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Abstract

The theory of p-divisible groups is studied in various contexts of arithmetic geometry
and applied to the study of p-adic cohomological properties of algebraic varieties, including
abelian varieties, K3 surfaces, and Shimura varieties.

Nygaard-Ogus introduced the notion of a class of characteristic 0 liftings, called quasi-
canonical liftings, and proved that the Tate conjecture holds for K3 surfaces over a finite
field admitting a quasi-canonical lifting. Furthermore, they showed that, when the charac-
teristic is at least 5, a K3 surface of finite height over a finite field admits a quasi-canonical
lifting, using the deformation theory of p-divisible groups. In the first part of this thesis,
we give another construction of quasi-canonical liftings of such K3 surfaces, which is valid
even when the characteristic is 3.

Faltings-Chai constructed a toroidal compactification of the moduli stack of princi-
pally polarized abelian varieties, called Siegel modular stack, by collecting semi-abelian
degenerations of abelian schemes. Kato introduced the notion of log p-divisible groups,
which captures degeneration of p-divisible groups, and it is important to understand log
p-divisible groups to study p-adic properties of toroidal compactifications of Siegel modular
stacks (or more generally Shimura varieties). In the second part of this thesis, we study
some extension properties around log p-divisible groups over log regular bases. Moreover,
we prove a log version of the results of Oort-Zink on slope filtrations of p-divisible groups
and give a construction of log p-divisible groups associated with semi-abelian degenerations
of abelian schemes.

Philosophically, the Shimura variety associated with a Shimura datum (G, X) is re-
garded as the moduli space of “motives with G-structure of type X”. Imai-Kato-Youcis
constructed realizations of “the universal motives with G-structure of type X” in the frame-
work of prismatic cohomology theory, called prismatic realizations. In the third part of this
thesis, we construct the extension of prismatic realizations over toroidal compactifications
of Shimura varieties by establishing log prismatic Dieudonné theory, which is a log version
of prismatic Dieudonné theory of Anschiitz-Le Bras. Moreover, we apply our construction
to p-adic comparison isomorphisms for p-adic étale cohomology of automorphic p-adic local
systems on Shimura varieties. This result generalizes Lovering’s result proved in the case
where Shimura varieties are proper.
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CHAPTER 1

Introduction

1.1. Outline of this thesis

The theory of p-divisible groups is deeply related to various objects in arithmetic ge-
ometry, including abelian varieties, K3 surfaces, and Shimura varieties. In this thesis, we
focus on deformation and degeneration of p-divisible groups. More specifically, we obtain
the following results:

(1) We prove that, for a K3 surface of finite height over a finite field of odd charac-
teristic, there exists a quasi-canonical lifting of it. See Chapter 2 for detail. This
result is based on the published paper [Ino24].

(2) We prove that, for a log p-divisible group over a log regular base, an isogeny
from its generic fiber to a completely slope divisible log p-divisible group uniquely
extends to an isogeny over the whole base. See Chapter 3 for detail. This result
is based on the preprint [Ino23].

(3) We canonically associate a log p-divisible group with a semi-abelian scheme over a
regular base whose restriction to the complement of a normal crossings divisor is
an abelian scheme. See Chapter 4 for detail. This result is based on the preprint
[Ino25c].

(4) We construct functors associating with log prismatic F-crystals coefficient objects
in other p-adic cohomology theories and study their properties. See Chapter 5 for
detail. This result is based on the preprint [Ino25b].

(5) We establish an equivalence between the category of log p-divisible groups and
the category of log prismatic Dieudonné crystals over a class of p-adic log formal
schemes that are important for applications. Furthermore, we apply it to the
construction of log prismatic realization on toroidal compactifications of canonical
integral models of Shimura varieties of Hodge type. See Chapter 6 for detail. This
result is based on the preprint [Ino25a].

In the rest of this chapter, we shall give precise statements of our results. At the
beginning of each chapter, a more detained introduction will be provided.

1.2. Notation and conventions

(1) Unless otherwise specified, p is a prime number.

(2) All rings are associative, unitary, and commutative.

(3) All monoids are commutative. For a monoid M, let M := M/M>, and let M®P
be an abelian group associated to M.

(4) For amonoid P and an integer n > 1, let P'/™ denote the monoid P with P — P'/"
mapping p to p”. The colimit of P'/" with respect to n > 1 is denoted by Py.,-

(5) A log (formal) scheme is a triple (X, M x, a) consisting of a (formal) scheme X and
a sheaf of monoids M x on the étale site X¢ with a monoid map a: Mxy — Ox
inducing o 1(0%) = O%. When there is no possibility of confusion, we simply
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2 1. INTRODUCTION

write (X, Mx) for a log (formal) scheme (X, Mx,«a). A morphism (X, Mx) —
(Y, My) is called strict if the natural map f*My — M is an isomorphism.

(6) A prelog ring is a triple (A, M, o) consisting of a ring A, a monoid M, and a monoid
map «: M — A, where A is regarded as a monoid with respect to multiplication.
We simply write (A, M) for (A, M, «) when there is no possibility of confusion.
For a prelog ring (A, M), the associated log scheme is denoted by (Spec(A), M ).

(7) Let (X, Mx) be a log (formal) scheme and f: Y — X be a morphism of (formal)
schemes. Unless otherwise specified, we write My for the pullback log structure
ffMx.

(8) Let P be a property of (formal) schemes, including quasi-compact, quasi-
separated, and locally noetherian. We say that a log (formal) scheme (X, Mx)
satisfies P if the underlying (formal) scheme X satisfies P.

(9) Let P be a property of morphisms of (formal) schemes. We say that a morphism
of log (formal) schemes (X, Mx) — (Y, My) satisfies P if the morphism of the
underlying (formal) schemes X — Y satisfies P.

(10) A chart on a log (formal) scheme (X, Mx) is a monoid P and a map P — Mx
of sheaves of monoids, where P is regarded as the associated constant sheaf, such
that the induced map of log structures P* — M is an isomorphism. A chart
P — Mx is called neat at z € X if P — Mx ; is an isomorphism.

(11) For a site €, the associated topos with € is denoted by Shv(%).

1.3. Quasi-canonical liftings of K3 surfaces

In Chapter 2, we give an application of the deformation theory of p-divisible groups to
liftings of K3 surfaces.

The notion of quasi-canonical liftings of varieties over a perfect field k of positive char-
acteristic is introduced by Nygaard-Ogus to show that Tate’s conjecture holds for K3
surfaces of finite height ([NO85, Definition 1.5]). Let Xy be a K3 surface of finite height
over a finite field k£ of characteristic p. They proved that, if there is a quasi-canonical lift-
ing of Xy, the K3 surface X satisfies Tate’s conjecture [NO85, Theorem 2.1 and Remark
2.2.3]. Moreover, they constructed a quasi-canonical lifting of X under the assumption
that p > 5.

In Chapter 2, we prove the following theorem.

Theorem 1.3.1 (see Theorem 2.4.1). Let X be a K3 surface of finite height A < oo
over a finite field k£ of odd characteristic p. Then there exists a totally ramified finite
extension V/W (k) of degree h and a quasi-canonical lifting X/V of X,/k.

This result is previously obtained by Nygaard-Ogus when p > 5 (see [NO85, Theorem
5.6]). We give an alternative proof when p > 5. Our result seems new when p = 3. While
Nygaard-Ogus used crystalline deformation theory, we use display deformation theory in
our proof. For details, see Section 2.1.

1.4. Slope filtrations of log p-divisible groups

In Chapter 3, we prove some extension properties of log p-divisible groups over a log
regular base and a log version of the results of Oort-Zink.

First, we briefly recall the results of Oort-Zink for p-divisible groups. Zink proved that
a p-divisible group over a regular [F,-scheme with constant Newton polygon is isogenous
to a p-divisible group admitting a slope filtration (|Zin0O1lal), and Oort-Zink generalized
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this result to the case where a base scheme is normal (|OZ02]). [OZ02] states that, for a
locally noetherian normal scheme X over I, and a p-divisible group G over X with constant
Newton polygon, there exists a completely slope divisible p-divisible group H over X and
an isogeny G — H. Here, a p-divisible group H over X is called completely slope divisible
if H admits a filtration of p-divisible subgroups

0=HyCH C---CH,y,=H,

and if there are integers
S>ri>rg>--->1r, >0
such that the following conditions are satisfied :

(1) The quasi-isogeny p~ " F*: H; — HZ-(pé) is an isogeny for ¢t =1,...,m.

(2) The p-divisible group H;/H; ; is isoclinic of slope r;/s fori =1,...,m.
This theorem plays an important role in the theory of foliations in the moduli space of
abelian varieties in characteristic p (see [Oor04]).

The goal of Chapter 3 is to prove a log version of the theorem of Oort-Zink. Kato intro-
duced the notion of log p-divisible groups in [Kat23| (for the definition, Definition 3.2.28).
Log p-divisible groups are degenerating objects of p-divisible groups in the framework of
logarithmic geometry. In [KKNO8b|, Kajiwara-Kato-Nakayama introduced the notion of
log abelian varieties, which are degenerating objects of abelian varieties in the framework
of logarithmic geometry. Their motivation is to realize the toroidal compactification of
the moduli space of abelian varieties constructed by Faltings-Chai as the fine moduli of
log abelian varieties, and this is indeed achieved in [KKIN21|. In the usual way, one can
associate a log p-divisible group with a log abelian variety (see Example 3.2.30).

The following result is the main theorem of Chapter 3.

Theorem 1.4.1 (see Theorem 3.5.4). Let (X, Mx) be a log regular fs log scheme
over F, and U be a dense open subset of X. Let G be a log p-divisible group over
(X, Mx). Suppose that we are given a completely slope divisible log p-divisible group
Hy over (U, My) and an isogeny G|y — Hy. Then there exist a completely slope divisible
log p-divisible group H over (X, M) and an isogeny G — H which restricts to the given
isogeny G|y — Hy.

We expect that this result is helpful to study the structure of the toroidal compactifi-
cation of the moduli space of abelian varieties in characteristic p.

1.5. Log p-divisible groups associated with semi-abelian schemes

In Chapter 4, we prove that, when an abelian scheme degenerates to a semi-abelian
scheme along a normal crossings divisor on a regular scheme, the corresponding p-divisible
group degenerates to a log p-divisible group.

It is an important to understand degeneration of abelian varieties. Among such degen-
erating objects, semi-abelian degeneration of abelian varieties is of particular importance,
as is suggested by the semi-stable reduction theorem (|[SGAT7-I]) and the theory of toroidal
compactifications of moduli spaces of abelian varieties (|[FC90]). In Chapter 4, we study
the behavior of torsion subgroups of abelian varieties degenerating to semi-abelian schemes.

We begin with a simple situation. Let K be a complete discrete valuation field of
characteristic 0 with valuation ring Ok whose residue field k is of characteristic p > 0.
Let A be a semi-abelian scheme over Ok with Ax = A ®p, K being an abelian variety.
The associated p-divisible group Ax[p*] over K degenerates to a system of quasi-finite flat
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group schemes A[p>] = {A[p"] = Ker(xp": A — A)},>1 over Ok. However, this object
does not behave well. The height of A[p>] drops under the specialization, and so A[p™]
does not have enough information.

The theory of log p-divisible groups improves this situation. Log p-divisible groups be-
have like usual p-divisible groups, as, for example, suggested by a log version of Dieudonné
theory (cf. [Kat23| and Chapter 6). From this perspective, Kato and Zhao proved that
the p-divisible group Ag[p™] over K uniquely extends to a log p-divisible group over O
equipped with the standard log structure in [Zha21, Theorem 5.2] and |[Kat23, §4.3].

The goal of Chapter 4 is to prove a higher dimensional version of the results of Kato
and Zhao. The precise statement is the following.

Theorem 1.5.1 (Theorem 4.4.4). Let (X, Mx) be an fs log scheme defined by a
locally noetherian regular scheme X with a normal crossings divisor D, and A be a semi-
abelian scheme over X. Let U = X\D. Suppose that Ay is an abelian scheme over

U. Then the p-divisible group Ay [p™] over U uniquely extends to a log p-divisible group
A[p>]'s over (X, Mx).

For the relationship with the theory of log abelian varieties, see Section 4.1.

1.6. Log prismatic F-crystals and realization functors

In chapter 5, we construct realization functors for log prismatic F-crystals and study
some properties of them. The results in this chapter are used in Chapter 6 to study log
p-divisible groups.

The theory of prismatic cohomology is introduced in [BS22]. This cohomology theory
involves coefficient objects called prismatic F'-crystals. We let Vect? (X)) denote the cate-
gory of prismatic F-crystals on a bounded p-adic formal scheme X. As a striking feature,
the prismatic cohomology theory specializes to other p-adic cohomology theories. To be
precise, the works [GR24,IKY 25| give the following: for a p-adic formal scheme which is
smooth over Ok, an étale realization functor

Te: Vect¥(X)) — Locg, (X))
and a crystalline realization functor
Thsoc: Vect?(X ) ) — Fillsoc?(X)

are constructed, where Locyz, (X)) is the category of Z,-local systems on the generic fiber X,
and Fillsoc?(X) is the category of filtered F-isocrystals on X. Moreover, for a prismatic F-
crystal &, the coefficient objects T (£) and Thsoc(E) are associated in the sense of Faltings.

A log version of prismatic cohomology theory is established in [Kos22, KY25|. Log
prismatic cohomology theory has coefficient objects called log prismatic F'-crystals. We let
Vect?((X, Mx))p) denote the category of log prismatic F-crystals on a bounded p-adic log
formal scheme. Log prismatic cohomology theory enables us to treat p-adic Hodge theory
on a smooth variety over a p-adic field K admitting an open immersion to a proper semi-
stable scheme over Oy while (non-log) prismatic cohomology theory behaves well only for
a proper smooth variety over K with good reduction. We make a precise setup.

Definition 1.6.1. Let k£ be a perfect field, K a totally ramified finite extension of
W (k)[1/p], and Ok a valuation ring of K. We fix a uniformizer 7 of Og. Consider the
prelog ring (R° N") defined as follows. Let I,m,n € Zsg, r == m +n. We define R° as
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follows:

RO — 0K<x:1t17‘"?x;tlay17"'7ym> (n:())
O (x! ... a%ﬂ,yl, s Yms 215 Zn) [(Tey 2 — ) (> 1),

We define a prelog structure N™ — R? by

yi (1 <i<m)
€ — .
Zim (Mm+1<0<7r).
A p-adic log formal scheme (Spf(R), Mg) over Ok is called small affine if there exists a
strict étale map (Spf(R), Mr) — (Spf(R°),N")* for some [, m,n. Such a strict étale map

is called a framing. A p-adic log formal scheme (X, Mx) over O is called semi-stable if
(X, Mx) has an étale covering consisting of small affine log formal schemes.

The first goal of Chapter 5 is to generalize the construction of realization functors
and the relationship between them to log prismatic F-crystals on semi-stable log formal
schemes over Og.

Theorem 1.6.2 (see Theorem 5.6.18). For a semi-stable log formal scheme (X, M)
over Oy, there exist an étale realization functor

Tee: Vect?((X, Mx)p) — Locz, (X, Mx)y,)
and a crystalline realization functor
Thsoc : Vect?((X, Mx)p) — Fillsoc?(X, Mx),

where Locz, ((X, Mx),) denotes the category of Kummer étale Z,-local systems on the
generic fiber (X, My), and Fillsoc? (X, Mz) denotes the category of filtered F-isocrystals
on (X, Myx). Moreover, for a log prismatic F-crystal &, coefficient objects T (€) and
Thsoc(E) are associated in the sense of Definition 5.4.18 (2) (cf. [Fal89, AI12, Tsul).

The next goal is to prove the fully faithfulness and the bi-exactness of étale realization
functors.

Theorem 1.6.3 (see Theorem 5.6.27 and Theorem 5.6.32). Let (X, Mx) be a
semi-stable log formal scheme over O . Consider the étale realization functor

Tee: Vect™ ¥ ((X, Mx)p) — Locg, (X, Mx)y).

Then the following statements are true.

(1) The functor Ty is fully faithful.

(2) When (X, Myx) admits framings with n < 1 étale locally, Ty gives a bi-exact
equivalence to the essential image. In other words, a sequence of analytic log prismatic
F-crystals

0—=& =& —&E —0
is exact if and only if the associated sequence of Kummer étale local systems
0 — Tet(&1) = Te(E2) — Ter(E3) — 0
is exact.

For related previous work, see Section 5.1.
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1.7. Log prismatic Dieudonné theory and its application to Shimura varieties

In chapter 6, we construct prismatic F-crystals associated with log p-divisible groups
and apply it to Shimura varieties.

First, we recall prismatic Dieudonné theory established by Anschiitz-Le Bras in
|[ALB23|. Let R be a quasi-syntomic p-complete ring. Anschiitz-Le Bras constructed
a fully faithful functor (called a prismatic Dieudonné functor) from the category of p-
divisible groups over R to the category of prismatic Dieudonné crystals over R (for the
definition, see Definition 5.5.3). Moreover, the image of the prismatic Dieudonné functor is
specified, and, specifically, this functor gives an equivalence when there is a quasi-syntomic
cover R — S with S being perfectoid.

One of the goals in Chapter 6 is to prove a log version of prismatic Dieudonné theory
(which we call log prismatic Dieudonné theory) over semi-stable log formal schemes. The
precise statement is the following.

Theorem 1.7.1 (see Theorem 6.5.12). Let (X, M3z) be a semi-stable log formal
scheme over Q. Then there exists an exact anti-equivalence

My BT(X, Mx) — DM((X, Mx),)

(which is called a log prismatic Dieudonné functor), where BT (X, M) is the category of
log p-divisible groups over (X, Mx) and DM((X, Mx),) is the category of log prismatic
Dieudonné crystals on (X, Mx) (for the definition, see Definition 5.5.9).

As an application of log prismatic Dieudonné functors, we give the p-adic compari-
son isomorphism on (not necessarily compact) Shimura varieties, which is conjectured in
[Lov17, 3.6.2]. For the precise statement, see Section 6.1.



CHAPTER 2

Quasi-canonical liftings of K3 surfaces of finite height in odd
characteristic

2.1. Introduction
The goal of this chapter is to prove the following theorem.

Theorem 2.1.1 (see Theorem 2.4.1). Let X, be a K3 surface of finite height h < oo
over a finite field k& of odd characteristic p. Then there exists a totally ramified finite
extension V/W (k) of degree h and a quasi-canonical lifting X/V of X, /k.

Recall that Nygaard—Ogus established a one-to-one correspondence between deforma-
tions of X, over k[t]/(t") and deformations of the crystalline cohomology HZ . (Xo/W (k))
over k[t]/(t") as crystals with additional structure (Frobenius, pairing, and Hodge filtra-
tion) under the assumption that p > 5. We need the assumption that p > 5 to justify some
calculation for divided power (see [NO85, Lemma 4.6]). Furthermore, this correspondence
is proved only over the base k[t]/(t") because crystals behave well only over a base whose
PD envelope is p-torsion free (see the proof of [NO85, Theorem 4.5]).

In Chapter 2, we use the display-theoretic deformation theory of K3 surfaces developed
by Langer—Zink and Lau (|[LZ19,Lau21|). When p > 3, the crystalline cohomology of
a K3 surface is naturally equipped with a display structure, and there is a one-to-one
correspondence between deformations of X, over an arbitrary artinian local ring R with
residue field & and deformations of the crystalline cohomology HZ . (Xo/W (k)) over R as
displays with additional structure.

Remark 2.1.2. From [NO85, Theorem 2.1] and Theorem 2.1.1, it follows that Tate’s
conjecture holds for K3 surfaces of finite height over finite fields of characteristic p >

3. Note that Tate’s conjecture for K3 surfaces is previously proved by Madapusi Pera
[Mad15, Theorem 1], [KM16, Theorem A.1]. (See also [Mad20|, [IIK21, Section 6.4].)

Remark 2.1.3. If an extension of the base field k is allowed, Theorem 2.1.1 is previously
obtained by Ito-Ito-Koshikawa [ITK21, Corollary 9.11| using the étaleness of the Kuga-
Satake morphism. However, it seems difficult to control the extension degree by the method
of [ITK21].

Remark 2.1.4. In characteristic 2, it is not known whether the crystalline cohomology
of a K3 surface is equipped with a display structure. This is why we assume p > 3
throughout this chapter.

The key step to prove Theorem 2.1.1 is to study a relation between the display asso-
ciated to the crystalline cohomology of a K3 surface and the Dieudonné display of the
enlarged formal Brauer group. We note that the following Theorem is a display-theoretic
analogue of [NO85, Theorem 3.20] (for the notation on displays, see Section 2.2).

Theorem 2.1.5 (see Corollary 2.3.4). Let k be a perfect field of characteristic p > 3,
R be an Artin local ring with residue field k, and X be a K3 surface of finite height over

7



8 2. QUASI-CANONICAL LIFTINGS OF K3 SURFACES

R (i.e. a proper flat scheme over R whose closed fiber is a K3 surface of finite height). Let

Brx/gr (resp. ¥x/r) be the formal Brauer group (resp. the enlarged formal Brauer group)
associated to X/R. Then there exists the following exact sequence of displays over the

small Witt frame /W(R):
0= D(Wx/n) = Hoyo(X/W(R)) = D(Bryp)(—1) = 0.

Z=crys

Moreover, this sequence is compatible with base change with respect to R.

The organization of this chapter is as follows. In Section 2.2, we review the display-
theoretic deformation theory of p-divisible groups and K3-surfaces. In Section 2.3, we
study the relation between the Dieudonné display of the enlarged formal Brauer group and
the display of a K3 surface. In Section 2.4, we prove the main theorem of this chapter.

2.2. Frames and displays

In this section, we review some results about displays following [Lau21] (see also [LZ07,
LZ19]).

2.2.1. Frames.

Definition 2.2.1 ([Lau21, Definition 2.0.1]). A frame S = (S,0,7) consists of a
commutative Z-graded ring
S-@s.

ne”Z
and ring homomorphisms o, 7 : S — S satisfying the following conditions:
(1) 79 : So — Sp is the identity, and 7_,, : S_,, — S is bijective for n > 1. Let t € S_4
be the unique element such that 7_(t) = 1.
(2) oo : So — So is a Frobenius lift (i.e. a ring homomorphism satisfying o¢(z) — x €
pSp for all x € Sp), and o_41(t) = p.
(3) p € Rad(Sp). Here Rad(S)) is the Jacobson radical of Sp.

A morphism of frames is a morphism of graded rings that commutes with ¢ and 7.

Remark 2.2.2. A frame S is uniquely determined by the graded ring S>¢ = Ganzo Sh
together with the ring homomorphism o : S59 — Sy and the homomorphism of graded
Sso-modules ¢ : 551 — S5 satisfying the following conditions:

(1) o9 : Sp — Sp is a Frobenius lift, and o(t(a)) = po(a) for all a € S>;.
(2) p € Rad(Sy).
Example 2.2.3. Let A be a p-torsion free ring with p € Rad(A), and ¢ : A — A be a

Frobenius lift. There is a unique frame A = (Alt],0,7) (deg(t) = —1) such that o_1(t) = p
and 7_1(¢) = 1. This frame is called the tautological frame associated to A.

Example 2.2.4. Let R be an Artin local ring with perfect residue field of characteristic
p > 3. Let I7V\(R) be the small Witt ring defined in [Z1n01b Section 2|. We obtain a
frame (IW(R),0,7) as follows. We set W(R)y = W(R) and W(R), = I(R) = V(W(R))
as a @(R)o—module for n > 1. For n,m > 1, a multiplication map E(R) X W(R)m —
E(R)Hm is given by

I(R) x I(R) = I(R), (V(a),V (D))~ V(ab).
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Let oy : /W(R) — /W(R) be the Witt vector Frobenius, and we put o,(V(a)) = a for
a € W(R) and n > 1. The map ¢ : W(R); — W(R), is the inclusion map, and ¢ :
E(R)nﬂ — E(R)n is the multiplication map p : f(R) — f(R) for n > 1. This determines
a frame (E(R}, o, 7) uniquely by Remark 2.2.2. This frame is denoted simply by @(R)
and called the small Witt frame associated to R.

Remark 2.2.5. Let A be as in Example 2.2.3, R be as in Example 2.2.4, and f :
A — /W(R) be a ring homomorphism. Then f induces the unique morphism of graded
rings At] — E(R) which commutes with 7. This map commutes with o, and induces a
morphism of frames A — E(R)

2.2.2. Displays.

Definition 2.2.6 ([Lau21, Definition 3.2.1]). Let S = (S,0,7) be a frame. Let 7 :
S — Sp/(tS1) be the composite of the projection S — Sy and Sy — So/(t51).

(1) An S-display (or simply display) M = (M, F) consists of a finite projective graded
S-module M and a o-linear map F' : M — M7 which induces an isomorphism
of Sp-modules M° = M™. Here, for a ring homomorphism f : A — B and an
A-module N, we put N/ := N ®,4 ; B.

(2) A morphism of displays is a morphism of graded S-modules that commutes with
F.

(3) We call a display (M, F) an effective display if M™ := M ®g So/tS1 concentrates
on non-negative degrees.

(4) An effective display (M, F') is called a d-display if (M™); = 0 for i ¢ [0,d]. Here
(M™); denotes the degree i part of the graded Sy/tS;-module M7.

Example 2.2.7. Let S = (S,0,7) be a frame and n € Z. Then (S(n),o) is an S-
display. Here we put S(n); := S,4;. This display is denoted by S(n).
Definition 2.2.8. Let M = (M, F) and M’ = (M', F') be S-displays.
e The direct sum of them is the S-display M ® M’ = (M & M', F & F").
e The tensor product of them is the S-display M @ M' = (M ®g M', F ®g F").
e The dual of M is the S-display M* = (M*, (F*)~!). Here M* is the dual of the
S-module M.
Definition 2.2.9. Let M = (M, F), M' = (M’, F"), and M" = (M", F") be S-displays.
A sequence of morphisms of displays
0O—-M-—->M — M —0
is an exact sequence of displays if the underlying sequence of S-modules
0—>M-—>M — M —0

1s exact.

Definition 2.2.10. Let S — S’ be a morphism of frames, and M = (M, F') be an S-
display. The base change of M by S — S’ is the S’-display M ®g S’ = (M ®gS", F ®g5').

Remark 2.2.11. Let A be a p-adic ring (i.e. complete and separated in the p-adic
topology). Assume that A is p-torsion free. Let ¢ : A — A be a Frobenius lift. An A-
display is equivalent to a finite projective A-module M with a descending finite filtration
by direct summands (F*M );cz together with o-linear maps F; : F*M — M satisfying the
following conditions ([Lau21, Example 3.6.2]):
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[ pE+1 = Fz Fit+l)f for all 7 €.
e M is generated by the union of all F;(F'M).

In this equivalence, a d-display corresponds to a triple
(M, (F'M)icz, F)
such that F'*M =0 for i > d+ 1 and F'M = M for i < 0.

Remark 2.2.12. Let R be as in Example 2.2.1. An effective E(R)—display is equiv-
alent to a display (P, ¢, ay, Fy)i>o over the small Witt frame in [LZ19, Definition 3|
(see also [Lau2l, Example 3.6.3 (1)]). In this equivalence, a d-display corresponds to
(Pi, ti, oy F)i>o such that «; : f(R) ® P, — Py is surjective for ¢ > d (equivalently,
(Piy tiy oy F)i>0 has a normal decomposition (L;);>¢ in the sense of [LZ19, Definition 3|
such that L; = 0 for i« > d + 1). In particular, a 1-display over E(R) is equivalent to a
quadruple

(P7Q7F7F1>7

where P is a finite projective /W(R)—module, Q is a submodule of P such that I(R)P C Q,
the quotient P/Q) is projective over R, the maps F' : P — P and F; : Q — P are o-
linear morphisms such that F;(Q) generates P as a /W(R)-module. We note that this is a
Dieudonné display over R in the sense of [Laul4, Definition 2.6].

2.2.3. Displays and p-divisible groups over p-torsion free bases with Frobe-
nius lifts. Let A, p, and ¢ be as in Remark 2.2.11. Moreover, we assume that p > 3. Let
G be a p-divisible group over A. We have a covariant Dieudonné crystal D(G) which is a
crystal on the nilpotent crystalline site NilCrys(Spf(A)/Spf(Z,)) ([Mes72, Chapter IV]).
We set

D(G) :=D(G)4
F'D(G) := Ker(D(G) 4 — Lie(G)) = Lie(G*)*.
Let Go := G ® A/pA. The ring morphism o, the Frobenius map Fr: A/pA — A/pA, and
the Verschiebung map G((]p ) Gy induce the following morphisms of A-modules
D(G)” = (D(Go)(a-a/pa))°

= (FriyD(Go)) asaspa)

= D(G)(a-a/p1)

— D(Go)(a-a/pa)

= D(Q).
Note that the PD thickening A — A/pA is nilpotent because p > 3. The o-linear morphism
induced by the composite of the above morphisms is denoted by F': D(G) — D(G).

The following result is presumably well-known to experts (see [Laul4, Proposition

3.17)).

Proposition 2.2.13. The triple (D(G) D F'D(G), F) is a 1-display over the tauto-
logical frame A (see Remark 2.2.11).

Proof. We give the proof for readers’ convenience. It suffices to prove that F(F1D(G))
is contained in pD(G), and D(G) is generated by F(D(G)) and p~'F(F'D(Q)).
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We consider the following A/pA-linear map
Fy - (D(Go) aspa)? = D(G)” @ A/pA = D(G) @ A/pA = D(Go) ajpa-

We consider the following diagram.

Lie((GY)*)* —— F'D(G)° ® A/pA — D(G)° @ A/pA

Lie(G3)* F'D(G) ® A/pA ——— D(G) ® A/pA

In this diagram, the left vertical map is zero because this map is induced by the relative
Frobenius morphism G} — (G§)®) = (G(()p))*. Thus F(F'D(G)) C pD(G).

Let us fix an A-submodule L of D(G) such that D(G) = L & F'D(G). The o-linear
maps F|; : L — D(G) and p~'F : F1D(G) — D(G) induce a o-linear map

F:D(G)=La& F'D(G) — D(G).

It suffices to show that F induces a surjection of A-modules D(G)° — D(G). By
Nakayama’s lemma, it suffices to prove that, for an arbitrary field & and an arbitrary
ring morphism A/pA — k, the Frobenius-linear map F' ®4 k induces a surjective mor-
phism of k-vector spaces D(G)? ®4 k — D(G) ®4 k. We may assume that k is a perfect
field. Since A is p-torsion free, the Frobenius lift o : A — A induces a ring homomorphism
A — W(A) by |Laz75, VII, Proposition 4.12]. Thus the composite of A — A/pA — k
induces a ring homomorphism A — W (k) commuting with Frobenius lifts. Taking base
change by A — W (k), it suffices to consider the case where A = W (k) and o is the Witt
vector Frobenius.

In this case, D(G) is the covariant Dieudonné module of the p-divisible group G over
k. We have a o~ !-linear map V : D(G) — D(G) satisfying V(D(GQ)) = F~'(pD(Q)).
Therefore pL & F'D(G) is contained in V(D(G)). Since

dimy((pL & F'D(G))/pD(G)) = dimy,(F'D(G) /pF' D(G))
= dimy((Lie(Gy))")
= dim G”
and
dim.(V(D(G))/pD(G)) = dim(D(G)/F(D(G)))
= dim G*

(the last equality follows from [Dem86, Chapter III, Section 9]), we see that pL & F1D(G)
coincides with V(D(G)). Therefore, we have

Im(F) = F(L) + (p~ F)(F'D(G))
= (p™'F)(pL ® F'D(G))
= (™' F)(V(D(G)))
= D(G).
0

Definition 2.2.14. The display defined in Proposition 2.2.13 is called the Dieudonné
display associated to G over the tautological frame A. It is denoted by D(G).
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Proposition 2.2.15 (Berthelot—Breen—Messing). There exists a functorial isomor-
phism of displays
(D(G))*(=1) = D(G").
Proof. See [BBMS82, Proposition 5.3.6]. O
2.2.4. Displays and p-divisible groups over Artin local rings with perfect
residue fields of odd characteristics. Asin Example 2.2.4, let R be an Artin local ring
with perfect residue field of characteristic p > 3.

Let G' be a p-divisible group over R. We have a covariant Dieudonné crystal D(G)
which is a crystal on the nilpotent crystalline site NilCrys(Spec(R)/Spf(Z,)). We set

D(G) = D(G)(W(R)—»R)

FLD(G) == Ker(D(G) 5 )y — D(G)r — Lie(G)).

The Witt vector Frobenius o : W(R) — W(R), the Frobenius map Fr : R/pR — R/pR,
and the Verschiebung map (G ® R/pR)®) — G ® R/pR induce the following morphisms of
W (R)-modules:
D(G)” = (D(G® R/pR)(W R)H»R/pR))
(Frcrys (G ® R/pR))(W(R)_»R/pR)
=D((G® R/pR)( )) (W(R)—~R/pR)
— D(G ® R/pR) %
D(G).

The o-linear map induced by the composite of the above morphisms is denoted by F' :
D(G) — D(G).

(W(R)—~R/pR)

Proposition 2.2.16 (Lau). There is a unique o-linear morphism F; : F1D(G) —
D(G) which is functorial in R and G such that the quadruple

(D(G)v FlD(G)v F7 Fl)
is a 1-display over the small Witt frame E(R) (see Remark 2.2.12).
Proof. See [Laul4, Theorem 3.19]. O

Definition 2.2.17. The display defined in Prop051t10n .2.16 is called the Dieudonné
display associated to G' over the small Witt frame K(R) It is denoted by D(G).

Remark 2.2.18. Let « : /W(R) — R be the graded rmg homomorphism which is the

composite of the two projection maps W(R) — W(R) and W(R) — R. Let h (resp. d) be
the height (resp. dimension) of G. We can take a normal decomposition D(G) = L & T

with F'D(G) = L @ I(R)T as in [Laul4, Section 2, 2A]. Then D(G) is isomorphic to
(T'® L(—1)) @gp(ry W(R) as a graded W (R)-module. Since we have the isomorphisms

T/I(R)T = D(G)/F'D(G) = Lie(G),
the rank of T" equals to d. It follows that the rank of L equals to h — d from the fact that
the rank of D(G) equals to h (for example, [BBM82, Théoréme 3.3.10]). Therefore we
get the isomorphisms

D(G)* = (T & L(—1)) @ B = R™ @ R(—=1)"7
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as graded R-modules. Here D(G)* denotes the graded R-module D(G) @ R.

(R),
Proposition 2.2.19. There exists a functorial isomorphism of E(R)—displays
(D(G))"(—1) = D(G").
Proof. Let k be the residue field of R and Gg := G ®g k. We have the universal defor-
mation of Gy
G = SpE W B[t - - ),

where d := dim(Gy) - dim(G}) by [I1185, Corollaire 4.8 (i)] (see also [Laul4, Proposition
3.11]). We put A := W (k)[[t1,...,t4)] and A, = A/(t},...,t]) forn > 1. Leto: A — A
be a Frobenius lift such that o(t;) = ¢ for all i and such that ¢ coincides with the Witt

vector Frobenius on W (k). The Frobenius lift o defines tautological frames A and A,. We
have the unique morphism of local W (k)-algebras A — R, (t; — x;) corresponding to G/R.

The morphism of local W (k)-algebras A — W(R) which sends ¢; to [z;] for all ¢ induces a
morphism of frames A — W(R). Here, [z;] denotes the Teichmiiller lift of x;. Since R is
an Artin local ring, the map A — R (resp. A — W(R)) factors as A - A,, — R (resp.

A— A, — E(R)) for some m > 1. Then, by taking base change of the isomorphism of
displays over A,, in Proposition 2.2.15

D(Y ©4 An)" = D((9 @4 An)")
by A, — E(R), we get the desired isomorphism. O

The following theorem is a main theorem of display-theoretic Dieudonné theory proved
by Lau (see [Laul4| for details).

Theorem 2.2.20 (Lau). The functor
(p-divisible groups over R) — (1-displays over @(R))
defined by G — D(G) gives an equivalence of categories.

Proof. See |[Laul4, Theorem 3.19]. O

2.2.5. Displays and p-adic formal schemes over p-torsion free bases with
Frobenius lifts. Let A and 0 : A — A be as in Remark 2.2.11. Moreover, we assume
that A is Noetherian and p > 3. Let 2 be a p-adic proper smooth formal scheme over
Spf(A) satisfying the following conditions:

e The Hodge-de Rham spectral sequence associated to 2" /A
EY = H(Z Yy ) = Hay (27/4)
degenerates at F-page.
e For i,j > 0, H/ (2", ) is a finite projective A-module. Tt follows from this
that H7 (2", Y, /a) 18 compatible with base change with respect to A.
We put X, := 2" ® A/pA.

When 2" is projective over A, the following result is proved by Langer—Zink (see [LZ07,
Theorem 5.5]).
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Proposition 2.2.21. Let
Hip (27 /A) D F Hip (27 /A) D FPHip(27/A) D -+
be the Hodge filtration. Let
F 2 Hig(2'/A) = Hig (2 /A)

be a o-linear map induced by o and the identification Hgg (2 /A) = H (Xo/A). We
assume p > n. Then the triple

(Hir (2 [A), F*Hig (27 /A), F)
is an n-display over the tautological frame A (see Remark 2.2.11).

Proof. It suffices to prove that F(F'H; (2 /A)) is contained in p"Hlx (2 /A) for i > 1,
and Hi (2 /A) is generated by the union of (p™"F)(F'H}x (2 /A)) for i > 0.

The former assertion is proved in [LZO07, Lemma 5.4] when 2 is projective over A.
In the general case, we use the results of Berthelot—Ogus as follows. By [BO78, Theorem
8.16 and Theorem 8.20], for i € [0,n], we get the following commutative diagram in the
derived category.

>Z € °
Qérv/A g Q%U/A wa/A

| |

L@y, —= P A®G QY )y — Uy 4

Here € : N — N is defined by €(j) = max{j — 1,0}, n: N — N is defined by n(j) = €(j) + j,
and Q?.U/A(resp. QEXU/A) is the subcomplex of Q%J/A whose degree j part is 0 for 7 <i—1
and €, /A for j > (resp. 0 for j < —1 and Q}@, /A for j > 0). Taking hypercohomology,
the first assertion is proved.

We prove the latter assertion. By the same argument as the proof of Proposition
2.2.13, it suffices to consider the case that A = W (k) where k is a perfect field and o is
the Witt vector Frobenius. Then the latter assertion follows from the strong divisibility
of the crystalline cohomology H. . (Xo/W (k)) since p > n (see |[Fon83, p.91, Section 1,

crys

Proposition (i)]). O
The n-display given by Proposition 2.2.21 is denoted by Hjz (2 /A).

2.2.6. Displays and K3 surfaces over Artin local rings. Let R be an Artin local
ring with perfect residue field k of characteristic p > 3.

Definition 2.2.22. (|[Lau2l, Definition 8.0.1]) A K3 display (M, (,)) consists of a

=

E(R)—display M = (M, F) and a symmetric perfect pairing
(.): M x M — W(R)(-2)

(i.e. a morphism of @(R)—displays Mo M — @(R)(—Q) which is a symmetric perfect
pairing of graded W (R)-modules) such that
M*= R® R(—1)*" @ R(-2)

as graded R-modules for some n > 0. Here, « : @(R) — R is the map of graded rings
defined in 2.2.18.
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The following result is proved by Langer—Zink |[LZ19, Proposition 19| (see also [Lau21,
Section 8.1]).

Prop051t10n 2.2.23 (Langer—Zink). Let X be a K3 surface of over R. Then

X/W(R)) is canonicall equipped with K3 display structure. To be more precise,
crys Yy y
there exists a canonical K3 display

(H2,(X/W(R)). (,))

satisfying the following conditions:

(1) The degree 0 part (_CryS(X/W( )))o coincides with HfryS(X//W(R)), and

(:)o : Haye(X/W(R)) x Hzy (X/W(R)) — W(R)

crys

is the pairing defined by Poincaré duality.
(2) For i = 1,2, let M be the image of the composite of the following maps:

(H2,o(X/W(R))); ~5 H2,(X/W(R)) - H3y(X/R).
Then
Hiz(X/R) > M' > M?

is the Hodge filtration.

(3) Th; K3 display (H2.,(X/ W( ))s (,)) is compatible with base change with respect
to I.

Proof. We briefly give a sketch of the proof for readers’ convenience. Let X := X Qg k.
Let Z° — Spf(W(k)[[t1,...,t20]]) be the universal deformation of X,. We put A :=
W(k)[[t1, ..., ta]] and A, := A/(t},...,t5). Let o be a Frobenius lift such that o(¢;) =
for all 7 and such that o coincides with the Witt vector Frobenius on W (k). The Frobenius
lift o defines the tautological frames A and A,. We have the unique morphism of local
W (k)-algebras A — R, (t; — ;) corresponding to X/R. The morphism of local W (k)-
algebras A — /W(R) which sends ¢; to [z;] for all ¢ induces a morphism of frames A —
E(R) Here, [z;] denotes the Teichmiiller lift of ;. Since R is an Artin local ring, the ring
morphism A — R (resp. the morphism of frames A — E(R)) factors as A - A,, = R
(resp. A = A, — @(R)) for some m > 1. Then, by taking base change of the A,,-display
H2: (2 ®4 Ap)/A) (defined in Subsection 2.2.5) and a symmetric perfect pairing

Hin (2 ®4 An)[An) X Hig(Z ®4 Ap)/An) = An(-2)
by the morphism of frames A,, — E(R), we get the desired K3 display. O

The following theorem is a display-theoretic deformation theory for K3 surfaces proved
by Lau [Lau21]. (When X is ordinary, it is proved by Langer—Zink [LZ19, Theorem 36].)

Theorem 2.2.24 (Langer—Zink, Lau). Let S — R be a surjection of Artin local
rings with perfect residue field of characteristic p > 3 and X be a K3 surface over R. Then
X'/8 5 Hyo(X'/W(5))
gives an equivalence of categories between deformations of X to K3 surfaces over S and

deformations of H2.  (X/W(R)) to K3 displays over W (S).

== crys

Proof. See [Lau2l, Theorem 8.1.1|. O
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2.3. Crystalline cohomology and the enlarged formal Brauer group

First, we recall some results in [NO85, Section 3|. Let p be a prime number, k be
a perfect field of characteristic p, R be an Artin local ring over W (k) with residue field
k, and X/R be a K3 surface of finite height (i.e. a proper flat scheme over R whose
closed fiber X is a K3 surface of finite height). To this, we can associate a formal p-
divisible group Br x/r which is called the formal Brauer group of X/R and a p-divisible
group ¥ x,r which is called the enlarged formal Brauer group. We note that E\rX/R is the
connected component of the identity of 1 x/r. For a p-divisible group G over R, let D(G)
be the (covariant) Dieudonné crystal on NilCrys(Spec(R)/Spf(Z,)). Let HZ,(X/R) be
the crystal on Crys(Spec(R)/Spf(Z,)) such that

Hers(X/R)(S — R) = X/9)

for any (S — R) € Crys(Spec(R)/Spf(Z,)). By [NO85, Theorem 3.16], there is a natural
morphism of F-crystals

crys(

p D(xsn) > Bl (X/R).

By the composition with the inclusion ]D(BrX/R) — D(¥x/r), we get a morphism
D(Brx/r) — HZ,,(X/R). Taking the dual, we get a morphism of F-crystals

HYo(X/R) = D(Bry/z) (—1)
X/R)(2) and D(Brxn)* = D(Bryp)(1):

Theorem 2.3.1 (Nygaard—Ogus). There is the following exact sequence of F-
crystals:

because H2 (X/R)* =

crys crys (

0 — D(¢x/r) 2 H2,(X/R) — D(Bry,z)(~1) — 0.

crys

Moreover, by evaluating on the trivial PD thickening R u, R, we get the following com-
mutative diagram:

0 0 F2H3p(X/R) —= F'D(Bry )(—1)r —= 0

|

0— FlDwX/R)R - FlHdR(X/R> - D(BTX/R (-)r—0

D(BTX/R)( Dp——=0

0 —— D(¢x/p)r —— H3x(X/R)

In this diagram, all horizontal rows are exact.
Proof. See [NO85, Theorem 3.20]. O

In this section, we prove a display-theoretic analogue of Theorem 2.3.1. By evaluating
on the PD thickening W(R) — R, we get a morphism of W(R) modules

DW}X/R)(W( R)—R) — ngys(X/W(R))'
We want to construct a morphism of W(R)—displays D(¢x/r) — HZ, (X /W(R)) which

==crys
induces p on the underlying W (R)-modules. In order to do this, we work on p-torsion free

bases.
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In the following, we assume p > 3. Let 2" — Spf W (k)|[[t1, ..., t20]] be the universal
deformation of Xy. We put A = W(k)[[t,....t20]], An = A/(t},....t5), and %, =
2 ®a A, Let 0 : A — A be the endomorphism such that o(¢;) = ¢! and such that o is

the Frobenius on W (k). By evaluating p on the trivial PD thickening A, 9 A, we get a
morphism of A,-modules
pay D a,)a, = Hip(Xn/An).

Here D(v4;,/4,)a, is the underlying A,-module of the Dieudonné display associated to
VY2, /a,, and Hig(25,/A,) is the underlying A,-module of the K3 display associated to the
K3 surface 2,,/A,.

Proposition 2.3.2. The map p4, defines a morphism of A,-displays

Proof. It suffices to prove that ps, commutes with F' and preserves filtrations. The
former is clear because p is a morphism of F-crystals. We prove the latter assertion.
Since D(v4;,/4,) is a 1-display, it suffices to prove that pa,(F'D(¢;/4,)) is contained
in F'H2:(%2,/A,). This assertion follows from the commutative diagram in Theorem
2.3.1. ([l

Composing pa, with Q(/B\rgn /a,) = D(g;,/4,), we get a morphism of A,-displays

Q(E;yfn/An) — H3x(2,/A,). By taking the dual of this map, we get a morphism of
Ap-displays

H24(2/A,) = D(Bry. 5 )(—1)
because D(Bry, /a,)* = D(Bry. 4 )(1) and (H2p(25/A0))* = H2(25/40)(2).

Theorem 2.3.3. There is the following exact sequence of A,-displays:

PAp

0= D /a,) == H2(Zn/An) = D(Bry 10 )(~1) =0

Proof. It suffices to show that the following three sequences of A,-modules are exact.
0 — D($a,) 2% H2(20/An) = D(Bry u) — 0
0= F'D(t,/4,) 225 FYH3(20/As) = D(Bry. a) — 0
0= F2D (¥, /a,) 225 F2H3(20/A,) = F*D(Bry. 4.) — 0
The exactness of all sequences follows from Theorem 2.3.1. [l

Corollary 2.3.4. Let X/R, ©x/g, and /B\rX/R be the same as the beginning of this
section. Then there is the following exact sequence of W (R)-displays:

0 — D(x/r) — H2(X/W(R)) = D(Bry,p)(~1) — 0.

== crys

Moreover, this sequence is compatible with base change with respect to R.

Proof. Let A — R, (t; — x;) be the morphism which corresponds to the deformation
X/R. We define ¢ : A — /I/I?(R) by ¢(t;) = [z;], where [z;] denotes the Teichmiiller lift of
x;. Then, for a sufficiently large n, the map ¢ induces a morphism of frames A, — E(R)
Taking the base change of the sequence in Theorem 2.3.3 by this morphism, we get the
desired exact sequence. ([l
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2.4. A constrution of quasi-canonical liftings

In this section, we prove the main result of this chapter.

Theorem 2.4.1. Let X, be a K3 surface of finite height h < oo over a finite field £ of
characteristic p > 3. Then there exist a totally ramified finite extension V/W (k) of degree
h and a quasi-canonical lifting X/V of X,/k.

Proof. We follow the strategy of Nygaard—Ogus [NO85|. Instead of the crystalline de-
formation theory used in [NO85|, we use the display-theoretic deformation theory of K3
surfaces. .

We put & = Fym. Let Bry,x (resp. ¥x,/x) be the formal Brauer group (resp. the

enlarged formal Brauer group) of Xy/k. We note that ht(Brx,/x) = h, ht(¢¥x, k) = 22 —h,
and dim(ﬁ\rxo/k) = dim(vx,/k) = 1. Let Fr: /B\ng/k — /B\rg/k be the relative Frobenius
morphism. By [Haz12, Theorem 24.2.6, Theorem 24 3.4], there exists a totally ramified
finite extension V/W (k) of degree h, a llftlng G of Br Xo/k over V', and an endomorphism

F : G — G which lifts Fr'™ Brxo/k — BrXO/k Let m be a prime element of V.
For each n > 0, we put R, := V/7""! and G,, := G ®y R,,.. Let H,, denote the unique

lifting of the étale part of ¥x, /i over R,. We deﬁne a E(Rn)—display K(G,) as

Taking base change by E(Rn) — W (k), the right hand side gives the slope decomposition
of H2. (Xo/W(k)). Let a : W(R,) — R, be as in Remark 2.2.18. Since we have the

2L erys
following isomorphisms

(Gn)* = Ry & Ry (—1)%""
(Hn)a oY Rﬂ(_1)@2272h
(G = R & Ru(=1)

o 19 IS

by Remark 2.2.18, K(G,)® is isomorphic to
R, ®R,(-1)** @ R,(-2).
We have a canonical perfect pairing
D(Gn) x D(Gy)(=1) = W(R,)(~2)
and a perfect pairing
D(Hy) x D(Hy) = W(R,)(~2)

which is the unique lifting of the pairing on the slope one part of H2((Xo/W (k)) (|Zin01b,
Lemma 42]). These pairings define a K3 display structure on K(G,,).

Let 2" be a formal lifting which corresponds to the inverse system of K3 displays
{K(G,)} (Theorem 2.2.24). Let X,, := 2 ®y R,. Then X, is a K3 surface over R,
corresponding to the K3 display K(G,,). We consider the following morphisms of @(Rn)—
displays:

D(Gy)(—1) = K(Gp) = Hz, o (Xn/W(Rn)) = D(Bry, j5,)(—1),

== crys
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where the last morphism is the one in Corollary 2.3.4. The composite of the above mor-
phisms is an isomorphism of displays because it becomes an isomorphism after the base

change by E(Rn) — W (k). Then we have the following diagram.

*

D(yx, /n,) H2yo (X0 /W(Ry)) — D(Bry, /p,)(~1) —=0

lw

D(GT)(=1) ——0

0

v

0 — D(G,) ® D(H,) K(Gr)

In this diagram, both rows are exact by Theorem 2.3.3. So we get a canonical isomorphism
of displays

D(¢x,r,) — D(G,) ® D(H,) = D(G, & H,).

an/Rn :> Gn S Hn

of p-divisible groups over R,,. In particular, the enlarged formal Brauer group x, /r, splits
into a direct sum of a connected part and an étale part. Since the map Pic(X,,) — Pic(Xj)
is surjective by the argument in the proof of [Nyg83, Proposition 1.8], there is a proper
smooth scheme X over V' and a line bundle .Z on X such that X ®y R, = X,, and Z|x,
is ample and primitive.

By [NO85, Definition 1.5 and Theorem 1.9|, in order to prove that X/V is a quasi-
canonical lifting of Xo/k, it suffices to prove that there exists ¥ € Weys(K) of non-zero
degree such that the action of v on H2;(X/V) ®y K preserves the Hodge filtration. Let
H denote the unique lifting of the étale part of 1y, /x. By the definition of K(G,),

Hip(X/V) =D(G)v @ D(H)y ® D(G*)(~1)y
O F'D(G)y @ D(H)y @ D(G*)(—1)y
O F'D(G*)(—1)y

is the Hodge filtration on Hgg(X/V). Here K is an algebraic closure of the fraction field
of V' and We,ys(K) is the crystalline Weil group (for the definition, see [BO83, Definition

4.1]). By [BO83, Proposition 3.14|, we have W, (K )-equivariant isomorphisms
Hip(X/V) @ K = (D(G)y ©@ D(H)y @ D(G*)(-1)v) @v K
= (D(Brx,/k)w k) ® D(Ho)w k) ® D(Bry, i) (—wr) Qw K

= Heo(Xo/W(K)) @we) K.

crys

Since the isomorphism
D(G")v @v K = D(G)w) @wry K = D(Bry, p)w Swa K

is functorial in G, an element v € Weys(K) with deg(y) = m acts on D(G*)y ®y K as
D(F*) ® 7. Therefore, the action of such v € Wey(K) on H3g(X/V) ®y K preserves the
Hodge filtration. This completes the proof. ([l






CHAPTER 3

Slope filtration of log p-divisible groups

3.1. Introduction
The following is the first goal of this chapter.

Theorem 3.1.1 (see Corollary 3.3.7). Let (X, Mx) be a locally noetherian normal
fs log scheme over F,. Then, for a log p-divisible group G over (X, Mx) with constant
Newton polygon, there exists a completely slope divisible log p-divisible group H and an
isogeny G — H.

This result is deduced from the corresponding result of Oort-Zink by using the fact
that a completely slope divisible log p-divisible group is written as an extension of a clas-
sical étale p-divisible group by a classical completely slope divisible formal Lie group (see
Proposition 3.3.4).

Next, we consider a stronger statement. Oort-Zink proved the above result by extending
an isogeny generically defined. We prove that we can make the same procedure for log p-
divisible groups.

Theorem 3.1.2 (see Theorem 3.5.4). Let (X, My) be a log regular fs log scheme
over F, and U be a dense open subset of X. Let G be a log p-divisible group over
(X, Mx). Suppose that we are given a completely slope divisible log p-divisible group
Hy over (U, My ) and an isogeny G|y — Hy. Then there exist a completely slope divisible
log p-divisible group H over (X, M) and an isogeny G — H which restricts to the given
isogeny G|y — Hy.

When X is regular, this theorem follows from a result on the extendability of complete
slope divisible log p-divisible groups (see Proposition 3.5.3). In general cases, we reduce
the problem to the above case by using resolutions of toric singularities in [Niz06].

Note that we need the assumption of log regularity. Theorem 3.1.2 does not hold under
the assumption of Theorem 3.1.1 (for a counterexample, see Remark 3.4.7).

The outline of this chapter is as follows. In Section 3.2, we review the definitions of kfl
topology, kfl quasi-coherent sheaves, log finite group schemes, and log p-divisible groups,
and we prove some fundamental properties of them. In Section 3.3, we introduce the notion
of completely slope divisible log p-divisible groups and Newton polygons for log p-divisible
groups. In Section 3.4, we review the definition and properties of log regular fs log scheme,
and we study log finite group schemes and kfl vector bundles on log regular fs log schemes
for the proof of Theorem 3.5.4. In Section 3.5, we shall prove Theorem 3.5.4.

Convention. Throughout this chapter, fiber products of saturated log schemes are
taken in the category of saturated log schemes unless otherwise specified. For morphisms
of saturated log schemes (X, Mx) — (Z, My) and (Y, My) — (Z, M), the saturated
fiber product of (X, Mx) and (Y, My ) over (Z, M) is simply denoted by

(X, Mx) X (z.mp) (Y, My).
21



22 3. SLOPE FILTRATION OF LOG P-DIVISIBLE GROUPS

3.2. Preliminaries on log schemes and log p-divisible groups
Throughout this section, let (X, M) denote an fs log scheme.

3.2.1. Kummer log flat topologies.
We recall some basic results on Kummer log flat topology (which is called kfl topology,
for short) introduced by Kato in [Kat21, Definition 2.3].

Definition 3.2.1 (Kummer maps of monoids). A monoid map f: M — N is called
Kummer if f is injective and, for every ¢ € N, there exist an integer n > 1 and p € M
such that f(p) = ¢".

Definition 3.2.2 (|Kat21, (1.10) and Definition 2.2]). Let f: (X, Mx) — (Y, My)
be a morphism of fs log schemes.

(1) The morphism f is log flat (resp. log étale) if, fppf (resp. étale) locally on X and
Y, there exists a chart P — @ of f, where P and () are finitely generated, such
that the following conditions are satisfied:

e the induced map P — QP is injective (resp. injective and its cokernel is a
finite abelian group with an order invertible on X);

e the induced morphism (X, Mx) = (Y, My) ®p), p)e (Z[Q], Q)* is strict flat
(resp. strict étale).

(2) The morphism f is Kummer if, for each x € X, the natural map Myz/Oy, —
M z/Ox 5 is Kummer, where y := f(z).

Lemma 3.2.3. Let f: (X, Mx) — (Y, My) be a Kummer morphism of fs log schemes.
Suppose that X is quasi-compact, and that we are given an fs chart P — My. We put
(Yo, My,) = (Y, My) Qpj,pys (Z[P"], PY/")® for an integer n > 1. Then the natural
morphism

(X,Mx) X (Y, My) (Yn,./\/ly/) — (YnuMYn)

is strict for some n > 1.
Proof. See the proof of [Kat21, Proposition 2.7 (2)]. O

Definition 3.2.4. A family of morphisms {f;: (U;, My,) = (X, Mx)} of fs log schemes
is called a Kummer log flat covering (resp. a Kummer log étale covering) if the following
conditions are satisfied.

(1) Each f; is log flat (resp. log étale) and Kummer, and its underlying morphism of
schemes is locally of finite presentation.
(2) The family is set-theoretically surjective, i.e. X = Uf;(U;).
For short, a Kummer log flat covering (resp. a Kummer log étale covering) is called a kfl
covering (resp. a két covering).

We define a site (X, Mx)n (resp. (X, Mx)t) as the category of fs log schemes
over (X, Mx) equipped with the topology defined by kfl coverings (resp. két coverings)
([Kat21, Definition 2.3|). This topology is called kfl topology (resp. két topology), and
the resulting site is called a kfl site (resp. a két site). The kfl topology is subcanonical
([Kat21, Theorem 3.1]). In other words, for an fs log scheme (Z, M) over (X, Mx), the
presheaf on (X, Mx)ia given by (Y, My) = Morx umy) (Y, My), (Z, Mz)) is a sheaf. In
particular, we have a sheaf on (X, Mx )k defined by (Y, My) — T'(Y,Oy), denoted by
Ox,Mmy)- Furthermore, we define Gy, 105 as the strict étale sheafification of the presheaf
on (X, Mx)a given by (Y, My) — T'(Y, My ). Then G,, o is a sheaf on (X, Mx )i
([Kat21, Theorem 3.2]).
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3.2.2. Kfl vector bundles. Let (X, Mx) be an fs log scheme.

Definition 3.2.5. A vector bundle on the ringed site ((X, Mx )k, Ox,my)) is called a
kfl vector bundle on (X, Mx). The category of kfl vector bundles on (X, M) is denoted
by Vectyq (X, Mx). The family of short exact sequences as sheaves on (X, M x )i makes
Vectyq (X, Mx) an exact category.

For a vector bundle £ on X, we define the Ox ay)-module () by (Y, My)
LY, f*€), where f: Y — X is the structure morphism. By [Niz08, Proposition 2.19],
(&) is a sheaf on (X, Mx)a.

Lemma 3.2.6. The functor ¢: Vect(X) — Vectya (X, Mx) gives a bi-exact equivalence
to the essential image, where Vect(X') denotes the category of vector bundles on X.

Proof. Fully faithfulness and exactness follow from the definition. It suffices to prove
that a sequence of vector bundles on X

(3.2.1) 0—=& =& —E —0
is exact if the associated sequence
(3.2.2) 0— (&) = (&) — (&) — 0

is exact in Vectyn (X, Mx). Let U be an affine open subset of X. Since H'((U, My), (1))
vanishes by [Niz08, Proposition 3.27|, applying H°((U, My),—) to the exact sequence
(3.2.2) gives an exact sequence

Therefore, the sequence (3.2.1) is exact. O

We regard Vect(X) as a full subcategory of Vectyq(X, Mx) via the functor ¢. When
there is no possibility of confusion, we simply write £ for ¢(£). A kfl vector bundle £ on
(X, Mx) is called classical if € belongs to Vect(X).

Lemma 3.2.7. Let (X, M) be a quasi-compact fs log scheme and F be a kfl quasi-
coherent sheaf on (X, Mx). Suppose that we are given an fs chart P — M. Then the
pullback of F by a kfl covering

(X, Mx) @cpypye (Z[PV7], PV = (X, M)
is classical for some n > 1.

Proof. Take a kfl covering (Y, My) — (X, Mx) such that Y is quasi-compact and
F|(v.myy is classical. For an integer n > 1, we set

(Xn, Mx,,) = (X, Mx) @ipyp)e (ZIPY"], P,
(Yo, My,) = (Y, My) ®pyp)e (Z[PV"], PV
By Lemma 3.2.3, the natural morphism
(Y, My,,) — (X, Mx,,)

is a strict fppf covering for some m > 1. Since F |y, is classical, F|y,, a1y, ) 18 classical.
By fppf descent, F|(x,, ry,,) is also classical. O

Proposition 3.2.8. Let {(X;, Mx,)}icsr be a cofiltered system of fs log schemes
satisfying the condition (%) in the beginning of Appendix 3.A. We put (X, Mx) =
i, (X, M)
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(1) Suppose that the cofiltered category I has a final object 0. Let & and Fy be kfl
vector bundles on (X, Mx,). We put

& = 80‘(Xi’MXi)’ €= 50‘(X,MX)’
Fi = -7:0|(X1-,MX1,)7 F o= f0|(X,MX)‘
Then the natural map
lim Hom(&;, ;) — Hom(€, F)
iel
is an isomorphism.

(2) For any kfl vector bundle £ on (X, Mx), there exist 7 € I and a kfl vector bundle
& on (X;, Mx,) with an isomorphism &|x = €.

Proof. (1) By working Kummer log flat locally on (X,, Mx,), this statement follows
from the limit argument for usual vector bundles on schemes.

