log finite group scheme. By working étale locally on X,
we may assume that X is quasi-compact and there exists an fs chart P → MX. Lemma
6.3.2 implies that the pullback of G0 to (X0,MX0) ⊗(Z[P ],P )a (Z[P 1/m], P 1/m)a is classical
for some m ≥ 1. We set

(X′,MX′) := (X,MX)⊗(Z[P ],P )a (Z[P 1/m], P 1/m)a

(X ′
n,MX′

n
) := (Xn,MXn)⊗(Z[P ],P )a (Z[P 1/m], P 1/m)a

for each integer n ≥ 0. By Proposition 3.2.24, the pullback G′
n := Gn|(X′

n,MX′
n
) is classical

for each n ≥ 0. Let G′ be a unique finite locally free group scheme over X′ such that
the system {G′|X′

n
}n≥0 is isomorphic to {G′

n}n≥0. By the equivalence (6.3.5), there is an
isomorphism G′ ∼= G|(X′,MX′ ), which is classical. This proves that G is a weak log finite
group scheme over (X,MX). The equivalence of the functor (6.3.3) also follows in the same
way.

To complete the proof, it is enough to prove the equivalence of the functor (6.3.2). Since
the functor (6.3.1) is an equivalence, we are reduced to showing the following: a weak log
finite group scheme H over (X,MX) belongs to Fin(X,MX) if Hn := H|(Xn,MXn )

belongs
to Fin(Xn,MXn) for each n ≥ 0. Let (Zn,MZn) be a finite and kfl fs log scheme of finite
presentation over (Xn,MXn) representing Hn. If we set Z := lim−→n≥0

Zn, the formal scheme
Z is finite (in particular, adic) over X by [SP25, Tag 09B8]. If we putMZ := lim←−n≥0

MZn

under the identification Zét ' (Zn)ét, the pair (Z,MZ) is a finite and kfl fs log formal
scheme of finite presentation over (X,MX) with isomorphisms

(Z,MZ)×(X,MX) (Xn,MXn)
∼= (Zn,MZn)
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for every n ≥ 0. Hence, the sheafH is representable by (Z,MZ). By the same argument, we
see that H∗ is also represented by a finite and kfl fs log formal scheme of finite presentation
over (X,MX). Therefore, H belongs to Fin(X,MX). □

Lemma 6.3.4 (cf. [Kat23, Proposition 2.16]). Let G be a weak log finite group
scheme over (X,MX). For a point x ∈ X with residue field k(x), we let Mk(x) denote the
log structure on Spec(k(x)) induced fromMX. Suppose that the pullback G|(Spec(k(x)),Mk(x))

is classical (resp. a log finite group scheme) for some point x ∈ X. Then there exists an
open neighborhood U of x such that G|(U,MU) is classical (resp. a log finite group scheme).
In particular, if G|(Spec(k(x)),Mk(x)) is classical (resp. a log finite group scheme) for every
x ∈ X, then G itself is classical (resp. a log finite group scheme).

Proof . Applying the same argument as the proof of Lemma 6.2.16, we see that the
assertion follows from Proposition 3.2.24 and Lemma 6.3.3. □

One can generalize the construction of coordinate rings associated with weak log finite
group schemes as follows.

Proposition 6.3.5 (cf. [Kat23, Proposition 2.15]). There is a natural contravari-
ant equivalence between the category of weak log finite group schemes over (X,MX) and
the category of commutative Hopf objects in the unitary symmetric monoidal category
Vectkfl(X,MX). Moreover, this equivalence restricts to the equivalence between the cate-
gory of finite locally free group schemes over X and the category of Hopf objects of Vect(X)
given by taking coordinate rings.

Proof . The equivalence in Proposition 3.2.18 gives the equivalence in the assertion by
Lemma 6.2.12. The latter assertion follows from the latter assertion of Proposition 3.2.18
and Lemma 6.2.16. □

Lemma 6.3.6. Let G be a log finite group scheme over (X,MX) killed by some power
of p. Suppose that X = SpfR and, for some (equivalently any) ideal of definition I of R,
the ring R/I is a henselian local ring whose residue field is of characteristic p. Then there
exists a unique exact sequence

0→ G0 → G→ Gét → 0,

where G0 is a (classical) finite locally free connected group scheme over X and Gét is a
(classical) finite étale group scheme over X. Moreover, if G ∈ BTn(X,MX), then G0 and
Gét belong to BTn(X).

Proof . Lemma 6.3.3 allows us to assume that X is a scheme, in which case the assertion
follows from Proposition 3.2.22. □

Lemma 6.3.7. Let (X,MX) be an fs log formal scheme on which pn = 0 for an integer
n ≥ 1. Let G be an object of wBTn(X,MX). We define Lie(G) as the sheaf on (X,MX)kfl
given by

Lie(G)(Y,MY ) := Ker(G(Y [ε],MY [ϵ])→ G(Y,MY ))

for (Y,MY ) ∈ (X,MX)kfl, where the scheme Y [ε] is defined by Y [ε] := Y ⊗Z Z[t]/(t2) and
MY [ϵ] is the pullback log structure ofMY . Then Lie(G) is a kfl vector bundle on (X,MX).
Moreover, for an integer 1 ≤ m ≤ n with pmOX = 0, we have an equality

Lie(G) = Lie(G[pm]).
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Proof . Since the formation of Lie(G) is functorial, working kfl locally on (X,MX) allows
us to assume that G is classical. In this case, Lie(G) is the classical kfl vector bundle
by [Ill85, Proposition 2.2.1 (b)]. The last assertion follows from [Mes72, Chapter II,
Corollary 3.3.16]. □

Definition 6.3.8 (Lie algebras of weak log truncated Barsotti-Tate group
schemes). Let (X,MX), n, and G be as in Lemma 6.3.7. The kfl vector bundle Lie(G)
defined therein is called the Lie algebra of G.

We define the generic fiber of weak log finite group schemes over p-adic fs log formal
schemes. To give a formulation over general p-adic fs log formal schemes, we use the
formalism of log diamonds developed in [KY25, Chapter 7].

Construction 6.3.9 (Generic fibers of weak log finite group schemes). Let
(X,MX) be a p-adic fs log formal scheme. Let C(X,MX) denote the category of a kfl covering
(Y,MY) → (X,MX) such that the associated morphism (Y,MY)

♢
η → (X,MX)

♢
η is a

Kummer log étale covering. Since the functor associating fs log diamonds to p-adic fs log
formal schemes preserves fiber products, the category C(X,MX) has finite products. For a
weak log finite group scheme G over (X,MX), there exists (Y,MY) ∈ C(X,MX) such that
G|(Y,MY) is classical. Indeed, we may assume that X is quasi-compact and we are given an
fs chart P →MX, in which case, a kfl covering

(X,MX)⊗(Z[P ],P )a (Z[P 1/n], P 1/n)a → (X,MX)

is the desired object of C(X,MX) for a sufficiently large n ≥ 1 by Lemma 6.3.2 and [KY25,
Proposition 7.20].

We let LC(A ) denote the category of locally constant sheaves on A for a site A . Let G
and (Y,MY) be as above. Let (Y(•),MY(•)) denote the Čech nerve of (Y,MY)→ (X,MX)
in the category of p-adic fs log schemes. Taking the generic fiber of finite locally free group
schemes G|(Y(•),M

Y(•) )
over Y(•) defines an object of the category

lim←−
•∈∆

LC((Y(•))♢proét).

There is a natural functor
(6.3.6) lim←−

•∈∆
LC((Y(•))♢proét)→ lim←−

•∈∆
LC((Y(•),MY(•))♢prokét).

Kummer log étale descent defines a fully faithful functor

(6.3.7) lim←−
•∈∆

LC((Y(•),MY(•))♢prokét)→ LC((X,MX)
♢
prokét).

Sending the object of lim←−•∈∆ LC((Y(•))♢proét) constructed above by the composite functor of
(6.3.6) and (6.3.7), we obtain an object of LC((X,MX)

♢
prokét), denoted by Gη. The sheaf Gη

is independent of the choice of (Y,MY) and is called the generic fiber of G. The resulting
functor

wFin(X,MX)→ LC((X,MX)
♢
prokét)

given by G 7→ Gη is exact. When G is a weak log Barsotti-Tate group scheme of level n,
the sheaf Gη is a Z/pn-local system on (X,MX)

♢
η,qprokét.

To formulate desired saturated descent properties for weak log finite group schemes
(Proposition 6.3.15), we generalize the formalism of pullback functors for weak log finite
group schemes to non-fs cases. Arguments proceed in a similar way to the case of kfl vector
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bundles. In the rest of this subsection, let f : (Y,MY) → (X,MX) be an adic morphism
from a (not necessarily fs) saturated log formal scheme (Y,MY) to an fs log formal scheme
(X,MX).

Lemma 6.3.10. Let G be a weak log finite group scheme over (X,MX), and let AG
denote the Hopf object of Vectkfl(X,MX) corresponding to G via the equivalence in Propo-
sition 6.3.5. Take a point y ∈ Y. Then the following statements are equivalent.

(1) The underlying kfl vector bundle of AG is f -classical at y.
(2) There exist a strict fppf morphism p : (V,MV)→ (Y,MY) with y ∈ p(V) and a

factorization of fp

(V,MV)
g→ (Z,MZ)

h→ (X,MX)

such that (Z,MZ) is fs and G|(Z,MZ) is classical.

Proof . This follows from Lemma 6.2.20 and Proposition 6.3.5. □
Definition 6.3.11. For a weak log finite group scheme G over (X,MX) and a point

y ∈ Y, we say that G is f -classical at y if the equivalent conditions in Lemma 6.3.10
are satisfied. Lemma 6.3.10 implies that, if G is f -classical at y, there exists an open
neighborhood V of y such that G is f -classical at every y′ ∈ V. When G is f -classical at
every y ∈ Y, we say that G is f -classical.

Let wFinf -cl(X,MX) denote the full subcategory of wFin(X,MX) consisting of f -
classical objects. One can define the pullback functor

f ∗ : wFinf -cl(X,MX)→ Fin(Y)

in a similar way to Definition 6.2.22.

Lemma 6.3.12. Consider a sequence of adic morphisms of log formal schemes

(Z,MZ)
g→ (Y,MY)

f→ (X,MX)
h→ (W,MW),

where (Z,MZ) is saturated and (W,MW) is fs. Let G be a weak log finite group scheme
over (W,MW) with h∗G being f -classical. Then G is hfg-classical, and there is a natural
isomorphism of finite locally free group schemes over Z

(hfg)∗G ∼= g∗(f ∗(h∗G)).

Proof . This follows directly from the definition. □
Lemma 6.3.13. Suppose that f admits a chart of the form P → PQ≥0

for an fs monoid
P . Then every weak log finite group scheme G over (X,MX) is f -classical.

Proof . This assertion follows from the same argument as Lemma 6.2.24. □
Lemma 6.3.14. Let n ≥ 1 be an integer with pnOX = 0, and let G be an f -classical

object of wBTn(X,MX). Then Lie(G) is also f -classical, and there exists a natural iso-
morphism of vector bundles on Y

f ∗Lie(G) ∼= Lie(f ∗G).

Proof . This follows directly from the definition. □
Proposition 6.3.15 (Strongly pro-kfl descent for weak log finite group

schemes). Let f : (Y,MY) → (X,MX) be a strongly pro-kfl covering, and (Y(•),MY(•))
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be the Čech nerve of f in the category of saturated log formal schemes. Then there exists
a natural bi-exact equivalence

wFinf -cl(X,MX)
∼→ lim←−

•∈∆
Fin(Y(•))

Proof . By Lemma 6.3.12, the functor f ∗ induces the functors in the assertion, and the
equivalence can be proved in the same way as the proof of Proposition 6.2.26. □

6.3.2. Log p-divisible groups. In this subsection, we define the notion of (weak) log
p-divisible groups over log formal schemes and summarize properties of them, which are
immediately deduced from the results in the previous subsection.

Definition 6.3.16. Let G be a sheaf of abelian groups on (X,MX)kfl. We call G a
weak log p-divisible group if the following conditions are satisfied.

(1) A map ×p : G→ G is surjective.
(2) For every n ≥ 1, the sheaf G[pn] := Ker(×pn : G → G) is a weak log finite group

scheme over (X,MX).
(3) G =

⋃
n≥1G[p

n].

The category of weak log p-divisible groups over (X,MX) is denoted by wBT(X,MX). For
a weak log p-divisible group G over (X,MX), the sheaf G∗ := lim−→n≥1

G[pn]∗ is a weak log
p-divisible group over (X,MX). We say that G∗ is the Cartier dual of G.

A weak log p-divisible group G over (X,MX) is called a log p-divisible group if G[pn]
is a log finite group scheme for each n ≥ 1. The category of log p-divisible groups over
(X,MX) is denoted by BT(X,MX). By Remark 6.2.9, the category BT(X) is regarded
as the full subcategory of wBT(X,MX). A weak log p-divisible group G over (X,MX) is
called classical if G belongs to BT(X). Clearly, G is classical if and only if G[pn] is classical
for each n ≥ 1.

Lemma 6.3.17 (cf. [Kat23, Lemma 4.2]). Let (X,MX) be an fs log formal scheme.
A weak log p-divisible group G over (X,MX) belongs to BT(X,MX) if G[pn] belongs to
Fin(X,MX) for some n ≥ 1.

Proof . Lemma 6.3.3 and the limit argument (Proposition 3.2.16) reduce us to the case
where X is a noetherian scheme. In this case, G[p] belongs to Fin(X,MX) by Lemma
3.2.27, and so the assertion follows from [Kat23, Lemma 4.2]. □

Lemma 6.3.18. Let (X,MX) be an fs log formal scheme with a finitely generated ideal
of definition I. Let (Xn,MXn) be the strict closed subscheme of (X,MX) defined by In+1

for n ≥ 0. Then the natural functors

wBT(X,MX)→ lim←−
n

wBT(Xn,MXn)

BT(X,MX)→ lim←−
n

BT(Xn,MXn)

give bi-exact equivalences.

Proof . This follows immediately from Lemma 6.3.3. □
Lemma 6.3.19. Let G be a weak log p-divisible group over (X,MX). For a point

x ∈ X with residue field k(x), we letMk(x) denote the log structure on Spec(k(x)) induced
fromMX.
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(1) Suppose that the pullback G|(Spec(k(x)),Mk(x)) is a log p-divisible group for some
point x ∈ X. Then there exists an open neighborhood U of x such that G|(U,MU) is
a log p-divisible group. In particular, if G|(Spec(k(x)),Mk(x)) is a log p-divisible group
for every x ∈ X, then G itself is a log p-divisible group.

(2) Suppose that the pullback G|(Spec(k(x)),Mk(x)) is classical for every point x ∈ X.
Then G itself is classical.

Proof . The assertions immediately follow from Lemma 6.3.4 and Lemma 6.3.17. □
Lemma 6.3.20. Let (X,MX) be as in Lemma 6.3.6, and let G be a log p-divisible

group over (X,MX). Then there exists a unique exact sequence

0→ G0 → G→ Gét → 0,

where G0 is a (classical) connected p-divisible group over X and Gét is an étale p-divisible
group over X.

Proof . Lemma 6.3.18 allows us to assume that X is a scheme, in which case the assertion
follows from Lemma 3.2.31. □

Lemma 6.3.21. Let (X,MX) be an fs log formal scheme on which p is topologically
nilpotent and G be a weak log p-divisible group over (X,MX). We let Lie(G) denote the
sheaf on (X,MX)kfl given by

Lie(G)(Y,MY ) := Ker(G(Y [ε],MY [ϵ])→ G(Y,MY ))

for (Y,MY ) ∈ (X,MX)kfl, where the scheme Y [ε] is defined by Y [ε] := Y ⊗Z Z[t]/(t2) and
MY [ϵ] is the pullback log structure ofMY . Then Lie(G) is a kfl vector bundle on (X,MX).
Furthermore, when pN = 0 on X for an integer N ≥ 1, we have an equality

Lie(G) = Lie(G[pn])

for every integer n ≥ N .

Proof . Taking a reduction by a finitely generated ideal of definition, we may assume that
X is a scheme on which pN = 0 for some integer N ≥ 1. Then all assertions follow from
Lemma 6.3.7. □

Definition 6.3.22 (Lie algebras of weak log p-divisible groups). Let (X,MX)
and G be as in Lemma 6.3.21. The kfl vector bundle Lie(G) defined therein is called the
Lie algebra of G.

