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Efficient Algorithms for Reinforcement Learning by Linear Programming

Kei SENDA* and Koyu AMANO*

Model-based reinforcement learning includes two steps, estimation of a plant and planning. Planning is for-
mulated as dynamic programming (DP) problem, which is solved by a DP method. This DP problem has an
equivalent linear programming (LP) problem that can be solved by LP method, but it is generally less efficient
than typical DP method. However, numerical examples show linear programming is more efficient than the typ-
ical DP method in problems whose self-transition probabilities are large. The reason is clarified by geometrical
discussion of each solution of method approaches to optimal solution.
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Table 1 Relation between primal problem and dual problem
of DP problem

primal problem | dual problem

type of problem maximize minimize

type of variable J L (< policy)
number of variable N NK
number of constraint NK N

type of constraint inequality equality
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Table 3 Iteration number to obtain the optimal vector J*

(maze)
11x11 maze
pii =00 p;; =05 p;; =09
value iteration 32 102 581
primal simplex 216 234 264
dual simplex 121 121 121
primal-dual interior point 7 7 7

Table 4 Calculation cost to obtain the optimal vector J* for
maze problem (x108)

11x11 maze
pii =00 p;; =05 p;; =09
value iteration 1.84 5.88 33.5
primal simplex 62.4 67.6 76.3
dual simplex 7.0 7.0 7.0
primal-dual interior point 56.7 56.7 56.7
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Table 5 Iteration number to obtain the optimal vector J*
for mass control problem

N =315, K =10
m = 0.50 m = 5.0 m = 50
value iteration 537 1462 14832
primal simplex 2691 1365 674
dual simplex 756 726 445
primal-dual interior point 20 18 23

Table 6 Calculation cost to obtain the optimal vector J* for
mass control problrem (x108)

N =315, K =10
m = 0.50 m = 5.0 m = 50
value iteration 5.33 14.5 147
primal simplex 294 149 73.6
dual simplex 7.51 7.21 4.42
primal-dual interior point 66.6 60.0 76.6
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Fig.2 Feasible area of the problem including two state and
two action (the self-transition probabilities of right fig-
ure are larger than left one)
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Fig.3 How to approach the optimal solution by value itera-
tion (the self-transition probabilities of right figure are
larger than left one)
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Fig.4 How to approach the optimal solution by simplex and
interior point (the self-transition probabilities of right
figure are larger than left one)
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F7-, BESEEREICPWTEE m 22 LS E2BICE,
FREDEFBR SN, ZhEm B KREL LB &, [HUHIHE
R UTEAOBERERN DL, BOBRHERIEZ L7720
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EOAMME AL TR B REAIE KT 2720, B AL
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NTWHhro7z.

6.2 (MEREEOEBEHOKT

RTEf O B AR B R REZ 3 1 2 illifif S AR OO AR T 37 % 36 “F 1
RIS B (Fig. 5 20). (3) NofififE s I%

J(s2]ur)

J(82]un)

J(l)(sz) =
T (s

> J(s)

JO -9 JD(s) J(si|us) :f(sl|u|)
:J(l)(slhh)

/
l(Sl,uz) [(Sl,ul)

Fig.5 Geometric understanding of value iteration how to ap-
proach to the optimal solution

N
J" ) (s;) = min |:§(3i,uk) + sz‘j(uk)«ﬂm)(sj)} ) Vi
U =

T2, glsi,ur) = 00, Pis(ur)g(si, uk, 55), m=0, 1, ...
m

BEm KEEZRYT. £k, ETTREEREZRT (4) XiZ
N
J(s:) < glso,un) + Y pig(ur)J(s;5) , V(si,ur)
j=1

20, (s, un)~(s2,u2) 2R, EEONM T E JO
S AR KA FIR T % 2%, BEflicix J© =0 & L.

G(si,ur) >0, V(si,ug) £ 0 JO [ZETUHRAERNIZH 5.
MfER A & 0 JW (s1) 23R B ERfEIE

J(l)(81)
= muin [§(51, ur) + pr1(ur)J 9 (s1) +P12(Uk)J(O)(52)]

= min (J(l)(81|u1)7 J(1>(51|u2))

=77 U, J(l)(sl|u1) = §(817u1) + p11(U1)J(0)(81) +
pr2(u1)J O (s2), JN (s1|uz) = g(s1,u2)+p11(uz)J ¥ (s1)+
p12(u2)J O (s2) THB. T8, TV (s1]ur) I2BWT

J(k+1)(sl|ul)

= g(s1,u1) + pra(ua) SV (s1) + pra(u1) TV (s2)
(1= pra(ur)) J(s1]ur) + pra(ur) T (s1)

22T, J(silur) ERAEMHLTHETH S,

J(s1lur) = g(s1,ur) + pra(ur)J(s1lur) + pra(ur) J (s2)

ik, JO o FIEERMREMITL, [(s1,u) DBIFER
J(s1) = g(s1,u1) + pr1(ua)J(s1) + pra(u1)(s2)

DD J(s1) FEEETH 5. BHINBMHE TV (s1|ur) 13
BITEDRERL JO) (51) & BFBERE J(s1]u1) DNHTHB. [
Bz JD (s1]ug) & JO(s1) & J(s1|u2) DHHT
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J(s1]uz) = g(s1,u2) + pr1(uz)J(s1|uz) + pr2(u1) SV (s2)

Thd. MHEERLBELT, HONIWHL TV (s1) L7225,
FRez T (s2) BEFTE N, HLWJID 285, Zhds, i
flET IO 95 JO 285 1 MOKET, FERIICET
ARSI IS S K (2 OB A REAIE) RAERL, Bl
WOHFEP O THRABH TS Z itk 5.

ZhEREL, JO s JM™ (m=1,2,..)2HB52k
IZ&D, Fig. 3D EDI1T J ITHT 5.

7. % Eil
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REH & BIRIE D BT MR DWW THIBA U 7. AR IR
EMELSMBSICEEL TIN5 T 5.
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m(si) 2 [ w(si,wn), m(si,uz),. .. w(si,ux) "
I(s:) £ ein” (s)
I 2 [H(s1),(s2), ..., I(sy) ]
Pio(ur) = [ pin (u), pia(un), - .., pinv (ur) 1"
Pi £ [ pijyo(u1), Pijso (), Py o (urc) 1T
P2 pPT PY ... PLT
puuk) 2 [ pio(ur), pir (s, -, pie () |7
p; = [p] (w),p] (uz),...,p] (ux) "
p=(plph,....pn 1"
g(si,ux) 2 [g(si,uk, 50), - ., g(si,u, sn)]”
g(si,un) = P (ur)g(si, ux)
g(si) = [g(si,u), g(si,u2), .., g(si,urc)] "
g2 [67(s1).8"(s2), 8" (ow)]
J £ [J(s1), J(s2),.. ., J(sn)]T
EZ2 diagle” ... e"]
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