(2) Take a qcgs kfl covering (Y, My) — (X, Myx) such that £|y is classical. By
Proposition 3.A.3 (2) and Proposition 3.A.5 (4), (Y, My) — (X, Mx) comes from a kfl
covering (Y;, My,) — (X;, Mx,) and &|y comes from a vector bundle &, over Y; for
some i € I. By replacing ¢ with a bigger object of I, we may assume that the descent
datum of &|y over (Y, My) X (xmy) (Y, My) comes from the descent datum of &y, over
(Yi, My;) X(x; my,) (Yi, My;), which defines a kfl vector bundle & on (X;, Mx,) with an
isomorphism &|x = £. O

Proposition 3.2.9 (cf. [Kat21, Theorem 6.2]). Let £ be a kfl vector bundle on
(X, Mx). Suppose that the pullback of £ to a point = € X is classical. Then there exists
an open neighborhood U C X of & such that €| ) is classical. In particular, if the
pullback of £ to every point € X is classical, then &£ is also classical.

Proof. By the limit argument (Proposition 3.2.8), we may assume that X is the spectrum
of a noetherian strict local ring with the unique closed point x. In this case, the assertion
follows from |[Kat21, Theorem 6.2]. O

3.2.3. Log finite group schemes.
In this subsection, we review the definition of log finite group schemes and prove some
fundamental properties.

Definition 3.2.10 (|[Kat23|, Section 1). (1) A sheaf of abelian groups G on
(X, Mx)xa is called a weak log finite group scheme if there exists a kfl cover-
ing {(Ui, My,) — (X, Mx)} such that the pullback G|y, a1,,) is representable by
a finite locally free group scheme over U;. The category of weak log finite group
schemes over (X, Mx) is denoted by wFin(X, Mx).

(2) For a weak log finite group scheme G over (X, Mx), the sheaf G* .= Hom (G, G,,)
on (X, Mx) is called the Cartier dual of G. The sheaf G* is also a weak log
finite group scheme over (X, Mx).

(3) A weak log finite group scheme G over (X, M) is called a log finite group scheme
if G and G* are representable by a finite Kummer log flat fs log scheme of finite
presentation over (X, My). The full subcategory of wFin(X, M) consisting of
log finite group schemes is denoted by Fin(X, Mx).

We have the inclusion relation of categories

Fin(X) C Fin(X, Mx) C wFin(X, Mx),
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where Fin(X) denotes the category of finite locally free group schemes over X. A weak log
finite group scheme G over (X, Mx) is called classical if G belongs to Fin(X).

Definition 3.2.11. Let (X, Mx) be an fs log scheme. A weak log finite group scheme
G over (X, M) is called of order n if there exists a kfl covering {(U;, My,) — (X, Mx)}
such that G|, my,) is classical and of order n for every i.

Example 3.2.12. For an fs log scheme (X, M ) with M x being trivial, every log finite
group scheme over (X, Mx) is classical. This follows from the fact that every Kummer
morphism (Y, My ) — (X, Mx) of fs log schemes is strict.

Example 3.2.13. Let n > 1. A log abelian variety A over an fs log scheme (X, M)
(for its definition, see [KIKKNO8b, Definition 4.1|) is a sheaf on (X, Mx)g by [Zhal?7,
Theoerem 2.1(1)]. Then A[n] := Ker(xn: A — A) is a log finite group scheme of order
n2dmA) over (X, Mx) by [KKN15, Proposition 18.1 (2)], Proposition 3.2.24 below, and
|Zhal7, Proposition 3.4 (3)].

Example 3.2.14. Let (X, My) be an fs log scheme. For n > 1, we have a Kummer
sequence (|[Kat21, Proposition 4.2|)
0= ttn — Gy log =y Gijlog — 0.
From this sequence, we get a connecting homomorphism
Grno(X, M) = T(X, M) — H'((X, Mg ) = Extly uio, (Z/nZo ),
which associates to any ¢ € I'(X, M%) an extension of sheaves on (X, Mx )i
0— pn, = Gy — Z/nZ — 0.
The sheaf G, is a log finite group scheme by [Kat23, Proposition 2.3|.

Lemma 3.2.15. Let G be a weak log finite group scheme over a quasi-compact fs log
scheme (X, M) with an fs chart P — M. Then the pullback of G by a kfl covering

(X, Mx) @) pye (Z[PV"], PV = (X, M)
is classical for some n > 1.
Proof. This follows from the same argument as Lemma 3.2.7. 0
Proposition 3.2.16. Let {(X;, Mx,)}icr be a cofiltered system of fs log schemes
satisfying the condition (%) in the beginning of Appendix 3.A. We put (X, Mx) =
Lmie[(Xi’MXi)'
(1) Suppose that the cofiltered category I has a final object 0. Let Gy and Hy be
weak log finite group schemes over (Xy, Mx,). We put
Gi = Golximy,), G = Golx.myx),
H; = Hol(Xi’MXi)’ H = HO’(XvMX)'
Then the natural map
hﬂHom(Gi, H;) — Hom(G, H)
iel
is bijective.
(2) For a weak log finite group scheme G over (X, M), there exist i € I and a weak
log finite group scheme G; over (X;, My;) with an isomorphism Gi|x my) = G.
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(3) For a log finite group scheme G over (X, My), there exist i € I and a log finite
group scheme G; over (X;, My,) with an isomorphism G;|(x ) = G.

Proof. (1) By working Kummer log flat locally on (X,, Mx,), this statement follows
from the limit argument for usual finite locally free group schemes over schemes.

(2) This follows from the same argument as Proposition 3.2.8 (2).

(3) This follows from (1) and the limit argument for finite Kummer log flat fs log
schemes of finite presentation (Proposition 3.A.3 and Proposition 3.A.5 (4)). O

Remark 3.2.17. The theory of log finite group schemes is introduced and developed
in [Kat23| under the assumption that the base log scheme is noetherian. Since an fs
affine noetherian log scheme can be written as a limit of a cofiltered system of fs affine log
schemes satisfying the condition (x) in the beginning of Appendix 3.A by Lemma 3.A.2
Proposition 3.2.16 enables us to generalize several results in loc. cit. to the non-noetherian
case.

Let G be a weak log finite group scheme over (X, Mx). We let Ag denote the sheaf of
morphisms Mor(G, Ox amy)) on (X, Mx)a. The O(x ay)-algebra structure on Opx ay)
makes Ag an O(x ay)-algebra, and the abelian group structure on G defines a commutative
Hopf

O(XvMX)
-algebra structure on Ag. When G is classical, Ag coincides with the usual coordinate
ring of G. Hence, by working kfl locally on (X, Mx), we see that the underlying O(x r1)-
module of Ag is a kfl vector bundle. Therefore, Ag is a commutative Hopf object of the
unitary symmetric monoidal category Vectyq (X, Mx).

Conversely, for a commutative Hopf object A of Vectyy(X, Mx), we let G 4 denote
the sheaf of homomorphisms of Ox ay)-algebras Hom (A, Ox ay)) on (X, Mx)ia. The
commutative Hopf structure on A defines an abelian group structure G 4. By working kfl
locally on (X, My), we see that G 4 is a weak log finite group scheme over (X, Mx).

Proposition 3.2.18 (cf. |[Kat23, Proposition 2.15]). The assignments G +— Ag
and A — G4 give a contravariant equivalence between the category wFin(X, M) and
the category of commutative Hopf objects of the unitary symmetric monoidal category
Vectyq (X, Mx ). Moreover, an weak log finite group scheme G over (X, M) is classical if
and only if Ag is classical.

Proof. The former assertion follows from the definition, and the latter assertion follows
the former one. O

Proposition 3.2.19. Let H C G be weak log finite group schemes over (X, Mx).
Suppose that G is classical. Then H and G/H are also classical.

Proof. By working kfl locally on (X, Mx), we see that the inclusion morphism H — G
induces a surjection Ag — Apg. Since Ag is classical, Ay is also classical by [Niz08,
Proposition 3.29]. Hence, Proposition 3.2.18 implies that H is classical. Therefore, G/H
is also classical. OJ

Construction 3.2.20 (Connected-étale sequences,cf. [Kat23, (2.6)]).

Suppose that X = SpecR for a henselian local ring R, and let G be a weak log finite
group scheme over (X, Mx). We shall construct a unique exact sequence of objects of
weak log finite group schemes

(3.2.3) 0-G" =G —=G*—=0
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such that, for every finite Kummer log flat cover (Y, My ) — (X, Mx) with G|y ) being
classical, the pullback of the sequence (3.2.3) is the connected-étale sequence for G|y, py)-
This sequence is called the connected-étale sequence for G. The uniqueness follows from
the uniqueness of connected-étale sequences in non-log cases.

First, we assume that R is strict local. Take a chart P — Mx. By Lemma 3.2.15,
there exists an integer n > 1 such that the pullback G|y a4, is classical, where we set
(Y, My) = (X, Mx) ®gp|.pe (Z[PY™], PY™)2. Since Y is the spectrum of the finite
product of strict local rings, the connected-étale sequence for G|y a4,y descends to the
sequence (3.2.1) via kfl descent by the uniqueness of connected-étale sequences in non-log
cases.

In general, what we proved in the previous paragraph and the limit argument (Propo-
sition 3.2.16) allow us to take a strict finite étale cover (X', Mx/) — (X, Mx) such that
G|(x',M,,) admits a connected-étale sequence. By the uniqueness of connected-étale se-
quences, this descends to the desired sequence (3.2.1).

Lemma 3.2.21. Suppose that X is the spectrum of a henselian local ring. Let H C G
be weak log finite group schemes over (X, Mx). Then there are natural isomorphisms

H'>=HNG’, H* =Im(H — G*), (G/H)"=G°/H°, (G/H)* = G*/H*.

Proof. The analogous statements for non-log finite locally free group schemes are well-
known, to which one can reduce the original statement by kfl descent. 0

Proposition 3.2.22 (cf. [Kat23, Proposition 2.7 (3)]). Suppose that X = SpecR for
a henselian local ring R with residue characteristic p > 0. Let GG be a weak log finite group
scheme over (X, M) killed by some power of p. Then G is a log finite group scheme if
and only if both of G° and G* are classical. Moreover, in this case, G° (resp. G%) is a
connected finite locally free group scheme (resp. a finite étale group scheme) over X.

Proof. This is proved in [Kat23, Proposition 2.7 (3)| in the case where R is noetherian.
In general, one can reduce the problem to this case by the limit argument (Proposition
3.2.16). O

Lemma 3.2.23. Let G be a log finite group scheme over (X, Mx). Suppose that p
is locally nilpotent on X and that the order of (G|,)® is constant for every z € X. Then
there exists a unique exact sequence

0—>G"—G— G =0,

where G is a finite locally free radiciel group scheme over X and G¢' is a finite étale group
scheme over X.

Proof. Since the exact sequence as in the statement is unique if it exists, we may work
étale locally on X. Take x € X. By applying the limit argument (Proposition 3.2.16) to
the connected-étale sequence for the pullback of G to the strict localization of X at Z, one
can take an étale neighborhood U of X at z and an exact sequence

0—GY% — Gly = G8 =0,
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where GY; is a finite locally free group scheme over U and G¢! is a finite étale group scheme
over U by Proposition 3.2.22. For every t € U, we have the following diagram:

0 —=(G,)" Gle (Gl)* —=0
A
0 ——= Gyl — (Glv)l Gyl 0.

By the assumption, the right vertical homomorphism is a homomorphism between finite
étale group schemes of the same order, which is an isomorphism. Hence, the left vertical
morphism is also an isomorphism. In particular, G, is radiciel over U. Since we may work
étale locally on X, this proves the statement. 0

Proposition 3.2.24 (cf. [Kat23, Proposition 2.16]). Let G be a weak log finite group
scheme over (X, Mx). Suppose that the pullback of G to a point z € X is a log finite
group scheme (resp. classical). Then there exists an open neighborhood U C X of x such
that G|, is a log finite group scheme (resp. classical). In particular, if the pullback of
G to every point x € X is a log finite group scheme (resp. classical), then G is also a log
finite group scheme (resp. classical).

Proof. By the limit argument (Proposition 3.2.16), we may assume that X is noetherian.
In this case, the assertion follows from [Kat23, Proposition 2.16]. 0

Lemma 3.2.25. Let G be a log finite group scheme over (X, M x) of order p. Suppose
that p is locally nilpotent over X. Then G is classical.

Proof. Due to Proposition 3.2.24, we may assume that the X is the spectrum of a field.
Since the order of G is equal to the product of the orders of G° and G¢, the log finite
group scheme G is isomorphic to either G° or G®. Hence, the assertion follows from
|[Kat23, Proposition 2.7 (3)]. O

Lemma 3.2.26. Suppose that X = SpecR for a reduced henselian local ring R with
residue characteristic p > 0. Let G be a log finite group scheme over (X, Mx) killed by
some power of p, and let Hy, Hy be log finite subgroup schemes of G. Suppose that HY is
contained in HY, H¢ is contained in HS', and G is radiciel over X. Then H; is contained
n HQ.

Proof. By Lemma 3.2.21, we have the following commutative diagram:

0 HY H, H& 0

o

0—>G°/HY —~ G/Hy — G*/H —— 0.

By the above diagram, the canonical morphism H, — G/H, factors as H; — H' —
G"/HY — G/H,. Since H;' is reduced and G°/HY is radiciel over X, we get

Hom(HS, G°/HY) = 0.
Therefore, H; is contained in H. O

Proposition 3.2.27. Let H C G be weak log finite group schemes over (X, Mx).
Suppose that G is a log finite group scheme. Then H and G/H are also log finite group
schemes.
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Proof. Proposition 3.2.24 allows us to assume that X = Speck for a field k of character-
istic p > 0. By [Kat23, Proposition 2.1|, it is enough to treat the case where p > 0 and G
is killed by some power of p.

Note that G and G¢ are classical by Proposition 3.2.22. There are inclusion relations
H° c GY and H® C G* by Lemma 3.2.21. Hence, Proposition 3.2.19 implies that H® and
H® are also classical. By using Proposition 3.2.22 again, we see that H is a log finite group
scheme. By applying this result to the subobject (G/H)* C G*, we conclude that G/H is
also a log finite group scheme. 0

3.2.4. Log p-divisible groups.

Definition 3.2.28 (|Kat23|, Section 4). Let G be a sheaf of abelian groups on
(X, Mx)xa. We say that G is a weak log p-divisible group over (X, M) if the following
conditions are satisfied.

(1) The map xp: G — G is surjective.

(2) For each n > 1, the sheaf G[p"| := Ker(xp": G — G) is a weak log finite group

scheme over (X, Mx).

(3) G = Un>1G[p"].
The category of weak log p-divisible groups over (X, M) is denoted by wBT (X, Mx). A
weak log p-divisible group G over (X, M) is called a log p-divisible group if G[p"] is a log
finite group scheme for each n > 1. The category of log p-divisible groups over (X, Mx)
is denoted by BT(X, Mx). The category BT(X) of p-divisible groups over X is regarded
as the full subcategory of wBT(X, Mx). A weak log p-divisible group G over (X, M) is
called classical if G belongs to BT(X). Clearly, G is classical if and only if G[p"] is classical
for each n > 1.

Definition 3.2.29. For a weak log p-divisible group G over (X, Mx), we say that G
is of height h if the order of G[p"] is p"* for each n > 1 (equivalently, the order of G[p] is

).

Example 3.2.30. Let n > 1. For any log abelian variety A over (X, Mx) with
dim(A) = d, A[p™] := U,>1A[p"] is a log p-divisible group of height 2d over (X, Myx)
because A[p"] is a log finite group scheme of order p**¢ by Example 3.2.13 and xp: A — A
is surjective from |[KKN15, Subsection 18.6].

Lemma 3.2.31. Suppose that X is the spectrum of a henselian local ring. Let G be
a weak log p-divisible group over (X, My). Then

GO — U G[pn]o and Gét — U G[pn]ét
n>1 n>1
are weak log p-divisible groups over (X, Mx), and there exists an exact sequence

0—>G"—>G— G =0.

Proof. Let x € {0,ét} be a subscript and n,m > 1 be integers. By Lemma 3.2.21, the
homomorphism xp™: G[p"t"|* — G[p"*™]* factors as

G[pn+m]* — G[pm]* s G[pn+m]*

We also simply write xp™ for the homomorphism G[p"™™]* — G[p™]* defined above. Then,
by applying Lemma 3.2.21 again, we see that the sequence

0= Gp"" = G B G — 0
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is exact, which implies that G* is a weak log p-divisible group over (X, Mx). The remaining
assertion is clear. ([l

Lemma 3.2.32. Let G be a log p-divisible group over (X, Mx). Suppose that p is
locally nilpotent on X and that the height of (G|,)® is constant for every # € X. Then
there exists a unique exact sequence

0—-G"—G— G* =0,
where G is a formal Lie group over X and G¢ is an étale p-divisible group over X.
Proof. This immediately follows from Lemma 3.2.23. ([l

Definition 3.2.33. Let G and G2 be log p-divisible groups over (X, Mx). A homo-
morphism f: G; — Gy is called an isogeny if f is surjective and Ker(f) is a weak log finite
group scheme over (X, My).

Let QIsog(G1, G2) be the subset of Hom(G1, G2)[1/p] consisting of elements which can
be written as g/p™ for an integer n > 1 and an isogeny ¢g: G1 — Gs. A quasi-isogeny from
GG1 to G5 is an element of the global section of the Zariski sheaf on X associated with the
presheaf given by U — Qlsog(G1|v, G2|y) for an open subset U C X. Note that, when X

is quasi-compact, the set of quasi-isogenies from (G to (G5 is naturally in bijection with the
set Qlsog(Gy, Gs).

Lemma 3.2.34. Let GG be a log p-divisible group and H be a log finite subgroup scheme
of G. Then the sheaf G/H is a log p-divisible group, and the canonical map G — G/H is
an isogeny. Moreover, this gives a one-to-one correspondence between log finite subgroup
schemes of GG and isogenies from G.

Proof. By working Zariski locally on X, we may assume that H is killed by p? for an
integer d > 1. For an integer n > d, applying the snake lemma to the diagram

0 H G——~G/H—=0

0—=H—G—=G/H—=0

gives an exact sequence
0— Gp"/H — (G/H)[p"] — H — 0.

Hence, it follows from [Kat23, Proposition 2.3| that (G/H)[p"] is a log finite group scheme,
and so G/H is a log p-divisible group.

Conversely, for an isogeny f: G3 — G, the weak log finite group scheme Ker(f) is a
log finite group scheme by Proposition 3.2.27. This proves the assertion. ([l

Proposition 3.2.35. Let (X, M) be a locally noetherian fs log scheme. Let f: G; —
G5 be a homomorphism of log p-divisible groups over (X, M x). Suppose that f is surjective
and, Zariski locally, Ker(f) is killed by p? for an integer d > 1. Then f is an isogeny.

Proof. It is enough to prove that Ker(f) is a log finite group scheme over (X, Mx).
By working Zariski locally on X, we may assume that Ker(f) C Gi[p?] for an integer
d > 1. The sheaf Ker(f) is representable by an fs log scheme of finite presentation over
(X, Mx) as it coincides with the kernel of the homomorphism of log finite group schemes
G1[p?] — G3[p?] induced from f. Hence, by the limit argument (Proposition 3.2.16 and
Proposition 3.A.3), we may assume that X is the spectrum of a strict local ring.
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Since Ker(f) is killed by p? and f is surjective, there exists a unique homomorphism
g: G5 — Gy such that both of fg and gf are equal to the multiplication by p?. The
homomorphism f uniquely induces homomorphisms f°: G¢ — G and f*: G{* — G
fitting into the following diagram:

0——=GY G Gt 0

N

0 G9 Gs G 0.

Similarly, the homomorphism ¢ uniquely induces homomorphisms ¢°: G — GY and
g% G — G$'. By the uniqueness of the induced morphism on the connected part and the
étale part, all of the homomorphisms f°¢°, f¢%, ¢°fY, and ¢® f¢ are the multiplication
by p?. It follows from [CCO14, Proposition 3.3.8] that all of the homomorphisms f°, f¢,
¢°, and ¢ are isogenies. By applying the snake lemma to the above diagram, we get an
exact sequence

0 — Ker(f°) — Ker(f) — Ker(f*) — 0.

Since Ker(f°) and Ker(f®") are finite locally free group schemes over X, the sheaf Ker(f)
is a log finite group scheme over (X, Mx) by [Kat23, Proposition 2.3|. OJ

3.3. Completely slope divisible log p-divisible groups
Throughout this section, let (X, Mx) be an fs log scheme over F,,.

Definition 3.3.1. Let G be a sheaf of abelian groups on (X, Mx ) (the examples of
primary interest are objects of weak log finite group schemes or weak log p-divisible groups.
Let G") denote the pullback of G by the n-th power Frobenius morphism on (X, Mx).

In the usual way, Frobenius morphisms on log schemes over [, induce a homomorphism
F: G — GV, called the Frobenius homomorphism. When G belongs to Fin(X) or BT(X),
the homomorphism F' is nothing but the usual Frobenius homomorphism. For an integer
n > 1, the composite of homomorphisms

G5 e Y e ) D o)

are simply denoted by F", where F' ") denotes the base change of F' by the k-th power
Frobenius morphism on (X, Mx) for an integer k > 1.

Lemma 3.3.2. Let G be a log finite group scheme over (X, Mx). Suppose that there
is an integer n > 1 such that the homomorphism F": G — G®") is an isomorphism (resp. a
zero map). Then G is classical. In particular, G is a finite étale group scheme (resp. a
finite radiciel locally free group scheme) over X.

Proof. We shall prove the assertion just in the case where F™ is an isomorphism because
the same argument also works in the other case. By Proposition 3.2.24, we may assume
that X = Speck for a field k. In this case, we have the following diagram:

0 G° G G* 0

| e e

00— (G9)®") G®") (Gét)(p") — 0.
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Since G* is a finite étale group scheme over X, the right vertical map in this diagram is
an isomorphism. Hence, the left vertical map is also an isomorphism. On the other hand,
the m-th power of the Frobenius homomorphism G° — (G°)®™) is a zero map for some
integer m > 1 because G is a connected finite group scheme over the field k. Therefore,
GV is trivial, and so G = G¢. In particular, G is classical. O

Definition 3.3.3. A log p-divisible group G over (X, Mx) over F, is completely slope
divisible if G admits a filtration of log p-divisible subgroups

0=GycGycCc---CcG,,=0GG,

and if there are integers
S>ri>rg>--->1r, >0
such that the following conditions are satisfied :
(1) The quasi-isogeny p~" F** from G; to GEP "V is an isogeny for every 1 < i < m.

(2) The morphism G;/G;_1 — (G;/Gi_1)®") induced from p™ F*: G; — G?’s) is an
isomorphism for every 1 < i < m.

Proposition 3.3.4. Let G be a completely slope divisible log p-divisible group over
(X, Mx). Then there exists a unique exact sequence

0->G"—G— G =0,

where G is a completely slope divisible formal Lie group over X and G® is an étale
p-divisible group over X.

Proof. We use the notation in Definition 3.3.3. We may assume that r, =
0. Let n > 1 be an integer. By the definition, the Frobenius homomorphism
F: (G/Gp-1)p"] — (G/Gm-1)[p"]® is an isomorphism, and the homomorphism
Fom: G [p"] = Goa[p"]®™) is a zero map. Hence, by Lemma 3.3.2, G/G,,_; is an
étale p-divisible group over X, and G,,_1 is a formal Lie group over X. Therefore, the
exact sequence

0—=Gn1—>G—->G/Gpy1 —0

is the desired one. O
We generalize the notion of Newton polygons to log p-divisible groups.

Definition 3.3.5. Suppose that X is the spectrum of a field of characteristic p > 0.
Let G be a log p-divisible group over (X, Mx). The Newton polygon of G is the Newton
polygon of the classical p-divisible group G° @& G¢.

The notion of Newton polygons for log p-divisible groups enables us to formulate a log
version of [OZ02, Proposition 2.3| as follows.

Corollary 3.3.6. Let GG be a log p-divisible group over (X, M x) with constant Newton
polygon. Suppose that X is integral, and that the pullback G|, is completely slope divisible,
where 7 is the generic point. Then G is completely slope divisible.

Proof. We take G° and G as in Lemma 3.2.32. The formal Lie group G° has a con-
stant Newton polygon, and its generic fiber G°|, is completely slope divisible. Hence,
|OZ02, Proposition 2.3| implies that G° is completely slope divisible. Therefore, G is also
completely slope divisible. O

The following corollary is a log version of [OZ02, Theorem 2.1].
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Corollary 3.3.7. Let GG be a log p-divisible group over (X, M x) with constant Newton
polygon. Suppose that X is normal. Then there exist a completely slope divisible log p-
divisible group H over (X, Mx) and an isogeny G — H.

Proof. We take G° and G*' as in Lemma 3.2.32. Since G° has a constant Newton polygon,
there exist a completely slope divisible p-divisible group H’ over X and an isogeny ¢: G° —
H' by [OZ02, Theorem 2.1]. Then there is an exact sequence

0 — H — G/Ker(¢) — G* — 0,

and so G /Ker(¢) is a completely slope divisible log p-divisible group. Hence, the canonical
surjection G — G /Ker(¢) is the desired isogeny. O

The following lemma is a log version of [0Z02, Lemma 2.5|, which we use in the proof
of the main theorem.

Lemma 3.3.8. Suppose that X is the spectrum of an algebraically closed field. Let
G be a log p-divisible group over (X, Myx) and d > 1 be an integer. Then there are
only finitely many isomorphism classes of isogenies G — H of degree p? in which H is a
completely slope divisible log p-divisible group.

Proof. Let K be a log finite subgroup scheme of G of order p?. Since G/K is completely
slope divisible if and only if (G/K)? = G°/K° and (G/K)¥ = G¥/K®, there are only
finitely many possibilities of K° and K® such that G/K is completely slope divisible
by [0Z02, Lemma 2.5]. Lemma 3.2.26 implies that K is determined from K° and K*®
uniquely. This proves the statement. 0

3.4. Some extension properties on log regular schemes

In this section, we study log finite groups and log p-divisible groups over log regular
bases.

3.4.1. Log regular schemes. In this subsection, we recall the definition of log regu-
larity and some properties of log regular log schemes.

Definition 3.4.1 (|[Kat94, Niz06]). Let (X, Myx) be a locally noetherian fs log
scheme. For x € X, let z denote a geometric point on x. Let I(Z) be the ideal of
Oxz generated by the image of the map Mxyz \ Ox; — Oxz. We say that (X, Mx) is
log reqular at x if the following conditions are satisfied:

(1) Oxz/I(7) is a regular local ring.

(2) dim(Ox.z) = dim(Ox.o/I(%)) + (KM, /O%.,).
The log scheme (X, My) is called log regular if it is log regular at every point = € X.
For example, an fs log scheme (X, Mx) defined by a locally noetherian regular scheme X
and a normal crossings divisor D is log regular. Conversely, for a log regular log scheme
(X, Mx) whose underlying scheme X is regular, the log structure Mx is defined by a
normal crossings divisor by [Kat94, Theorem 11.6] and [Ogul8, Chapter III, Theorem
1.11.6].

For a log regular log scheme (X, M), the condition (2) implies that the largest open

subset U on which the log structure M x is trivial is dense. Such an open subset U is called
the interior of (X, Mx).

Proposition 3.4.2 (Kato). Let (X, Mx) be a locally noetherian fs log scheme.
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(1) The subset {z € X | (X, Mx) is log regular at x} C X is stable under general-
1zation.

(2) If (X, Mx) is log regular at x € X, the scheme X is normal at x.

(3) Suppose that (X, Mx) is log regular. Let U be the interior of (X, Mx). Then
M is the subsheaf of Ox consisting of functions invertible on U.

Proof. (1) See [Kat94, Proposition 7.1].
(2) See |[Kat94, Theorem 4.1].
(3) See |[Kat94, Theorem 11.6]. O

Lemma 3.4.3. Let (X, Mx) be a log regular log scheme such that X is the spectrum
of a noetherian strict local ring. Let x be the unique closed point of X. Fix a chart
P — M x which is neat at x. Then, for a sharp fs monoid @) with a Kummer map P — @),
the fs log scheme (Y, My) = (X, Mx) ®@p),p) (Z]Q], Q)" is also log regular.

Proof. First, we claim that R ®zp| Z[Q)] is a noetherian strict local ring. Since Y is finite
over X, it suffices to prove that the special fiber of ¥ — X consists of a single point. Let
k be the residue field of R. Since P — @ is local, sending Q\{1} to 0 defines a ring map
k ®zip) Z]Q] — k. This ring map induces a ring map (k ®zp) Z[Q)])rea — k, which is the
inverse of a natural map k — (k ®zp) Z[Q))rea. Hence, we get k = (k ®@z(p) Z[Q)])red, and
so the special fiber of Y — X consists of a single point.

By Proposition 3.4.2 (1), it suffices to prove that (Y, My ) is log regular at the unique
closed point y. Since R — R ®gzp) Z[Q)] is finite and injective, we have the equation
dim(R) = dim(R ®zp] Z[Q]). The Kummerness of P — @ implies

rk(M%, /0% ) = rk(P®P) = 1k(Q®") = rk(MF’, /Oy ).

Since (X, Mx) is log regular, it is enough to show the equation dim(R/I(z)) =
dim((R ®zp) Z[Q])/1(y)). The ideal I(z) C R (resp. I(y) C R ®gp Z[Q)) is gener-
ated by the image of P\{1} (resp. @\{1}). Sending Q\{1} to 0 defines a ring morphism
(R ®2ip) 2]Q])/I(y) — R/I(x), and it can be checked directly that this map is the inverse
of the natural map R/I(x) — (R ®zp Z[Q])/1(y). In particular, we have the equation
dim(R/1(2)) = dim((R @z ZIQ)/T(1)). 0

Lemma 3.4.4. Let (X, Mx) be a quasi-compact log regular fs log scheme with the
interior U C X. Suppose that we are given a finitely generated monoid P and a chart
a: P — Mx. Then a natural monoid map P& & Mx(X) — Ox(U)* is surjective.

Proof. Take a generator {py,...,p,}of P, andlet p := [ p;. Then the vanishing locus
of a(p) € Mx(X) C Ox(X) coincides with X\U. Let f € Oy (U)*. For the generic point
n of each irreducible component E of X\U with codimy(E) = 1, the local ring Ox,, is a
discrete valuation ring by Proposition 3.4.2 (2). Take a sufficiently large integer N > 1 such
that the valuation of a(p)” f defined by the discrete valuation ring Ox , is non-negative
for every n. Then a(p)V f € Ox(X), and so a(p)V f € Mx(X) by Proposition 3.4.2 (3).
This proves the assertion. 0

3.4.2. One dimensional cases.

Lemma 3.4.5. Let (X, Mx) be a log regular fs log scheme such that X = SpecR for
a strict local discrete valuation ring R. Then the log structure My is either of the trivial
one or the standard one (i.e. the log structure defined by the unique closed point).
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Proof. Let x denote the unique closed point of X. The condition rk((Mx,)%) = 1
implies the monoid Mx , is isomorphic to either of 0 or N. In the former case, the log
structure M x is trivial. In the latter case, we can take a chart N — M x , which is neat at
x. Since (X, Mx) is log regular, R/I(x) is a field. Hence, the monoid map N - My, — R
has to map 1 € N to a uniformizer of R. Therefore, the log structure My is the standard
log structure. ([l

Proposition 3.4.6. Let (X, Mx) be a log regular fs log scheme such that X = SpecR
for a henselian discrete valuation ring R. Let K be a fraction field of R. Suppose that
G is a log finite group scheme and Hp is a log finite subgroup scheme of G. Then Hg
uniquely extends to a log finite subgroup scheme of G.

Proof. By the limit argument and Galois descent, we may assume that R is strictly local.
By Lemma 3.4.5, Mx is either of the trivial log structure or the standard log structure.
In the former case, GG is classical, and so the scheme theoretic closure of Hg in G is the
unique extension of Hy.

We consider the latter case. We fix a uniformizer 7 € R. By Lemma 3.2.15, there exists
an integer n > 1 such that G|y, is classical, where Y = SpecR[r'/"] and My is the
standard log structure. By the argument in the previous paragraph, H | K (x1/n) €xtends to a
finite subgroup scheme Hy of G|(y,um,) uniquely. The pullbacks of Hy by two projections

Y' Myr) = (Y, My) X(x,my) (Y, My) = (Y, My)
coincide on Spec(K (7'/™) @ K (7*/™)), which is dense open in
Y 2 Spec(Rlr/7][X]/(X" - 1)).
Hence, they coincide on the whole of Y. Hence, Hy descends to a weak log finite subgroup

scheme H of G, which is the unique extension of H|x. By Proposition 3.2.19, H is a log
finite group scheme. H

Remark 3.4.7. Proposition 3.4.6 does not hold without the assumption that (X, M)
is log regular. Let R be a henselian discrete valuation ring over F, with a uniformizer =
and a fraction field K. Consider the prelog ring (R,N) given by N — R mapping 1 to
7P, Let (X, Mx) be its associated log scheme (which is not log regular). Let n be the
generic point of X and x be the closed point of X. By abuse of notation, we simply write
x for the log scheme (Speck(z), Mgpeck(z))- As in Example 3.2.14, we can associate to
q =7 € Gy oe(X, Mx) an exact sequence of log finite group schemes over (X, My)

(3.4.1) 0— u, — G, — Z/pZ — 0.
The Kummer sequence
0= ptp = Gritog = Giog — 0
induces the following commutative diagram in which both rows are exact:

(=)P
TPER* — = PR Ext%X,MX)kﬁ (Z/pZ, )

I B N

K2, g Ext! (Z/pZ, ).

Nfppf

By this diagram, we see that the generic fiber of the exact sequence (3.4.1) splits. We
claim that the unique section (Z/pZ), — (G4)|, does not extend to a log finite subgroup
scheme of ;. Assume that there exists an extension H C G,. Since the order of H
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is a prime number p, H is classical by Lemma 3.2.25. Since the surjection G, — Z/pZ
admits no section, the composite H — G, — Z/pZ is not an isomorphism. Hence, the
composite H|, — Gy|, - (Z/pZ), is not an isomorphism, and so it is trivial. Therefore,
we obtain H|, = p,, by (3.4.1). In particular, the multiplicative rank of H jumps under
the specialization. This is contradiction.

3.4.3. Extension properties on log regular schemes.

Proposition 3.4.8. Let (X, M) be a log regular fs log scheme and U be a dense
open subset of X. Then the restriction functors
Vectyq (X, My) — Vectiq (U, My)
wFin(X, Mx) — wFin(U, My)
are faithful.

Proof. Due to Proposition 3.2.18, it is enough to prove the faithfulness of the former
functor. Let &, &; be kfl vector bundles on (X, Mx). It suffices to show that the map

Hom (&, &) — Hom(&1 |y, Elu)

is bijective. By the limit argument (Proposition 3.2.8), we may assume that X is the
spectrum of a strict local ring. Let x be the unique closed point of X. Fix a chart
P — Mx which is neat at x.

By Lemma 3.2.7, there exist an integer n > 1 such that &i|y,amy) and Ey,m,) are
classical, where we put (Y, My) = (X, Mx) ®zp),p)e (Z[PV"], PY/™)2. Since (Y, My) is
log regular by Lemma 3.4.3, it follows from Lemma 3.4.2 (2) that Y is normal. Let V' be
the preimage of U by Y — X. Since Y — X is a finite dominant morphism of normal
schemes, the going down property holds for Y — X by [SP25, Proposition 00HS|. Hence,
V is dense in Y, and so the restriction map

Hom (& |y my), €2l (vmy)) = Hom(E1|vmy ), E2lvmy))
is injective. Therefore, the restriction map
Hom(&y, &) — Hom(& v, &|v)
is injective by kfl descent. O

Lemma 3.4.9. Let f: X — Y be a flat morphism of from a (not necessarily locally
noetherian) scheme X to a locally noetherian normal scheme Y. Let U be a dense open
subset of Y containing all points of codimension 1. Then the restriction functors

Vect(X) — Vect(f~H(U))
Fin(X) — Fin(f~(U))
are fully faithful.

Proof. It is enough to prove the fully faithfulness of the former functor. By taking

internal homomorphisms, the problem is reduced to showing that, for a vector bundle £ on

X, the restriction map I'(X, &) — T(f~1(U),€) is an isomorphism. Let i: f~1(U) — X

and j: U — Y be natural open immersions. Then we have isomorphisms of Ox-modules
1. 2 ERILOp11) ZER [0y =ZE® fFOy =€,

where the first isomorphism is the projection formula, the second one is the flat base
change, and the third one follows from the assumption that U is an open subset of a
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locally noetherian normal scheme Y containing all points of codimension 1. Taking global
sections on both sides, we obtain the statement. [l

Proposition 3.4.10. Let f: (X, Mx) — (Y, My) be a strict flat morphism from a
(not necessarily locally noetherian) fs log scheme (X, M) to a log regular log scheme
(Y, My ). Let U be a dense open subset of Y containing all points of codimension 1. Then
the restriction functors

Vectkﬂ(X, MX) — veCtkﬁ(fil(U)v Mf_l(U))
wFin(X, Mx) — WFin(f_l(ULMf*l(U))
are fully faithful.

Proof. Due to Proposition 3.2.18, it is enough to prove that the fully faithfulness of the
former functor. Let &;,& be kfl vector bundles on (X, My). We shall prove that the
restriction map
Hom(é’l, 52) — HOHl(El |f*1(U)7 82|f*1(U))

is an isomorphism. By the limit argument (Proposition 3.2.8), we may assume that Y is
the spectrum of a strict local ring. Let y € Y be a unique closed point. Take a chart
P — My which is neat at y. By Lemma 3.2.7, we can take an integer n > 1 such that the
pullback of & to (X', Mx/) = (X, Mx) ®p).pye (Z[PY"], PY/™) is classical for i = 1,2.
Let (Y’,My/) = (Y,My) ®(Z[P]7P)a (Z[Pl/n],Pl/n)a. By Lemma 3.—1.3, (Y’,My/) is IOg
regular, and so Y is normal by Proposition 3.4.2 (2). Let (X", M) denote the self-fiber
product of (X', Mx) over (X, Mx). Let V' (resp. V") (resp. U’) be the preimage of U in
X' (resp. X”) (resp. Y'). Since Y' — Y is a finite dominant morphism of normal schemes,
the going down property holds for Y — Y by [SP25, Proposition 00H8|. Hence, U’ is
a dense open subset of Y’ containing all points of codimension 1. Applying Lemma 3.4.9
to flat morphisms of schemes X’ — Y’ and X” — Y’ and the open subset U’ C Y’, we
conclude that the restriction maps

HOH1(51|(X’,MX,)7g2|(X’,MX/)> — HOH1(51|(V’,MV,)7 52‘(‘//7/\/[‘/,)),
Hom (&1 |(xn )y E2l(xm Myiy) — Hom(Ex| v aymys E2l (v Myn))
are isomorphisms. Therefore, the claim follows from kfl descent. 0
The following proposition is a log version of the theorem of Tate and de Jong (|Tat67,
Theorem 4| and [dJ98, Corollary 1.2]). This is proved in the case where X is the spectrum

of a discrete valuation ring by Bertapelle-Wang-Zhao in [BWZ24, Theorem 5.19]. We
prove the following proposition by using the reduction to 1-dimensional cases.

Proposition 3.4.11. Let (X, Mx) be a log regular fs log scheme and U be a dense
open subset of X. Then the restriction functor

BT(X, Mx) — BT(U, My)
is fully faithful.

Proof. Let G and H be log p-divisible groups over (X, My). We shall prove the natural
map

Hom(G, H) — Hom(G|v, H|v)
is an isomorphism. The injectivity follows from Lemma 3.4.8. To show the surjectivity,
we take a homomorphism fi: G|y — H|y. Fix an integer n > 1. By [BWZ24, Theorem
5.19] and Lemma 3.4.5, there exists an open subset V' of S containing U and all points
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of codimension 1 such that the homomorphism fy,: G[p"]|lv — H[p"]|v induced from
fv extends to a homomorphism fyv,,: G[p"]|y — H[p"]|y. Furthermore, fy,, extends to
a homomorphism f,: G[p"| — H[p"] by Proposition 3.4.10. By Lemma 3.4.8, f, is the
unique extension of fy,,, and so, when n varies, the system { f,, },>1 gives a homomorphism
f: G — H restricting to fy. 0J

Proposition 3.4.12. Let (X, Mx) be a log regular fs log scheme and U be a dense
open subset of X. Let f: G; — G5 be a homomorphism of log p-divisible groups over
(X, Mx). Suppose that f|y: G1|ly — Ge|v is an isogeny. Then f itself is an isogeny.

Proof. We may assume that X is quasi-compact. Take an integer d > 1 such that
Ker(f|y) is killed by p?. Since f|y is surjective, there exists a unique homomorphism
gu: Galy — Gi|y such that both of f|y o gy and gy o f|y are the multiplication by p?. By
Proposition 3.4.11, gy uniquely extends to a homomorphism ¢g: G — G4, and both of fg
and gf are the multiplication by p?. In particular, Ker(f) is killed by p?. Therefore, it
follows from Proposition 3.2.35 that f is an isogeny. O

3.5. Slope filtrations of log p-divisible groups

The goal of this section is to prove Theorem 3.5.4. We start with some technical
lemmas.

Lemma 3.5.1. Let f: X — Y be a faithfully flat morphism of locally noetherian nor-
mal schemes. Let U be a dense open subset of Y containing all points on Y of codimension
1, and V := f~}(U). Let Gy be a finite locally free group scheme over U. Suppose that
Gv = Gyly extends to a finite locally free group scheme Gx over X. Then Gy itself
uniquely extends to a finite locally free group scheme over Y.

Proof. Letj: U < Y and j': V < X denote the natural open immersions. Let fy: V —
U be the restriction of f. For a finite locally free group scheme H over a scheme S, we write
Ap for the Hopf algebra object in Vect(.S) corresponding to H (cf. Proposition 3.2.18). By
the flat base change theorem, there are isomorphisms

(3.5.1) [ isAcy = 5.(fu) Acy = juAay -

Since f has the going down property by the flatness of f, the open subset V' contains all
points on Y of codimension 1. Hence, there are isomorphisms

(3.5.2) JuAcy = 5" Ay = Acy

by the normality of X. It follows from (3.5.1) and (3.5.2) that f*j.Aq, is a vector bundle
on X, and so j,Ag, is also a vector bundle on Y. Since the restriction functor Vect(Y') —
Vect(U) is fully faithful, the Hopf algebra structure on Ag,, uniquely induces a Hopf algebra
structure on j,Agq,, which corresponds to the desired finite locally free group scheme over
Y extending Gy . U

Lemma 3.5.2. Let X be a normal scheme and U be a dense open subset of X con-
taining all points of codimension 1. Let G’ — G — G” be a sequence of finite locally free
group schemes over X. Suppose that G” is finite étale over X, and that the sequence

0— G/|U — G|U — GH|U —0

is exact. Then the sequence
0-G —-G—-G" =0

is also exact.
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Proof. Since G” is finite étale over X, the morphism G — G” is finite flat. The image
of G — G” is closed and contains a dense open subset G, = G xx U, and so G — G”
is faithfully flat. What remains to be proved is that the composite G' - G — G” is a
zero map and that the induced homomorphism G’ — Ker(G — G”) is an isomorphism.
Both of them follow from the fully faithfulness of the restriction functor Fin(X) — Fin(U)
(cf. Proposition 3.4.10). O

Proposition 3.5.3. Let (X, Mx) be a log regular fs log scheme over F,, with X being
regular, and let U be a dense open subset of X containing all points of codimension 1. Let
Gy be a completely slope divisible log p-divisible group over (U, My ). Then Gy uniquely
extends to a log p-divisible group over (X, Mx).

Proof. Since Gy is completely slope divisible, there exists an exact sequence

0= Gy =Gy —GF—0
as in Proposition 3.3.4. By |ZinO1la, Proposition 14|, G¥ (resp. G¢) extends to a formal
Lie group H;j (resp. an étale p-divisible group Hj) over X.

Note that Mx z/ O)X(@ is a free monoid for all z € X by [Ogul8, Chapter III, Theorem
1.11.6]. It is enough to prove the following two claims:

(1) Gylp™ uniquely extends to a log finite group scheme G,, over (X, M) for each

n > 1;

(2) G = liganl G, is a log p-divisible group over (X, Myx).
Hence, the limit argument (Proposition 3.2.16) allows us to assume that X = SpecR for
a strict local ring R. Let € X be the unique closed point. Take a chart N* — Mx ,
which is neat at x. Let a: N” — R denote the composite map N" — Mx , — R. By the
log regularity of (X, Mx), the sequence (a(ey),...,a(e,)) can be extended to a system of
parameter of R, where e; is the i-th standard basis of N” for 1 <i <.

We shall prove the claim (1) for a fixed n > 1. By Lemma 3.2.15, there exists an in-
teger m > 1 such that Gy[p"]|v is classical, where we set (Y, My) = (X, Mx) ®zpnr)nrye
(Z|EN"],LN")* and V to be the preimage of U by ¥ — X. Since the sequence

(a(ey),...,a(e,)) can be extended to a system of parameter of R, the scheme Y is regular.
We have an exact sequence of finite locally free group schemes over V'

By the argument in [ZinOla, page 7| (or the fifth paragraph of the proof of [ZinO1la,
Proposition 14]), this sequence splits after taking the pullback by the k-th power of the
Frobenius morphism Ff: V' — V (which is a fpqc covering by the regularity of V) for
some integer k£ > 1. In particular, the pullback of Gy[p"]|y by F"j extends to a finite
locally free group scheme over Y. Hence, by Lemma 3.5.1, Gy [p"]|v itself also extends to a
finite locally free group scheme G,y over Y. By Lemma 3.5.2, the exact sequence (3.5.3)
uniquely extends to an exact sequence of finite locally free group schemes over Y

(3.5.4) 0 — Hi[p"lvmy) — Guy — Ha[p"]|viry) — 0.

Since projection morphisms (Y, My) X(x amy) (Y, My) — (Y, My) are strict finite free,
the descent datum on Gy[p"]|v over (V, My) X@w,pm,) (V, My) uniquely extends to the
descent datum on G,y over (Y, My) X(x my) (Y, My) by Lemma 3.4.9. Therefore, G,y
descends to a weak log finite group scheme G,, over (X, Mx) by kfl descent. Since the
exact sequence (3.5.4) descends to an exact sequence

(3.5.5) 0 — Hy[p"] = G, — Ha[p"] — 0,
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G, is a log finite group scheme by [Kat23, Proposition 2.3]. This proves the claim (1).
By construction, G, is killed by p™ for any integer n > 1. Due to Proposition 3.4.10,
the sequence Gy [p] <= Gy[p?] < ... uniquely extends to a sequence

Gy — Gy — .. ..

To prove the claim (2), it is enough to prove that the following claims are true:

e (G, = (G,,11 is an injection for any integer n > 1;
e the sequence

0= Gy = Goom B G — 0
1s exact.

These claims follow from the exact sequence (3.5.5) and the fact that similar properties
hold for systems {H1[p"} and {H[p"|}. O

Theorem 3.5.4. Let (X, Mx) be a locally noetherian log regular fs log scheme over F,
and U be a dense open subset of X. Let G be a log p-divisible group over (X, Mx ). Suppose
that we are given a completely slope divisible log p-divisible group Hy over (U, M) and
an isogeny fy: G|y — Hy. Then there exist a completely slope divisible log p-divisible
group H over (X, Mx) and an isogeny f: G — H extending fy.

Proof. By the limit argument (Proposition 3.2.16), we may assume that the X is the

spectrum of a strict local ring with the unique closed point z. Fix a chart P — My
which is neat at z and an integer d > 1 with Ker(fy) € G[p?|y. By Lemma 3.2.15,
there exists an integer n > 1 such that G[p?]|ym,) is classical, where we set (Y, My ) =
(X, Mx) Xzp|pye (Z[PY"], PY")°. Let V be the preimage of U by Y — X.

Then, Niziol’s desingularization theorem [Niz06, Theorem 5.10| gives a log regu-
lar fs log scheme (Y, My.) with Y’ being regular and a proper birational morphism
w: (Y, My) = (Y, My). By Proposition 3.5.3, Proposition 3.4.11, and Proposition
3.4.12, there exists a unique isogeny f': G|(y' m,,) — Hys extending f|—1(v).

We shall prove that f’ descends to (Y, My) by using the method of Oort-Zink; see
[OZ02, Proposition 2.7|. Let M — Y be the moduli (non-log) scheme of isogenies from
G|(v.my) whose kernel is contained in G[p?)|(y,my). The isogeny f’ induces a morphism
©: Y — M of schemes. It suffices to prove that ¢ factors as Y — Y — M. Since
Oy = 1,0y by the normality of Y, it is enough to show that, for y € Y, the morphism
¢ maps 7 *(y) to a single point. This follows from Lemma 3.3.8 and the connectivity of
T (y).

As a result, we obtain a log p-divisible group Hy over (Y, My) with (Hy)|ys ) =
Hy: and an isogeny fy: G|wymy) — Hy with (fy)|yr.a,,) = f'. Since 7 is birational,
fy is the extension of (fy)|w.am,) by Lemma 3.4.8. Hence, by Lemma 3.4.9, the two
pullbacks of Ker(fy) by two projection morphisms (Y, My) X(x amy) (Y, My) = (Y, My)
are equal as subobjects of G[pd]‘(KMy)x<X,MX)(KMy)—>(Y,My)~ Therefore, by kfl descent,

Ker(fy) descends to a log finite subgroup of G[p?]. Let H = G/Ker(fy) and f: G — H
be the natural surjection. Then the isogeny f restricts to the given isogeny f;. By Corollary
3.3.6, H is completely slope divisible. This proves the statement. ([l

3.A. Limit arguments for log schemes

In this appendix, we shall prove some fundamental results on limits of log schemes which
are well-known to experts. We note that Lemma 3.A.2 for fine log schemes can be deduced
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easily from the fact that Olsson’s stack Logg is of finite presentation (|Ols03, Theorem
1.1]). Here, we shall give a more direct proof.

Let {(X;, Mx,)}icr be a cofiltered system of coherent log schemes. In this section, we
say that {(X;, Mx,)} satisfies the condition (x) if the following conditions are satisfied.

(%) (1) The scheme X; is quasi-compact and quasi-separated for any i € 1.
(2) Every transition morphism (X;, Mx,) — (X, Mx,) is affine and strict.

When {(X;, Mx,)} satisfies the condition (x), there exists a coherent log scheme
(X, Mx) which is a limit of {(X;, Mx,)} in the category of log schemes, and one can
construct (X, M) explicitly as follows. The underlying scheme X is a limit of schemes
@Xi- The log structure Mx is the pullback log structure of My, by the natural pro-
jection morphism X — X, for some i, which is independent of the choice of ¢ by the
assumption (x). Obviously, when (X;, My, ) is fine (resp. fs) for each i € I, the log scheme
(X, Mx) is a limit of {(X;, Mx,)} in the category of fine (resp. fs) log schemes.

Lemma 3.A.1. Let {(X;, Mx,)} be a cofiltered system of coherent log schemes satis-
fying the condition (x). We put (X, Mx) := lim(X;, Mx,). Then the canonical morphism

el

th(Xi,MXi) — I'(X, Mx)

iel
is an isomorphism.

Proof. Let p;: X — X, be the projection morphism. We have the following diagram

1 —limp; 'Oy, — limp; ' My, — lim p;* (M, /O%,)

] ;

1 0% Mx Mx/O%

where the both rows are exact. Here, note that p,;” ! M, is not the pullback log structure but
the inverse image of My, by p; as a sheaf. Hence, the canonical morphism liglp; "My, —
M x is an isomorphism.

For a quasi-compact and quasi-separated étale morphism U — X, we define a monoid
M (U) as follows. For some j € I, there exists a quasi-compact and quasi-separated étale
morphism U; — X; with an isomorphism U = U; X x; X over X. Here, we set

MIX(U) = llgpL/\/le(U] XX, Xl)
i>j

Clearly, this definition is independent of the choice of j. Then U — M/’ (U) defines a
presheaf M’y on the category of quasi-compact and quasi-separated étale morphisms to
X. Since My satisfies the sheaf condition for quasi-compact and quasi-separated étale
coverings, M’y extends to an étale sheaf on X which is also denoted by M’y. By con-
struction, My satisfies the same universal mapping property as 11‘131 p; *Mx,. Hence, the

natural morphism hﬂ p; "My, — My is an isomorphism. The isomorphisms
My = limp; My, = My
give the desired isomorphism lim I'(X;, My,) = I'(X, Mx). O
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Lemma 3.A.2. Let {X;}ic; be a cofiltered system of quasi-compact and quasi-
separated schemes in which every transition morphism is affine. We put X := l&an
1€l
(1) Suppose that the cofiltered category I has a final object 0. Let Mg, Ny be log
structures on Xy. Let M; (resp. N;) denote the pullback log structure of My
(resp. Np) to X;, and let M (resp. N') denote the pullback log structure of M,
(resp. Np) to X. Suppose that My is coherent. Then the map

thOHlXZ(M“M) — HomX(M,N)

el

is bijective, where Homy, (M;, N;) (resp. Homyx (M, N)) is the set of morphisms
of log structures M; — N; (resp. M — N).

(2) Let M be a coherent (resp. fine) (resp. fs) log structure on X. Then there exist
i € I and a coherent (resp. fine) (resp. fs) log structure M; on X; such that M
is isomorphic to the pullback log structure of M;.

Proof. (1) By working étale locally on X, we may assume that there are a finitely
generated monoid P and a chart P — M. Then the map in the statement factors as
follows:

lim Homy, (M, N;) = @Hom(P, (X, N))
— Hom(P,l;uEF(Xi,./\/;))
— Hom(P,T'(X,N))
= Homyx (M, N).

Here, the second morphism is bijective by the fact that P is finitely presented, and the
third morphism is bijective by 3.A.1. This proves (1).

(2) We prove only the assertion for coherent log structures because other assertion
follows from the same argument. First, we consider the case that M admits a chart P — M
for a finitely generated monoid P. Since P is finitely presented and th(Xi,OXi) is
isomorphic to I'(X, Ox), the morphism P — M — Ox descends to a morphism P — Oy,
for some 7 € I. Then the associated log structure to the morphism P — Oy, is a desired
one.

We consider the general case. Take a quasi-compact and quasi-separated étale covering
m: U — X such that My := n* M admits a chart. For some ¢ € I, the morphism 7 descends
to an étale covering m;: U; — X; and My descends to a coherent log structure My, on U;.
Let py: UxxU — U and p; i : U; X x,U; = U; be natural projection morphisms for £ = 1, 2.
Due to the assertion (1), we may assume that the isomorphism pi My = psMy descends
to an isomorphism p; ; My, = p;, My, satisfying the cocycle condition over U; x x, U; X x, U;
by replacing ¢ with a bigger one. This descent datum gives a coherent log structure M; on
X; such that the pullback log structure of M; to X is isomorphic to M. O

Proposition 3.A.3. Let {(X;, Mx,) }icr be a cofiltered system of coherent log schemes
satisfying the condition (x). We put (X, Mx) := @(Xi, Myx,).
el
(1) Suppose that the cofiltered category I has a final object 0. Let (Y, My,) and
(Zy, Mz,) be coherent log schemes over (Xy, Mx,). Assume that Z, is of finite
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presentation over X,. We set
(Yi, My;) = (Yo, My,) X (xo.Mx,) (Xis Mx,),
(Y, My) = (Yo, My;) X (xo,0mx,) (X, Mx),
(Ziy Mz,) = (Zo, Mz,) X(x0.Mx,) (Xi, Mx,),
(Z, Mz) = (Zo, Mz,) X (x0,Mx,) (X; Mx).
Then the natural map
@MOI‘(Xi’MXi)((K, ./\/lyi), (ZZ', Mz)) — MOI‘()QMX)((Y, My), (Z, Mz))
il
is bijective.
(2) Let (Y, My) be a coherent (resp. fine) (resp. fs) log scheme of finite presentation
over (X, My). Then there exist i € I and a coherent (resp. fine) (resp. fs)

log scheme (Y;, My;) of finite presentation over (X;, My,) with an isomorphism
(Y, My) = (Y, My;) X (X5, Mx;) (X, Mx).

Proof. These statement are direct consequences of the analogous statements for schemes
and Lemma 3.A.2. O

Lemma 3.A.4. Let {(X;, Mx,)}icr be a cofiltered system of coherent log schemes
satisfying the condition (x). We put (X, Mx) = l’&n(Xi,MXi). Suppose that we are
iel
given a finitely generated monoid P and a chart P — M. Then this chart descends to a
chart P — M, for some 7 € 1.

Proof. Since P is finitely presented, the given chart descends to a homomorphism P —
M, for some i € I. Let N; be the log structure associated to the homomorphism P —
My, — Ox, and ¢;: N; = M, be the morphism of coherent log structures induced from
P — M. Since the pullback of ¢; to X is an isomorphism, the pullback of ¢; to X is also
an isomorphism for some j > i by Lemma 3.A.2 (1). Then the homomorphism P — Mx;
induced from P — My, is the desired chart. O

Proposition 3.A.5. Let {(X;, Mx,)}ier be a cofiltered system of fs log schemes sat-
isfying the condition (x). We put (X, My) = Lm(Xi, Mx,). Suppose that the cofiltered
category I has a final object 0. Let (Yp, My,) be an fs log scheme of finite presentation
over (Xo, Mx,). We set

(YHMYZ) = (}/E]?MYO) X(X07MXO) (Xi?MXi)?

(Y7MY) = (vaMYO) ><(Xo,/\/lxo) (X’MX)‘
Let fi: (V;, My,) — (X;, Mx,) and f: (Y, My) — (X, Mx) denote the natural mor-
phisms.

Let P be one of the following properties of morphisms of fs log schemes. Then, if f
satisfies the property P, f; also satisfies the property P for some i € I.
(1) log flat
(2) log smooth
(3) log étale
(4) Kummer log flat

Proof. These properties has a criterion using a chart of a morphism. For (1), this is just
the definition. For (2) and (3), see [Kat89, Theorem 3.5]. For (4), see [INT13, Proposition
1.3]. Then the statement can be deduced from these criteria and Lemma 3.A.4. 0






CHAPTER 4

Log p-divisible groups associated with semi-abelian schemes

4.1. Introduction

The goal of this chapter is to prove the following theorem.

Theorem 4.1.1 (Theorem 4.4.4). Let (X, Mx) be an fs log scheme defined by a
locally noetherian regular scheme X with a normal crossings divisor D, and A be a semi-
abelian scheme over X. Let U := X — D. Suppose that Ay is an abelian scheme over

U. Then the p-divisible group Ay [p™] over U uniquely extends to a log p-divisible group
Alp™]¢ over (X, Mx).

We also prove an analogue of Theorem 4.1.1 for n-torsion points of Ay when n is
invertible on the generic points of D. This assumption is necessary in order to ensure the
uniqueness of the extension of Ay [n].

Theorem 4.1.2 (Theorem 4.4.3). Let n > 1 be an integer. Let (X, Mx) be an
fs log scheme defined by a locally noetherian regular scheme X with a normal crossings
divisor D, and A be a semi-abelian scheme over X. Let U := X\D. Suppose that Ay is
an abelian scheme over U and that D ®;z Z[1/n] is dense in D. Then the finite flat group
scheme Ap[n] over U uniquely extends to a log finite group scheme A[n]'°® over (X, My).

Let us explain the relationship between this result and the theory of log abelian varieties,
which we do not use in this thesis. The conclusion of Theorem 1.5.1 is true when A is the
semi-abelian part of a log abelian scheme over (X, M) in the sense of [KKNO8b, 4.4|
(cf. Example 3.2.30). It seems to be natural to ask the following question.

Question 4.1.3. Let (X, Mx) and A be as in Theorem 1.5.1. Then there is a unique
log abelian scheme A'°® over (X, Mx) whose semi-abelian part is isomorphic to A.

When Question 4.1.3 has an affirmative answer, Theorem 1.5.1 is directly deduced from
it.
Remark 4.1.4. Question 4.1.3 is answered affirmatively in the following cases.

(1) When (X, My) is the spectrum of a complete discrete valuation ring equipped
with the standard log structure, Question 4.1.3 is resolved affirmatively in
[KKN19, Corollary 4.5]|.

(2) Let n > 3 be an integer. Let A,, denote the moduli space of principally po-
larized g-dimensional abelian varieties with level-n structures, and Ain denote
the toroidal compactification of A, , associated with a fixed smooth cone decom-
position ¥ constructed by Faltings-Chai in [FC90|. We equip Ain with the log
structure M AZ, defined by the boundary divisor. Kajiwara-Kato-Nakayama stud-
ied fundamental properties of log abelian varieties and interpreted the log scheme
(A, M 4z,) as the moduli space of log abelian varieties in a series of papers

[KKNO08a, KKN08b, KKN15, KKN18, KKN19, KKN21, KKN22|, . In par-
log

univ

ticular, their results imply that there exists a universal log abelian scheme A

45
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on (.Ain,./\/l Agzn) such that its semi-abelian part is isomorphic to the universal
semi-abelian scheme A5

Let (X, Mx) and A be as in Theorem 1.5.1. Suppose that there is a morphism
X — A”, such that A is obtained as the pullback of As3h " along this morphism.
Then it follows that Question 4.1.3 has an affirmative answer from the functoriality
of the semi-abelian parts of log abelian schemes. For example, this assumption
holds for the toroidal compactification of the integral canonical model of a Shimura
variety of Hodge type with hyperspecial level constructed by Lan and Madapusi

in [Lan13,Mad19|.
(3) When X is a smooth variety over the complex number field C and A admits a
polarization, Question 4.1.3 is resolved affirmatively in [KKNO8a, Proposition

3.9.2] by using log Hodge theory.

Remark 4.1.5. Even if Question 4.1.3 has an affirmative answer, our method in Chap-
ter 4 gives another simpler proof of Theorem 1.5.1 because we do not use the theory of log
abelian varieties.

In what follows, we explain the strategy of our proof of Theorem 4.1.2. Theorem 4.1.1
is proved in a similar way. We may assume that X = Spec(R) is affine. First, we consider
the case where R is a complete regular local ring. In this case, Mumford’s degeneration
theory (cf. [FC90]) allows us to associate a log 1-motive with a semi-abelian degeneration
A. Then the log finite group scheme associated with this log 1-motive constructed in
Proposition 4.3.14) is the desired object. In this step, we prove the following.