Proposition 6.3.23 (cf. [Kat23, Proposition 7.3]). Let (X,MX) be an fs log formal
scheme on which p is topologically nilpotent. Then a weak log p-divisible group G over
(X,MX) is a log p-divisible group if and only if both kfl vector bundles Lie(G) and Lie(G∗)
are classical.

Proof . Lemma 6.2.16 and Lemma 6.3.19 (2) allow us to assume that X is the spectrum
of a field. Then the assertion follows from [Kat23, Proposition 7.3]. □

Definition 6.3.24 (Generic fibers of weak log p-divisible groups). Let (X,MX)
be a p-adic fs log formal scheme and G be a weak log p-divisible group on (X,MX). By
Construction 6.3.9, we have Z/pn-local systems G[pn]η on (X,MX)

♢
η,qprokét for each n ≥ 1.

Hence, Gη := lim←−n≥1
G[pn]η is a Zp-local system on (X,MX)

♢
η,qprokét and is called the generic

fiber of G.
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In the rest of this subsection, let f : (Y,MY) → (X,MX) be an adic morphism from
(not necessarily fs) saturated log formal scheme (Y,MY) to an fs log formal scheme
(X,MX).

Definition 6.3.25. A weak log p-divisible group G over (X,MX) is called f -classical
if G[pn] is f -classical for each n ≥ 1. Let wBTf -cl(X,MX) denote the full subcategory of
wBT(X,MX) consisting of f -classical objects. The pullback functor along f defined in
Definition 6.3.11 naturally induces the pullback functor

f ∗ : wBTf -cl(X,MX)→ BT(Y).

Lemma 6.3.26. Let G be an f -classical weak log p-divisible group over (X,MX).
Suppose that p is topologically nilpotent on X. Then Lie(G) is also f -classical, and there
exists a natural isomorphism of vector bundles on Y

f ∗Lie(G) ∼= Lie(f ∗G).

Proof . Taking a reduction by a finitely generated ideal of definition, we may assume that
X is a scheme on which pn = 0 for an integer n ≥ 1. Since we have Lie(G) = Lie(G[pn])
by Lemma 6.3.21, all assertion follows from Lemma 6.3.14. □

Proposition 6.3.27 (Strongly pro-kfl descent for weak log p-divisible groups).
Let f : (Y,MY) → (X,MX) be a strongly pro-kfl covering, and let (Y(•),MY(•)) denote
the Čech nerve of f in the category of saturated log formal schemes. Then there exists a
natural bi-exact equivalence

wBTf -cl(X,MX)→ lim←−
•∈∆

BT(Y(•)).

Proof . This follows from Proposition 6.3.15. □

6.4. Kfl prismatic crystals

In this section, we introduce a category including the category of log prismatic (F -
)crystals as a full subcategory. An object of this category is called a kfl prismatic (F -
)crystal (Definition 6.4.1). Furthermore, we prove that this larger category satisfies a
certain saturated descent property regarded as a log version of quasi-syntomic descent
(Proposition 6.4.12). Even when our main interest is often in (not kfl) prismatic (F -
)crystals, it is convenient to work in the category of this larger category of kfl prismatic (F -
)crystals because the category of log prismatic (F -)crystals does not have good saturated
descent properties. We also establish a similar framework for crystalline crystals in vector
bundles.

6.4.1. Kfl prismatic F -crystals. Throughout this subsection, let (X,MX) be a
bounded p-adic fs log formal scheme.

Definition 6.4.1 (Kfl prismatic F -crystals). We define an exact category

Vectkfl((X,MX)∆) := lim←−
(A,I,MA)∈(X,MX)

str
∆

Vectkfl((Spf(A),MA)).

An object of Vectkfl((X,MX)∆) is called a kfl prismatic crystal on (X,MX).
For a log prism (A, I,MA) ∈ (X,MX)

str

∆ and integers a ≤ b, we let

Vectφkfl,[a,b](A, I,MA)
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denote the exact category of a kfl vector bundle E on (Spf(A),MA) equipped with maps
of kfl vector bundles Ib ⊗A E → φ∗

AE and φ∗
AE → Ia ⊗A E such that the composition map

Ib ⊗A E → Ia ⊗A E coincides with the map induced from the natural inclusion map of
A-modules Ib ↪→ Ia. We define an exact category

Vectφkfl,[a,b]((X,MX)∆) := lim←−
(A,I,MA)∈(X,MX)

str
∆

Vectφkfl,[a,b](A, I,MA).

Especially, we let DMkfl((X,MX)∆) denote the category Vectφkfl,[0,1]((X,MX)∆), and an
object of the category DMkfl((X,MX)∆) is called a kfl prismatic Dieudonné crystal on
(X,MX).

For a log prism (A, I,MA) ∈ (X,MX)
str

∆ , we define an exact category

Vectφkfl(A, I,MA) := lim−→
[a,b]

Vectφkfl,[a,b](A, I,MA).

Using this, we define an exact category

Vectφkfl((X,MX)∆) := lim←−
(A,I,MA)∈(X,MX)

str
∆

Vectφkfl(A, I,MA).

An object of Vectφkfl((X,MX)∆) is called a kfl prismatic F -crystal on (X,MX).

Remark 6.4.2. We cannot define a kfl version of analytic log prismatic F -crystals in
the same way because, for a log prism (A, I,MA), we have no canonical log structure on
U(A, I).

Lemma 6.4.3. There are natural functors giving bi-exact equivalences to the essential
images

Vect((X,MX)∆)→ Vectkfl((X,MX)∆),

Vectφ[a,b]((X,MX)∆)→ Vectφkfl,[a,b]((X,MX)∆),

Vectφ((X,MX)∆)→ Vectφkfl((X,MX)∆).

Proof . Lemma 5.5.12 allows us to replace (X,MX)∆ in the source categories with the
strict site (X,MX)

str

∆ . Then, via the equivalences in Remark 5.5.10, the functor ι in Defi-
nition 6.2.13 induces the desired functors. It follow from Lemma 6.2.14 that the resulting
functors give equivalences to the essential images. □

We generalize the functoriality of kfl prismatic crystals to non-fs log formal schemes.
In the rest of this subsection, let f : (Y,MY)→ (X,MX) be a morphism from a bounded
p-adic (not necessarily fs) saturated log formal scheme (Y,MY) to a bounded p-adic fs log
formal scheme (X,MX).

Lemma 6.4.4. Let E be a kfl prismatic crystal on (X,MX). The following statements
are equivalent.

(1) For any log prisms (A, I,MA) ∈ (X,MX)
str

∆ and (B, J,MB) ∈ (Y,MY)
str

∆ with a
log prism map s : (A, I,MA) → (B, J,MB) in (X,MX)∆, the kfl vector bundle
E(A,I,MA) is s-classical.

(2) For any log prism (B, J,MB) ∈ (Y,MY)
str

∆ , if we let (B, J,NB) denote its image
via the functor (X,MX)∆ → (X,MX)

str

∆ in Lemma 5.5.12 and π : (B, J,NB) →
(B, J,MB) denote the natural map, the kfl vector bundle E(B,J,NB) is π-classical.
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Proof . It is enough to prove the implication (2)⇒ (1). By Lemma 5.5.12, the log prism
map s uniquely factors as

(A, I,MA)
t→ (B, J,NB)

π→ (B, J,MB),

where (B, J,NB) is the image of (B, J,MB) via the functor (X,MX)∆ → (X,MX)
str

∆
therein. Since E(B,J,NB)

∼= t∗(E(A,I,MA)) is π-classical, E(A,I,MA) is s-classical by Lemma
6.2.23. □

Definition 6.4.5. A kfl prismatic crystal E on (X,MX) is called f -classical if the
equivalent conditions in Lemma 6.4.4 are satisfied. Let Vectf -cl

kfl ((X,MX)∆) be the full
subcategory of Vectkfl((X,MX)∆) consisting of f -classical objects. We define an exact
functor

f ∗ : Vectf -cl
kfl ((X,MX)∆)→ Vect((Y,MY)

str

∆ )

as follows. Let E ∈ Vectf -cl
kfl ((X,MX)∆). For (B, J,MB) ∈ (Y,MY)

str

∆ , we choose
(A, I,MA) and s as in Lemma 6.4.4 (1) and set (f ∗E)(B,J,MB) := s∗E(A,I,MA). If we let
(B, J,NB) and π as in Lemma 6.4.4 (2), every s uniquely factors through π. Hence, by
Lemma 6.2.23, the formation of (f ∗E)(B,J,MB) is independent of a choice of (A, I,MA), and
the assignment of (f ∗E)(B,J,MB) to (B, J,MB) defines an object f ∗E ∈ Vect((Y,MY)

str

∆ ).
We say that a kfl prismatic F -crystal on (X,MX) is f -classical if its underlying kfl

prismatic crystal is f -classical. We write Vectφ,f -cl
kfl,[a,b]((X,MX)∆) and Vectφ,f -cl

kfl ((X,MX)∆)
for the full subcategory of Vectφkfl,[a,b]((X,MX)∆) and Vectφkfl((X,MX)∆) consisting of an
object whose underlying kfl prismatic crystal is f -classical, respectively. In the same way
as the case of kfl prismatic crystals, one can define the pullback functors

f ∗ : Vectφ,f -cl
kfl,[a,b]((X,MX)∆)→ Vectφ[a,b]((Y,MY)

str

∆ ),

f ∗ : Vectφ,f -cl
kfl ((X,MX)∆)→ Vectφ((Y,MY)

str

∆ ).

Lemma 6.4.6. Consider a sequence of morphisms of p-adic log formal schemes

(Z,MZ)
g→ (Y,MY)

f→ (X,MX)
h→ (W,MW),

where (Z,MZ) is saturated and (W,MW) is fs. Let E be a kfl prismatic crystal on (W,MW)
with h∗E being f -classical. Then E is hfg-classical, and there is a natural isomorphism of
prismatic crystals on Z

(hfg)∗E ∼= g∗(f ∗(h∗E)).
Conversely, if E is hfg-classical, and if g is a strict quasi-compact quasi-syntomic covering,
then h∗E is f -classical.

Proof . The former assertion follows from Lemma 6.2.23, and the latter assertion follows
from the same lemma and [BS22, Proposition 7.11]. □

Lemma 6.4.7. Suppose that f admits a chart of the form P → PQ≥0
for an fs monoid

P . Then every kfl prismatic crystal E on (X,MX) is f -classical.

Proof . Let E be a kfl prismatic crystal on (X,MX). Let (B, J,MB) ∈ (Y,MY)
str

∆ and
π : (B, J,NB) → (B, J,MB) be as in Lemma 6.4.4 (1), and let π : (Spf(B/J),MB/J) →
(Spf(B/J),NB/J) be the induced map from π. By Lemma 6.2.24, the kfl vector bundle
(E(B,J,MB))|(Spf(B/J),MB/J ) is π-classical. Hence, Lemma 6.2.23 implies that E(B,J,MB) is
π-classical. This proves the assertion. □
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The goal in this subsection is to prove certain saturated descent properties for kfl
prismatic (F -)crystals (Proposition 6.4.12). To this end, we start with some technical
definitions and lemmas.

Lemma 6.4.8. Let f : (Y,MY) → (X,MX) be an integral Kummer morphism of p-
adic fs log formal schemes. Let (A, I,MA) ∈ (X,MX)

str

∆ and (Bi, IBi,MBi
) ∈ (Y,MY)

str

∆
be log prisms with log prism maps qi : (A, I,MA) → (Bi, IBi,MBi

) in (X,MX)∆ for
i = 1, 2. We set (Spf(C),MC) to be the saturated fiber product of (Spf(Bi),MBi

) for
i = 1, 2 over (Spf(A),MA). Suppose that q1 is kfl. Then the triple (C, IC,MC) has a
unique log prism structure such that the natural maps (Bi, IBi,MBi

)→ (C, IC,MC) are
log prism maps for i = 1, 2. Moreover, the log prism map (B2, IB2,MB2)→ (C, IC,MC)
is strict flat.

Proof . We set (Spf(C ′),MC′) to be the fiber product of fs log formal schemes
(Spf(Bi),MBi

) for i = 1, 2 over (Spf(A),MA) in the category of (not necessarily saturated)
log formal schemes. Since f is integral, the maps qi : (Spf(Bi),MBi

)→ (Spf(A),MA) are
integral for i = 1, 2, and so (Spf(C ′),MC′) is fine. By [Kos22, Remark 2.6], (Spf(C ′),MC′)
is equipped with the unique δlog-structure such that the projection maps to (Spf(Bi),MBi

)
are compatible with δlog-structures for i = 1, 2, and so its saturation (Spf(C),MC) is
uniquely equipped with the δlog-structure by [Kos22, Proposition 2.16].

Let (Y(1),MY(1)) be the self-product of (Y,MY) in the category of saturated log formal
schemes over (X,MX). The natural map (Spf(C/IC),MC/IC) → (Y(1),MY(1)) is strict.
Since f is Kummer, both projection maps (Y(1),MY(1)) → (Y,MY) are strict. Hence,
the projection map (Spf(C),MC)→ (Spf(B2),MB2) is strict kfl. By Lemma 6.2.5, this is
strict flat. Therefore, by [BS22, Lemma 3.7 (3)], (C, IC,MC) is a log prism. □

Lemma 6.4.9. Let (A, I,MA) be a log prism with a finite free chart α : Nr → MA

with δlog(α(m)) = 0 for every m ∈ Nr. Consider a Kummer map Nr → Q of saturated
monoids. We set

(Spf(A′),MA′) := (Spf(A),MA)⊗(Z[Nr],Nr)a (Z[Q], Q)a.

Then the triple (A′, IA′,MA′) has a unique log prism structure such that the natural map
(A, I,MA)→ (A′, IA′,MA′) is a log prism map and that the composite

Q→ Γ(Spf(A′),MA′)
δlog→ A′

is the zero map.

Proof . We regard the prelog ring (Z[Nr],Nr) (resp. (Z[Q], Q)) as a δlog-ring by setting
δ(m) = δlog(m) = 0 for every m ∈ Nr (resp. m ∈ Q). Since the map of prelog rings
(Z[Nr],Nr) → (A,Γ(Spf(A),MA)) induced from α is compatible with δlog-structures by
the assumption on α, the log formal scheme (Spf(A′),MA′) is equipped with a unique
δlog-structure such that the natural morphisms from (Spf(A′),MA′) to (Spf(A),MA) and
(Spec(Z[Q]), Q)a are compatible with δlog-structures by [Kos22, Remark 2.6 and Lemma
2.9]. Hence, it remains to prove that (A′, IA′) is a prism. By [DA25, Lemma 2.7], the
ring map Z[Nr] → Z[Q] is faithfully flat. Note that, although it is assumed that Q is
fs in loc. cit., the problem is reduced to this case because Q is written as a union of fs
submonoids containing Nr. Therefore, A → A′ is (p, I)-completely faithfully flat, and so
(A′, IA′) is a prism by [BS22, Lemma 3.7 (3)]. □
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Lemma 6.4.10. Let (X,MX) be a bounded p-adic log formal scheme with a finite free
chart α : Nr → MX. Then, for every log prism (A, I,MA) in (X,MX)

str

∆ , there exist a
strict flat cover (A, I,MA) → (B, J,MB) and a monoid map α̃ : Nr → Γ(Spf(B),MB)
with δlog(α̃(m)) = 0 for every m ∈ Nr fitting into the following commutative diagram:

Γ(Spf(B),MB)

��
Nr

α
//

α̃

33

Γ(X,MX) // Γ(Spf(B/J),MB/J).

Proof . The given chart α induces a strict map f : (X,MX) → (Spf(Zp〈Nr〉),Nr)a. The
log prism (A, I,MA) can be regarded as a log prism in (Spf(Zp〈Nr〉),Nr)str∆ via f . Hence,
we may assume that (X,MX) = (Spf(Zp〈Nr〉),Nr)a and α is the tautological chart.

Note that (X,MX) is small affine log formal scheme over Zp. Write R := Zp〈Nr〉. By
Lemma 5.5.16, there exist a strict flat cover (A, I,MA) → (B, J,MB) and a log prism
map

(SR, (E),Nr)a = (SR, (E),MSR
)→ (B, J,MB).

Since the δlog-ring (SR,Nr) is of rank 1 in the sense of [Kos22, Definition 2.2], the com-
posite

Nr → Γ(Spf(SR),MSR
)→ Γ(Spf(B),MB)

is a desired lift α̃. □
Definition 6.4.11. We say that the morphism f is a strongly pro-kfl quasi-syntomic

if there exists a chart Nr → Q of f such that Q is saturated, Nr → Q is Kummer, and the
induced map

(Y,MY)→ (X,MX)⊗(Z[Nr],Nr)a (Z[Q], Q)a

is strict quasi-syntomic. The morphism f is called a strongly pro-kfl quasi-syntomic covering
if f is strongly pro-kfl quasi-syntomic, quasi-compact, and surjective.

