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A continuous limit of the ¢-Garnier system

By

Kazuya MATSUGASHITA* and Takao SUZUKI**

Abstract

In a recent work [5], the g-Garnier system was formulated in a framework of an extended
affine Weyl group with the aid of cluster mutations. This fact allows us to understand that
the ¢-Garnier system is a g¢-difference system of multi-directions governed by the theory of
the affine root systems. It is known that a direction of the g-Garnier system reduces to the
Hamiltonian system proposed in [1, 7, 10]. In this article we give the group of symmetries
of the Hamiltonian system from the extended affine Weyl group by taking a continuous limit
q— 1.

§1. Introduction

The main object of this article is the higher order Painlevé system proposed in
[1, 7, 10]. It is expressed as a Hamiltonian system

-0 (g, - )P =y =1 ),

n n k—1 n
(1.1) H:ZHVI —h+za2j+1 _a2k—17Za2jyza2jaa2k—1h;anpk
k=1 Jj=0 7=0 i=k
+ ) (g = D@ — ){(gqrpr + aze—1)pr + (@ + azi—1)pr},

1<k<l<n

where

Hy1lbo, b1, bt, boos q, )
=q(q—1)(q — t)p* — {bo(q — 1)(qg — t) + brg(qg — t) + (bs — 1)q(q — 1)}p + booq,
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with the Poisson bracket defined by

{pi7Qj}:5i,j7 {pmpj}:{qHQJ}:O (iaj::l?"'vn)?
where the symbol §; ; stands for the Kronecker delta, and a relation between parameters

2n—+1

Z a; = 1.
7=0

System (1.1) coincides with the Painlevé VI equation in the case n = 1. In this article
we always assume that n > 2.

A group of symmetries of system (1.1) is also given in [1, 7, 10]. Let r; (j =
0,...,2n+ 1) and r{, w1, 72, p be birational transformations. They act on the indepen-
dent variable ¢ and the parameters h,a; (I =0,...,2n+ 1) as the following table.

T | To | T T2
(1.2) ¢ ¢ et t ot
ap |ap — Gjua; | ap | 41 Qg2 g
aj ag, —aplay+1 ay —aj

2n+1
J,1=0
given in Section 2, and we use notations

Here a matrix (a;;) is the Cartan matrix of type AS} 11, Whose definition will be

n
/
A42n42 = a1, ag = 2h — E A2k 41-
k=0

They also act on the dependent variables ¢;,p; (i =1,...,n) as

{Qj - Qj+1,p¢}

T2 (qi) = qiy  T25(pi) = pi + az; (j=0,...,n),
q; — qj+1
Pj N .
r241(q) = ¢ + a2j+lwa rojy1(pi) =pi (j=0,...,n—1),
Pj+1
T2n+1(¢i) = @i + a2n41 %, Ton+1(Pi) = Pi + a2n+1M,
Dn41 + —1— DPn+1
1
7”(/)(617;) = 7"6(%‘1%) = —q;p; — A2;—1,
qi
(13) n+1 tp
k
7T1(Qi) = B

n+1
Zk; 1Pkt D s t
n+1
(qi — Qi+1)(2k:1 Pk + Zkii—H tp.)

Ti(qipi) = 1—¢ — az;
qi+1
mo(g;) = ;+ . ma(qipi) = Qit1Pit1s
1
tq1
P(Qi) = ; P(Qipz') = —Qn—i4+2Pn—i+2 — A2n—2i+3,

Gn—i+2
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where

B ZZ:1 qkpr + h

go=1 g1 =1 ppnt1= ;

Remark. A group of the transformations F' = (rq,...,Tan+1,7(, 71, T2, p) COIN-
cides with that generated by all of the transformations given in [1, 7, 10]. More precisely,
the transformations r; (j =0,...,2n+ 1) and 7 given in §4.2 of [7] belong to F' as the
following table.

Trans. in [7] | Element of F

’I“j ’I"j

s Ty

Also, the transformations 7,77 (j = 0,...,n) and , p, 7o, M1, Co1, ¢, ¢ given in §8 of [10]
belong to F' as the following table.