Theorem 4.1.6 (Theorem 4.3.20). Let X be a spectrum of a complete regular local
ring and U be an open subset of X whose complement is a normal crossings divisor. Then
there are natural equivalences of categories:

DEG(X,U) ~ DD(X,U) ~ DD"8(X, U).

Here, the categories DEG(X,U), DD(X,U), and DD"8(X,U) are defined in Definition
4.3.17.

While the first equivalence is already known in [FC90|, the second one is new and
allows us to interpret the degeneration theory in terms of the theory of log 1-motives. We
believe that Theorem 4.1.6 is well-known to experts.

Next, we treat the case where R is a (not necessarily complete) discrete valuation ring.
In this case, Theorem 4.1.2 follows from what we proved above and Beauville-Laszlo gluing
(Proposition 4.2.2).

Finally, we consider general cases. By the results in the previous cases and the limit
argument, we obtain an extension Ay [n]'°® of Ay[n] to an open subset V C X containing
U such that the codimension of the complement of V in X is at least 2. The purity for
homomorphisms of log finite group schemes (Proposition 3.4.10) and the limit argument

allow us to assume that R is local. Let R be the completion of R. Consider a strict fpqc

~

cover (Spec(R), Mz) = (X, Mx). What we proved above implies that there is a log finite
group scheme A3 [n]'°8 over (Spec(ﬁ), M 3) extending the pullback of Ay [n]'°8, and Ag[n]'®
is naturally equipped with a descent datum over (Spec(lgu Qr ﬁ), M §®R§) by the purity
for homomorphisms of log finite group schemes (Proposition 3.4.10). Therefore, we obtain

the desired extension by strict fpqc descent for log finite group schemes ([Kat21, Theorem
7.1 and Theorem 8.1|).
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Let us explain the outline of this chapter. In Section 4.2, we recall some basic prop-
erties of log p-divisible groups. In Section 4.3, we give the reinterpretation of Mumford’s
degeneration theory of abelian schemes in terms of log 1-motives. In Section 4.4, we prove
the main theorem (Theorem 4.4.3).

We refer readers to [Ogul8| for notation and terminologies concerning log schemes.

4.2. Beauville-Laszlo gluing for log p-divisible groups

Proposition 4.2.1 (Beauville-Laszlo gluing for kfl vector bundles). Let
(Spec(R), MRg) be a spectrum of a discrete valuation ring R equipped with the log structure
defined by the unique closed point. Let K be the fraction field of R, R be the completion
of R, and K be the fraction field of R. Then a natural functor

Vectia (Spec(R), Mpg) — Vect(K) Xy . ) Vectya(Spec(R), M3)
is an equivalence of categories.

Proof. Fix a uniformizer 7 € R, and let a: N — Mg be a chart defined by 1+ 7. For
an integer n > 1, we set

1 1
(SpeC(R%O)),MR%o)) = (Spec(R), Mg) ®@zm N (Z[—N], EN)’

and we let (Spec(Rgm)), ./\/lelm)) denote the (m+ 1)—fold self-product of (Spec( © )), MRS”)
in the category of saturated log schemes over (Spec(R), Mpg) for m > 0. Let K™ =
RU™[1/7), and let RY™ denote the m-adic completion of RY™. Let K\™ := R{™[1/x]. The
ring RY is a discrete valuation ring, and R is flat over R for m > 1. Hence, RU™ is

m-torsion free for m > 0. Beauville-Laszlo gluing ([BL95, Theorem and Remarques (1)])
gives equivalences

Vet (R{™) 5 Vect(K™) Xy gomy Veet(RI™)
for m > 0. Therefore, by working kfl locally, we obtain an equivalence

Vectiqn (Spec(RR), M) — Vect(K) Xyeq (i) Vectkﬂm(Spec(ﬁ), Mp),

Vect(
where Vectya ,,(Spec(R), Mg) (resp. Vectkﬁ,n(Spec(ﬁ),Mﬁ)) is the full subcategory of
the category of kfl vector bundles on (Spec(R), Mpg) (resp. (Spec(R), Mpz)) consisting
of objects which become classical after being pulled back to (Spec(R,(ZO)),./\/l R©) (resp.

(Spec(ﬁ(o)) M) Taking the colimit with respect to n > 1, we obtain the equivalence

in the assertion by Lemma 6.2.17. U
In this subsection, we recall basic results on log finite group schemes and log p-divisible
groups introduced by Kato in [Kat23].
For a scheme X, let Fin(X) (resp. BT(X)) denote the category of finite and locally
free group schemes (resp. p-divisible groups) over X. When X = Spec(R) is affine, we
write Fin(R) = Fin(X) and BT(R) = BT(X).

Proposition 4.2.2 (Beauville-Laszlo gluing for log finite group schemes). Un-
der the notation of Proposition 4.2.1, natural functors

wFin(Spec(R), Mp) = Fin(K) X,z wFin(Spec(R), Mpz),
Fin(Spec(R), M) — Fin(K) X, % Fm(Spec(R) Mp)
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are equivalence of categories.

Proof. The equivalence of the former functor follows from Proposition 4.2.1 and Proposi-
tion 3.2.18. Then the former equivalence restricts to the latter equivalence thanks to strict
fpqc descent for finite Kummer log flat log schemes ([Kat21, Theorem 7.1 and Theorem
8.1]). Although the statement in loc. cit. proves strict fppf descent, the same proof as in
loc. cit. also shows strict fpqc descent. 0

Let Lef((X, Mx )ket) denote the category of locally constant sheaves of finite abelian
groups on (X, Mx)is. Then we have a natural fully faithful functor

Lef (X, Mx)ker) = wFin(X, My)
by [Kat21, Theorem 10.2 (2)].

Lemma 4.2.3. Let n > 1 be an integer that is invertible on X. Then the above functor
induces equivalences

Lef (X, Mx)er, Z/n) = Fin((X, Mx),Z/n) = wFin((X, Mx),Z/n),

where Lef((X, Mx)ket, Z/n), Fin((X, Mx),Z/n), wFin((X, Mx),Z/n) are the full sub-
categories of Lef((X, Mx)ket), Fin(X, Mx), wFin(X, Mx))) consisting of objects killed
by n, respectively.

Proof. The equivalence of the second functor follows from [Kat23, Proposition 2.1].
Since a finite and locally free group scheme killed by an integer invertible on the base is
an étale locally constant sheaf, wFin((X, Mx),Z/n) is nothing but the category of locally
constant sheaves of finite Z/n-modules on (X, Mx ). Hence, it follows from [Kat21,
Theorem 10.2 (2)] that the composite of the functors in the statement is an equivalence. [

4.3. Degeneration theory of abelian schemes

The goal of this section is to reinterpret the degeneration theory of abelian schemes
established by Mumford, Falting-Chai, and Lan in [FC90,Lan13] in terms of log 1-motives
(Proposition 4.3.20).

4.3.1. 1-motives. Let S be a base scheme. A commutative group scheme G of finite
presentation over S is called a semi-abelian scheme if every geometric fiber of GG is written
as an extension of an abelian variety by a torus. We say that a semi-abelian scheme G is
split if there is an exact sequence 0 — T — G — A — 0, where T is a torus and A is
an abelian scheme over S. This exact sequence is unique up to a unique isomorphism if it
exists, and 7' (resp. A) is called the torus part (resp. abelian part) of G.

Definition 4.3.1 (1-motives, [Del74, Définition 10.1.2 and Variante 10.1.10]). A 1-

motive over S is a morphism Q = (Y — () of étale sheaves, where Y is a locally constant
sheaf of free Z-modules of finite rank on Sg and G is a split semi-abelian scheme over S.

Let @ = (Y % @) be a 1-motive over S and T (resp. A) be the torus part (resp. the
abelian part) of G. We let ¢: Y — A denote the composite of Y % G — A. Let X denote
the character group sheaf of T. The extension class corresponding to GG belongs to

Ext}gét(A, T) = Homyg,, (X, 5mt§ét(A, G,,)) & Homg,, (X, AY).
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This gives a group homomorphism ¢¥: X — AY. Take x € X(.S). Taking the pushout along
x: T — G,, and the pullback along c: Y — A for the exact sequence 0 =T - G —- A — 0
gives an exact sequence

0— G, — (exc'(2)*Pa—Y — 0,

where P is the Poincaré biextension over A x A" and ¢ x ¢”(z) denotes amap Y — Ax AY
given by y — ¢(y) x ¢Y(x). Then u induces a section of this exact sequence. By varying
x € X(9), sections defined in this way are totalized into a trivialization of a G,,-biextension
over Y x X

7 lyxx — (e x V) Py.

By construction, we can recover the l-motive Q from the tuple (X,Y, A, ¢,c¢,7). As a
summary, we get the following lemma.

Lemma 4.3.2 (The description of 1-motives of a symmetric form). Consider
the category of tuples (X,Y, A, ¢, ¢Y, ) consisting of the following objects:

e X and Y are locally constant sheaves of free Z-modules of finite rank on Sg;

e A is an abelian scheme over S

ec:Y —» Aand ¢': X — AY are group homomorphisms;

o 7: 1y, x — (¢ x c¢¥)*Py is a trivialization of a G,,-biextension over ¥ x X.
Morphisms f: (X1,Y1, Ay, ¢1,¢f,71) — (Xo,Ys, Ay, 9, ¢5,73) are group homomorphisms
s Xo 5 X, faP A — Ay, and f€: Y] — Y, satisfying the following conditions:

° fabc1 — Cgfét and C\l/fmult — (fab)\/cg/;

o (idy, x f™U)*r and (f* x idy,)*7 are equal via the isomorphisms
(idX1 X fmlﬂt)*(cl X C\l/)*PAl = (Cl X C;/)*(idz‘h X (fab>v)*PA1
= (cp x ¢y)*(f* x iday)*Pa,
= (fét X idX2>*(02 X 0\2/)*73142'
Then this category is naturally equivalent to the category of 1-motives over S.

Remark 4.3.3. We also refer to an object of the category in Lemma 4.3.2 as a 1-motive
over S.

Definition 4.3.4 (Polarization on 1-motives). Let Q = (X,Y, A, ¢,¢¥,7) be a 1-
motive over S. The tuple Q¥ := (Y, X, AV, ¢, ¢, 7V) is called the dual 1-motive of Q. Here,
7V is the composite of the isomorphisms of G,,-biextensions over X x Y defined in the
following way:

1X><y :> 8*(0 X Cv)*PA = (C\/ X C)*t*‘PA ~ (C\/ % C)*PA\/,

where s: X xY - Y x X and t: AY x A — A x AV are the switching maps.

Let TV denote the torus over S whose character group is Y. The group homomorphism
¢ corresponds to a split semi-abelian scheme G with an exact sequence 0 — TV — GV —
AY — 0. Then 7V gives a group homomorphism u": X — GV, which corresponds to the
dual 1-motive QY via the equivalence in Lemma 4.3.2.

A polarization on Q is a morphism A: @ — QY such that the following conditions are
satisfied:

o A\t — Xé: 'y 5 X and these maps induce an isomorphism Y ®; Q = X ®; Q;
e M. A — AV is a polarization on the abelian scheme A.



50 4. LOG P-DIVISIBLE GROUPS ASSOCIATED WITH SEMI-ABELIAN SCHEMES

4.3.2. Log 1-motives. Next, we consider the log version of 1-motives. Let (S, Mg)
be a locally noetherian fs log scheme.

Let T be a torus over S with character group X. We define a sheaf Tj,, on (S, Mg)kn
by

TlOg = Hom(vaS)kﬂ (X7 GmJOg)'

The natural injection G,, < Gy, 10 induces an injection T — Ti,,. More generally, for a
split semi-abelian scheme G over S with torus part 7" and abelian part A, we define the
sheaf Gog on (S, Mg)ia by the following pushout diagram:

Ti)jﬁlog

-

G ——— Glog-
Then we have an exact sequence 0 — Tios — Glog — A — 0 of sheaves on (S, Mg)yq.

Lemma 4.3.5. The restriction to the small étale site Sy gives an exact sequence of
sheaves on Sg;
0— (TIOg) Set 7 (GIOg)

Proof. By working étale locally on S, we may assume that 7" is a split torus. Consider the
morphism of sites e€: (S, Mg)xn — Se induced from the inclusion functor Sg < (S, Mg )iq-
By |[Kat21, Theorem 5.1|, we have R'e,Tj,g = 0. Therefore, applying €. to the exact
sequence 0 — Tjoe — Glos — A — 0 gives the exact sequence in the assertion. O

Definition 4.3.6 (Log 1-motives, [KKNO8b, Definition 2.2]). A log 1-motive over
(S, M) is a morphism Qi = (Y = Glog) of sheaves of abelian groups on (S, M),
where Y is a strict étale locally constant sheaf of free Z-modules of finite rank on (S, Mg )ka
and G is a split semi-abelian scheme over S.

S — A — 0.

For an abelian scheme A over S, we let P}fg denote the G, 1og-biextension over A x AY
defined as the base change of the Poincaré biextension P4 along G,, — Gy, 10g. In the same
way as Lemma 4.3.2, we get the following lemma.

Lemma 4.3.7 (The description of log 1-motives of a symmetric form). Consider
the category of tuples (X,Y, A, ¢, ¢”, 7) consisting of the following objects:
e (X,Y, A c ') is the same as in Lemma 4.3.2;
o 7: 1y, x — (cx cV)*Pifg is a trivialization of a G, 1og-biextension over Y x X.
Morphisms are also defined in the same way as in Lemma 4.3.2. Then this category is
naturally equivalent to the category of log 1-motives over (S, Mg).

Remark 4.3.8. We also refer to an object of the category in Lemma 4.3.7 as a log
1-motive over (S, Mg).

Definition 4.3.9 (Monodromy pairings associated with log I1-motives,
[KKNO08b, (2.3)]). Let Qe = (Y = Glog) = (X,Y,A,c,c’,7) be a log 1-motive over
(S, Mg). We have the following commutative diagram whose rows are exact sequences of
sheaves on (S, Mg)a:

0 T G A 0

.y

0 — Tiog —= Giog —= A —— 0.
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By the snake lemma, we get an isomorphism Ti,s/T" = Glog/G. The homomorphism u
induces a homomorphism

Y = Giog = Grog/G = Tiog /T = Homs, mg)a (X Gimtog/ Gim),
which corresponds to a bilinear pairing
<—, —>Z Y xX— Gm,log/Gm-

This pairing is called the monodromy pairing associated with Qjo.

Definition 4.3.10 (Dual on log 1-motives, [KKINO08b, Definition 2.7.4]).

Let Qg = (X,Y,A,c,c",7) be a log 1-motive over (S, Ms). The tuple Q) =
(Y, X, AV ¢",e,7V) is called the dual log 1-motive of Q.. Here, the trivialization 7Y
of the Gl%-biextension (c¢¥ x ¢)*P'%8 over X x Y is defined in the same way as in Definition
1.3.4. Then 7V gives a group homomorphism u": X — Gl\gg, which corresponds to the dual
log 1-motive Q}ég via the equivalence in Lemma 4.3.7.

We can associate a log finite group scheme with a log 1-motive by taking n-torsion
points in an appropriate sense.

Definition 4.3.11 (|WZ24, Definition 3.4]). Let Qi = (Y = Glog) be a log 1-motive
over (S, Mg). For an integer n > 1, consider the sheaf of commutative groups on (S, Ms)ka
defined by

Qugln] = H (Y N Glog) ®5 Z/n),

where (Y = Gjog) is regarded as a complex of sheaves on (S, Mg)ya such that Y lives in
the degree —1 part. Concretely, we can write

O] = Ker(u — (xn): Y & Giog = Giog)
e T T ((xn) 4wt Y — Y & Grog)

Lemma 4.3.12. Let Q) = (Y = Glog) = (X,Y, A ¢,¢”,7) be a log 1-motive over
(S, Mg). Let m: Giog — A and 7": G}f)g — A be natural surjections. Then there are

natural trivializations of G, jo-biextensions

1t lGlong = (m x Cv)*Pfga P2 1Y><Gl\gg = (c x 71-V)* fg’
and we have an equality (u X idx)*(p1) = (idy x u¥)*(p2) = 7.

Proof. Take a section x € X (S, Mg). We have the following commutative diagram of
exact sequences:

0—— ﬂog CTYlog A 0

| |

0 — Gujog —= Py®|axiev @y —= A —=0,

where the left vertical map is induced from z: T — G,,. Then the middle vertical map
gives a trivialization of the G, og-torsor ((m x ¢¥)* fg)|GlogX{x} on Glog X {2} = Gog.
By varying x, the trivializations obtained in this way are totalized into a trivialization of
G log-biextensions pr1: 1g,, xx — (7 X ¢)* 2 By construction, (u x idx)*(p1) coincides

with 7. The remaining assertions are also proved in the same way. (l
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Construction 4.3.13 (Weil pairings associated with log 1-motives). Let Qy,, =
(Y 5 Glog) = (X,Y, A c,c¥,7) be a log 1-motive over (S, Mg). We shall construct a
pairing
teOg[n]: QIOE [’I’L] X Q;(/)g [n] — Gm,log

as follows: Let g1 == (y,9) € (Y X Glog)(S, Ms) and g := (v, h) € (X x GY/,)(S, M) such
that u(y) = ng and u”(x) = nh. Then there is a unique eg, (g1, 42) € Gmlog(S, Ms)
fitting into the following commutative diagram of G, jog-torsors on (S, Mg):

10g| P2 (y h)
’lL

PA |ng,h ),h) ; Gm Jlog

(Pfghg,h))@" €9, [n](41,42)

lo. 1 p1(g,x)
PaEl(gnn) — Pa%l(guv (@) —=> Gmilog-

Here, the left vertical maps are defined by the G, oe-biextension structure on Pfg. The
last assertion of Lemma 4.3.12 implies that (q1,¢2) + eq,,@n(q1,q2) induces a pairing
€01, * Llog[n] X Q)i [n] — Gy (the bilinearity implies the image is contained in Gy, 10g[n] =
Gm[n] C Gy). The pairing eq, ) is called the Weil pairing associated with the log 1-
motive Qjog.

U

Proposition 4.3.14 (cf. [WZ24, Proposition 3.5]). For a log 1-motive Qjos = (Y —
Glog) over (S, M), the following statements hold.

(1) Qiogln| fits into an exact sequence
0 — G[n] = Qieg[n] = Y/nY — 0
of sheaves of abelian groups on (S, Mg)xs.
(2) Qiogln] is a log finite group scheme over (S, Mg).
(3) The Weil pairing eg,, [ induces an isomorphism Qy [n] = (Qig[n])” of log finite
group schemes.
(4) For another integer m > 1, there is a natural exact sequence

O — Qlog [m] — Qlog [mn] — Qlog [n] — O
In particular, for a prime number p, Qiog[p™] = U, > Quog[p"] is a log p-divisible

group over (S, Mg).

Proof. (1) is proved by Wiirthen-Zhao in [WZ24, Proposition 3.5]. (2) follows from
|[Kat23, Proposition 2.3] and (1). (4) follows from (1) and the snake lemma. (3) is
presumably well-known to experts. We shall give a proof here because we could not find
proofs in the literature.

We define a filtration W_5 o, C W_10,, C Wo,0,, = Quog[n| b

W_27Q10g = T[n] = XV ®Z Mna W_17Q10g = G[n]
Applying (1) to leog allows us to define a filtration
W_27Q¥)g C W_Lgﬁg C WO,leog = Qfgg[n]
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by
Weoagy =T"In] =YY @z pn, Wiy =G"[n].
It follows from the definition of the Weil pairing and the last assertion of Lemma 4.3.12
that
€Quogn)(W=1,0105 W-2,0Y, ) = €010yl (W-2.0,» W-1,0y,) = 0,
and direct computations imply that natural pairings

(Wo,010/ W=-1.01) X Wezio, ZY/nY X (Y @z fin) = fin,
(Wot,010/ W=2,0,,,) X W_r,0y [Wosgy ) = Aln] x A”[n] = pn,
Woa.0, X Wogy, /Wor0y,) = (X7 @z pn) X X/nX = pin,
coincide with the induced pairings from eg, [, by construction of the Weil pairing. Since

the above three pairings are perfect pairings, eg, ] is also a perfect pairing. This proves
(3). O

Let (S, Mg) be an fs log regular log scheme. Let U be the interior of (S, Mg)
and j: U — S be the inclusion map. The pullback along j gives a morphism of sites
(U, Mp)a — (S, Ms)ka. The associated direct image functor

Shv((U, MU)kﬂ) — Shv((S, Ms)kﬂ)
is denoted by jka . In the same way, the direct image functor
Shv(Ug) — Shv(Sg)

induced from j is denoted by jeg .-
Let G be a split semi-abelian scheme over S with torus part 7" and abelian part A.

Lemma 4.3.15. The natural map Gy — jka«(G|v) of sheaves on (S, Mg)ka induces
an isomorphism of sheaves on Sg

GlOg’Sét :> jét,*(G’U)'

Proof. First, we treat the case where G = T. By working étale locally on S, we may
assume that T = G,,, and that there is an fs chart P — Mg. Let S’ € Sg. We have
natural maps
Ms(sl) — OS/(S’) — OS/(U Xg SI)X

By Proposition 3.4.2(2) and (3), both maps are injective. Hence, the map Gy, og|s., —
Jetx(Grp) in the assertion is injective. Further, Lemma 3.4.4 implies that the map
Gmjoglse, = Jetx(Gm,u) is surjective. This proves the assertion then G =T

Next, consider a general split semi-abelian scheme G. We have the following commu-
tative diagram of sheaves on Sg whose rows are exact:

00— ﬂog‘sét Glog Set A 0

| | |

0 — Jetx(T|v) — Jer(Glu) — Jets(Alv)-

It follows from what we have proved in the previous paragraph that the left vertical map
is an isomorphism. By [FC90, Ch.I, Proposition 2.7|, the right vertical map is also an
isomorphism. Therefore, the snake lemma implies that the middle vertical map is also an
isomorphism. ([l
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4.3.3. Degeneration theory. In this subsection, we study a relation between semi-
abelian schemes, 1-motives, and log 1-motives over complete regular local rings.

Let S = Spec(R) be the spectrum of a complete regular local ring R with unique closed
point s, and D be a normal crossings divisor on S. Let (S, Mg) be the fs log scheme
defined by D. Set U := S\ D. Note that every torus over S is split after finite étale base
change.

Definition 4.3.16. Let P be a G,,-torsor on S. Let Div(S,U) denote the group of
WEeil divisors of S whose support is contained in D. Then taking valuations defined by
generic points of irreducible components of D gives a map v: P(U) — Div(X,U).

Definition 4.3.17. We define the following categories.

e Let DEG(S, U) be the category of semi-abelian schemes A over S such that AxgU
is an abelian scheme over U.

e Let wDD(S,U) be the category of triples (Y,G,u: Y|y — G|y) consisting of a
locally constant sheaf Y of free Z-modules of finite rank on Sg, a split semi-abelian
scheme G over S, and a group homomorphism u: Y|y — G|y. In the same way as
Lemma 4.3.2, wDD(S, U) is naturally equivalent to the category of 1-motives Qy =
(Xv,Yu, Au, cu, ¢y, 7) over U such that the tuple (Xy, Yy, Ay, cu, ¢ff) (uniquely)
extends to (X,Y, A, ¢, ¢¥) over S. In particular, wDD(S,U) is a full subcategory
of the category of 1-motives over U.

e Let DD,oi(S,U) be the category of an object Qp = (Xy, Yy, Av,cu, ¢, ) €
wDD(S,U) equipped with a polarization A\y: Qp — Q) satisfying the following
conditions:

— A% extends to a polarization on A;
— there is a connected finite étale cover S” — S such that the pullback of Y to
S’ is constant and, for each y € Y'(S’), we have

v(7(y, A"(y))) € Div" (5", U")\{0},

where U’ := U x5S’ and Div* (5", U’) is the submonoid of Div(S’, U’) consist-
ing of effective divisors. Clearly, this condition is independent of the choice
of 5.
Forgetting polarizations gives a functor DD, (S, U) — wDD(S, U). The essential
image of this functor is denoted by DD(S, U).
e Let wDD'"8(S,U) be the category of log 1-motives over (S, My).
o Let DDfogl(S, U) be the category of a log 1-motive Qs = (X,Y, A, ¢, c",78)
equipped with a morphism \: Qs — Q}f)g satisfying the following conditions:
— M2 ig a polarization on A;
— for y € Y5\{0}, we have (y, \*(y)) € (Ms3s/Og5)\{1}, where 5 is a geometric
point on S above s, and (—, —) is the monodromy pairing Y x X — G, 104/ G,
(see Definition 4.3.9).
Forgetting A gives a functor DDEgl(S, U) — wDD"8(S, U). The essential image of

0.

this functor is denoted by DD'¢(S, U).

Remark 4.3.18. The notion of polarizations on log 1-motives is also defined in
[KKNO8b, Definition 2.8]. However, we do not use it in this chapter. Note that, for
an object (Qiog, A) of the category DDEOgI(S, U), the morphism A is not a polarization in
the sense of loc. cit. unless S = U.
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Theorem 4.3.19 (Mumford’s degeneration theory, cf. [FC90,Lan13, Mad19]).
There is a natural equivalence of categories

DEG(S, U) ~ DD(S, U).
Proof. See [Mad19, (1.2.2)]. O

By reinterpreting the right hand side in the equivalence in Theorem 4.3.19 in terms of
log 1-motives, we obtain the following result.

Theorem 4.3.20. There are natural equivalences of categories
DEG(S,U) ~ DD(S,U) ~ DD"8(S, U).

Proof. It is enough to prove the second equivalence. For a locally constant sheaf Y of
free Z-modules of finite rank on S and a split semi-abelian scheme G on S, giving a group
homomorphism Y|, — G|y is equivalent to giving a homomorphism ¥ — G,y by Lemma
1.3.15. Hence, there is a natural equivalence of categories

wDD(S,U) ~ wDD"8(S, U).
If we take a connected finite étale cover S’ — S such that every irreducible component of

S" — U’ is regular, we have an isomorphism of monoids Div*(S’,U’) = Mgz/O%5, where
we put U’ :== U xg S’". Therefore, the above equivalence induces an equivalence

DD,oi(S, U) ~ DD (S, U),

ol
and so we obtain an equivalence !
DD(S,U) ~ DD"8(S, U).

OJ
Proposition 4.3.21. Let A € DEG(S,U). Let Qu (resp. Qo) be the object of
DD(S,U) (resp. DD'8(S,U)) corresponding to A via the equivalences in Theorem 4.3.20.
Then there are natural isomorphisms of finite flat group schemes over U
Aly[n] = Quln] = Qigg[n]lu
for any integer n > 1.
Proof. We have a natural isomorphism Ay [n] = Qpn| (see [FC90, Ch.III, Corollary 7.3|

or [Mad19, (1.2.2.1)]). Since the restriction of Qy,, to U coincides with Qp by construction,
we have natural isomorphisms

Quln] = (Qig)lu[n] = Qiog[n]|u-

4.4. The proof of the main theorems

Lemma 4.4.1. Let R be a discrete valuation ring with fraction field K, and Mg be
the log structure on Spec(R) defined by the unique closed point.

(1) Let n > 1 be an integer invertible in R. Let G; and G5 be weak log finite group
schemes over (Spec(R), Mpg) killed by n. Then the restriction map

HOIH(GI, GQ) — HOII](GllK, G2|K)

is an isomorphism.
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(2) Let p be a prime number. Let G; and Gy be log p-divisible groups over
(Spec(R), Mg). Then the restriction map

HOII](GI, GQ) — Hom(GllK, G2|K)
is an isomorphism.

Proof. (1) follows from Lemma 4.2.3 and the surjectivity of
G&l(?/K) — 7T17két(SpeC(R), MR)

(2) is nothing but the log version of the theorem of Tate and de Jong (|[BWZ24, The-
orem 5.19]). Note that, although [BWZ24, Theorem 5.19] assumes that K is of mixed
characteristic (0,p), and that the residue field of R is perfect, the fully faithfulness part
is essentially proved in [BWZ24, Lemma 4.8|, in which the argument works without such
an additional assumption. O

Proposition 4.4.2. Let notations be as in Lemma 4.4.1. Let A be a semi-abelian
scheme over R with Ax = A ®g K being an abelian variety over K.

(1) Let n > 1 be an integer invertible in R. Then the finite group scheme Ag[n| over
K uniquely extends to a log finite group scheme over (Spec(R), Mg).

(2) Let p be a prime number. Then the p-divisible group Ag[p*>] over K uniquely
extends to a log p-divisible group over (Spec(R), Mg).

Proof. For both assertions, the uniqueness follows from Lemma 4.4.1. By Proposition
4.2.2, we may assume that R is complete. Let Qjoq be the log 1-motive on (Spec(R), Mg)
corresponding to A € DEG(R, K) via the equivalence in Theorem 4.3.20. Then the log
finite group scheme Qo [n] and the log p-divisible group Qo [p*] are the desired extensions.

O

Theorem 4.4.3. Let n > 1 be an integer. Let (X, Mx) be an fs log scheme defined
by a locally noetherian regular scheme X with a normal crossings divisor D, and A be a
semi-abelian scheme over X. Let U := X\ D. Suppose that Ay := A xx U is an abelian
scheme over U and that D ®z Z[1/n] is dense in D. Then the finite flat group scheme
Ay([n] over U uniquely extends to a log finite group scheme A[n]'°¢ over (X, Mx).

Proof. First, we prove the following claim: for weak log finite group schemes GGy and G»
over (X, M) killed by n, the restriction map

Hom(G1, G) = Hom (G|, Ga|v)

is an isomorphism. Take a homomorphism fy: Gi|y — Gz|y. By the assumption, n is
invertible in Ox , for each generic point 1 of D. Hence, there exist an open subset V' of
X containing U with codimyx (X\V) > 2 and an extension fy: Gi|ly — Gsly of fy by
Lemma 4.4.1 (1) and the limit argument. Then f, uniquely extends to a homomorphism
f: G1 — G4 by Proposition 3.4.10. This argument also shows that f is a unique extension
of fU.

We turn to proving Theorem 4.4.3. Since the uniqueness of the extension follows from
the claim in the previous paragraph, we may work Zariski locally on X. Hence, the limit
argument allows us to assume that X = Spec(R) for a local ring R. By the assumption,
n is invertible in Ox, for each generic point n of D. Hence, there exist an open subset
V of X containing U with codimyx(X\V) > 2 and a log finite group scheme Ay [n]'°¢ over
(V, My) extending Ay[n] by Proposition 4.4.2 (1) and the limit argument. It is enough
to extend Ay [n]® to a log finite group scheme over (X, My). Let X’ := Spec(R) and
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X" = X" xx X'. Let p;: (X", Mxn) — (X', Mx) be the projection maps for i = 1,2.
Let U’ (resp. V') denotes the preimage of U (resp. V') via X' — X. Let Q.. be the object
of DD'*¢(X’, U’) corresponding to A x x X' € DEG(X’,U’). By Proposition 4.3.21, the log
finite group scheme Q),[n] is an extension of (A x x U’)[n]. By the claim in the previous
paragraph, we have an isomorphism Qjog[n]|v = Ay [n]'°¢|y,. Applying Proposition 3.4.10
to the strict flat map (X", Mx») — (X, Mx) and the open set V' C X, we obtain a unique
isomorphism pj Qo [n] = psQiog[n] extending the isomorphism

(P} Quog[n]) [y = Av[n] 5|y = p} Quog[n] v,

where V" is the preimage of V' via X” — X. This defines descent datum of Qj..[n], and
we obtain a log finite group scheme A[n]'°® extending Ay [n]'8 by strict fpqc descent for
finite Kummer log flat schemes (|[Kat21, Theorem 7.1 and Theorem 8.1]|). This finishes
the proof. O

Theorem 4.4.4. Let (X, Mx) be an fs log scheme defined by a locally noetherian
regular scheme X with a normal crossings divisor D, and A be a semi-abelian scheme over
X. Let U := X\D. Suppose that Ay is an abelian scheme over U. Then the p-divisible
group Ay[p™] over U uniquely extends to a log p-divisible group A°8[p>] over (X, Mx).

Proof. Although almost all arguments of Theorem 4.4.3 work in this setting, we have to
notice that we need to pass to finite levels when we use the limit argument.

For each generic point n of D, there exists a unique log p-divisible group on’n[p
over (Spec(Ox,,), Moy, ) extending Ay [p™]|spec(i(n)) by Lemma 4.4.2, where K (1)) denotes
the fraction field of Ox,. For every n > 1, by the same argument as Theorem 4.4.3,
there exists a unique log finite group A[p"]'°® over (X, Mx) with compatible isomorphisms
Alp"e|y = Aylp"] and A[p"]log|(Spec(oxﬂn)7MoX7n) = Aoy, [p"] for each generic point 7 of
D.

Natural inclusion maps Ay[p"] — Ay[p"™'] and Ao, [p"] — Aoy, [p uniquely
extend to a homomorphism A[p"]'°s — A[p"*1]l¢ for every n > 1 by the limit argument
and Proposition 3.4.10. It is enough to check that A[p>°]°s := limy A[p"]'8 is a log p-divisible

n>1

oo]log

n+1]

group with

Alp"]'*8 = Ker(xp": A[p™]s — A[p™]"®).
To check this, it suffices show that it is so after taking the base change to
(Spec(@x,x),./\/l@ ) for every © € X. Hence, we may assume that X = Spec(R) for

X,z
a complete regular local ring R. Let Qs be the object of DD"8(X, U) corresponding to
A under the equivalence in Theorem 4.3.20. By the uniqueness of extension, A[p"]'*¢ is
isomorphic to Qjee[p”]. Therefore, the claim follows from Proposition 4.3.14 (3). O






CHAPTER 5

Log prismatic F'-crystals and realization functors

5.1. Introduction

The first goal of this chapter is to generalize the construction of realization functors
and the relationship between them to log prismatic F-crystals on semi-stable log formal
schemes over Q.

Theorem 5.1.1 (see Theorem 5.6.18). For a semi-stable log formal scheme (X, M)
over Oy, there exist an étale realization functor

T : Vect?((X, Mx)p) — Locg, (X, Mx)y)
and a crystalline realization functor
Thsoc : Vect?((X, Mx) ) — Fillsoc” (X, Mx),

where Locz, ((X, Mx),) denotes the category of Kummer étale Z,-local systems on the
generic fiber (X, Mx), and Fillsoc? (X, Mz) denotes the category of filtered F-isocrystals
on (X, Mx). Moreover, for a log prismatic F-crystal &, coefficient objects T (€) and
Thsoc(€) are associated in the sense of Definition 5.4.18 (2) (cf. |[Fal89, AI12, Tsu]).

Remark 5.1.2. In fact, we work with the category of analytic log prismatic F-crystals,
denoted by Vect™ ¥ ((X, M) ), which is larger than Vect?((X, Mx),).

Remark 5.1.3. When (X, My) has framings with m =n =0 (resp. m =0 and n > 1)
étale locally, this theorem is proved in [DLMS23, GR24| (resp. [DLMS24|). Moreover,
the work [IKY25| gives the description of Thg. using Nygaard filtrations when (X, Mx)
has a framing with m = n = 0 étale locally. We also generalize this description for arbitrary
m,n.

The next goal is to prove the fully faithfulness and bi-exactness of étale realization
functors.

Theorem 5.1.4 (see Theorem 5.6.27 and Theorem 5.6.32). Let (X, Mx) be a
semi-stable log formal scheme over Of. Consider the étale realization functor
Tey: Vect™?((X, Mx)p) — Locg, (X, Mx),).

(1) The functor Ty is fully faithful.

(2) When (X, My) admits framings with n < 1 étale locally, Ty gives a bi-exact
equivalence to the essential image. In other words, a sequence of analytic log
prismatic F-crystals

0=& =& —=E—0
is exact if and only if the corresponding sequence of Kummer étale local systems
0— Te (&) = Te(E) = Te(E3) = 0
is exact.

59
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Remark 5.1.5. When (X, My) has framings with m =n = 0 (resp. m =0 and n > 1)
étale locally, the fully faithfulness of the étale realization functor is proved in [BS23,
DLMS23, GR24| (resp. [DLMS24|). While the detailed calculation concerning Breuil-
Kisin rings is the core of the proof in [DLMS23, DLMS24|, the works [BS23, GR24| use
the fully faithfulness of Fargues’s functor. In this chapter, we adopt the method using the
fully faithfulness of Fargues’s functor.

Remark 5.1.6. When (X, Mx) has framings with m = n = 0, the bi-exactness is
proved in [IKY24].

Remark 5.1.7. It is an important problem to specify the essential image of the étale
realization functor

Tey: Vect™?((X, Mx)p) — Locg, (X, Mx),).

This problem is indeed solved in some cases: When X = Spf(Of) and My is trivial,
it is proved that the functor Ty gives the equivalence to the category of crystalline Z,-
representation of Gal(K/K) in [BS23]. More generally, when My is trivial and X is
higher dimensional, the essential image of T is the full subcategory of crystalline Z,-local
systems. The work [GR24]| proves this by the method generalizing [BS23|, and the work
[DLMS23| proves this by using the detailed computation concerning Breuil-Kisin rings.
When X = Spf(Of) and My is the standard log structure, the work [DL24] shows that the
essential image of Ty; is the full subcategory of semi-stable Z,-representations of Gal(K /K).
When (X, Mx) has framings with m = 0 and n > 1 étale locally, it is shown that Ty gives
the equivalences to the category of semi-stable Z,-local systems in [DLMS24| by a similar
approach to [DLMS23|.

In this thesis, we do not treat this problem. Naive expectation is that the essential
image of T is the full subcategory of semi-stable Z,-local systems in the sense of Definition
5.4.18.

We briefly explain the structure of this chapter. In Section 5.2, we define semi-stable log
formal schemes and arrange notation and terminology concerning them. When we refer to
semi-stable log formal schemes, we use notation in this section without reference. In Section
5.3, we recall basics on absolute log crystalline sites and F-isocrystals. One of targets of
this section is Proposition 5.3.36, which generalizes [GY 24, Theorem 2.21]. This allows us
to describe F-isocrystals on the special fibers of semi-stable log formal schemes admitting
framings with n = 1 étale locally as F'-isocrystals equipped with monodromy operators
on the special fibers of horizontally semi-stable log formal schemes. In Section 5.4, we
introduce de Rham (resp. crystalline)(resp. semi-stable) period sheaves and the notion of
semi-stable Z,-local systems on the generic fibers of semi-stable log formal schemes. A key
idea to do this is to consider the notion of big log affinoid perfectoids (Definition 5.4.4).
Although de Rham period sheaves on log adic spaces are already defined in [DLLZ23b|,
we give another construction which is similar to one in [Sch16] in spirit. In Section 5.5, we
review fundamental results on log prismatic sites and prismatic F-crystals. This descent
property enables us to make an analogous argument to [BS22, GR24,IKY 24| in order to
prove Theorem 5.1.4. In Section 5.0, we construct several realization functors and prove
Theorem 5.1.1 and Theorem 5.1.4.

Notation and conventions.

e Limits of categories mean 2-limits.
e The i-th standard basis of N” is denote by e; for 1 < < r.
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e For [-adically complete ring A and a monoid M, a ring A(M) denotes the I-adic
completion of the monoid algebra A[M].

5.2. Setups for semi-stable log formal schemes

In this section, we summarize notations around small affine log formal schemes and
framings on them. Throughout this thesis, we use the notation in this subsection without
mentioning it.

Fix a uniformizer 7 of O and E(t) € Wt] be a corresponding Eisenstein polynomial.
Let I,m,n € Z>q, r = m + n. Consider the prelog ring (R", N") defined as follows:

RO — OK<I?:17‘"7x?:17y17"‘7ym> (n:O>
O (i, iy, Um 215 s 2n) (T 26 — ) (R >1)
equipped with a prelog structure N” — RY given by

yi (1 <i<m)
€ — .
Ziem (M+1 <0 <r).

We define an integral perfectoid O¢g-algebra 17220 as follows:

oo {oc<{xf”p:},{y?2°}> (n=0)
X OcaT Y Ay A N (T 2 = 7 (0> 1),

We define a prelog structure Q%, — Ego by

y; (L<i<m)
Se; .
28 o (m+1<i<r).

i—m

for s € Qso. If we put RY, = RO®ZP<N1~>ZP(Q§0), there is a sequence of p-complete prelog
rings

(5.2.1) (RO,N") — (R%, Q%) — (R%,Q%,).

The sequence of p-adic fs log formal schemes associated with the sequence (5.2.1) is denoted

by
(5.2.2) (SPE(RY), Mg ) = (SpE(RY,), Mpg,) — (SPE(R), Mp).
Let U2 be the object of (Spf(R°), N")g

coverings

proket Written as the limit of finite Kummer étale

n

£1/p™ m m m m 1 T\a T\a
(SpE(OL (e} Ay ™y A= D/ ([T 2™ = 7™, ') = (SpE(R), N);,
k=1
where m > 1 and L is a finite extension of K[r/™] contained in C. Then UY is a log

affinoid perfectoid, and its associated affinoid perfectoid space is isomorphic to Spf (]ﬁ%go)77
Let
(23 = (g a7, ) € (R

for s € Z[1/p], and let
s s/p? D
(2 = (y5y)" ), .)€ (RL)

s s/p? 5
() = (25,207, 257 ) e (R%)
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for s € Q>9. When n > 1, we set

for s € Qxo.
Notation 5.2.1. When we would like to ease the notation, we write

Ziciem ({+m+1<i<Il+7)

Y {l+m (n=0)

l+m+n—1=Ii+r—1 (n>1).

Definition 5.2.2 (Small affine log formal schemes). A p-adic affine log formal
scheme (Spf(R), Mg) over Ok is called small affine if (Spf(R), Mg) admits a strict étale
map to (Spf(R%),N")? for some I, m, n, called a framing.

Let (Spf(R), Mg) be a small affine log formal scheme over O and fix a framing
(Spf(R), Mg) — (Spf(R%),N")%. Let a: N" — Mp denote the induced chart. We set

Rooo = RO ®mR, Rao =R OmR.

Taking p-completed base change of the sequence (5.2.1) along R — R, we obtain a se-
quence of p-complete prelog rings

(5.2.3) (R,N") = (Roosy QL) = (Rooar Q5y)-

The sequence of p-adic fs log formal schemes associated with the sequence (5.2.3) is denoted
by

(5.2.4) (S (Roo.a); M ) = (SDf(Roga), Mi...) = (SpE(R), Mp),

which is also obtained as the base change of the sequence (5.2.2) along (Spf(R), Mg) —
(Spf(ROL N")e.

Let Usoo = U X (spt(ro)nr)e (SPE(R), MR),. Then Uso. is a log affinoid perfectoid in

(Spf(R), MR)n proket With the associated perfectoid space isomorphic to Spf(Ruc.a)y-
The following lemma is used afterward.

Lemma 5.2.3. The natural map (Spf(Reoa), Mz_ ) = (Spf(Reoa); Mr., ) is astrict
quasi-syntomic cover.

Proof. It suffices to prove that R — Ego is a quasi-syntomic cover, where R’ =
RO®ZP<N7->ZP<@TZO>. When n = 0, the assertion is easy. Hence, we treat the case that
n > 1. The ring map
Q Q -
RS, = O ({«" Yy =Y A5 D/ ([ L — )

k=1
n

— R = O ({277} {7 Az D/ ([ 2 — )

k=1
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is a quasi-syntomic cover. Let Ok_ denote the p-adic completion of

J Oxlr'*](c 0c),

s>1

and consider a map Ok — R mapping 7'/* to [],_, 2/*. Then RY®0,_ Oc is naturally

isomorphic to B2, and so R — RY is a quasi-syntomic cover. This proves the claim. [J

Definition 5.2.4 (Semi-stable log formal schemes). A p-adic log formal scheme
(X, Mx) over Ok is called horizontally semi-stable (resp. vertically semi-stable) if (X, Mx)
admits a framing with n = 0 (resp. n > 1) étale locally, and (X, Mx) is called semi-stable if
it admits a framing étale locally. When (X, M) is horizontally semi-stable (resp. vertically
semi-stable), we let Mp,. denote the trivial (resp. standard) log structure on Spf(Of).
Then (X, Mx) — (Spf(Ok), Mo, ) is log smooth.

Definition 5.2.5 (Unramified models). Let (X, Mx) be a horizontally semi-stable
log formal scheme over Ok. A horizontally semi-stable log formal scheme (Xo, Mx,) over
W with (X9, Mx,) @w Ok = (X, My) is called an unramified model of (X, Mx).

Let (Spf(R), Mpg) be a small affine log formal scheme over Ok with a fixed framing
such that n = 0. Consider a prelog ring (R), N") defined as follows:

Ry =Wz .. oy, Ym)

equipped with a prelog structure N* — R given by e; — 1;. Note that now we have
m = r by n = 0. The framing (Spf(R), M) — (Spf(R°),N")* uniquely descends to a
strict étale map (Spf(Rp), Mg,) — (Spf(R)),N")% Then (Spf(Ry), Mg,) is an unramified
model of (Spf(R), Mg). We call it the unramified model defined by the framing. The ring
map R — Rj given by z; — 2t y; — y? and the monoid map xp: N — N” gives a
Frobenius lift on the log formal scheme (Spf(RY), N")%, which uniquely lifts to a Frobenius
lift on (Spf(Rp), Mg, ).

5.3. F-isocrystals on log crystalline sites

5.3.1. Log crystalline sites. In this subsection, we review fundamental properties
of crystals on absolute log crystalline sites.

Definition 5.3.1 (Big absolute log crystalline sites). Let (X, Mx) be a log scheme
over IF,,. Let (X, Mx)eys be the site defined as follows: an object consists of

e a log scheme (T, Mr) on which p is nilpotent and a PD-thickening U < T such
that the PD-structure on Ker(Or — Op) is compatible with the natural PD-
structure on (p) C Z,,

e a map of log schemes f: (U, My) — (X, Mx), where My is the inverse image
log structure of Mr.

Morphisms are obvious ones. We simply write (U, T, Mr) or (T, Mr) for an object of
(X, Mx)erys when there exists no confusion. When 7' = Spec(R) and U = Spec(R/I),
we write (R — R/I, Mg) for a log PD-thickening (U, T, Mz). We say that a map
(U1, Ty, Mp,) = (U, Tp, M7p,) in (X, Mx)eys is Cartesian if the natural map U; —
U X, Tt is an isomorphism. A family of Cartesian maps {(U;, T}, M) — (U, T, Mr)};
is covering if {(7}, M) — (T, Mr)}; is a strict fpqc covering. For a morphism
f: (Y, My) — (X, Mx), there exists a natural morphism of sites

(X7 MX)crys — <Y7 MY)ays-
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Let Oeys denote the ring sheaf given by (T, Mr) — I'(T, Or).
Let (X, Mx)%r  denote the full subcategory of (X, Mx)eays consisting of an object

crys

(U, T, Mr) such that the structure map (U, My) — (X, Mx) is strict.

Remark 5.3.2. In many references, the site (X, Mx)3, is called an (absolute) log
crystalline site.

Definition 5.3.3 (Crystalline crystals on log schemes).

Let Crys((X, Mx)ays) be the category of crystals of quasi-coherent sheaves of finite
type on the log crystalline site (X, Mx)euys. An object of Crys((X, Mx)eys) is called
a crystalline crystal on (X, Mx). The Frobenius morphism F: (X, Mx) — (X, Mx)
induces a functor

F*: Crys((X, Mx)erys) = Crys((X, Mx)erys)-
Let Vect((X, Mx)erys) denote the full subcategory of the category Crys((X, M x)erys) con-
sisting of crystals of vector bundles on (X, Mx)crys-

Let Isoc((X, M x)eys) denote the isogeny category Crys((X, Mx )erys)®z,Qp. An object
& of Isoc((X, Mx)ays) is called an isocrystal. For £ € Crys((X, Mx)eays), the image of
ET by the natural functor

Crys((X, Mx)erys) = Isoc((X, Mx)erys)

is denoted by E£T[1/p]. For a p-adic log PD-thickening (Spec(A/I),Spf(A), M,) €
(X, Mx), there is an evaluation functor

Isoc((X, Mx)ays) = Mod(A[1/p]).

The image of an isocrystal £ via this functor is simply denoted by &£4. An
isocrystal & is called locally free if €4 is a finite projective A[l/p]-module for every
(Spec(A/I),Spf(A), My). The full subcategory of Isoc((X, Mx)ays) consisting of locally
free objects is denoted by Isoci ((X, M x)erys)-

Let Vect?((X, Mx)ays) be the category of pairs (£, pg) consisting of a locally free
crystalline crystal £ on (X, M) and an isomorphism ¢g: F*€ = £ in the isogeny category
Crys((X, Mx )erys) ®z, Q,. Morphisms (&1, pe,) = (€2, pe,) are morphisms £ — & that
are compatible with ¢g, and ¢g,. When no confusion occurs, we simply write &€ for (&, ¢¢).

Let Isoc?((X, Mx)ays) be the category of pairs (€, pg) consisting of an isocrystal £
on (X, Mx) and an isomorphism pg: F*€ = & of isocrystals. Morphisms are ones in
the category of isocrystals that are compatible with Frobenius isomorphisms. When no
confusion occurs, we simply write € for (£, pg). An object of Isoc? (X, Mx )ays) is called an
F-isocrystal on (X, Mx). An F-isocrystal is called locally free if its underlying isocrystal is
locally free, and the full subcategory of Isoc?((X, Mx )eys) consisting of locally free objects
is denoted by Isocj ((X, M x)erys)-

A crystalline Dieudonné crystal on (X, Myx) is a triple consisting of & €
Vect((X, Mx)ays) and maps @g: F*E — &, ¢e: € — F*E such that the composite

£ Y8 FrE %5 & coincides with the multiplication by p. The category of crystalline
Dieudonné crystals on (X, Mx) is denoted by DM((X, Mx )erys)-

Lemma 5.3.4. For an integral log scheme (X, M) over F,, the inclusion functor
(X7 MX)(S:tr;s — (X7 MX)crys
has a right adjoint functor

(X, Mx)erys = (X, Mx)2 - (U, T, Mz) — (U, T,N7)).

crys
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Proof. Let (U, T,Mr) € (X, Mx)*¥ and f: (U, My) — (X, Mx) denote the structure

crys

morphism. We define a log structure Ny on T' by
Nr = Mg Xpm, [fMx,

under the identification Ty ~ Usg. Since (X, M) is integral, the surjection My — My is
1 4+ Z-torsor, where Z := Ker(Or — Oy). Therefore, (U, f*Mx) < (T, Nr) is strict, and
(U, T,N7) belongs to (X, Mx )% . Then the functor sending (U, T, Mr) to (U, T, Nr) is

crys

the desired one. O

For a morphism of integral log schemes (Y, My) — (X, Mx), we have a functor
(Y MY)Str (Y> MY)crys — (Xv MX)Clrys — <X> MX)igzs’

crys

where the last functor is one given in Lemma 5.3.4. This gives a morphism of site

(X MX)str (Y,My)Str

crys crys?

which induces pullback functors

5 Crys((X, Mx)2™ ) — Crys((Y, My )3 ),

crys crys
J7i Veet (X, Mix)&ye) = Veet((Y, My )&y,
f7: Tsoe((X, Mx)gys) — Tsoe((Y, My )ay)-

This functoriality allows us to define variants

Vect? (X, Mx )5 ), Isoc? (X, Mx) ), DM((X, Mx)5)

crys crys crys

by replacing (X, M x)ays With a strict site (X, Mx )% in Definition 5.3.3.

crys
Remark 5.3.5. For x € {str, ()}, we have canonical bi-exact equivalences
Crvs(X, Mx)o) > lim  FQCoh(T),
(T7MT)€(X1MX)$ryS

~ lim Vect(T).
(T,MT)G(XaMX)gryS

Vect (X, Mx)

crys)

Remark 5.3.6. Let (X, Mx) be an integral log scheme over F,. For a crystalline
crystal £ on (X, Mx) and a log PD-thickening (U,T, My) € (X, Mx)ays, the crystal
property gives an isomorphism

g(U,T,MT) = E(U,T,NT)J

where (U, T, N7) is the image of (U, T, M) via the functor in Lemma 5.3.4. Therefore,
the restriction functors
Crys((X, Mx)erys) = Crys((X, Mx)ays),
Vect™((X, Mx)erys) — Vect™((X, ./\/lX)i'fys)
ISOC*((X, Mx)arys) — Isoc™ (X, MX)?;K/S)
( Jerys)

( X7 MX crys — DM((X MX)EE;S)
give equivalences for x € {0, ¢}.

Lemma 5.3.7 (Dwork’s trick). Let ¢: (X, Mx) — (X', Mx/) be a strict nilpotent
immersion of log schemes over [F),.
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(1) The restriction functor
v Tsoc? (X', Mxr)erys) — Isoc? (X, Mx)erys)

is an equivalence.

(2) Let £ be an F-isocrystal on (X', Mx/) and (A — A/I, M,) be a p-adic log
PD-thickening in (X', Mx+)erys. Suppose that ¢ has a retraction r: (X', Mx/) —
(X, Mx). Let (A - A/I,Ma)" == (ir)"*(A - A/I,M,). Then there exists a
natural isomorphism

~Y

Eamaiimayr = EAma/rMy)-

Proof. (1): See [DLMS24, Remark B.23|.

(2): Take an integer n > 1 such that the iterated Frobenius map F™: (X', Mx/) —
(X', Mx) factors thorough (X, Mx) — (X',Mx/). Then, by irF" = F™, we have
isomorphisms

Eama/tMy) = EFny-1(Ama/T M) = EFn)-1(A-A/IMA) = EAA/LMA)
where the first and third isomorphisms are induced by the Frobenius structure on £. We can

check directly that the resulting isomorphism &£ a—a/r,mu) = Ea—a/1,m,) 18 independent
of the choice of n. O

Remark 5.3.8. Let (X, Mx) be a horizontally semi-stable log formal scheme over .
We set (X, Mx) = (X, Mx) @w k, (X', Mx/) = (X, Mx) @w Ok/p. Then the natural
map k — Og/p induces a retraction r: (X', Mx/) — (X, Mx) of the natural inclusion
v (X, Mx) = (X', Mx), and so the above lemma can be applied.

The following notion plays an important role when we clarify the relationship between
isocrystals and modules with connection.

Definition 5.3.9 (cf. [ES18, p.2117]). Let £ be an object of Crys((X, Mx)eys). We
say that &£ is p-torsion free if, étale locally on X, there exist a p-adic log PD-thickening
(D, Mp) € (X, Mx)3, satistying the following conditions:

e D is Z,flat ;

e (D, Mp) covers the final object of the topos associated with (X, M x)erys;

e there exists an n + 1-fold self product (D™, Mpa)) of (D, Mp) in (X, Mx)erys

for each n > 0;

o Enm is p-torsion free for each n > 0.
Let Crysy((X, Mx)ays) be the full subcategory of Crys((X, Mx)ays) consisting of p-
torsion free objects. Let Isocy((X, Mx)ays) denote the essential image of the natural
functor

Crystf<(X7 MX)crys) — CI’yS((X, MX)crys) — ISOC((X, MX)crys)-

We say that an isocrystal & is p-torsion free if £ belongs to Isocys((X, Mx)erys) as well. Let
Isocigs ((X, Mx )arys) denote the full subcategory of Isoc((X, Mx)erys) consisting of locally
free and p-torsion free objects and Isocji; ((X, Mx)erys) denote the category of F-isocrystals
whose underlying isocrystals belong to Isocigs((X, Mx )erys)-

Lemma 5.3.10. Suppose that we can take (D, Mp) in Definition 5.3.9 such that D is
noetherian. Then every isocrystal on (X, M) is p-torsion free.

Proof. Let £ be an isocrystal on (X, Mx), and take €t € Crys((X, Mx)eys) with
E = ET[1/p]. Then £ corresponds to a quasi-coherent Op-module M := £ equipped with
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HPD-stratification. Let M be the maximal p-torsion free quotient of M. Since DM — D
is flat, M has the induced HPD-stratification (see Lemma .6.12 below). The Op-module
M equipped with HPD-stratification defines an object € € Crys((X, Mx)erys). Since A
is noetherian, M and M is isomorphic in the isogeny category Mod(Op) ®z, Qp. Therefore,

we get £ = ET[1/p] = ?Jr[l/p]. This proves that £ is p-torsion free. O

Remark 5.3.11. By the above proposition, when (X, M x) is log smooth over k, every
isocrystal on (X, Mx) is p-torsion free. Indeed, a log smooth formal lift (D, Mp) of
(X, Mx) is enough.

5.3.2. Isocrystals and connections. In this subsection, we recall the relation be-
tween crystals and modules with integrable connections studied in [Kat89, Section 6].

Let (6, Mg) be a p-adic fine noetherian Z,-flat log formal scheme with a PD-ideal Z
containing p that is compatible with the natural PD-structure on (p) C Z,. Let (S, Mg) be
the strict closed subscheme of (&, Mg) defined by Z. Consider a fine log scheme (X, M)
over (S, Mg). Suppose that there is a strict closed immersion (X, Mx) < (), My), where
(Y, My) is a p-adic fine log formal scheme that is log smooth and integral over (&, Mg).
Let (D, Mp) be the log PD-envelope of (X, Mx) — (2, My) and (D™, Mpaw)) be the
log PD-envelope of the diagonal map

(X, Mx) = (9, My) X@e.Me) " X(&Ms) (D, My)

n+1 copies of (9 My)

forn > 1.

Construction 5.3.12. Let J denote the kernel of the surjection Opay — Op induced
from the diagonal map (), My) — (2, My) X(s,Mme) (Y, My). Suppose that we are given
t1,...,ts € I'(Y, My) such that dlog(t), ..., dlog(ts) forms a basis of Q%@,M@)/(G,Mg) (this

is the case étale locally on 2)). By [Kat89, Proposition 6.5, there is an isomorphism of
Op-algebras
Op{&1, ..., & = Opo
given by & > pi(t:)ps(t;)t — 1, where Opqa) is viewed as an Op-algebra via p, and
Op{&1, ..., &} is the p-completed PD-polynomial ring with variables &, ..., & over Op.
Let F be a quasi-coherent Op-module with a HPD-stratification p;F — p5F. Then, by
cutting off the HPD-stratification on F modulo JZ2, we obtain an integrable connection

Vi F = F ®0y Uy ity /(6.M6):
We define a Og-linear map V. & F — F as follows:

th o (z) ®@dlog(t;) (z € F).

More generally, let V,, o F = .7: be the Og-linear map defined by

Vi de = H
for 1 <i < sandn > 1. Then, by the proof of [Kat89, Theorem 6.2], the Og-linear map
n: F — piF = p3F
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defined from the HPD-stratification is written as follows:

nz)= Y Vi2)® (zeF)

n=(n1,...,ns)EN?

where V,, = H Vt;ziﬂ, and &% = H gz[ni].

; ot ;
1<i<s @ 1<i<s

This procedure gives the following equivalence.

Proposition 5.3.13 (cf. [Ber74, Théoréme 4.2.11|,[Kat89, Theorem 6.2]). There is
a natural equivalence between the following categories:

e the category of quasi-coherent Op-modules with HPD-stratification;
e the category of quasi-coherent Op-modules with topologically quasi-nilpotent in-
tegrable connection.

Here, an integrable connection ' — F ®o, Q%@ My)/(6:Me) is called topologically quasi-

nilpotent if, for some (or equivalently any) local sections ty,...,t; € I'(9), My) as in
Construction 5.3.12, x € F, and 1 <17 < s, thgf—"(w) converges to 0 when n — oo.
i Ot

Definition 5.3.14. We define the following categories.

e Let StrFQCoh(D) be the category of quasi-coherent Op-modules of finite type
equipped with HPD-stratification.

e Let FQCohY (D) be the category of quasi-coherent Op-modules M of finite type
equipped with topologically quasi-nilpotent integrable connection.

Let € € Crys((X, Mx)ays). By the crystal property of £, there are isomorphisms
pi€p = Epny = psép,

where p;: (DW, Mpa)) — (D, Mp) is the natural projection map for i = 1,2. This
isomorphism satisfies the cocycle condition on D® and gives a HPD-stratification on &p.
This construction and the equivalence in Proposition 5.3.13 gives the following proposition.

Proposition 5.3.15. There is a natural functor
Crys((X, Mx)erys) — StrFQCoh(D)(~ FQCohY (D)).

Corollary 5.3.16. Suppose that (&, Mg) = (Spf(W), My ) is the formal spectrum of
W equipped with the trivial log structure and Z = (p). Then there are natural equivalences

Crys((X, Mx)ays) = StrFQCoh(D) ~ FQCoh(D).

Proof. Since (2, My) is log smooth over W, the p-adic log PD-thickening (D, Mp)
covers the final object of the topos associated with (X, Mx)eys. Therefore, the functor in
Proposition 5.3.15 gives an equivalence. U

Next, we turn to studying isocrystals. We start with some lemmas on completions of
modules.

Lemma 5.3.17. (cf. [DLMS23, Lemma 3.24(4)]) Let A — B be a ring map from a
p-complete and p-torsion free ring A to a p-complete ring B. Let M be a finitely generated
A-module. Suppose that M[1/p] is finite projective over A[1/p]. Then there is a natural
isomorphism

M[1/pl @4 B = (M @4 B)[1/p].
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Proof. Since M ®4 B is a finitely generated B-module, the natural map
A{§Q4E?—+(A{@Q4£nA
is surjective. It suffices to show that the induced surjection M[1/p|@4B — (M ®4B)"[1/p]
is injective.
Since M|1/p] is finite projective over A[l/p|, we can take a finite free A-module N

and an injection M — N such that M[1/p| — N[1/p] admits a retract. Then the map
M®4 B — N ®4 B factors as

M@AB%(M(X)AB)A%N@AB.