Proposition 6.4.12 (Strongly pro-kfl quasi-syntomic descent for kfl prismatic
crystals). Let f : (Y,MY)→ (X,MX) be a strongly pro-kfl quasi-syntomic covering. We
let (Y(•),MY(•)) denote the saturated Čech nerve of f . Then there exist natural bi-exact
equivalences

Vectf -cl
kfl ((X,MX)∆) ' lim←−

•∈∆
Vect((Y(•),MY(•))str∆ ),(6.4.1)

Vectφ,f -cl
kfl ((X,MX)∆) ' lim←−

•∈∆
Vectφ((Y(•),MY(•))str∆ ),(6.4.2)

Vectφ,f -cl
kfl,[a,b]((X,MX)∆) ' lim←−

•∈∆
Vectφ[a,b]((Y

(•),MY(•))str∆ ).(6.4.3)

Proof . We prove only the equivalence (6.4.1) because other equivalences can be proved
by the same argument. By Lemma 6.4.6, the pullback functor f ∗ induces an exact functor

Vectf -cl
kfl ((X,MX)∆)→ lim←−

•∈∆
Vect((Y(•),MY(•))str∆ ).

We shall prove that this functor is a bi-exact equivalence. Fix a chart Nr → Q of f as in
Definition 6.4.11. We set

(Z,MZ) := (X,MX)⊗(Z[Nr],Nr)a (Z[Q], Q)a,
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and let (Z(•),MZ(•)) denote its saturated Čech nerve over (X,MX). Consider the following
Cartesian diagram in the category of p-adic saturated log formal schemes:

(W,MW) //

��

(Y,MY)

f
��

(Z,MZ)
g // (X,MX).

By the same argument as in the second paragraph in the proof of Proposition 6.2.26, both
the upper horizontal map and the left vertical map are strict quasi-compact quasi-syntomic
coverings. Hence, a kfl prismatic crystal on (X,MX) is f -classical if and only if g-classical
by Lemma 6.4.6, and so quasi-syntomic descent for prismatic crystals reduces us to proving
that the functor

Vectg-clkfl ((X,MX)∆)
∼→ lim←−

•∈∆
Vect((Z(•),MZ(•))str∆ )

induced from the pullback functor g∗ is a bi-exact equivalence.
To construct an exact quasi-inverse functor, we shall construct an exact functor

lim←−
•∈∆

Vect((Z(•),MZ(•))str∆ )→ Vectkfl(Spf(A),MA)

for every log prism (A, I,MA) ∈ (X,MX)
str

∆ . Working strict flat locally on (A, I,MA), we
may assume that there is a finite free chart α : Nr → MA with δlog(α(m)) = 0 for every
m ∈ Nr. If we set

(Spf(A′),MA′) := (Spf(A),MA)⊗(Z[Nr],Nr)a (Z[Q], Q)a,

the triple (A′, IA′,MA′) is naturally a log prism in (Z,MZ)
str

∆ by Lemma 6.4.9. Let
q : (A, I,MA)→ (A′, IA′,MA′) be a natural log prism map.

We let C(A,I,MA) denote the category of a log prism (B, J,MB) belonging to the essential
image of the functor (Y,MY)

str

∆ → (X,MX)∆ equipped with a log prism map (A, I,MA)→
(B, J,MB). We claim that there is a natural bi-exact equivalence

Vectq-clkfl (Spf(A),MA)
∼→ lim←−

(B,J,MB)∈C(A,I,MA)

Vect(B).(6.4.4)

To show this, it suffices to prove the following two claims.
(a) For every (B, IB,MB) ∈ C(A,I,MA), the saturated fiber product (Spf(B′),MB′)

of (Spf(B),MB) and (Spf(A′),MA′) over (Spf(A),MA) exists, the natural map
(Spf(B′),MB′)→ (Spf(B),MB) is strict flat cover, and the triple (B′, IB′,MB′)
is a log prism which is the pushout of (B, IB,MB) and (A′, IA′,MA′) under
(A, I,MA) in the category of saturated log prisms.

(b) For an object r : (A, I,MA) → (B, IB,MB), every q-classical kfl vector bundle
on (Spf(A),MA) is r-classical.

Indeed, by the claim (b), pullback functors gives the functor (6.4.4), and Proposition 6.2.26
and the claim (a) imply the equivalences

Vectq-clkfl (Spf(A),MA) ' lim←−
•∈∆

Vect(A′(•)) ' lim←−
(B,J,MB)∈C(A,I,MA)

Vect(B),

where (Spf(A′(•)),MA′(•)) denotes the saturated Čech nerve of (Spf(A′),MA′) over
(Spf(A),MA).
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Since the claim (b) follows from the claim (a) and Lemma 6.2.23, the proof of the
equivalence (6.4.4) is reduced to showing the claim (a). Let (B, IB,MB) ∈ C(A,I,MA), and
fix a strict map (Spf(B/IB),MB/IB) → (Y,MY). Write Q as a union

⋃
i∈I Pi where Pi

runs over all fs submonoids of Q containing Nr. We set

(Spf(A′
i),MA′

i
) := (Spf(A),MA)⊗(Z[Nr],Nr)a (Z[Pi], Pi)a

for each i ∈ I. By Lemma 6.4.9, the triple (A′
i, IA

′
i,MA′

i
) is a log prism. We let Mi,B/IB

denote the log structure on Spf(B/IB) associated with the composite

Pi → Q→ Γ(Y,MY)→ Γ(Spf(B/IB),MB/IB),

and define the log structureMi,B :=MB ×MB/IB
Mi,B/IB on Spf(B) under the identifica-

tion Spf(B)ét ' Spf(B/IB)ét. If we put

(Zi,MZi
) := (X,MX)⊗(Z[Nr],Nr)a (Z[Pi], Pi)a,

the log prisms (A′
i, IA

′
i,MA′

i
) and (B, IB,Mi,B) are regarded as objects of (Zi,MZi

)str∆ .
We set

(Spf(B′
i),MB′

i
) := (Spf(A′

i),MA′
i
)×sat

(Spf(A),MA) (Spf(B),Mi,B).

Since the morphism (Zi,MZi
) → (X,MX) is integral and Kummer by [DA25, Lemma

2.7], the triple (B′
i, IB

′
i,MB′

i
) is equipped with a natural log prism structure by Lemma

6.4.8, and (B, IB,Mi,B)→ (B′
i, IB

′
i,MB′

i
) is a strict flat cover. Since (Spf(A′),MA′) and

(Spf(B),MB) are isomorphic to the inverse limits of (Spf(A′
i),MA′

i
) and (Spf(B),Mi,B)

for i ∈ I respectively, if we set (Spf(B′),MB′) to be the inverse limit of (Spf(B′
i),MB′

i
),

the log formal scheme (Spf(B′),MB′) is the saturated fiber product of (Spf(B),MB)
and (Spf(A′),MA′) over (Spf(A),MA) and is equipped with the unique δlog-structure
such that both of the projection maps to (Spf(A′),MA′) and (Spf(B),MB) are com-
patible with δlog-structures. Since (Spf(B′),MB′) is isomorphic to the inverse limit of
(Spf(B′

i),MB′
i
)×(Spf(B),Mi,B) (Spf(B),MB) (which is a strict flat cover of (Spf(B),MB)),

the natural map (Spf(B′),MB′) → (Spf(B),MB) is a strict flat cover, and so
(B′, IB′,MB′) is a log prism by [BS22, Lemma 3.7 (3)]. This proves the claim (a).

Using the equivalence (6.4.4), we get exact functors

lim←−
•∈∆

Vect((Y(•),MY(•))str∆ )→ lim←−
(B,J,MB)∈C(A,I,MA)

Vect(B)

' Vectq-clkfl (Spf(A),MA)

→ Vectkfl(Spf(A),MA).

Taking a limit with respect to (A, I,MA) ∈ (X,MX)
str

∆ , we obtain an exact functor

lim←−
•∈∆

Vect((Y(•),MY(•))str∆ )→ Vectkfl((X,MX)∆).

The essential image of this functor is contained in Vectf -cl
kfl ((X,MX)∆) by the claim (b),

and the induced functor

lim←−
•∈∆

Vect((Y(•),MY(•))str∆ )→ Vectf -cl
kfl ((X,MX)∆)

is a desired quasi-inverse functor. □
Definition 6.4.13. A bounded p-adic fs log formal scheme (X,MX) is called strongly

quasi-syntomic if X is quasi-syntomic and (X,MX) admits finite free charts étale locally.
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Remark 6.4.14. Koshikawa-Yao introduced the notion of quasi-syntomic prelog rings
in [KY25, Definition 3.2]. A strongly quasi-syntomic log formal schemes has an étale
cover consisting of log formal schemes associated with quasi-syntomic prelog rings because
a prelog ring (R,P ) is quasi-syntomic if R is quasi-syntomic and P is free. Of course,
the converse does not hold. In other words, a log formal scheme associated with a quasi-
syntomic prelog ring is not necessarily strongly quasi-syntomic (not even fs).

Definition 6.4.15. Let (X,MX) be a bounded p-adic fs log formal scheme. We de-
fine (X,MX)pkqsyn as the category of a p-adic saturated log formal scheme (Y,MY) over
(X,MX) such that the structure morphism (Y,MY)→ (X,MX) admits a factorization

(Y,MY)→ (U∞,MU∞)→ (U,MU)→ (X,MX),

where the morphism (U,MU)→ (X,MX) is strict étale, (U∞,MU∞) is defined as

(U,MU)⊗(Z[Nr,Nr)a (Z[Qr
≥0],Qr

≥0)
a

for a finite free chart Nr → MU, and the morphism (Y,MY) → (U,MU) is strict
quasi-syntomic. Note that, when X is quasi-syntomic, Y is also quasi-syntomic for ev-
ery (Y,MY) ∈ (X,MX)pkqsyn because Zp〈Nr〉 → Zp〈Qr

≥0〉 is quasi-syntomic.
When (X,MX) is strongly quasi-syntomic, we let (X,MX)pkqrsp denote the full subcat-

egory of (X,MX)pkqsyn consisting of (Spf(S),MS) with S being qrsp.

The following proposition can be regarded as an analogous statement to [BS23, Propo-
sition 2.14].

Proposition 6.4.16. Let (X,MX) be a strongly quasi-syntomic log formal scheme.
Then there exist natural bi-exact equivalences

Vectkfl((X,MX)∆) ' lim←−
(Y,MY)∈(X,MX)pkqsyn

Vect((Y,MY)
str

∆ )

' lim←−
(Y,MY)∈(X,MX)pkqsyn

Vect(Y∆)

' lim←−
(S,MS)∈(X,MX)pkqrsp

Vect(S∆).

The analogous assertion also holds for Vectφkfl((X,MX)∆) and Vectφkfl,[a,b]((X,MX)∆).

Proof . We shall prove only the statement for Vectkfl((X,MX)∆) because the other state-
ments can be proved in the same way. The second equivalence follows from Lemma 5.5.13.
Since Y is quasi-syntomic for every (Y,MY) ∈ (X,MX)pkqsyn, the third equivalence follows
from quasi-syntomic descent for prismatic crystals.

It remains to prove the first equivalence. For any (Y,MY) ∈ (X,MX)pkqsyn with
structure morphism f : (Y,MY) → (X,MX), every kfl prismatic crystal on (X,MX) is
f -classical by Lemma 6.4.6 and Lemma 6.4.7, and so we have the pullback functor

f ∗ : Vectkfl((X,MX)∆)→ Vect((Y,MY)
str

∆ ),

which induces an exact functor

Vectkfl((X,MX)∆)→ lim←−
(Y,MY)∈(X,MX)pkqsyn

Vect((Y,MY)
str

∆ )

by Lemma 6.4.6.
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We shall prove that this functor gives a bi-exact equivalence. By working étale locally
on X, we may assume that there exists a finite free chart Nr →MX. We set

(X∞,MX∞) := (X,MX)⊗(Z[Nr],Nr)a (Z[Qr
≥0],Qr

≥0)
a,

and let (X
(•)
∞ ,M

X
(•)
∞
) denote its saturated Čech nerve over (X,MX). By strongly pro-kfl

quasi-syntomic descent (Proposition 6.4.12), we have a natural bi-exact equivalence

Vectkfl((X,MX)∆)
∼→ lim←−

•∈∆
Vect((X(•)

∞ ,M
X
(•)
∞
)∆).

To deduce the statement from this, it is enough to prove the following claim: for
any (Y,MY) ∈ (X,MX)pkqsyn, the saturated fiber product (Z,MZ) of (Y,MY) and
(X∞,MX∞) over (X,MX) exists, and the natural map (Z,MZ)→ (Y,MY) is strict quasi-
compact quasi-syntomic covering. This claim follows from Lemma 6.A.2 (2). □

Using a similar method, we prove “pro-kfl quasi-syntomic” descent for morphisms of
analytic prismatic F -crystals.

Proposition 6.4.17. In the setting of Proposition 6.4.12, the natural functor

Vectan,⋆((X,MX)∆)→ lim←−
•∈∆

Vectan,⋆(((Y,MY)
(•))∆)

is fully faithful for ? ∈ {∅, ϕ}. Furthermore, when (X,MX) is a semi-stable log formal
scheme over OK , the above functor gives a bi-exact equivalence to the essential image.

Proof . We use the notation in the proof of Proposition 6.4.12. To prove the former
assertion, it is enough to show that the natural functor

Vectan,⋆(A, I)→ lim←−
(B,J,MB)∈C(A,I,MA)

Vectan,⋆(B, J).

To do this, the same argument as the proof of Proposition 6.4.12 reduces us to proving
that the natural functor

Vectan(A, I)→ lim←−
•∈∆

Vectan(A′•, IA′•)

is fully faithful. Replacing (A, I,MA) with an étale cover, we may assume that I is
principal. Let I = (d). Considering internal homomorphisms, we are reduced to showing
that, for E ∈ Vectan(A, I), the sequence

0→ Γ(U(A, I), E)→ Γ(U(A′, IA′), EA′)→ Γ(U(A′(1), IA′(1)), EA′(1))(6.4.5)

is exact. Since (Spf(A′),MA′) → (Spf(A),MA) is a strongly pro-kfl cover, we have an
exact sequence

0→ A→ A′ → A′(1)

by Proposition 6.2.26. For f ∈ {p, d, pd}, taking tensor products with Γ(Spec(A[1/f ]), E)
over A, we obtain an exact sequence

0→ Γ(Spec(A[1/f ]), E)→ Γ(Spec(A′[1/f ]), EA′)→ Γ(Spec(A′(1)[1/f ]), EA′(1)).

Since U(A, I) has a covering Spec(A[1/p]) ∩ Spec(A[1/d]) with the intersection
Spec(A[1/pd]), this implies the exactness of (6.4.5).

It remains to prove the latter assertion. Take a chart c : Nr → Q of f as in Definition
6.4.11. Note that the natural map Qr

≥0 → QQ≥0
is an isomorphism. Replacing (Y,MY)

with (Y,MY)⊗(Z[Q],Q)a(Z[Qr
≥0],Qr

≥0)
a, we may assume that c is the natural map Nr → Qr

≥0.
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Working étale locally on X, we may assume that (X,MX) is small affine. Fix a framing on
(X,MX), and let α : Ns →MX denote the chart induced from the framing. If we set

(Z,MZ) := (X,MX)⊗α,(Z[Ns],Ns)a (Z[Qs
≥0],Qs

≥0)
a,

we have a Cartesian diagram in the category of saturated log formal schemes

(W,MW) //

��

(Y,MY)

��
(Z,MZ) // (X,MX)

where the left vertical map is a strict quasi-compact quasi-syntomic covering by Lemma
6.A.2 (2). Hence, a sequence of analytic log prismatic crystals on (X,MX) that is exact
after being pulled back to (Y,MY) is exact after being pulled back to (Z,MZ). Lemma
5.5.16 implies that the exactness of a sequence of analytic log prismatic crystals on (X,MX)
can be checked by evaluating at the Breuil-Kisin log prism (SR, (E),Ns)a. We put SR,∞ :=
SR⊗̂Z[Ns]Z[Qs

≥0]. Since SR is noetherian, the (p, I)-completely faithfully flat map SR →
SR,∞ is a faithfully flat ring map, and so the morphism of schemes U(A∞,α̃, IA∞,α̃) →
U(A, I) is also faithfully flat. Since a log prism (SR,∞, ISR,∞,Qs

≥0)
a is naturally an object

of (Z,MZ)
str

∆ , a sequence of analytic log prismatic crystals on (X,MX) that is exact after
being pulled back to (Z,MZ) is exact. This proves the statement. □

6.4.2. Kfl crystalline crystals. We introduce the notion of the kfl version of crys-
talline crystals. Let (X,MX) be a log scheme over Fp.