Trans. in [10] Element of F

rj T2j-1725725-1

7”;- T2n—-25T2n—254+1T2n—25
™ )

p romy P

o rirs .. .7’2n+17'('1_1
m TIT3 .. .T’2n+171'171'2_1
Co1 o

L T3 .. .r2n+17r2_1p
© 7"17“3...7‘2”_17r2_1p

Here we use a notation r_; = r9,,41. Inversely, all of the elements of F' can be expressed
as compositions of the transformations given in [1, 7, 10]. We do not state its detail
here.

A g-analogue of system (1.1) was proposed as a similarity reduction of the ¢-
Drinfeld-Sokolov hierarchy of type Aé}j 41 in [8, 9]. Its explicit formula will be given
as system (2.1) in Section 2. Afterward, system (2.1) was formulated as an element
called a translation of an extended affine Weyl group of type Agl) 41 X Agl) X Agl). More
precisely, the extended affine Weyl group admits a birational representation and con-
tains an abelian normal subgroup generated by translations. Hence we obtain a class of
systems of 2n-th order g-difference equations from the abelian normal subgroup. This
class is called the g-Garnier system and contains system (2.1).

The aim of this article is to derive the group of symmetries of system (1.1) from the
extended affine Weyl group by taking a continuous limit ¢ — 1. However, system (1.1)
has not been derived directly from system (2.1) yet. The limiting procedure was given
only at the level of the Lax pairs in [8]. Therefore we first give a limiting procedure
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which reduces system (2.1) to system (1.1). Then symmetries of system (2.1) reduce to
those of (1.1) together. Consequently, we obtain transformations (1.2) and (1.3) in this
article. This fact suggests that system (1.1) does not admit any other symmetry.

This article is organized as follows. In Section 2, we recall the definition of the affine
Weyl group of type A and the formulation of the g-Garnier system. In Section 3, we give
a limiting procedure which reduces system (2.1) to system (1.1). Then transformations
(1.2) and (1.3) are also derived from the extended affine Weyl group which provides the
g-Garnier system. We show this fact in Section 4.

§ 2. Affine Weyl group and g-Garnier system

We first recall the definition of the affine Weyl group of type A. Let (ai,j)N be

1,j=0
the Cartan matrix of type AS\}) defined by

ap0 =a11 =2, a1 =ayg=—2
for N =1 and

ai’i:2 (ZIO,,N),
Q41 = AN, = Gip1,i = aoN = —1 (i =0,...,N —1),

a;; =0 (otherwise)

for N > 2. Then the affine Weyl group of type Ag\l,) is defined by generators r; (i =
0,...,N) and the fundamental relations

r?=1 (N>1), (rr;)> %=1 (N>2,i#j).

7

We next give a biratiolnal representation of the affine Weyl group of type A. Let
QOjer‘ (_] = O,,Q?’L—F 1,Z

= 0,1) be variables. We define birational transformations
ri (j=0,....,2n+1), s;,s, (i=0,1) and 7, 7', p as automorphisms on C(yp; ;) by

14+ ;i 1 14+ ¢jit1
ri(pi-1,i) = %’-1,114_—{7 ri(pii) = —— 1i(pi41) = PitliT 1 n L )
Pj,i+1 Pjit1 05
ri(pni) =i (U#37,7£1),
L Qj Qj+2,i
si(@ji) = ——=""—,  Si(@ji+t1) = ©j,iPjit1Pj+1,i =,
! Pj+1,i Qjv2,i ’ PETPEEETIT Q4
1 Q) 2,0
SQ(SOS‘J') = #a 5z’(¢3‘,z’+1) = ‘P;',i‘P;,Hl‘P;'ﬁLlJ J/ =,
Pit1,i Wit2,i i

T(@5i) = @i+1itt, T (@50) = @ja1 P(Psi) = P
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/
where ©jion12,i = ©jive = Phi, P = P—ji—j and

2n+1k—1 2n+1k—1
/ /
Qj,i = E H Pi+l,is Qj,i = E H Pi+i,i
k=0 1=0 k=0 1=0

A group generated by these transformations can be regarded as an extended affine Weyl
group of type Aéil)_H X Agl) X Agl).