Since M[1/p] — N[1/p] admits a retract, M[1/p] ®4 B — N[1/p] ®4 B is also injective.
Therefore, M[1/p] ®4 B — (M ®4 B)"[1/p] is also injective. O

Lemma 5.3.18. Let A be a p-complete and p-torsion free ring. Let M be a finitely
generated p-torsion free A-module. Suppose that M[1/p] is finite projective over A[1/p].
Then M is p-complete.

Proof. Since M is finitely generated, the natural map M — M” is surjective. To prove
that this map is injective, it suffices to show that M[1/p] — M"[1/p] is an isomorphism
due to the p-torsion freeness of M. The natural map

M"([1/p] = (lim M/p"M)[1/p] — Ym M(1/p]/p"M = (M[1/p])"

n>1 n>1

is an isomorphism. Since the topology on M][1/p] is independent of the choice of a lat-
tice, the assumption that M[1/p] is finite projective over A[l/p|] implies that we have
(M[1/p)" = M[1/p]. Therefore, we conclude that M[1/p] = M"[1/p]. O

Definition 5.3.19. We define the following categories:

e Let StrVect(D) be the category of p-torsion free quasi-coherent Op-module M™
such that M™[1/p] is locally projective Op[1/p]-module equipped with a Opa)-
linear isomorphism

e: pyMT S psMT
e Let StrVect(D[1/p]) be the category of locally finite projective Op[1/p]-modules
M with a Opa[1/p]-linear isomorphism
e piM S piM
satisfying the cocycle condition over D®);

e Let VectY(D[1/p]) be the category of locally finite projective Op[1/p]-modules M
equipped with a topologically quasi-nilpotent integrable connection

Vi M= M @oy Uy iy j6.M0)-
Lemma 5.3.20. There is a natural equivalence
StrVect(D[1/p]) = Vect" (D[1/p]).

Proof. Both of the source and the target satisfies étale descent by [Dri22, Proposi-
tion 2.6]. We may assume that every formal scheme is affine and there are sections
t1,...,ts € I'(Y, Myg) such that dlog(ty),...,dlog(ts) forms a basis of Q%Q’M@)/(&Mg).

Let 9 = Spf(B), D = Spf(D), and D™ = Spf(D™).
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An object of the source category is described as a pair (M, €) consisting of a finite
projective D[1/p]-module M and an DM[1/p]-linear isomorphism

¢: M ®@p, DY 3 Mep,, DY
satisfying the cocycle condition over D®. We have an exact sequence of D-modules
1 1)/ 7[>2
Hence, the map M — M ®p D'/J12% given by x + e¢(x ® 1) — x ® 1 defines a connection
: 1
Vs M = M ®p Qi ay)/sm6)-
We define a map Vo : M — M by Vy(z) = Yo Vy,o (z) @ dlog(t;) for 1 <i <s.

Since M is finite projective over D[1/p], there is an isomorphism

—

M@p, DV= @ M-

(see Construction 5.3.12). Then, in the same way as [Ber74, Théoréme 4.2.11] or [Kat89,
Theorem 6.2, we conclude that the map

M — M ®py, DY 5 Mep,, DV G M-

is described as

under the same notation as Construction 5.3.12. This description allows us to check that
(M, V1) belongs to Vect” (D[1/p]) and the functor StrVect(D[1/p]) — Vect" (D[1/p])
given by (M, e€) — (M, V) is an equivalence O

Lemma 5.3.21. There is a natural equivalence
StrVect(D) ®z, Q, = StrVect(D[1/p]),
where the source category is the isogeny category.

Proof. Both of the source and the target satisfies étale descent by [Dri22, Proposition 2.6
and Corollary 2.5]. We may assume that every formal scheme is affine and there are sections
t1,...,ts € I'(Y), My) such that dlog(t1), ..., dlog(t,) forms a basis of Q%@’M@)/(G’MG). Let
9) = Spf(B), D = Spf(D), and D™ = Spf(D™).

By Lemma 5.3.17, inverting p gives the functor in the statement by Lemma 5.3.17.
Note that, for a ring A and finitely generated p-torsion free A-modules M, N, the natural
map

Hom (M, N)[1/p] — Homap ) (M([1/p], N[1/p])
is an isomorphism. Since p;: D — D® is p-adically flat, M*®p,, DV is p-torsion free for
each object (M, ¢€) € StrVect(D). Hence, the functor in the statement is fully faithful.
We use the notation in Construction 5.3.12 and the proof of Proposition 5.3.20. Let
(M,e€) € StrVect(D[1/p]). To show the essential surjectivity, it is enough to prove that
there exists a finitely generated D-submodule M™* of M that is preserved by \ o for

each 1 < i < s. Fix a finitely generated D-submodule My of M. By the convergence
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condition, there exists an integer N > 1 such that V, (") is contained in My for every
n € N*\[0, N]°. We put

The formula D - V,, (M) C M + VQ(]WSr ) for each n € N* coming from the Leibniz rule
implies that M™ is a finitely generated D-submodule. The formula

Vt,% o Vﬂ = V(m ,,,,, nit1,..ms) + n,-VQ (@ € Ns, 1< < 8)

P9
implies that M is preserved by \ 2 for any 1 <1 < 's. Then the essential surjectivity
follows. OJ
Proposition 5.3.22. There is a natural functor
Isocis (X, Mx )erys) — StrVect(D[1/p]) (=~ VectY (D[1/p])).
Proof. This can be defined in the same way as Proposition 5.3.15. 0

Proposition 5.3.23. Suppose that (&, Mg) is Spf(IV) equipped with the trivial log
structure and Z = (p). Then there are natural equivalences

Tsoci (X, Mx)erys) = StrVect(D[1/p]) = Vect" (D[1/p]).
In particular, when (X, Mx) is log smooth over k, there are natural equivalences
Lsoci (X, Mix )arys) = StrVect(D[L/p]) = Vect™ (D[1/p]).

Proof. Since the latter assertion follows from the former and Remark 5.3.11, it is enough
to prove the former one. The restriction of the functor in Proposition 5.3.22 gives a functor

(5.3.1) evp: Isocis ((X, Mx)erys) — StrVect(D[1/p]).
We consider the inverse direction. Corollary 5.3.16 gives a fully faithful functor
StrVect(D) — Crys (X, Mx)erys)-

By passing to isogeny categories, we obtain a fully faithful functor

StrVect(D) @z, Q, — Isocier ((X, M )erys)-
Taking the composition with the equivalence in Lemma 5.3.21 gives a fully faithful functor
(5.3.2) StrVect(D[1/p]) — Isociss (X, Mx)erys)-

The composite
StrVect(D[1/p]) — Isociss((X, Mx)erys) — StrVect(D[1/p])

is naturally isomorphic to the identity functor by definition. Hence, in order to show
that functors (5.3.1) and (5.3.2) are inverse to each other, it suffices to verify that the
functor (5.3.1) is fully faithful. Let £, £ € Crys((X, Mx)eays) with [1/p] and & [1/p]
being locally free. Take a p-adic log PD-thickening (Ds, Mp,) € (X, Mx)ays satisfying
conditions in Definition 5.3.9 for a torsion free crystalline crystal & . We can define a
category StrVect(Dy[1/p]) and a functor evp, in a similar way to StrVect(D[1/p]) and evp,
and there is the following commutative diagram:

TsoCig (X, Mx )erys) —— StrVect (D[1/p])

x%

StrVect(Do[1/p]).
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Here, the right vertical equivalence is defined from the fact that both of (D, Mp) and
(Dy, Mp,) cover the final object of the topos associated with (X, Mx)eys. The natural
map

Homgoo((x, M )erye) (€1 [1/P], 5 [1/D]) — Homggrveer (a1 /) (ev, (E [1/1]), evp, (E5[1/p]))

is an isomorphism because of the following general claim: for a ring A, a finitely generated
A-module M, and a p-torsion free A-module N, the natural map

Homy (M, N)[1/p] — Homap /(M [1/p], N[1/p])
is an isomorphism. Therefore the natural map
Homgoe((X Mo )erye) (€1 [1/P]; €5 [1/p]) = Homguveer(ppr/p)) (€vo (€1 [1/p]), evo (€5 [1/p)))
is also an isomorphism. This proves the fully faithfulness of the functor (5.3.1). U
Remark 5.3.24. Under the assumption of Proposition 5.3.23, we have functors

Isocis ((X, Mx)ays) — StrVect(D[1/p])
given in Proposition 5.3.22 and

StrVect(D[1/p]) — Isoci ((X, Mx)erys)
given in Proposition 5.3.23 (or its proof). Although the composition

StrVect(D[1/p]) — Isocit((X, Mx)erys) — StrVect(D[1/p])
is isomorphic to the identity functor, we do not know whether the composition
Isocie ((X, Mx)erys) — StrVect(D[1/p]) — Isocis (X, Mx)erys)

is isomorphic to the identity functor. In particular, we do not know whether the category
Isocit((X, Mx)erys) is indeed larger than Isocigs((X, Mx)erys)-

Definition 5.3.25. Let (X, My) be an fs log smooth log adic space over K.
We have the sheaf of differentials Q%X’ My)/x defined in [DLLZ23b, Definition 3.3.6].

Let MIC(X, Mx) denote the category of vector bundles with integrable connection on
(X, Mx).

Proposition 5.3.26. Let Mp, be a log structure on Spf(Og) which is either
of the trivial log structure or the log structure associated with the prelog structure
Ox\{0} — Ok. Let (X, Mx) be a log smooth log formal scheme over (Spf(Ok), Mo, )
and (X,—o, Mx,_,) be the mod-p fiber of (X, Mx). Then there exists a natural functor

ISOletf((szoaMXp:o)crys) — MIC((%,M&)U) (8 — (E = S(X,Mx),VE)),

where £x a,) is the vector bundle on X, obtained as the evaluation of £ at the p-adic log
PD-thickening (Xg, X, Mx). Moreover, when Ok = W and Myy is trivial, this functor is
fully faithful.

Proof. When (X, Mx) = (Spf(R), Mg) is affine, MIC((X, Mx),) is equivalent to the
category of finite projective R[1/p]-modules M equipped with an integrable connection

M — M ®g Q%RJ\/[R)/(OK,MOK)’

which include Vect" (R[1/p]) as a full subcategory. Hence, the assertion follows from Propo-
sition 5.3.22 and Proposition 5.3.23. ([l
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Definition 5.3.27 (Filtered isocrystals). Let (X, M) be a semi-stable log formal
scheme over Ok. Consider a pair (£, Fil*(E)) consisting of £ € Isocj ((Xp—0, Mx,_g)erys)
and a descending filtration Fil*(E) on E, where (E, V) is the object of MIC((X, Mx),)
obtained via the functor in the Proposition 5.3.26. We say that (&, Fil*(E)) is a filtered
F-isocrystal on (X, My) if the following conditions are satisfied:

e Fil*°(F) is a separated and exhausted filtration with locally free grading pieces;
e the triple (£, Vg, Fil*(F)) satisfies the Griffiths transversality.

5.3.3. F-isocrystals and monodromy operators. Let k£ be a perfect field of char-
acteristic p > 0. Let W = W (k) be the Witt ring of k. Let (X, Mx) = (Spec(R), Mg) be
a fine log scheme over k admitting a strict étale map (X, Mx) — (Spec(k[P]), P)®, where
P is an fs monoid such that the order of the torsion part of P®P is prime to p.

The goal of this subsection is to describe F-isocrystals on (X, M x@0N)¢ as F-isocrystals
on (X, My) equipped with monodromy operators (Proposition 5.3.36). We follows the
argument in [GY24, §2|.

Take a strict closed immersion

(X,Mx) — (Spf(B),MB),

where (Spf(B), Mp) is a fine log smooth log formal scheme over W equipped with a
Frobenius lift ¢g. Let (Spf(D), Mp) be its p-completed log PD-envelope. Let D{u} be the
p-completed PD-polynomial ring over D with a single variable u. Let Mg, = (Mpdul)*
be the log structure on Spf(B(u)) and Mpg,y be the pullback log structure of Mg,y to
Spf(D{u}). Then (Spf(D{u}), Mpgy) is the p-completed log PD-envelope of the strict
closed immersion

(X, Mx & 0™)* < (Spf(B(u)), Mp))

given by u — 0. Let ¢p(, denote the Frobenius lift on (Spf(B(u)), Mp,) induced from
¢p and u — uP. Let ¢p and ppg,) be induced Frobenius lifts on respective log formal
schemes.

Definition 5.3.28. We define the following categories.

e Let Vect®V (D[1/p]) be the category of tuples (M, s, Var) consisting of an object
(M, V) of VectY (Spf(D)[1/p]) and a D[1/p]-linear isomorphism ¢y, : @M = M
such that ¢,/ is horizontal with respect to V.

e Let Vect”V (D{u}[1/p]) be the category of tuples (M, pur, Vis) consisting of an
object (M, V) of VectY (Spf(D{u})[1/p]) and a D{u}[1/p]-linear isomorphism
Ve ga*D{u}M = M such that ¢, is horizontal with respect to V.

e Let Vect® "V (D[1/p]) be the category of tuples (M, @y, Vas, Nas) consisting of
an object (M, @ar, Vas) of Vect®Y (D[1/p]) and a D[1/p]-linear endomorphism
Ny M — M such that the following conditions are satisfied:

— Ny is horizontal with respect to V;
— Nyoyr = pgoM(N%M), where Ny« a: op M — pp M is the base change of
Ny along ¢p.

Construction 5.3.29. We define a functor

VeCtLp’v(D{u}[l/pD — VeCt%v’N<D[1/pD ((Mu ¥M, vM) = <M07 ¥ Mo> VMO’ NMO))
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u—0 . X
as follows. Let J: Ker(D{u}[1/p] — DI[1/p]). Let My = M/JM and ¢, is the induced
map from ,,. Since there is a decomposition
Q(B(u VMg () /W — (Q(B Mp)w OB Blu)) & (Q%W<u>,uN)a/W Qw () B(u))
= (Qp mpyw @5 Blu) @ B(u) - dlog(u),

the connection Vj; induces maps

M — M @5 Qp pp)w

M = M ®wwy Qi uy, iy jw
by taking the composition with natural projection maps. These are denoted by Vi¢! and
Ny, respectively. By Leibniz rule, we have Vi (JM) C J - M ®pu) Q%B(u%/\/im W

We define Vy;, and Ny as the mod-J reduction of VA% and Ny, respectively. To
check that (Mo, oar, Vg, Nag) is indeed an object of Vect“"’V’N(D[l/p]), it is enough
to show that Nag, 0, = ppar, (Nes ag, ). This is because the fact that ¢y is horizontal and

¢©pfu}(dlog(u)) = p - dlog(u) implies that Nypp = ngM(N%{u}M)-

Definition 5.3.30. Let Isoc?”™ ((X, Mx)erys) denote the category of triples (£, g, Ne)
such that (£, ¢¢) is a locally free F-isocrystal on (X, My) and Ng: (€, 0e) — (€, pps) is
a map of F-isocrystals.

Lemma 5.3.31. For every (&, e, Ne) € Isoc?™ (X, Mx )erys), the endomorphism N
is nilpotent.

Proof. Let U be the biggest open subset of X where the log structure My is trivial.
Concretely, we can write U = X Xgpeo(r(p)) Spec(k[P#P]). By [GY24, Proposition 2.14],
Negly is nilpotent. Take a formal log smooth lift (X, Mx) of (X, M) over W and 4 be the
open subset of X corresponding to U C X. There is the following commutative diagram:

Isoc((X, Mx)erys) — MIC((X, Mx),)

| l

Isoc(Uerys) MIC(L4,)).
Since U is dense in X and X is reduced, the restriction functor

Vect(X,) — Vect(4l,)

is faithful. In particular, the right vertical functor in the diagram is also faithful. By
Proposition 5.3.26, both horizontal functors are fully faithful. Therefore, the left vertical
functor is faithful, and so Ng is also nilpotent. O

Construction 5.3.32. By Proposition 5.3.23, there are natural equivalences
Tsoc™ (X, Mx )arys) = Vect® VN (D[1/p])
Tsocf; (X, Mx @ 0%)¢ Veet®Y (D{u}[1/p])
Combining with the functor constructed in Construction 5.3.29, we obtain a functor
Isocfi (X, Mx @ ON)cryS) — ISOC?N((Xa Mx)erys),

denoted by Res. The functor Res is independent of the choice of an embedding (X, Mx) —
(Spf(B), Mp) because, if we are given two such embeddings, they are dominated by a
common embedding (for example, the exactification of their product).

crys )
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Remark 5.3.33. We define a forgetting functor
U : Tsocir (X, Mx @ 02 ) — Tsocie (X, Mx )erys)

crys

by U(E)T, Mz) = E((T, My @ 0Y)*) for each £ € Isoc((X, Mx @ 0Y)4) and (T, Mr) €
(X, Mx)erys- Also, we can consider a similar functor for the category of F-isocrystals.

Let £ be an object of Isocf (X, Mx ®0")4.). By construction of the functor Res, the
D[1/p]-module with an Frobenius isomorphism Res(&)p is isomorphic to Epguy @pruy D,
which is isomorphic to & p aq,@onye by the crystal property of £ for the map of p-adic log
PD-thickenings (D{u}, Mpguy) = (D, Mp@0Y)* given by u — 0. Therefore, the following
triangle is commutative:

TsocP (X, Mx & M2 ) = Tsoct™ (X, Mx)erys)

crys

T

Isocii (X, Mx)erys)-
Here, the right vertical arrow is the functor forgetting V.

Lemma 5.3.34. Let A, Ay be p-complete and p-torsion free rings equipped with Frobe-
nius lifts o4 and ¢4, respectively. Suppose that we are given a surjection A — Ay and its
section Ag — A that are compatible with Frobenius lifts. We assume that the following
condition holds:

o if we set [ .= Ker(A — Ay), for an arbitrary integer n > 1, there exists an integer
m > 1 such that ¢} (J) C p"A.

Let Vect?(A[1/p]) (resp. Vect?(Ao[l/p])) be the category of finite projective A[l/p]-
modules (resp. Ag-modules) M equipped with A[1/p]-linear isomorphism @y : @M — M
(resp. Ag[1/p]-linear isomorphism Agy-linear isomorphism ¢% M — M). Then the base
change functor

Vect?(A[1/p]) — Vect?(Ap[1/p))
along A — Ay is an equivalence, and the inverse of this functor is given by
(Ma SDM) = (M ®Ao A7 Y SOA)
Proof. This follows from the same argument as [GY24, Theorem 2.21]. O

Lemma 5.3.35. The functor Vect®Y (D{u}[1/p]) — Vect”V-"(D[1/p]) constructed
in Construction 5.3.29 is an equivalence, and the inverse sends (M, pyr, Vs, Nas) to a
D{u}[1/p]-module M" := M&y W {u} equipped with additional structures

(orr, V) = (oM ® wiuy, Viu @ idwuy @ (Ny @ idpy oy + idar @ Nyguy) - dlog(u)),
where we used the identification
M’ O Bu) Q%B(u),MBW))/W = (M/ KB Q%B,MB)/W) &M - dlog(u)

Proof. First, we check that (M’ ¢opr, V) defined in the assertion indeed belongs to
Vect?Y (D{u}[1/p]). The fact that o, is horizontal and the equations Ny;¢n = PO Npr ur
and Nw 0w {u} = Pew{uyNwiuy imply that ¢y is horizontal. To check the topologically
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quasi-nilpotence of V,, it suffices to prove that, for z ® u” € M’, the element

m

(JTVur @ idiwguy + idyr ® Nipguy — ) (2 @ ul™)
7=0

=(J[(Nur @ idwuy + (n = §)))(z @ ul™)
j=0

converges to 0 when m — oco. By Lemma 5.3.31, Ny, is nilpotent. Take r € N such that
N; it = 0. Then the above element is written as a Z-linear combination of x @ul™, Ny (z)®
ul™ oo Ni(z) @ ul” | and their coefficients converges to 0 in the p-adic topology. This
proves that (M’ ¢ur, Vi) belongs Vect®Y (D{u}[1/p]). It follows from Lemma 5.3.34
and the same argument as [GY24, Corollary 2.23] that the functor Vect®V:" (D[1/p]) —
Vect?”Y (D{u}[1/p]) defined in the assertion is indeed the inverse. O

Proposition 5.3.36. The functor
Res: Tsoci (X, Mx @ 0M)2 ) — Tsoch™ (X, Mx)erys)

crys

is an equivalence.
Proof. This follows from the construction of the functor Res and Lemma 5.3.35. O

Corollary 5.3.37. The functor Isocf((X, Mx)eays) — Isoch (X, Mx @ 0Y)2 ) de-

crys
fined as the pullback along the natural map (X, Mx @& 0N)* — (X, M) is fully faithful,

and the essential image of the functor
Res
Ts0c (X, Mx)erys) = Isoci (X, Mx @ 0M)2 ) 5 Tsoc™ (X, Mx)erys)

crys

consists of objects with Ng = 0.

Proof. We can directly check that there is a commutative diagram

Isocf (X, Mix)arys) — Isoci (X, Mx & 07)5,)

crys

Vect#Y (D[1/p]) Vect®Y (D{u}[1/p]),

where the bottom horizontal functor sends (M, par, Vi) to

(MewW{u}, om @ owiuy, Var @ idwiuy @ (idar @ Ny gy) - dlog(u)).

Then the assertion follows from Proposition 5.3.36. O

5.4. Local systems on log adic spaces

Let k be a perfect field, W = W (k) the Witt ring of k, K a totally ramified finite
extension of Ky := W/[1/p|, and Ok a valuation ring of K. Let C' be the completion of an
algebraic closure of K and O¢ be the valuation ring of C'. Fix a compatible system of p"-th
power roots of unity for n > 1 denoted by ({,, (2, . ..) and let € = (1,{, (2, ...) € O%.

In this section, let (X, Mx) be a locally noetherian fs log adic space over Spa(K, Ok)
(IDLLZ23b]).
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5.4.1. Horizontal period sheaves on log adic spaces. We start with the definition
of various period sheaves on log adic spaces.

Definition 5.4.1. Let S be a p-torsion free integral perfectoid Og-algebra and S° =
lim S/p be the tilt of S.
. /P
e Set Ap(S) := W(S®). The natural surjection A;(S) — S* — S/p uniquely lifts
to a surjection 0: A;j¢(S) — S, and the ideal Ker(f) is generated by a regular
element. Let ¢4, () be the Witt vector Frobenius map. Let ¢ := [¢] € Ais(Oc)
and p=q—1¢ Ainf(oc>.
o Set Bine(S) = Aine(S)[1/p]. Let g, ,(s) be the induced ring map from ¢4, . (s).
e Let Bi;(S) be the Ker(f)-adic completion of Biy(S) equipped with the Ker(6)-
adic filtration Fil*(Bj;(S)). We put

t:=log(q) = Y_(~1)""'E= € Bip(0c).
n>1
e Set
Bar(5) = Byr(S)[1/¢] = Bir(9)[1/p] = B (9)[1/1]
and Fil*(Bgr(S)) be the filtration defined by Fil"(Bgr(S)) == {"Bix(S) for n € Z.
o Let A (S) = Aint(S)[{¢"},51] be the PD-envelope of the surjection 6 equipped

crys

with the filtration Fil'(Agrys(S )) whose n-th filtration is the ideal generated by ¢L
for i > n, where ¢ is a generator of Ker() C Ay(S). The ring map A9, (S) —
A% (S) induced from ¢ Ame($) 1s denoted by ¢ A9,.(5)-

crys

o Let Ayys(S) denote the p-completion of A2 () with the filtration Fil®(Aeys(S))

crys

whose n-th filtration is the closure of Fil"(A2(S)). In the same way as [TT19,

Proposition 2.23], a natural map Aeys(S) — Bii(S) is defined, and this map is
injective by [CK19, Proposition 5.36| (see also Lemma 5.4.13). We put

= log(g) = (-1 (0~ )l € Aya(Oc)
n>1
This definition is compatible with the one defined in B (S) via the above embed-
ding. Let ¢4, (s) denote the Frobenius lift on Aeys(S) induced from pag (s)-
o Set BE(S) = Auys(5)[1/p] and let Fil*(BZ ((S)) be the induced filtration. Let
PBe(S) the ring map Bj;yS(S) — B;yS(S) induced from ¢y, (s)-
e Set
BCTyS<S> = Bctys(s)[l/ﬂ = B;ys(‘s)[l/:u] = Acrys<S)[1/:u]
let Fil*(Beys(S)) be the filtration defined by

Fil"(Berys(S)) = Yt Fil"™™ (B (9))
i€z
for n € Z. Let pp,, . (s) the ring map Berys(S) — Bays(S5) induced from ¢y (o).
o Let My, (s) be the log structure on Spf(Ain¢(S)) associated with a prelog structure
O2\{0} — Aie(S) given by x + [7] and M be the pullback structure on Spf(S)

of it along 0: Aine(S) — 5. We define (Spf(Asw(5)), Mz, () as the p-completed
log PD-envelope of the closed immersion

(Spf(S), MS) — (Spf(Ainf<S)®WW<u>)v MAinf(S) S UN)(Z
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defined by 6 and u +— p. Explicitly, we can define an isomorphism

At(S) = Aays(S){v} C Bir(S)[[v]

sending v to o~ 1 by choosing p* = (p, p'/?,...) € O, where Ays(S){v} is the
p-completed PD-polynomial ring with a single variable v over Agys(5).

We define a monodromy operator N Au(S) fAlst(S) — fAlst(S) as follows. The
Acrys(S)-linear map Acpys(S){v} = Aerys(S){v} defined by f(v) — (v + 1)f'(v)
induces the Agys(S)-linear map Au(S) — Ay(S), denoted by N A.(s)0 Via the
above isomorphism. We can easily check that Nz (s) is independent of the choice
of p’. The A.y(S)-subalgebra Acrys(S)[log(ﬁ)] of A\St(S)(S) is the subset of
nilpotent elements for Nz (5) 88 checked inductively.

The Frobenius lift 4, (s) induces a Frobenius lift on (Spf(Aine(S)), Ma,.(s)),
and we define a Frobenius lift @,y on (Spf(W{u}) uN)® by w — uP. Then
©a,e(s) and @y g,y induces a Frobenius lift on (Spf (Ay(S)), M Au(s))» denoted by

PR (S): The underlying ring map Ast(S ) — Ast(S ) is also denoted by ¢ A(9)"

Set B (S) = Aw(S)[1/p]. Let Nt (s): B4(S) — BZ(S) be the monodromy
operator induced from Nz (o). Let 0p: BX(S) — Bf(S) be the Frobenius

structure induced from ¢z (s)-

Set ést(S) = E;(S)[l/t] Let N (s . B, ((S) — Est(S) be the monodromy opera-
tor induced from N+ (q). Let g g . By(S) — By (S) be the Frobenius structure
induced from ¢ BE(S)"

Let Agx(S) = AcryS(S)[log( )] be the Aeys(S)-subalgebra of Bj;(S) gener-
ated by log(ﬁ). This is mdependent of the choice of P’ because log([ ,,]) =
log(ﬁ) — log([e]) and log([e]) € Auys(S). By [Shi22, Corollary 2.28], 10g([pb])
is transcendental over Aeys(S). Let Na,(s): Ax(S) — Agx(S) be the mon-
odromy operator defined as the Agys(S)-linear map Ay (S) — Aq(S) given by
(log (7)) + n(log(ﬁ))”_1 for each n > 1. Let ¢a,(5): Ax(S) = As(S) be
the ring map induced from ¢4 (s) and log(ﬁ) — plog(ﬁ). The maps Ny, (s)
and @4, . (s 5) are independent of a choice of p’. The map of A.ys(S)-algebras
A (S) — Ay(S) mapping log(ﬁ)
pendent of a choice of p*. This injection is compatible with Frobenius structures
and monodromy operators and identifies A (S) with the subset of A (.S) consist-
ing of all nilpotent elements for Nz

Set B (S) == St[l/p] Let N (g) és%(S) — BX(S) be the monodromy operator
induced from Ny, (s), and let ¢ BE(S) +(S) — BX(S9) be the Frobenius structure
induced from ¢4, ( )

Set By (S) = Bg(S)[1/t]. Let Np,(sy: Bst(S) — Bg(S) be the monodromy op-
crator induced from Np- (g, and let @p, (s): By(S) = Bs ¢(S) be the Frobenius
structure induced from g+ (g).

to log([pib}) is an injective map which is inde-

Let (X, Mx)proket be the pro-Kummer-étale site of (X, Mx) (|[DLLZ23b, Definition

5.1.2]) and (O,0") be completed structure sheaves ([DLLZ23b, Definition 5.4.1]). For
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a log affinoid perfectoid U with the associated affinoid perfectoid space U= Spa(S,ST)
(IDLLZ23b, Definition 5.3.1 and Remark 5.3.5]), there exists a natural morphism of sites

(Spa(87 S+))proét — (Xa MX)prokét/U

inducing an equivalence of the associated topoi (|[DLLZ23b, Lemma 5.3.8]). The log
affinoid perfectoid objects form a basis of (X, M x)proket by [DLLZ23b, Proposition 5.3.12).

Lemma 5.4.2. Let (X, M) be a locally noetherian fs log adic space over Spa(K, O)
and B € {Ainf, Bint, Bst, Bst} (resp. B € {Big, Bar, Bays}). Then

U (B(ST)) (resp. (B(ST),Fil*(B(S™))))

defines a sheaf (resp. filtered sheaf) on (X, Mx)proket, Where U is a log affinoid perfectoid
in (X, Mx)cproket and U = Spa(S, ST) is the associated affinoid perfectoid space (in the
sense of [DLLZ23b, Definition 5.3.1 and Remark 5.3.5]).

Proof. For the case that B = Aiyt, Bint, Bin, Bar, see [DLLZ23a, Proposition 2.2.4 (1)].

~

For the case that B = Byys, By, the same argument as the proof of [TT19, Corollary
2.8 (2)] works. In their proof, [Sch13, Lemma 4.10] is used as a key input, which we replace
with [DLLZ23b, Theorem 5.4.3]. In the case that B = By(S), the assertion follows from
the result for Beyys(.5) O

Definition 5.4.3. The (filtered) sheaves defined in the above lemma are denoted by
Ainf; Binf7 B(JirRa ]BdRu IBgcrys; IB3stlest YeSpeCtiVelY-

5.4.2. Period sheaves with connections for semi-stable log formal schemes.
Let (X, Mx) be a semi-stable log formal scheme over Ok.

Definition 5.4.4. Let U be a log affinoid perfectoid in (X, Mx), proket With the associ-

ated affinoid perfectoid space U= Spa(S, ST). We say that U is big (with respect to the
formal model (X, Mx)) if U — (X, Mx), factors as

U— (Spf(Roo,oé),/\/lﬁow)?7 — (Spf(R), Mg), — (X, Mx),,

where (Spf(R), Mpg) is a small affine log formal scheme with a fixed framing and the
morphism (Spf(R), Mg) — (X, Myx) is strict étale. In this situation, we define a log

structure on Mg+ as the pullback log structure of Mz by Spf(S*) — Spf(Rea)-
This is independent of the choice of the above factorization. To check this, take another
factorization

U— (Spf(Rloo,a’%Mﬁ ,)77 - (Spf(R/)7MR’)n - (:{7/\/1%)777

o0,

and set

(B, M) = (SPf(Roo.a), Mz ) X aay) (SPE(Rocar), Mz ).

00,

We have the induced map

U— (Spf(Roo,a)aMﬁoo’a)n x?;t,/\/tx),, (Spf(R,oo,oz’%Mﬁoo’a,)n = (ma M%)m

and so the natural map Spf(S*) — X factors through 2. Since both of two projection
maps from (U, My) are strict by Lemma 6.A.2, the log structure Mg+ is independent of
the choice of a factorization.
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By Lemma 5.A.5, Mg+ lifts uniquely to a log structure M 4, (s+) on Spf(Aiye(S™)), and
M 4,,.(s+) 1s isomorphic to the associated log structure with the prelog ring Qs — Aje(S™)
defined by

[(z,.)] (m+1<i<r)

i—m

s€; {[(yf)b] (1<i<m)

for s € Q9. Let My, (s+) denote the log structure on Spf(Aeys(S*)) obtained as the
pullback of M4, (s+). We define a log PD-thickening (Acrys x(S*) = ST /p, Ma_ . c(s+))
in (Xo, Mx,)arys as the p-adic log PD-envelope of the closed immersion

(Spec(S*/p), Ms+p) = (SPE(Acrys(ST) @w Ok ), (Ma,,.(s+) & Moy )?),

where Mg+, is the restriction of Mg+. When (X, My) is horizontally semi-stable (resp.
vertically semi-stable), we have the explicit description

([r'] = m)"

Ay ic(S1) = (Aas(5) @ O {0 f ]
/7)) — 1)™
(U =1y

n!

(resp. Aays.x(ST) = (Aays(ST) ®w Ok)[{
Hence, we can define a natural map
Acrys, ik (ST) = Bir(S™)

in the same way as the map A.y(S*) — Biz(ST).

De Rham period sheaves with connections on log adic spaces are introduced in
[DLLZ23a| and denoted by OIB%:{R,IOg there. These objects are regarded as the log ver-
sion of de Rham period sheaves defined in [Sch13].

We give another construction of OIB%:RJOg which is similar to the definition in [Sch16]
under the setting that a formal model is fixed. Our construction is used in Proposition
5.4.19 afterward.

Construction 5.4.5. Let U be a big log affinoid perfectoid in (X, Mx)y proket With
the associated affinoid perfectoid space U= Spa(.S,ST). Choose a factorization U —
(Spf(R), Mg), — (X, Mx),, where (Spf(R), Mpg) — (X, Mx) is strict étale. The natural
surjection 0: Ay¢(ST) — ST induces a closed immersion

(SPE(S ™), Ms+) = (SPE(RBw Aut(ST), M & Moy 5"

Let (Spf(OAws(U)), Moa,,,w)) be its exactification. The surjection OAy(U)[1/p] — S
is also denoted by 6. Let OB, (U) be the Ker(f)-adic completion of OAie(U)[1/p).
Then OBX;(U) is independent of the choice of (Spf(R), Mpg). We have an induced
map 6: OB}, (U) — S and define a filtration Fil*(OB;(U)) as the Ker(f)-adic filtra-
tion. Let (OB}, Fil*(OBgy)) be the filtered sheaf associated with the presheaf given by
U s (OB (U). Fil" (OBf ().

We define a connection

. + + 1
VOBCTR- OBjr — OB R0y, Qx M)y /K
as a unique BJ;-linear continuous connection extending the derivation Ox, — Q%x M)y K

such that
Vess (m/m') = (m/m') @ dlog(m)
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for sections m € I'(X, Mx) and m’ € T'(Spf(Aine(S)), M4, c(s+)) with the common image
in I'(Spf(S™), Mg+). By the Leibniz rule, we have

VOB(TR(FH"(OBIR)) - Filn_l(OBIR) Qoy, Q%%,Mx)n/K
forn > 1.
Suppose that (X, Mx) = (Spf(R), Mg) is small affine log formal scheme over Ok with

a fixed framing and that there is a factorization U — Uy o — (¥, Mx),. Then we have an
isomorphism OAu(U) 2 (ROw At (ST))[{ (1)) /y;) '}, {([z,i]/zk)ﬂ}]?p’é). The connection

is characterized as a unique B, (ST)-linear continuous connection extending the derivation
R[1/p] — Q%X,Mx)n/K such that

Voss. o /1) = (03 [) ® dlog(y,), Vst w(z/[24]) = (z1/[22]) @ dlog(z)

for each 7, k.
Consider the sheaf OB [1/¢] equipped with a filtration defined by

Fil"(OBR[1/t]) = Y " "Fil™ (OB
m>0

for n € Z. Let OBggr denote the completion of OB4gr[1/t] with respect to the filtration.
We define a filtration on OBggr by

Fil"(OBar) = lim Fil" (OB [1/1]) /Fil" ™™ (OB [1/1])

m>0
for n € Z. The connection VOBCTR induces a connection
Vo : OBar — OBar Qoy, Q%X,MX)W/K
satisfying Vog,, (Fil"(OBg4gr)) C Fil" "' (OBgR) for n € Z.

We shall give a local description of OBj;. Suppose that (X, My) = (Spf(R), Mpg)
is small affine log formal scheme over Ok with a fixed framing. Consider a surjection
0: Biz[X1,. .., Xs] - O induced from the natural surjection 6: B}, — O" and X; ~ 1.
Let BiR[[X1 — 1,..., X — 1]] be the Ker(#)-adic completion of B;[X1, ..., X,]. We have
the induced surjection Bi;[[X1 — 1,..., X — 1]] = O, which is also denoted by 6. Let
Fil*(Bjz[[X1 — 1,..., X5 — 1]]) be the Ker(f)-adic filtration of BJ;[X7, ..., X;].

Lemma 5.4.6. Let (X, Mx) = (Spf(R), Mg) be a small affine log formal scheme over
O with a fixed framing. Then there is an isomorphism of B;-algebras

(’)IB%?{R|L~,OM ~BLX:—1,..., X, — g,

that is compatible with filtrations.

Proof. We follow the argument of [Sch16]. Define a map of Bf; |5 -algebras
BiRlXi—1,..., X, — Wg. . — (’)IB(J{R]&O&

sending X; to t;/[t] for each i. We shall construct the inverse map. Let U be a log

affinoid perfectoid over Uy, o, with the associated affinoid perfectoid space U= Spa(S, St).
Consider a map of Og-algebras R® — B (ST)[[X1 — 1,..., X — 1]] given by

zie )X (1<i <), gy WX 1<j<m)
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[22) Xim (I<k<n-1)
Pk n—1p_b -1
™ ([ Tez1 [ X imsn) (k=mn).
Since R® — R is étale, there exists a unique map R — B (ST)[[X1 — 1,..., X, — 1]]

commuting the following diagram:

RO —— B (SH)[X: — 1, X, — 1]

| a

R — S.
This map and the natural map A, (S*) = Bz (S1)[[X1—1,..., X — 1]] induce a desired
map OB:{R’(LM — BRIX1-1,..., X, — g .-
It is enough to show that the map constructed above is indeed an inverse map. The
composition

Bd+RHX1 - 17 s 7Xs - 1]”[70004 — OB:{R fjoo’a — B;R[[Xl — 1, Ce ,Xs — 1]]

7
is the identity map by definition. Hence, it suffices to show that
(Bir(ST)/€M[X1, ..., X]/I" = OB (U) /Ker(6)"
is surjective for n > 1, where [ is the ideal generated by X; — 1,..., X, — 1. Let

(Spf(E,), Mg, ) denote the n-th infinitesimal neighborhood of (X, Mx) over Spf(WW). Since
(X, Mx) — Spf(W) is log smooth after passing to generic fibers, the ring map

fi R[X4,....X,])/I" = E,

defined by f(X;) = (t; ® 1)(1 ® t;)~! is an isomorphism after inverting p. Since R is
topologically of finite type over Ok and the image of the ring map

R— BR(SH[X1-1,....X;—-1]] » S
is contained in ST, the image of the ring map
R = Bip(ST[[X1—1,..., Xy = 1]] = Bgp(57)/¢"
is contained in a p-complete ring Ay, = (Aint(ST)/E™)[E/p"](C Bix(ST)/€™) for some k > 1.
Taking the p-complete base change of f along R — A, we get a map
ApXy, . X/ I — E,®rA

which is an isomorphism up to bounded p-power torsions. By composing a natural surjec-
tion E,®@rAr - OApe(U)/Ker(0)" and inverting p, we conclude that the map

(Bir(ST)/€M[X1, ..., X]/I" = OB (U) /Ker(6)"
is surjective. ([l

In [DLLZ23a, Definition 2.2.10], they introduced de Rham period sheaves (’)B(}LRJOg on

locally noetherian fs log adic space. The following corollary shows that the sheaf O]BIRJOg
on the generic fiber of a semi-stable log formal scheme coincides with a de Rham period
sheaf defined above by using a fixed formal model.

Corollary 5.4.7. For a semi-stable log formal scheme (X, My) over O, there exists
a natural isomorphism of sheaves on (X, Mzx); proket

OIB%;;R,Iog = OB;;R

that is compatible with filtrations and connections.
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Proof. By working étale locally on X, we may assume that (X, Myx) is a small affine log
formal scheme with a fixed framing. Lemma 5.4.6 and [DLLZ23a, Proposition 2.3.15]| give
an isomorphism that is compatible with filtrations and connections

+ ~ +
OBdR,logbw,a = OBdR‘ﬁw,a7
which descents to an isomorphism
+ ~ +
OBdR,log = OBdR
that is compatible with filtrations and connections. 0
Let v: (X, Mx)y proket — Xp.an be the natural map of sites.

Proposition 5.4.8. There is a natural isomorphism
Ogn = V*OBdR
that is compatible with connections.

Proof. Let Dgrjos be the log p-adic Riemann-Hilbert functor defined in [DLLZ23a,
(3.2.6) and Theorem 3.2.7 (1)]. Then we have isomorphisms

Ox, = Dariog(Q,) = 1,.0Bag
by Corollary 5.4.7. -

Next, we turn to defining crystalline and semi-stable period sheaves with connections.
Let (X, Mz) be a horizontally semi-stable log formal scheme over .

Construction 5.4.9 (Crystalline period sheaves with connections). Let U be
a big log affinoid perfectoid in (X, Mx), proket With the associated affinoid perfectoid space
U = Spa(S, ST). Choose a factorization U — (Spf(R), Mpg), = (X, Mx),, where the map
(Spf(R), Mpg) — (X, My) is strict étale (this indeed exists because U is big). The natural
surjection 0: Aj,¢(ST) — ST induces a closed immersion

(Spf(S), Mg+) — (Spf(ROw Ains(ST)), Mr & M, (s)"
Let (Spf(OAuys(U)), Moag,.(u)) be its p-adic log PD-envelope. This is independent of the
choice of a factorization. We set
OB, (U) = OAcrys(U)[1/p]

crys
OBerys(U) = OBy (U)[1/ ]

Suppose that (X, Mx) is equipped with a Frobenius lift ¢(x ar,). Let ¢ denote a unique
Frobenius lift on (Spf(R), Mpg) such that the strict étale map (Spf(R), Mg) — (X, Mx)
is compatible with Frobenius lifts on both sides. We let pog,,,, () denote a Frobenius lift
on (Spf(OAcys(U)), Mogy.)) induced from the product Frobenius wr X ¢4, (s+) on
(SPE(R®w Acrys(ST)), Mg ® M., (s+))% Let Port,.u) 21d Por.,,. () be the induced ring
maps on respective rings.

We define a connection

vOAcrys(U) : OACI‘YS(U> - OAcrYS(U) ®R Q%Spf(R),MR)/W

(note that the right hand side is independent of the choice of (Spf(R), Mpg)) as a unique
Acrys(ST)-linear continuous connection extending the derivation

1
R = Qsps() mp) /w
satisfying the following condition:
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e Suppose that we have a factorization U — (Spf(Ry), Mg, ), — (X, Mx),, where
(Spf(Ry), Mpg,) — (X, Mx) is strict étale. Then the equation
Ve ) (m/m') = (m/m') @ dlog(m)
holds for each m € I'(Spf(Ry), Mg,) and m’ € I'(Spf(Acrys(ST)), Ma,,.(s+)) With
the common image in I'(Spf(S™), Mg+). Here, we used a natural identification
Oharys(U) @k Uspt(r). M) /St (W), M)
~ 1
FOherys(U) @Ry Qspr(ry), M, ) /(8prW) M)

We also have induced connections Vogi () and Vos,, ) on respective rings.

Let OBy be the sheaf on (X, Mx), proket @ssociated with the presheaf given by
U = OBuys(U). Let @og,,, be a ring map on OBy induced from ¢og,,,, @) for each
U. Connections Vog,, () for each U induces a connection

V(Q[Bgcrys . OBcrys — OIB(:rys ®Oxn Q%fﬁ_/le)n/Ko'

Construction 5.4.10 (Semi-stable period sheaves with connections). Let U be

a big log affinoid perfectoid with the associated affinoid perfectoid space U= Spa(S, ST).
We set

OASt(U) = OACWS(U) ®Acrys(s+) Ast(S+)
OB (U) = OA,(U)[1/p]
OB (U) = OB (U)[1/1].
When (X, Myx) is equipped with a Frobenius lift ¢(x a1,), we define a Frobenius struc-
ture poa, ) on OA(U) by
POA(U) = POherys(U) & P A (5+)-
Similarly, we can define PoBt () and QoB,, ()
Let Noa,, vy be a monodromy operator idpa.,,, ) ® Nag(s+) on OAg(U). Let Vo, )
be a connection Voa,,, ) ®@id 4, (s+). Similarly, we can define NOBt W) Nop,, () VOBt W)
and V@B“(U).
Let OBy be the sheaf on (X, Mx), proket associated with the presheaf given by U

OBy (U), which is equipped with a Frobenius structure ¢pp, and a monodromy operator
Nog,, on OBy induced from ¢og,, 1y and Nog,, ). We define a connection

VOIBSt . OBSt — O]Bst ®R[1/p] Q%X,MX)W/KQ
by VOBSt = VOBC?YS ®Bcrys istt'

Construction 5.4.11 (cf. [AI12, 2.3.4]). Let U € (X, Mx), proket be a big log affi-

noid perfectoid with the associated affinoid perfectoid space U = Spa(S,S™). Choose a
factorization U — (Spf(R), Mg), = (X, Mx),, where (Spf(R), M) — (X, Myx) is strict
étale. The object U is also big with respect to a semi-stable formal model (X, Mx @ p")®
by definition. We consider the log structure Mg+ and My, (s+) defined by the bigness
with respect to (X, My @ p)®. There is a natural strict closed immersion

(SPE(ST), M=) = (SPf(Acrys(ST)), Maagyis+))-
We set (Spf(R(w)), Mgwy) == (Spf(R(u)), Mg & u")*. We have a map
(SpE(S™), Ms+) = (Spf(R{u)), MRw)
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given by the structure map R — ST and u +— p. Then these two maps induce a closed
immersion

(SPE(S™), Mist) = (SP(Acrys(ST)@w R(u)), Maa,y.(s) © Mpgy)™

Let (Spf ((’)J&St(U ), Moz, ) denote its p-completed log PD-envelope, which is indepen-
dent of the choice of (Spf(R), Mg).
By the universal property of PD-envelopes, there is a natural isomorphism

OB (U) 2 OBerys(U)D a5 Ast (ST).

When (X, My) is equipped with a Frobenius lift ¢(x r4,), we define a Frobenius lift CORa(U)
on OA(U) as the product Frobenius poa,.,.() ® ¢, w)- Let Nog ) be the monodromy
operator on OA(U) given by idoa..,. ® Nz 1y)-
We set
OBL(U) = OAu(U)[1/p]
OB (U) = OBL(U)[1/1].

Let Pob ) PoBa. ) NOE;(Uy NO@“(U) be the induced Frobenius structures and mon-
odromy operators on respective rings.
Let OBy be the sheaf on (X, Mx), proket associated with the presheaf given by U —

(’)@st(U ). This sheaf is equipped with the induced Frobenius structure and the monodromy
operator, denoted by ¢,z and Nyg_ .

We shall give a local description of period sheaves OBy, OBy, and Oﬁst. We define
a sheaf Beys{ X1 — 1,..., X5 — 1} on (X, Mx)y proket by

U Aays(SH{X1 — 1,..., X, — 1}[1/pt]

for a log affinoid perfectoid U with the associated affinoid perfectoid U= Spa(.S,ST). We
define Be,ys{ X1 — 1,...,X; —1,Y — 1} in the same way. Furthermore, we define the sheaf
Beys{X1 —1,..., X — 1}log(Y)] on (X, Mx)y proket by

U Aays(STH{X1 —1,..., X — 1}Hlog(Y)][1/pt],
where log(Y') is regarded as an independent variable.

Lemma 5.4.12. Let (X, Mx) = (Spf(R), Mg) be a small affine log formal scheme
over W with a fixed framing such that n = 0. Then there is the following commutative
diagram of sheaves on (X, Mx); proket B

~

OByl Bergs (X1 — 1., Xy — g
OBuly_ = Buys{ X1 — 1,..., X, — 1}[log(V)]|

oo,
\L\ i

O@St‘ﬁm,a $Bcrys{X1 - 17 e 7Xs - 17Y - 1}|l700,a
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Proof. Since we have isomorphisms

A~

OBst = OBcrys ®]Bcrys IB%sta O@st = OBcrys ®IB§CWS ]Bsta

it suffices to construct the upper horizontal isomorphism. Let U be a big log\ affinoid perfec-
toid in (X, Mzx)y proket T with the associated affinoid perfectoid space U = Spa(.S, S™).
Define a map of A.ys(S™)-algebras
(5.4.1) Aays(SH{X1 —1,..., Xy — 1} = OA.y(0)
sending X; to t;/[t’] for each i. We shall construct the inverse map. Consider a map of
W-algebras R® — Ay (ST{X; —1,..., X, — 1} given by t; — []]X; for each i.

Since R” — R is p-completely étale, there exists a unique ring map R — Aerys(ST){X1—
,..., X5 — 1} fitting into the following commutative diagram:

R —— Ay (ST{X1 - 1,..., X, — 1}

R-—— S+,
This map induces a map of Agys(ST)-algebras

ROw Aerys(ST) = Aerys(SH{X1 —1,..., X, — 1},
which induces a ring map
(5.4.2) (ROW Aarys (SNt /[, - ot/ [0 = Aays(SH{X — 1,..., X, — 1}
sending t;/[t?] to X; for each i. Notice that the left hand side of the map (5.4.2) is nothing
but the exactification of the closed immersion
(Spf(S™), Ms+) = (SPE(R®w Acrys(ST)), Mg ® M, (s+))"

Since the ring map (2) is compatible with surjections to ST, we obtain a ring map
(5.4.3) OAys(U) = Ays(SH{X1 = 1,..., X, — 1}

by taking PD-envelopes.
It is enough to prove the map (5.4.3) is indeed the inverse of the map (5.4.1). The
composition
Aays(ST{X1 = 1,..., Xs — 1} = OAys(U) = Aerys(STH{X — 1,0, X, — 1}
is the identity map by definition. Hence, it suffices to show that the map OAqys(U) —
Acrys(ST{X1 —1,..., X, — 1} is injective. Combining with isomorphisms in Lemma 5.4.6,
we get the following commutative diagram.

Acrys(STH{XT — 1,0, Xy — 1} — OAys(U) — Aeys(STH{X — 1, ..., X — 1}

i

BL(SH[X1—1,..., X, — 1]] == OBLL(U) — = B (SH[[X1 — 1,..., X, — 1]]

1

The middle vertical map is an isomorphism by Lemma 5.4.13 below. Therefore, we conclude
that the upper right map is injective, and so the map

Aays(S{X1 —1,..., Xy — 1} = OA.y(U)

is an isomorphism. By inverting p, we obtain the upper horizontal isomorphism in the
diagram in the assertion. ([l
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Lemma 5.4.13. Let A be a p-torsion free p-complete ring and I = (f1,..., f,) be an
ideal of A. Suppose that (fi,..., f,) is a Koszul-regular sequence in A/p and that A/I is
p-torsion free. Let D denote the p-competed PD-envelope of A — A/I and B denote the
I-adic completion of A[1/p|. Then there is a natural injective map D — B.

Proof. We follow the argument of [CK19, Proposition 5.36]. Let C' = A[{fi[n] =
%}19-9«,”20] C A[l/p]. By |[BS22, Lemma 2.38|, we have D = C”, where A means
the (classical) p-adic completion. Since a Koszul-regular sequence is quasi-regular and A/I
is p-torsion free, the I"/I™™! is also p-torsion free for each n > 0. Hence, A/I" is also
p-torsion free. Since the image of the natural map C' — A[1/p] — (A/I™)[1/p] is contained
an open bounded subring, this extends to a map D — (A/I™)[1/p]. Varying n > 0, we get
amap f: D — B.

We consider filtrations on each ring. Let Fil*(C) be the PD-adic filtration on C. In
other words, Fil"(C) is the ideal generated by fi[m] for 1 <i < rand m > n. We equip
D with the filtration Fil®(D) such that Fil"(D) is the closure of Fil"(C). Let Fil*(B) be

the I B-adic filtration on B. Suppose that Z amf@ € Fil"™(C), where a,, € A

m=(mi,...,my)
mi+--+mr=n

and f = ], fi[mi]. Since (fi,..., fr) is a quasi-regular sequence in A[l/p], we have
ay, € I[1/p]| N A = I for each m. Therefore, we see that, for each n > 0, there is a natural
isomorphism

D «n- =g

and the natural map gr"(C') — gr™(B) is injective. In particular, gr*(C) and C/Fil"(C)
are p-torsion free and p-complete. Hence, the natural map Fil"(C)/p™ — C/p™ is injective
for each n, m > 0. Taking limits with respect to m > 0, we get an injection Fil"(C)" — D,
which gives Fil"(C)" = Fil"(D). Furthermore, by taking the p-completion of the exact
sequence

0 — Fil"™(C) — Fil"(C) — gr™(C) — 0,
we obtain an exact sequence
0 — Fil"™(D) — Fil"(D) — gr"(C) — 0.

In other words, the natural map gr"(C) — gr™(D) is an isomorphism. Since gr™*(C') —
gr'(B) is injective, the map gr™*(D) — gr"(B) is also injective.

Since Fil*(B) is separated, it is enough to prove that Fil*(D) is separated. By taking
the mod-p reduction of the pushout square in [BS22, Lemma 2.38|, we get an isomorphism

Clp=D/p= A/, 11, [F){Ximh<icrmz1l/ (X ) 1<icrm>1

uniquely determined by fi[pm] — X;m. From this, we see that Fil*(D)/p is a separated
filtration on D/p, which implies that Fil®(D) is separated due to the p-torsion freeness of
D/Fil"(D). This proves the claim. O

Corollary 5.4.14. For period sheaves on (X, Mzx), proket, the following statements
hold.
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(1) There is the following commutative diagram:

IEBcrys — OBV:O

i\ crys

Bst *N> OBSVtZO

|
By, —> OBY=".
(2) There is a natural isomorphism
OB.yys — OB .
(3) The sheaf OBy is the subsheaf of O]/B\%st consisting of nilpotent sections for Nz .
Proof. Since all assertions can be checked locally on (X, Mzx)poket, they follow from
Lemma 5.4.12 and its proof. ([l

We can also consider crystalline and semi-stable period sheaves with connections for
horizontally semi-stable log formal scheme over a not absolutely unramified base by using
a fixed model over W.

Definition 5.4.15. Suppose that (X, M) admit a fixed unramified model (Xy, Mzx,).
We define period sheaves OB.rys (29,0, (resp. OB (x,, MXU)) on (X, Mx), proket €quipped
connections Vogc%%’ M) (resp. V@]Bsty(%’ Mx0>) as the pullback of (OB..ys, Vog,,,.) (resp.

(OB, Vop,,)) along a strict étale map (X, Mx), — (X0, Mzx,)p- When (%o, Mx,) is
equipped with a Frobenius lift, OB,y (x,, Mz,) and OB (x,, My,) are also equipped induced
Frobenius structures, denoted by ¢og,,,, and pog,, respectively.

Proposition 5.4.16. Let (X, Mx) be a horizontally semi-stable log formal scheme over
Ok with an unramified model (%o, Mx,). Let p: (X, Mx), proket — Xo,net be the natural
maps of sites. Then there are natural isomorphisms

O%o[l/p] %’ M*OBCryS,(XQ,MxO) g /’L*O]Bst,(xo,/\/lxo)

that are compatible with connections. Furthermore, when (X,, My,) is equipped with a
Frobenius lift, the above isomorphisms are compatible with Frobenius structures.

Proof. By Lemma 5.4.6, Proposition 5.4.8, and Lemma 5.4.12, we obtain injective maps
O%g[l/p] — ,U*OBcrys,(%o,Mxo) — M*OBst,(I{O,Mxo) — M*OBdR'

Taking tensor products with K, we get maps

(5.44)  Ox, ®w K = p1.0Berys (39, Mx,) @ro K > p:OBgi (0, M) @Ko K — (1:OBar

Since the natural map By ®g, K — Bgr is injective (for example, [Shi22, Proposition
2.27]), it follows from Lemma 5.4.6 and Lemma 5.4.12 that the map

OBst,(xo,Mxo) Rk, K — OB4r
is injective. Hence, the map
M*OBSM(%O,M%) Rk, K — 1 OBar

is also injective. Therefore, Proposition 5.4.8 implies that every map in the diagram (5.4.4)
is an isomorphism. This proves the assertion. ([l
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5.4.3. Association for local systems on log adic spaces. In this subsection, we
define the notion of semi-stable Z,-local systems on (X, Mx), for a semi-stable log formal
scheme (X, Mx) and study their properties. The most part of this subsection follows the
argument of [GR24].

Construction 5.4.17. Let B € {Bs, Biz,Bar}. For an isocrystal £ on (X, Mx,),
we define B-module B(E) on (X, Mx), proket by

B(E)(U) = &(Aays(ST) = ST/p, Mayu(s) @pz, (s+) BU)

for a big log affinoid perfectoid U in (X, Mx), proket With the associated affinoid perfectoid
space U = Spa(S, ST). When B € {B1;,Bar}, there exists a natural isomorphism

B(E)(U) 2 E(Acrys,x (ST) = ST/p, Mu,. ic(5+)) @Aaryerc(s+) BU)

by the crystal property of £.
Let B € {Bjg,Bar}. When £ is enhanced to a filtered isocrystal (£, Fil*(E)), we can
define a descending filtration on B(E) as follows. Let U be a big log affinoid perfectoid

in (X, Mx)proket OVer (Spf(Roo,&),/\/léooa)?7 and U = Spa(S,ST) be the associated affi-
noid perfectoid space. Choose a morphism s: (Spf(Aerys,x (S7)), M, . (s+)) — (X, Mx)
commuting the following diagram:

(SpE(ST), M) (SPf(Aerys  (57)), Macy, se(57))

~

(X, Mx)
By the crystal property of £, the map of log PD-thickenings
s: (R— R/p, Mg) = (Acrys,x(S7) = ST/p, Ma,, re(s+)
gives an isomorphism
B(E)(U) = E ®@pgpyp,s BU).

The right hand side is equipped with the product filtration Fil*(E) ® Fil*(B(U)), which
induced a filtration on the left side.

To justify this procedure, we need to check that such a map s indeed exists and that
the resulting filtration on B(E)(U) is independent of the choice of s. First, we shall prove
the existence of s. Take a factorization

U = (Spf(Roca)s Mz )y — (SPE(R), Mp), — (X, M),

as in Definition 5.4.4. Let (Aeysx(ST), Q% @ Z - e) be a prelog ring defined by Q%, —
Aint(ST) = Acrysxc (ST) and e + 7/[7]. Note that we have a natural isomorphism

(Spf<AcryS7K(S+))7 ;0 @ Z ' 6)0’ = (Spf<ACTYS:K(S+))7 MAcrys,K(S+)>'

Consider a map of prelog rings

(R",N") = (Aays,x(57), QLo ® Z - ¢)
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defined by
- 2] (1<i<l)
yj = ) (1<) <m)
s 2] 1<k<n-1)
n—1

and the monoid map N" — Q% ©® Z - ¢ defined by

e (1<i<r—1)
€; — .
ent+e (i=n).

Then, passing to the associated log structures, we obtain a desired map s.
To check that the resulting filtration on B(E)(U) is independent of the choice of s, it
suffices to prove that, for another choice

s (SPf(Aays,x (ST)), Ma,, w(st)) = (X, Mxz),
the isomorphism
E ®0,, . BU) 2 B(E)(U) = E Goy, « B(U)

is a filtered isomorphism. This isomorphism can be described by using the connection
Vg as in Construction 5.3.12, and the claim follows from this description and Griffiths
transversality (cf. [GR24, Construction 2.28|,[DLMS24, Construction 3.44]).

Definition 5.4.18. Let L be a Kummer étale Z,-local system on (X, Mx),,.
(1) We say that L is weakly semi-stable if, for some locally free F-isocrystal £ on
(X, Mx), there exists an isomorphism
79: ]L ®Zp ]Bcrys = IB%crys (8)

which is compatible with Frobenius isomorphisms. In this case, we say that IL and

& are associated.
(2) We say that L is semi-stable if, for some filtered F-isocrystal (&, Fil*(E)) on
(X, Mx), there exists an isomorphism

9. L ®Zp Bcrys = IBleyS (5)

which is compatible with Frobenius isomorphisms and filtered after taking the base
change along B,ys — Bar. Here, the filtration on Bqyg (&) is the one constructed
in Construction 5.4.17. In this case, we say that L and (&£, Fil*(F)) are associated.

Proposition 5.4.19. Let (X, Mx) be a semi-stable log formal scheme over Ok and let
€ be an isocrystal on (Xo, Mx,). Let (F, Vg) be the corresponding vector bundle with an
integrable connection on X,,.

(1) Let V' be the product connection Vg and Vos:, on OB;-vector bundle E ®0x,
OBy Then (E®o, OBy, V') is naturally isomorphic to (Big (€) Rp OB}y, 1d®
VOIB;R)-

(2) Assume that & underlies a filtered isocrystal (€, Fil*(E)), and let Fil*BZ; (£) be the
induced filtration on B (€). Then the product filtration Fil*E ®o, Fil®OBgg
is naturally isomorphic to the product filtration Fil*BJ; (€) g Fil’OBijlog.
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Proof. We follow the argument of [GR24, Proposition 2.36]. By working étale locally on
X, we may assume that (X, Mz) = (Spf(R), Mpg) is a small affine log formal scheme with a
fixed framing. Let U be a big log affinoid perfectoid in (X, Mx), proket With the associated

affinoid perfectoid space U = Spa(S,ST). We define OAqys(ST), Ohays(1)(ST), and
DT (1) to be the p-completed log PD-envelope of

<R®WAinf(S+)7 MR @ MAimc(S+)>a - <S+7 MS+>7
(R®0, ROw Aint (ST), Mp & Mp ® M) (SF, Ms+),
(R®o, R, M ® Mg)* — (R, Mp),

respectively. They fit into the following diagram of p-adic PD-thickenings in (Xo, M x, )ecrys:

D (1) —— Ohays(1)(ST)

S

R Oy (SH)

T

Acrys(57)

Fix a factorization U — (Spf(Rea), Mz_ )y — (X, Mx),, which induces charts Q%, —
Mg+ and Q%5 — My, (s+)- We use the notation in Remark 5.2.1 and Construction 5.3.12.
Analogously, the above diagram admits maps to the following diagram:

R[/p[[&y, - - &l = D(1) — OB (1)(S¥) = OB (ST)[[&, -, &)

] o

R[1/p] OBgr(ST)

|

Bir(5")

where OB, (ST), OB};(1)(ST), and D(1) is the formal completion of the exactification
of surjections of prelog rings
(R®w Aume(S)[1/p],N" @ QL) — (S, Q%),
(R®0, R®w Aine(ST))[1/p], N” & N" & QL) — (ST, Q%),
((R®OKR)[1/p]7 N & NT) - (R7 NT)
Note that OBZ;(S™) coincides with OBX;(U) by Construction 5.4.5. By extension of
scalars, we can evaluate £ at each term in the above diagram.