Lemma 6.4.18. Suppose that (X,MX) is integral and there is a chart M → MX

where M is uniquely p-divisible (i.e. the monoid map M → M given by m 7→ mp is an
isomorphism). Then a natural functor

(X,MX)
str
crys → Xcrys

sending (U, T,MT ) to (U, T ) gives an equivalence.
In particular, natural functors

Crys(Xcrys)→ Crys((X,MX)crys),

Vect⋆(Xcrys)→ Vect⋆((X,MX)crys),

Isoc⋆(Xcrys)→ Isoc⋆((X,MX)crys),

DM(Xcrys)→ DM((X,MX)crys),

give equivalences for ? ∈ {∅, ϕ}.

Proof . This can be proved in the same way as Lemma 5.5.13. □

We give a definition of a kfl version of crystalline crystals. Let (X,MX) be an fs log
scheme over Fp.

Definition 6.4.19 (Kfl crystalline crystals in vector bundles). We define an
exact category

Vectkfl((X,MX)crys) := lim←−
(T,MT )∈(X,MX)strcrys

Vectkfl(T,MT ).
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An object of Vectkfl((X,MX)crys) is called a kfl crystalline crystal in vector bundles on
(X,MX). For a map f : (X,MX)→ (Y,MY ) of fs log schemes over Fp, the morphism of
sites (Y,MY )

str
crys → (X,MX)

str
crys induces an exact functor

f ∗ : Vectkfl((Y,MY )crys)→ Vectkfl((X,MX)crys).

In particular, the Frobenius morphism F : (X,MX)→ (X,MX) induces
F ∗ : Vectkfl((X,MX)crys)→ Vectkfl((X,MX)crys).

Let Vectkfl((X,MX)crys) ⊗Zp Qp denote the isogeny category. For an object E+ ∈
Vectkfl((X,MX)crys), the image of E+ by the natural functor

Vectkfl((X,MX)crys)→ Vectkfl((X,MX)crys)⊗Zp Qp

is denoted by E+[1/p]. We let Vectφkfl((X,MX)crys) denote the exact category of
pairs (E+, ϕE+) consisting of an object E+ ∈ Vectkfl((X,MX)crys) and an isomorphism
ϕE+ : F ∗E+[1/p] ∼→ E+[1/p] in the isogeny category Vectkfl((X,MX)crys) ⊗Zp Qp. Mor-
phisms (E+1 , ϕE+

1
) → (E+2 , ϕE+

2
) are maps E+1 → E+2 that are compatible with ϕE+

1
and

ϕE+
2
.

Definition 6.4.20 (Kfl crystalline Dieudonné crystals). We define an exact
category DMkfl((X,MX)crys) as the category of a triple (E , ϕE , ψE) consisting of E ∈
Vectkfl((X,MX)crys) and maps ϕE : E → F ∗E , ψE : E → F ∗E such that both ψE ◦ ϕE
and ϕE ◦ ψE coincide with the multiplication by p.

Lemma 6.4.21. For ? ∈ {∅, ϕ}, there are natural functors
Vect⋆((X,MX)crys)→ Vect⋆kfl((X,MX)crys)

DM((X,MX)crys)→ DMkfl((X,MX)crys)

giving a bi-exact equivalence to the essential image.

Proof . It is enough to the assertion for Vect((X,MX)crys). Due to Remark 5.3.6, we
may replace (X,MX)crys in the source category with the strict site (X,MX)

str
crys. Then,

by Remark 5.3.5, the functor ι in Definition 6.2.13 induces the functor in the statement,
which gives a bi-exact equivalence to the essential image by Lemma 6.2.14. □

Before stating the descent property for kfl crystalline crystals in vector bundles, we
briefly recall p-root descent established in [Lau18, §7.1] and introduce a mild generalization
of it.

Definition 6.4.22 (Root morphisms, (cf. [Lau18, §7.1])).
(1) Let R→ S be a ring map. We say that S is an extraction of a p-th root (resp. an

extraction of a root) if S ∼= R[a1/p] := R[x]/(xp − a) for some a ∈ R (resp. S ∼=
R[a1/n] := R[x]/(xn − a) for some a ∈ R and integer n ≥ 1). More generally,
the map R → S is called a p-root extension (resp. a root extension) if we can
write R → S as the transfinite composition of extractions of a p-th root (resp.
extractions of a root).

(2) Let f : X → Y be a map of schemes. We say that f is a p-root morphism (resp. root
morphism) if, for each x ∈ X, there exist an affine étale neighborhood U of x and
an affine étale neighborhood V of f(x) such that f restricts to a morphism U → V
corresponding to a p-root extension ring map (resp. a root extension ring map).
A family of maps {Ui → X}i∈I is called a p-root covering (resp. a root covering)
if Ui → X is a p-root morphism (resp. root morphism) for each i ∈ I and the
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induced morphism
⊔
i∈I Ui → X is surjective. The Grothendieck topology on the

category of schemes defined by p-root coverings (resp. root coverings) is called
p-root topology (resp. root topology).

Lemma 6.4.23 (cf. [Lau18, Lemma 7.5]). Let f : X → Y be a quasi-compact root
morphism of schemes over Fp and (U, T ) be an affine PD-thickening in Ycrys. Then there
exist an affine PD-thickening (U ′, T ′) ∈ Xcrys and a Cartesian flat map (U ′, T ′) → (U, T )
of affine PD-thickenings such that the natural map U ′ → X ×Y U is an étale covering. In
particular, for ? ∈ {∅, ϕ}, the fibered categories over the category of schemes over Fp given
by X 7→ Vect⋆(Xcrys) is a 2-sheaf for root topology.

Proof . Replacing f with X ×Y U → U , we may assume that Y = U (in particular, Y
is affine). Take an étale covering {Vi → X}1≤i≤n of X and a family of étale maps {Wi →
Y }1≤i≤n such that Vi and Wi are affine and f restricts to a map Vi → Wi corresponding to
a root extension ring map for each 1 ≤ i ≤ n. The étale map Wi → Y extends uniquely
to an étale map Ti → T , and the closed immersion Wi ↪→ Ti has a unique PD-structure
extending the PD-structure of Y ↪→ T . Since the map Vi → Wi corresponds to a root
extension ring map, this extends to a Cartesian flat map of affine PD-thickenings

(Vi ↪→ T ′
i )→ (Wi ↪→ Ti)

by the same argument as [Lau18, Lemma 7.5]. Then, if we set

(U ′, T ′) := (
n⊔
i=1

Vi,
n⊔
i=1

T ′
i ),

the assertion holds. □
We generalize the functoriality of kfl crystalline crystals in vector bundles to non-fs

bases. In the rest of this sention, let f : (Y,MY )→ (X,MX) be a morphism from a (not
necessarily fs) saturated log scheme (Y,MY ) to an fs log scheme (X,MX) over Fp.

Lemma 6.4.24. Let E ∈ Vectkfl((X,MX)crys). The following statements are equiva-
lent.

(1) For any log PD thickening (T,MT ) ∈ (X,MX)
str
crys and (V,MV ) ∈ (Y,MY )

str
crys

with a map s : (V,MV )→ (T,MT ) in (X,MX)crys, the kfl vector bundle E(T,MT )

is s-classical.
(2) For any log PD-thickening (V,MV ) ∈ (Y,MY)

str

∆ , if we let (V,NV ) denote
its image via the functor (X,MX)crys → (X,MX)

str
crys in Lemma 5.3.4 and

π : (V,MV ) → (V,NV ) denote the natural map, the kfl vector bundle E(V,NV )

is π-classical.

Proof . This follows from Lemma 5.3.4 and the same argument as Lemma 6.4.4. □
Definition 6.4.25. A kfl crystalline crystal in vector bundles on (X,MX) is

called f -classical if the equivalent conditions in Lemma 6.4.24 are satisfied. Let
Vectf -cl

kfl ((X,MX)crys) denote the full subcategory of Vectkfl((X,MX)crys) consisting of f -
classical objects. For (V,MV ) ∈ (Y,MY )

str
crys, we choose (T,MT ) and s as in Lemma 6.4.24

(1) and set (f ∗E)(V,MV ) := s∗E(T,MT ). If we let (V,NV ) and π as in Lemma 6.4.24 (2), every
s uniquely factors through π. Hence, by Lemma 6.2.23, the formation of (f ∗E)(V,MV ) is
independent of a choice of (T,MT ), and the assignment of (f ∗E)(V,MV ) to (V,MV ) defines
an object f ∗E ∈ Vect((Y,MY )

str
crys).
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We say that an object of Vectφkfl((X,MX)crys) or DMkfl((X,MX)kfl) is called f -
classical if its underlying kfl crystalline crystal in vector bundles is f -classical. We
write Vectφ,f -cl

kfl ((X,MX)crys) (resp. DMf -cl
kfl ((X,MX)crys)) for the full subcategory of

Vectφkfl((X,MX)crys) (resp. DMkfl((X,MX)crys)) consisting of f -classical objects. In the
same way as the case of kfl crystalline crystals in vector bundles, one can define the pull-
back functors

f ∗ : Vectφ,f -cl
kfl ((X,MX)crys)→ Vectφ((Y,MY )

str
crys),

f ∗ : DMf -cl
kfl ((X,MX)crys)→ DM((Y,MY )

str
crys).

Lemma 6.4.26. Consider a sequence of morphisms of log formal schemes over Fp

(Z,MZ)
g→ (Y,MY )

f→ (X,MX)
h→ (W,MW ),

where (Z,MZ) is saturated and (W,MW ) is fs. Let E be a kfl crystalline crystal in vector
bundles on (W,MW ) with h∗E being f -classical. Then E is hfg-classical, and there is a
natural isomorphism of crystalline crystals in vector bundles on Z

(hfg)∗E ∼= g∗(f ∗(h∗E)).
Conversely, if E is hfg-classical, and if g is a strict root covering, then h∗E is f -classical.

Proof . The former assertion follows from Lemma 6.2.23, and the latter assertion follows
from the same lemma and Lemma 6.4.23. □

Lemma 6.4.27. Suppose that f admits a chart of the form P → PQ≥0
for an fs monoid

P . Then every kfl prismatic crystal E on (X,MX) is f -classical.

Proof . This follows from the same argument as Lemma 6.4.7. □
Our goal in this subsection is to prove strongly pro-kfl root descent for kfl crystalline

crystals in vector bundles (Proposition 6.4.30). To this end, we start with a technical
lemma.

Lemma 6.4.28. Let f : (Y,MY ) → (X,MX) be an Kummer morphism of fs log
schemes over Fp. Let (U, T,MT ) ∈ (X,MX)

str
crys and (U ′

i , T
′
i ,MT ′

i
) ∈ (Y,MY )

str
crys be log

PD-thickenings with maps qi : (U ′
i , T

′
i ,MT ′

i
)→ (U, T,MT ) in (X,MX)crys for i = 1, 2. We

set
(T ′′,MT ′′) := (T ′

1,MT ′
1
)×sat

(T,MT ) (T
′
2,MT ′

2
),

(U ′′,MU ′′) := (U ′
1,MU ′

1
)×sat

(U,MU ) (U
′
2,MU ′

2
).

Suppose that q1 is Cartesian and kfl. Then the strict closed immersion (U ′′,MU ′′) ↪→
(T ′′,MT ′′) has a unique PD structure extending the PD structures on (T ′

i ,MT ′
i
) for i = 1, 2.

Moreover, the natural map (T ′′,MT ′′)→ (T ′
2,MT ′

2
) is strict flat.

Proof . Let (Y (1),MY (1)) be the self-product of (Y,MY ) in the category of saturated
log schemes over (X,MX). The natural map (T ′′,MT ′′) → (Y (1),MY (1)) is strict. Since
f is Kummer, both projection maps (Y (1),MY (1)) → (Y,MY ) are strict. Hence, the
projection map (T ′′,MT ′′) → (T ′

2,MT ′
2
) is strict kfl, which implies that this map is strict

flat. Therefore, the PD structure on (T ′
2,MT ′

2
) extends to (T ′′,MT ′′). □

Definition 6.4.29. We say that a morphism f : (Y,MY ) → (X,MX) is a strongly
pro-kfl root morphism if there exists a chart Nr → Q of f such that the induced morphism

(Y,MY )→ (X,MX)⊗(Z[Nr],Nr)a (Z[Q], Q)a
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is a strict root morphism. The morphism f is called a strongly pro-kfl root covering if f is
strongly pro-kfl root, quasi-compact, and surjective.

Proposition 6.4.30 (Strongly pro-kfl root descent for kfl crystalline crystals
in vector bundles). Let f : (Y,MY ) → (X,MX) be a strongly pro-kfl root covering of
saturated log schemes over Fp. We let (Y (•),MY (•)) be the saturated Čech nerve of f .
Then there exist natural bi-exact equivalences

Vectf -cl
kfl ((X,MX)crys) ' lim←−

•∈∆
Vect((Y (•),MY (•))strcrys),(6.4.6)

Vectφ,f -cl
kfl ((X,MX)crys) ' lim←−

•∈∆
Vectφ((Y (•),MY (•))strcrys),(6.4.7)

DMf -cl
kfl ((X,MX)crys) ' lim←−

•∈∆
DM((Y (•),MY (•))strcrys).(6.4.8)

Proof . We prove only the equivalence (6.4.6) because other equivalences can be proved
by the same argument. By Lemma 6.4.26, the pullback functor f ∗ induces an exact functor

Vectf -cl
kfl ((X,MX)crys)→ lim←−

•∈∆
Vect((Y (•),MY (•))strcrys).

We shall prove that this functor is a bi-exact equivalence. Fix a chart Nr → Q of f as in
Definition 6.4.29. We set

(Z,MZ) := (X,MX)⊗(Z[Nr],Nr)a (Z[Q], Q)a,

and let (Z(•),MZ(•)) denote its saturated Čech nerve over (X,MX). Consider the following
Cartesian diagram in the category of saturated log schemes:

(W,MW ) //

��

(Y,MY )

f

��
(Z,MZ)

g // (X,MX).

Using Lemma 6.A.2 (3) and the same argument as in the second paragraph in the proof
of Proposition 6.2.26, both the upper horizontal map and the left vertical map are strict
root coverings. Hence, a kfl crystalline crystal in vector bundles on (X,MX) is f -classical
if and only if g-classical by Lemma 6.4.26, and so root descent for crystalline crystals in
vector bundles (Lemma 6.4.23) reduces us to proving that the functor

Vectg-clkfl ((X,MX)crys)
∼→ lim←−

•∈∆
Vect((Z(•),MZ(•))strcrys)

induced from the pullback functor g∗ is a bi-exact equivalence.
To construct an exact quasi-inverse functor, we shall construct an exact functor

lim←−
•∈∆

Vect((Z(•),MZ(•))strcrys)→ Vectkfl(T,MT )

for every affine log PD-thickening (U, T,MT ) ∈ (X,MX)
str
crys. Since the natural monoid

map Γ(T,MT ) → Γ(U,MU) is surjective by Lemma 5.A.1, there exists a monoid map
Nr →MT fitting into the following commutative diagram:

Γ(T,MT )

��
Nr //

44

Γ(X,MX) // Γ(U,MU).
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We set
(T ′,MT ′) := (T,MT )⊗(Z[Nr],Nr)a (Z[Q], Q)a.

Since T ′ → T is flat by [DA25, Lemma 2.7], the PD structure on T extends to T ′, and
so (T ′,MT ′) is naturally a log PD-thickening in (Z,MZ)

str
crys. Let q : (T ′,MT ′)→ (T,MT )

be a natural map of log PD-thickening.
We let C(T,MT ) denote the category of a log PD-thickening (V,MV ) belonging to the

essential image of the functor (Y,MY )
str
crys → (X,MX)crys equipped with a map of log PD-

thickenings (V,MV )→ (T,MT ). We claim that there is a natural bi-exact equivalence

Vectq-clkfl (T,MT )
∼→ lim←−

(V,MV )∈C(T,MT )

Vect(T ).(6.4.9)

To show this, it suffices to prove the following two claims.
(a) For every (W,V,MV ) ∈ C(T,MT ), the saturated fiber product (V ′,MV ′) of (V,MV )

and (T ′,MT ′) over (T,MT ) exists, and the natural map (V ′,MV ′)→ (V,MV ) is
a strict flat cover. In particular, the PD structure on V extends to V ′, and the log
PD-thickening (W ′, V ′,MV ′) is a fiber product of (W,V,MV ) and (U ′, T ′,MT ′)
over (U, T,MT ) in the category of saturated PD-thickenings.