Theorem 2.1 ([3, 5]).  Groups of the transformations (ro,...,Tan+1), (So,S1)
and (sq, s}) are isomorphic to the affine Weyl groups of type ASL)JFI, Agl) and Agl)
respectively. Moreover, any two groups are mutually commutative. Besides, the trans-

formations 7, 7', p satisfy relations
a2 =1, (') =7 p =1, an’=7x'n, 7wp=p()7",

/

™ = 7-(-827

I
Tym=TTi—1, ST = TS;—1, S;

r_ r_ ! [ A _ o
ryTm =11, ST =T Sy, 8T =T 841, rip = pPr—j, Sip = PS;,

— _ / .
where Tjyony2 =Tj, Siyo = S and s;, o = ;.

Instead of the proof of this theorem, we introduce actions of the transformations on
multiplicative simple roots. Let o; (j =0,...,2n+ 1) and §;, 8} (i = 0,1) be variables
and ¢ a constant defined by

2n—+1 2n+1 2n—+1

o =pjoei Bi= [] enin Bi= 11 erives a= [] 1= 5081 = BoBi.
1=0 1=0 1=0

Then the transformations act on them as the following table.

| g Sk s}, | T w  p

) ) ) ) . ; :
Q| & a;j a;j Qj+1 Xjt1 Ay

Bi Bi B k_bk Bi Biv1 Bi B

Bil B Bi BB B Biy B
Here (al,j)zzf;ié and (bk’i)llc,z‘:o are the Cartan matrices of type A;BH and Agl) respec-
tively. Also we use the notation a;yoni2 = j, Biyo = B; and B, , = B;.

As is shown in [5], the group G = (ro,...,T2n+1, S0, S1, 84, S, ™, 7', p) contains
an abelian normal subgroup generated by translations, which provides the g-Garnier
system. We now choose a translation 7. = (') "l7ssg as a direction of the ¢-Garnier
system.

Theorem 2.2 ([5]). The translation 7. acts on the variables w20, P2i+1,1 (1 =
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0,....,n) anda; (j=0,...,2n+1) as

P2i-1,1Q2i1Q" o;
Q2i—102iP2i+1,1Q2i+21Q" ;15
r(02ien1) = Prietn P2i+2,1Q2i+31Q 5,11 + (1 = B1)(1 — B1)

7 T 0201Q2i41,1Q 9514 + (1= B1)(1 = BY)

and 7.(a;) = a;. We also have

mm:%,um:m,mm:%,uwzm.

Te(2i,0) = 20

Y

Hence we obtain a system of 2n-th order ¢-difference equations

802i—1,1Q2i,1QL2¢,1
aZi—10421‘9021'—4—1,1Q2i+2,1Ql_21’+2’1
©2i121Q2i+31Q" 9; 11+ (1 —B1)(1—p)

Y

©2i,0 = ¥2i,0

2.1)  ©2ir1,1 = ¥2it11 (1=0,...,n),
S s aQai11Q i1 + (L~ (1~ B])
_ . = _ Bo Bo )
a,=a; (j=0,....2n+1), p)=—, — | ==
i=a ) B q Bo Bo
with an independent variable 3, dependent variables @90, ¢2i+11 (1 = 0,...,n — 1)
and parameters %, a; (7 =0,...,2n+ 1) satisfying szgl a; = q. Here the notation
© stands for the g-shift defined by
w(By) = pla™" By).
§ 3. Continuous limit
Let ¢t be an independent variable, ¢;,p; (i = 1,...,n) dependent variables and
h,a; (j =0,...,2n + 1) parameters satisfying Z?Zgl a; = 1. Under system (2.1), by
introducing a small parameter € such that ¢ = e~¢, we set
$2i,0 = g P2i41,1 = —eSIHPEL (=0,...,n),
(3.1) i
aj=e Y9 (j=0,...,2n+1),
where s )
—1 9kPk +
o =1 dqn+t1 =1 ppnt1=— klt :
Note that
i1 = — 4i e—aazi, 02410 = _66(_Qi+1pi+1—a2i+1) (Z — 07 - n)7
qi+1