(1): The crystal property of £ for the middle horizontal map and the right bottom
vertical map induces a natural isomorphism

(E QR[1/p] OBIR)(U) = (B§R<E) ®BjR OB:{R)(U)-

It suffices to prove that this isomorphism is compatible with connections. The maps
pi: R[1/p] — D(1) and ¢;: OB (ST) — OB (1)(ST) induce p;: E — £(D(1)) and
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¢i: E(OBIL(ST)) = E(OBIR(1)(ST)) for i = 1,2, and we have equations

n(e®f)—q@le®f)
= q(f)p1(e) — q(f)p2(e)
= q(f)(pi(e) = pa(e)) + (a1 (f) — q(f))p2(e)

—an( Y HvEW Hf

(3

(n1ye..y ns)eNS\{O} =1 i=1

PO Ve o)A S0

dR,log’" at 7 !
(n1,00ms)ENS\{0} i=1 i=1

for e® f € E®ppyp OB (ST) = E(OBJR(ST)). Hence, the coefficient of & in the Taylor
expansion of ¢ (z) — ¢g2(z) is v, » (x) for every z € E(OB;(ST)). Therefore, applying the

crystal property of £ to the rlght column in the above diagram, we see that V' is horizontal
on £(BJ;(ST)). This proves the assertion.
(2): By Construction 5.4.17, the filtration on BIR(5)®B§R OB is computed by choosing
a section
St <R7 MR) — (Acryva(SJr)’ 'MAcrys,K(S+))'
There exists a unique map f of p-adic log PD-thickenings fitting into the following diagram:
N
(R>MR) ( ( ) Mp+ 1)) (OAcrys(S+)7M(’)Acrys(S+))

P2

such that 8 o p; is a natural map and [ o py is the composition map

(R, M) = (Acrys,K(S+)v MAorys,K(Sﬂ) — (OAcryS(S+)7MOAcrys(Sﬂ)-
The above diagram admits a map to the following diagram:
L) B8
R[1/p] ——Z D(1) — OB4r(S™).

p2

Therefore, the isomorphism
E @iy OB R(ST) = (Bin(€) O OBr)(U) = E ®R[1/p],5op OBr(S™)

is given by

e® 1 H VE tm a” (ﬁ ﬂ(gz)nz)

iy 'n/'
(n1,...,ns)EN® =1 t =1 v

for e € F/, and the Griffiths transversality implies that this is a filtered isomorphism. [J

Proposition 5.4.20. Let (X, Mx) be a semi-stable log formal scheme over Ok. Let L
be a weakly semi-stable Kummer étale local system on (X, Mx),, and take a F-isocrystal
£ on (X, Mx) and an isomorphism ¥: L ®z, Beys = Beys(€) as in Definition 5.4.18 (1).
Then there exists a unique filtration Filjz(£) on E = Ex my) satisfying the following
conditions:

(1) (&,Filig(F)) is a filtered F-isocrystal on (X, Mx);
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(2) the isomorphism
¥ ®B.,,, Bar: L ®z, Bar = Bar(€)

is a filtered isomorphism, where the filtration on Bag (&) is the one constructed in
Construction 5.4.17.

Proof. Let U be the open subset of X on which the log structure My is trivial and U
be the mod-p fiber of 4. Then Ly, is weakly crystalline (with respect to ) in the sense of
|GR24, Definition 2.31|, and Ly, and &y, are associated. By [GR24, Proposition 2.38],
L]y, is de Rham in the sense of [Sch13, Definition 8.3|. Let U denote the open subset of
X, on which the log structure My, is trivial. Then U contains 4, and L|y is de Rham by
[LZ17, Theorem 3.9 (iv)].

Set OBgr 1og(€) = Bar(E) @b, OBdr,jog, Which is isomorphic to E ®0x, OBr,1og 88
OBgRr,log-vector bundles with connection by Proposition 5.4.19. Let p: (X, Mx)y proket —
X,an be the canonical map of sites. We have isomorphisms

pi+ (L @z, OBar log) = fis(Bar (€) @B OBar,log) = 11+ (E @0, OBar,og) = E.

By |[DLLZ23a, Theorem 3.2.7 (1)(2)] and what we proved in the previous paragraph,
the direct image of the filtration L ®z, Fil*OBqgr 1o gives a filtration Fil*(E) on E with
locally free grading pieces such that (£, Fil*(FE)) is a filtered F-isocrystal, and the given
isomorphism is refined to filtered isomorphisms

(L ®z, OB4r,og, L @z, Fil*OBgg 10g)
& (E ®O3€n OBdR,log7 Fil*E ®O3€n Fﬂ.OBdRJOg)
= (Bar(€) @B,y OB jog: Fil*Bar (£) gy Fil*OBar jog)

that are compatible with connections. Taking horizontal sections in both sides, we see that
U ®B,,,, Bar gives a filtered isomorphism

by [DLLZ23a, Corollary 2.4.2 (2)]. This proves the assertion for the existence of the
desired filtration, and the uniqueness of it follows from the above argument. O

Proposition 5.4.21. Let (X, M3) = (Spf(R), Mg) be a horizontally semi-stable log
formal scheme over Ok with a fixed unramified model (Xo, Mx,) = (Spf(Ry), Mg,). Let
& be an object of Isocj((Xk, Mx, @ 0V)%.,) and (Eo, Vg, @5, Ng,) be the object of the
category Vect?V"(Ry) associated with Res(£) (see Proposition 5.3.36). Then there is a
natural isomorphism of the following OBy -modules with connection, Frobenius structures,

and monodromy operators:
® (Berys(E) @pirye OByt (20, My, ), 1 @ VOBst,(me%) s PBerys(€) © OBy, 1A ® NOB“,(%O,M%O) )
o (Eo ®Rof1/p] OBt (x0,Mz,)> PEo @ PO (xg Mz Vg, ® VOB““O’M%) ,Ng, ®id+id ®

NOBsme,MxO))'

Proof. Since the two O@st,(xo, My, -modules on (X, Mx), proket in the assertion is obtained

as the restriction of the corresponding O@St—modules on (Xo, My )n,proket, We may assume
that O = W. It is enough to prove that there is natural isomorphisms of the following
OBg-modules with connection, Frobenius structures, and monodromy operators:

o (BCFYS (5) ®Bcrys O]ES'J’ ld ® V(’)ﬁst’ @Bcrys (5) ® gp(’)ﬁst’ ld ® NO@st)
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o (Eo ®rol1/) OB, 05, ® Pog.,: VE, ® Vos,,, Np, ® id +id @ Nyg ).

Indeed, Lemma 5.3.31 and Corollary 5.4.14(3) imply that taking nilpotent sections for
monodromy operators on both sides provides the desired isomorphism.
Let U be a big log affinoid perfectoid in (X, Mx), proket With the associated affinoid

perfectoid space U = Spa(S, S*). Let Mg+, M, s+)» and (SpE(R(u)), Mp)) be as in
Construction 5.4.11. Let Mgy, be the pullback log structure of Mpg,y. The strict closed
immersion

(X, M, ® 0%)" — (Spf(R{u}), Mryu))

defined by u +— 0 belongs to (Xi, Mx, ® 0V)2, . Let (Spf(D* (1)), Mp+q)) be the p-
completed log PD-envelope of the diagonal map

(SPE(R/p), My @ 0)* = (SPE(R(u1)), Mau)) xw (SPE(R{uz)), Mpus) ),

given by uy,us — 0. We define (Spf(OAst(l)(U))7M@gst(l)(m) as the p-completed log
PD-envelope of the closed immersion

(SPE(S™/p), M+ jp) = (SPE(Acrys (ST)@w R{ur)@w R(us)), Ma,,,.(s+)BM Ry BM R s )”

Then we have the following commutative diagram of p-adic log PD-thickenings equipped
with Frobenius lists in (X, Mx, )erys. (We omit log structures and PD-ideals.)

D*(1) —= OAy(1)(U)

S

R{u} ——= OA(U)

|

Acrys (S+)

The crystal property of £ gives isomorphisms of OI/BEQE(U )-modules with Frobenius struc-
tures

~

SACWS 5+) @ OASt(U) SOA () = = 5R<u> O R(u) OASt(U).

By Lemma 5.3.35, we have an isomorphism

hol
((C:R{u}’ <)05R{u} ’ ng{u} ’ NgR{“})

g(Eo@)WW{”}, PE, @ PW{u}, VEo ® 1d7 NEO ®id +id ® NW{U})

Combining these isomorphisms gives an isomorphism of (’)]@;(U )-modules with Frobenius
structures

5Acrys(s+) ® Aerys(S+) O&St(U) = Fy Qg O:Asst(U).

This gives a desired isomorphism except for the compatibility with connections and mon-
odromy operators.

To prove the remaining, it is enough to show that the connection and the monodromy
operator on & ;) induced from Vg, ® Vi ;) and Ng, ®1id +id @ Nz ), denoted by

V' and N, kills €4, (s+). When we fix a framing on (X, Mx), there is an isomorphism

R{uH{&, ..., &, &= D7 (1)

crys
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given by & — py(t)p2(t;) ™' — 1 and € — py(u)p2(u)~! — 1, and we have an equation

S

D) = P3() = D Ve, (2)6 + Ny, ()€

=1
= ngot Y)&i + N, (y)€

for v =y ®1 € Eppuy = Eo®@wW {u} after taking modulo (¢;,...,&, &)=, The square in
the above diagram is cocartesian, and there is an induced isomorphism

OAG(U){&1, ..., &, €} = OAL(U)(1).
Hence, we obtain the following equation in £,; () Pk OAst( Y1)/ (&, ..., )2

¢ (7) = g5 (z) = ((f) — @(f))y + f(pi(y ® 1) —pyy®1))

= (O Vo, (N6 + Nomw (1E) v

ngot o ()& + Niy (1)€)

forz =y® f € SO&st(U) = Fy ®g OAst(U) after taking modulo (&1, ..., &, &)= which
implies that V’(x) and N'(z) occur in coefficients of the Taylor expansion of ¢} (z) — ¢5(z).
Therefore, V' and N’ kill £4_ s by the crystal property of £ for the right column in the
above diagram. O

Proposition 5.4.22. Let (X, My) be a semi-stable log formal scheme over Ok which
admits framings with n <1 étale locally. Then the functor

ISOCﬁtf((Xp:% MXp:o)cryS) — Vect? (Berys)
sending £ to Beys(€) is fully faithful.

Proof. By working étale locally on X, we may assume that (X, Mx) = (Spf(R), Mg)
is a small affine log formal scheme over O with a fixed framing such that n < 1. Let
(X0, Mx,) = (Spf(Ro), Mpg,) denote the unramified model of (X, My) defined by the fixed
framing.

We may assume that n = 1 because, for a horizontally semi-stable log formal scheme
(9, Myg) over Ok, the natural functor

Isoc?((Yp—0, My, _g)erys) — Isoc?((Yp—o, My,_, &7 )Crys)

is fully faithful by Lemma 5.3.7 (1) and Corollary 5.3.37. In this case, Proposition 5.4.21
gives the following commutative diagram:

_®]Bcrys OESC,(}:O ’MXO )

Vect? (Berys) Vect? VN (OBt (x9.Mx,)

5»—>]Bcrys(5)T T®ROOBH,($0,M£0)

Isocif (Xp=0, Mx,_q)crys) = Vect? V-V (Ro)
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The bottom horizontal functor is the composition of the equivalence in Proposition 5.3.36
with the equivalence Vect®V"N(Ry) ~ Isoci™ (X, Mx, )erys)- Since a problem on mor-
phisms between vector bundles can be reduced to one on global sections of them by taking
internal homomorphisms, the right vertical functor is fully faithful by Proposition 5.4.16,
and the upper horizontal functor is fully faithful by By = OBY="=° (Corollary 5.4.14
(1)(2)). Therefore, the left vertical functor is also fully faithful. O

Remark 5.4.23. When (X, M) is horizontally semi-stable, we can use the method
of [GR24, Proposition 2.29|, and the above proposition is proved without F-structures.
However, we do not use it in this thesis.

5.5. Log prismatic crystals

First, let us review some basics of prisms introduced by [BS22|. A d-ring is a ring A

with a map 0 : A — A satisfying the following conditions:

(1) 6(1) =0

(2) O(wy) = d(x)y” +a"d(y) + pd(2)(y);

(3) 6z +y) = 8(x) + 0y) — S0} Ahatyr .
For a d-ring A, a map ¢4 : A — A mapping a to a” + pd(a) is a ring map lifting the
Frobenius map on A/p. A prism is a pair (A, I) consisting of a derived (p, I)-complete
ring A and a locally principal ideal I of A such that p € I + ¢4(I)A. We say that a prism
(A, ) is bounded if A/I has bounded p™-torsion. A prism (A, I) is called orientable if I is
a principal ideal. Throughout this thesis, we use the following lemma with no reference.

Lemma 5.5.1. Let (A, ) be a bounded prism and B be a (p,)-adically complete
A-algebra. Then the map A — B is (p, I)-completely (faithfully) flat if and only if it is
(p, I)-adically (faithfully) flat.

Proof. This follows from results of Yektieli. For the proof, see [IKY24, Lemma 1.3| for
example. 0

Let X be a bounded p-adic formal scheme.

Definition 5.5.2. The absolute prismatic site X) is the category of prisms (A,I)
equipped with maps Spf(A/I) — X. We equip X, with completely flat topology. We

simply write R) for Spf(R)). Let Op (resp. Z)) (resp. 6A) denote the sheaf on X ) given
by (A,1)+— A (resp. I) (resp. A/(I,p)). The Frobenius lift ¢4 for a prism (A, I) induces
amap ¢: Op — Op.

Definition 5.5.3. A prismatic crystal on X is a vector bundle on the ringed site
(X),0p), and a prismatic F-crystal on X is a pair (£, ¢¢) consisting of a prismatic crystal
& and an isomorphism ¢¢: (¢*E)[1/Zp] = £[1/Z)]. When no confusion occurs, we simply

write £ for (£, ¢g). Let Vect(X)) (resp. Vect?(X))) denote the category of prismatic
crystals (resp. prismatic F-crystals) on X. For integers a < b, we let Vectf; b}(% ) denote

the full subcategory of Vect? (X)) consisting of objects (€, p¢) with
THE C pe(d°E) C THE.
In particular, we write DM(X)) for the category Vect‘[%ﬂ(%A). Objects of DM(X)) are

called prismatic Dieudonné crystals. Finally, we let Vect(X, O ) denote the category of
vector bundles on the ringed site (X, O ).
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Lemma 5.5.4 (Quasi-syntomic descent for prismatic crystals). Let 9) — X be
a quasi-compact quasi-syntomic surjection of bounded p-adic formal schemes and 2 be
the Cech nerve of ) — X. Then the natural functor

Vect(X)) — @Vect(iyz))
ocA

is bi-exact equivalent. An analogous assertion for prismatic F-crystals also holds.

Proof. This follows from [BS22, Proposition 7.11]. O

Now, we recall some basics of log prisms introduced in [Kos22|. A §,.-ring is a prelog
ring (A, M) with a §-ring structure on A and a map e : M — A satisfying the following
conditions:

(1) 5log(e) =0;
(2) a(m)Pdiog(m) = d(ca(m));
(3) Grog (mim’) = 1og(m) + 1og (M) + Pdiog (M) 1o (M),

where o : M — A is the structure map. A bounded prelog prism (A, I, M) (resp. bounded
log prism (A, I, My,)) is a bounded prism (A, I') equipped with a prelog structure M — A
(resp. log structure M4 on Spf(A)) and a djpe-structure on the prelog ring (A, M) (resp.
the log formal scheme (Spf(A),M4)). Here, a djog-structure on the log formal scheme
(Spf(A), M,) is a sheaf map My — Ogpa) that defines a dog-structure on each section.
We can attach to a prelog prism (A, I, M) a log prism (A, I, M)* = (A, I, M4 = M?*).
For a log prism (A, I, M), the ring map ¢4 and the map of log structures ¢’ M4 — My
given by m +— mP(1 + pdiog(m)) for m € ¢ My (here, 1+ pdog(m) € ngf(A) is regarded
as a section of M) define a morphism of log formal schemes ¢4 p1,) @ (Spf(A), M4) —
(Spf(A), M,4). When no confusion occurs, we write simply ¢4 for ¢ a,)-

Lemma 5.5.5. Let (4,1, M) be a bounded prelog prism. For m € M admitting a
p"-th root for every n > 1, we have dj,4(m) = 0.

Proof. For x € M, we have a formula

sua@) = 3 ()0t

=1

which can be checked by reducing the problem to the case that A is a free dj,,-ring (cf.

|[Kos22, Lemma 2.11]). By this formula, d,e(z) € p'A implies djoq(2F) € p'™ A. Hence,

dlog(m) is contained in ﬂ p'A by the assumption. Since A is p-adically separated by the
i>1

boundedness, we obtain dj,s(m) = 0. O

Definition 5.5.6 (Absolute log prismatic sites, [Kos22, Remark 4.6]). Let
(X, Mx) be a bounded p-adic log formal scheme. Let (X, Mzx)) be the site with objects
described as follows: an object consists of

e a log prism (A, I, M,) such that (Spf(A), M,) is quasi-coherent,
e a map of log formal schemes (Spf(A/I), Ma/r) — (X, Mx), where My, is the
restriction of M 4.
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We simply write (A, I, My) for an object when there exists no confusion. A morphism
(A, I, M 4) — (B, J, Mp) is the following commutative diagram:

(Spf B), MB) <—)(Spf(B/(]), MB/J)
, My

| LT

(
(Spf(A), Ma) =——=(Spf(A/T), Majr) — (X, Mx).

A morphism (4,1, M4) = (B, J, Mp) in (X, Mx) is a covering if the corresponding map
(Spf(B), Mp) — (Spf(A), M) is strict (p, I)-completely faithfully flat. The resulting site
(X, My) is called the (absolute) log prismatic site of (X, Mx).

The structure sheaf O is defined by (A, 1, M4) — A. Similarly, the sheaf O (resp.
T)) (resp. 6A> is defined by (A, I, M) — A/I (vesp. I) (resp. A/(I,p)). The ring map
Op — O) induced by ¢4 for log prisms (A, I, M,) is denoted by ¢.

Let (%,M;)Zr denote the full subcategory of (X, My)) consisting of objects whose
structure morphisms (Spf(A/I), M /1) — (X, My) are strict. The site (X, /\/lx)zr is called
the (absolute) strict log prismatic site of (X, Mx).

Remark 5.5.7. The definition of log prismatic sites of [Kos22, Remark 4.6] is different
from the one given above in that the following two assumptions are added in loc.cit.:
e a log prism (A, I, M,) admits a global chart;
e the structure morphism (Spf(A/I), M4/;) — (X, Mx) admits a chart étale locally.
The first additional assumption does not change the associated topoi. On the other hand,

the second additional one changes the associated topoi. However, the category of prismatic
crystals is unchanged under certain mild assumptions (see Lemma 5.5.12).

Remark 5.5.8. Let (X, Mx) be a bounded p-adic quasi-coherent and integral log
formal scheme. For the definition of (X, Mx)}", the condition that (4, M) is quasi-
coherent is redundant. To check this, it suffices to show that, for a log prism (A, I, M,)
with a strict morphism (Spf(A/I), Ma,r) — (X, Mx), the log formal scheme (Spf(A), M)
is quasi-coherent. By working étale locally on Spf(A), we may assume that there exists an
integral chart P — Mx. We put

P=Pr XT(Spf(A/T),Ma,r) ['(Spf(A), M).

Since M 4 is integral, P — Pisal+I-torsor by [Kos22, Lemma 3.8|. Therefore, a natural
map P — M, is a chart.

Definition 5.5.9 (Log prismatic F-crystals). Let (X, Mx) be a bounded p-adic log
formal scheme. We let Vect((X, Mx)y) (resp. Vect((X, Mx)}")) denote the category of
vector bundles on the ringed site on ((X, Mx)p, Op) (resp. (X, Mx)3", Op)). Objects of

Vect((X, Mx),) are called log prismatic crystals.

We let Vect?((X, Mx))) denote the category of pairs (£,ps) where £ is an ob-
ject of Vect((X, Mx)y) and ¢g is an isomorphism (¢*E)[1/Zp] = &[1/Z)]. Objects
of Vect?((X, Mx)y) are called log prismatic F-crystals. For integers a < b, we let
Vect, (X, Mx)p) denote the full subcategory of Vect?((X, Mx)y) consisting of objects

(5, QOg) with
THE C pe(¢°E) C THE.
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In particular, let DM((X, Mx),) = Vectg, (X, Mx) ), WhOSS objects are called log pris-
matic Dieudonné crystals. Finally, we let Vect((X, Mx)yp,Op) denote the category of
vector bundles on the ringed site ((X, Mx)p,Op). Similarly, we define variants

Vet (X, Mx)), Veet?, , (2, Mzx)}"), DM((X, Mx)}), Vect((X, Mx)}", Op).

All of these categories are canonically equipped with the structure of an exact category.

Remark 5.5.10. For x € {str, ()}, we have the following canonical bi-exact equiva-
lences;

Vect((X, Mx))) = Jim Vect(A),
(ALMA)E(X Mz}
Vect?((X, Mx))) — lim Vect? (A, I),
(A,I,MA)G(X,Mx)Z
Vect, , ((X, Mx)}) = Jim Vect, (A, 1),
(ALMaA)E(XMz)}
Vect((X, Mx)), @l) = Jim Vect(A/(p,I)).

(A’I7MA)€(:{7MX)7A

Here, Vect(R) is the category of finite projective R-modules for a ring R. For a prism
(A, I), Vect?(A,I) is the category of pairs (N, py) of a finite projective A-module N and
an isomorphism oy : (¢%N)[1/I] = N[1/I], and Vectf, (A, I) is the full subcategory of
Vect? (A, I) consisting of objects (N, py) such that I°N C @n(¢%N) C I*N. For an object
& of the source category, the image of £ via the projection with respect to (A, I, My) is
denoted by &,r,m,)- When no confusion occurs, we simply write £4 for this.

Definition 5.5.11 (Analytic log prismatic F-crystals, [GR24, DLMS24]).

Let (A, I) be a prism. We let Vect™ (A, I') denote the exact category of vector bundles
on a scheme U(A, I) := Spec(A)\V (p, ), and Vect™? (A, I) denote the exact category of
pairs (€, p¢) consisting of £ € Vect™ (A, I) and an isomorphism g (¢4E)[1/1] = E[1/1].

For a bounded p-adic formal scheme X, we define the exact categories Vect™ (X)) and
Vect™™?(X ) by

Vect™ (X)) = Jim Vect™ (A, I),
(A, I MA)EX)
Vect™ ¥ (X)) = Jm Vect™ ¥ (A, I).
(A,I,MA)E%A

For a bounded p-adic log formal scheme (X, Mx), we define the exact categories

Vect™ ((X, Mx) ) and Vect™?((X, Mx),) by

Vect™ ((X, Mx))) = Jim Vect™ (A, I),
(A7[7MA)€(:£7M%)A
Vect™#((X, Mz))p) = Jim Vect™ ¥ (A, I).

(A, MA)E(XMx)p



100 5. LOG PRISMATIC F-CRYSTALS AND REALIZATION FUNCTORS

Similarly, we define the exact categories Vect™ ((X, Mx)}") and Vect™ #((X, Mx)3") by

Vect™ ((X, Mz)}') = lim Vect™ (A, I),
(A,I,MA)G(X,MK)XI
Vect™# ((X, Mx)}!) = Jim Vect™ ¥ (A, I).

(AL MA)EE M)

Objects of the category Vect™ ((X, Mx))) (resp. Vect™?((X, Mx)y)) are called analytic
log prismatic crystals (resp. analytic log prismatic F-crystals) on (X, Mx).

Lemma 5.5.12. Let (X, Mx) be a quasi-coherent and integral bounded p-adic formal
scheme. Then the inclusion functor (X, Mx)3" = (X, Mx), has a right adjoint functor

(:{a M%)A - (%, M%)zr ((A,[,MA) = (A,I,NA))‘

In particular, (%,Mx)zr is cofinal in (X, Mx),, and, for any x € {0, p, an, (an, )}, the
following restriction functors give bi-exact equivalences:

Vect™((X, Mx)p) — Vect™((X, Mx)zr),
Vect, ,; (X, Mx)p) = Vect? (X, Mx)}"),
Veet((X, Mx)p, Op) — Vect (X, Mx)3', Op)-

Proof. Let (A, 1, My) € (X, Mx)). Welet f: (Spf(A/I), My;r) — (X, Mx) denote the
structure morphism. Under the identification Spf(A)e, =~ Spf(A/I)e, we define the log
structure N4 on Spf(A) by Ny = My XMy [*Mzx. By restricting the djog-structure to
N4, we obtain a log prism (A, I, N4), which belongs to (X, Mx)zr by Remark 5.5.8. Then
the functor (X, Mx)) — (X, Mz)}" sending (A, I, M) to (A,1,Ny) is the desired one
by construction. O

Lemma 5.5.13. Let (X, Mx) be a bounded p-adic integral log formal scheme. Suppose
that (X, Mx) admits a chart M — My where M is uniquely p-divisible (see Definition
5.A.2 for the definition). Then the functor forgetting log structures

(36, Mf)zr — BEA
sending (A, I, My) to (A, 1) is an equivalence.
In particular, for x € {0}, ¢, an, (an, )}, the following natural functors give bi-exact
equivalences:
Vect* (X)) — Vect™((X, Mx)zr),
Vect? (X)) — Vect? (X, Mz)3),
Vect(.'{A, OA) — Vect((X, Mx)zr, OA)'

Proof. The latter assertion follows from the former and Lemma 5.5.12.
We shall prove the former. We construct a quasi-inverse functor. Let (A, 1) € X). We
let f denote the map

M — T(%, Mx) — T(Spf(A/T), Mayr) — A/T.

Since M is uniquely p-divisible, there exists a unique lift f: M — A of f by Lemma 5.A.3.
By setting djog = 0, the map f defines a prelog prism (A, I, M), and (A, I, M)* belongs to
(%, Mx)zr
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We shall check the functor sending (A, I) to (A, I, M)* constructed above is indeed a
quasi-inverse functor. As a non-trivial direction, it suffices to prove that, for (A, I, M,) €
(X, M), there exists a natural isomorphism (4, I, M) = (A, I, M), where (4,1, M) is
a prelog prism defined above. By Lemma 5.A.5 (1), we have a unique map of log structure
M® — My lifting the identity map on My,;. This map M® — M, is an isomorphism
because so is the restriction to Spf(A/I). It follows from Lemma 5.5.5 that this map is
compatible with dj,g-structures. U

Construction 5.5.14 (Breuil-Kisin log prisms). Let (X, Mx) = (Spf(R), Mz) be
a small affine log formal scheme over Ok and fix a framing t. We shall construct a log
pI‘iSIIl (6R,t, (E),M@Ri) = (63715, (E),Nr)a S (%, Mx)zr Let

Gpro =Wk @, . xi v, Yy 21, ,zn>[[t]]/(H 2, — t).
k=1
We define a prelog structure N — Gro by

. <71 <
o s yz(l_z_m)'
Zicm (M+1 <10 <r),

and define a Jog-structure on this prelog ring by d(x;) = 0(y;) = §(z;) = 0 and djpg(e;) =0
for all . Then we have an isomorphism Sro/(F) = R°, and a log prism (S o, (F),N")* is
an object of ((Spf(R°), N")“)Zr. The p-adically étale R%-algebra R lifts uniquely to a (p, E)-
adically étale Spo-algebra Gr;. By [Ko0s22, Lemma 2.13|, there exists a unique prelog
prism structure on (&gy, (E),N") such that (Sgo, (E),N") = (Sgy, (E),N") is a map of
prelog prisms. Then (&g, (£), Mey,) = (Sry, (£),N")* is an object of (Spf(R), MR)Zr.
When no confusion occurs, we simply write (8g, (E), Me,) for (Gry, (EF), Me,,).
By Lemma 5.5.13, there exists a unique log structure M, 7 . on Spf(Ainf(éoo,a))

such that (Ap¢(Roo.a), (&), My, (f..)) is a log prism in (Spf(éoo,a)a-/\/lﬁooa)zr up to a
unique isomorphism. By the proof of loc. cit., M A (o) is isomorphic to the associated

log structure with the prelog structure QL — Ajnt(Roc,o) defined by

()] (L<i<m)
e {[(z.s W1 (1< <),

71—

We can define a log prism map (Sg, (E), Mg,) — (Ainf(ﬁoqa), (&), My, (7)) 88
follows. Consider a map of prelog rings (Sgo, N") — (Ainf(ﬁoo,a), Q%) defined by

T; > [xb]

b
Yj — [yg]
2 = (2]
and the natural inclusion N* — Q%,. Since Gro — &g is étale, the above map lifts

uniquely to a map of prelog rings (Sg,N") — (Aimc(éoo,a), QZ,), which gives a log prism
map

(Sr, (E), Mey) = (Ant(Roca), (€, My 7 )

by taking the associated log structures.
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Remark 5.5.15. Let (Spf(R), Mpg) be a small affine log formal scheme over Ok ad-
mitting a fixed framing with n = 0. Then (Spf(R), Mpr @ 7)® is also small affine and
admits an induced framing with n = 1. Let (Spf(Ryp), Mg,) be the unramified model of
(Spf(R), M) defined by the fixed framing and g, be the Frobenius lift on (Spf(Ry), Mg,)
defined in Definition 5.2.5.

Consider a log formal scheme (Spf(Ry[[t]]), Mpg,g) = (Spf(Ro[[t]]), Mg @ tV)*. The
map ¢p, induces a Frobenius lift @g g on (Spf(Ro[[t]), Mpy) given by t — ¢,
which induces a d-ring structure on Rp[[t]]. This is refined to a doe-ring structure on
(SpE(Rol[t]]), Mpos) defined by diog (1) = di0g(t) = 0. Then a triple (Ro[[t]], (E¢), Mp,[m))
is a log prism which is isomorphic to the Breuil-Kisin log prism (&g, (E), Mg, ) associated
with (Spf(R), Mr@7N)2. If we replace Mz @Y with Mg at the first point, we can obtain
the Breuil-Kisin log prism associated with (Spf(R), Mpg).

Lemma 5.5.16 (cf. [DLMS24, Lemma 2.7 and Lemma 2.8|). Let (X, Mx) =
(Spf(R), Mpg) be a small affine log formal scheme over Ok with a fixed framing, and
(A, I, M4) be an orientable log prism in (ff,./\/lx)zr. Then there exists a coproduct in
(X, Mx)p

(B, J, MB) = (63, (E), MGR> LJ (A, [,MA)
belonging to (X, Mx)zr, and amap (A, I, M4) — (B, J, Mp) is a flat cover. In particular,
(&g, (E), Mg,,) covers the final object of the topos associated to (X, Mx)zr

Proof. By [Kos22, Lemma 3.8], I'(Spf(A4), M) — ['(Spf(A/I), M) is surjective.
Hence, a map N — I'(X, Mx) — I'(Spf(A/I), M4,r) admits a lift N* — T'(Spf(A4), M4).
Fix such a lift and let (A, M4) denote the prelog ring associated with the fixed lift. Here,
M4 = N" as monoids. Then (A, I, M) = (A, I, M4)®. Let

C = A[sf,...,sli,tl,...,tm,ul,...,un][v]/(Huk — )
k=1

Let (C, M¢) the associated prelog ring where My == My & N* — C' is given by My —

A — C and

t: (1<i<m)

€; — .

Uimn (M +1<i<r).
The prelog ring (C, M) is equipped the unique dj,-structure such that the natural map
(A, M4) — (C,Mc) is compatible with Jjog-structures and d(s;) = d(¢;) = o(u) =
dog(€i) = 0 for every i¢,j, k. Consider the surjection (C,M¢) — (A/I, M,) induced by
s; T, tj — y;, and uy — 25, and let

(C, MC) — (Ol, Mc/) — (A/.[, MA)
be the exactification of it. Explicitly, we have
C = ClG /1) G/ tn) ™, G fun) ™, (Fafun) ™
= C[TF, ..., T U U (45T — 0 unUx — Z1) ks

where y; (resp. Zz) is the image of e; (resp. e4x) via N = My — A for every j, k. The
dog-structure on (C, M) uniquely extends to (C’, M¢r) by [Kos22, Proposition 2.16]. Fix
a lift 7; € A of z; € A/I for each i. Let J denote the kernel of the surjection C" — A/I.
Then J is generated by I and (s; —%;,9;/t; — 1,2k /ug—1); j . Let (C")" denote the derived
(p, I)-adic completion of C’, which coincides with the classical (p, I')-completion because C’
is flat over A (cf. the proof of [Kos22, Proposition 3.9]), and (B, I B) denote the prismatic
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envelope of the §-pair ((C')", J(C")") over (A, I). Since (s; — T4, y; /t; — 1, Zk/up — 1) j 1 18
a regular sequence in (C”)" and the natural map of derived quotient rings

A/L(pv d) — (C,)/\/LO?’ da Si — fZagj/t] - ]_,zk/Uk - 1)7;7.77]{:

is an isomorphism, the prism map (A, ) — (B, IB) is a flat cover by [BS22, Proposition
3.13 (1)] or [Ito24, Proposition 2.6.6 (1)].

We define a prelog ring map (Sgo, (E),N") — (B,IB,M¢s) by z; — s, y; — tj,
2K+ Uy, and t — v. Since F(v) € J implies that v € (p,I)B, this map is well-defined.
Using the étaleness of Gro — Sg, we obtain a unique lift (&g, (E),N") — (B,IB, M¢)
inducing the natural map (R,N") — (B/IB, Ma). Then (B,IB,Mc) € (Spf(R), Mg)}'
is the coproduct of (&, (E),N")* and (A, I, M) in (Spf(R), Mp)- O

For a small affine log formal scheme (X, M3x) = (Spf(R), Mg) over O with a fixed
framing, the n + 1-fold self coproduct of (&g, (£), Mes,) in (X, Mx)y is denoted by

((‘5%), (E), MGgL))(E (X, Mx)3T) for each n > 0.

Lemma 5.5.17. Let (X, Mx) be a semi-stable log formal scheme over Of. Then the
restriction functor

Vect™((X, Mx)p) — Vect™ (X, Mx))p)
is fully faithful for x € {0, p}.

Proof. By working étale locally on X, we may assume that (X, My) = (Spf(R), MRg) is
small affine with a fixed framing. The natural functors

Vect*((X, Mx) ) — lim Vect* (&, (E)),

ecA
Vect™ ™ ((X, Mx)p) — @ VeCtam*(Gg)’ (E)
ocA

give equivalences by Lemma 5.5.16. For each n > 0, the natural functor
Vect* (8%, (E)) — Vect™ (&%, (E))

is fully faithful by [SP25, 0G7P|. Therefore, the functor in the statement is fully faithful.
O

Definition 5.5.18. (|[DLMS24, Definition 3.7|) Let DDg,, be the category of pairs
(M, f) where

e N is a finitely generated &g-module such that, MM[1/p] (resp. M[1/E]) is finite
projective over Gg[l/p] (resp. Gg[1/E]), and M = M[1/p] N IM[1/E];
o [ MRy, 62) = M Qs g po 6%) is an isomorphism of GE)—modules satisfying
the cocycle condition over Gg).
Let DDE*" denote the full subcategory of DDg,, consisting of objects (9, f) with 901 being
finite projective over Gp.
Let DD (resp. DDé’;eCt) be the category of pairs (9, pan, f) where
e (M, f) belongs to DDg,, (resp. DDE);
e oor: (¢*IM)[1/E] = IM[1/E] is an isomorphism of Gg[1/E]-modules such that f
is compatible with @gy.
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Lemma 5.5.19. For x € {(}, ¢}, we have natural bi-exact equivalences
Vect™*((X, Mx))p) = DDg,,
Vect*((X, Mx)p) = Dng:Ct,
sending & to I'(U(Sg, (E)), Eer.(B).Ms ,))-
Proof. This follows from the same argument as [DLMS24, Lemma 3.§]. O

5.6. Realization functors for log prismatic crystals

In this section, we define étale, crystalline, and de Rham realization functors for analytic
log prismatic F-crystals on a semi-stable log formal scheme over O and study their
properties.

5.6.1. The étale realization functor for log prismatic F-crystals.

Definition 5.6.1 (Laurent F-crystals, [KY25, Definition 7.34]). Let (X, Mx) be
a bounded p-adic log formal scheme. Let O)[1/Z,]) denote the sheaf on (X, Mx) given
by (A, I, Ma) — A[1/I]} and ¢: Op[1/T)p]) — Op[1/Z)]7 denote the ring map induced
by a ring map ¢4 for each log prism (A,1, M,) € (X, Mzx)). A vector bundle £ on the
ringed site ((X, Mzx)p, Opl1/Zp])) equipped with an isomorphism @g: ¢*€ = € is called
a Laurent F-crystal on (X, Mx). Let Vect?((X, Mx)p, Op[1/Zp])) denote the category of
Laurent F-crystals on (X, Mx).

Remark 5.6.2. For a prism (A, ), we let Vect”(A[1/1]]) denote the category of a
finite projective A[1/I]}-module M with an isomorphism ¢% M 5 M, where the ring map
da: A[L/I]} — A[1/I]} is induced by the ring map ¢4: A — A. By the same argument as
in [BS23, Proposition 2.7|, there exists a natural equivalence

Vet (X, Ma)p Op[L/Zg)) =~ i Veet#(A[L/I]).
(A,I,MA)E(.%,Mx)A
For a Laurent F-crystal £ on (X, Mzx) and a log prism (A,I, M) € (X, Mx)), the
projection of £ to Vect?(A[1/I]7}) via the above functor is denoted by £ 4,r,am,). When no
confusion occurs, we write €4 for this.

Theorem 5.6.3 (cf. [KY25, Theorem 7.35]). For a bounded p-adic fs log formal
scheme (X, My), there exists a natural fully faithful functor

Tew: Vect?((X, Mx)p, Op[1/Zp]0) — Locg, (X, Mx)? ),

n,qprokét

where (X, Mzx) is the log diamond of the generic fiber of (X, M) ([K'Y25, Example 7.6]).

Proof. For the proof, see [KY25, Theorem 7.35]. Although the definition of absolute
prismatic sites in [KY25, Definition 7.33| is slightly different from Definition 5.5.6, the
category of Laurent F-crystals is unchanged under this modification by Lemma 5.5.12 (see
also Remark 5.5.7). O

Remark 5.6.4. Let (X, Mx) be a bounded p-adic fs log formal scheme and & be a
Laurent F-crystal on (X, Mx). By the proof of [KY25, Theorem 7.35], there exists a
functorial isomorphism of A[1//]/-modules

Ea = Te(E)|(spacs,s+)ms) @z, A[L/I])
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for a perfect log prism (A,I, M) € (X, My)) associated with a perfect indiscrete log
prism in the sense of [K'Y25, Definition 2.36 and Definition 2.39] satisfying the following
conditions:

e the pullback of T¢ () to (Spd(S, ST), M) == (Spf(A/I), M4y;){ is constant (we
simply write Ty (€)|(spacs,s+),mg) for the corresponding Z,-module);
o Mg /M7 is divisible.

Definition 5.6.5. Let (X, Mx) be a bounded p-adic fs log formal scheme. By Remark
5.5.10 and Remark 5.6.2, we have a sequence of exact functors

Vect?((X, Mx)p) = Vect™#((X, Mx)p) — Vect?((X, Mx)p, Om[l/IA]Q).
Taking the composition with the functor in Proposition 5.6.3, we obtain exact functors

Vect™#((X, Mx) ) — Locz, (X, Mx)? )

n,qprokét

Vect?((X, Mx)p) — Locz, (X, Mx)® ).

n,qprokét

Both of them are also denoted by T and called étale realization functors.

Remark 5.6.6. When (X, Myx), is a locally noetherian fs log adic space, the target
category of the étale realization functor can be identified with the category of Z,-local
systems on (X, Mx), ket (or (X, Mx)y proket) by Proposition 5.83.4.

5.6.2. The crystalline realization functor for log prismatic F-crystals.

Construction 5.6.7 (Breuil log prism). Let (X, Mx) = (Spf(R), Mg) be a small
affine p-adic fs log formal scheme and fix a framing t. We have a strict closed immersion

(Spf(R), Mg) = (SpE(Sre), Mep,)-
Let (Spf(Sgy), Msy,) denote a p-completed log PD-envelope of it. More generally, for
an integer ¢ > 0, let (Spf(Sg?t),M

immersion

S}(;g)t) denote a p-completed log PD-envelope of a closed
(SPE(R), Mp) = (Spf(Spy), My, )P,

where (Spf(&gy), Me,, )" is the i + 1-fold self product of (Spf(Sg.), Me,,) over

W. The p-adic log PD-thickening (Sg)t — R/p, M ) ) belongs to (Xp—o, Mx,_,)os-

By construction, (Sg; — R/p, Ms,,) covers the ﬁngit object of the topos associated

with (X,—o, Mx,_)erys, and (Sg?t,/\/ls(i)) is the i-th fold self product of (Sgr;, Msg,,) in
(Xp—0, Mx,_,). When no confusion ocggrs, we omit subscripts t.

Since Ker(6r — R) is generated by a single regular element E(t), the ring Sg) is also

p-torsion free for each i > 0. Hence, the Frobenius lift ¢ ) on (Spf(Sg)),M y) induced
R

S
from gbG%) uniquely gives a structure of a d-ring on S](;). By [Kos22, Proposition 2.16]|, this

d-structure uniquely refines to a djpg-structure on (Spf (S](;)), M
map

Sm) such that the natural
R

(SPE(SS), M ) — (SpE(SR), M)W

5%
is compatible with dj,-structures. As a result, we obtain a log prism (S}(?, (p), ¢*s<")M o) €
R R

(Xp=o, M szo)zr, where the §jog-structure on (Sg),qb*/\/ls(@) is induced from that on
R
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i . Pe . . .
(SJ(Q), MSI(?)’ and the ring map S “f &g — Sg induces a log prism map in (X, ./\/lx)zr

01 (85 (B). M) = (S (0), 60 M)
for each i > 0.

Remark 5.6.8. Let (Spf(R), Mpg) be a small affine log formal scheme over Of ad-
mitting a fixed framing with n = 0. Then (Spf(R), Mpr @ 7V)¢ is also small affine and
admits an induced framing with n = 1. Let (Spf(Ry), Mpg,) be the unramified model of
(Spf(R), Mpg) defined by the fixed framing and ¢g, be the Frobenius lift on (Spf(Ry), Mg,)
defined in Definition 5.2.5.

Let (Spf(Ro[[t]]), Mpy[ig)) as in Remark 5.5.15. Consider a strict closed immersion

(Spf(R), Mr) = (SpE(Ro[[t]]), Mro[a))

induced from (Spf(R), Mg) — (Spf(Rp), Mg,) and t — 7w. By Remark 5.5.15, the p-
completed log PD-envelope of it is nothing but the Breuil ring (Sg, Mg, ) associated with

ten

(Spf(R), Mg @ 7V)*. Explicitly, we have an isomorphism Sp = Ro[t][{ L }n>1]", where

(en)!
e = [K : Ky]. We can also obtain the Breuil ring associated with (Spf(R), Mg) in a similar
way as in Remark 5.5.15.

By using Breuil ring, we can prove the following.

Proposition 5.6.9. Let (Spf(R), Mpg) be a small affine log formal scheme over Ok
admitting a fixed framing with n = 0. Let (Spf(Ry), Mg,) be the unramified model
defined by the fixed framing. Consider the Breuil ring (Spf(Sg), Mg, ) associated with
(R, Mg @ ) equipped with the induced framing. Then, for a locally free F-isocrystal £
on (Spec(R/p), Mg, ® "), there is a natural isomorphism

ESnrR/pMsy) = E(Ry—Ro/pMpyaMe Orol1/5] SR[L/D]
that is compatible with Frobenius isomorphisms on both sides. In particular, there is a
natural isomorphism

ER—RipMparys = E(Ryg—Ro /o Mg, o0M)e ORol1/p] B[1/p).
Proof. The strict closed immersion

(Spf(Ry), Mg, ®0M)* — (Spf(Ry[[t]), Mg, © t")
given by t +— 0 induces a strict closed immersion
(Spf(Ro), Mg, ® 0M)* — (Spf(Sg), Ms,,)

by the universal property of PD-envelopes and Remark 5.6.8. The crystal property of £
along the above map gives an isomorphism

ESp—R/pMsyy) Osrli/p] Bo[1/P] = Ery Ry o.My, @0)a-
Therefore, by applying Lemma 5.3.34 to ring maps Ry — Sg — Ry, we obtain the former

assertion. The latter one is proved by taking the former isomorphism along Sp - R. [

Definition 5.6.10. Let DDg,, denote the category of pairs (M, €) where

e M is a (not necessarily p-complete) finitely generated Sg-module such that M[1/p]
is finite projective over Sg[1/p);
o c: M Qgp,p, Sg) S M @5 Sg) satisfying the cocycle condition over Sg).
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Morphisms (M, €) — (M’',€’) in DDg,, are Sg-linear morphisms M — M’ compatible with
e and €. Let DD denote the full subcategory of DDg,, consisting of objects (M, €) with
M being finite projective over Sg.
We let DD%_ (resp. DDggm) denote the category of triples (M, ¢y, €) where
e (M, e) belongs to DDg,, (resp. DDE<");
o o (0%, M)[1/p] = M[1/p] is an Sg[1/p]-linear isomorphism that is compatible
with e.

Morphisms (M, par,€) — (M, our,€') in DDG_ are Sg-linear morphisms M — M’ com-
patible with €, €', vy, and @y.

Lemma 5.6.11. Let (X, Mx) = (Spf(R), Mg) be a small affine log formal scheme
over Ok with a fixed framing. Then there exist natural functors
DDg,, — Crysy((Xp=o, MXp:o)cryS)7
DDg — Vect((Xp—0, Mx,_o)erys):
DDE, — Isoci ((Xp=0, Mx,_q)erys),
DD#V*! — Vect? ((Xp=o, Mx, o )erys)-

Proof. It is enough to construct the first functor. Let (M,€) € DDg,. Let M denote
the maximal p-torsion free quotient of M. Then M is p-complete by Lemma 5.3.18, and €
induces a Sg)—linear isomorphism

€: M@)Smplsl(%l) = M@)Smmsg)

satisfying the cocycle condition over Sg) by Lemma 5.6.12 below. Since the p-adic log
PD-thickening (Sp — R/p, Mg,) covers the final object of the topos associated with
(Xp=0, Mx,_y)erys, the pair (M, %) gives an object of Crysy((X,=o, M X,_o)crys)- Lhis con-
struction gives the former functor in the statement. 0

Lemma 5.6.12. Let A — B be a p-adically flat ring map of p-complete and p-torsion
free rings. Let M be a finitely generated A-module with M[1/p] being finite projective
over A[1/p]. Let M denote the maximal p-torsion free quotient of M (which is p-complete
by Lemma 5.3.18). Then M®&4B is isomorphic to the maximal p-torsion free quotient of
M ®4 B.

Proof. Since M ®4 B is a finitely generated B-module, the natural map M ®4 B —
M® 4B is surjective. Since A — B is p-adically flat, M& 4B is p-torsion free. By Lemma
5.3.17, we have a natural isomorphism (M®4B)[1/p] = M[1/p] ®4 B. As a summary, we
obtain the following commutative diagram:

M ®4 B M ®4 B M® 4B

| |

M[1/p) @4 B —"+M[1/p| ®a B—+ (M®@4B)[1/p).

This diagram implies the assertion. 0

Construction 5.6.13 (Crystalline realization). Let (X, Mx) = (Spf(R), Mpg) be
a semi-stable log formal scheme over Q. First, we shall construct a functor

Vect™ (X, Mx)p) — Crysg((Xp=0, Mx,_o)erys)-
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To do this, we may work étale locally on X and assume that (X, Mx) = (Spf(R), Mpg) is
a small affine log formal scheme with a fixed framing. We use notations in Construction
5.5.14 and Construction 5.6.7. By Lemma 5.5.19, there is an equivalence

Vect™ ((X, Mx))p) — DDgp,.
Taking the base change along log prism maps ¢: (6%), (E), Mgsi) — (SI(;), (p), My)
R R

gives a functor DDg,, — DDg,. Then, by composing these functors with the functor in
Lemma 5.6.11, we obtain a functor

VeCtan((%v M%)A) — Crystf((Xp:(), MXp:o)cryS)v
denoted by Tiys. In the same way, we define a functor
Vect((X, Mx)p) — Veet((Xp—o, Mx,_o)erys)

which coincides with the restriction of T,y. To globalize the construction of the functor
Terys, we need to prove the fact that Tty is independent of the choice of a framing, which

can be checked in the same way as [DLMS24, Lemma 3.31].
Next, we shall construct a functor

Vect™#((X, Mx)p) — Isock ((Xp=o0, Mx,_g)erys)-

For £ € Vect™?((X, Mx)p), we have Toy(E) € Crysy((Xp=o0, Mx,_)erys)- By con-
struction, Ti,ys(€) is locally free. Hence, it is enough to construct a Frobenius structure
F*Teys(E)[1/p] = Tuys(E)[1/p]. To do this, we may work étale locally on X, and so we
may assume that (X, Mx) = (Spf(R), Mpg) is a small affine log formal scheme with a

fixed framing. Taking the base change along log prism maps ¢ : (Gg), (E),Msi) —
. R
(Sg), (), 9* M) in Construction 5.6.7 gives a functor
R
DDE,_ — DD, .

Composing this functor with the functors in Lemma 5.5.19 and Lemma 5.6.11, we obtain
a functor

Vect™™?((X, M%)A) - Isocﬁtf((Xp:()v MXp:o )CryS)a

denoted by Tisoc. Since the functor Tig,. is compatible with Tty in the sense that there is
an isomorphism Tis.(€) = Terys(E)[1/p], this gives a Frobenius structure on Te,ys(E)[1/p].
In the same way, we define a functor

Vect“’((%, Mx)A) — Vect‘p((szo, Mszo)crys)>
which coincides with the restriction of Tigc.

Definition 5.6.14 (Crystalline realization). For a semi-stable log formal scheme
(X, Mx) over Ok, we constructed functors

Torys: Vect™ (X, Mx)p) — Crys(Xp—o, Mx,_)erys)
Tiorys: Vect((X, Mx)p) — Vect((Xp=0, Mx,_o)erys)
Tisoc: Vect™ (X, Mx) p) — Isocit (Xp—0, Mx, g )arys):
Tisoc : Vect?((X, Mx)p) — Vect?((Xp—o0, Mx,_;)erys)

in Construction 5.6.13. These are called crystalline realization functors.
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5.6.3. The relationship between étale and crystalline realization. Let (X, Mx)
be a semi-stable log formal scheme over O.

Setting 5.6.15. Let (X, Mx) be a semi-stable log formal scheme over Ok and £ be
an analytic log prismatic F-crystal on (X, My). Consider a p-adic saturated log formal
scheme (Spf(S), M) over (X, My) satisfying the following conditions:

e S is an integral perfectoid Og-algebra;
o Ts(E)(spi(s) M), is a constant Zj,-local system;
e the structure map (Spf(S), Mg) — (X, Mx) factors as

(Spf(S)7MS) — (Spf(ROO,a%MEOO’a) — (Spf(R)7MR) — (faM.'{)a
where (Spf(R), Mpg) is small affine with a fixed framing, (Spf(R), Mgr) —

(X, My) is strict étale, and (Spf(S), Mg) — (Spf(ém,a),./\/léoo ) is a strict map
over O¢. 7
In this situation, there exists a unique log structure M 4, (sy on Spf(Ain¢(S)) which restricts
to Mg by Lemma 5.A.5. We have a log prism (Ain¢(S), (§), Ma,.(s))-

Proposition 5.6.16. Let £ be an analytic log prismatic F-crystal on (X, Mx). Let
(Spf(S), Mg) be a saturated p-adic log formal scheme over (X, Mx) as in Setting 5.6.15.
Then there exists a natural isomorphism

Ennee)[L/07 ()] = Ta(E)(spt(5). M), Bz, At (S)[L/67 ()],
Here, T (€) is regarded as a finite free Z,-module.

Proof. By Remark 5.6.4, we have a natural isomorphism

Eine(s) [1/07 1 (10)] = Tt ()| spt(s) M), @2, At (S)[1/07" (1)

It suffices to prove that this restricts to the isomorphism in the statement. This follows
from the argument in the proof of [GR24, Lemma 3.13|, which reduces the problem to
[BMS18, Lemma 4.26] via arc descent. Note that, in [GR24|, the definition of Breuil-
Kisin-Fargues modules over O¢ in [BMS18, Definition 4.22] is adopted. This object
naturally corresponds to analytic prismatic F-crystals over (Ais(Oc¢), (¢(€))) (not over
(Aint(Oc), §))-

Theorem 5.6.17. Let £ be an analytic log prismatic F-crystal £ on (X, Mx). Then
the Q,-local system Ty (€)[1/p] on (X, Mx), and the F-isocrystal Tiso.(€) on (X, M) are
associated. In particular, Ty (€)[1/p] is a semi-stable local system.

Proof. It suffices to show that there exists a natural isomorphism

(Tét (5) 1z, IB%cryS)(U) = EcryS(TcryS(g))<U)
that is compatible with Frobenius for a big log affinoid perfectoid U in (X, Mx); proket With
Tw.(€)|u being constant. If we set U := Spa(S, S+) to be the associated affinoid perfectoid
space with U, the natural map (Spf(S*), Mg+) — (X, Myx) satisfies the conditions in
Setting 5.6.15. Taking the base change of the isomorphism in Proposition 5.6.16 along a
ring map
Aut(STIL/O7 (1)) Aue(ST1/ 1) = Berys(S™).

we obtain isomorphisms

(Tee(E) @z, Berys)(U) = Tee(E) v ®2,, Berys(ST)
2 E (5910 (10)] @ a5 1761 ()6 Berys(S™)
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which are compatible with Frobenius.
For the right hand side, we have isomorphisms which are compatible with Frobenius
isomorphisms

Ene(sH) 1/ (18)] @ e (591761 ()6 Berys(S™T)
(5+) Berys(ST)

= TCryS(5>(Acrys(SJr)%S-'—/p7MAcrys(S+)) ®B
= IBCI‘yS (Tcrys (5)> (U) )

= gAcrys(S+) ®B+

crys

(S1) Berys(S™)

+
crys

where the first isomorphism is defined by the crystal property of £ for a log prism map
¢: (Aims(S1), (€), Mayist)) = (Aays(ST), (), Mag,.(s+)), and the second isomorphism
comes from the definition of crystalline realization functor. By composing this with the
isomorphism in the previous paragraph, we obtain the desired isomorphism. ([l

Theorem 5.6.18. The crystalline realization functor Tl is uniquely enhanced to a
functor

Thooet Vect™#((X, Mz) ) — Fillsoc? (X, Mz)

such that, for every £ € Vect™?((X, Mx)p), T&(€) and Theoo(E) are associated in the
sense of Definition 5.4.18 (2).

Proof. By Proposition 5.4.20 and Theorem 5.6.17, there exists a unique filtration Filjy
on ﬂsoc(g)(Xp:Q,x,Mx) such that Tét(g) and Tﬁsoc<€) = (ﬂSOC(g)(szo,lf,Mx% Fll(.iR) are asso-
ciated in the sense of Definition 5.4.18 (2). Then the functor T, defined in this way is
the desired one. O

Definition 5.6.19 (De Rham realization). Let FilVect(X,) be the category of fil-
tered vector bundles on X,. The functor

Vect™™?((X, Mx)p) — FilVect(X;)

sending &€ t0 (Tisoc(€) x,_0.x, My, Filjr) is called a de Rham realization functor, denoted by
Tar.-

In the next subsection, we give a description of Tyr using the Nygaard filtration. To
do this, we make some preparations.

Let (Spf(S), Mg) be a p-adic saturated log formal scheme over (X, M) as in Setting
5.6.15. We put a filtration Fllg on Tét(g)|(spf(s)7/\/[s)n &z, BdR(S) (resp. gAinf(S) @ A (S)
Bar(5)) by

Fllg = Tét(g)|(spf(s)7/\/ls)n Xz, Fﬂ.BdR(S)
(resp. Fﬂz = gAinf(S) & A (S) Fﬂ'BdR(S)).

Moreover we define a filtration Filjg 5. (s) on

8Ainf(s) ®Ainf(s):¢ BdR<S) = TCFyS<5>(Acrys(S)ﬁ*S/p,MAcrys(s)) ®Acrys(s) BdR(S)

in the same way as Construction 5.4.17.
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Lemma 5.6.20. We have the following commutative diagram of isomorphisms of fil-
tered Bgg(S)-modules:

~ l pe®id

(T (&)l (spt(5). M), @z, Bar(S), Filg) (Es(8) @Ange(s) Bar(S), Filg).

IR

1%

Proof. Since the isomorphism in Proposition 5.6.16 is obtained as the restriction of the
isomorphism in Remark 5.6.4 which is compatible with Frobenius, we have a commutative
diagram

T (E)l(spi(s), Ms)y @z, Aint(S)[1/07H(11)] == Eae(sy[1/07 (1))

~lid®¢ Ni@g

Tee(E)(spt(8) M), Pz, At (S)[1/ 1] ——— Enye(s[1/ 1],
where the upper horizontal map is the isomorphism in Proposition 5.6.16, the bottom
horizontal map is the localization of the upper horizontal isomorphism. Taking the base
change of this diagram along ring maps

)
At (S)[1/7 ()] = Aine(S)[1/1] = Bar(S),

we obtain the commutative diagram in the statement.

We shall prove that every isomorphism in the square in the statement is a filtered
isomorphism. Since ¢! (u) is invertible in BJ; (), we have a ring map A;,¢ (S)[1/¢7 ()] —
B (S), and the bottom horizontal isomorphism is obtained as the base change of the
isomorphism in Proposition 5.6.16 along

Ains(9)[1/¢7 ()] = Bir(S) = Bar(S).

This implies that the bottom horizontal isomorphism in the diagram in the statement is a
filtered isomorphism.

For the upper horizontal isomorphism, note that (Spf(S), Mg), does not necessarily
live in (X, Mx), proket- However, when we take a factorization of (Spf(S), Mg) — (X, Mx)
as in Setting 5.6.15, by taking the filtered base change of the filtered isomorphism

(Tt (E) ’(spf(ﬁooya%/vlﬁw’a)n Rz, Bar(Roo.0), Filg)

112

(gAinf(ﬁoo,a) ®Ainf(§oo,a)y¢ BdR(R ) Fll(.iR BdR(Roo a))

given by Proposition 5.4.20 along BdR(éoqa) — Bar(S), we see that the upper horizontal
isomorphism is a filtered isomorphism. Therefore, the right vertical morphism is also a
filtered isomorphism. O

5.6.4. The de Rham realization functor for log prismatic F-crystals.

Let (X, Mx) = (Spf(R), Mg) be a small affine log formal scheme over O with a fixed
framing ¢. Let £ be an analytic log prismatic F-crystal on (X, My). The goal of this
subsection is to give the description of the filtered vector bundle (T (€)(x,_o,x.Mx)> Filir)
by using Breuil-Kisin log prisms and Nygaard filtrations (Proposition 5.6.23).
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For a log prism (A, 1, My) € (X, Mx)), we set
E[1/pla = T'(Spec(A[1/p]), Ea),
(¢"E)[1/pla = ['(Spec(A[L/p]), ¢4€a),

E[L/pla = Ea[l/p| ®apyp A/I[1/p],
(0*E)[1/pl4 = (¢°E)[1/Pla ©apsm A/I[1/p].
The map ¢ : (¢*E)[1/Z)] = E[1/Z,] induces a map
1 (97E)al/pI] = Ea[1/pI]
of A[l/pl]-modules. We define a Nygaard filtration Fil}, 4, on (¢*E)[1/p], b
Fily, 4 = Im(pg, (I"€a[1/p]) N (¢"E)[1/pla — (¢7E)[1/pl4)-
Lemma 5.6.21. There exists a natural isomorphism of R[1/p]-modules
Tisoc(E) (Xpmo,x.Mx) = (0°E)[1 /Pl , -
Proof. The crystal property of Tisoc(E) for the map
(Srt = R/p, Ms,,) = (R — R/p, MRg)
in (Xp=0, Mx,_,)onys gives an isomorphism of R[1/p]-modules
Tisoc(€) (Xp0.2Mz) = Tisoe(E)(Spu—R/p My ) Ot BIL/D]-
By the definition of Tis..(€) and the crystal property of £ of the map
¢: (Sry, (B), Mey,) = (Sri, (p), @5, Msy,)

in (X, Mx)}", we have isomorphisms of R[1/p]-modules

Tisoc(E) (Sm—R/p.Msy,,) Osraii/pl BIL/P]
2(I'(Spec(Gri(1/p]), Eer,) @ p.ili/p.é Sri[1/P]) @sp. 175 B[1/D)
gF(SpeC(eth[l/p]) gbGR tgGRt) ®6Rt (1/p] [l/p]

=6 /Pley,-

The combination of these isomorphisms give the desired isomorphism. O
Lemma 5.6.22. There exists a p-adic saturated log formal scheme (Spf(S), Mg) over
(X, Mx) satisfying the following conditions:
e S is an integral perfectoid Og-algebra, and R — S is faithfully flat;

o L|(spe(s),Ms), is constant for every Z,-local system L on (X, Mx)y et
e the structure map (Spf(S), Mg) — (X, Mx) factors as

(SDE(S), Ms) = (Spf(Reca), Mp_ ) — (X, Mz),
where (Spf(S), Mg) — (Spf(§w7a),M§w ) is a strict map over Og¢.