(b) For an object r : (V,MV ) → (T,MT ), every q-classical kfl vector bundle on
(T,MT ) is r-classical.

Indeed, by the claim (b), pullback functors gives the functor (6.4.9), and Proposition 6.2.26
and the claim (a) imply the equivalences

Vectq-clkfl (T,MT ) ' lim←−
•∈∆

Vect(T ′(•)) ' lim←−
(V,MV )∈C(T,MT )

Vect(V ),

where (Spf(T ′(•)),MT ′(•)) denotes the saturated Čech nerve of (T ′,MT ′) over (T,MT ).
Since the claim (b) follows from the claim (a) and Lemma 6.2.23, the proof of the

equivalence (6.4.9) is reduced to showing the claim (a). Let (W,V,MV ) ∈ C(T,MT ), and
fix a strict map (W,MW )→ (Y,MY ). Write Q as a union

⋃
i∈I Pi where Pi runs over all

fs submonoids of Q containing Nr. We set

(T ′
i ,MT ′

i
) := (T,MT )⊗(Z[Nr],Nr)a (Z[Pi], Pi)a

for each i ∈ I. By [DA25, Lemma 2.7], the PD-structure on T extends to T ′
i , and so

(T ′
i ,MT ′

i
) is a log PD-thickening. We let Mi,W denote the log structure on W associated

with the composite
Pi → Q→ Γ(Y,MY )→ Γ(W,MW ),

and define the log structure Mi,V :=MW ×MV
Mi,V on V under the identification Vét '

Wét. If we put
(Zi,MZi

) := (X,MX)⊗(Z[Nr],Nr)a (Z[Pi], Pi)a,
the log PD-thickenings (T ′

i ,MT ′
i
) and (V,Mi,V ) are regarded as objects of (Zi,MZi

)strcrys.
We set

(V ′
i ,MV ′

i
) := (T ′

i ,MT ′
i
)×sat

(T,MT ) (V,Mi,V ).

By Lemma 6.4.28, (V ′
i ,MV ′

i
) is a PD-thickening, and (V ′

i ,MV ′
i
)→ (V,Mi,V ) is a strict flat

cover. Since (T ′,MT ′) and (V,MV ) are isomorphic to the inverse limits of (T ′
i ,MT ′

i
) and

(V,Mi,V ) for i ∈ I respectively, if we set (V ′,MV ′) to be the inverse limit of (V ′
i ,MV ′

i
),

the log scheme (V ′,MV ′) is the saturated fiber product of (V,MV ) and (T ′,MT ′) over
(T,MT ). Since (V ′,MV ′) is isomorphic to the inverse limit of (V ′

i ,MV ′
i
)×(V,Mi,V ) (V,MV )

(which is a strict flat cover of (V,MV )), the natural map (V ′,MV ′) → (V,MV ) is a



158 6. LOG PRISMATIC DIEUDONNÉ THEORY

strict flat cover, and so the PD structure on V extends to V ′, and so (V ′,MV ′) is a log
PD-thickening. This proves the claim (a).

Using the equivalence (6.4.9), we get exact functors

lim←−
•∈∆

Vect((Y (•),MY (•))strcrys)→ lim←−
(V,MV )∈C(T,MT )

Vect(T )

' Vectq-clkfl (T,MT )

→ Vectkfl(T,MT ).

Taking a limit with respect to (T,MT ) ∈ (X,MX)
str
crys, we obtain an exact functor

lim←−
•∈∆

Vect((Y (•),MY (•))strcrys)→ Vectkfl((X,MX)crys).

The essential image of this functor is contained in Vectf -cl
kfl ((X,MX)crys) by the claim (b),

and the induced functor

lim←−
•∈∆

Vect((Y (•),MY (•))strcrys)→ Vectf -cl
kfl ((X,MX)crys)

is a desired quasi-inverse functor. □

Proposition 6.4.31. Let (X,MX) be a strongly quasi-syntomic log scheme over Fp.
Then there exist natural bi-exact equivalences

Vectkfl((X,MX)crys) ' lim←−
(Y,MY )∈(X,MX)pkqsyn

Vect((Y,MY )
str
crys)

' lim←−
(Y,MY )∈(X,MX)pkqsyn

Vect(Ycrys)

' lim←−
(S,MS)∈(X,MX)pkqrsp

Vect(Scrys).

Analogous statements hold for Vectφkfl((X,MX)crys) and DMkfl((X,MX)crys).

Proof . We shall prove only the first equivalence because the second equivalence follows
from Lemma 6.4.18 and the third equivalence follows from [IKY24, Proposition 2.16].

It remains to prove the first equivalence. This is deduced from Proposition 6.4.30 and
Lemma 6.A.2 (3) in the same way as the proof of Proposition 6.4.16. □

Proposition 6.4.32. Let (X,MX) be a strongly quasi-syntomic log scheme over Fp.
Then there exist natural bi-exact equivalences

Vect⋆kfl((X,MX)∆) ' Vect⋆kfl((X,MX)crys),

DMkfl((X,MX)∆) ' DMkfl((X,MX)crys),

for ? ∈ {∅, ϕ}.

Proof . The assertion follows from Proposition 6.4.16, Proposition 6.4.31, and the equiv-
alence in [IKY25, §1.1.1]. □

Definition 6.4.33 (Crystalline realization). Let (X,MX) be a strongly quasi-
syntomic log formal scheme and (Xp=0,MXp=0) be its mod-p fiber. Suppose that
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(Xp=0,MXp=0) is also strongly quasi-syntomic. Then, taking the composition of the equiv-
alences in Proposition 6.4.32 with the restriction functors from (X,MX) to (Xp=0,MXp=0),
we obtain exact functors

Vect⋆kfl((X,MX)∆)→ Vect⋆kfl((Xp=0,MXp=0)crys),

DMkfl((X,MX)∆)→ DMkfl((Xp=0,MXp=0)crys),

for ? ∈ {∅, ϕ}. These functors are also called crystalline realization functors and denoted
by Tcrys.

When (X,MX) is semi-stable log formal scheme over OK , for ? ∈ {∅, ϕ}, crystalline
realization functors

Vect⋆((X,MX)∆)→ Vect⋆((Xp=0,MXp=0))

are constructed in Construction 5.6.13 following [DLMS24, §3.5] by using Breuil log
prisms. In the same way, one can also define a variant of crystalline realization functor

DM((X,MX)∆)→ DM((Xp=0,MXp=0)crys).

To distinguish them from the functors defined in Definition 6.4.33, we write TBr
crys for these

functors. The relationship between these two crystalline realization functors is described
as follows.

Proposition 6.4.34. Let (X,MX) be a semi-stable log formal scheme over OK . Then,
for ? ∈ {∅, ϕ}, the following diagram is commutative:

Vect⋆((X,MX)∆)
TBr
crys //

��

Vect⋆((Xp=0,MXp=0)crys)

��
Vect⋆kfl((X,MX)∆)

Tcrys // Vect⋆kfl((Xp=0,MXp=0)crys).

An analogous statement holds for DM((X,MX)∆).

Proof . We prove only the case that ? = ∅ because other assertions are proved in the same
way. By Proposition 6.4.31, it suffices to prove that there exists a natural isomorphism

Tcrys(E)(Acrys(S)↠S,MAcrys(S))
∼= TBr

crys(E)(Acrys(S)↠S,MAcrys(S))

for (S,MS) ∈ (Xp=0,MXp=0)pkqrsp, where MAcrys(S) is the unique log structure on
Spf(Acrys(S)) whose pullback to Spec(S) is isomorphic to MS given by Lemma 5.A.5.
Working étale locally on X, we may assume that (X,MX) = (Spf(R),MR) is small affine.
Fix a framing on (X,MX). Let α : Nr →MX denote the chart induced from a fixed chart,
and set

(X∞,MX∞) := (X,MX)⊗α,(Z[Nr],Nr)a (Z[Q≥0],Qr
≥0)

a.

Since the saturated fiber product of (Spec(S),MS) and (X∞,p=0,MX∞,p=0) over
(Xp=0,MXp=0) is a strict affine quasi-syntomic cover by Lemma 6.A.2 (2), passing to a
quasi-syntomic cover of S allows us to assume that the structure map (Spec(S),MS) →
(Xp=0,MXp=0) admits a factorization

(Spec(S),MS)→ (X∞,p=0,MX∞,p=0)→ (Xp=0,MXp=0).(6.4.10)

In this case, a map of p-adic log PD-thickenings in (Xp=0,MXp=0)crys

s : (SR ↠ R/p,MSR
)→ (Acrys(S) ↠ S,MAcrys(S))
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that is compatible with δlog-structures. Indeed, if we fix a factorization as in (6.4.10),
there exists a unique monoid map Qr

≥0 →MAcrys(S) fitting into the following commutative
diagram:

Γ(Spf(Acrys(S)),MAcrys(S))

��
Qr

≥0
//

22

Γ(X∞,p=0,MX∞,p=0) // Γ(Spec(S),MS).

by Lemma 5.A.3. This lift gives a chart of (Spf(Acrys(S)),MAcrys(S)). Consider a prelog
ring map (SR0 ,Nr) → (Acrys(S),Qr

≥0) given by the ring map SR0 → Acrys(S) sending xi
to [x♭i] and the natural inclusion map Nr ↪→ Qr

≥0. This prelog ring map induces a map of
p-adic log PD-thickenings in (Spec(R0/p),MR0/p)crys

(SR0 ↠ R0/p,MSR0 )→ (Acrys(S) ↠ S,MAcrys(S))

which is compatible with δlog-structures. Since SR0 → SR is étale, this map uniquely lifts
to a map of p-adic log PD-thickenings in (Xp=0,MXp=0)crys

s : (SR ↠ R/p,MSR
)→ (Acrys(S) ↠ S,MAcrys(S))

that is compatible with δlog-structures.
When we fix s as in the previous paragraph, s naturally induces a log prism map

s : (SR, (p), φ
∗MSR

)→ (Acrys(S), (p), φ
∗MAcrys(S)),

and we have isomorphisms

Tcrys(E)(Acrys(S)↠S,MAcrys(S))
∼= E(Acrys(S),(p),ϕ∗MAcrys(S))

∼= E(SR,(p),ϕ∗MSR
) ⊗SR,s Acrys(S)

∼= TBr
crys(E)(SR↠R/p,MSR

) ⊗SR,s Acrys(S)

∼= TBr
crys(E)(Acrys(S)↠S,MAcrys(S)),

where the first (resp. third) isomorphism follows from the definition of Tcrys (resp. TBr
crys).

If we take another choice s′ as in the previous paragraph, the maps s and s′ induce a map
of p-adic log PD-thickenings

(S
(1)
R ↠ R/p,M

S
(1)
R
)→ (Acrys(S) ↠ S,MAcrys(S))

that is compatible with the δlog-structures. This induces a log prism map

(S
(1)
R , (p), φ∗M

S
(1)
R
)→ (Acrys(S), (p), φ

∗MAcrys(S)).

Then it follows from the crystal property of E and TBr
crys(E) that the isomorphism defined

above is independent of the choice of s. In a similar way, one can check that the resulting
isomorphism is also independent of the choice of a framing on (X,MX) (cf. [DLMS24,
Lemma 3.31]). This completes the proof. □

6.5. Log prismatic Dieudonné theory

6.5.1. Review on prismatic Dieudonné theory. we recall some results on pris-
matic Dieudonné theory for classical p-divisible groups. Let X be a bounded p-adic formal
scheme.
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Construction 6.5.1. Let G be a finite and locally free group scheme or a p-divisible
group over X. We define a sheaf G∆ on X∆ by

G∆(A, I) := G(A/I).

Here, we consider an O∆-module

M∆(G) := Ext
1
(X∆)

(G∆,O∆).

The morphism ϕ : O∆ → O∆ induces a O∆-linear morphism ϕM∆(G) : ϕ
∗M∆(G) →

M∆(G).

Theorem 6.5.2 (Anschütz–Le Bras). Let X be a quasi-syntomic p-adic formal
scheme. Then the following statements hold.

(1) Let G be a truncated Barsotti-Tate group over X of level n and height h. Then
M∆(G) is a vector bundle of rank h on the ringed site (X∆,O∆/p

n).
(2) Let G be a p-divisible group over X. Then (M∆(G), ϕM∆(G)) belongs to DM(X∆),

and the contravariant functor

M∆ : BT(X)→ DM(X∆)

is fully faithful. Moreover, if X has an étale cover consisting of an affine formal
scheme SpfR which admits a quasi-syntomic cover R→ S with S being an integral
perfectoid ring, this functor gives an anti-equivalence.

Proof . (1) See [ALB23, Proposition 4.68].
(2) These are direct consequences of [ALB23, Theorem 4.74] and the proof of

[ALB23, Proposition 5.10].
□

Theorem 6.5.3 (Anschütz-Le Bras). Let X be a quasi-syntomic scheme over Fp
and G be a p-divisible group on X. Then there exists a natural isomorphism

Tcrys(M∆(G))
∼=Mcrys(G),

whereMcrys is the contravariant crystalline Dieudonné functor of Berthelot-Breen-Messing
([BBM82, Définition 3.3.6]).

Proof . See [ALB23, Theorem 4.44]. □

Theorem 6.5.4 (Anschütz-Le Bras). Let X be a quasi-syntomic p-adic formal
scheme and G be a p-divisible group on X. Then there exists a canonical isomorphism

Tét(M∆(G))
∨ ∼= Gη.

Proof . See [ALB23, Proposition 5.25]. □

6.5.2. Log prismatic Dieudonné functors. Let (X,MX) be a strongly quasi-
syntomic log formal scheme. The aim of this subsection is to construct a functor

M∆ : BT(X,MX)→ DM((X,MX)∆)

and study its properties. To this end, we work in larger categories and apply saturated
descent properties to these larger categories.
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Construction 6.5.5. Let (X,MX) be a strongly quasi-syntomic log formal scheme.
Let (Y,MY) ∈ (X,MX)pkqsyn and f : (Y,MY) → (X,MX) be the structure morphism.
Since every weak log p-divisible group on (X,MX) is f -classical by Lemma 6.3.12 and
Lemma 6.3.13, we have pullback functors

wBT(X,MX)
f∗→ BT(Y)

M∆→ DM(Y∆),

where M∆ is the prismatic Dieudonné functor by Anschütz-Le Bras (see Theorem 6.5.2).
Taking a limit with respect to (Y,MY) ∈ (X,MX)pkqsyn, we obtain an exact functor

wBT(X,MX)→ DMkfl((X,MX)∆)

by Proposition 6.4.16. The resulting functor is called a log prismatic Dieudonné functor
and also denoted byM∆.

Proposition 6.5.6. Let (X,MX) be a strongly quasi-syntomic log formal scheme.
(1) The log prismatic Dieudonné functors are compatible with the (non-log) prismatic

Dieudonné functors. To be precise, we have the following commutative diagram:

BT(X)
M∆ //

� _

��

DM(X∆)� _

��
wBT(X,MX)

M∆ // DMkfl((X,MX)∆).

