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Abstract 

Based on works of Saharon Shelah, Jakob Kellner, and Anda Tanasie for controlling 
the cardinal characteristics of the continuum in ccc forcing extensions, in the au-
thor's master's thesis was introduced a new combinatorial notion: the intersection 
number for forcing notions, which was used in such thesis to build a general theory 
of iterated forcing using finitely additive measures. In this paper, we present the 
definition of such a notion and prove some of its fundamental properties in detail. 
Additionally, we introduce a new linkedness property called μ-intersection-linked, 
prove some of its basic properties, and provide some interesting examples. 

Keywords: Intersection number, 0-intersection-linkednesss, finitely additive mea-
sure, 0-FAM-linkedness, 0-density property. 

1 Introduction 

The notion of intersection number appears in different contexts in mathematics, for exam-

ple, in algebraic geometry1, graph theory (see e.g. [ST99]), and mathematical logic. This 

notion has even been taken into theoretical physics contexts, where some interesting appli-

cations have appeared (see[Wei20]). In mathematical logic, particularly in the context of 

Boolean algebras, such a concept first appeared in John Kelley's work [Kel59] to deal with 

the general problem of the existence of finitely additive non-trivial measures on Boolean 

algebras. There, motivated by a conjecture of Alfred Tarski, John Kelley succeeded in 

characterizing the existence of finitely additive measures using the notion of intersection 

1 Where there is in fact a sub-branch called intersection theo内 (see[Full 2]). 
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number: he proved that, given a Boolean algebra笈 thereexists a finite strictly positive 

finitely additive measure on勿 if,and only if，!J.lJ+ := !J.lJ'--{O:Jt} can be decomposed as a 
union of countable many subsets with positive intersection number (see [Kel59, Thm. 4]). 
Much later, in 2023, motivated by the ideas of John Kelley, in the author's master's the-
sis the intersection number appeared in a new context: forcing theory. In this case, the 

so-called intersection number for forcing notions played a fundamental role in presenting 
a general theory of iterated forcing using finitely additive measures in the following way. 

In 2000, Saharon Shelah built a forcing iteration using finitely additive measures to show 
that, consistently, the covering number of the Lebesgue null ideal, cov(N), may have 
countable cofinality. The iteration used random forcing, whose structure was essential 
both to be able to extend the iteration in each step and to apply it to the problem of the 

cofinality of cov(N). Later, in 2019, Jakob Kellner, Saharon Shelah, and Anda Tanasie 
[KST19] made new contributions to the method of iterations using finitely additive mea-
sures. In particular, they defined a new notion, called strong FAM limit for intervals (see 

[KST19, Def. 1. 7]), which turned out to be the key to extending iterations using finitely 
additive measures at successor steps (see [KST19, Lem. 2.25] and [UZ23, Thm. 4.3.16]). 
Finally, in 2023, in the author's master's thesis (see [UZ23, Def. 4.1.1]), it was shown 
that the intersection number was the key to extending iterations using finitely additive 

measures at limit steps (see [UZ23, Thm. 4.3.18]). Based on the ideas of the intersection 
number for forcing notions and the strong-FAM-limits, a new linkedness property called 

0-FAM-linkedness was defined in [UZ23, Def. 4.2.8], where 0 is an infinite cardinal, to 
present a general theory of iterated forcing using finitely additive measures (see [UZ23, 
Ch. 4]). In particular, due to results about the intersection number, this property allows 
to extend the iterations in the limit and successor steps, preserving the unbounded num-

ber b, and preserving what in [CMUZ] is defined as strongly-0-anti-Bendixson-families, 
which is essential to prove the consistency of cf (cov(N))＝褐

Currently, together with Miguel A. Cardona, there is an article in preparation [CMUZ] 
based on [UZ23], where a general theory of iterated forcing using finitely additive measures 
is presented. As mentioned before, the intersection number for forcing notions appears 

there, and to build the aforementioned theory it is important to have available proper-
ties and results about it, especially for the proof of the extension theorem at limit steps 

(see [UZ23, Thm. 4.3.18]). However, due to length constraints, the authors in [CMUZ] 

decided to omit the proofs of most of these results, and this is where the central idea 
of this paper was born, which can be thought of as a detailed presentation of the proofs 
omitted there. This paper is structured as follows. In Section 2, we present the neces-

sary preliminary notions for the development of _the subsequent sections, in particular, 
we present the definition of the forcing notion lE from [KST19]. In Section 3, all the 
details about the intersection number that are omitted in [CMUZ] are presented. In 
particular, it is shown how the intersection number for forcing notions is related to the 

intersection number for Boolean algebras through forcing-completions (see Theorem 3.2), 
and the behavior of the intersection number under complete embeddings is studied (see 
Corollary 3.6). In addition, some basic properties of the intersection number are proved. 
In Section 4, a new linkedness property is introduced: 0-intersection-linked, which arises 
naturally by weakening the definition of 0-FAM-linked without considering the property 
referring to the FAM-limits. In particular, based on [MUZ23], we show that any Boolean 
algebra with a strictly positive probability measure with the 0-density property is 0-



3

intersection-linked. As a consequence, the measure algebra adding 0-many random reals 

is 0-intersection-linked. 