Proof. We may assume that X is connected. Let S denote the p-adic completion of the
integral closure of R in an algebraic closure of Frac(R). The ring S is an integral perfectoid
Oc-algebra by [Bha20, Lemma 4.20 (2)], and R — S is faithfully flat by [Bha20, Theorem
5.16]. Since the ring map R — S admits a factorization

R — }N%OO,Q — S,
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we fix such a factorization and let Mg denote the pullback log structure of Mz

It suffices to prove that (Spf(S), Mg) satisfies the second condition in the statement.
Let L be a Zj,-local system on (X, Mx), e and let LL,, denote the Z/p™-local system L ®z,
Z/p" for n > 1. Since GL4(Z/p"*') — GL4(Z/p") is surjective for s := rk(L) and each
n > 1, it is enough to show that Ln|(spf(s)7/\/[s)n is constant for each n > 1.

Take a finite Kummer étale cover (Y,, My,) — (X, Mx), such that L,|y, my, ) is
constant. By [DLLZ23b, Lemma 4.2.5|, we may refine (Y,, My,) and assume that

(Yo, My,) = (X, Mx), factors as
(YmMYn) — (:{m,a’ Mxm,a)n — (}:7 Mx)n

for some m > 1, where (Y,,My,) — (Xna, Mx,, )y is strict finite étale. Here,
(Xm0, Mx,,..) is defined by

1 1
(:{m,aa Mxm,a) = (%, MX) ®(Z[NT],NT)‘L (Z[ENT], _Nr)a‘

m

Then (Spf(S), Mg) — (X, Mx) factors as

(SpE(S), M) = (Spf(Recia)s Mz ) = (Xma Mx,,0) = (X, M),
and, when we fix such a factorization, (Spf(S), Mg), = (Xm.a; Mx,, . )y factors as
(Spf(S), ./\/ls)n — (Yn, Myn) — (%m,mM%m,a)n

by the same argument as the forth paragraph of the proof of [GR24, Lemma 4.10|. There-
fore, L, |(spt(s),Ms), 1S constant. O

Proposition 5.6.23. The isomorphism in Lemma 5.6.21 is refined to an isomorphism
of filtered vector bundles on X,

Tar(€) = ((0°E)[1/Pls,, - Filv s, )-

In particular, the filtration Fil§, s, , on (¢*E)[1/p]g,, , is a filtration with locally free graded
pieces.

Proof. Take a sequence of p-adic saturated log formal schemes

(Spf(5), Ms) = (Spf(Rec.a), M5, ) = (X, Mx)

as in Lemma 5.6.22. Since R — S is faithfully flat, it is enough to show that the iso-
morphism in Lemma 5.6.21 is a filtered isomorphism after taking the base change along

R[1/p] — S[1/p].

We prepare some categories and functors as follows:

e Mod?(Sg[1/p]) denote the category of a pair (M, ) consisting of a finite pro-
jective Gg[1/p]-module M with an isomorphism ¢y, : (¢, M)[1/E] = M[1/E];

e Mor(BJ;(S)) denote the category of a triple (Mj, My, f) consisting of finite pro-
jective Bi;(S)-modules M; and M, with a Bggr(S)-linear isomorphism

M, D pt.(5) Bar(S) = My Dpt (9) Bar(9);
e the functor Mod?(Sg[1/p]) — Mor(BZ;(S)) given by
(M7 SOM> = (M ®GR,¢ B(_i‘—R,(S)7 M ®6R BJR(‘S)? oM & 1d)7
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where M @, ¢ Bir(9S) (resp. M ®g,, Bi(S)) is the base change of M along the
ring map

Gr S G — Ane(S) = Bar(S)  (resp. Gr — Aine(S) — Bar(S))

(for the definition of & — Aine(S), see the last paragraph of Construction 5.5.16);
e for a ring A, FilMod(A) denote the category of a finite projective A-module with

a descending filtration;
e the functor Mod?(Sg[1/p]) — FilMod(R[1/p]) sending (M, @) to the R[1/p]-
module M ®e,p1/p R[1/p] equipped with the filtration defined as

Im(¢g, M N @y (B*M) = M ®eqpyp RI1/p));

e the functor Mor(Bj;(S)) — FilMod(S[1/p]) sending (M, Ma, f) to the Bii(95)-
module M; @+ (5) S [1/p] equipped with the filtration defined as

(M N f7H(E M) — M,y ®pt (s S[L/p]).
Then, by flatness of the ring map Sp — Biz(9), the following diagram is commutative:
Mod? (& a[1/p]) — FilMod(R[1/p)
J/ l—®m1/p]5‘[1/p]
Mor (B (S)) — FilMod(S[1/p]).

Let
OBar(S): €65 P& p6 Bar(S) = sy, ®s, Bar(S)

be the image of £[1/pls, € Mod?(Gg[1/p]) via the left vertical functor. We define a
filtration Fil} p 5y on Es, Dep. Bir(S) by

Fill pon(s) = (Eor @eps Bir(9)) N@p (s (€ (Eor Pene Bir(9))).

Let ﬁ;\/,BdR(S) denote the filtration on &g, Rsy.6 Bir(9) ®p1 (5) S[1/p] defined as the
image of Fil§; sy via the surjection

€ Peno Bir(S) —» Eer @eps Bir(S) ®@pz (s) S[1/p).

Applying the commutativity of the above diagram to £[1/pls, € Mod?(Sg[1/p]) gives an
isomorphism

(5.6.1) ((¢*5)[1/P]6R, Fil} o) ®r S 2 (Eae($) ®a(5).0 Bin(S) @y (5) S Fily i s)-
By Lemma 5.6.20, we have the identity of filtrations on Ea, () ®a,.¢(5).6 Bir(S)

Fﬂ/\/ ,Bar(S) (gAmf (S) @ Aine(9),¢ BdR(S)) N FﬂdR,BdR(S)'

By the definition of Filj; and the argument in Construction 5.4.17, when we choose
s: (R, MRg) = (Aays,x(5), Ma,,. x(s)) as in loc. cit., there is an isomorphism

E4t(8) D Ane ()6 Bar () = Tisoc(E) (xp0.2.Mx) @R[1/pls Bir(S)

such that the induced isomorphism

Enine(5) D a3(5).6 Bar(S) = Tisoc(€) (Xp—0,2 Mx) OR[1/p].s Bar(5)
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sends the filtration on the left hand side Filjg g, (s) to the product filtration Filiy ® g1/ s
Fil* B4r(S) on the right hand side. Therefore, we have filtered isomorphisms

(SGR ®6R7¢ BJR(SL Fﬂ;\/',BdR(S))
:(5612 ®6R7¢ BchrR(S)7 (5612 Q& g0 BJR(‘S')) N Fﬂ:iR,BdR(S))
2 (Thsoe (&) (AR /p M) @115 Bar(S), D Filgs” @i/ Fil' Bar(9)).
n>0

Taking the mod-¢ reductions with induced filtrations, we get a filtered isomorphism
(5.6.2) (Esn D66 Bir(S) @5 () S[1/p], Fily g (s)) = Tar(E) @i jp) S[1/p)-
Then the combination of (5.6.1) and (5.6.2) proves the assertion. U

5.6.5. The proof of fully faithfulness part of Theorem 5.1.4.

Lemma 5.6.24. Let (Spf(S), Mg) be a p-adic saturated log formal scheme. Suppose
that S is a p-torsion free qrsp ring, and we are given a chart P — Mg with P being and
uniquely n-divisible for every n > 1 and saturated. Then the étale realization functor

Tiy: Vect™#((Spt(S), Ms)p) — Locz, ((SpE(S), M)y )

n,qprokét
is faithful.

Proof. We see that the étale realization functor
Tei: Vectan"p(SA) — Locg, (Spf(:S)p,proet)

is faithful by the same argument as the proof of [GR24, Lemma 4.1|. By Lemma 5.5.13,
the source category is equivalent to Vect™ ?((Spf(S), Mg),). On the other hand, Lemma
5.B.1 gives an equivalence

Locz, ((Spf(S), Ms)¢ ) ~ Locz, (Spf(S)¢ ) =~ Locz, (Spf(S)n,proet)-

n,qprokét 1,qproét

This proves the assertion. 0

Construction 5.6.25 (|GR24, Construction 4.12]). Let S be a p-torsion free integral
perfectoid O¢-algebra and set X := Spf(S). The lattice realization functor is a functor

Vect™# (A (S), (€)) — Big-Latt
= {(L, M)| L € Locz, (X, proet), M (C L ®z, Bar) : Biy-lattice}
given on an object (£, ¢s) € Vect™ ¥ (Aine(S), (€)) as follows:

e L is the étale realization of (&, ¢¢).
e Taking the base change of the isomorphism in Proposition 5.6.16 along

Aung[1/67 ()] 5 Ann[L/1] = Bar,
we get an isomorphism
¢p, Bint(€) Qg Bar = L @z, Bar.
and a BJ;-lattice M = ¢ Bine(E) @, Bl in L @z, Bar.

Lemma 5.6.26 (|GR24, Lemma 4.3 and Proposition 4.4]). Let S be a p-torsion free
perfectoid O¢-algebra. Suppose that S/7 is a free Og/m-module. Then the following
assertions hold.
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(1) We have the following formulas.
oL = pbs

ro @7 (1)
Al ¢_f<u) hs[1/p]) = ubs[1/p)
Al ¢_ff(u) hs[1/€]) = phs[1/¢]

(2) The lattice realization functor in Construction 5.6.25 is fully faithful.

Proof. (1) In [GR24, Lemma 4.3], this assertion is proved for a specified integral
perfectoid ring S. The argument in loc. cit. works in this setting as well.
(2) This follows from the same argument as [GR24, Proposition 4.4]. We can use (1)
as a key input.
U

Theorem 5.6.27. For a semi-stable log formal scheme (X, Mzx) over Ok, the étale
realization functor

Tet: Vect™#((X, Mx)p) — Locz, (X, Mx)y)
is fully faithful.

Proof. By working étale locally on X, we may assume that (X, Mx) = (Spf(R), Mg) is
small affine. Fix a framing (Spf(R), Mg) — (Spf(R°),N")?. By Proposition 6.4.17 below
and Lemma 5.6.24, it is enough to prove that Ty is full. Let £, & € Vect™?((X, Mx)p)
and f: Ti (1) = Tet(E2) be a morphism of Z,-local systerms.

First, suppose that n < 1 (in other words, the special fiber of X is smooth). In this
case, by isomorphisms

_— e
R/m = (R @0,y 1y O o 1Ay} ®o, Oc)/7
= (R/m Ok{1},{y, )] k[{xiﬂ/pm}a {Z/;QEO}]) @k Oc /T,

é/w is a free O¢/m-module. Hence we can use Lemma 5.6.26 and obtain the following
diagram.

E(Tet(€) Big (Terys (€))) ~
Vect™?((X, Mx)p) - = Bar (R)-Latt

|

Vect™ ¥ (R)) Vect™ (b, I) —> Bar(R)-Latt

~

By Proposition 5.4.22, there exists a unique map Teys(E1) — Terys(E2) of isocrystals which
induces the map
~ ®id ~
IBcrys(,-rcrys((‘/’ln — Tét (81) ®Zp ]Bcrys f_> Tét (52> ®Zp IBcrys — IB%(:rys(ircrys(éb))a

and so [ @ idpy,: Ta(&1) Qz, Barn — Te(E1) ®z, Bar maps the B, (Teys(€1)) into
Bix(Terys(E2)). Hence, the above diagram implies that there exists a unique morphism
g: 51|Spf(§) — €2|Spf(§) which induces f|Spf(f2),, via étale realization. Lemma 5.6.24 implies
that pri(g) = pri(g), and so g descents to a morphism & — & by Proposition 6.4.17
below.



5.6. REALIZATION FUNCTORS FOR LOG PRISMATIC CRYSTALS 117

We shall prove the assertion in general cases by induction on n. What we proved in the
previous paragraph allows us to assume that n > 2. Let 4; be the vanishing locus of z; € R
for 1 = 1,2 and Uz := L Ny Let My, be log structures obtained as restrictions of My
for i = 1,2,3. By the induction hypothesis, we have morphisms gl|(ﬂi,Mui) — & (1, My,)
which induces f via the étale realization for ¢ = 1,2, and these morphisms coincide on
(Us, My,) by the faithfulness of the étale realization. Hence, it suffices to prove that the
restriction functor

Vect™?((X, Mx)))
— Vectan’“’((ill, Mul >A) XVecta“*“"((ug,Mu3)A) VeCtan’g’((ﬂg, Muﬁ&)

is fully faithful.

Let 3 == 2135, A log prism (Sg[1/xi]f, g, (), Megp/aly, ) € (i, My,)y covers
the final object of the associated topos, and the n + 1-fold product of this log prism in
(i, My,)3" coincides with

(8% [1/2:lfy ), (E), Mggo

1oty
It suffices to show that
Vect™ (&%, (E))

= Veet™ (&} [1/m1]", (E)) ) Veet™ (& [1/22]", (B))

Veet?# (&1 [1 /237 (E)

is fully faithful for n > 0. Since Spf(A) V (p, d) has a covering Spec(A[1/p]) NSpec(A[1/d])

with an intersection Spec(A[1/pd]) for a prism (A4, (d)), it is enough to prove that
Vect(& Y [1/al)

— Vect(SW[1/21][1/a]) x ) Vect(&4[1/25)[1/a])

Vect(Gg” [1/z3]"N[1/a]

is fully faithful for a € {p, E,pE}. Taking internal homomorphisms, we are reduced to
show that

0 &) = &' [1/m]" x & [1/ma)" = & [1 /3] (1)
is exact. We have an exact sequence
0—R— R[l/xl]f, X R[l/l’g];\ — R[]_/l’g]}/)\ (2)
because the mod-7 reductions of this is obtained by the base change of an exact sequence
0 = Ro/m — (Ro/m)[1/a1] x (Ro/m)[1/ 23] — (Ro/m)[1/xs]

(the exactness of which can be checked by a direct computation) along the étale map
Ry/m — R/m. Therefore, the sequence (1) is exact because the mod-E reduction of the
sequence (2) is obtained by the base change of the sequence (1) along the p-completely flat

map R — 6%)/(E). O

Corollary 5.6.28. For a semi-stable log formal scheme (X, My) over Ok, the étale
realization functor

Tt = Vect?((X, Mx)p) — Locg, (X, Mx)y)
is fully faithful.

Proof. This follows from Lemma 5.5.17 and Theorem 5.6.27. O
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5.6.6. The proof of bi-exactness part of Theorem 5.1.4.

Setting 5.6.29. Let (X, Mx) = (Spf(R), Mg) be a small affine log formal scheme over
Ok with a fixed framing. Let £ be an analytic log prismatic F-crystal on (X, Mx). Let
(Spf(S), Ms) be a p-adic saturated log formal scheme over (X, Mx) as in Lemma 5.6.22.

We simply write T (E)|(spi(s),ms), for the Z,-module corresponding to the constant
Zy-local system T (E)|(spe(s).Ms)y-

We consider the following rings:

Biowy = Aut(S) o/ 1/ ]
Bii,o = Aunt(S)[[P')/0][1/p)
By = Aue(S)[0') /0, 0/ W11 [1/p10"])-
Lemma 5.6.30. (|[Ked20, Theorem 3.8|) The functor
Vect(U (At (5)), (£)) — Vect (B ) X Veet(By 1)) Vect(B,))
is a bi-exact equivalence.
Lemma 5.6.31. We have canonical isomorphisms
Eine(8) Dine(s) By = Tet(E) @z, Bpoy
(Ene(5) @i (5) Biroo) [1/€] = (Eeryu(8) @ Aerya(8) Bin,oal)[1/€]-

Proof. First, we construct the former isomorphism. The intersection formula in Lemma
5.6.26 (1) implies that ¢~'(p) is invertible in By 1) (cf. [GR24, footnote in p.44]), and so
we have a ring map Ai¢[1/¢~" (11)] = Bjo,1j- Taking the base change of the isomorphism in
Proposition 5.6.16 along this ring map, we obtain an isomorphism

inf

Eaine(8) O ane(9) Bpo) = Ter(€) ®z, Bpo,-

The remaining is to construct the latter isomorphism. The crystal property of £ for a log
prism map ¢: (Apng(S), (£), Mayes)) = (Acrys(S), (p), Mag,.(s)) induces an isomorphism
of BY,.(S)-modules

gACrys gAlnf ®A1nf(s) ¢ BCI‘yS (S>

Therefore, we have isomorphisms

(SAcrys ®Acrys(s) B[l OO])[]‘/g} ( mf( ) ®A1nf(s) [17001)[1/5]
: (¢ gAinf S))[l/g] ®Ainf(‘s) B[lvoo}

g g 1nf [1/6] ®Amf ) B[l OO]
2 (Eine(S) @A (S) Bii,oa)) [1/€]-

)
o™

U

Theorem 5.6.32. Let (X, Mjz) be a semi-stable log formal scheme over O which
admits framings with n < 1 étale locally. Then the étale realization functor

T : Vect™ ¥ ((%, Mx)p) — Locz, (X, Mx)y,)

gives a bi-exact equivalence to the essential image.
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Proof. By working étale locally on X, we may assume that (X, Myx) is a small affine log
formal scheme with a fixed framing such that n < 1. We treat just the n = 1 case because
the same argument works in the n = 0 case.

Let (Spf(R), Mp) be a small affine log formal scheme over Ok admitting a fixed framing
with n = 0 such that (X, Mx) = (Spf(R), Mp ® 7). Let £ — & — &3 be a sequence in
Vect™?((X, Mx),) and suppose that

0— Te (&) = Ter(E) = Te(E3) — 0
is exact. The goal is to prove that
0—=& =& =& —0
is exact. To do this, it is enough to show that the sequence

O%ELA S)_>52,A S)_>53,A 5)-)0

inf( inf( inf(

is exact by Proposition 6.4.17 below.
First, we shall show that the sequence of B (S)-modules

0— gl,Acrys(S) — gZ,Acrys(S) — 837Acrys(s) — 0

is exact. In [IK'Y24], this is proved by using Brinon’s formulation. Since this argument
does not work in this setting, we discuss in a different way. Taking the grading pieces of
an exact sequence of filtered Bgg(S5)-modules

0— Tét(gl) ®Zp BdR(S) — Tét(gg) ®Zp BdR(S) — Tét<g3) ®Zp BdR(S) — O,
we obtain an exact sequence
0 — gr*Tar(&1) ®@rpyp gr° Bar(S) = gr*Tar(E2) @rpyp) gr° Bar(S)
— gl".TdR(g;J,) ®R[1/p] gr'BdR(S) — 0.

Since gr"Bar(S) = S[1/p] is faithfully flat over R[1/p] for each n > 1, we see that the
sequence

0— TdR(gl) — TdR(gg) — TdR(g;),) —0

is exact. Let (Spf(Ry), Mg,) be the unramified model of (Spf(R), Mpg) defined by the
framing. Let (Spf(Sg), Ms,,) be the Breuil ring associated with (Spf(R), Mz @& 7™)e. By
Proposition 5.6.9 and Proposition 5.6.21, we have isomorphisms

(5.6.3) Tar (&) = Tisoc (&) (o My, 0)e Do K,
(5.6.4) Tisoc(Ei)(spMspy) = Tisoc(Ei) (Ry My, 20M)a ©rol1/p] Sr[1/D],
for i =1,2,3. By (5.6.3), the sequence
0 = Tisoc(€1) (R My e0%)a = Tisoc(E2) (Ro My @0M)e = Tisoc(E3) (Ro My @0v)e — 0
is exact. By (5.6.4), the sequence
0 = Tisoc(E1) (sp,Msp,) — Tisoc(E2) (spMs,,) — Tisoc(E3) (sp,ms,) — 0

is exact. Since (Spf(Sg), Mg,) covers the final object of the topos associated with
(Xp=0, Mx,_y)erys, We have an exact sequence

0— 7ﬂisoc((c/’l)(Ac,rys(5’),./\/1140),5(S)) — ﬂsoc(gl)(Acrys(s),MAcrys(S)) — Tzlsoc(gl)(Acrys(S),MAcrys(S)) — 0.
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Since the crystal property of & for a log prism map (Sg,(E),Ms,) —
(Aerys(S), (p), Ma,,,,) gives isomorphisms
ﬂsoc(gi)(Acrys(S),MAcrys) = ﬂsoc(gi)SR,MsR ®SR[1/p] Acrys(S)[l/p]
= (Eior ®sr SR[L/P]) @sp1/p) Acrys(S)[1/p]

= 7;7Acrys (S)

for + = 1, 2, 3, we conclude that the sequence

0— 51 Acrys(S —> 52 Acrys(S —> 537Acrys(s) —0
is exact.
By Lemma 5.6.30, it suffices to prove that the following sequences are exact:
(5.6.5) 0 = &E14u:5) @ Blo,1) = E2,40¢(5) © Blo,y) = E3,41¢(5) @ Bjoy) — 0
(5.6.6) 0= &1,400(5) @ Bii,oc] = E2,410(5) @ Bii,o] = €3,4,0(5) ® Biioc] = 0

The exactness of the sequence (5.6.5) follows from Lemma 5.6.31. For the exactness of the
sequence (5.6.6), Beauville-Laszlo glueing reduces the problem to prove that the following
sequences are exact:

(5.6.7) 0= &1 ae(5) @ Bii,oo)[1/€] = E2,415(5) @ Bpi,oo)[1/6] = E3.45(5) @ Bioo)[1/6] — 0
(5.6.8) 0 = (E1,410(8) @ Bpioo))e = (E2,406(5) © Biioo))e — (E3,416(5) ® Biioe))g — 0.

The exactness of (5.6.7) follows from Lemma 5.6.31 and what we proved in the previ-
ous paragraph, and the exactness of (5.6.8) follows from the exactness of (5.6.5) and the
identification (B o))e = (Bjo))e (= Bir(S)). This completes the proof. O

mf

5.A. Some lemmas on log schemes

Lemma 5.A.1. Let i : S < T be a nilpotent closed immersion of affine schemes with
an ideal sheaf Z. Let Mt be an integral log structure on 7. We let Mg denote the pullback
log structure i*Mrp. Then a natural map I'(T, M7) — I'(S, Mg) is a I'(T, 1 + Z)-torsor.

Proof. It is obvious that each fiber of the map I'(T, My) — I'(S,Mg) is a I'(T, 1 + I)-
orbit. Since Mr is integral, the action of I'(7,1 4+ Z) on I'(T, Mr) is faithful. Hence it
suffices to prove that the map I'(T, Mr) — I'(S, Mg) is surjective. We may assume that
7? = 0. We have an exact sequence

12147 = MP - MY =1

Since we have H(T,1+ Z) = HY(T,Z) = 0, the natural map I'(T, M5) — T'(S, M%) is
surjective, which implies that the natural map I'(T, Mr) — T'(S, Mg) is also surjective
because My is isomorphic to Mg X MZP. O

Definition 5.A.2. Let P be a monoid. For an integer n > 1, a monoid P is called
uniquely n-divisible (resp. n-divisible) if a monoid map P — P mapping p to p" is an
isomorphism (resp. a surjection).

Lemma 5.A.3. Let n > 1 be an integer. Let P be a uniquely n-divisible monoid and
7 : ) — R is a surjection of monoids. Assume that there exists an integer & > 1 such that,
for any pq,p2 € P with w(p1) = 7(p2), we have p?k = pgk. Then the natural map

Hom(P, Q) — Hom(P, R)

is bijective.
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Proof. Let f: P — R be a monoid map. We define a monoid map ]?: P — @ lifting
f as follows. For p € P, we take a unique p’ € P such that (p’ )”k = p and choose a lift
qd € Q of n(p'). We put f(p) = (¢)"". For another lift ¢’ € Q of (p'), the assumption
implies (¢ )"k = (q" )"k Therefore fis a well-defined monoid map. By construction, fis a
unique lift of f ([l

Remark 5.A.4. when 7 : () — R is either of the following types, the assumption in
Lemma 5.A.3 is satisfied:

e a natural surjection 7 : A — A/I where A is a ring, I is an ideal of A with I* =0
and n € [

e a natural surjection 7 : M — M /G where M is a monoid and G is a subgroup of
M* with G = {1}.

Lemma 5.A.5. Let ¢: S < T be a nilpotent closed immersion of schemes with an
ideal sheaf Z. Suppose that an integer n > 1 is nilpotent on S.

(1) Let Mp, N7 be integral log structures on 7. We let Mg, N denote the pullback
log structures i* My, * N respectively. Suppose that, étale locally, My admits
a chart P — My for an n-divisible monoid P. Then any map of log structures
Mg — Ny extends uniquely to a map of log structures My — N7p.

(2) Let Mg be an integral log structure on S. Suppose that, étale locally, Mg admits
a chart P — Mg for a uniquely n-divisible monoid P. Then there exists a unique
log structure My on T' with *Mp = M.

Proof. (1) By working étale locally on T', we may assume that 7" is affine and we
have an n-divisible monoid P and a chart P — M. It is enough to prove that a
natural map

Hom(P,I'(T, Mr)) — Hom(P,T'(S, Mg))

is bijective. We may assume that Z*? = 0. Since we have My = Mg x y0 MP,
we are reduced to show that a natural map

Hom(P®", (T, M%)) — Hom(P*®?, T'(S, M%"))
is bijective. Lemma 5.A.1 gives an exact sequence
Hom(P#®?,I'(T,Z)) — Hom(P*? I'(T, M5)) — Hom(P*" T'(S, M¥")) —
—Ext' (P, HY(T, 1)),

by 14+ Z = Z. Since P# is n-divisible and n*Z = 0 for a sufficiently large k, we
have

Hom (P, T(T,T)) = Ext! (P H'(T,T)) = 0.
This proves the assertion.

(2) By working étale locally on T, we may assume that 7' is affine and we have a
uniquely n-divisible monoid P and a chart P — Mg. Lemma 5.A.3 gives a
unique lift P — Or of the map P - Mg — Og. Let My denote the associated
log structure with the map P — Or. By construction, we have i*Mp = Mg. To
prove the uniqueness, we take another log structure Ny on T' with i*Np = Mg.
By (1), there exist a unique lift My — N7 of the identity map on Mg. This map
Mqp — Np is an isomorphism because so is the pullback to S. This proves the
uniqueness.

O
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5.B. Log adic spaces and log diamonds

In this section, we study the relationship between log adic spaces (introduced in
[DLLZ23b]) and associated log diamond (introduced in [K'Y25]).

Lemma 5.B.1. Let f: (X, Mx) — (Y, My) be a map of log diamonds. Suppose
that we are given a divisible saturated monoid P and a chart P — My. Then f is
quasi-pro-Kummer-étale if and only if it is strict quasi-pro-étale.

Proof. Since the "if" part is trivial, we shall prove the "only if" part. Take a strictly
totally disconnected perfectoid space Z and a quasi-pro-étale cover Z — Y. Let My
denote the log structure on Z obtained as the pullback of My. Consider the following
Cartesian diagram:

(X7MX) X(Y,My) (ZaMZ) — (Z7MZ>

| l

(X, My) ! (Y, My).

In this diagram, the upper horizontal map is strict quasi-pro-étale by the definition of
quasi-pro-Kummer-étale maps, and both of vertical maps are strict quasi-pro-étale covers.
Therefore, f is strict quasi-pro-étale. OJ

Definition 5.B.2. Let (X, Mx) be an fs log adic space over Spa(Q,,Z,). We have
the associated locally spatial diamond X©. there exists a natural morphism of ringed sites

v: (X(fproétv 6X<>> — (Xét7 OX)

Let Mxo — O o be the associated log structure with the prelog structure
V_l./\/lx — V_IOX — 6)(0.

The locally spatial log diamond (X9 Myo) is called the associated log diamond with
(X, Mx) and denoted by (X, Mx)?. By definition, a chart P — M induces a chart
P— ./\/lX<>.

Lemma 5.B.3. Let (X, Mx) — (Y, My) be a Kummer log étale morphism of locally
noetherian fs log adic spaces over Spa(Q,, Z,). Then the induced morphism of log diamonds
(X, Mx)® = (Y, My)® is Kummer log étale.

Proof. By working étale locally on Y, we may assume that Y is quasi-compact and that
(Y, My) admits an fs chart P — My with P being a torsion free. We set

(Yo, My,) 1= (Y, My) X (pa@y () 2,(P)) Py (SPa(Qp(P"), Z, (P7)), P)"
and let (X,,, My, ) denote the saturated fiber product of (Y, My,) and (X, Mx) over
(Y, My) for an integer. By [DLLZ23b, Lemma 4.2.5|, there exists an integer n > 1 such
that the projection map (X,, Mx,) — (Y, My, ) is strict étale.

Let f: (Z, Mz) — (Y, My)® be a map from strictly totally disconnected log perfectoid
space (Z, Myz). Since I'(Z, M) is divisible by [KY25, Definition 7.12|, the map P — M
extends to a map Fy., — M. Hence, the map f factors through (Y;,, My, ) and the base-
changed map B

9: (Z, Mz) Xy, pmyy0 (X,/\/lx)<> — (Z, Mz)
can be written as the base change of the strict étale map (X,, Mx, )’ — (Y, My,)°.

Therefore, g is also strict étale, and so the map (X, Mx)? — (Y, My ) is Kummer étale.
[l
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Proposition 5.B.4. Let (X, My) be a locally noetherian fs log adic space. For a site
¢, we let Locgpn (€') denote the category of Z/p"-local systems on €. Then the natural
functor

Loczpn ((X, Mx)ket) — Loczpn (X, Mx)® )

gprokét
is an equivalence.

Proof. By working étale locally on X, we may assume that (X, Mx) admits a chart
P — Mx and that X is qcgs. We define log adic spaces

(Ximy Mx,,) = (X, M) X(8pa(@p(P)Zo(P)). Py (SPa(Qp(PY™), Z,, (P ™)), PHm)e

and a log diamond
(Xoos Mx.) = (X, Mx)® X(spa@,(P) 2 (P).P)e (SPA(Qp(Poso)s Zp(Poso))s Poso)”

Then the natural map (Xoo, Mx.) — (X, Mx)? is a quasi-pro-Kummer étale cover by
[KY25, Proposition 7.20 (2)], and we have the following isomorphisms:

Xoo = Ler?w (XOC)’MXOO) = Lm(XW“MXm)O'

Let (XT(,;),MXT(;)) (resp. (Xé;),/\/lXé;))) is the Cech nerve of (X,,, My, ) — (X, Mx)
(resp. (Xoo, Mx..) = (X, Mx)?) in the category of fs log adic spaces (resp. saturated log
diamonds).

By [DLLZ23b, Lemma 4.2.5 and Theorem 4.4.15], every object of Loczp ((X, Mx )ket)
comes from an object of Loczpn((Xm)er) after being pulled back to (X,,, Mx,,) for some
m > 1. In other words, we have a natural equivalence

LOCZ/p" ((X, MX)két) =~ %ﬂ Lm Locz/pn ((er:))ét)‘

m ecA
On the other hand, we have natural equivalences

Loczpn (X, MX)gprokét) = @1 LOCZ/p”((Xg)7 Mxé?)qprokét)
ocA
= Lm LOCZ/p”((Xg))qproét)
ocA
= hgl Lm LOCZ/P” ((Xr(r:))gproét)?
m ecA
where the first equivalence is quasi-pro-Kummer étale descent, the second one comes from
Lemma 5.B.1, and the third one is the limit argument [Sch22, Proposition 11.23 (i)].
Moreover, [Sch22, Lemma 15.6] and [MW23, Proposition 3.7] imply that there exists an

equivalence
Locz/pn (X57)ar) = Locz/pn (XI)5) = Locz (X0 rese)

m m /qproét

for each m > 1 and k > 0. This proves the assertion. OJ






CHAPTER 6

Log prismatic Dieudonné theory and its application to Shimura
varieties

6.1. Introduction

Shimura varieties form a class of algebraic varieties that play an important role in
number theory and algebraic geometry. A guiding principle for Shimura varieties is that
a Shimura variety associated with a Shimura datum (G, X) should be the moduli space
parameterizing “motives with G-structure”. In particular, there ought to be “a universal
motive with G-structure” (which is just a conjectural object). Several cohomological re-
alizations of “a universal motive with G-structure” are constructed so far. As a recent
development in this direction, a realization in the framework of prismatic cohomology has
been constructed in [IKY23].

On the other hand, there is a satisfactory theory of compactifications of Shimura va-
rieties. For canonical models of Shimura varieties, see [Pin90|. For integral models of
Shimura varieties with hyperspecial levels, a theory of compactifications in Siegel cases,
PEL-type cases, and Hodge type cases is established in [FC90|, [Lan13|, and [Mad19],
respectively. In some cases, “the universal motive with G-structure” on an interior Shimura
variety is known to extend to “the universal degenerating motive with G-structure” on a
toroidal compactification (for example, the realization as log Hodge structures in [KUOQ9] or
G-zip realization in [GK19]). In this chapter, we construct a realization of the hypothet-
ical degenerating motive within the framework of log prismatic cohomology established
by [Kos22, KY25| over a toroidal compactification of the integral canonical models of
Shimura varieties of Hodge type with a hyperspecial level constructed in [Mad19]. The
resulting object is called log prismatic realization. The log prismatic realization restricts
to the prismatic realization on the interior constructed in [IK'Y23|.

To give a precise statement, let (G, X) be a Shimura datum of Hodge type with reflex
field E. Let p > 2 be a prime number and fix a place v of E above p. Let E, be the com-
pletion of £ at v and Op, be a ring of integers of E,. Let K, C G(Q,) be an open compact
subgroup and K? C G(A™P) be a neat open compact subgroup. Set K = K,KP?. Then
the Shimura variety Shx (G, X) is an algebraic variety over E. Suppose that K, is hyper-
special and let G be a reductive model of G, over Z, with G (Zp) = K,. In this situation,
for a sufficiently small K7, an integral canonical model .Zx (G, X) of Shi(G, X)g, over
Op, is constructed in [Kis10], and the toroidal compactification .77 (G, X) of Sk (G, X)
for a suitable (smooth projective) cone decomposition ¥ is constructed in [Mad19|.
Let Shp(G,X) = J%(G,X) ®o,, E,. Let Ix(G,X) and Z2(G, X) denote the p-
adic completion of /x(G,X) and (G, X) respectively. Let (S%(G,X), Mz x))
denote the log scheme equipped with the log structure ¢ defined by the boundary divi-
sor. Similarly, we define (Shlz((G,X),./\/lSh%(GX)) and (Y%(G,X),My?{(ax)). Note that

(‘?I?(G7X)7My?§(a X)) is a horizontally semi-stable log formal scheme over O, in the
sense of Definition 5.2.4.

125
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The tower
LIH ShK{ij(G,X) — ShK(G,X)

K/ CK,
gives a Zj,-linear exact tensor functor
wet: Repy, (G) — Locz, (Shk (G, X)),

which is regarded as the étale realization of “the universal motive with G-structure” on
Shi (G, X). Here, Repy (G) denotes the category of representations of G over Z,. By
purity, wet induces a Z,-linear exact tensor functor

Wiet | Repr(Q) — Loczp(Shi(G,X),MSh}z((G’X)),

where the target category is the category of Kummer étale Z,-local systems. The object
wier can be regarded as the Kummer étale realization of “the universal degenerating motive
with G-structure” on Sh%(G, X). In [TKY23]|, the prismatic realization of “the universal
motive with G-structure” is constructed as a Z,-linear exact tensor functor

wp: Repg, (G) — Vect?(Fx(G, X))
with T o w) = we, where Ty is the étale realization functor
T : Vect?(Fx (G, X)) = Locz, (Fx (G, X),).
Then we can state our main theorem as follows.

Theorem 6.1.1 (see Theorem 6.7.2). There exists a unique Z,-linear exact tensor
functor

W 1og ! REPz, () — Vet?((F (G, X), M2 x))n)

with T 0wy log = Wiee and wy 1og|,77K (G.X) = w), where Ty is the étale realization functor
o o

As an application of our construction, we give the p-adic comparison isomorphism on
(not necessarily compact) Shimura varieties, which is conjectured in [Lov17, 3.6.2].

Theorem 6.1.2. (see Theorem 6.7.5) Let (Yi(G, X), M?i(G,X)) be the special fiber
of (SZ(G, X), M 72(a,x))- Consider a Z,-linear exact tensor functor
: %
Wisoe : Repy, (G) — Fillsoc” (L (G, X), M gx 6 x))

defined by wgsoe = Thsoc © Wp log? where Tieo. 1s the realization functor as filtered F-
isocrystals defined in Theorem 5.6.18. Then the Gal(E,/E,)-representation

Hét(ShK(Gv X)Ev ) wét(f) [1/}7])

is crystalline, and we have a comparison isomorphism
Hgt(ShK(G7 X)Ev y Wet (5)[1/17]) Xq, Bcrys
>
(Gv X)a M??((QX))’ Whisoc (f)) QQw Bcrys

= Hliogcrys((?l(
that is compatible with Galois actions and Frobenius isomorphisms and a filtered isomor-
phism after taking the base change along B,y — Bqr for any § € Repzp(g ).
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Let us explain our construction. One of the key steps is the construction of a log
prismatic F-crystal on .7% (G, X ) which is the extension of the prismatic F-crystal R f,O A
on Yk (G,X), where f: iy — Sx(G,X) is the universal abelian scheme (i.e. the
pullback of the universal abelian scheme on the Siegel modular variety along the Hodge
embedding).

For simplicity, we assume that (G, X) = (GSp,S*). The universal abelian variety
Doy o0 S (G, X) degenerates to a semi-abelian scheme 752> on .7Z(G, X). However,
the relative prismatic cohomology of &/58> — #Z(G, X) does not work well because this
morphism is not proper. As a substitute, we have two candidates: the log abelian scheme
on .7%(G, X) extending %, and a compactification of @52 constructed in [Lan12,
Theorem 2.15|. In this chapter, we adopt the former one.

The compactification .7 (G, X) is reinterpreted as the moduli space of principally
polarized log abelian schemes with level K-structure and local monodromies in ¥ (see
[KKN21] or [KKN22, Theorem 2.2.2, Proposition 4.3.4]). In particular, 2%, on

Zx(G, X) extends to the universal log abelian scheme 7% on .#%(G, X). Then “the

univ
relative log prismatic cohomology of szfulﬁigv over 5@2(6‘, X)” should be the desired object.
However, it seems technically difficult to consider “the log prismatic cohomology of log
abelian schemes” because log abelian varieties are just sheaves (not even log algebraic
spaces). Circumventing this problem, we pass to the associated log p-divisible groups
which are easier to treat.

The key ingredient is the following theorem.

Theorem 6.1.3 (see Theorem 6.5.12). Let (X, Mx) be a semi-stable log formal
scheme over Q. Then there exists an exact anti-equivalence

M BT (X, Mx) — DM((X, Mx) )

(which is called a log prismatic Dieudonné functor), where BT (X, My) is the category of
log p-divisible groups over (X, M) and DM((X, My),) is the category of log prismatic
Dieudonné crystals on (X, Mx) (for the definition, see Definition 5.5.9).

In [ALB23], it is proved that the relative prismatic cohomology of an abelian scheme
is isomorphic to the prismatic Dieudonné crystal of the associated p-divisible group. As
considered by analogy, the log prismatic Dieudonné crystal of szulfli[po"] is the desired
object.

The idea of the proof of Theorem 6.1.3 is to reduce the problem to non-log cases
(JALB23]) by applying saturated descent. Since the category of prismatic crystals does
not satisfy good saturated descent properties, we define a larger category whose objects
are called kfl prismatic crystals (Definition 6.4.1) and prove this category satisfies certain
saturated descent properties which can be regarded as a log version of quasi-syntomic
descent (Proposition 6.4.12). In a similar way, while the category of log p-divisible groups
does not satisfy such descent properties, we have a larger category whose objects are called
weak log p-divisible groups (which is introduced in [Kat23|) and prove certain saturated
descent properties for weak log p-divisible groups which are applicable to non-fs log formal
schemes (Proposition 6.3.27). These descent properties and (non-log) prismatic Dieudonné
theory established in [ALB23| give an equivalence between larger categories (Proposition
6.5.6). To prove that this equivalence restricts to the desired equivalence, we use crystalline
realization functors. In this step, we need the assumption that (X, Myx) is semi-stable log
formal scheme over Q.
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Remark 6.1.4. Theorem 6.1.3 is proved in [WZ23| when (X, Mx) is Spf(Of) with
the standard log structure, and they use a similar approach. They define the category of kfl
prismatic crystals as the category of vector bundles on the log prismatic site equipped with
Kummer log flat topology (|[WZ23, Definition 2.1]). However, it is doubtful that the log
prismatic site equipped with Kummer log flat topology is indeed a site because coverings
in this site may not be stable under base change due to the fact that the underlying ring
map of a Kummer log flat map is not necessarily flat.

We briefly explain the structure of this chapter. In Section 6.2, we generalize the theory
of kfl topology and kfl vector bundles to the setting of log formal schemes. The main goal
of this section is to formulate and prove certain saturated descent properties for kfl vector
bundles which are applicable to a class of non-fs log formal schemes (Proposition 6.2.26).
In Section 6.3, we generalize the theory of (weak) log finite group schemes and (weak) log
p-divisible groups to the setting of log formal schemes and show similar saturated descent
properties for weak log finite group schemes and weak log p-divisible groups (Proposition
6.3.15 and Proposition 6.3.27) in an analogous way. In Section 6.4, we introduce the notion
of kfl prismatic crystals and prove certain saturated descent properties for kfl prismatic
crystals (Proposition 6.4.12), which is the most technical part in this chapter. We also
obtain analogous results for crystalline crystals. In Section 6.5, we prove the main theorem
of log prismatic Dieudonné theory (Theorem 6.5.12). In Section 6.6, we prepare several
results generalizing those in [IK'Y24| to give an application to Shimura varieties. A pri-
mary result in this section is Theorem 6.6.16. In Section 6.7, we construct log prismatic
realization functors (Theorem 6.7.2) and apply them to the proof of Lovering’s conjecture
(Theorem 6.7.5).

Notation and conventions.

e Limits of categories mean 2-limits.

e Formal schemes are assumed to admit a finitely generated ideal of definition Zariski
locally. For a property P of morphisms of schemes, an adic morphism of formal
schemes is called P if it is adically P.

e The i-th standard basis of N” is denote by e; for 1 < < r.

e For [-adically complete ring A and a monoid M, a ring A(M) denotes the I-adic
completion of the monoid algebra A[M].

e Let X be a formal scheme and n > 1 be an integer. Assume that p is topologically
nilpotent on X when n = 1. The category of finite locally free group schemes
(resp. truncated Barsotti-Tate groups of level n) (resp. p-divisible groups) on X
is denoted by Fin(X) (resp. BT,,(X)) (resp. BT(X)).

6.2. Kfl topology on fs log formal schemes
Throughout this section, let (X, M3) denote an fs log formal scheme.

6.2.1. Kummer morphisms of log formal schemes. We recall fundamental prop-
erties of Kummer morphisms.

Definition 6.2.1 (Kummer morphisms of log formal schemes). Let
[ (X, Mx) = (9), My) be a morphism of saturated log formal schemes. The morphism
f is called Kummer if, for every x € X, the monoid map Mg 3 — My z is Kummer. Here,
we set y = f(z).




6.2. KFL. TOPOLOGY ON FS LOG FORMAL SCHEMES 129

Lemma 6.2.2 (cf. [Kat21, Proposition 2.7 (2)]). Let f: (X, Mx) — (Y, My) be a
Kummer morphism of fs log formal schemes. Suppose that X is quasi-compact and that
we are given an fs chart P — My. Then there exists an integer n > 1 such that, if we put
(Y, Myy) == (9, My) ®p),pye (Z[P™], P/™)?, the natural morphism

(%,M}j) X?g_)t,./\/lg)) (@/7 M@') - (23,7 Mﬁj’)
18 strict.

Proof. This follows from the same argument as [Kat21, Proposition 2.7 (2)]. O

The following lemma is a generalization of [Kat21, Lemma 2.4] to non-fs cases.

Lemma 6.2.3 (cf. [Kat21, Lemma 2.4 (2)]). Consider the following Cartesian dia-
gram in the category of saturated log formal schemes:

!

(X, My) = (X, Mx)

g v
(Y, My) —= (D, My).

Suppose that (), My) is fs and that f is Kummer. Then, for x € X and ¥ € 9’ such that
f(z) = g(y'), there exists 2/ € X' satisfying ¢'(2') = = and f'(2') = ¢/

Proof. We may assume that X = %) = )’ = Spec(k) for an algebraically closed field k.
It suffices to show that X’ is nonempty. We can write My = k* x Q, My = k* x P, and
My = k* x P', where P, P’, () are saturated sharp monoids. The monoid map Mgy — My
induced by f has the form of (a,p) — (aa(p), 5(p)) for a monoid map a: P — k* and a
Kummer monoid map #: P — ). Writing () as the union of fs submonoids of () containing
B(P), one can write (X, Mx) as an inverse limit of fs log schemes which are Kummer over
(Y, My). In a similar way, we can write (2)', My/) as an inverse limit of fs log schemes
over (2), My). Then the assertion follows from the result in fs cases ([Kat21, Lemma 2.4
(2)]) and the limit argument. O

6.2.2. Kfl sites of fs log formal schemes. First, we recall the definition of log flat
morphisms of fs log schemes introduced by Kato in [Kat21].

Definition 6.2.4 (Kummer log flat morphisms of log formal schemes). Let
[ (X, Mx) = (9), My) be an adic morphism of fs log formal schemes.

(1) The morphism f is called log flat if, for any open subset 4l of ) and any finitely
generated ideal of definition Z, the morphism of log schemes induced from f

(X, Mx) X @ Mmy) (U, My) = (U, My)

is log flat, where (U, My) is the strict closed subscheme of (4, M) defined by Z.
(2) The morphism f is called Kummer log flat (or kfl for short) if f is Kummer and
log flat.

Lemma 6.2.5 (cf. [Ogul8,Kat21|). The following statements are true.

(1) A strict and log flat morphism of fs log formal schemes is strict flat.
(2) The composite of log flat morphisms of fs log formal schemes is also log flat.



130 6. LOG PRISMATIC DIEUDONNE THEORY

(3) Let f: (%X, Mx) = (9, My) be a log flat morphism of fs log formal schemes, and
let (), My) — (), My) be an adic morphism of fs log formal schemes. Then
the morphism

(X, Mzx) X9ty (Y, Myy) = (', Myy)

induced from f is log flat.
(4) For a kfl morphism of fs log formal schemes (X, Mx) — (2), My) that is locally
of finite presentation, the morphism X — %) is open.

Proof. Taking the reduction by an ideal of definition allows us to assume that every
formal scheme is a scheme. For the proof in this case, see [Ogul8, Chapter IV,Proposition
4.1.2] and [Kat21, Lemma 2.4, Proposition 2.5]. O

Definition 6.2.6. A family of morphisms of fs log formal schemes {f;: (&;, My,) —
(X, Mx) }ies is called a Kummer log flat covering (or a kfl covering for short) if the following
conditions are satisfied.

(1) Each f; is kfl and locally of finite presentation.
(2) The family is set-theoretically surjective (i.e. X = U fi(Lh)).

i€l

Definition 6.2.7 (Kfl sites, (cf. [Kat21, Definition 2.3])). We let (X, Mx)q denote
the category of fs log (not formal) schemes that are adic over (X, Mx) equipped with the
Grothendieck topology given by kfl coverings. This topology is called kfl topology, and the
resulting site (X, Mx )i is called a kfl site.

Proposition 6.2.8 (cf. [Kat21, Theorem 3.1]). Let (2), My) — (X, Mx) be an adic
morphism of fs log formal schemes. Then the presheaf on (X, Mx)ia given by

(ZaMZ) = Mor(X,Mx)((Z7MZ>7 (2)7/\/‘@))

for (Z, Mz) € (X, Mx)xa is a sheaf. Here, Morx a1,)((Z, Mz), (9, My)) denotes the set
of morphisms from (Z, M) to (), My) over (X, Mx).

Proof. This immediately follows from [Kat21, Theorem 3.1]. O

Remark 6.2.9. A formal scheme Q) over X is regarded as a log formal scheme over
(X, Mx) by equipping 2 with the pullback log structure of Mx. Hence, Proposition 6.2.8
gives natural fully faithful functors

FSCh/gg — LFSCh/(}C,Mx) — ShV((:{, M:{)kﬂ)-

Here, F'Sch/x denotes the category of formal schemes adic over X, and LEFSch /(x r¢,) denotes
the category of fs log formal schemes adic over (X, Mx).

Definition 6.2.10. We define a presheaf O(x ry) on (X, Mx)ua by
I((Y, My), Oxmy)) = T(Y,Oy)
for (Y, My) € (X, Mx)xa. By Proposition 6.2.8, this is a sheaf on (X, Mx)q.

6.2.3. Kfl vector bundles on fs log formal schemes. In this subsection, we gener-
alize the notion and properties of kfl vector bundles on lg schemes to the case of log formal
schemes.
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Definition 6.2.11 (Kfl vector bundles). Locally free sheaves of finite rank on the
ringed site ((X, Mx)xa, O(x,Mmy)) are called kfl vector bundles, and the category of kfl vector
bundles on (X, Mx) is denoted by Vectys(X, Mx). We equip Vectyn(X, Myx) with the
structure of exact category derived from the exactness as sheaves.

For a morphism of fs log formal schemes f: (X, Mx) — (2, My), the exact pullback
functor

I Vectya (), My) — Vectin (X, Mx)
is naturally defined. For a kfl vector bundle £ on (), My), the pullback f*£ is also denoted
by 5|(3€»M3€)‘

Lemma 6.2.12. Let (X, Mx) be an fs log formal scheme with a finitely generated ideal
of definition Z. Let (X,,, Mx,) be the strict closed subscheme of (X, Mx) defined by Z"*!
for n > 0. Then the natural functor

Vectyn (X, Mx) — Lm Vectq (X, Mx,,)
n>0

gives a bi-exact equivalence.

Proof. For an integer n > 0, (X,,, My, )ka is naturally regarded as the full subcategory of
(%, Mx)ia, and the full subcategory |, ~o(Xn, Mx, )a forms a basis of (X, Mx)xa, which
implies the assertion. - O

Definition 6.2.13. For a vector bundle £ on X, we define a presheaf ¢(£) on (X, Mx)xa
by
F((K MY)7 [,(8)) = F(Y7 f*g)a
where (Y, My ) is an object of (X, Mx)xa with structure morphism f: (Y, My) — (X, Mx).
By [Niz08, Proposition 2.19], «(€) is a sheaf. Furthermore, ¢(£) is a kfl vector bundle on
(X, Mx).

Lemma 6.2.14. The functor
t: Vect(X) — Vectq (X, Myx)
gives a bi-exact equivalence to the essential image.

Proof. Lemma 6.2.12 allows us to assume that X is a scheme, in which case the assertion
follows from Lemma 3.2.6. O

We regard Vect(X) as a full subcategory of Vectyq(X, Mx) via ¢, and we simply write
& for 1(€) when there is no possibility of confusion.

Definition 6.2.15. A kfl vector bundle £ on (X, My) is said classical if £ belongs to
Vect(X).

Lemma 6.2.16 (cf. [Kat21, Theorem 6.2]). Let £ be a kfl vector bundle on (X, Myx).
For a point # € X with residue field k(x), we let My, denote the log structure on
Spec(k(x)) induced from Mzx. Suppose that the pullback &£|(spec(k(a)),Mm; () 18 classical for a
point € X. Then there exists an open neighborhood &l of x such that £| ) is classical.
In particular, if &€|(spec(k(a)), Myay) 18 classical for every x € X, then & itself is classical.

Proof. By shrinking X to an open neighborhood of x, we may assume that X admits a
finitely generated ideal of definition Z. Let (X, Mx,) be the strict closed subscheme of
(X, Mx) defined by Z"! for an integer n > 0. Applying Proposition 3.2.9 to the kfl vector
bundle £|(x, rmy,) on (Xo, Mx,), we see that there exists an open neighborhood & of x such
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that &|(w,.my,) is classical, where we set (U,, My,) to be the strict closed subscheme of
(U, My) defined by Z"*! for n > 0. Using Proposition 3.2.9 again, we see that £|w, my, ) is
classical for every integer n > 0. Then the system {€| (v, umy, ) fn>0 corresponds to a (usual)
vector bundle £ on X, which is isomorphic to & ) by Lemma 6.2.12. In particular,
E|(w,my) 1s classical. O

Lemma 6.2.17. Let (X, Mx) be a quasi-compact fs log formal scheme with an fs chart
P — My, and let € be a kfl vector bundle on (X, Mz). Then the pullback of £ by a kfl
covering

(%, Mx) @@ipypye (Z[PY"], PY™)? = (X, Mz)
is classical for some n > 1.

Proof. By working Zariski locally on X, we may assume that X admits a finitely generated
ideal of definition Z. Let (X,, Myx,) denote the strict closed subscheme defined by Z. By

Lemma 3.2.7, the pullback of £ to (Xo, Mx,) ®ip),p)« (Z[P'/"], P'/™)* is classical for some
n > 1. Hence, the pullback of £ to (X, Mx) ®zpy,p)« (Z[PY"], PY/")* is also classical by
Lemma 6.2.16. UJ

Proposition 6.2.18 (cf. [Niz08, Proposition 3.29]). Consider an exact sequence of
kfl vector bundles on (X, Mx)

0—>51—>(€2—>53—>0.

Then & is classical if and only if & and &3 are classical.

Proof. By Lemma 6.2.16, we are reduced to the case where X is a scheme. In this case,
the assertion is proved in [Niz08, Proposition 3.29]. O

Our goal of the rest of this subsection is the proof of a certain saturated descent property
of kfl vector bundles (Proposition 6.2.26). To formulate it, we generalize the formalism of
pullback functors for kfl vector bundles to non-fs cases. In the rest of this section, let
[ (Y, My) = (X, Mx) be an adic morphism from a (not necessarily fs) saturated log
formal scheme (%), My) to an fs log formal scheme (X, Mx).

Definition 6.2.19. Take a geometric point  on X, and let Mz denote the pullback
log structure of My. [Kat21, Theorem 6.2| implies that the isomorphism classes of kfl
vector bundles on (T, Mz) of rank r is naturally in bijection with

(Mz" ©2Q/Z)"/S,
as pointed sets, where the permutation group S, acts by permutations. For a kfl vector

bundle £ of rank r on (¥, Mz), the element of (Mzxz ®z Q/Z)"/S, corresponding to
&|(zMmz) Vvia the above bijection is denoted by ¢(€,7).

Lemma 6.2.20. Let £ be a kfl vector bundle of rank r on (X, Mz). Let § be a
geometric point on ), and let T := f(y). The following statements are equivalent.

(1) The image of ¢(£,T) by the map induced from f
(Mzz" ®2Q/Z)" /S, — (M@,ygp ®z Q/Z)" /S,
is trivial.
(2) There exist a strict fppf morphism p: (U, My) — (), My) with y € p() and a
factorization of fop

(T, My) 5 (3, M3) 55 (%, My)
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such that (3, M3) is fs and h*E is classical.

Proof. The implication (2) = (1) is obvious. We shall prove the implication (1) =
(2). Let f*: I'(X, Mx) — I'(9), My) denote the monoid map induced from f. We set
P = Mzxz, Q = Mgygz. Write a: P — @ for the monoid map induced from f. Let
B: PP®;,Q — Q*P®;Q denote the map induced from a.. The element ¢(€, T) is represented
by an r-tuple (cy,...,c.) of elements of P8 ®; Q. By Lemma 6.2.21 below, there exist a
Kummer map v: P — P’ of fs sharp monoids and a factorization P — P" — @ of « such
that the image of ¢; by P# ®7; Q — P’®* ®7 Q is contained in P8P for 1 < i < r.

Since PSP and P’®P are finite free, by shrinking X and g) to an étale neighborhood
of T and ¥ respectively, we may assume that there exist a section s: P — I'(X, Mx) of
the natural map 7z: I'(X, Mx) — P and a monoid map t: P’ — I'(), My) such that
the composite of it with m;: (), My) — @ is equal to the natural map. Although the
monoid maps t oy and f* o s are not necessarily equal, they coincide after taking the
composition with 7. Hence, shrinking ) to an étale neighborhood of i further, we may
assume that there exists a monoid map u: P — I'(), Oy) such that f* o s coincides with
the multiplication of ¢ o v and u. By replacing (), My) with its strict finite flat cover

(xa M%) ®u,(Z[PgPLng)a (Z[P/gpL P’gp)a’

we are reduced to the case that u extends to a monoid map u': P" — I'(), Oy ). Replacing
t with its multiplication with u’, we may assume that ¢ o v and f* o s are equal. Then, if
we set

(3, M3) = (X, Mx) ®zp),p)e (Z[P'], P,
the morphism f factors as

(D, My) 5 (3, M3) & (X, My).

By the construction of P’, the pullback of h*€ to (Z, M3) is classical, where Z := ¢(7). By
Lemma 6.2.106, replacing 3 with an open neighborhood of z and ) with its preimage by ¢
allows us to assume that h*E is classical. This proves the assertion. O

Lemma 6.2.21. Let a: P — () be a monoid map from an fs sharp monoid P to a
saturated sharp monoid ). Write §: P ®; Q — Q®P ®z Q for the induced map. Let
1, ..., ¢ be elements of P ®7 Q with 8(¢;) € Q% for every 1 < i < r. Then there exists
a Kummer map of fs sharp monoids P — P’ such that « factors as P — P’ — @ and the
image of ¢; by P8 ®7 Q — P8? ®7 Q is contained in P8P for 1 < i < r.

Proof. First, we claim that 571(Q%) = S71(Q)®". Since P& ®;Q is written as Py., — P,
we get

BHQE) = (Poy,, N B7H(Q™)) — P,
Since @ is saturated, Py., N 871(Q%) is equal to 571(Q). Hence, we obtain 5~H(Q#P) C
B71(Q)#P. The inverse inclusion is trivial.

Write the saturated monoid 5~'(Q) as the union {J;.; P; where P; runs over all fs
submonoids of $71(Q) containing P. Since the claim we proved in the previous paragraph
implies 871(Q#?) = | e PP, there exists jo € J such that ¢; is contained in ijOP for every
1 <4 <r. Then the Kummer map P — P;, is the desired one. O

Definition 6.2.22. Let £, 7, and ¥ be as in Lemma 6.2.20. We say that £ is f-classical
at y if the equivalent conditions in Lemma 6.2.20 are satisfied. This terminology is justified
because this property is independent of a choice of ¥ above y € ). Lemma 6.2.20 implies
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that, if £ is f-classical at y, there exists an open neighborhood U of y such that &£ is
f-classical at every y' € 0. When £ is f-classical at y for every y € 2), the kfl vector
bundle £ is called f-classical.

Let Vect/;(%X, Mz) denote the full subcategory of Vectyy(X, Mzx) consisting of f-
classical objects. We define a pullback functor

£ Veet{ (%, Mx) — Vect()

as follows. Let £ € Vectf:;fl(if, My). By working fppf locally on ), we may assume that f
admits a factorization as in Lemma 6.2.20 (2). In this situation, we set

where ¢* is the pullback functor for (non-log) vector bundles along g: ) — 3. This defini-
tion is independent of the choice of a factorization f = hg because two such factorizations
are dominated by another factorization (for example, by taking the fiber product). When
(D, My) is fs, a kfl vector bundle £ on (X, Mx) is f-classical if and only if the pullback

of £ along f in the usual sense is classical because the attachment of ¢(&€,7) is functorial.
In this case, f*&€ coincides with the pullback of £ along f in the usual sense.

Lemma 6.2.23. Consider a sequence of adic morphisms of log formal schemes

(3, M3) 4 (9, My) L (3, Mx) B (20, Ma),

where (3, M3) is saturated and (20, Mgy) is fs. Let £ be a kfl vector bundle on (20, Myy)
with h*&€ being f-classical. Then £ is hfg-classical, and there is a natural isomorphism of
vector bundles on 3

(hfg) & = g™ (f*(hE)).

Conversely, if £ is h fg-classical and g is a strict surjection, then A*E is f-classical.
Proof. All assertions follow directly from the definition. O

Lemma 6.2.24. Suppose that f admits a chart of the form P — Fy_, for an fs monoid
P. Then every kfl vector bundle £ on (X, M) is f-classical.

Proof. Since the map f factors as
(D, My) = (X, Mx) @cpyp)e (ZIPY"], P = (X, Mx)
for each integer n > 1, the assertion follows from Lemma 6.2.17. U

Definition 6.2.25. We say that an adic morphism f: (), Mgy) — (X, Mx) from
saturated log formal scheme (2), My) to an fs log formal scheme (X, Mx) is a strongly
pro-kfl morphism if there exists a chart P — @ of f such that P is fs, () is saturated,
P — @ is Kummer, and the induced map

(2)7'/\/12)) — (%7 M%) ®(Z[P],P)a (Z{Q]u Q)a
is strict flat. The morphism f is called a strongly pro-kfl covering if f is strongly pro-kfl,
quasi-compact, and surjective.