(2) The log prismatic Dieudonné functorM∆ is fully faithful.
(3) Suppose that there exist an étale cover {Ui = Spf(Ri)}i∈I and a finite free chart

Nri →MUi
for each i ∈ I such that, for each i ∈ I, there is a quasi-syntomic cover

Ri⊗̂Zp〈Nr〉Zp〈Qr
≥0〉 → Si for an integral perfectoid ring Si. Then the log prismatic

Dieudonné functorM∆ gives an equivalence.
Proof . The assertion (1) follows from the construction. For assertions (2) and (3), we
may assume that (X,MX) admits a finite free chart Nr →MX by working étale locally on
X. If we put

(Y,MY) := (X,MX)⊗(Z[Nr],Nr)a (Z[Qr
≥0],Qr

≥0)
a

and set (Y(•),MY(•)) to be its saturated Čech nerve over (X,MX), the log prismatic
Dieudonné functor M∆ coincides with the functor defined as a limit of (non-log) pris-
matic Dieudonné functors

M∆ : BT(Y(•))→ DM(Y
(•)
∆ )

with respect to • ∈ ∆ via equivalences in Proposition 6.3.27 and Proposition 6.4.12. Hence,
the assertions from Theorem 6.5.2 (2). □

Theorem 6.5.7. Suppose that (X,MX) is a semi-stable log formal scheme over OK .
Then the functor

wBT(X,MX)→ DMkfl((X,MX)∆)
gives an bi-exact equivalence.
Proof . The assertion follows Lemma 5.2.3 and Proposition 6.5.6 (3). □

Proposition 6.5.8 (Pullback compatibility of log prismatic Dieudonné func-
tors). Let f : (Y,MY) → (X,MX) be a morphism of strongly quasi-syntomic log formal
schemes. Let G be a weak log p-divisible group on (X,MX). Then there exists a natural
isomorphism

M∆(f
∗G) ∼= f ∗M∆(G).
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Proof . It is enough to construct a natural isomorphism

(M∆(f
∗G))|(Y′,MY′ )

∼= (f ∗M∆(G))|(Y′,MY′ )

for every (Y′,MY′) ∈ (Y,MY)pkqsyn. Consider the full subcategory C of (Y,MY)pkqsyn
consisting of objects p : (Y′,MY′) → (Y,MY) such that the morphism fp admits a fac-
torization

(Y′,MY′)
f ′→ (X′,MX′)

q→ (X,MX)

for some object (X′,MX′) ∈ (X,MX)pkqsyn. For (Y′,MY′) ∈ C , if we fix the above
factorization, we have isomorphisms

p∗(M∆(f
∗G)) ∼=M∆(p

∗(f ∗G))

∼=M∆(f
′∗(q∗G))

∼= f ′∗M∆(q
∗G)

∼= f ′∗q∗M∆(G)

∼= p∗f ∗M∆(G),

where the first and forth isomorphisms arises from the definition of log prismatic Dieudonné
functors, the second one is given by Lemma 6.3.12, the third one is given by the pullback
compatibility of (non-log) prismatic Dieudonné functor, and the fifth isomorphism comes
from Lemma 6.4.6. The resulting isomorphism

p∗(M∆(f
∗G)) ∼= p∗f ∗M∆(G)

is independent of a choice of the above factorization because two such factorizations are
dominated by a single factorization.

Therefore, to prove the statement, it suffices to show that every (Y′,MY′) ∈
(Y,MY)pfqsyn has a strict quasi-syntomic cover consisting of objects of C . Working étale
locally on Y, we may assume that there exist a chart α : Nr →MY and a factorization

(Y′,MY′)→ (Y∞,α,MY∞,α) := (Y,MY)⊗α,(Z[Nr],Nr)a (Z[Qr
≥0],Qr

≥0)
a → (Y,MY).

Working further étale locally on X and Y, we may assume that there exist a chart of f

Γ(X,MX)
β← Ns → Nr ⊕ Zs γ→ Γ(Y,MY)

such that the composite Nr ↪→ Nr ⊕ Zs γ→MY coincides with α by Lemma 6.A.3. We set

(X∞,β,MX∞,β
) := (X,MX)⊗β,(Z[Ns],Ns)a (Z[Qs

≥0],Qs
≥0)

a,

(Y∞,γ ,MY∞,γ ) := (Y,MY)⊗γ,(Z[Nr⊕Zs],Nr⊕Zs)a (Z[Qr
≥0 ⊕Qs],Q≥0 ⊕Q)a.

Then we have the following commutative diagram:

(Y∞,γ ,MY∞,γ ) //

��

(Y∞,α,MY∞,α) // (Y,MY)

f

��
(X∞,β,MX∞,β

) // (X,MX).

The upper left horizontal morphism is a strict affine quasi-syntomic cover because Zp〈Zs〉 →
Zp〈Qs〉 is a quasi-syntomic cover. Therefore, if we put

(Y′′,MY′′) := (Y′,MY′)×(Y∞,α,MY∞,α ) (Y∞,γ,MY∞,γ ),
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the natural map (Y′′,MY′′) → (Y′,MY′) is a strict affine quasi-syntomic cover, and
(Y′′,MY′′) belongs to C . □

Proposition 6.5.9. Let G be a log p-divisible group over a strongly quasi-syntomic fs
log formal scheme (X,MX). Then the kfl prismatic Dieudonné crystalM∆(G) belongs to
DM((X,MX)∆).

Proof . First, we consider the case where X = Spf(R) with R/p being strict local. In this
case, applying the functorM∆ to the exact sequence in Lemma 6.3.20, we obtain an exact
sequence

0→M∆(G
0)→M∆(G)→M∆(G

ét)→ 0.

Since M∆(G
0) and M∆(G

ét) belongs to DM((X,MX)∆) by Proposition 6.5.6, so does
M∆(G) by Proposition 6.2.18.

In general, we may assume that (X,MX) = (Spf(R),MR) is affine. Let (A, I,MA)
be a log prism in (X,MX)

str

∆ with structure map π : (Spf(A/I),MA/I) → (X,MX). It is
enough to prove that the kfl vector bundle M∆(G)(A,I,MA) on (Spf(A),MA) is classical.
Take a point x ∈ Spf(A). Due to Lemma 6.2.16, it suffices to show that the pullback of
M∆(G)(A,I,MA) to (Spec(k(x)),Mk(x)) is classical. Let S denote the p-completed strict
localization of X at a geometric point π(x) above π(x). By [BS22, Lemma 2.18], there
exists a unique prism (B, IB) over (A, I) with B/IB ∼= A⊗̂RS. Now, the compatibility of
log prismatic Dieudonné functors with pullback functors gives a natural isomorphism

(M∆(G)(A,I,MA))|(Spf(B),MB)
∼=M∆(G|(Spf(S),MS))(B,IB,MB),

whereMB is the log structure on Spf(B) induced fromMA. Hence, what we proved in the
previous paragraph implies that (M∆(G)(A,I,MA))|(Spf(B),MB) is classical. Since the image
of Spf(B) → Spf(A) contains x, the pullback of M∆(G)(A,I,MA) to (Spec(k(x)),Mk(x)) is
also classical. □

Definition 6.5.10. For a strongly quasi-syntomic log formal scheme (X,MX), the
functorM∆ induces a fully faithful functor

BT(X,MX)→ DM((X,MX)∆)

by Proposition 6.5.9. This functor is also denoted byM∆.

The following proposition is a log version of the étale comparison theorem for prismatic
Dieudonné crystals (Theorem 6.5.4).

Proposition 6.5.11 (Étale comparison isomorphisms for log prismatic
Dieudonné functors). Let G be a log p-divisible group over a strongly quasi-syntomic
log formal scheme (X,MX). Then there exists a natural isomorphism

(TétM∆(G))
∨ ∼= Gη.

Proof . Working étale locally on X, we may assume that there is a finite free chart Nr →
MX. If we set

(X∞,MX∞) := (X,MX)⊗(Z[Nr],Nr)a (Z[Qr
≥0],Qr

≥0)
a,

the natural morphism
(X∞,MX∞)♢η → (X,MX)

♢
η
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is a quasi-pro-Kummer étale cover by [KY25, Proposition 7.20], and so there is a natural
equivalence

LocZp((X,MX)
♢
η,qprokét)→ lim←−

(Y,MY)∈(X,MX)pkqsyn

LocZp((Y,MY)
♢
η,qprokét).(6.5.1)

Take an object (Y,MY) of (X,MX)pkqsyn with structure map f : (Y,MY) → (X,MX).
Under the identification

(Y,MY)
♢
η,qprokét ' Y♢

η,qproét

(proved in Lemma 5.B.1), we have isomorphisms of quasi-pro-étale Zp-local systems on Y♢
η

f ∗
ηTétM∆(G)

∨ ∼= Tétf
∗M∆(G)

∨

∼= TétM∆(f
∗G)∨

∼= (f ∗G)η

∼= f ∗
η (Gη).

Here, the third isomorphism comes from étale comparison isomorphisms for (non-log) pris-
matic Dieudonné functors (Theorem 6.5.4). By the functoriality of the isomorphism in
Theorem 6.5.4, the isomorphism f ∗

ηTétM∆(G)
∨ ∼= f ∗

η (Gη) constructed above is natural in
(Y,MY) ∈ (X,MX)pkqsyn. Therefore, via the equivalence (6.5.1), we obtain an isomor-
phism TétM∆(G)

∨ ∼= Gη. □
Theorem 6.5.12. Let (X,MX) be a semi-stable log formal scheme over OK . Then the

log prismatic Dieudonné functor
M∆ : BT(X,MX)→ DM((X,MX)∆)

gives an exact anti-equivalence.

6.5.3. Log crystalline Dieudonné functors. Let (X,MX) be an fs log scheme over
Fp admitting finite free charts étale locally.

Construction 6.5.13. Let (Y,MY ) ∈ (X,MX)pkqsyn with structure map
f : (Y,MY )→ (X,MX). Since every weak log p-divisible group on (X,MX) is f -classical
by Lemma 6.3.13 and Lemma 6.3.12, we have pullback functors

wBT(X,MX)
f∗→ BT(Y )

Mcrys→ DM(Ycrys),

where Mcrys is the crystalline Dieudonné functor defined by Berthelot-Breen-Messing in
[BBM82, Définition 3.3.6]. Taking a limit with respect to (Y,MY ) ∈ (X,MX)pkqsyn, we
obtain an exact functor

wBT(X,MX)→ DMkfl((X,MX)crys)

by Proposition 6.4.31. The resulting functor is called a log crystalline Dieudonné functor
and also denoted byMcrys.

Proposition 6.5.14. The log crystalline Dieudonné functors are compatible with the
(non-log) crystalline Dieudonné functors. Precisely, there is the following commutative
diagram:

BT(X)
Mcrys //

� _

��

DM(Xcrys)� _

��
wBT(X,MX)

Mcrys // DMkfl((X,MX)crys).
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Proof . This follows from the definition. □
Proposition 6.5.15 (Pullback compatibility of log crystalline Dieudonné func-

tors). Let f : (Y,MY )→ (X,MX) be a morphism of log schemes over Fp admitting finite
free charts étale locally. Let G be a weak log p-divisible group on (X,MX). Then there
exists a natural isomorphism

Mcrys(f
∗G) ∼= f ∗Mcrys(G).

Proof . This follows from the same argument as the proof of Proposition 6.5.8 because
the ring map Fp[Zs]→ Fp[Qs] is a root map. □

Proposition 6.5.16. Let G be a log p-divisible group over (X,MX). Then the kfl
crystalline Dieudonné crystalMcrys(G) belongs to DM((X,MX)crys).

Proof . The assertion is proved in the same way as the proof of Proposition 6.5.9 by
passing to a strict localization at a point on X. □

Definition 6.5.17. The functorMcrys induces a functor

BT(X,MX)→ DM((X,MX)crys)

by Proposition 6.5.16. This functor is also denoted byMcrys.

Proposition 6.5.18. Let G be a weak log p-divisible group over (X,MX). Then there
exists a natural exact sequence of kfl vector bundles on (X,MX)

0→ Lie(G)∨ →Mcrys(G)(X,MX) → Lie(G∗)→ 0.

Proof . Let (Y,MY ) ∈ (X,MX)pkqsyn with structure map f : (Y,MY )→ (X,MX). Ap-
plying [BBM82, Corollaire 3.3.5] to a p-divisible group f ∗G over Y , we get a natural exact
sequence of vector bundles on Y

0→ Lie(f ∗G)∨ →Mcrys(f
∗G)(Y,MY ) → Lie(f ∗G∗)→ 0.

By Lemma 6.3.26, we have natural isomorphisms

Lie(f ∗G)∨ ∼= f ∗(Lie(G)∨),

Lie(f ∗G∗) ∼= f ∗Lie(G∗).

By the construction ofMcrys, there are natural isomorphisms

Mcrys(f
∗G)(Y,MY )

∼= (f ∗Mcrys(G))(Y,MY )

∼= f ∗(Mcrys(G)(X,MX)).

As a result, we obtain a natural exact sequence

0→ f ∗(Lie(G)∨)→ f ∗(Mcrys(G)(X,MX))→ f ∗Lie(G∗)→ 0.

Since strongly pro-kfl descent for kfl vector bundles (Proposition 6.2.26) gives a natural
bi-exact equivalence

Vectkfl(X,MX) ' lim←−
(Y,MY )∈(X,MX)pkqsyn

Vect(Y ),

the above exact sequence descends to the desired exact sequence. □
The relationship between log prismatic Dieudonné functors and log crystalline

Dieudonné functors is described as follows.
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Proposition 6.5.19 (The crystalline comparison theorem for log prismatic
Dieudonné functor). Let G be a weak log p-divisible group over a strongly quasi-
syntomic log scheme (X,MX) over Fp. Then there is a natural isomorphism

Tcrys(M∆(G))
∼=Mcrys(G).

Proof . Let (Y,MY ) ∈ (X,MX)pkqsyn with structure map f : (Y,MY ) → (X,MX). By
Proposition 6.4.31, it is enough to construct a natural isomorphism

f ∗Tcrys(M∆(G))
∼= f ∗Mcrys(G).

By the definition of the log crystalline Dieudonné functor, the right hand side is isomorphic
toMcrys(f

∗G). On the other hand, we have isomorphisms

f ∗Tcrys(M∆(G))
∼= Tcrys(f

∗M∆(G))

∼= Tcrys(M∆(f
∗G)).

Hence, the claim follows from the crystalline comparison for (non-log) prismatic Dieudonné
functors (Theorem 6.5.3). □
Proof of Theorem 6.5.12. The fully faithfulness is already proved in Proposition 6.5.6.
We shall the essential surjectivity. Let E be an object of DM((X,MX)∆). By Theorem
6.5.7, there exists G ∈ wBT(X,MX) with M∆(G)

∼= E . It suffices to prove that G is
a log p-divisible group. Let (Xp=0,MXp=0) denote the mod-p fiber of (X,MX). Since
(X,MX) is a semi-stable log formal scheme, the kfl crystalline crystal in vector bundles
Mcrys(G|(Xp=0,MXp=0

)) ∼= Tcrys(M∆(G)) belongs to DM((Xp=0,MXp=0)crys) by Proposition
6.4.34. Proposition 6.2.18 and Proposition 6.5.18 imply that both of Lie(G) and Lie(G∗)
are classical. Therefore, G belongs to BT(X,MX) by Proposition 6.3.23. This completes
the proof. □

6.6. A Tannakian framework for log prismatic F -crystals

6.6.1. Preliminaries for Tannakian formalism. Throughout this section, we con-
sider a right action when we refer to a pseudo-torsor.

Let G be a smooth affine group scheme over Zp and RepZp
(G) denote the category

of finite free representations of G over Zp. Fix a finite free Zp-module Λ0, a faithful
representation G ↪→ GL(Λ0), and tensors T0 ⊂ Λ⊗

0 with G = Fix(T0). (This is possible by
[Bro13, Theorem 1.1].)

Definition 6.6.1. For an exact Zp-category A , the groupoid of Zp-linear exact tensor
functors RepZp

(G)→ A is denoted by G-A .

Let C be a site and O be a sheaf of Zp-algebras on C . Let Vect(C ,O) denote the
category of vector bundles on the ringed site (C ,O), which is an exact Zp-category. For
objects ω ∈ G-Vect(C ,O) and T ∈ C , the object of G-Vect(C/T ,O) obtained by restricting
ω to the site C/T is denoted by ωT . We define a group sheaf GO on C by GO(T ) := G(O(T ))
for T ∈ C .

Definition 6.6.2. ([IKY24, Appendix])
(1) We define an object ωtriv of G-Vect(C ,O) by ωtriv(Λ) := Λ⊗ZpO for Λ ∈ RepZp

(G).
We say that G is reconstructible in (C ,O) if the natural map GO → Aut(ωtriv) is
an isomorphism, where Aut(ωtriv) is a group sheaf on C given by

Aut(ωtriv)(T ) := Aut(ωtriv,T )
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for T ∈ C .
(2) For an object ω of G-Vect(C ,O), we define an Aut(ωtriv)-pseudo-torsor

Isom(ωtriv, ω) by

Isom(ωtriv, ω)(T ) := IsomG-Vect(C/T ,O)(ωtriv,T , ωT )

for T ∈ C . The object ω is called locally trivial if the pseudo-torsor Isom(ωtriv, ω) is
a torsor. Let G-Vectlt(C ,O) denote the full subcategory of G-Vect(C ,O) consisting
of locally trivial objects.

We let TwistO(Λ0,T0) denote the groupoid of a pair (E ,T) consisting of E ∈ Vect(C ,O)
and T ∈ E⊗ such that GO-pseudo-torsor Isom((Λ0 ⊗Zp O,T0 ⊗ 1), (E ,T)) given by

T 7→ {f : Λ0 ⊗Zp OT
∼→ ET : f(T0 ⊗ 1) = T}

is a GO-torsor. We have a natural functor TwistO(Λ0,T0) → TorsGO(C ) sending (E ,T) to
Isom((Λ0 ⊗Zp O,T0 ⊗ 1), (E ,T)).