2 Preliminaries 

We denote by Z, Q, and JR the sets of integers, ratio叫 andreal numbers respectively. 
Notice the difference between the symbols "Q" and "(Q", and "JR" and誓， since(Q and 
股 willbe used to denote forcing notions. If I <:;:; JR is an interval, we define Iq := In Q. 
We use the symbol w to denote the set of natural numbers, Ord denotes the proper class 

of ordinal numbers, and Card denotes the proper class of the cardinal numbers. 

Let A, B be sets, a E Ord and K,, >. E Card. Define 

[A]":= {X ~ A: IXI = /'i,} and [A臼：＝ {X~A: IXI＜叫．

We denote by AB the set of functions f from A into B and <a A := LJ｛臼： ~<a}.
Similarly, -C:a A:= <a+I A. For any t E <a A we define its length by lg(t) := dom(t). We use 

the symbols“〈'’and“〉”todenote sequences and“〈〉'’todenote the empty sequence. If 
A, B are non-empty, then Fn(A, B) is the set of finite partial functions from A into B, 
that is, functions f: X→B, such that X E [A]<l{。.If〈A,R〉isa preoder and BこA,
then we define B↑ :＝ ｛a EA: :3b EB  (b Ra)}. Again, if Bこ;A, we denote by XE the 
characteristic function of B in A. 

2.1 Finitely additive measures on Boolean algebras 

In this subsection, based on [UZ23, Ch. 3] and [MACUZ], we present some basic notions 
about finitely additive measures on Boolean algebras. 

Let勿 bea Boolean algebra. Recall that, if I is an ideal on勿， thenwe can define the 
quotient between妥 andJ, which we denote by沼／I,and the equivalent classes in !J1J / I 
are denoted by [b]I for any b E役

Definition 2.1. Let勿 bea Boolean algebra. A finitely additive measure on勿 isa 

function己：勿→ [O,oo] satisfying the following conditions: 

(1)三(Ogg)= 0, 

(2) B(a Vb)＝口(a)＋己(b)whenever a, b E勿 anda I¥ b = 0夙

We say that三isa measure on !Ji) if it satisfies (1) and 

(2)'口(Vbn)＝区 B(b砂whenever{bn: n < w}こ!JIJ,V n<w bn exists, and bm I¥ bn = 
n<w I n<w 
Ogg formヂn.

We exclude the trivial finitely additive measure, that is, we will always assume 3(1妥） ＞0. 
If三(lf!6)< oo, we say that三isfinite. When B(b) > 0 for any b E町 wesay that三
is strictly positive. Also, if B(lgg) = 1, we say that三isa finitely additive probability 

measure. 
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Definition 2.2. Let沼 bea Boolean algebra,三afinitely additive measure on it, and 

bE勿 withpositive finite 3-measure. We define the function 3炉勿→ ［0, oo] by 3b(a) := 
B(a/¥b) for any a E俊
三(b)

It is clear that三bis a finitely additive probability measure. 

Based on [BCM23, Def. 5.4], we introduce the notion of 0-density property: 

Definition 2.3. Let勿 aBoolean algebra, μ a strictly positive probability measure on 

沼， and0 an infinite cardinal. We say thatμ satisfies the 0-density property if there exists 

an S <;;;;勿＋ suchthat ISi ::; 0 and, for any c > 0 and b E ~+, there is some s ES such 
that μ8(b) ~ 1 -E. 

For example, any(l-centered Boolean algebra has a strictly positive finitely additive mea— 

sure with the N。-densityproperty (see [BCM23, Lem. 5.5]). 
It is clear that we have the following hereditary property: 

Lemma 2.4. Let颯 Cef'beBoolean algebras, μ a strictly positive finitely additive proba-
bility measure on妥 and0 an infinite cardinal. Assume that Cef'is a Boolean subalgebra 
of勿 andμ has the 0-density property witnessed by S. If S ~ Cef', thenμ 1 Cef'also has the 
0-density property witnessed by S. 

Recall that a field of sets over X is a Boolean subalgebra of P(X), where the latter is 
a Boolean algebra with the set-theoretic operations. Now, we introduce integration over 
a field of sets. Fix a non-empty set X, a field of sets彩 overX, and a finitely additive 
measure 3:勿→ ［0, oo). Motivated by the definition of Riemann's integral, if f: X→股
is a bounded function we can naturally define J x f d三ifit exists. In this case, we say that f 
is 3-integrable (see [UZ23, Def. 3.5.3]). For example, any bounded function is三integrable
when dom（三） ＝P(X) (see [UZ23, Thm. 3.5.10]). In fundamental aspects, the integral 
with respect to finitely additive measures behaves similarly to the Riemann integral, that 

is, we have available the basic properties of the integral such as those presented in [UZ23, 
Sec. 3.5]. Next, we list some of these properties which are necessary for the development 

of this work. 

Lemma 2.5. Let f, g be□-integrable functions and c E尺． Then

(1) f g and cf are 三—integrable. In this case, J x(cf)d三＝叫fd三．

(2) Let {Ji: i < n} a finite sequence of三integrablefunctions. Then I:i<n Ji is己
integrable and 

JX位） d己＝ご (Jxftd三）
(3) If f,g: X→JR are 3-integrable functions and f:::; g, then fx fdS:::; fx gdS. 