Proposition 6.2.26 (Strongly pro-kfl descent for kfl vector bundles). Let
[ (Y, My) — (X, My) be a strongly pro-kfl covering. Let (2, My)) denote the Cech
nerve of f in the category of saturated log formal schemes. Then there exists a natural
bi-exact equivalence
Veet! (%, Mz) S l'gl\/ect(@m).

ocA
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Proof. By Lemma 6.2.23, the pullback functor f* induces an exact functor
Veet! (%, Mzx) — l'gﬂ/ect(i}j(')).
ocA

We shall prove that this functor is a bi-exact equivalence.
Fix a chart P — @ of f as in Definition 6.2.25. Set

(3, M3) = (X, Mz) ®@ip),p)e (Z[Q], Q)"

and let (3(%, M) denote its Cech nerve in the category of saturated log formal schemes
over (X, Mx). Consider the following diagram in which every square is Cartesian:

(W, May) —— (Y, My)

| l

(3W, M3m)) — (3, M3)

| 3

(37 M3) —9> (:{? Mf)
Since there is an isomorphism
Qop' Q=Q® Q™ /P,

both projection maps (3, M5u),) — (3, M3) are strict fpqe coverings. By Lemma 6.2.3,
the composite of the left vertical maps is surjective. Hence, the upper horizontal map and
the composite of left vertical maps are strict fpqc coverings. Therefore, due to fpqc descent
for (usual) vector bundles, it is enough to show that the functor

Veet! (%, Mx) — @Vect(B('))

ocA

induced from ¢* is a bi-exact equivalence. This claim makes sense because we see that
a kfl vector bundle on (X, My) is f-classical if and only if g-classical by considering the
condition Lemma 6.2.20 (1).

Lemma 6.2.12 reduces the problem to the case that X is a scheme. Write () as a union
Uier P, where P; runs over all fs submonoids of @ including P. Set

(Bi’ MBz) = (%7 M%) ®(Z[P},P)a (Z[PZ]> ]Di)a>

and let (35'), J\/l%(.)) denote its Cech nerve in the category of saturated log schemes over

(X, Mx). Let g;: (3:;, M3,) = (X, Mx) denote the structure map. Then we get bi-exact
equivalences

Vect? (X, Mx) ~ liEVectiiﬁ'd(%, M)
el
~ lig Jim Vect(3{")
el ecA
~ lim lim Vect (3;”)
ocA icl

~ @Vect(S(')),

ocA
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where the first equivalence follows from the condition Lemma 6.2.20 (1) because (3, M3)
is isomorphic to the inverse limit of (3;, M3,) for ¢ € I, and the forth one follows from the
limit argument for (usual) vector bundles on schemes. U

6.3. Log p-divisible groups on fs formal log schemes
Throughout this section, let (X, M3) be an fs log formal scheme.

6.3.1. Log finite group schemes. In this subsection, we introduce the notion of log
finite group schemes over log formal schemes and study some properties.

Definition 6.3.1 (cf. [Kat23, Definition 1.3 and §1.6]). Let n > 1 be an integer.
Assume that p is topologically nilpotent on X when n = 1.

(1) Let G be a sheaf of abelian groups on (X, Mzx)s. We call G a weak log finite
group scheme (resp. a weak log truncated Barsotti-Tate group scheme of level n) if
there exists a kfl covering {(l;, My,) — (X, Mx)}ier such that the restriction of
G to (U;, My, )ka belongs to Fin(LL;) (resp. BT, (44;)) via the inclusion functors in
Remark 6.2.9 for each i € I. We let wFin(¥, Mx) (resp. wBT, (X, Mx)) denote
the category of weak log finite group schemes (resp. weak log truncated Barsotti-
Tate group schemes of level n) over (X, Mx). The category Fin(X) (resp. BT, (X))
is regarded as the full subcategory of wFin(X, Myx) (resp. wBT, (X, My)), and an
object G € wFin(X, Mx) is called classical if G belongs to Fin(X).

(2) For a weak log finite group scheme G over (X, Myx), we define a sheaf G* on
(X, Mx)xa as the sheaf of homomorphisms Hom(G,G,,), called the Cartier dual
of G. By working kfl locally on (X, Mx), we see that G* is a weak log finite group
scheme over (X, Myx).

(3) We say that a weak log finite group scheme G over (X, Mx) is a log finite group
scheme if G and G* are representable by finite and kfl log formal schemes of finite
presentation over (X, My). We let Fin(X, Mx) denote the category of log finite
group schemes over (X, Myx).

(4) An object G € wFin(X, Mx) is called a log truncated Barsotti-Tate group
schemes of level n if G belongs to both Fin(X, Mx) and wBT, (X, Mx). We let
BT, (X, Mx) denote the category of log truncated Barsotti-Tate group schemes of
level n over (X, Mx).

For a morphism of fs log formal schemes f: (X, Mx) — (2, My), the natural cocon-
tinuous functor (X, Mx)kn — (), My )ka induces an exact pullback functor

frwFin(9), My) — wFin(X, Mx).
For a weak log finite group scheme G over (2), My), the pullback f*G is also denoted by
Gl my)-

Lemma 6.3.2. Let (X, Mx) be a quasi-compact fs log formal scheme with an fs chart
P — My, and let G be a weak log finite group scheme over (X, Mzx). Then the pullback
of G by a kfl covering

(X, Mx) @ip).pye (Z[PY"), PY™)* — (X, Mx)
is classical for some n > 1.

Proof. This follows from Lemma 6.2.2 and flat descent for (non-log) finite locally free
group schemes. ([l
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Lemma 6.3.3. Let (X, Mx) be an fs log formal scheme with a finitely generated ideal
of definition Z. Let (X,,, Mx,) be the strict closed subscheme of (X, Mx) defined by Z"*!
for n > 0. Let m > 1 be an integer, and assume that p is topologically nilpotent on X
when m = 1. Then the natural functors

(6.3.1) whin(X, Mx) — limwFin(X,,, My, )
(6.3.2) Fin(X, Mx) — lélFin(Xn, Mx,)
(6.3.3) wBT,, (X, Mx) — l‘éanTm(Xn, Mx.,)
(6.3.4) BT, (X, Mx) — réBTm(Xn, Mx.,)

give bi-exact equivalences.

Proof. Since the full subcategory |J, ~q(Xn, Mx, )xa of (X, Mzx)ka forms a basis, there is
a natural bi-exact equivalence -

(6.3.5) Shv (%, Mx)wa) =+ Lim Shv((Xn, Mx, )un),

where Shv(%’) denotes the category of sheaves of abelian groups on % for a site ¢". Hence,
the functor (6.3.1) gives a bi-exact equivalence to the essential image. We shall prove the
essential surjectivity. Let {G,,},>0 be an object of Hm wFin(X,,, My, ). In other words,
{G}n>0 is a family of weak log finite group schemes G, on (X,, Mx,) with isomorphisms
Grs1l(xMx, ) = Gy for each n > 0. Due to the equivalence (6.3.5), there is a unique sheaf
G on (X, Mx)ia such that the system {G|x, ay,)}n>0 is isomorphic to {G,}n>o. It is
enough to prove that G is a weak log finite group scheme. By working étale locally on X,
we may assume that X is quasi-compact and there exists an fs chart P — Mzx. Lemma
6.3.2 implies that the pullback of Gy to (Xo, Mx,) ®zp),pye (Z[PY™], PY/™) is classical
for some m > 1. We set

(X', M) = (X, Mx) @ip)pye (Z[P7], PH)?
(lew MX;L) = (X’mMXn) ®(Z[P]7P)a (Z[Pl/m]’ Pl/m)a

for each integer n > 0. By Proposition 3.2.24, the pullback G = Gnl(XévagL) is classical
for each n > 0. Let G’ be a unique finite locally free group scheme over X’ such that
the system {G’|x: }n>0 is isomorphic to {G’, },>0. By the equivalence (6.3.5), there is an
isomorphism G" = G|(x/ m,,), which is classical. This proves that G is a weak log finite
group scheme over (X, Mx). The equivalence of the functor (6.3.3) also follows in the same
way.

To complete the proof, it is enough to prove the equivalence of the functor (6.3.2). Since
the functor (6.3.1) is an equivalence, we are reduced to showing the following: a weak log
finite group scheme H over (X, My) belongs to Fin(X, My) if H, = H|(x, my,) belongs
to Fin(X,,, Mx,) for each n > 0. Let (Z,,, M, ) be a finite and kfl fs log scheme of finite
presentation over (X,, My, ) representing H,,. If we set 3 = 1;113700 Zy,, the formal scheme

3 is finite (in particular, adic) over X by [SP25, Tag 09B8]. If we put M3 = hm Mz,
under the identification 3¢ =~ (Z,)s, the pair (3, M3) is a finite and kfl fs log formal
scheme of finite presentation over (X, My) with isomorphisms

(37M3) X(%,Mx) (XnJMXn) = (ZTMMZ”)
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for every n > 0. Hence, the sheaf H is representable by (3, M3). By the same argument, we
see that H* is also represented by a finite and kfl fs log formal scheme of finite presentation
over (X, Mx). Therefore, H belongs to Fin(X, Myx). O

Lemma 6.3.4 (cf. [Kat23, Proposition 2.16]). Let G be a weak log finite group
scheme over (X, Mx). For a point € X with residue field k(z), we let My, denote the
log structure on Spec(k(z)) induced from Mjx. Suppose that the pullback G|(Spec(k(x)),./\/lk(z))
is classical (resp. a log finite group scheme) for some point x € X. Then there exists an
open neighborhood & of & such that G|y a4, is classical (resp. a log finite group scheme).
In particular, if G/|spec(k(z)), My, 18 classical (resp. a log finite group scheme) for every
x € X, then G itself is classical (resp. a log finite group scheme).

Proof. Applying the same argument as the proof of Lemma 6.2.16, we see that the
assertion follows from Proposition 3.2.24 and Lemma 6.3.3. OJ

One can generalize the construction of coordinate rings associated with weak log finite
group schemes as follows.

Proposition 6.3.5 (cf. [Kat23, Proposition 2.15]). There is a natural contravari-
ant equivalence between the category of weak log finite group schemes over (X, Mx) and
the category of commutative Hopf objects in the unitary symmetric monoidal category
Vectyq (X, Mzx). Moreover, this equivalence restricts to the equivalence between the cate-
gory of finite locally free group schemes over X and the category of Hopf objects of Vect(X)
given by taking coordinate rings.

Proof. The equivalence in Proposition 3.2.18 gives the equivalence in the assertion by
Lemma 6.2.12. The latter assertion follows from the latter assertion of Proposition 3.2.18
and Lemma 6.2.10. 0

Lemma 6.3.6. Let G be a log finite group scheme over (X, Mjx) killed by some power
of p. Suppose that X = SpfR and, for some (equivalently any) ideal of definition I of R,
the ring R/I is a henselian local ring whose residue field is of characteristic p. Then there
exists a unique exact sequence

0->G"—G— G =0,

where G° is a (classical) finite locally free connected group scheme over X and G is a
(classical) finite étale group scheme over X. Moreover, if G € BT, (X, My), then G° and
G belong to BT, (%).

Proof. Lemma 6.3.3 allows us to assume that X is a scheme, in which case the assertion
follows from Proposition 3.2.22. O

Lemma 6.3.7. Let (X, M) be an fs log formal scheme on which p" = 0 for an integer
n > 1. Let G be an object of wBT,,(X, Mx). We define Lie(G) as the sheaf on (X, Mx)xa
given by
Lie(G) (Y, ./\/ly) = Ker(G(Y[e], ./\/ly[e]) — G(Y, My))
for (Y, My) € (X, Mx)u, where the scheme Y[e] is defined by Yle| := Y ®z Z[t]/(t*) and
My q is the pullback log structure of My. Then Lie(G) is a kfl vector bundle on (X, Mx).
Moreover, for an integer 1 < m < n with p™Ox = 0, we have an equality

Lie(G) = Lie(G[p™]).
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Proof. Since the formation of Lie(G) is functorial, working kfl locally on (X, Mx) allows
us to assume that G is classical. In this case, Lie(G) is the classical kfl vector bundle
by [IlI85, Proposition 2.2.1 (b)]. The last assertion follows from [Mes72, Chapter II,
Corollary 3.3.16]. O

Definition 6.3.8 (Lie algebras of weak log truncated Barsotti-Tate group
schemes). Let (X, Mx), n, and G be as in Lemma 6.3.7. The kfl vector bundle Lie(G)
defined therein is called the Lie algebra of G.

We define the generic fiber of weak log finite group schemes over p-adic fs log formal
schemes. To give a formulation over general p-adic fs log formal schemes, we use the
formalism of log diamonds developed in [KY25, Chapter 7|.

Construction 6.3.9 (Generic fibers of weak log finite group schemes). Let
(X, Mx) be a p-adic fs log formal scheme. Let €(x a4,) denote the category of a kfl covering
(9, My) — (X, Mx) such that the associated morphism (9, My)d — (X, Mz){ is a
Kummer log étale covering. Since the functor associating fs log diamonds to p-adic fs log
formal schemes preserves fiber products, the category (x a1,) has finite products. For a
weak log finite group scheme G over (X, My), there exists (), My) € G(x nmy) such that
G|(@.My) Is classical. Indeed, we may assume that X is quasi-compact and we are given an
fs chart P — My, in which case, a kfl covering

(X, Mx) ®p),pye (Z[PY"], PY™)* — (X, Mx)

is the desired object of €(x ) for a sufficiently large n > 1 by Lemma 6.3.2 and [KY25,
Proposition 7.20].

We let LC(«7) denote the category of locally constant sheaves on & for a site o7. Let G
and (), My) be as above. Let (29, Mys)) denote the Cech nerve of (), My) — (X, Mx)
in the category of p-adic fs log schemes. Taking the generic fiber of finite locally free group
schemes G|@(°)’Mm<°>) over 2(*) defines an object of the category

l.ﬂl LC((@(.))groét)'
TY=VAN
There is a natural functor
(6.3.6) im LC((Y®) o) — U LC((D™), M) orer)-
oc A [Y=YAN

Kummer log étale descent defines a fully faithful functor

(6.3.7) lim LC((D®, Myyo))froke) = LCIE, Ma)Soper):

prokét
ocA
Sending the object of lim__ LC((@('))groét) constructed above by the composite functor of
(6.3.6) and (6.3.7), we obtain an object of LC((X, Mx)grokét), denoted by G,,. The sheaf G,
is independent of the choice of (2), My) and is called the generic fiber of G. The resulting
functor

wFin(X, Mx) — LC((X, M), 1e0)
given by G — G, is exact. When G is a weak log Barsotti-Tate group scheme of level n,

the sheaf G, is a Z/p"-local system on (X, Mx)quprokét.

To formulate desired saturated descent properties for weak log finite group schemes
(Proposition 6.3.15), we generalize the formalism of pullback functors for weak log finite
group schemes to non-fs cases. Arguments proceed in a similar way to the case of kfl vector
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bundles. In the rest of this subsection, let f: (), My) — (X, Mx) be an adic morphism
from a (not necessarily fs) saturated log formal scheme (2), My) to an fs log formal scheme

(X, Mx).

Lemma 6.3.10. Let G be a weak log finite group scheme over (X, Myx), and let Ag
denote the Hopf object of Vectyq (X, Mx) corresponding to G via the equivalence in Propo-
sition 6.3.5. Take a point y € ). Then the following statements are equivalent.

(1) The underlying kfl vector bundle of A is f-classical at y.
(2) There exist a strict fppf morphism p: (U, My) — (), My) with y € p(¥) and a
factorization of fp
(T, M) % (3, M) = (X, Mx)
such that (3, M3) is fs and G|z ) is classical.

Proof. This follows from Lemma 6.2.20 and Proposition 6.3.5. 0

Definition 6.3.11. For a weak log finite group scheme G over (X, Mx) and a point
y € 2, we say that G is f-classical at y if the equivalent conditions in Lemma 6.3.10
are satisfied. Lemma 6.3.10 implies that, if G is f-classical at y, there exists an open
neighborhood U of y such that G is f-classical at every ¢y € 8. When G is f-classical at
every y € ), we say that G is f-classical.

Let wFin/ (%, Mx) denote the full subcategory of wFin(¥, Mx) consisting of f-
classical objects. One can define the pullback functor

£ wFin” (X, Mx) — Fin(9)

in a similar way to Definition 6.2.22.

Lemma 6.3.12. Consider a sequence of adic morphisms of log formal schemes

(3, M3) % (9, My) L (3, Mx) B (20, May),

where (3, M3) is saturated and (20, Myy) is fs. Let G be a weak log finite group scheme
over (2, Myy) with h*G being f-classical. Then G is hfg-classical, and there is a natural
isomorphism of finite locally free group schemes over 3

(hfg)"G =g (f* (K" G)).
Proof. This follows directly from the definition. U

Lemma 6.3.13. Suppose that f admits a chart of the form P — Fy_, for an fs monoid
P. Then every weak log finite group scheme G over (X, My) is f-classical.

Proof. This assertion follows from the same argument as Lemma 6.2.24. ([l

Lemma 6.3.14. Let n > 1 be an integer with p"Ox = 0, and let G be an f-classical
object of wBT, (X, Mz). Then Lie(G) is also f-classical, and there exists a natural iso-
morphism of vector bundles on )

f*Lie(G) = Lie(f*G).
Proof. This follows directly from the definition. 0

Proposition 6.3.15 (Strongly pro-kfl descent for weak log finite group
schemes). Let f: (), My) — (X, Mx) be a strongly pro-kfl covering, and (9, My))
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be the Cech nerve of f in the category of saturated log formal schemes. Then there exists
a natural bi-exact equivalence

wFin/ (X, Mz) 5 lim Fin(9®)
ocA
Proof. By Lemma 6.3.12, the functor f* induces the functors in the assertion, and the
equivalence can be proved in the same way as the proof of Proposition 6.2.26. 0

6.3.2. Log p-divisible groups. In this subsection, we define the notion of (weak) log
p-divisible groups over log formal schemes and summarize properties of them, which are
immediately deduced from the results in the previous subsection.

Definition 6.3.16. Let G be a sheaf of abelian groups on (X, Mx)wn. We call G a

weak log p-divisible group if the following conditions are satisfied.

(1) A map xp: G — G is surjective.

(2) For every n > 1, the sheaf G[p"] := Ker(xp": G — G) is a weak log finite group

scheme over (X, Mx).

3) G = U, GI"]:
The category of weak log p-divisible groups over (X, My) is denoted by wBT(X, Mzx). For
a weak log p-divisible group G over (X, My), the sheaf G* = ligln>1 G[p™]* is a weak log
p-divisible group over (X, Mz). We say that G* is the Cartier dual of G.

A weak log p-divisible group G over (X, My) is called a log p-divisible group if G[p"|
is a log finite group scheme for each n > 1. The category of log p-divisible groups over
(X, M) is denoted by BT (X, Mx). By Remark 6.2.9, the category BT(X) is regarded
as the full subcategory of wBT (X, Mx). A weak log p-divisible group G over (X, My) is
called classical if G belongs to BT(X). Clearly, G is classical if and only if G[p"] is classical
for each n > 1.

Lemma 6.3.17 (cf. [Kat23, Lemma 4.2]). Let (X, Mx) be an fs log formal scheme.
A weak log p-divisible group G over (X, Mx) belongs to BT(X, Mx) if G[p"] belongs to
Fin(X, My) for some n > 1.

Proof. Lemma 6.3.3 and the limit argument (Proposition 3.2.16) reduce us to the case
where X is a noetherian scheme. In this case, G[p] belongs to Fin(X, Mx) by Lemma
3.2.27, and so the assertion follows from [Kat23, Lemma 4.2|. O

Lemma 6.3.18. Let (X, Mx) be an fs log formal scheme with a finitely generated ideal
of definition Z. Let (X,,, Mx,) be the strict closed subscheme of (X, Mx) defined by Z"*!
for n > 0. Then the natural functors

wBT(X, Mx) — lim wBT(X,,, Mx,)

BT(X, Mz) = lim BT(X,,, Mx,)

give bi-exact equivalences.
Proof. This follows immediately from Lemma 6.3.3. U

Lemma 6.3.19. Let G be a weak log p-divisible group over (X, Myx). For a point
x € X with residue field k(z), we let My, denote the log structure on Spec(k(z)) induced
from Myx.
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(1) Suppose that the pullback G|(spec(k(a)), My, 1s a log p-divisible group for some
point x € X. Then there exists an open neighborhood i of = such that G| a4, is
a log p-divisible group. In particular, if G|(spec(k(a)), Mypy) 18 @ log p-divisible group
for every x € X, then G itself is a log p-divisible group.

(2) Suppose that the pullback G/(spec(k(z)).My (., 18 classical for every point z € X.
Then G itself is classical.

Proof. The assertions immediately follow from Lemma 6.3.4 and Lemma 6.3.17. ([l

Lemma 6.3.20. Let (X, Mx) be as in Lemma 6.3.6, and let G be a log p-divisible
group over (X, Mz). Then there exists a unique exact sequence

0-G"—=G— G =0,

where G° is a (classical) connected p-divisible group over X and G is an étale p-divisible
group over X.

Proof. Lemma 6.3.18 allows us to assume that X is a scheme, in which case the assertion
follows from Lemma 3.2.31. ([l

Lemma 6.3.21. Let (X, Mx) be an fs log formal scheme on which p is topologically
nilpotent and G be a weak log p-divisible group over (X, Mx). We let Lie(G) denote the
sheaf on (X, Mx)ka given by

Lie(G)(Y, My ) = Ker(G(Y[e], My[q) = G(Y, My))
for (Y, My) € (X, Mx)i, where the scheme Y[e] is defined by Yle| := Y ®z Z[t]/(t?) and

My q is the pullback log structure of My. Then Lie(G) is a kfl vector bundle on (X, Mx).
Furthermore, when p” = 0 on X for an integer N > 1, we have an equality

Lie(G) = Lie(G[p"])
for every integer n > N.

Proof. Taking a reduction by a finitely generated ideal of definition, we may assume that
X is a scheme on which p" = 0 for some integer N > 1. Then all assertions follow from
Lemma 6.3.7. 0]

Definition 6.3.22 (Lie algebras of weak log p-divisible groups). Let (X, M)
and G be as in Lemma 6.3.21. The kfl vector bundle Lie(G) defined therein is called the
Lie algebra of G.

Proposition 6.3.23 (cf. [Kat23, Proposition 7.3]). Let (X, Mx) be an fs log formal
scheme on which p is topologically nilpotent. Then a weak log p-divisible group G over
(X, Mx) is a log p-divisible group if and only if both kfl vector bundles Lie(G) and Lie(G*)
are classical.

Proof. Lemma 6.2.16 and Lemma 6.3.19 (2) allow us to assume that X is the spectrum
of a field. Then the assertion follows from |[Kat23, Proposition 7.3|. O

Definition 6.3.24 (Generic fibers of weak log p-divisible groups). Let (X, M)
be a p-adic fs log formal scheme and G be a weak log p-divisible group on (X, Mx). By

Construction 6.3.9, we have Z/p"-local systems G[p"], on (X, Mx)gqprokét for each n > 1.

Hence, G,, == @ln>l Gp", is a Z,-local system on (X, /\/lgg)%qpmkét and is called the generic
fiber of G. N
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In the rest of this subsection, let f: (9, My) — (X, Mx) be an adic morphism from
(not necessarily fs) saturated log formal scheme (), Mg) to an fs log formal scheme

(X, Mx).

Definition 6.3.25. A weak log p-divisible group G over (X, M) is called f-classical
if G[p"] is f-classical for each n > 1. Let wBT/(X, Mz) denote the full subcategory of
wBT(X, Mx) consisting of f-classical objects. The pullback functor along f defined in
Definition 6.3.11 naturally induces the pullback functor

[ wBT/ (X, M) — BT(D).

Lemma 6.3.26. Let G be an f-classical weak log p-divisible group over (X, Mjx).
Suppose that p is topologically nilpotent on X. Then Lie(G) is also f-classical, and there
exists a natural isomorphism of vector bundles on )

f*Lie(G) = Lie(f*G).

Proof. Taking a reduction by a finitely generated ideal of definition, we may assume that
X is a scheme on which p" = 0 for an integer n > 1. Since we have Lie(G) = Lie(G[p"])
by Lemma 6.3.21, all assertion follows from Lemma 6.3.14. ([l

Proposition 6.3.27 (Strongly pro-kfl descent for weak log p-divisible groups).
Let f: (9, My) — (X, Mx) be a strongly pro-kil covering, and let (2, My«)) denote
the Cech nerve of f in the category of saturated log formal schemes. Then there exists a
natural bi-exact equivalence

wBT (X, Mz) — lim BT(9®).

[YSYAN

Proof. This follows from Proposition 6.3.15. 0

6.4. Kfl prismatic crystals

In this section, we introduce a category including the category of log prismatic (F-
)erystals as a full subcategory. An object of this category is called a kfl prismatic (F'-
Jerystal (Definition 6.4.1). Furthermore, we prove that this larger category satisfies a
certain saturated descent property regarded as a log version of quasi-syntomic descent
(Proposition 6.4.12). Even when our main interest is often in (not kfl) prismatic (F-
)erystals, it is convenient to work in the category of this larger category of kfl prismatic (F-
)erystals because the category of log prismatic (F-)crystals does not have good saturated
descent properties. We also establish a similar framework for crystalline crystals in vector

bundles.

6.4.1. Kfl prismatic F-crystals. Throughout this subsection, let (X, Myx) be a
bounded p-adic fs log formal scheme.

Definition 6.4.1 (Kfl prismatic F-crystals). We define an exact category

Vectiq (X, Mx)p) = Jm Vectyq ((Spf(A), Ma)).
(A,I,MA)G(:{,Mx)Xr

An object of Vectqg((X, Mx)y) is called a kfl prismatic crystal on (X, Mx).
For a log prism (A, I, M) € (X, Mx)}" and integers a < b, we let

Vectlfﬁ’[%b] (A, I, M 4)
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denote the exact category of a kfl vector bundle £ on (Spf(A), M 4) equipped with maps
of kfl vector bundles I° @4 & — ¢%& and ¢ € — [* @4 € such that the composition map
I"®4 & — I* ®,4 & coincides with the map induced from the natural inclusion map of
A-modules I” < I*. We define an exact category

Vectfy 1, 5 (X, Mx)p) = lim Vectfy 1, (A4, 1, Ma).
(AL MA)EXMz)5T
Especially, we let DMy ((X, Mx)p) denote the category Vectf, (X, Mx)p), and an

object of the category DMq((X, Mx)y) is called a kfl prismatic Dieudonné crystal on
(X, Mx).
For a log prism (A, I, M,) € (X, Mx)zr, we define an exact category

Vect{q(A, I, M) = limy Vectfy r, (A4, 1, Ma).

[a.b]
Using this, we define an exact category
Vect (X, Mx))p) = Jim Vect{y (A, I, My).
(A7I>MA)E(X7MX)ZI”

An object of Vect( (X, Mx)y) is called a kfl prismatic F-crystal on (X, My).

Remark 6.4.2. We cannot define a kfl version of analytic log prismatic F-crystals in

the same way because, for a log prism (A, I, M,), we have no canonical log structure on
U(AI).

Lemma 6.4.3. There are natural functors giving bi-exact equivalences to the essential
images

Vect((X, Mx)p) — Vectia((X, Mzx)p),
Vect{ ,; (X, Mx)p) — Vectfy (X, Mx)p),
Vect?((X, Mx)p) — VectZi (X, Mx)p)-

Proof. Lemma 5.5.12 allows us to replace (X, Mx)) in the source categories with the
strict site (X, M%)Zr Then, via the equivalences in Remark 5.5.10, the functor ¢ in Defi-
nition 6.2.13 induces the desired functors. It follow from Lemma 6.2.14 that the resulting
functors give equivalences to the essential images. ([l

We generalize the functoriality of kfl prismatic crystals to non-fs log formal schemes.
In the rest of this subsection, let f: (), My) — (X, Mx) be a morphism from a bounded
p-adic (not necessarily fs) saturated log formal scheme (), My) to a bounded p-adic fs log
formal scheme (X, Mx).

Lemma 6.4.4. Let £ be a kfl prismatic crystal on (X, Mx). The following statements
are equivalent.

(1) For any log prisms (A, 1, Ma) € (X, Mx)}" and (B, J, Mp) € (Y, My)}" with a
log prism map s: (4,1, M4) — (B, J,Mp) in (X, Mx),, the kfl vector bundle
Ea,1,m,) 1s s-classical.

(2) For any log prism (B, J, M) € (9, My)3}, if we let (B, J,Np) denote its image
via the functor (X, Mx)p — (X%, M%)Zr in Lemma 5.5.12 and 7: (B, J,Ng) —
(B, J, Mp) denote the natural map, the kfl vector bundle £ s, is m-classical.
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Proof. It is enough to prove the implication (2) = (1). By Lemma 5.5.12, the log prism
map s uniquely factors as

(AajaMA> i> (B7 J7NB> l> (B7 J7MB>7

where (B, J,Np) is the image of (B, J,Mpg) via the functor (X, Mx)p — (X, Mx)}"
therein. Since & yny) = 1 (Ea,rmy)) 1s m-classical, £, is s-classical by Lemma
6.2.23. 0

Definition 6.4.5. A kfl prismatic crystal & on (X, My) is called f-classical if the
equivalent conditions in Lemma (.4.4 are satisfied. Let Vect!:"((X, M) )) be the full

subcategory of Vectq((X, Mx)y) consisting of f-classical objects. We define an exact
functor

f: Veetlg (2, Mx)p) = Vect((9), My)})

as follows. Let & € Vect{y ((X,Mzx)p). For (B,J,Mp) € (Y, My)3", we choose
(A, I, M) and s as in Lemma 6.4.4 (1) and set (f*E)Bmp) = s Earma- I we let
(B, J,Ng) and 7 as in Lemma 6.4.4 (2), every s uniquely factors through 7. Hence, by
Lemma 6.2.23, the formation of (f*&)(p,smp) is independent of a choice of (A, I, M,), and
the assignment of (f*€)(p,smp) to (B, J, Mp) defines an object f*€ € Vect((Y), My)}").

We say that a kfl prismatic F-crystal on (X, My) is f-classical if its underlying kfl
prismatic crystal is f-classical. We write Vectff’ljj ['(f’lb}((%, Mz) ) and Vect? ™ (X, Mx) )
for the full subcategory of Vectyy 1, ((X, Mx),) and Vectfy((X, Mx)p) consisting of an
object whose underlying kfl prismatic crystal is f-classical, respectively. In the same way
as the case of kfl prismatic crystals, one can define the pullback functors

£ VeCtlfﬁ{[-;}b] (%, ./\/lgg)A) — Vectr;’b] (9, MQ))ZT),
1 Vectfﬁf'd((%,./\/lxm) — Vect“”((@,./\/l@)zr).
Lemma 6.4.6. Consider a sequence of morphisms of p-adic log formal schemes

(3, M3) 4 (9, My) L (%, Mx) B (20, M),

where (3, M3) is saturated and (20, Myy) is fs. Let € be a kfl prismatic crystal on (20, Mgy)
with h*E being f-classical. Then £ is hfg-classical, and there is a natural isomorphism of
prismatic crystals on 3

(hfg) €= g*(f*(RE)).
Conversely, if £ is hfg-classical, and if g is a strict quasi-compact quasi-syntomic covering,
then h*& is f-classical.

Proof. The former assertion follows from Lemma 6.2.23, and the latter assertion follows
from the same lemma and [BS22, Proposition 7.11]. O

Lemma 6.4.7. Suppose that f admits a chart of the form P — Py, for an fs monoid
P. Then every kfl prismatic crystal £ on (X, My) is f-classical.

Proof. Let & be a kfl prismatic crystal on (X, Mx). Let (B,J, Mg) € (9, My)}" and
m: (B,J,Np) = (B,J,M3z) be as in Lemma 6.4.4 (1), and let 7: (Spf(B/J), Mp,;) —
(Spf(B/J),Np,s) be the induced map from 7. By Lemma 6.2.24, the kfl vector bundle
(g(B’J7MB))|(Spf(B/J)7MB/J) is 7-classical. Hence, Lemma 6.2.23 implies that &g sy 1s
m-classical. This proves the assertion. ([l
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The goal in this subsection is to prove certain saturated descent properties for kfl
prismatic (F-)crystals (Proposition 6.4.12). To this end, we start with some technical
definitions and lemmas.

Lemma 6.4.8. Let f: (9), My) — (X, Mx) be an integral Kummer morphism of p-
adic fs log formal schemes. Let (4,1, M) € (X, Mx)}" and (B;, 1B;, Mp,) € (Y, My)}'
be log prisms with log prism maps ¢;: (A, 1, Ma) — (B, I1B;, Mp,) in (X, Mx), for
i = 1,2. We set (Spf(C), M) to be the saturated fiber product of (Spf(B;), Mp,) for
i = 1,2 over (Spf(A), M4). Suppose that ¢; is kfl. Then the triple (C,IC, M) has a
unique log prism structure such that the natural maps (B;, [ B;, Mp,) — (C,IC, M) are
log prism maps for i = 1,2. Moreover, the log prism map (Bs, [ By, Mp,) — (C,IC, M)
is strict flat.

Proof. We set (Spf(C’), Mc) to be the fiber product of fs log formal schemes
(Spf(B;), Mp,) fori = 1,2 over (Spf(A), M) in the category of (not necessarily saturated)
log formal schemes. Since f is integral, the maps ¢;: (Spf(B;), Mp,) — (Spf(A), M 4) are
integral for i = 1,2, and so (Spf(C"), M) is fine. By [Ko0s22, Remark 2.6], (Spf(C"), M)
is equipped with the unique dj,g-structure such that the projection maps to (Spf(B;), Mg,)
are compatible with djog-structures for ¢ = 1,2, and so its saturation (Spf(C), M¢) is
uniquely equipped with the dj,-structure by [Kos22, Proposition 2.16].

Let (90, Mgy a)) be the self-product of (), My) in the category of saturated log formal
schemes over (X, Mx). The natural map (Spf(C/IC), Mcyic) — (W, Myw) is strict.
Since f is Kummer, both projection maps (YW, Mya)) — (2, My) are strict. Hence,
the projection map (Spf(C), M¢) — (Spf(Bz), Mp,) is strict kfl. By Lemma 6.2.5, this is
strict flat. Therefore, by [BS22, Lemma 3.7 (3)], (C,IC, M) is a log prism. O

Lemma 6.4.9. Let (A, I, M,) be a log prism with a finite free chart a: N™ — My
with djog(a(m)) = 0 for every m € N”. Consider a Kummer map N” — @ of saturated
monoids. We set

(Spf(A"), Mar) = (Spf(A), Ma) @@pirinne (Z]Q], Q)"

Then the triple (A’, IA’, M 4/) has a unique log prism structure such that the natural map
(A, I, Mp) = (A, TA, My) is a log prism map and that the composite

Q — T(Sp(A), My) 2% A/
is the zero map.

Proof. We regard the prelog ring (Z[N"],N") (resp. (Z[Q],Q)) as a djog-ring by setting
d(m) = dog(m) = 0 for every m € N" (resp. m € (). Since the map of prelog rings
(ZIN"],N") — (A,T'(Spf(A), M,)) induced from « is compatible with dj,g-structures by
the assumption on «, the log formal scheme (Spf(A’), My/) is equipped with a unique
dlog-structure such that the natural morphisms from (Spf(A’), M4/) to (Spf(A), M,4) and
(Spec(Z[Q)]), Q)" are compatible with d,e-structures by [Kos22, Remark 2.6 and Lemma
2.9]. Hence, it remains to prove that (A’,IA’) is a prism. By [DA25, Lemma 2.7]|, the
ring map Z[N"] — Z[Q)] is faithfully flat. Note that, although it is assumed that @ is
fs in loc. cit., the problem is reduced to this case because (Q is written as a union of fs
submonoids containing N". Therefore, A — A’ is (p, I)-completely faithfully flat, and so
(A, 1A’) is a prism by [BS22, Lemma 3.7 (3)]. O
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Lemma 6.4.10. Let (X, Mx) be a bounded p-adic log formal scheme with a finite free
chart a: N* — My. Then, for every log prism (A, I, M4) in (X, Mx)zr, there exist a
strict flat cover (A, I, M4) — (B, J, Mp) and a monoid map a: N* — I'(Spf(B), Mp)
with i ((m)) = 0 for every m € N” fitting into the following commutative diagram:

xF(Spf(B), Mp)

N = T'(X, Mx) —= T(Spf(B/J), Mp,).

Proof. The given chart « induces a strict map f: (X, Mzx) — (Spf(Z,(N")),N")*. The
log prism (A, I, M) can be regarded as a log prism in (Spf(Z,(N")), N")5" via f. Hence,
we may assume that (X, Mx) = (Spf(Z,(N")),N")* and « is the tautological chart.

Note that (X, Mx) is small affine log formal scheme over Z,. Write R := Z,(N"). By
Lemma 5.5.16, there exist a strict flat cover (4,1, M) — (B,J, Mp) and a log prism
map

(Gr, (E),N)* = (6, (E),Mg,) = (B, J, Mpz).
Since the djpg-ring (S, N") is of rank 1 in the sense of [Kos22, Definition 2.2|, the com-
posite
N" — F(Spf(GR>, M@R) — F(Spf(B),MB)
is a desired lift a. O

Definition 6.4.11. We say that the morphism f is a strongly pro-kfl quasi-syntomic
if there exists a chart N” — @) of f such that @ is saturated, N* — @) is Kummer, and the
induced map

(9, My) = (X, Mx) @@ nne (Z[Q], Q)"
is strict quasi-syntomic. The morphism f is called a strongly pro-kfl quasi-syntomic covering
if f is strongly pro-kfl quasi-syntomic, quasi-compact, and surjective.

Proposition 6.4.12 (Strongly pro-kfl quasi-syntomic descent for kfl prismatic
crystals). Let f: (9), My) — (X, Mx) be a strongly pro-kfl quasi-syntomic covering. We
let (2]('), My ) denote the saturated Cech nerve of f. Then there exist natural bi-exact
equivalences

(6.4.1) Vet (€, Mx) ) = lim Veet (9, Myw)3),
[Y=VAN

(6.4.2) Vectff’lf'd((.'{, Mz)p) = Lm Vect? (P, M@(J)Zr%
ocA

(6.4.3) Vectfﬁ{['cf}b}((%, Mzx)p) ~ LmVectﬁ’b]((@(°)’ M@m)zr).
ocA

Proof. We prove only the equivalence (6.4.1) because other equivalences can be proved
by the same argument. By Lemma 6.4.6, the pullback functor f* induces an exact functor

Vectf:f'fl((%7 M}:)A) — I#mVect<<Q‘j(.)7M@<.))zr)
ocA

We shall prove that this functor is a bi-exact equivalence. Fix a chart N* — @ of f as in
Definition 6.4.11. We set

(3, M3) = (X, Mx) @@pr e (Z[Q], Q)
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and let (3(*), M5)) denote its saturated Cech nerve over (X, Myz). Consider the following
Cartesian diagram in the category of p-adic saturated log formal schemes:

| g

(3, M3) —— (X, Mx).

By the same argument as in the second paragraph in the proof of Proposition 6.2.26, both
the upper horizontal map and the left vertical map are strict quasi-compact quasi-syntomic
coverings. Hence, a kfl prismatic crystal on (X, My) is f-classical if and only if g-classical
by Lemma 6.4.6, and so quasi-syntomic descent for prismatic crystals reduces us to proving
that the functor
Vect{s (X, Mz)p) = @Vect((S('), Ms)3)
ocA
induced from the pullback functor ¢* is a bi-exact equivalence.
To construct an exact quasi-inverse functor, we shall construct an exact functor

@Vect((3(°),/\/l3(.>)zr) — Vectyq (Spf(A), My)

ocA
for every log prism (4, I, M) € (X, Mx)}". Working strict flat locally on (A, I, M), we
may assume that there is a finite free chart a: N* — My with djog(a(m)) = 0 for every
m € N". If we set

(Spt(A"), M) = (Spt(A), Ma) ®@mr e (Z]Q], Q)
the triple (A’,IA’, M4/) is naturally a log prism in (3, M3)Zr by Lemma 6.4.9. Let
q: (A, I, Mp) — (A", TA", M 4) be a natural log prism map.
We let € a,1,:m,) denote the category of a log prism (B, J, M) belonging to the essential
image of the functor (), M@)Zr — (X, Mx) ) equipped with a log prism map (A, I, M) —
(B, J, Mp). We claim that there is a natural bi-exact equivalence

(6.4.4) Vect? (Spf(A), M 4) = lim Vect(B).
(B, MB)EC(A,1,.M 4)

To show this, it suffices to prove the following two claims.

(a) For every (B,IB,Mpg) € €(a,1,m,), the saturated fiber product (Spf(B’), Mp)
of (Spf(B), Mp) and (Spf(A’), Ma/) over (Spf(A), M4) exists, the natural map
(Spf(B'), Mp/) — (Spf(B), M3p) is strict flat cover, and the triple (B’, IB', Mp:)
is a log prism which is the pushout of (B,IB, Mpg) and (A’,TA’, M4 ) under
(A, I, M) in the category of saturated log prisms.

(b) For an object r: (A, I, M,) — (B,IB, Mp), every g-classical kfl vector bundle
on (Spf(A), My) is r-classical.

Indeed, by the claim (b), pullback functors gives the functor (6.4.4), and Proposition 6.2.26
and the claim (a) imply the equivalences

Vectl (Spf(A), M 4) ~ @Vect(/l“”) ~ lim Vect(B),
ocA (B,J,MB)G%)(A’]’MA)

where (Spf(A"®), M 4«) denotes the saturated Cech nerve of (Spf(A’), Myu/) over
(Spf(A), M.).
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Since the claim (b) follows from the claim (a) and Lemma 6.2.23, the proof of the
equivalence (6.4.4) is reduced to showing the claim (a). Let (B,1B, Mp) € €(a,1,m,), and
fix a strict map (Spf(B/IB), Mp/ip) — (2, My). Write Q as a union |J,.; P where P
runs over all fs submonoids of ) containing N". We set

(Spf (A7), Maay) = (Spf(A), Ma) @ nrye (Z[F], P)*
for each i € I. By Lemma 0.4.9, the triple (A}, IAj, M) is a log prism. We let M, /15
denote the log structure on Spf(B/IB) associated with the composite
PZ- — Q — F(@,M@) — F(Spf(B/IB),MB/[B),
and define the log structure M, p := Mp X Mg 15 M, g/rp on Spf(B) under the identifica-
tion Spf(B)e ~ Spf(B/IB)e. If we put
(Si’ Mﬁz) = <%7 Mx) ®(Z[NT}»N’“)‘1 (Z[P’L]v Pi)a7

the log prisms (A}, [A}, M) and (B, 1B, M, ) are regarded as objects of (3;, M3,)
We set

str
-
(Spf(B;), Mp;) = (Sp(A}), Mag) X{Spscay.m) (SPE(B), M)
Since the morphism (3;, M3,) — (X, Mx) is integral and Kummer by [DA25, Lemma
2.7], the triple (Bj, I Bj, Mp) is equipped with a natural log prism structure by Lemma
6.4.8, and (B, B, M; ) — (B}, Bj, Mp) is a strict flat cover. Since (Spf(A’), M) and
(Spf(B), Mp) are isomorphic to the inverse limits of (Spf(A4;), M) and (Spf(B), M; p)
for i € I respectively, if we set (Spf(B’), Mp:) to be the inverse limit of (Spf(B}), Mp:),
the log formal scheme (Spf(B’), Mp/) is the saturated fiber product of (Spf(B), Mp)
and (Spf(A’), My/) over (Spf(A),My,) and is equipped with the unique djos-structure
such that both of the projection maps to (Spf(A’), My4/) and (Spf(B), Mp) are com-
patible with 0j,e-structures. Since (Spf(B’), Mp/) is isomorphic to the inverse limit of
(Spf(B;), Mpr) X(spt(By,M,.5) (SPE(B), Mp) (which is a strict flat cover of (Spf(B), M3)),
the natural map (Spf(B'),Mp) — (Spf(B),Mp) is a strict flat cover, and so
(B',IB', Mp) is a log prism by [BS22, Lemma 3.7 (3)|. This proves the claim (a).
Using the equivalence (6.4.4), we get exact functors

Y@Vect(@)('), /\/lw.))zr) — lim Vect(B)
LYSVAN (B7J?MB)€%(A,I,MA)

~ Vect®(Spf(A), M ,)
— Vectkﬂ(Spf(A), MA)
Taking a limit with respect to (A, I, M,) € (X, Mx)zr, we obtain an exact functor
@Vect((ﬁj('), M@(.))Zr) — Vecta ((X, Mx)p)-
ocA

The essential image of this functor is contained in Vect!s" (%, Mz) a) by the claim (b),
and the induced functor

lim Vect((D®), My )37) = Veetl (X, Mx) p)
ocA

is a desired quasi-inverse functor. [l

Definition 6.4.13. A bounded p-adic fs log formal scheme (X, My) is called strongly
quasi-syntomic if X is quasi-syntomic and (X, Mx) admits finite free charts étale locally.
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Remark 6.4.14. Koshikawa-Yao introduced the notion of quasi-syntomic prelog rings
in [KY25, Definition 3.2]. A strongly quasi-syntomic log formal schemes has an étale
cover consisting of log formal schemes associated with quasi-syntomic prelog rings because
a prelog ring (R, P) is quasi-syntomic if R is quasi-syntomic and P is free. Of course,
the converse does not hold. In other words, a log formal scheme associated with a quasi-
syntomic prelog ring is not necessarily strongly quasi-syntomic (not even fs).

Definition 6.4.15. Let (X, Mx) be a bounded p-adic fs log formal scheme. We de-
fine (X, Mx)pkqsyn as the category of a p-adic saturated log formal scheme (2), Myg) over
(X, Mx) such that the structure morphism (), My) — (X, Mx) admits a factorization

(maMQ_)) - (uooaMLloo) — (L[, Mﬂ) — (%, M%):
where the morphism (4, My) — (X, My) is strict étale, (s, My, ) is defined as
(4, My) @@ wrye (Z[Q5], Q50)*

for a finite free chart N — My, and the morphism (), My) — (U, My) is strict
quasi-syntomic. Note that, when X is quasi-syntomic, ) is also quasi-syntomic for ev-
ery (), My) € (X, Mx)pkgsyn because Z,(N") — Z,(QL,) is quasi-syntomic.

When (X, My) is strongly quasi-syntomic, we let (X, Mzx)pkqrsp denote the full subcat-
egory of (X, Mx)pkqsyn consisting of (Spf(S), Mg) with S being qrsp.

The following proposition can be regarded as an analogous statement to [BS23, Propo-
sition 2.14].

Proposition 6.4.16. Let (X, Mx) be a strongly quasi-syntomic log formal scheme.
Then there exist natural bi-exact equivalences

Vectiq (X, Mx)p) Jim Vect((), My)3')
(@1M@)G(X7Mf)pkqsyn
-~ lim Vect(Yp)
(vaQ))E(va%)pkqsyn
o~ lim Vect(Sy).
(SzMS)E(sz%)pqusp

The analogous assertion also holds for Vect{, (X, Mx)p) and Vectyy (X, Mx)p).

Proof. We shall prove only the statement for Vectyq((X, Mx))) because the other state-
ments can be proved in the same way. The second equivalence follows from Lemma 5.5.13.
Since Q) is quasi-syntomic for every (), My) € (X, Mx)pkqsyn, the third equivalence follows
from quasi-syntomic descent for prismatic crystals.

It remains to prove the first equivalence. For any (), My) € (X, Mx)pkgsyn With
structure morphism f: (), My) — (X, Mx), every kfl prismatic crystal on (X, Myx) is
f-classical by Lemma 6.4.6 and Lemma 6.4.7, and so we have the pullback functor

[ Vectia (X, Mx) p) — Vect((D, My)Rh),
which induces an exact functor

Vectia((X, Mx)p) — Jim Veet((9, My)y')
(QJ?MQ.))E(%PAA}:)pquyn

by Lemma 6.4.6.
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We shall prove that this functor gives a bi-exact equivalence. By working étale locally
on X, we may assume that there exists a finite free chart N” — Myx. We set

(Xoos Mz.,) = (X, Mx) @ nne (Z[Q%,], Q%)

and let (x((;?,/\/lx(.)) denote its saturated Cech nerve over (X, Mx). By strongly pro-kfl
quasi-syntomic descent (Proposition 6.4.12), we have a natural bi-exact equivalence
Vecti (X, Mzx)p) = Jim Vet (X1, M) p)-
ocA

To deduce the statement from this, it is enough to prove the following claim: for
any (9, Mg) € (X, Mx)pkgsyn, the saturated fiber product (3, Ms3) of (), My) and
(X0, Mx_) over (X, Mx) exists, and the natural map (3, M3) — (), My) is strict quasi-
compact quasi-syntomic covering. This claim follows from Lemma 6.A.2 (2). O

Using a similar method, we prove “pro-kfl quasi-syntomic” descent for morphisms of
analytic prismatic F-crystals.

Proposition 6.4.17. In the setting of Proposition 6.4.12, the natural functor
Vect™ (X, Mzx)p) — Lim Vect™* (), My)™*)) )
ocA

is fully faithful for x € {0, p}. Furthermore, when (X, Mjy) is a semi-stable log formal
scheme over O, the above functor gives a bi-exact equivalence to the essential image.

Proof. We use the notation in the proof of Proposition 6.4.12. To prove the former
assertion, it is enough to show that the natural functor
Vect™* (A, I) — Jm Vect™ ™ (B, J).
(B»‘LMB)E%J(A,I,MA)

To do this, the same argument as the proof of Proposition 6.4.12 reduces us to proving
that the natural functor

Vect™ (A, I) — lim Vect™ (A" TA"®)
ocA
is fully faithful. Replacing (A, I, M,4) with an étale cover, we may assume that [ is

principal. Let I = (d). Considering internal homomorphisms, we are reduced to showing
that, for £ € Vect™ (A, I), the sequence

(6.4.5) 0— T(U(AI),E) = T(UA, TA), Ex) — T(UAD TAD) E)

is exact. Since (Spf(A’), Ma) — (Spf(A), M) is a strongly pro-kfl cover, we have an
exact sequence
0—-A—A =AW
by Proposition 6.2.26. For f € {p,d, pd}, taking tensor products with I'(Spec(A[1/f]), &)
over A, we obtain an exact sequence
0 — T'(Spec(A[1/f]),E) — T'(Spec(A'[1/£]), Ear) — T(Spec(AV[1/f]), Eamy).

Since U(A,I) has a covering Spec(A[l/p]) N Spec(A[l/d]) with the intersection
Spec(A[1/pd]), this implies the exactness of (6.4.5).

It remains to prove the latter assertion. Take a chart ¢: N — @) of f as in Definition

6.4.11. Note that the natural map Q%, — Qq., is an isomorphism. Replacing (2), My)
with (), My)®z(q),@) (Z]Q%], Q%)?, we may assume that cis the natural map N" — QL.



152 6. LOG PRISMATIC DIEUDONNE THEORY

Working étale locally on X, we may assume that (X, Mx) is small affine. Fix a framing on
(X, Mx), and let a: N* — My denote the chart induced from the framing. If we set

(3, M3) = (X, Mx) ®aq, @z ns)e (Z[Q50], Qo)

we have a Cartesian diagram in the category of saturated log formal schemes

(W, May) — (9, My)

| |

(3, M3) —— (X, Mx)

where the left vertical map is a strict quasi-compact quasi-syntomic covering by Lemma
6.A.2 (2). Hence, a sequence of analytic log prismatic crystals on (X, Mzx) that is exact
after being pulled back to (), My) is exact after being pulled back to (3, M3). Lemma
5.5.16 implies that the exactness of a sequence of analytic log prismatic crystals on (X, Mx)
can be checked by evaluating at the Breuil-Kisin log prism (&g, (E),N*)*. We put 6 o =
G} R@)Z[NS]Z[Q‘;O]. Since S is noetherian, the (p, I')-completely faithfully flat map Sz —
Sroo is a faithfully flat ring map, and so the morphism of schemes U(Awa, [Acs) —
U(A,I) is also faithfully flat. Since a log prism (Sg o, ISR 0, Q%) is naturally an object
of (3, M3)}", a sequence of analytic log prismatic crystals on (X, My) that is exact after
being pulled back to (3, M3) is exact. This proves the statement. O

6.4.2. Kfl crystalline crystals. We introduce the notion of the kfl version of crys-
talline crystals. Let (X, Myx) be a log scheme over F,.

Lemma 6.4.18. Suppose that (X, My) is integral and there is a chart M — M
where M is uniquely p-divisible (i.e. the monoid map M — M given by m — m? is an
isomorphism). Then a natural functor

(X7 MX)Z?;S — Xcrys

sending (U, T, Mr) to (U,T) gives an equivalence.
In particular, natural functors

Crys(Xerys

Vect™ (Xerys

Isoc* (Xerys

DM(Xerys

— Crys((X, Mx)erys)s
— Vect™ (X, Mx)erys),
— Isoc* (X, Mx)erys)s
— DM((X, Mx)erys),

~— N N

give equivalences for x € {0, ¢}.
Proof. This can be proved in the same way as Lemma 5.5.13. O

We give a definition of a kfl version of crystalline crystals. Let (X, Mx) be an fs log
scheme over [F),.

Definition 6.4.19 (Kfl crystalline crystals in vector bundles). We define an
exact category

Vectin (X, Mx)erys) = @ Vectyq (T, Mr).
(TvMT)E(XrA/lX)EgIs
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An object of Vectyn((X, Mx)ays) is called a kfl crystalline crystal in vector bundles on
(X, Mx). For amap f: (X, Mx) — (Y, My) of fs log schemes over F,, the morphism of
sites (Y, My )5 — (X, Mx)2 _ induces an exact functor

crys crys
f* : Vectkﬂ((Y, My)crys) — VeCtkﬁ((X, Mx)crys).
In particular, the Frobenius morphism F': (X, Mx) — (X, Mx) induces
F*: Vectkﬂ((X, Mx)crys) — Vectkﬁ((X, Mx)crys).

Let Vectyn((X, Mx)ays) ®z, Q, denote the isogeny category. For an object €7 €
Vectq (X, Mx)erys), the image of £F by the natural functor

VeCtkﬂ((Xa MX)Crys) — veCtkﬂ((Xa MX)crys) ®Zp Qp

is denoted by E£T[1/p]. We let Vect[((X, Mx)ays) denote the exact category of
pairs (€T, gg+) consisting of an object €T € Vectyn((X, Mx)ays) and an isomorphism
pe+: F*ET[1/p] = ET[1/p] in the isogeny category Vectiq((X, Mx)eys) ®z, Qp. Mor-
phisms (1, pg+) = (&, pgs+) are maps & — & that are compatible with ¢+ and
Pet-

Definition 6.4.20 (Kfl crystalline Dieudonné crystals). We define an exact
category DMya((X, Mx)ays) as the category of a triple (€, ¢s,1)¢) consisting of £ €
Vectia((X, Mx)ays) and maps pg: € — F*E, ¢e: € — F*E such that both ¢ o ¢
and @g 0 1Y¢ coincide with the multiplication by p.

Lemma 6.4.21. For x € {{), ¢}, there are natural functors
Vect™ (X, Mx)erys) = Vectig (X, Mx)erys)
DM((X, Mx)erys) = DMica (X, Mx)erys)
giving a bi-exact equivalence to the essential image.

Proof. It is enough to the assertion for Vect((X, Mx)eays). Due to Remark 5.3.6, we
may replace (X, Mx)ays in the source category with the strict site (X, Mx )3, Then,
by Remark 5.3.5, the functor ¢ in Definition 6.2.13 induces the functor in the statement,

which gives a bi-exact equivalence to the essential image by Lemma 6.2.14. 0

Before stating the descent property for kfl crystalline crystals in vector bundles, we
briefly recall p-root descent established in [Laulg, §7.1] and introduce a mild generalization
of it.

Definition 6.4.22 (Root morphisms, (cf. [Laul8, §7.1])).

(1) Let R — S be a ring map. We say that S is an extraction of a p-th root (resp. an
extraction of a root) if S = R[a'/?] .= R[z]/(2? — a) for some a € R (resp. S =
Rla'"] == R[z]/(2™ — a) for some a € R and integer n > 1). More generally,
the map R — S is called a p-root extension (resp. a root extension) if we can
write R — S as the transfinite composition of extractions of a p-th root (resp.
extractions of a root).

(2) Let f: X — Y be amap of schemes. We say that f is a p-root morphism (resp. root
morphism) if, for each x € X, there exist an affine étale neighborhood U of z and
an affine étale neighborhood V' of f(x) such that f restricts to a morphism U — V/
corresponding to a p-root extension ring map (resp. a root extension ring map).
A family of maps {U; — X }ier is called a p-root covering (resp. a root covering)
if U; — X is a p-root morphism (resp. root morphism) for each i € I and the
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induced morphism | |,., U; — X is surjective. The Grothendieck topology on the
category of schemes defined by p-root coverings (resp. root coverings) is called
p-root topology (resp. root topology).

Lemma 6.4.23 (cf. [Laul8, Lemma 7.5]). Let f: X — Y be a quasi-compact root
morphism of schemes over [, and (U,T) be an affine PD-thickening in Y;,,. Then there
exist an affine PD-thickening (U’,T") € Xqys and a Cartesian flat map (U',T") — (U,T)
of affine PD-thickenings such that the natural map U — X Xy U is an étale covering. In
particular, for x € {0}, ¢}, the fibered categories over the category of schemes over F, given
by X — Vect*(Xeys) is a 2-sheaf for root topology.

Proof. Replacing f with X xy U — U, we may assume that Y = U (in particular, YV’
is affine). Take an étale covering {V; = X }1<i<, of X and a family of étale maps {W; —
Y }1<i<n such that V; and W; are affine and f restricts to a map V; — W; corresponding to
a root extension ring map for each 1 < i < n. The étale map W; — Y extends uniquely
to an étale map T; — T', and the closed immersion W; — T; has a unique PD-structure
extending the PD-structure of Y — T. Since the map V; — W, corresponds to a root
extension ring map, this extends to a Cartesian flat map of affine PD-thickenings

Vi = T)) = (Wi = T))

by the same argument as [Laul8, Lemma 7.5]. Then, if we set

(U, T = |_|m,|_|T'

the assertion holds. O

We generalize the functoriality of kfl crystalline crystals in vector bundles to non-fs
bases. In the rest of this sention, let f: (Y, My) — (X, Mx) be a morphism from a (not
necessarily fs) saturated log scheme (Y, My) to an fs log scheme (X, M) over F,,.

Lemma 6.4.24. Let £ € Vectq((X, Mx)eays). The following statements are equiva-
lent.

(1) For any log PD thickening (T, Mr) € (X, Mx)a, and (V,My) € (Y, My )i,
with a map s: (V, My) = (T, Mr) in (X, Mx)ays, the kfl vector bundle i vy
is s-classical.

(2) For any log PD-thickening (V,My) € (2, My)y", if we let (V,Ny) denote
its image via the functor (X, Mx)ays — (X, MX)E?;S in Lemma 5.3.4 and

m: (V,My) — (V,Ny) denote the natural map, the kfl vector bundle vy
is m-classical.

Proof. This follows from Lemma 5.3.4 and the same argument as Lemma 6.4.4. U

Definition 6.4.25. A kfl crystalline crystal in vector bundles on (X, Mx) is
called f-classical if the equivalent conditions in Lemma 06.4.24 are satisfied. Let
Vectf:;fl((X , Mx)ays) denote the full subcategory of Vectya((X, Mx)ays) consisting of f-
classical objects. For (V My) € (Y, My)3i,, we choose (T, Mr) and s as in Lemma 6.4.24
(1) and set (f*E)wmy) = 8" Empmp)- I welet (V, Ny) and 7 as in Lemma 6.4.24 (2), every
s uniquely factors through 7. Hence, by Lemma 6.2.23, the formation of (f*E)w ) is
independent of a choice of (7, Mr), and the assignment of (f*E)wmy) to (V, My) defines

an object f*€ € Vect((Y, My )3x.).

crys
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We say that an object of Vect{y((X, Mx)erys) or DMia((X, Mx)kn) is called f-
classical if its underlying kfl crystalline crystal in vector bundles is f-classical. We
write Vect& ™ (X, Mx)erys) (resp. DM{E (X, Mx)arys)) for the full subcategory of
Veet 7 (X, Mx)erys) (resp. DMyqa((X, Mx)erys)) consisting of f-classical objects. In the
same way as the case of kfl crystalline crystals in vector bundles, one can define the pull-
back functors

£ Veet? ™ (X, Mx )erys) = Veet? (Y, My )3 ),

crys

J*: DM{F((X, Mx)erys) = DM((Y, My )iy,

crys

Lemma 6.4.26. Consider a sequence of morphisms of log formal schemes over F,

(Z,Mz) % (Y, My) L (X, Mx) & (W, My),

where (Z, My) is saturated and (W, My) is fs. Let £ be a kil crystalline crystal in vector
bundles on (W, My,) with h*E being f-classical. Then £ is hfg-classical, and there is a
natural isomorphism of crystalline crystals in vector bundles on 7

(hfg) €= g (f*(h°E)).
Conversely, if £ is h fg-classical, and if g is a strict root covering, then h*E is f-classical.

Proof. The former assertion follows from Lemma 6.2.23, and the latter assertion follows
from the same lemma and Lemma 6.4.23. O

Lemma 6.4.27. Suppose that f admits a chart of the form P — Pq_, for an fs monoid
P. Then every kfl prismatic crystal £ on (X, M) is f-classical.

Proof. This follows from the same argument as Lemma 6.4.7. 0

Our goal in this subsection is to prove strongly pro-kfl root descent for kfl crystalline
crystals in vector bundles (Proposition 6.4.30). To this end, we start with a technical
lemma.