For an object P ∈ TorsGO(C ), we define ωP ∈ G-Vectlt(C ,O) by ωP(Λ) := P∧GO (Λ⊗Zp

O) for Λ ∈ RepZp
(G).

Proposition 6.6.3. ([IKY24, Proposition A.17]) Assume that G is reconstructible in
(C ,O). Then we have the following triangle of equivalences.

TorsGO(C )

P7→ωP
��

TwistO(Λ0,T0)

44iiiiiiiiiiiiiiiii
G-Vectlt(C ,O)

ω 7→(ω(Λ0),ω(T0))
oo

6.6.2. The Tannakian theory of Kummer étale local systems. For convenience,
we write Zp/p∞ for Zp.

Definition 6.6.4. Let n ∈ N≥1∪{∞}. Let (X,MX) be a locally noetherian fs log adic
space. We let LocZp/pn(X,MX) (resp. LocZp/pn(X)) denote the category of Zp/pn-local
system on (X,MX)prokét (resp. Xproét). When n ∈ N≥1, the category LocZ/pn(X,MX)
(resp. LocZ/pn(X)) is equivalent to the category of Z/pn-local systems on (X,MX)két
(resp. Xét). We regard LocZp/pn(X) as the full subcategory of LocZp/pn(X,MX).

An object of G-LocZp/pn(X,MX) (resp. G-LocZp/pn(X)) is called a két Zp/pn-local
system with G-structure on (X,MX) (resp. étale Zp/pn-local system with G-structure on
X).

Proposition 6.6.5 ([DLLZ23b]). Let (X,MX) be a connected and locally noetherian
fs log adic space and x be a log geometric point on (X,MX) (for the definition, see
[DLLZ23b, Definition 4.4.2]). The geometric point on X defined by x is also denoted by
x.

(1) The category of finite Kummer étale fs log adic spaces over (X,MX) (resp. fi-
nite étale log adic spaces over X) together with the functor taking a fiber at x
forms a Galois category. The corresponding fundamental group is denoted by
πkét
1 ((X,MX), x) (resp. πét

1 (X, x)). When there exists no possibility of confusion,
x is omitted.

(2) For an integer n ≥ 1, the functor taking a stalk at x gives bi-exact equivalences

LocZ/pn(X,MX)
∼→ πkét

1 (X,MX)-FModZ/pn
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LocZ/pn(X)
∼→ πét

1 (X)-FModZ/pn .

Here, G-FModZ/pn denote the category of finite and free Z/pn-modules (equipped
with discrete topology) with continuous G-action.

(3) there exists a natural surjection

πkét
1 (X,MX)→ πét

1 (X).

Proof . (1) See [DLLZ23b, Lemma 4.4.16].
(2) See [DLLZ23b, Theorem 4.4.15].
(3) Since the natural functor from the category of finite étale adic spaces over X to the

category of finite Kummer étale fs log adic spaces over (X,MX) is fully faithful,
the assertion follows from the well-knows property of Galois categories.

□

Lemma 6.6.6. Let (X,MX) be a locally noetherian fs log adic space and n ∈ N≥1.
Let

0→ L1 → L2 → L3 → 0

be an exact sequence in LocZ/pn(X,MX). Suppose that L2 belongs to LocZ/pn(X). Then
L1 and L3 also belong to LocZ/pn(X).

Proof . We may assume that X is connected. The exact sequence in the statement cor-
responds to an exact sequence

0→M1 →M2 →M3 → 0

of finite free Z/pn-modules Mi with continuous πkét
1 (X,MX)-actions for i = 1, 2, 3. By the

assumption, Ker(πkét
1 (X,MX) ↠ πét

1 (X)) acts trivially on M2. Hence πkét
1 (X,MX)-action

on M1 and M3 factors πét
1 (X)-action, which implies that L1 and L3 belong to Loc(X). □

Lemma 6.6.7. Let (X,MX) be a locally noetherian fs log adic space and n ∈ N≥1.
Then, for ω ∈ G-LocZ/pn(X,MX), there exists a finite Kummer étale cover (Y,MY ) →
(X,MX) such that ω|(Y,MY ) belongs to G-LocZ/pn(Y ).

Proof . Take a finite Kummer étale cover (Y,MY ) → (X,MX) such that ω(Λ0)|(Y,MY )

belongs to LocZ/pn(Y ). Then it follows from Lemma 6.6.6 and [DS09, Proposition 12] that
ω(Λ)|(Y,MY ) belongs to LocZ/pn(Y ) for every Λ ∈ RepZp

(G). □

Proposition 6.6.8. Let (X,MX) be a locally noetherian fs log adic space. Then G is
reconstructible in ((X,MX)prokét, Ẑp) and every object of G-LocZp(X,MX) is locally trivial
on (X,MX)prokét.

Proof . Since G-LocZp(X) → G-LocZp(X,MX) is fully faithful, it follows from [IKY24,
Proposition 2.8] that G is reconstructible in ((S,MX)prokét, Ẑp).

Next, let ω ∈ G-LocZp(X,MX). To prove ω is locally trivial, it suffices to show
that ωn is trivial after finite Kummer étale base change for every n ≥ 1. Here,
ωn ∈ G-LocZ/pn(X,MX) is the mod-pn reduction of ω. Fix n ≥ 1. By Lemma 6.6.7,
we may assume that ωn belongs to G-LocZ/pn(X). Then the claim follows from the argu-
ment in [IKY24, Proposition 2.3]. □
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Proposition 6.6.9. We have the following commutative triangle of equivalences.

TwistẐp
(Λ0,T0) // TorsGẐp

((X,MX)prokét)

��
G-LocZp(X,MX)

i iTTTTTTTTTTTTTTT

Proof . The assertion follows from Proposition 6.6.3 and Proposition 6.6.8. □

6.6.3. The Tannakian theory of prismatic F -crystals. Let (X,MX) be a
bounded p-adic log formal scheme.

Definition 6.6.10. An object of G-Vectφ((X,MX)∆) is called a log prismatic F -crystal
with G-structure on (X,MX).

We define a group sheaf G∆ on (X,MX)∆ by

G∆(A, I,MA) := GO∆
(A, I,MA) = G(A).

The ring map φA : A→ A for each (A, I,MA) ∈ (X,MX)∆ induces a group map φ : G∆ →
G∆. Let G∆[1/I∆] denote the group sheaf on (X,MX)∆ sending (A, I,MA) to G(A[1/I]).
We have a natural injection ι : G∆ → G∆[1/I∆]. For a G∆-torsor P , we set P [1/I∆] to be
the G∆[1/I∆]-torsor ι∗P .

Definition 6.6.11. (1) For a bounded prism (A, I), we let Twistφ(A,I)(Λ0,T0)

denote the groupoid of a pair ((E , ϕE),T∆) consisting of an object (E , ϕE) ∈
Vectφ(A, I) and tensors T∆ ⊂ E

⊗ fixed by ϕE such that Isom((Λ0 ⊗Zp A,T0 ⊗
1), (E ,T∆)) is a G-torsor on Spf(A)fpqc.

(2) We let TwistφO∆
(Λ0,T0) denote the groupoid of a pair ((E , ϕE),T∆) consisting of

an object (E , ϕE) ∈ Vectφ((X,MX)∆) and tensors T∆ ⊂ E
⊗ fixed by ϕE such that

Isom((Λ0 ⊗Zp O∆,T0 ⊗ 1), (E ,T∆)) is a G∆-torsor on (X,MX)∆.

Lemma 6.6.12. Let (X,MX) be a bounded p-adic log formal scheme. Then there
exists a natural equivalence

TwistφO∆
(Λ0,T0) ' lim←−

(A,I,MA)∈(X,MX)∆

Twistφ(A,I)(Λ0,T0).

Proof . The equivalence in Remark 5.5.10 gives a fully faithful functor

TwistφO∆
(Λ0,T0)→ lim←−

(A,I,MA)∈(X,MX)∆

Twistφ(A,I)(Λ0,T0).

To check essential surjectivity, it is enough to show that, for a pair ((E , ϕE),T∆) consisting
of (E , ϕE) ∈ Vectφ((X,MX)∆) and tensors T∆ ⊂ E

⊗ fixed by ϕE such that

P(A,I,MA) := Isom((Λ0 ⊗Zp A,T0 ⊗ 1), (E(A,I,MA),T∆,(A,I,MA)
))

is a G-torsor on Spf(A)fpqc for each log prism (A, I,MA) ∈ (X,MX)∆, the object

P := Isom((Λ0 ⊗Zp O∆,T0 ⊗ 1), (E ,T∆))

is a G∆-torsor. The smoothness of G implies that P(A,I,MA) is a G-torsor on Spf(A)ét.
Since every étale covering Spf(B) → Spf(A) extends to an étale covering (A, I,MA) →
(B, IB,MB) in (X,MX)∆ by [Kos22, Lemma 2.13], P is a G∆-torsor. □
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Construction 6.6.13. For a bounded p-adic log formal scheme (X,MX), we define a
functor

TwistφO∆
(Λ0,T0)→ G-Vectφ((X,MX)∆)

as follows. Let ((E , ϕE),T∆) ∈ TwistφO∆
(Λ0,T0). We set a G∆-torsor

P := Isom((Λ0 ⊗Zp O∆,T0 ⊗ 1), (E ,T∆)).

Let ωP denote the object of G-Vect((X,MX)∆) defined by ωP(Λ) := P ∧G∆ (Λ⊗O∆). The
isomorphism ϕE : (φ

∗E)[1/I∆]
∼→ E [1/I∆] induces isomorphisms of G∆[1/I∆]-torsors

(φ∗P)[1/I∆] ∼= Isom((Λ0 ⊗O∆,T0 ⊗ 1), ((φ∗E)[1/I], φ∗T∆))
∼→ Isom((Λ0 ⊗O∆,T0 ⊗ 1), (E [1/I],T∆))

∼= P [1/I∆],

which gives isomorphisms of O∆[1/I∆]-modules

(φ∗ωP(Λ))[1/I∆] ∼= (φ∗P)[1/I∆] ∧
G∆[1/I∆] (Λ⊗O∆[1/I∆])

∼→ P [1/I∆] ∧
G∆[1/I∆] (Λ⊗O∆[1/I∆])

∼= ωP(Λ)[1/I∆].

Definition 6.6.14. Let Loc∆-gr
Zp

((X,MX)η) be the essential image of the étale realiza-
tion functor Tét : Vect

φ((X,MX)∆) → LocZp((X,MX)η) (which is fully faithful by Corol-

lary 5.6.28). Let Loc∆
an

-gr
Zp

((X,MX)η) be the essential image of the étale realization functor
Tét : Vect

an,φ((X,MX)∆)→ LocZp((X,MX)η).

Proposition 6.6.15. Let (X,MX) be a horizontally semi-stable log formal scheme over
OK . Then the functor induced the étale realization

G-Vectan,φ((X,MX)∆)→ G-Loc
∆an

-gr
Zp

((X,MX)η)

gives an equivalence.

Proof . The assertion follows from the fact that the étale realization functor

Tét : Vect
φ((X,MX)∆)→ LocZp((X,MX)η)

gives a bi-exact equivalence to the essential image (Theorem 5.6.27 and Theorem 5.6.32).
□

Theorem 6.6.16. Let (X,MX) be a horizontally semi-stable log formal scheme over
OK . Suppose that G is reductive. Then the functor induced the étale realization

G-Vectφ((X,MX)∆)→ G-Loc
∆-gr
Zp

((X,MX)η)

gives an equivalence.

proof of Theorem 6.6.16. We follow the argument of the proof of [IKY24, Theorem 2.28].
By working étale locally on X, we may assume that (X,MX) is small affine log formal
scheme with a fixed framing. Since Tét : Vect

φ((X,MX)∆) → Loc∆-gr
Zp

((X,MX)η) is fully
faithful Corollary 5.6.28, the functor in the statement is also fully faithful. We shall prove
the essential surjectivity. Let ωét ∈ G-Loc∆-gr

Zp
((X,MX)η). By Proposition 6.6.8, we have the

corresponding object (ωét(Λ0),Tét) ∈ TwistẐp
(Λ0,T0) where ωét(Λ0) is a Zp-local system on
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(X,MX)η and tensors Tét ⊂ ωét(Λ0)
⊗ is induced from T0 ⊂ Λ⊗

0 . Let (E , ϕE) be a prismatic
F -crystal on (X,MX) with Tét(E , ϕE) ∼= ωét(Λ0). Since Tét is fully faithful, the tensors
Tét ⊂ ωét(Λ0)

⊗ come from unique tensors T∆ ⊂ E
⊗ which is fixed by ϕE .

We shall show that ((E , ϕE),T∆) belongs to TwistφO∆
(Λ0,T0). To achieve this, it suffices

to prove that
P := Isom((Λ0 ⊗Zp O∆,T0 ⊗ 1), (E ,T∆))

is a G∆-torsor. Proposition 6.6.15 implies that

P(A,I,MA) := Isom((Λ0 ⊗Zp A,T0 ⊗ 1), (E(A,I,MA),T∆))

is a G-torsor on U(A, I)ét for every (A, I,MA) ∈ (X,MX)∆. Since SR is normal and
U(SR, (E)) contains all points of codimension 1 in Spec(SR)ét, we see that P(SR,(E),MSR

)

is a G-torsor on Spec(SR) by [IKY24, Proposition A.26 or Remark A.27]. Hence, P(A,I,MA)

is a G-torsor on Spf(A)fpqc for every log prism (A, I,MA) ∈ (X,MX)∆ by Lemma 5.5.16.
Therefore, P is a G∆-torsor.

Since the étale realization functor sends ((E , ϕE),T∆) to (ωét(Λ0),Tét), the object ω∆ ∈
G-Vectφ((X,MX)∆) which comes from ((E , ϕE),T∆) ∈ TwistφO∆

(Λ0,T0) via the functor
defined in Construction 6.6.13 is sent to ωét by Proposition 6.6.9. This completes the
proof. □

6.7. Application to Shimura varieties

6.7.1. Log prismatic realization on the toroidal compactifications of Shimura
varieties. Throughout this section, let p > 2 be a prime number.

Setting 6.7.1. Define the following notation:
• (G,X) is a Shimura datum of Hodge type with reflex field E,
• v is a place of E above p, and Ev denotes the completion of E at v,
• OEv is the integer ring of Ev with residue field kv,
• G is a reductive model of GQp over Zp,
• Kp := G(Zp) ⊂ G(Qp).

Let ShK(G,X) denote the associated Shimura variety over E. By [Kim18, 3.3.1], we
can choose an embedding of Shimura datum (G,X) ↪→ (GSp(V ), S±) and a self-dual Z(p)-
lattice ΛZ(p)

⊂ V such that Λ := ΛZ(p)
⊗Z(p)

Zp ⊂ VQp is Kp-stable. Let K ′
p := GSp(Λ). Let

K ′p ⊂ GSp(V )(Ap
f ) be a neat open compact subgroup containing Kp and let K ′ := K ′

pK
′p.

Then the Shimura variety ShK′(GSp(V ), S±)Qp has an integral model SK′(GSp(V ), S±)
over Zp defined as the moduli space of polarized abelian varieties with K ′-level structures.
Let Kp be a open compact subgroup of G(Ap

f ) contained in K ′p. Let SKpKp(G,X) denote
the normalization of the scheme theoretic image of

ShKpKp(G,X)Ev → ShK′(GSp(V ), S±)Ev ↪→ SK′(GSp(V ), S±)OEv
.

Then the tower {SKpKp(G,X)}Kp is an integral canonical model of ShK(G,X)Ev , which
is smooth over OEv ([Kis10, Theorem 2.3.8]). Fix such a Kp and set K := KpK

p.
Fix a smooth projective admissible rational cone decomposition Σ′ for

((GSp(V ), S±), K ′) ([Mad19, 2.1.23]). Let Σ′′ denote the induced admissible ratio-
nal cone decomposition for ((G,X), K) from Σ′, and fix a smooth projective admissible
rational cone decomposition Σ for ((G,X), K) refining Σ′′ ([Mad19, 2.1.28]). Let
S Σ′

K′ (GSp(V ), S±) be the toroidal compactification of the Siegel modular variety with level
K ′ constructed in [FC90]. Let S Σ′′

K (G,X) denote the normalization of S Σ′

K′ (GSp(V ), S±)
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in ShK(G,X), which is the toroidal compactification of SK(G,X) constructed in
[Mad19]. By the technique of toroidal embeddings ([KKMSD, Chapter II]), we
have an integral model S Σ

K (G,X) of ShΣ
K(G,X) over OEv and a birational morphism

S Σ
K (G,X) → S Σ′′

K (G,X) (see also [Mad19, 4.1.4 and Remark 4.1.6]). As a result, we
obtain the following diagram:

ShK(G,X)Ev

� � //
� _

��

ShK′(GSp(V ), S±)Ev� _

��
SK(G,X) //

� _

��

SK′(GSp(V ), S±)OEv� _

��

S Σ
K (G,X) // S Σ′

K′ (GSp(V ), S±)OEv
.