(4) If EE勿， thenXE is三integrableand J x XEd己＝三(E).
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2.2 Trees 

Let Z be a non-empty set. A subtree oJ<w Z is a set Tこ<wZ such that, for any p, rJ E <w Z, 
if pこrJand rJ E T, then p E T. For instance, for anyが <W,n * ~2 is a subtree of <w2 
called the complete binary tree of height n * + 1. 
Fix a tree T and p, rJ E T. Elements in Tare called nodes, and if p ~ rJ, we say that 
rJ is an extension of p. We say that p and rJ are compatible if they are compatible as 
functions. The height of p in Tis htT(P) := dom(p) and the height of T is ht(T) := 
sup{htT(P) + 1: p E T}. When the context is clear, we simply denote h行(p)as ht(p). 
An infinite branch of Tis an element of z E w Z such that, for any n < w, z「nET  
The set of infinite branches of T is denoted by [Tl. Also, for any p E <w Z, we define 
[p] := {x Eヅ： Pこx}.

Below we define other notions related to tress: 

Definition 2.6. Let T be a subtree of <w Zand p ET  We define: 

(1) For any h < w, the h-th level of Tis Levh(T) := T n h Z, 

(2)冗：＝ ｛'f) ET: pこrJ}is the set of successors of p in T 

(3) succT(P)：＝冗PnLevhtr(p)+1(T),that is, succT(P) is the set of immediate successors 
of pin T 

(4) max(T) := {p ET: succT(P) = 0}, that is, it is the set of maximal nodes of T 

When the context is clear we simply write "succ(p)" instead of "succT(P)". 

Notice that, for any p ET, ht(p) <wand, if [Tl# 0, then ht(T) = w. Also, p E Levj(T) 
if, and only if, ht(p) = j. 

2.2.1 Forcing notions 

We assume the reader to be familiar with basic techniques of set theory (see e.g. [Kunll]), 
in particular with forcing theory, however, we review some notation and definitions. 

Definition 2.7. Let (IP, s) a forcing notion. The separative order induced by S on IP, 
denoted by ::;-, is defined by: p さ•q if, and only if, for any r Sp, r IIIP'q, that is, r and q 
are compatible in匝

Notice that, if pさq,then p さ•q, however, the converse is not true in general. When 
the converse holds, we say that IP'is a separative forcing notion. For example, Boolean 
algebras are separative. A converse attempt at forcing notions, in general, can be the 

following lemma: 

Lemma 2.8. Let IP'be a forcing notion, p E IP'and仇： i< n>~ IP'. If for every i < 
n, p ~• Pi, then there exists some qさpsuch that, for any i < n, q ~ Pi• 

Diego A. Mejia [Mej19] introduced the notion of Frechet-linked: 



6

Definition 2.9. Let IP'be a forcing notion and μ an infinite cardi叫

(1) We say that a set Q i;;;; IP'is Frechet-linked in IP', abbreviated Fr-linked if, for any 

sequence f5 =〈Pn:n_ < w〉EWQ there exists some condition q E IP'such that 
q |f-lP'"I { n < W: Pn E G} I = ~。”.

(2) We say that IP'is μ-Frechet-linked, abbreviated by μ-Fr-linked, if Ua<μ,仏 isdense 
in IP'for some sequence〈Qa:a < μ〉 ofFr-linked subsets of IP'. 

Denote the ground model by V. A dominating real over Vis a real number d E ww such 
that, for any x E ww n V, x is event叫 lydominated by d. The Fr-linkedness notion arises 
implicitly in Arnold Miller's proof (see [Mil81]) that the eventually different forcing notion 
lE does not add dominating reals, which turned out to be very useful because it implies 

preservation properties (see [Mej19, Sec. 3]). 

Theorem 2.10. If IP'is←Fr-linked, then IP'does not add dominating reals. 

Recall that random forcing is the complete Boolean algebra B(w2)/Nに2),where B(w2) is 
the Borel u-algebra on w2 and N := N(w2) is the ideal of Lebesgue-null sets in w2_ More 

generally, Kenneth Kunen in [Kun84] presents an approach to deal with measure and 
category in the context of r2 with I possibly uncountable. With the product topology of 

the discrete space {O, 1 }, the basis is described by the basic clopen sets [s] := { x E r2: sこ
x} for s E Fn(J,2), and Ba(I2), the u-algebra of Baire sets, is defined as the u-algebra 
generated by the clopen sets (which coincides with the product u-algebra). We can also 
define the product measure Lebron the u-algebra Ba(f2), where {O, 1} is endowed with 

the measure whose value on {O} and {1} is ½- Then N(I2), the set of Lebr-null sets in 
r2, is an ideal on Ba(I2) and, based on [K皿 11,Def. IV.7.33], we can define: 

Definition 2.11. For any infinite cardinal 0, the measure algebra adding 0-many random 
reals is the quotient劾：＝ Ba(02)/N(02).

If, abusing the notation, for any infinite cardinal 0, we define Leb゚ ：高→ [O,oo] such 

that Leb0([A]N(o2)) := Leb0(A), then 

Theorem 2.12. For any infinite cardinal 0, Leb0 is a strictly positive probability measure 

on~。 satisfying the 0-density property. 

A proof of this theorem can be found in [MUZ23]. 

Below, we introduce a variant of the eventually different forcing notion IE introduced 

in [KST19, Def. 1.12] as a variation of a forcing notion by Haim Horowitz and Saharon 
Shelah (see [HS16]). 