Lemma 6.4.28. Let f: (Y, My) — (X, Mx) be an Kummer morphism of fs log
schemes over F,. Let (U, T, Mr) € (X, Mx)ais and (U], T}, Mq) € (Y, My)3}, be log

PD-thickenings with maps ¢;: (U}, T}, Mg/) — (U, T, Mr) in (X, Mx )erys for i = 1,2. We
set

(T”, MT//) = (T1/7MT1I) X??{MT) (TQI,MTz’),
(U, Myr) = (UL, Mup) X aa) (U Mug)-
Suppose that ¢; is Cartesian and kfl. Then the strict closed immersion (U”, My») —

(T", Mrw) has a unique PD structure extending the PD structures on (7}, Myv) fori = 1, 2.
Moreover, the natural map (7", Mpn) — (Ty, M) is strict flat.

Proof. Let (YY) Myq)) be the self-product of (Y, My) in the category of saturated
log schemes over (X, Myx). The natural map (7", Mz») — (Y) M) is strict. Since
f is Kummer, both projection maps (Y™, Myqu) — (Y, My) are strict. Hence, the
projection map (7", Myn) — (T3, Mqy) is strict kfl, which implies that this map is strict
flat. Therefore, the PD structure on (73, My;) extends to (7", Mqw). O

Definition 6.4.29. We say that a morphism f: (Y, My) — (X, Mx) is a strongly
pro-kfl root morphism if there exists a chart N — @) of f such that the induced morphism

(Y, My) — (X, MX) (g)(Z[NT],NT)‘1 (Z[Q]u Q)a
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is a strict root morphism. The morphism f is called a strongly pro-kfl root covering if f is
strongly pro-kfl root, quasi-compact, and surjective.

Proposition 6.4.30 (Strongly pro-kfl root descent for kfl crystalline crystals
in vector bundles). Let f: (Y, My) — (X, Mx) be a strongly pro-kfl root covering of
saturated log schemes over F,. We let (Y(*), My.«)) be the saturated Cech nerve of f.
Then there exist natural bi-exact equivalences

(646) VeCtIJ;lCl((Xv MX)CryS) = I&H VeCt((Y(.)a MY(‘) )igls)a
ecA

(6.4.7) Vet (X, Mix)erys) 2= lim Veet? (Y, My i),
ecA

(6.4.8) DM (X, Mix)erys) = Lim DM((Y®), My )315,).
ecA

Proof. We prove only the equivalence (6.4.6) because other equivalences can be proved
by the same argument. By Lemma 6.4.26, the pullback functor f* induces an exact functor
Vet (X, Mix)erys) — lim Veet((Y®, Myw)is,)-

[YSVAN

We shall prove that this functor is a bi-exact equivalence. Fix a chart N* — @) of f as in
Definition 6.4.29. We set

(Z, Mz) = (X, Mx) @@ e (Z[Q), Q)%

and let (Z(*), M 4)) denote its saturated Cech nerve over (X, Mx). Consider the following
Cartesian diagram in the category of saturated log schemes:

(W> MW) - (Y7 MY)

l g

(Z,Mz) —— (X, Mx).

Using Lemma 6.A.2 (3) and the same argument as in the second paragraph in the proof
of Proposition 6.2.26, both the upper horizontal map and the left vertical map are strict
root coverings. Hence, a kfl crystalline crystal in vector bundles on (X, Mx) is f-classical
if and only if g-classical by Lemma 6.4.26, and so root descent for crystalline crystals in
vector bundles (Lemma 6.4.23) reduces us to proving that the functor
Veets (X, MixJare) =5 Jim Veet (29, Mo )i5,)
ocA
induced from the pullback functor ¢g* is a bi-exact equivalence.
To construct an exact quasi-inverse functor, we shall construct an exact functor

@Vect((Z('), My )ays) = Vectia (T, Mr)

ocA
for every affine log PD-thickening (U, T, Mr) € (X, Mx)3}. Since the natural monoid
map I'(T, Mr) — T'(U, My) is surjective by Lemma 5.A.1, there exists a monoid map
N" — My fitting into the following commutative diagram:

(T, Mr)

NF (X, Ma) —— (U, My).
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We set
(T', Mp) = (T, Mr) @prinne (Z[Q], Q)"
Since T" — T is flat by [DA25, Lemma 2.7], the PD structure on T extends to 7”, and
so (T', M) is naturally a log PD-thickening in (Z, Mz)3%,. Let q: (T, Mp) — (T, Mr)
be a natural map of log PD-thickening.
We let €(ram,) denote the category of a log PD-thickening (V, My ) belonging to the
essential image of the functor (Y, My )3 — (X, Mx)eays equipped with a map of log PD-

crys

thickenings (V, My ) — (T, Mr). We claim that there is a natural bi-exact equivalence
(6.4.9) Vet (T, M) = lim Vect(T).

(VvMV)E%)(T,MT)

To show this, it suffices to prove the following two claims.
(a) Forevery (W, V, My) € €(1,my), the saturated fiber product (V/, My~) of (V, My)
and (77, M) over (T, Mr) exists, and the natural map (V', My+) — (V, My) is
a strict flat cover. In particular, the PD structure on V' extends to V’, and the log
PD-thickening (W', V', My~) is a fiber product of (W,V, My) and (U, T, M)
over (U, T, Mr) in the category of saturated PD-thickenings.
(b) For an object r: (V,My) — (T, Mr), every g-classical kfl vector bundle on
(T, Mr) is r-classical.
Indeed, by the claim (b), pullback functors gives the functor (6.4.9), and Proposition 6.2.26
and the claim (a) imply the equivalences

Vectfi (T, My) = lim Vect (" lim  Vect(V),
ocA (V,MV)GW(T,MT)

where (Spf(T"®)), Myue)) denotes the saturated Cech nerve of (T", M) over (T, Mr).

Since the claim (b) follows from the claim (a) and Lemma 6.2.23, the proof of the
equivalence (6.4.9) is reduced to showing the claim (a). Let (W,V, My) € € pmy,), and
fix a strict map (W, My) = (Y, My). Write Q as a union (J,.; P; where P; runs over all
fs submonoids of ) containing N". We set

(T, M) = (T, Mr) @z nrye (Z[P], P)*

for each i € I. By [DA25, Lemma 2.7|, the PD-structure on 7" extends to 7}, and so
(T!, Mr) is a log PD-thickening. We let M,y denote the log structure on W associated
with the composite
P,—Q—=T(Y, My) = T(W, My),
and define the log structure M,y = My X, M,y on V under the identification Vi >~
Wy If we put
(Ziy, Mz,) = (X, Mx) Qunrnme (Z]B], P;)?,
the log PD-thickenings (7], Myr) and (V, M;y) are regarded as objects of (Z;, Mz, )3
We set
Vi, Mys) = (T, Mqr) X3 gy (V, Miy).
By Lemma 6.4.28, (V//, My») is a PD-thickening, and (V;, My+) — (V, M, ) is a strict flat
cover. Since (1", Mr+) and (V, My ) are isomorphic to the inverse limits of (7}, Mzv) and
(V; M;y) for i € I respectively, if we set (V', My~) to be the inverse limit of (V;, Myy),
the log scheme (V' My~) is the saturated fiber product of (V, My ) and (T, Mz:) over
(T, Mr). Since (V', My~) is isomorphic to the inverse limit of (V;, My/) X v m, 1) (V; My)
(which is a strict flat cover of (V, My)), the natural map (V',My/) — (V,My) is a
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strict flat cover, and so the PD structure on V' extends to V', and so (V', My) is a log
PD-thickening. This proves the claim (a).
Using the equivalence (6.4.9), we get exact functors

@Vect((Y('), My ) — Hm Vect(T)

crys
ecA (ViMy)EG (T pMp)

~ Vect? (T, M)
— Vectyq (T, MT)

Taking a limit with respect to (T, Mr) € (X, Mx)5! . we obtain an exact functor

crys?

@V@Ct((y(.), My(-))Str ) — veCtkﬂ<<X7 MX)Crys)-

crys
ocA

The essential image of this functor is contained in Vect! (X, Mx)erys) by the claim (b),
and the induced functor

lim Vect((Y®), My)25,) = Veet{ (X, MixJays)
ocA
is a desired quasi-inverse functor. O

Proposition 6.4.31. Let (X, Mx) be a strongly quasi-syntomic log scheme over F,,.
Then there exist natural bi-exact equivalences

veCtkﬂ<<X7 MX)Crys) ~ M VeCt<<Y7 My)ig/s)
(YzMY)e(XzMX)pkqsyn

~ hm Vech(Vay)
(YvMY ) € (XvMX )pkqsyn

o~ @ Vect(Serys)-
(SzMS)G(XaMX)pqusp

Analogous statements hold for Vect (X, Mx)erys) and DMga (X, M x)erys)-

Proof. We shall prove only the first equivalence because the second equivalence follows
from Lemma 6.4.18 and the third equivalence follows from [IK'Y24, Proposition 2.16].

It remains to prove the first equivalence. This is deduced from Proposition 6.4.30 and
Lemma 6.A.2 (3) in the same way as the proof of Proposition 6.4.16. O

Proposition 6.4.32. Let (X, M) be a strongly quasi-syntomic log scheme over F,,.
Then there exist natural bi-exact equivalences

Vectin (X, Mx)p) = Vectiq (X, Mix)erys),
DMkﬂ(<X7 MX)A) = DMkﬂ((Xa MX)crys)7
for x € {0, p}.

Proof. The assertion follows from Proposition 6.4.16, Proposition 6.4.31, and the equiv-
alence in [IKY25, §1.1.1]. O

Definition 6.4.33 (Crystalline realization). Let (X, Mj) be a strongly quasi-
syntomic log formal scheme and (X,—o, Mx, ) be its mod-p fiber. Suppose that
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(Xp—0, Mx,_,) is also strongly quasi-syntomic. Then, taking the composition of the equiv-
alences in Proposition 6.4.32 with the restriction functors from (X, Mx) to (X,—o, Mx,_,),
we obtain exact functors

Vectiq (X, Mx)p) = Vectig(Xp=0, Mx, o )erys);
DMkﬂ((%a MX)A) — DMkﬂ((XPZ()? MXp:O)CryS)a

for x € {0, p}. These functors are also called crystalline realization functors and denoted
by Terys-

When (X, Mx) is semi-stable log formal scheme over O, for x € {0, v}, crystalline
realization functors

Veet™((X, Mx)p) — Veet™((Xp—0, Mx,_,))

are constructed in Construction 5.6.13 following [DLMS24, §3.5] by using Breuil log
prisms. In the same way, one can also define a variant of crystalline realization functor

DM((X, Mz)p) = DM((Xp=0, Mx,_q)erys)-

To distinguish them from the functors defined in Definition 6.4.33, we write Tg;s for these
functors. The relationship between these two crystalline realization functors is described

as follows.

Proposition 6.4.34. Let (X, Mx) be a semi-stable log formal scheme over Ok. Then,
for x € {0, p}, the following diagram is commutative:

Br
crys

T
Vect™((X, Mx) p) — Veet™((Xp—0, Mx,_)crys)

T

Vectiq (X, M%)A) — Vectﬁﬂ((Xp:(), MXp:o)cryS)-
An analogous statement holds for DM((X, Mx) ).

Proof. We prove only the case that x = () because other assertions are proved in the same
way. By Proposition 6.4.31, it suffices to prove that there exists a natural isomorphism

Terys(E) (Aerye(8) 5 Marnys(5) = Loy (€) (Aerys(S) 5 Misryo(s))
for (S, Ms) € (Xp—0,Mx,_o)pkarsp» Where My () is the unique log structure on
Spf(Acrys(S)) whose pullback to Spec(S) is isomorphic to Mg given by Lemma 5.A.5.
Working étale locally on X, we may assume that (X, Mzx) = (Spf(R), Mg) is small affine.

Fix a framing on (X, Mx). Let a: N — My denote the chart induced from a fixed chart,
and set

(xW?Mxoo) = (:{’ Mx) ®047(Z[NTLN’")“ (Z[QZUL Tzo)a‘
Since the saturated fiber product of (Spec(S), Mg) and (X p—o, Mx. ,_,) oOver
(Xp—0, Mx,_,) is a strict affine quasi-syntomic cover by Lemma 6.A.2 (2), passing to a
quasi-syntomic cover of S allows us to assume that the structure map (Spec(S), Mg) —
(Xp—0, Mx,_,) admits a factorization

(6410) (SPGC(S),Ms) — (Xoo7p:0,MX ) — (Xp:(),MXp:O).
In this case, a map of p-adic log PD-thickenings in (Xp—o, Mx,_;)erys
s: (Sr = R/p, Ms,) = (Aays(S) = 5, Magus)

oco,p=0
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that is compatible with doe-structures. Indeed, if we fix a factorization as in (6.4.10),
there exists a unique monoid map Q%, — My, (s) fitting into the following commutative
diagram: -

L (Spf(Aerys(S)), Maye(s))

QLo > D(Xeopeos Mx o) ['(Spec(S), Ms).

by Lemma 5.A.3. This lift gives a chart of (Spf(Aeys(S)), Ma,,.(s)). Consider a prelog
ring map (Sro,N") = (Aeys(S), QL) given by the ring map Sro — Ays(S) sending x;
to [2?] and the natural inclusion map N" — QZ,. This prelog ring map induces a map of
p-adic log PD-thickenings in (Spec(R°/p), M go/p)erys

(SRO - Ro/p’ MSRO) — (ACYYS(S) - S’ MAcrys(S))

which is compatible with dje-structures. Since Sgo — Spg is étale, this map uniquely lifts
to a map of p-adic log PD-thickenings in (X,—o, Mx,_;)erys

S (SR - R/p7MSR) — (ACTyS(S) - S? MAcrys(S))

that is compatible with dj,e-structures.
When we fix s as in the previous paragraph, s naturally induces a log prism map

S (SRa (p)a d)*MSR) — (Acrys(s)a (p)a ¢*MACWS(S))>

and we have isomorphisms

Terys (E) (Acrys($) =5 Magry(5)) = EAerys(8),(0),6* Magrye(s)
= E(Sp,(p)6* Msy,) OSp,s Acrys(5)
2 Ty (E) (SR /pMsy) Psips Aerys(S)
= Tc}?;s(5)(Acrys(S)—»SvMAcrySwﬂ’

where the first (resp. third) isomorphism follows from the definition of Ty (resp. T5%).
If we take another choice s’ as in the previous paragraph, the maps s and s’ induce a map

of p-adic log PD-thickenings

(S’ = R/p,Mg) = (Aays(S) = S, May(s)

s

that is compatible with the dj,g-structures. This induces a log prism map
(S (1), " M) = (Acxys(5), (0). " Marcu(s):

Then it follows from the crystal property of £ and T3} (€) that the isomorphism defined
above is independent of the choice of s. In a similar way, one can check that the resulting
isomorphism is also independent of the choice of a framing on (X, My) (cf. [DLMS24,

Lemma 3.31]). This completes the proof. O

6.5. Log prismatic Dieudonné theory

6.5.1. Review on prismatic Dieudonné theory. we recall some results on pris-
matic Dieudonné theory for classical p-divisible groups. Let X be a bounded p-adic formal
scheme.
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Construction 6.5.1. Let G be a finite and locally free group scheme or a p-divisible
group over X. We define a sheaf G on X) by

Gp(A D) = G(A/I).
Here, we consider an O )-module
MA(G) = gﬂft%xﬂ)(GAa OA)'

The morphism ¢: Op — Op induces a Op-linear morphism @, ) ¢* M) (G) —
M) (G).

Theorem 6.5.2 (Anschiitz—Le Bras). Let X be a quasi-syntomic p-adic formal
scheme. Then the following statements hold.

(1) Let G be a truncated Barsotti-Tate group over X of level n and height h. Then
M) (G) is a vector bundle of rank % on the ringed site (X, Oy /p").
(2) Let G be a p-divisible group over X. Then (M (G), ¥, (c)) belongs to DM(X)),

and the contravariant functor
MA3 BT(X) — DM(%A)

is fully faithful. Moreover, if X has an étale cover consisting of an affine formal
scheme Spf R which admits a quasi-syntomic cover R — S with S being an integral
perfectoid ring, this functor gives an anti-equivalence.

Proof. (1) See [ALB23, Proposition 4.68].
(2) These are direct consequences of [ALB23, Theorem 4.74| and the proof of
[ALB23, Proposition 5.10].
U

Theorem 6.5.3 (Anschiitz-Le Bras). Let X be a quasi-syntomic scheme over F,
and G be a p-divisible group on X. Then there exists a natural isomorphism

TcryS(MA(G)) = McryS(G)7

where M,y is the contravariant crystalline Dieudonné functor of Berthelot-Breen-Messing
(|[BBM&2, Définition 3.3.6]).

Proof. See [ALB23, Theorem 4.44]. O

Theorem 6.5.4 (Anschiitz-Le Bras). Let X be a quasi-syntomic p-adic formal
scheme and G be a p-divisible group on X. Then there exists a canonical isomorphism

Tét(MA<G>)v = G"7'
Proof. See [ALB23, Proposition 5.25]. O

6.5.2. Log prismatic Dieudonné functors. Let (X, Mx) be a strongly quasi-
syntomic log formal scheme. The aim of this subsection is to construct a functor

Myt BT(X, Mx) = DM((X, Mx) )

and study its properties. To this end, we work in larger categories and apply saturated
descent properties to these larger categories.
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Construction 6.5.5. Let (X, Mx) be a strongly quasi-syntomic log formal scheme.
Let (Y, Myg) € (X, Mx)pkgsyn and f: (), My) — (X, Mx) be the structure morphism.
Since every weak log p-divisible group on (X, Myx) is f-classical by Lemma 6.3.12 and
Lemma 6.3.13, we have pullback functors

wBT(X, Mx) & BT(9) 2 DM®D),),

where M is the prismatic Dieudonné functor by Anschiitz-Le Bras (see Theorem 6.5.2).
Taking a limit with respect to (2), Myg) € (X, Mx)pkqsyn, We obtain an exact functor

wBT(X, Mx) — DMy ((X, Mx),)

by Proposition 6.4.16. The resulting functor is called a log prismatic Dieudonné functor

and also denoted by M.

Proposition 6.5.6. Let (X, Mx) be a strongly quasi-syntomic log formal scheme.

(1) The log prismatic Dieudonné functors are compatible with the (non-log) prismatic
Dieudonné functors. To be precise, we have the following commutative diagram:

Mp

BT(X) DM(X,)

| |

M

(2) The log prismatic Dieudonné functor M is fully faithful.

(3) Suppose that there exist an étale cover {{; = Spf(R;)}ier and a finite free chart
N" — My, for each ¢ € I such that, for each i € I, there is a quasi-syntomic cover
Ri®ZP(NT>Zp<QTZ()> — S; for an integral perfectoid ring S;. Then the log prismatic
Dieudonné functor M gives an equivalence.

Proof. The assertion (1) follows from the construction. For assertions (2) and (3), we
may assume that (X, Mx) admits a finite free chart N” — My by working étale locally on
X. If we put
(9, My) = (X, Mz) @apirinne (Z[Q5), Q%)
and set (@('),M@m) to be its saturated Cech nerve over (X, M), the log prismatic
Dieudonné functor M coincides with the functor defined as a limit of (non-log) pris-
matic Dieudonné functors
My : BT(Q®) = DM}

with respect to @ € A via equivalences in Proposition 6.3.27 and Proposition 6.4.12. Hence,
the assertions from Theorem 6.5.2 (2). O

Theorem 6.5.7. Suppose that (X, Mz) is a semi-stable log formal scheme over Ok.
Then the functor

gives an bi-exact equivalence.
Proof. The assertion follows Lemma 5.2.3 and Proposition 6.5.6 (3). 0

Proposition 6.5.8 (Pullback compatibility of log prismatic Dieudonné func-
tors). Let f: (9, My) — (X, Mx) be a morphism of strongly quasi-syntomic log formal
schemes. Let G be a weak log p-divisible group on (X, Mx). Then there exists a natural

isomorphism
Mp(*G) = [TM(G).
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Proof. It is enough to construct a natural isomorphism
(MGl = (MG my)

for every (), My/) € (9, Mg)pkgsyn- Consider the full subcategory € of (), My)pkasyn
consisting of objects p: (Y, Mygy/) — (), My) such that the morphism fp admits a fac-
torization

(', May) Lo (¥, M) 5 (%, Mz)
for some object (X', Mx) € (X, Mx)pkqsyn- For (9, My) € €, if we fix the above
factorization, we have isomorphisms
M) G)) = Mp(p*(f°G))

= Mup(f"(q°G))

=p* fFM)(G),
where the first and forth isomorphisms arises from the definition of log prismatic Dieudonné
functors, the second one is given by Lemma 6.3.12, the third one is given by the pullback

compatibility of (non-log) prismatic Dieudonné functor, and the fifth isomorphism comes
from Lemma 6.4.6. The resulting isomorphism

PrMAfG)) = p" fFM)(G)
is independent of a choice of the above factorization because two such factorizations are
dominated by a single factorization.
Therefore, to prove the statement, it suffices to show that every (', My) €

(D), My)pigsyn has a strict quasi-syntomic cover consisting of objects of €. Working étale
locally on ), we may assume that there exist a chart a: N” — My, and a factorization

(Q.jlvMQ)’) — (Q.joo,aaMgoo,a) = (Q.ijQ)) ®a,(Z[N’“],N’“)“ (Z[ TZOL ;o)a - (Q.J’MQ))

Working further étale locally on X and ), we may assume that there exist a chart of f
DX, M) &N = N @70 5 T(, My)
such that the composite N" < N" @ Z5 - My coincides with o by Lemma 6.A.3. We set

(Xoo, Mz, 5) = (X, Mz) ®p sy no)e (Z[Q%], Q20)%,
Doory> My.o,) = (D, My) @ @raezs)nrezs)s (Z]Q5, ® Q°],Qxo © Q)"

Then we have the following commutative diagram:

(EDOO,W Mg_joo,'y) - (Qjoo,a; M@oo,a) - (2)7 M@)

| g

<%00,57M%00”3) (%, M%)

The upper left horizontal morphism is a strict affine quasi-syntomic cover because Z,(Z*) —
Z,(Q®) is a quasi-syntomic cover. Therefore, if we put

(QJ”,MQJ") = (@/’M@/) X(Q.)oo,avaoo,a) (@00777/\/1@00,7)7
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the natural map ()", My») — (', My/) is a strict affine quasi-syntomic cover, and
(9", Mgy~) belongs to €. O

Proposition 6.5.9. Let G be a log p-divisible group over a strongly quasi-syntomic fs
log formal scheme (X, Mzx). Then the kfl prismatic Dieudonné crystal M, (G) belongs to
DM((X, Mx)p)-

Proof. First, we consider the case where X = Spf(R) with R/p being strict local. In this
case, applying the functor M to the exact sequence in Lemma 6.3.20, we obtain an exact
sequence

0 —= M)(G?) = MH(G) = MH(G*) — 0.

Since M) (G?) and M, (G*) belongs to DM((X, Mzx),) by Proposition 6.5.6, so does
M (G) by Proposition 6.2.18.

In general, we may assume that (X, Mx) = (Spf(R), Mp) is affine. Let (4,1, M)
be a log prism in (X, Mx)zr with structure map m: (Spf(A/I), Ma;r) — (X, Mx). It is
enough to prove that the kfl vector bundle M (G)a,r,m,) on (Spf(A), My) is classical.
Take a point z € Spf(A). Due to Lemma 6.2.16, it suffices to show that the pullback of
Mp(G)army to (Spec(k(x)), M) is classical. Let S denote the p-completed strict
localization of X at a geometric point 7(z) above 7(z). By [BS22, Lemma 2.18|, there
exists a unique prism (B, IB) over (A,I) with B/IB = A®gS. Now, the compatibility of
log prismatic Dieudonné functors with pullback functors gives a natural isomorphism

(MA(G)a,rmn)|sptB) Mp) = Mp(Glspts),ms)) (8,18, Mp)

where Mg is the log structure on Spf(B) induced from M 4. Hence, what we proved in the
previous paragraph implies that (M) (G)(a.1,m.4))|(spt(B).Mp) is classical. Since the image
of Spf(B) — Spf(A) contains x, the pullback of My (G)a 1,1, to (Spec(k(x)), Myy) is
also classical. O

Definition 6.5.10. For a strongly quasi-syntomic log formal scheme (X, My), the
functor M) induces a fully faithful functor

BT(X, Mx) — DM((X, Mx)p)
by Proposition 6.5.9. This functor is also denoted by M.

The following proposition is a log version of the étale comparison theorem for prismatic
Dieudonné crystals (Theorem 6.5.41).

Proposition 6.5.11 (Etale comparison isomorphisms for log prismatic
Dieudonné functors). Let G be a log p-divisible group over a strongly quasi-syntomic
log formal scheme (X, Mx). Then there exists a natural isomorphism

(T M) (@) = G,
Proof. Working étale locally on X, we may assume that there is a finite free chart N* —
My, If we set
(Xoo, M) = (X, Mx) @qzipr nrye (Z[Q5), Q2)°,
the natural morphism

(Xoo, Mz )S = (X, Mz)?
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is a quasi-pro-Kummer étale cover by |[KY25, Proposition 7.20], and so there is a natural
equivalence

(651) LOCZP((-%’ M%)O ) - I&H LOCZp((QJ’ M@)g,qprokét)'

n,qprokét
(ED’M@)G(vaX)pkqsyn
Take an object (), My) of (X, Mx)pkgsyn With structure map f: (9, My) — (X, Mx).
Under the identification
(@7 M@)g,qprokét = @?),qproét
(proved in Lemma 5.8.1), we have isomorphisms of quasi-pro-étale Z,-local systems on @2
f;TétMA(G)V = Tétf*MA(G)v
= T Mp(f Q)Y
= (f"G)y
= f(Gy).
Here, the third isomorphism comes from étale comparison isomorphisms for (non-log) pris-
matic Dieudonné functors (Theorem 6.5.1). By the functoriality of the isomorphism in
Theorem 6.5.4, the isomorphism f; T M) (G)Y = fr(Gy) constructed above is natural in

(Y, My) € (X, Mx)pkqsyn- Therefore, via the equivalence (6.5.1), we obtain an isomor-
phism T M) (G)Y = Gy, 0O

Theorem 6.5.12. Let (X, Mx) be a semi-stable log formal scheme over Ok. Then the
log prismatic Dieudonné functor

MA : BT(%, ./\/lx) — DM((}:, M%)A)
gives an exact anti-equivalence.

6.5.3. Log crystalline Dieudonné functors. Let (X, M) be an fs log scheme over
F, admitting finite free charts étale locally.

Construction 6.5.13. Let (Y,My) € (X, Mx)pkgsyn With structure map
f: (Y, My) — (X, Mx). Since every weak log p-divisible group on (X, M) is f-classical
by Lemma 6.3.13 and Lemma 6.3.12, we have pullback functors
wBT(X, My) 5 BT(Y) 5" DM (Yarye),
where M.,y is the crystalline Dieudonné functor defined by Berthelot-Breen-Messing in
[IBBM82, Définition 3.3.6]. Taking a limit with respect to (Y, My) € (X, Mx)pkqsyn;s We
obtain an exact functor

wBT (X, Mx) = DMia((X, Mx)arys)

by Proposition 6.4.31. The resulting functor is called a log crystalline Dieudonné functor
and also denoted by M;ys.

Proposition 6.5.14. The log crystalline Dieudonné functors are compatible with the
(non-log) crystalline Dieudonné functors. Precisely, there is the following commutative
diagram:

BT (X) Mcrys

J Mcrys

wBT(X, Myx) —= DMy ((X, Mx)erys)-

DM(Xerys)



166 6. LOG PRISMATIC DIEUDONNE THEORY

Proof. This follows from the definition. O

Proposition 6.5.15 (Pullback compatibility of log crystalline Dieudonné func-
tors). Let f: (Y, My) — (X, Mx) be a morphism of log schemes over F, admitting finite
free charts étale locally. Let G be a weak log p-divisible group on (X, Mx). Then there
exists a natural isomorphism

Mcrys(f*G) = f*McryS(G)'

Proof. This follows from the same argument as the proof of Proposition 6.5.8 because
the ring map F,[Z°] — F,[Q°] is a root map. O

Proposition 6.5.16. Let G be a log p-divisible group over (X, My). Then the kfl
crystalline Dieudonné crystal M.,ys(G) belongs to DM((X, Mx)erys)-

Proof. The assertion is proved in the same way as the proof of Proposition 6.5.9 by
passing to a strict localization at a point on X. 0

Definition 6.5.17. The functor M,y induces a functor
BT (X, Mx) — DM((X, Mx)erys)
by Proposition 6.5.16. This functor is also denoted by M cys.

Proposition 6.5.18. Let G be a weak log p-divisible group over (X, Mx). Then there
exists a natural exact sequence of kfl vector bundles on (X, Mx)

0 — Lie(G)" = Mays(G)x,my) — Lie(G*) — 0.

Proof. Let (Y, My) € (X, Mx)pkgsyn With structure map f: (Y, My) — (X, Mx). Ap-
plying [BBM82, Corollaire 3.3.5] to a p-divisible group f*G over Y, we get a natural exact
sequence of vector bundles on Y

0 — Lie(f*G)" = Mays(f*G)v,my) — Lie(f*G*) — 0.

By Lemma 6.3.26, we have natural isomorphisms

Lie(f*G)" = f*(Lie(G)"),

Lie(f*G™) = f*Lie(G™).
By the construction of M, there are natural isomorphisms

Merys ([ G)vmy) = (f Merys(G)) (vomy)
= [ Mays(G)(x.mx)-
As a result, we obtain a natural exact sequence
0 — f*(Lie(G)Y) = [*(Mays(G)(x.my)) = [ Lie(G*) — 0.

Since strongly pro-kfl descent for kfl vector bundles (Proposition 6.2.26) gives a natural
bi-exact equivalence

Vectyq (X, Mx) ~ Lrn Vect(Y),
(YvMY)E(XvMX)pkqsyn

the above exact sequence descends to the desired exact sequence. 0J

The relationship between log prismatic Dieudonné functors and log crystalline
Dieudonné functors is described as follows.
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Proposition 6.5.19 (The crystalline comparison theorem for log prismatic
Dieudonné functor). Let G be a weak log p-divisible group over a strongly quasi-
syntomic log scheme (X, Mx) over IF,. Then there is a natural isomorphism

Terys(Mp(G)) = Merys ().

Proof. Let (Y, My) € (X, Mx)pkgsyn With structure map f: (Y, My) — (X, Mx). By
Proposition 6.4.31, it is enough to construct a natural isomorphism

S Tarys(Mp(G)) = [* Merys(G).
By the definition of the log crystalline Dieudonné functor, the right hand side is isomorphic
to Merys(f*G). On the other hand, we have isomorphisms

f*TcryS(MA(G)) = Tcrys(f*MA(G))
= Tays(Mp(f7G)).

Hence, the claim follows from the crystalline comparison for (non-log) prismatic Dieudonné
functors (Theorem 6.5.3). O

Proof of Theorem 0.5.12. The fully faithfulness is already proved in Proposition 6.5.6.
We shall the essential surjectivity. Let £ be an object of DM((X, Mx)p). By Theorem
6.5.7, there exists G € wBT(X, Mx) with M) (G) = £. It suffices to prove that G is
a log p-divisible group. Let (X,—o, Mx,_,) denote the mod-p fiber of (X, Mx). Since
(X, Mx) is a semi-stable log formal scheme, the kfl crystalline crystal in vector bundles
Mcrys(G’(Xp:o,Mxp:O)) 2 Torys(Mp(G)) belongs to DM((X,—o, Mx,_;)erys) by Proposition
6.4.34. Proposition 6.2.18 and Proposition 6.5.18 imply that both of Lie(G) and Lie(G*)
are classical. Therefore, G' belongs to BT (X, Mx) by Proposition 6.3.23. This completes
the proof. O

6.6. A Tannakian framework for log prismatic F-crystals

6.6.1. Preliminaries for Tannakian formalism. Throughout this section, we con-
sider a right action when we refer to a pseudo-torsor.

Let G be a smooth affine group scheme over Z, and Repzp(g) denote the category
of finite free representations of G over Z,. Fix a finite free Z,-module A,, a faithful
representation G < GL(A), and tensors Ty C Ay with G = Fix(Ty). (This is possible by
[Bro13, Theorem 1.1].)

Definition 6.6.1. For an exact Z,-category 7, the groupoid of Z,-linear exact tensor
functors RepZP(g) — o/ is denoted by G-o7.

Let € be a site and O be a sheaf of Z,-algebras on €. Let Vect(%,O) denote the
category of vector bundles on the ringed site (¢, O), which is an exact Z,-category. For
objects w € G-Vect(€,0) and T' € €, the object of G-Vect(€)r, O) obtained by restricting
w to the site € is denoted by wy. We define a group sheaf Go on € by Go(T') = G(O(T))
forT € €.

Definition 6.6.2. ([IK'Y24, Appendix])
(1) We define an object wyiy of G-Vect (%, O) by wiiv(A) == A®z, O for A € Repr(g).
We say that G is reconstructible in (¢, O) if the natural map Go — Aut(wyiy) 1S
an isomorphism, where Aut(w,) is a group sheaf on & given by

M(Wtriv)(T) = AUt(wtriV,T>
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forT'e €.
(2) For an object w of G-Vect(%,0), we define an Aut(wyiy)-pseudo-torsor
Isﬂ(wtrivaw) by

Isﬂ(wtriva CU) (T) = Isomg-Vect(‘K/T,O) (wtriv,Ta wT)

for T'€ €. The object w is called locally trivial if the pseudo-torsor Isom(wiyiy, w) is
a torsor. Let G-Vect'" (€, ©) denote the full subcategory of G-Vect(%, O) consisting
of locally trivial objects.

We let Twisto(Ag, To) denote the groupoid of a pair (£, T) consisting of £ € Vect(%, O)
and T € €% such that Go-pseudo-torsor Isom((Ag ®z, O, Ty ® 1), (£, T)) given by

Tl—>{fiA0®ZPOT:>(€T:f(T0®1):T}

is a Go-torsor. We have a natural functor Twisto(Ag, To) — Torsg, (%) sending (£, T) to
Isom((Ag ®z, O, To ® 1), (€, T)).

For an object P € Torsg,, (€'), we define wp € G-Vect" (€, O) by wp(A) = PA% (A®y,
O) for A € Repy, (9).

Proposition 6.6.3. ([IK'Y24, Proposition A.17]) Assume that G is reconstructible in
(¢,0). Then we have the following triangle of equivalences.

Torsg, (¢)

T e

Twisto(Ag, To) <———— G-Vect'" (¥
wisto (Ao, O)WH(W(AO)M(TO))Q Vect (€, O)

6.6.2. The Tannakian theory of Kummer étale local systems. For convenience,
we write Z,/p*> for Z,.

Definition 6.6.4. Let n € N> U{oo}. Let (X, Mx) be a locally noetherian fs log adic
space. We let Locz, /pn (X, Mx) (resp. Locz, /(X)) denote the category of Z,/p"-local
system on (X, Mx)proket (1€Sp. Xprost). When n € Ny, the category Locgz p (X, Mx)
(resp. Locz/n (X)) is equivalent to the category of Z/p"-local systems on (X, Mx)iet
(resp. Xet). We regard Locg, /p» (X) as the full subcategory of Locg, jpn (X, Mx).

An object of G-Locg, jpn (X, Mx) (resp. G-Locg, n(X)) is called a két Z,/p"-local
system with G-structure on (X, Mx) (resp. étale Z,/p"-local system with G-structure on
X).

Proposition 6.6.5 (|DLLZ23b]). Let (X, Mx) be a connected and locally noetherian
fs log adic space and T be a log geometric point on (X, My) (for the definition, see
[DLLZ23Db, Definition 4.4.2]). The geometric point on X defined by T is also denoted by
.

(1) The category of finite Kummer étale fs log adic spaces over (X, M) (resp. fi-
nite étale log adic spaces over X) together with the functor taking a fiber at T
forms a Galois category. The corresponding fundamental group is denoted by
(X, Mx),T) (resp. m$(X,T)). When there exists no possibility of confusion,
T is omitted.

(2) For an integer n > 1, the functor taking a stalk at T gives bi-exact equivalences

Loczpn (X, Mx) & 7 (X, Mx)-FModzpn
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~ ’t
Loczpn (X) — 71" (X)-FModzpn.

Here, G-FModz,,» denote the category of finite and free Z/p"-modules (equipped
with discrete topology) with continuous G-action.
(3) there exists a natural surjection

X, Mx) = 7 (X).

Proof. (1) See [DLLZ23b, Lemma 4.4.16].
(2) See |[DLLZ23b, Theorem 4.4.15].
(3) Since the natural functor from the category of finite étale adic spaces over X to the
category of finite Kummer étale fs log adic spaces over (X, M) is fully faithful,

the assertion follows from the well-knows property of Galois categories.
O

Lemma 6.6.6. Let (X, Mx) be a locally noetherian fs log adic space and n € N>;.
Let

0—-L; —-1Ly, —>0L;s—0

be an exact sequence in Locz,» (X, Mx). Suppose that L, belongs to Locz»(X). Then
L, and L3 also belong to Locg» (X).

Proof. We may assume that X is connected. The exact sequence in the statement cor-
responds to an exact sequence

0—> M — My — M;—0

of finite free Z/p"-modules M; with continuous 75 (X, M x)-actions for i = 1,2, 3. By the
assumption, Ker (7 (X, Mx) — 7¢*(X)) acts trivially on M,. Hence 7 (X, M x)-action
on M; and Mj factors m$*(X)-action, which implies that I; and IL3 belong to Loc(X). O

Lemma 6.6.7. Let (X, Mx) be a locally noetherian fs log adic space and n € Ns;.
Then, for w € G-Locg/m (X, Mx), there exists a finite Kummer étale cover (Y, My) —
(X, Mx) such that w|y,r,) belongs to G-Loczpn (Y).

Proof. Take a finite Kummer étale cover (Y, My) — (X, Mx) such that w(Ao)|y,ay)
belongs to Loczpn (Y). Then it follows from Lemma 6.6.6 and [DS09, Proposition 12] that
w(A)[(v.my) belongs to Loczn (Y) for every A € Repy, (G). O

Proposition 6.6.8. Let (X, M) be a locally noetherian fs log adic space. Then G is

~

reconstructible in ((X, Mx )proket, Zp) and every object of G-Locz, (X, Mx) is locally trivial
on <X7 MX)prokét-

Proof. Since G-Locz, (X) — G-Locg, (X, Mx) is fully faithful, it follows from [IK'Y24,

~

Proposition 2.8] that G is reconstructible in ((.S, Mx)proket, Zp)-

Next, let w € G-Locz, (X, Mx). To prove w is locally trivial, it suffices to show
that w, is trivial after finite Kummer étale base change for every n > 1. Here,
wy, € G-Locg (X, Mx) is the mod-p™ reduction of w. Fix n > 1. By Lemma 6.6.7,
we may assume that w, belongs to G-Locz/,»(X). Then the claim follows from the argu-
ment in [IKY24, Proposition 2.3|. O
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Proposition 6.6.9. We have the following commutative triangle of equivalences.

Twist, (Ao, To) —— Torsg, (X, Mx)proket)

T

G-Locz, (X, Mx)
Proof. The assertion follows from Proposition 6.6.3 and Proposition 6.6.8. O

6.6.3. The Tannakian theory of prismatic F-crystals. Let (X, Mx) be a
bounded p-adic log formal scheme.

Definition 6.6.10. An object of G-Vect?((X, Mx),) is called a log prismatic F-crystal
with G-structure on (X, My).

We define a group sheaf G, on (X, Mx), by
gA<A7 I, MA) = gOA(A7 I, MA) = g(A)

The ring map ¢4: A — A for each (A, I, M,) € (X, M), induces a group map ¢: Gy —
Gp- Let Gp[1/Z,] denote the group sheaf on (X, M), sending (A, 1, M) to G(A[1/1]).
We have a natural injection v: Gy — Gp[1/T)]. For a Gp-torsor P, we set P[1/Z,] to be
the Gp[1/Zp]-torsor v, P.

Definition 6.6.11. (1) For a bounded prism (A,I), we let Twist“(oAJ) (Ao, To)
denote the groupoid of a pair ((£,ps),T)p) consisting of an object (&,¢¢) €
Vect?(A, I) and tensors T) C &% fixed by ¢g such that Isom((Ag ®z, A, Ty ®
1),(€,Ty)) is a G-torsor on Spf(A)gqc.

(2) We let TwistgA(Ag,To) denote the groupoid of a pair ((£,ps), Tp) consisting of
an object (€, p¢) € Vect?((X, Mx),) and tensors Ty C £® fixed by ¢¢ such that
Isom((Ag ®z, Op, To ® 1), (E,Ty)) is a Gp-torsor on (X, Mx) .

Lemma 6.6.12. Let (X, Mj) be a bounded p-adic log formal scheme. Then there
exists a natural equivalence

TwistéA(Ao, To) =~ Jim Twist{y 1y (Ao, To).
(A,I,MA)G(%“/VIX)A

Proof. The equivalence in Remark 5.5.10 gives a fully faithful functor

TWiSt?)A (Ao, To) — l&n TWiStzDA’I) (Ao, To)
(A,I,MA)E(XMMX)A

To check essential surjectivity, it is enough to show that, for a pair ((£, ¢¢), T)) consisting
of (€, pe) € Vect?((X, My)y) and tensors T) C £® fixed by p¢ such that

Pagma = Isom((Ao ®z, A, To @ 1), (Earma) TA aran,y))
is a G-torsor on Spf(A)gq for each log prism (A, 1, M) € (X, Mx)), the object
P = Isom((Ag ®z, Op, Ty ®1),(E,Ty))

is a Gp-torsor. The smoothness of G implies that Para,) is a G-torsor on Spf(A)g.
Since every étale covering Spf(B) — Spf(A) extends to an étale covering (A, I, M4) —
(B,IB, Mpg) in (X, Mx)) by [Kos22, Lemma 2.13|, P is a Gp-torsor. O
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Construction 6.6.13. For a bounded p-adic log formal scheme (X, Mx), we define a
functor

TWiSt%A(AQ, To) — Q—Vect‘p((%, Mx)A)
as follows. Let ((€,p¢),Tp) € Twist“éA(Ao,To). We set a G)-torsor
P = M((AO ®Zp OA7 TO ® ]-)7 (57 TA))
Let wp denote the object of G-Vect((X, Mx),) defined by wp(A) := P A% (A® O)). The
isomorphism @¢: (¢*€)[1/Z)] = €[1/Z)] induces isomorphisms of Gy [1/Z)]-torsors
(¢ P)[1/Zp] = Isom((Ao ® Op, To @ 1), ((¢°E)[1/1],9"Ty))
— Isom((Ao ® Op, Ty ® 1), (E[1/1],Ty))
= Pl1/Z],
which gives isomorphisms of O [1/Z,]-modules
(¢"wp(A)[1/Zp] = (6.P)[1/Zp) NI (A @ Op[1/Z))
5 PIL/Zp) AT (A @ O)[1/T)))
= wp(M)[1/T)

Definition 6.6.14. Let Locﬁggr((%, Mz),) be the essential image of the étale realiza-
tion functor Ty : Vect?((X, Mx)p) — Locz, ((X, Mx),) (which is fully faithful by Corol-
lary 5.6.28). Let Loc% (X, Mx),) be the essential image of the étale realization functor
Tey: Vect™?((X, Mx)p) — Locg, (X, Mx),).

Proposition 6.6.15. Let (X, Mx) be a horizontally semi-stable log formal scheme over
Ok . Then the functor induced the étale realization

an

G-Vect™# (X, Mx) ) — G-Lock (%, Mx),)
gives an equivalence.

Proof. The assertion follows from the fact that the étale realization functor
Tee: Vect?((X, Mx)p) — Locg, (X, Mx)y)

gives a bi-exact equivalence to the essential image (Theorem 5.6.27 and Theorem 5.6.32).

O

Theorem 6.6.16. Let (X, Mx) be a horizontally semi-stable log formal scheme over
Ok. Suppose that G is reductive. Then the functor induced the étale realization

G-Vect?((X, Mx)p) — G-Lock ™ (X, Mz),)
gives an equivalence.

proof of Theorem 6.0.16. We follow the argument of the proof of [IK'Y24, Theorem 2.28|.
By working étale locally on X, we may assume that (X, My) is small affine log formal
scheme with a fixed framing. Since T : Vect?((X, Mx)p) — Locggr((%, Myx),) is fully
faithful Corollary 5.6.28, the functor in the statement is also fully faithful. We shall prove
the essential surjectivity. Let we, € Q—Locﬁp’gr((%, Mzx),). By Proposition 6.6.8, we have the
corresponding object (wet(Ag), Tet) € Twistzp (Ao, To) where wet(Ap) is a Zy,-local system on
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(X, Mx),, and tensors Te; C wet(Ag)® is induced from Ty C Af. Let (€, p¢) be a prismatic
F-crystal on (X, Myx) with Tg(E, pe) = wer(Ng). Since Ty is fully faithful, the tensors
Tet C wet(Ag)® come from unique tensors T) C £® which is fixed by p¢.
We shall show that ((£, ¢¢), Ty ) belongs to T WistgA (Ao, Ty). To achieve this, it suffices
to prove that
P = Isom((Ag ®z, Op, To @ 1), (€, Ty))

is a G)-torsor. Proposition 6.6.15 implies that
Pamy) = Isom((Ag ®z, A, To @ 1), (Earnmay, Tp))

is a G-torsor on U(A,I)g for every (A,I,M,) € (X, Mz)). Since &g is normal and
U(Sg, (E)) contains all points of codimension 1 in Spec(Sr)e, we see that P, (5)Ms),)
is a G-torsor on Spec(Sp) by [IK'Y24, Proposition A.26 or Remark A.27|. Hence, P 1pm.,)
is a G-torsor on Spf(A)gqe for every log prism (A, I, My) € (X, Mx)) by Lemma 5.5.16.
Therefore, P is a G)-torsor.

Since the étale realization functor sends ((£, pe), Tp) to (wet(Ao), Tet), the object wy €
G-Vect?((X, Mx)p) which comes from ((€,¢¢),Tp) € Twists (Ao, To) via the functor
defined in Construction 6.6.13 is sent to wg by Proposition 6.6.9. This completes the
proof. O

6.7. Application to Shimura varieties

6.7.1. Log prismatic realization on the toroidal compactifications of Shimura
varieties. Throughout this section, let p > 2 be a prime number.

Setting 6.7.1. Define the following notation:

e (G, X) is a Shimura datum of Hodge type with reflex field E,

e v is a place of E above p, and E, denotes the completion of E at v,
e Op, is the integer ring of E, with residue field k&,

e G is a reductive model of G, over Z,,

o K, :=G(Z,) C G(Qy).

Let Shg (G, X) denote the associated Shimura variety over E. By [Kim18, 3.3.1], we
can choose an embedding of Shimura datum (G, X) < (GSp(V), S*) and a self-dual Z)-
lattice Az, C V such that A == Az ®z  Z, C Vg, is K,-stable. Let K}, :== GSp(A). Let
K'® C GSp(V)(A?) be a neat open compact subgroup containing K? and let K’ :== K K.
Then the Shimura variety Shy(GSp(V), S%)g, has an integral model .k (GSp(V), S)
over Z, defined as the moduli space of polarized abelian varieties with K'-level structures.
Let K? be a open compact subgroup of G(A%) contained in K. Let Sk, x»(G, X) denote
the normalization of the scheme theoretic image of

Shi, (G, X)p, = Shi/(GSp(V), $¥), = Lk (GSp(V), S¥)oy,

Then the tower {7k, k»(G, X)}kr is an integral canonical model of Shy (G, X)g,,
is smooth over Op, (|Kis10, Theorem 2.3.8]). Fix such a K? and set K = K,K?.

Fix a smooth projective admissible rational cone decomposition ¥’ for
((GSp(V),8%), K') ([Mad19, 2.1.23]). Let X" denote the induced admissible ratio-
nal cone decomposition for ((G,X), K) from ¥', and fix a smooth projective admissible
rational cone decomposition ¥ for ((G,X), K) refining ¥ ([Mad19, 2.1.28]). Let
S (GSp(V), S*) be the toroidal compactification of the Siegel modular variety with level
K' constructed in [FC90|. Let .3 (G, X) denote the normalization of .% (GSp(V), S*)

which
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in Shg(G,X), which is the toroidal compactification of .7k (G, X) constructed in
[Mad19]. By the technique of toroidal embeddings ([KKMSD, Chapter II]), we
have an integral model .#7(G, X) of Shi(G,X) over Op, and a birational morphism
(G X) = S7(G,X) (see also [Mad19, 4.1.4 and Remark 4.1.6]). As a result, we

obtain the following diagram:

ShK(G,X)Ev(—>ShK’ Sp(V )

=~

I(G, X) —— F(GSp(V), S%)o,

|

TE(G, X) —— ZE(GSp(V), 5%) oy, -

<—>

Here, the vertical morphisms are open immersions.

We write .77, 7% for (G, X), 7% (GSp(V), ST) respectively. We equip .7 (resp.
%) with log structures Mgz (resp. M ,x) defined from relatively normal crossings
boundary divisors. Note that the p—completilf)ns of them are horizontally semi-stable log
formal schemes by the smoothness and projectivity of ¥ and Y.

In [KKN21| and [KKN22, Theorem 2.2.2, Proposition 4.3.4], the toroidal compact-
ification y,%,’ is realized as the moduli space of principally polarized log abelian varieties
with K’-level structure. In particular, the universal abelian scheme over the interior ex-
tends to the universal log abelian varieties A% over (S5, M /Ef) Taking p-power tor-

] by [KKN15, Proposition 18.1] and
[p>] is pulled back to .73 along

sion points, we obtain a log p-divisible group Affw[

[Kat23, Proposition 4.5]. The log p-divisible group A%

(yK»M.VI%) — (S ’7My}§;)'
6.7.2. Log prismatic realization. First, we recall the étale realization on Shimura
varieties (cf. [IK'Y23, §2.3|). By varying levels at p, we obtain a tower of Shimura varieties
@ Sthf?Kp(G, X) — Shg(G, X),

K} CK,p

which is a pro-étale K,-torsor after taking the analytification. Taking the pushforward
along K, — gzp, we obtain a Z,-local system on Shg (G, X)* with G-structure wg €
G-Locz, (Shg (G, X)) via Proposition 6.6.9.

By purity for Kummer étale local systems ([DLLZ23b, Theorem 4.6.1]), there exists
a bi-exact equivalence

Locz, (Shx (G, X)™) = Locg, (Shi (G, X)™, Mgy g x)an)-
Hence, wg gives a unique Kummer étale Z,-local system with G-structure
Wiet - Repzp(g) — Locz, (Sh (G, X)™, MSh%(G’X)an).
Theorem 6.7.2. There exists a unique log prismatic F-crystal with G-structure
W 1ogt ReDz, (G) = Veet?(FR(G, X), Mz 6 ) )

with an isomorphism 7% o w Alog = Wket-
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Proof. By Theorem 6.6.16 and [DS09, Proposition 12|, it suffices to prove that there
exists a log prismatic F-crystal £ on (@(G, X), M,EZE(G,X)) with T4 () = wiet(A). Since
wiet(A) is characterized as a unique extension of wg(A) = @i [p™°], we have an isomor-
phism wye(A) = Jafulﬁi [p>]. Therefore, Proposition 6.5.11 implies that the log prismatic
Dieudonné crystal My (o8 [p]) is the desired one. O

Remark 6.7.3. In [IKY23, Theorem 2.10|, a prismatic F-crystal with G-structure
wp € Q—Vect“’(%((G,X)A) with T 0wy = wét|§K(G7X)n is constructed. We see that
WA log constructed in Theorem 6.7.2 restricts to wy by fully faithfulness of étale realization
functor.

Remark 6.7.4. In [Lov17|, a strongly divisible filtered F-crystal with G-structure
Werys: Repy, (G) = FilCrys?(F (G, X))
is constructed, and it is proved that we; and weys are associated in the sense of Fontaine-
Laffaille. In relation to the prismatic theory, a full subcategory Vect®(7x (G, X) p) of
Vect?(Sk (G, X)) consisting of locally filtered free prismatic F-crystals is introduced in
[IKY25, §2.3|), an integral crystalline realization functor
Derys: Veet?T(7%(G, X) p) = FilCrys? ( (G, X))
is constructed in [IK'Y25, Proposition 2.13|, and it is proved that the functor w, takes

values in Vect#!f (%(G , X)) and that there exists an isomorphism Depys © wp = Werys i
[IKY23, Theorem 2.18 and Corollary 3.7].

The generalization of this picture to our setting remains as a future work. It seems
that a key step is to show the boundedness of w Alog-

6.7.3. Lovering’s Conjecture. Our work on toroidal compactifications enables us
to generalize the comparison isomorphism for Q,-local systems coming from we;, which
is proved in the case that the Shimura variety is proper in [Lov17, Theorem 3.6.1| or
[IKY23, Proposition 2.21].

Theorem 6.7.5. Let (?i(G’X)’M?i(G X)) = (y%(G,X),MyIX(J(G7x)) ®op, k, and

consider a filtered F-isocrystal whsoe = Thsoc © W log OL (yﬁ(G,X),Mﬁ;K(G X)). Then
the Gal(E,/E,)-representation H} (Shx (G, X)g, ,we(€)[1/p]) is crystalline, and we have

an isomorphism

Hét(ShK<Ga X)Evawét (f)[l/p]) ®Qp Bcrys
i —
= Hlogcrys((yK(G7 X)v M?i(G,X))CryS’ wﬁsoc(g)) ®W(kv) Bcrys

that is compatible with Galois actions and Frobenius isomorphisms and a filtered isomor-
phism after taking the base change along Berys — Bar, for any £ € Repg (9).

Proof. By Theorem 5.6.18, the Q,-local system wyet(€)[1/p] is associated with wesee(€)
in the sense of Definition 5.4.18. Then the assertion follows from Faltings’ p-adic Hodge
theory [Fal89, Theorem 6.3]. O

Remark 6.7.6. This comparison isomorphism is conjectured in [Lov17, §3.6.2]. Fur-
thermore, in loc. cit., it is also conjectured that there exists an integral version of wggo. On
the toroidal compactification, which is still open.
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Remark 6.7.7. The fact that the Gal(E,/E,)-representation
He, (Shi (G, X))z, wee(§)[1/p])

is crystalline can be deduced more easily as follows. We may assume that § = A®" and so
it is enough to show that the Gal(FE,/FE,)-representation

Hét(ShK(Ga X)Eva Rnfét,*@p)

is crystalline, where f is the structure morphism of the n-th fold self-product of the uni-
versal abelian scheme. We have a spectral sequence

Eg’q = HQ(ShK(G, X)Evv Rgfét,*@p) = H§t+q(£{n iv,Ey’ Qp)

unit

Since the multiplication by m on o7 ; 5 induces the multiplication by m" on EY,
this spectral sequence degenerates at the Fy-page. Hence, it suffices to prove that the
Gal(E,/E,)-representation Hi (/" — ,Q,) is crystalline, which follows from Faltings’ p-

adic Hodge theory and the existence of a smooth compactification of with a

u?liv,OEz,
relatively normal crossings boundary divisor over Op, (|[Lan12, Theorem 2.15] ). We
learned this argument from Kai-Wen Lan.

Clearly, this method gives no explicit description of the filtered F-isocrystal
Derys (H (Shi (G, X, , wer(§)[1/p]))-
6.A. Some lemmas on log schemes

Lemma 6.A.1. Let P and @ be a finitely generated free monoids (i.e. P ~ N" and
Q ~ N* for some 7,5 > 0). Let a : P — @ be a homomorphism inducing P/a~1(0) = Q.
Then, there exist a basis py,...,p, (resp. qi,...,¢qs) of P (resp. @) such that

aps) = {qz- (1<i<s)

0(s+1<i<r).

Proof. Choose a basis pi,...,p, (tesp. qi,...,qs) of P (resp. Q). Since a~1(0) is a face
of P, the submonoid a~1(0) is generated by {p;|i € I} for some I € {1,...,r}. For each
1 < j < s, there exist an integer 1 <i4; < r such that a(p;;) = ¢; by the surjectivity of
and the irreducibility of g;.

By renumbering, we may assume that there exists an integer ¢t with 1 < s <t < r such
that a(p;) = ¢; for 1 <i < s and a~1(0) is generated by psi1,--- ,p;. By P /a~1(0)8P =
@*P and the computation of ranks, we conclude that s = ¢. 0J

Lemma 6.A.2. Let n > 2 be an integer. Let (X, Mx) be an fs log formal scheme with
fs charts «;: P, — My for integers 1 < ¢ < n. We set

(%0071'7 Mxooz) = (%7 Mf) A ARAT (Z[Pﬂ(@zo]v Pi,@zo)a

for each 1 <4 < n. For a non-empty subset I C {1,...,n}, we let (Xo 1, Mx_ ;) denote
the fiber product of (X, Mx.. ) for i € I over (X, Mx) in the category of saturated log
formal schemes. Let ) # J C I C {1,...,n}.
(1) The projection map (Xoo,r, Mx_ ;) = (Xco,s, Mz ,) is a strict affine flat cover.
(2) Suppose that X is a bounded p-adic formal scheme and P; = N" for each 1 < i < n.
Then the projection map (Xeo 1, Mz ;) = (Xoo,s, Mz ;) is a strict affine quasi-
syntomic cover.
(3) Suppose that X is a scheme and P; = N"i for each 1 < i < n. Then the projection
map (Xeo 1, Mz ;) — (Xoo,7, Mx_ ;) is a strict affine root covering.
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Proof. We may assume n = 2 because every projection map is written as the composition
of maps which are the base change of projection maps in the n = 2 case. (For example, in
the n = 3 case, a projection map (%007{1,273},/\/13500,{1’273}) — (%007{3},/\/136007{3}) factors as

(:{007{172,3}) wa’{172’3}> —> (xOO,{Q,g}W Mxm’{2’3}> _> (xoo,{3}7Mxoo’{3}>7

where the projection map (X 12,3}, Mz 1as) = (Xoo,{2,3} Mz, (25) 18 Written as the
base change of a projection map (Xoo (1,2}, Mz 14) = (Xoo (23 Mx (»,).) By the sym-
metry, it suffice to prove the assertion for the projection map

(%007{1’2}’ M%oo,{l,Q}) - (xoo,{Z}a Mxoo,{Q})

First, we shall prove (1). For any n > 1, there exists an integer m > 1 such that the
projection map from the saturated fiber product

(:{n,al ) Mxn,a1> X (x,Mx) (xm,azv Mxm,aQ) — (xm,azv Mxm,aQ)

is a strict affine flat cover by Lemma 6.2.2 and the fact that a saturation map for a quasi-
coherent log formal scheme is affine. Therefore, the projection from the saturated fiber
product

(xn,amen,al) X (x,Mx) (:{00,062? Mxoo,oq) — (xoo,aza Mxoo,az)

is a strict affine flat cover for any n > 1. Taking a limit with respect to n > 1, we obtain
the claim.

Next, we shall prove (2) and (3) simultaneously. Take x € X. Applying Lemma
6.A.1 to maps oy, : N = Mzxyz and ay, : N — Mzyz induced by a; and s, we
see that, after changing orders of bases of N and N" appropriately, there exists an
integer s with 1 < s < min{ry, 7} such that oy .(e;) = ag.(e;) for every 1 < i < s
and aq ,(€;) = ag,(ex) =1 for every s < j <1y and s < k < ry. By shrinking X to an
étale neighborhood of x, we may assume that we can write

ag(e;) = uian(e;) (1<i<s)
aiej) =v; (s<j<m)

as(er) =wg (s <k <ry)

for w;,vj,w, € Ox(X)*. Then Xoo,f1,2y is obtained by adding n-th power roots of u;
and v; to X n,. We shall give a more precise explanation. Consider a map Xo o, —
Spf(Z,(z1, ...,z )) corresponding to a ring map Z,(z1,...,x, ) — Ox(X) mapping z; to
u; or v; depending on whether ¢ < s or not. Let

Q Q
%oo,al,az = %042 XSpf(Z;,(xl,...,xrl)) Spf(Zp<x1 207 cee 7$T‘120>)

and the log structure Mx__ , ., 0n X a0, be the inverse image log structure of Mx__ -

We have a strict morphism (Xoo.ay,00) M2 ayay) = (Xooar, Mo, ) Whose composi-

tion with (Xooay, Mx..,) = (SPE(Z,(Q%)), Q%) corresponds to a monoid map QY; —

D(Xoo,a1,02) Mo o) .0,) Mapping (1/n)e; to xi/”ag((l/n)ei) or xi/n for every n > 1 and i

depending on whether ¢ < s or not. Here, a((1/n)e;) is the image of (1/n)e; by the map
Zo = T Xoo,01.00) Moy o,.0,) COTTEsponding to the morphism

(%00,041,0427'/\/13500,&1,‘12) — (%00,0427'/\/13500@2) — (Spf(ZP< ;20>>7 ;20)&'

Then we can check directly that (X a0 Mzxsa,a,) i the fiber product
of (Xooars Mia,) and (Xeoaps Mz, ,,) over (X, Myx), and this description of
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Xoo 121, Mx implies the assertion (2) and (3) for the projection map
7{ ) } c0,{1,2}

(%007{172}7 M}too,{l,Q}) — (%OOya27 Mxoo,oq ) :
0

Lemma 6.A.3. Let f: (X, Mx) = (2, My) be a morphism of fs log formal schemes.
Suppose that we are given a chart a: N' — My and a monoid map 3: N* — My.
Let z € X. Then, after shrinking X to an étale neighborhood of z, there exist a chart
o N" @ Z° — My which restricts to @ and a monoid map v: N* — N” & Z* such that g
gives a chart of f.

Proof. For each 1 <i <'s, we can write the image of f(e;) in Mxz as f(m;)u; for some
m; € N" and u; € Oy ; because a is a chart. By shrinking X to an étale neighborhood of z,
we may assume that u;, € I'(X, OF) for every 1 <1 < s. Let {€}}1<i<s denote the standard
basis of Z*. We set o/: N" @ Z* — My to be the monoid map induced by a: N™ — My
and Z° — My mapping e, to u;, and we define a monoid map v: N°* — N" & Z*® by
v(e;) = m; + €. Then the desired condition is satisfied. O
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