Here, the vertical morphisms are open immersions.
We write S Σ

K , S Σ′

K′ for S Σ
K (G,X), S Σ′

K′ (GSp(V ), S±) respectively. We equip S Σ
K (resp.

S Σ′

K′ ) with log structures MS Σ
K

(resp. MS Σ′
K′

) defined from relatively normal crossings
boundary divisors. Note that the p-completions of them are horizontally semi-stable log
formal schemes by the smoothness and projectivity of Σ and Σ′.

In [KKN21] and [KKN22, Theorem 2.2.2, Proposition 4.3.4], the toroidal compact-
ification S Σ′

K′ is realized as the moduli space of principally polarized log abelian varieties
with K ′-level structure. In particular, the universal abelian scheme over the interior ex-
tends to the universal log abelian varieties Alog

univ over (S Σ′

K′ ,MS Σ′
K′
). Taking p-power tor-

sion points, we obtain a log p-divisible group Alog
univ[p

∞] by [KKN15, Proposition 18.1] and
[Kat23, Proposition 4.5]. The log p-divisible group Alog

univ[p
∞] is pulled back to S Σ

K along

(S Σ
K ,MS Σ

K
)→ (S Σ′

K′ ,MS Σ′
K′
).

6.7.2. Log prismatic realization. First, we recall the étale realization on Shimura
varieties (cf. [IKY23, §2.3]). By varying levels at p, we obtain a tower of Shimura varieties

lim←−
K′

p⊂Kp

ShK′
pK

p(G,X)→ ShK(G,X),

which is a pro-étale Kp-torsor after taking the analytification. Taking the pushforward
along Kp → GẐp

, we obtain a Zp-local system on ShK(G,X)an with G-structure ωét ∈
G-LocZp(ShK(G,X)an) via Proposition 6.6.9.

By purity for Kummer étale local systems ([DLLZ23b, Theorem 4.6.1]), there exists
a bi-exact equivalence

LocZp(ShK(G,X)an) ' LocZp(Sh
Σ
K(G,X)an,MShΣK(G,X)an).

Hence, ωét gives a unique Kummer étale Zp-local system with G-structure

ωkét : RepZp
(G)→ LocZp(Sh

Σ
K(G,X)an,MShΣK(G,X)an).

Theorem 6.7.2. There exists a unique log prismatic F -crystal with G-structure

ω∆,log : RepZp
(G)→ Vectφ((Ŝ Σ

K (G,X),MŜ Σ
K (G,X))∆)

with an isomorphism Tét ◦ ω∆,log
∼= ωkét.
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Proof . By Theorem 6.6.16 and [DS09, Proposition 12], it suffices to prove that there
exists a log prismatic F -crystal E on (Ŝ Σ

K (G,X),MŜ Σ
K (G,X)) with Tét(E) ∼= ωkét(Λ). Since

ωkét(Λ) is characterized as a unique extension of ωét(Λ) ∼= Auniv[p
∞], we have an isomor-

phism ωkét(Λ) ∼= A log
univ[p

∞]. Therefore, Proposition 6.5.11 implies that the log prismatic
Dieudonné crystalM∆(A

log
univ[p

∞]) is the desired one. □
Remark 6.7.3. In [IKY23, Theorem 2.10], a prismatic F -crystal with G-structure

ω∆ ∈ G-Vect
φ(ŜK(G,X)∆) with Tét ◦ ω∆

∼= ωét|ŜK(G,X)η
is constructed. We see that

ω∆,log constructed in Theorem 6.7.2 restricts to ω∆ by fully faithfulness of étale realization
functor.

Remark 6.7.4. In [Lov17], a strongly divisible filtered F -crystal with G-structure

ωcrys : RepZp
(G)→ FilCrysφ(ŜK(G,X))

is constructed, and it is proved that ωét and ωcrys are associated in the sense of Fontaine-
Laffaille. In relation to the prismatic theory, a full subcategory Vectφ,lff(ŜK(G,X)∆) of
Vectφ(ŜK(G,X)∆) consisting of locally filtered free prismatic F -crystals is introduced in
[IKY25, §2.3]), an integral crystalline realization functor

Dcrys : Vect
φ,lff(ŜK(G,X)∆)→ FilCrysφ(ŜK(G,X))

is constructed in [IKY25, Proposition 2.13], and it is proved that the functor ω∆ takes
values in Vectφ,lff(ŜK(G,X)∆) and that there exists an isomorphism Dcrys ◦ ω∆

∼= ωcrys in
[IKY23, Theorem 2.18 and Corollary 3.7].

The generalization of this picture to our setting remains as a future work. It seems
that a key step is to show the boundedness of ω∆,log.

6.7.3. Lovering’s Conjecture. Our work on toroidal compactifications enables us
to generalize the comparison isomorphism for Qp-local systems coming from ωét, which
is proved in the case that the Shimura variety is proper in [Lov17, Theorem 3.6.1] or
[IKY23, Proposition 2.21].

Theorem 6.7.5. Let (S
Σ

K(G,X),M
S

Σ
K(G,X)

) := (S Σ
K (G,X),MS Σ

K (G,X))⊗OEv
k, and

consider a filtered F -isocrystal ωfisoc := Tfisoc ◦ ω∆,log on (Ŝ Σ
K (G,X),MŜ Σ

K (G,X)). Then
the Gal(Ev/Ev)-representation H i

ét(ShK(G,X)Ev
, ωét(ξ)[1/p]) is crystalline, and we have

an isomorphism

H i
ét(ShK(G,X)Ev

, ωét(ξ)[1/p])⊗Qp Bcrys

∼= H i
logcrys((S

Σ

K(G,X),M
S

Σ
K(G,X)

)crys, ωfisoc(ξ))⊗W (kv) Bcrys

that is compatible with Galois actions and Frobenius isomorphisms and a filtered isomor-
phism after taking the base change along Bcrys → BdR, for any ξ ∈ RepZp

(G).

Proof . By Theorem 5.6.18, the Qp-local system ωkét(ξ)[1/p] is associated with ωfisoc(ξ)
in the sense of Definition 5.4.18. Then the assertion follows from Faltings’ p-adic Hodge
theory [Fal89, Theorem 6.3]. □

Remark 6.7.6. This comparison isomorphism is conjectured in [Lov17, §3.6.2]. Fur-
thermore, in loc. cit., it is also conjectured that there exists an integral version of ωfisoc on
the toroidal compactification, which is still open.
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Remark 6.7.7. The fact that the Gal(Ev/Ev)-representation

H i
ét(ShK(G,X)Ev

, ωét(ξ)[1/p])

is crystalline can be deduced more easily as follows. We may assume that ξ = Λ⊗n, and so
it is enough to show that the Gal(Ev/Ev)-representation

H i
ét(ShK(G,X)Ev

, Rnfét,∗Qp)

is crystalline, where f is the structure morphism of the n-th fold self-product of the uni-
versal abelian scheme. We have a spectral sequence

Ep,q
2 = Hp

ét(ShK(G,X)Ev
, Rqfét,∗Qp)⇒ Hp+q

ét (A n
univ,Ev

,Qp).

Since the multiplication by m on Auniv,Ev
induces the multiplication by mnq on Ep,q

2 ,
this spectral sequence degenerates at the E2-page. Hence, it suffices to prove that the
Gal(Ev/Ev)-representation H i

ét(A
n
univ,Ev

,Qp) is crystalline, which follows from Faltings’ p-
adic Hodge theory and the existence of a smooth compactification of A n

univ,OEv
with a

relatively normal crossings boundary divisor over OEv ([Lan12, Theorem 2.15] ). We
learned this argument from Kai-Wen Lan.

Clearly, this method gives no explicit description of the filtered F -isocrystal
Dcrys(H

i
ét(ShK(G,X)Ev

, ωét(ξ)[1/p])).

6.A. Some lemmas on log schemes

Lemma 6.A.1. Let P and Q be a finitely generated free monoids (i.e. P ' Nr and
Q ' Ns for some r, s ≥ 0). Let α : P → Q be a homomorphism inducing P/α−1(0)

∼→ Q.
Then, there exist a basis p1, . . . , pr (resp. q1, . . . , qs) of P (resp. Q) such that

α(pi) =

{
qi (1 ≤ i ≤ s)

0 (s+ 1 ≤ i ≤ r).

Proof . Choose a basis p1, . . . , pr (resp. q1, . . . , qs) of P (resp. Q). Since α−1(0) is a face
of P , the submonoid α−1(0) is generated by {pi|i ∈ I} for some I ∈ {1, . . . , r}. For each
1 ≤ j ≤ s, there exist an integer 1 ≤ ij ≤ r such that α(pij) = qj by the surjectivity of α
and the irreducibility of qj.

By renumbering, we may assume that there exists an integer t with 1 ≤ s ≤ t ≤ r such
that α(pi) = qi for 1 ≤ i ≤ s and α−1(0) is generated by ps+1, · · · , pt. By P gp/α−1(0)gp

∼→
Qgp and the computation of ranks, we conclude that s = t. □

Lemma 6.A.2. Let n ≥ 2 be an integer. Let (X,MX) be an fs log formal scheme with
fs charts αi : Pi →MX for integers 1 ≤ i ≤ n. We set

(X∞,i,MX∞,i
) := (X,MX)⊗(Z[Pi],Pi)a (Z[Pi,Q≥0

], Pi,Q≥0
)a

for each 1 ≤ i ≤ n. For a non-empty subset I ⊂ {1, . . . , n}, we let (X∞,I ,MX∞,I
) denote

the fiber product of (X∞,i,MX∞,i
) for i ∈ I over (X,MX) in the category of saturated log

formal schemes. Let ∅ 6= J ⊂ I ⊂ {1, . . . , n}.
(1) The projection map (X∞,I ,MX∞,I

)→ (X∞,J ,MX∞,J
) is a strict affine flat cover.

(2) Suppose that X is a bounded p-adic formal scheme and Pi = Nri for each 1 ≤ i ≤ n.
Then the projection map (X∞,I ,MX∞,I

)→ (X∞,J ,MX∞,J
) is a strict affine quasi-

syntomic cover.
(3) Suppose that X is a scheme and Pi = Nri for each 1 ≤ i ≤ n. Then the projection

map (X∞,I ,MX∞,I
)→ (X∞,J ,MX∞,J

) is a strict affine root covering.
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Proof . We may assume n = 2 because every projection map is written as the composition
of maps which are the base change of projection maps in the n = 2 case. (For example, in
the n = 3 case, a projection map (X∞,{1,2,3},MX∞,{1,2,3})→ (X∞,{3},MX∞,{3}) factors as

(X∞,{1,2,3},MX∞,{1,2,3})→ (X∞,{2,3},MX∞,{2,3})→ (X∞,{3},MX∞,{3}),

where the projection map (X∞,{1,2,3},MX∞,{1,2,3}) → (X∞,{2,3},MX∞,{2,3}) is written as the
base change of a projection map (X∞,{1,2},MX∞,{1,2}) → (X∞,{2},MX∞,{2}).) By the sym-
metry, it suffice to prove the assertion for the projection map

(X∞,{1,2},MX∞,{1,2})→ (X∞,{2},MX∞,{2}).

First, we shall prove (1). For any n ≥ 1, there exists an integer m ≥ 1 such that the
projection map from the saturated fiber product

(Xn,α1 ,MXn,α1
)×(X,MX) (Xm,α2 ,MXm,α2

)→ (Xm,α2 ,MXm,α2
)

is a strict affine flat cover by Lemma 6.2.2 and the fact that a saturation map for a quasi-
coherent log formal scheme is affine. Therefore, the projection from the saturated fiber
product

(Xn,α1 ,MXn,α1
)×(X,MX) (X∞,α2 ,MX∞,α2

)→ (X∞,α2 ,MX∞,α2
)

is a strict affine flat cover for any n ≥ 1. Taking a limit with respect to n ≥ 1, we obtain
the claim.

Next, we shall prove (2) and (3) simultaneously. Take x ∈ X. Applying Lemma
6.A.1 to maps α1,x : Nr1 → MX,x and α2,x : Nr2 → MX,x induced by α1 and α2, we
see that, after changing orders of bases of Nr1 and Nr2 appropriately, there exists an
integer s with 1 ≤ s ≤ min{r1, r2} such that α1,x(ei) = α2,x(ei) for every 1 ≤ i ≤ s
and α1,x(ej) = α2,x(ek) = 1 for every s < j ≤ r1 and s < k ≤ r2. By shrinking X to an
étale neighborhood of x, we may assume that we can write

α1(ei) = uiα2(ei) (1 ≤ i ≤ s)

α1(ej) = vj (s < j ≤ r1)

α2(ek) = wk (s < k ≤ r2)

for ui, vj, wk ∈ OX(X)
×. Then X∞,{1,2} is obtained by adding n-th power roots of ui

and vj to X∞,α2 . We shall give a more precise explanation. Consider a map X∞,α2 →
Spf(Zp〈x1, . . . , xr1〉) corresponding to a ring map Zp〈x1, . . . , xr1〉 → OX(X) mapping xi to
ui or vi depending on whether i ≤ s or not. Let

X∞,α1,α2
:= Xα2 ×Spf(Zp〈x1,...,xr1 〉) Spf(Zp〈x

Q≥0

1 , . . . , x
Q≥0
r1 〉)

and the log structureMX∞,α1,α2
on X∞,α1,α2 be the inverse image log structure ofMX∞,α2

.
We have a strict morphism (X∞,α1,α2 ,MX∞,α1,α2

) → (X∞,α1 ,MX∞,α1
) whose composi-

tion with (X∞,α1 ,MX∞,α1
) → (Spf(Zp〈Qr1

≥0〉),Q
r1
≥0) corresponds to a monoid map Qr1

≥0 →
Γ(X∞,α1,α2 ,MX∞,α1,α2

) mapping (1/n)ei to x1/ni α2((1/n)ei) or x1/ni for every n ≥ 1 and i
depending on whether i ≤ s or not. Here, α2((1/n)ei) is the image of (1/n)ei by the map
Qr2

≥0 → Γ(X∞,α1,α2 ,MX∞,α1,α2
) corresponding to the morphism

(X∞,α1,α2 ,MX∞,α1,α2
)→ (X∞,α2 ,MX∞,α2

)→ (Spf(Zp〈Qr2
≥0〉),Q

r2
≥0)

a.

Then we can check directly that (X∞,α1,α2 ,MX∞,α1,α2
) is the fiber product

of (X∞,α1 ,MX∞,α1
) and (X∞,α2 ,MX∞,α2

) over (X,MX), and this description of
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(X∞,{1,2},MX∞,{1,2}) implies the assertion (2) and (3) for the projection map

(X∞,{1,2},MX∞,{1,2})→ (X∞,α2 ,MX∞,α2
).

□
Lemma 6.A.3. Let f : (X,MX)→ (Y,MY) be a morphism of fs log formal schemes.

Suppose that we are given a chart α : Nr → MX and a monoid map β : Ns → MY.
Let x ∈ X. Then, after shrinking X to an étale neighborhood of x, there exist a chart
α′ : Nr ⊕ Zs →MX which restricts to α and a monoid map γ : Ns → Nr ⊕ Zs such that g
gives a chart of f .

Proof . For each 1 ≤ i ≤ s, we can write the image of β(ei) inMX,x as f(mi)ui for some
mi ∈ Nr and ui ∈ O×

X,x because α is a chart. By shrinking X to an étale neighborhood of x,
we may assume that ui ∈ Γ(X,O×

X ) for every 1 ≤ i ≤ s. Let {e′i}1≤i≤s denote the standard
basis of Zs. We set α′ : Nr ⊕ Zs → MX to be the monoid map induced by α : Nr → MX

and Zs → MX mapping e′i to ui, and we define a monoid map γ : Ns → Nr ⊕ Zs by
γ(ei) := mi + e′i. Then the desired condition is satisfied. □
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