Definition 2.13. By induction on the height h 2 0, we define a countable tree テ~ <ww, 
functions f2, 1r, a, M: w→wand a map μh: M(h) + 1→JR as follows: 
1. Levo(T) :=｛〈〉｝， thatis, the unique element of height O is the empty sequence〈〉,
and: 
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• Q(O) := 2, • M(O) := 16, 

• 1r(O) := 2, • μo(n) := log4（丑） forn < 16, 

• a(O) := 4, • μo(16) := oo. 

2. Assume we have defined Levh（テ） forh < w. For any p E Levh（ナ）， define

succ7(p) := {p̂〈t〉:CEM(h)} 

and 

Levh+l（わ：＝ usuccテ(p).
pELevh（テ）

Now, 

● Q(h + 1) := max{ILevh+l⑦|， h+3}, 

• 1r(h + 1) := [(h + 2)2Q(h + l)h+2Je(h+1)h+1' 

• a(h + 1) := 1r(h + l)h+3, 

• M(h + 1) := a(h + 1)汽

• μh+1(n)：＝ { loga(h+1) （嘉]1こ）， ifoさn< M(h+ 1)， 
00 if n=M(h+l). 

• If p E Levい（テ） andA~ succ(p), then we set μp(A) := μn+i(IAI). 

Finally, define 

テ：＝ LJLevh（わ，
h<w 

and if pこTisa tree and p E p, μP(p）：＝叫succP(p)).

So we have defined a countable tree T ~ ww and, for each node p E T, a norm μP has 
been defined on the subsets of succ(p). We can intuitively think of the norm μP as a way 
of measuring how many immediate successors has p. Consequently, if μP is big, we have 

more possibilities to extend subtrees at the node p. 

From the definition, it is clear that: 

Lemma 2.14. For each p ET, lsuccテ(p)I= M(h), μ⑲) ＝0, μp(succテ(p))= oo and, if 
Aこsuccテ(p),then IAI = lsuccテ(p)l(l-a(h) —四(A)) ．

We can now define the forcing lE: 

Definition 2.15. Assume that'T, e, 1r, a, Mand μPare as in Definition 2.13. The forcing 
lE is the set 

厄＝｛PこT:pis a tree and ¥/p E p (p ~ trunk(p)⇒叫P)ミ1+ lg(trulnk(p)）） }, 
endowed withこ．
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One of the important components of已， apartfrom the trunk function, is the loss function: 

．． 
Definition 2.16. Let p ~ T be a tree. If there is a 2 < m < w such that: 

(1) lg(trunk(p)) > 3m, 

(2) for any p E p, lg(p) 2 lg(trunk(p)) entails μP(p) 2 1 +点

we can define loss(p) := ~, where m is the maximal of such m. 

Therefore, loss is a function from a subset of厄into[O, l]IQ, moreover (see [KST19, 
Lem. 1.19]): 

Theorem 2.17. 

(1) dom(loss) is a dense subset of厄

(2) For anyp E dom(loss), ~ 2 1-~ -~- where Leb is the canonical measure 'L'.:_b([trunk(p)]) ::_ ~ 2'  

on the Borel subsets of [T]. 

(3) There exists some Boolean subalgebra ~ of B (Ilh<w M(h)) /N (Ilh<w M(h)),2 such 
that lE is forcing equivalent to勿． Morespecifically,し：也→勿， definedby l(p) := 
伽］］N,is a dense embedding. 

3 The intersection number for forcing notions 

In this section, based on [UZ23, Sec. 4.1], we introduce the notion of intersection number 
for forcing notions, and we study some of its properties. 

Definition 3.1 ([UZ23, Def. 4.1.1]). Let IP'be a forcing notion and Q ~ IP'. 

(1) For a finite sequence q =〈qi:i < n〉EnlP', we define 

闊）：＝ max{IFI:F ~ n/¥ ｛qi: i E F} has a lower bound in IP'}. 

(2) intll'(Q), the intersection number of Q in IP', is defined by 

intll'(Q) := inf{りq)d€ nQ/¥n € W ¥ ｛0}｝ 

Naturally, when the context is clear, we omit the superscript "IP'" in月(q)and intll'(Q). 

The following result motivates the name intersection number and it establishes a relation 
with the concept for Boolean algebras. 

2Recall that, if (X, A, m) is a measure space, where Xis a Polish space and mis a complete measure, 
the collection of m-null sets of Xis N(X) := {A EA: m(A) = O}. 
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Theorem 3.2. Let JP'be a forcing notion,妥 aBoolean algebra, and l: JP'→広 acomplete 

embedding. If n E w "--{O} and i'j =〈qi:i < n〉E守， then

噂）＝max{|I|： Iこn八八(q』ヂOm}
iEI 

Proof. Assume that 8lJ is a Boolean algebra, l:『→度 isa complete embedding, 
n E w "-{O} and define 

m :＝ max{|I|： IこnA八(e;)fo.,}.
iEJ 

On the one hand. let I C n be such that b* := 八iEIし(q』ヂoqJand III = m. Since b* #-of!IJ 
andしisa complete embedding, there exists r E IP'such that it is a reduction of b*, hence 
it is clear that r :::;• qi for all i E I. By Lemma 2.8, we can find a lower bound q E IP' 
of {qi: i EI} and, therefore, III :::; i;(q_). Thus m:::;月(q_).On the other hand, consider 
F ~ n such that { qi : i E F} has a lower bound in IP', and IF I = i; (q_). It is clear that 
八iEIi(qi)＃妙 because{ qi : i E F} has a lower bound andしisa complete embedding. 
Thus月(d)＝|F|ごm．口Theorem3.2 

Since every Boolean algebra is isomorphic to a Boolean sub-algebra of P(X) for some 

set X, Theorem 3.2 implies that i'?(〈b。,．．．，bn-1〉)isthem邸 imumnumber of members 
b。，．・．，如 withnon-empty intersection, which as mentioned above motivates the name of 
intersection number. In fact, this was John Kelley's original definition in [Kel59]. 

Below we present some basic properties of the intersection number for forcing notions. 

Lemma 3.3. Let lP'be a forcing notion, QこlP'suchthat Q # 0 and n E w'--{O}. Then, 

(1) If Q ism-linked for some mく wthen, for all q E nQ, i*(q)：：：：： min{m,n}. 

(2) If q E nQ, then 1 :S i.(q) :S n. As a consequence, int(Q) is a real number and it 
belongs to [O, 1]. 

(3) If Q is centered, then for all q E町'-2,に（り） ＝n. As a consequence int(Q) = 1 if, 
and only if, Q is centered. 

(4) For any p E lP', int({p}) = 1. 

(5) If Q is finite, then int(Q)：：：：：向＞ 0.

(6) Let Q be an anti-chain in lP', then: 

(a) If Q is finite then int(Q) =古

(b) If Q is infinite then int (Q) = 0. 

(7) lfm E (1,w) and int(Q)：：：：： 1 -¼i, then Q is m-linked. 
(8) If Q ~ PこlP',then int(P) :S int(Q). 
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Proof. Let n E w'--{O}. Notice that (1) is clear by Definition 3.1; (2) follow from (1); 
and (4) is a direct consequence of (3). For the other items, we must work a little bit more: 

(3) By (1) and (2) it follows that, if Q is centered, then for all {J_ E nQ, i*（q) = n. 
Consequently, if Q is centered clearly int(Q) = 1. On the other hand, assume that 

int(Q) = 1 and let m < w. Consider {J_ =〈qi:i < m〉EmQ. As a consequence, 
に(q)2 m, and therefore {qi: i < m} has a lower bound in lP. Thus, Q ism-linked 
for any m < w and then it is centered. 

(5) Assume that Q is finite. Let fj E nQ and ran(ff) = {ti: i < k}s:;:: Q. Sok::; IQI. For 
each j < k define r1 := l{i < n: qi=ち}|， thatis, r1 indicates the number of times 
that t1 is repeated in fj. Notice that区］＜K乃＝ n.Now consider r := max{巧:j< k}. 
It is clear that n ::; rk, i*（り） 2r and, therefore, we have that 

i*（q) T r 1 1 
n 2 ; 2元＝iミ互

Thus, int(Q) 2古・

(6) Let Q an anti-chain in匝

(a) Assume that Q is finite. So O < IQI < w. By the previous result it is enough 
to prove that int(Q) ::;古 •For this, let fj E IQIQ be such that it lists all 

members of Q. Since Q is an anti-chain is clear that i*(q) = 1. Therefore, 

int(Q) ::;囁＝古•Thus, int(Q) ::;古・

(b) Assume that Q is infinite. It is clear that for m E w "-{ 0} and q E mQ without 
repetitions, 

int(Q) ::::; 
i* (q)1 
くー
m m 

hence int(Q) ::::; ¾, for all O < m < w. Thus, by (2) it follows that int(Q) = 0. 

(7) Suppose that int(Q) ~ 1 -m昌forsome m E (1, w). Towards contradiction assume 
that Q is not m-linked, hence there exists a set A=  { ai: i < k}こQwhich has no 
lower bound and 1 < k ::; m. Define q :=〈ai:i < k〉EkQ. It is clear that i*(q) < k. 
Therefore, we have that: 

1--<  
1.  i* (q) K -1 1 
int(Q)：：：：：： ＜ 

k - k 
= 1 --m+l_----,.,i- k - k - k 

This implies that m + 1さk,which is a contradiction because kさm.Thus Q is 

m-linked. 

(8) It is clear that QこPimplies 

｛苧戸QAnEW¥｛0}}こ｛賃pE pn I¥ n E w'--{0}} 
Thus, by basic properties of inf, we get int(P) :S: int(Q). □Lemma 3.3 
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The characterization of i; in Theorem 3.2 also establishes a relation between in召(i(Q))
and intll"(Q) for QこIP':

Corollary 3.4. Let IP'be a forcing notion，勿 aBoolean algebra, L: IP'＿→広 acomplete 

embedding and Q ~匝 Ifff=〈佑： i<n〉EnQ for n E w "--{O} and b :=〈i(qi):i < n〉,
then月(ff)=i~(b). As a consequence, intll"(Q) = int!!il(i(Q)). 

Proof. On the one hand, let Fこnbe a witness of i;(q), hence by Theorem 3.2, we have 
麿―

that IFI = max { IGI: G ~ n I¥ AEG bi #伽｝． LetI ~ n be a witness ofら(b),hence 
八iEIbiヂ0勿 andtherefore, i~(b) = III ~ IFI = i;何）． Onthe other hand, let F be a 
witness of i『(q).Since L is a complete embedding, we have that {bi: i E F} has a lower 
bound in勿． Asa consequence, i~ (b)さ|Fl= i;(q). Thus, i;(q) = i~(b)．口Corollary 3.4 

As the completion of a complete Boolean algebra is the identity, we can apply Corollary 3.4 
to get that the intersection number is preserved by complete embeddings for Boolean 

algebras: 

Corollary 3.5. Let勿貿 becomplete Boolean algebras and f：~+→炉 a complete 
embedding. If Q ~~,then int!!iJ(Q) = int'6'(f[Q]). 

As a consequence, we get the analogous result for forcing notions and complete embed-

dings: 

Corollary 3.6. Let IP', Q be forcing notions,し：『→ Qa complete embedding and Q ~ IP'. 
Then intll'(Q) = intQ(i[Q]). As a consequence, for R ~ Q, intQ(R)::; intll'（し―l[R]).

Proof. Let lP', Q be forcing notions,（高，しJI')'（況，心 theirforcing completions, respec-
tively, and l: lP'→Q a complete embedding. Therefore, there exists a Boolean complete 
embedding f :島→況 suchthat the following diagram commutes: 

『し） Q 

年』心
f 
↓ 

妥IP'-------+クQ

Therefore, f o匝＝ llQIo l and, by applying Corollary 3.4 and Corollary 3.5, we get: 

in『(Q)= intggP (lp [ Q]) = intggQ (f［lp[Q]]) = int妥Q(llQl[l[Q]])= intlQl(l[Q]). 

Finally, let R ~ (Q). Then, in但(R)::::;intlQl(l[l―1 [R]]) = intll'(l―l[R]). □Corollary 3.6 

Kelley proved (see [Kel59, Prop. 1]) that finitely additive measures can be used to define 

subsets of Boolean algebras whose intersection number is bounded below by a given value. 

Theorem 3.7. Let沼 bea Boolean algebra and三：沼→ [O,1] a finitely additive measure. 
Consider IP':=~+ and <5 E [O, l]. If Q := {p E JP: B(p) 2 b}, then intlP'(Q)こふ
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Proof. Without loss of generality, we can assume that there exists a set X such that沼

is a Boolena subalgebra of P(X). Let n E w'--{O} and q =〈qi:i < n〉EnQ. For each 
i < n consider Xi: X→{O, 1} as the characteristic function of qi in X. Now, let x E X 
and Fx := {i < n: Xi(x) = 1}. So IF,』＝区：二。~Xi(x), XE niEFx qi and niEFx qi is a lower 
bound of {qi: i E Fx} in町． Hence,by Definition 3.1 (1), we have that: 

n-1 

LXi(x) = IF:のさ磯）．
i=O 

Therefore, for all x E X,匹ご。1し(x):::::;に(q).Using that ran（三）~ [O, 1], since by 
Lemma 2.5 (4) each Xi is 3-integrable, we can apply the basic integral properties from 
Lemma 2.5 to get 

磯）こ磯）三(X)＝ JX直）d三こ jx国） d己＝戸 (fxx,d三） ＝苫三(q,)2: ml 
Hence乎 2O. Thus int(Q) 2ふ □Theorem 3.7 

Upwards closing a subset of a forcing notion does not affect its intersection number: 

Lemma 3.8. If IP'is a forcing notion and QこIP',then intll'(Q) = intll'(Qり．

Proof. Since QこQ↑,int!P'(Qりさ int!P'(Q)follows by applying Lemma 3.3 (8). To prove 
the converse, let n E w "--{O} and ij =〈qi:i < n〉€吋Qり． Hence, for any i < n, there 
exists Pi E Q such that Pi ~ qi. Then i『(p)~ i!(ii), where p :=〈Pi:i < n〉EnQ, which 
implies that 

intIP'(Q)＜ 仰）月(q).＜ 
n n 

Finally, as q was arbitrary, it follows that int!P'(Q) S in『（び）． □Lemma 3.8 

4 μ-intersection-linkedness 

Inspired in the notion of μ-FAM-linkedness (see [UZ23, Def. 4.2.8], we define: 

Definition 4.1. Let]IDbe a forcing notion and μ an infinite cardinal. We say that]IDis 

μ-intersection-linked, witnessed by the sequence〈Qa,e;:a<μ I¥ EE (0, 1)祉 ifit satisfies 
the following conditions: 

(1) for any a<μ and EE (0, l)q, intll'(Q叫ミ 1-E, 

(2) for any E E (0, l)q, Ua<μ仏，e:is dense in JP. 

Ifµ=~。,we say "(l-intersection-linked" instead "~。-intersection-linked".

Example 4.2. 
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(1) As a consequence of Lemma 3.3 (4), any forcing notion lP'is llP'l-intersection-linked 
witnessed by the singletons. 

(2) Every μ-FAM-linked forcing notion is μ-intersection-linked. 

(3) Any μ-centered forcing notion is μ-intersection-linked. Indeed, if lP'is μ-centered, 
then by Lemma 3.3 (3)〈Qa,c::a<μ八cE(O,l)Q〉witnessesthat lP'is μ-intersection-
linked, where for any a<μ and c E (0, l)Q, Qa,c: := Q0 and〈Qa:a<μ〉witnesses
that lP'is μ-centered. In particular, Hechler forcing]]J)，the canonical forcing notion to 
add dominating reals, is び—intersection-linked. As a consequence, by Theorem 2.10, 
it is an example of a u-intersection-linked forcing notion that is no u-FAM-linked 

because it is no u-Fr-linked (see [UZ23, Cor. 4.2.11]). 

The following observation shows that we can change condition (2) in Definition 4.1: 

Observation 4.3. Notice that, by Lemma 3.8, a forcing notion lP'is μ-intersection-
linked witnessed by the sequence〈Qa,c::a<μ 八cE(O,l)Q〉if,and only if, it is wit-
nessed by the sequence〈Qふ： a<μ 八cE (0, 1い〉， sinceUa<μ似 isdense in lP'if, 
and only if, Ua<μ Q!,c: = JP', for all c E (0, l)Q-Consequently, we have an equivalent 
statement of Definition 4.1: we can replace condition Definition 4.1 (2) by "for every 

c E (0, l)Q, Ua<μ Qa,c: = JP'". That is, if lP'is μ-intersection-li is μ-intersection-linked witnessed by the se-
quence〈Qa,c::a<μ 八cE (0, 1)咸 wecan assume without loss of generality, that each 
Qa,c: is upwards closed, hence Definition 4.1 (2) can be changed by "for every c E (0, l)Q, 

Ua<μ Qa,c: =JP'"・ 

Recall that <p(x) is hereditary forcing property if for any pair of forcing notions匝 (Qsuch 
that JP <i: (Q, if <p((Q) holds, then <p(lP) holds. 

Theorem 4.4. μ-intersection-linkedness is a hereditary forcing property. 

Proof. Let l:『→ (Qbe a function. On the one hand, assume that l is a dense embedding 

and that JP is μ-intersection-linked witnessed by〈Pa,8:a< μ/¥E E (0, 1ぬ〉． Forany a<μ 
and E E (0, l)Q, define Qa,s:＝し[Pa,s]and let us show that〈Qa,s:a<  μ/¥E E (0,l)Q〉
witnesses that (Q is μ-intersection-linked. For the first condition, fix a<μ and EE (0, l)Q-
By Corollary 3.6, we have that 1 -E S intlt'(Pa,s) = intlQl(l[Pa,sD = intlQl(Qa,8). For the 

second condition, let E E (0, l)IQI and q E (Q. By density, we can find p E JP such that 
l(p)さ q,and by Definition 4.1 (1), there are/3 <μ and p'E P/3,c: such that p'S p, 

th~refore l~p'）こ l(P) < q and l(P'） E Qf3,e, hence Ua<！ Qa,c is dense in Q. Thus, Q is 
μ-intersection-linked. On the other hand, assume that l is a complete embedding and that 

(Q is μ-intersection-linked witnessed by〈Qa,s:a<  μ/¥E E (0,l)Q〉.Forany a < μ and 
EE (0, l)Q, define Pa,s := l―1[Qa,8]. Let us show that〈Pa,s:a< μ/¥E E (0, l)Q〉witnesses
that JP is μ-intersection-linked. For the first condition, fix a < μ and E E (0, l)Q-By 
Corollary 3.6 we have that, 1 -E S int勺Qa,e)Sintlt'(l-1[Q』)＝in『(Pa,s)-For the 
second condition, let p E JP and E > 0. By Observation 4.3, we can find/3 ＜μ such 
that l(p) E Q13,c:, hence p E P/3,6・ Thus, Ua<u Pa,c: = JP. Finally, JP is μ-i a<μ a,e is μ-intersection-

linked. 口Theorem4.4 
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Recall that cp(x) is a forcing property if for any pair of forcing-equivalent forcing notions 

lP', (Q, we have that cp(lP') if, and only if, cp((Q). Notice that, any hereditary property is a 
forcing property. Consequently, 

Corollary 4.5. μ-intersection-linkedness is a forcing property. 

The property of μ-intersection-linkedness is stronger than μ-m-linked for any m < w: 

Theorem 4.6. Every μ-intersection-linked forcing notion is μ-m-linked for all O < m < 
w. 

Proof. Let lP'be a μ-intersection-linked forcing notion witnessed by〈Qa,e:CY<μ 八EE
(0, l)q), and m < w such that m > 0. Since m+l E (0, 1), there exists some Em E (0, l)q 
such that 年 <¼i· Therefore, by Definition 4.1 (1), for all a<μ we have that, 

1 
1 

m :::::; int(Qa,em). く 1-E= < int 
m+l 

Applying Lemma 3.3 (7), we get that for all a < μ, Qa,em is m-linked. It is clear that 
each Q!,em is m-linked because Qa,em is. Finally, let p E JP'. By Definition 4.1 (2), there 

are a。<μ and q E Qao,em such that q:::::; p, sop E Q!。,em'henceUa<μ,仇，em= JP'. Thus, 
lP'is μ＿贋linked. 口Theorem4.6 

Corollary 4. 7. Every μ-intersection-linked forcing notion is 0-m-Knaster for all O < 
m < w and any cardinal 0 with cf(0) > μ. 

Recall that for H こww,we can define the localization relational system Lc(w, H) := 
〈WW'S(w'H)'E*〉,wherefor h E ww the sets of slaloms S(w, h), S(w, H) are defined by: 

S(w, h) := Il[w].:Sh(i) and S(w, H) := LJ S(w, h), 
i<w hEH 

and for functions x, y E ww, the relation "y localizes x" is giving by: x E* y iff there exists 

m < w such that for any i 2: m, we have x(i) E y(i). 

Inspired by a result of Kamburelis [Kam89], in an unpublished result, Diego A. Mejia 

showed that, if a forcing notion can be covered with 0 subsets with positive intersection 
number, then it is μ+-Lc(w, H*)-good, where H* := {idk+l: k < w }.3 As a consequence, 

Theorem 4.8. Any μ-intersection-linked forcing notion isμ+ -Lc(w, H』-good.

Corollary 4.9. Any μ-centered forcing notion isμ+ -Lc(w, H*)-good. 

We close this paper by showing some non-trivial examples of μ-intersection-linked forcing 

notions. First, inspired in [MUZ23], we have: 

Theorem 4.10. For any infinite cardinal 0, any Boolean algebra with a strictly positive 
probability measure satisfying the 0-density property is 0-intersection-linked. 

3Powers of the identity function on w. 
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Proof. Let妥 aBoolean algebra, μ a strictly positive probability measure on it, and 
fix S ~ !J6+ witnessing that μ satisfies the 0-density property. For each s E S and 
c E (0, l)IQ!, consider the sets Qs,c: := {b E沼：凡(b)2: 1 -c:}. Let us prove that the 
sequence〈Qs,c::s E SI¥ c E (0, 1い〉 witnessesthat勿 is0-intersection-linked by proving 
the conditions in Definition 4.1. For the first one, notice that by Theorem 3. 7, for any 
c E (0, l)q ands ES, we have that int(Qs,c:)2: 1 -c:. For the second one, let c: E (0, l)IQ! 
and b E !J6+. By the 0-density property, there exists some s ES such that, μs(b) 2: 1-c:, 
that is, b E Qsr Thus, not only UsES Qs,c:。isdense in勿 butit is the whole勿． Thus,勿
is μ-intersection-linked. 口Theorem4.10 

Consequently, by Theorem 2.12, we get: 

Corollary 4.11. For any infinite cardinal 0, the random algebra adding 0-many random 

reals is 0-intersection-linked. In particular, random forcing is u-intersection-linked. 

Theorem 4.12. lE is u-intersection-linked. 

Proof. For any t E 7 and EE (0, l)Q, consider the sets 

Qt,c: := {p E dom(loss) : trunk(p) = t/¥loss(p) :Sr::}. 

Since T is countable, it is enough to prove that〈Qt,c::t Eテ^ EE (0, l)Q〉satisfies
conditions (1) and (2) in Definition 4.1. 

On the one hand, for condition (1), fix t E 7 and EE (0, l)IQI-By Theorem 2.17 (3)，し：厄→
勿 suchthat for all p E已， l(p):= [[plJN is a dense embedding. Also, by Theorem 2.17 (2), 
for all p E dom(loss), we have that: 

Leb([p]) loss(p) 
>1 

Leb([trunk(p)]) -~ 2 

In particular, if p E Qt,c: then trunk(p) = t, loss(p)さcand therefore, for any p E Qぃ
Leb[t] ([pl) 2 1 -c. Define w f.i→ ［0, 1] such that for any b E笈 11,([b]N):= Lebltl (b). 
Then, µ(［o了~) = Leb[t] (0) ~ 0. Also, ¥i [;]N, [b]N E f.i are "such that・[;];(¥ ［blN = ［OlN“, 
then [an b]N = [0]N, hence an b =(an b)△0 EN. Therefore, 

μ([a]N V [b]N) = μ([a U b]N) = Leb1t1(a) + Leb1t1(b) -Leb1t1(a n b) 
= Leb1t1(a) + Leb1t1(b) -Leb1t1(0) = Leb1t1(a) + Leb1t1(b) 
= μ[t]([a]N) + μ[t]([b]N)-

Thus, μ is a finitely additive measure. 

Now, define also Q := {b E 咳： µ(b)~ 1-c}.Noticethati[Q叫~ Q. Indeed, let b E L[Q叫
andp E Qt,€ such that b = [p]N-Since t = trunk(p), [p] ~ [t] hence, [p]n[t] = [p]. Therefore, 
we have that μ(b) = μ([[plJN) = Leb[t]([p])~ 1 -E, that is, b E Q, hence i[Qt,1c]~ Q. 
Finally, by Lemma 3.3 (8), Theorem 3.7 and Corollary 3.6 we have that: 

int危(Qt,1c)= int!JlJ(i[Q』)~ inげ(Q)~l-c.
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Thus, int 厄(Qt,0) ~ 1-E. 

On the other hand, for condition (2), let c E (0, l)q and p E匝 ByTheorem 2.17 (1), 

there is some q E dom(loss) such that q S pきnd,by the definition of厄wecan extend 
trunk(q) long enough to find a condition r E lE such that rさqand loss(r)さE.So if we 

define t := trunk(r), we have that r E Qt,6 and r Sp. 口Theorem4.12 

Remark 4.13. An alternative and e邸 ierproof of Theorem 4.12 is to apply Theorem 4.10 

and Lemma 2.4. 
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