Bo = tes(h—3"k—o a2k+1), By = %ee(hzg_o a2k)7 B(l) _ teigh, Bi _ %ee(hl).
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Theorem 3.1.  System (2.1) reduces to system (1.1) in a continuous limit e — 0.
Then the derivation is given by

tﬁ:lim?_f.

dt e=0 €

We will prove this theorem in Section 3.1. In preparation for the proof, we introduce

the following lemma.

Lemma 3.2.  Relation (3.1) implies

t—1 )
(3.2) Q2i,1 = 5 + Ase + 0(62)’ Q2it1,1 = Bie + 0(52) (i=0,...,n),
where
A — (]1(22:1 Dk + ZZIZI-H tpe) +h+ ZZ:O a2k
T t )
7 n+1
Bo— Qi-t1 (D ey P+ D iy tPE)
‘ t
and
t—1 )
(3.3) Qi1 = 0 + Ale + O(?), Q 211 = Bie + O(®) (i=0,...,n),
where
W > b (aepr + azk—1) + 30500 ak(gepr + aze-1) + (h = Dain
’ tqit1 7
B _ S et tak(@rpr + a2k—1) + Sty ak(Grpr + azk—1)

1qi

We will prove this lemma in Section 3.2.

Remark. 1t is shown in [4, 8] that system (2.1) admits a particular solution in
terms of the basic hypergeometric series ,,+1¢, under a specialization

w2i+11=—1 (i=0,...,n).

Then 9, is a ratio of two basic hypergeometric series. On the other hand, it is
shown in [6] that system (1.1) admits a particular solution in terms of the generalized

hypergeometric series , 41 F;, under a specialization

Then ¢; is a ratio of two generalized hypergeometric series. Relation (3.1) is suggested
by this fact.
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§3.1. Proof of Theorem 3.1
We first show the derivation of ¢; (i = 1,...,n). Forany i =1,...,n—1, we obtain

P2i—1,1

=1+ (¢ipi — Git1Pi+1 + a2i—1 + ag;)e + O(e?)
Q2 —1002;2i41,1

from relation (3.1) and

Q2i1Q" 5, 4 ¢ , / 2
Q2i+2,1Q" =1+ t_l(Ai_Ai—H_Aifl‘i‘AZ-)E-i-O(e )
i+2,1& 2421

from Lemma 3.2. They imply
(3.4)

! Xie + 0(52),

!
Q2i—102i92i+1,1 Q2i+2,1Q 2,191 i

/
— ¥2i—1,1 Q2i,1Q72‘,1 Qi+
$2i,0 — P2i,0 = ©2i,0 ( . ! — 1> —_*

where
t
Xi = qipi — Gi+1Pi+1 + a2i—1 + ag; + t_—l(Ai — A — A+ A)).
Similarly we obtain

(3.5) P0.0 — 0.0 = —q1 Xoe + O(e?),

where
X0 = gn+1Pnt1 — @1P1 + A2n41 + ao + t%(AO — Ay — A, + Ap).
On the other hand, we obtain
q9itt

(3.6) $2i,0 — pai0 = —t d(jfi e4+0(E?) (i=0,...,n—1)

from relation (3.1). Relations (3.4), (3.5) and (3.6) imply

in+1

; qi+1 .
t—L — X; =0,...,n—1),
dt q; (l n )
from which we obtain
(3.7) t@:q-ix (i=1,...,n)
. dt i 2 k sy .

Hence we only have to verify that system (3.7) is equivalent to the first equation of
system (1.1). It can be shown by a direct calculation. We do not state its detail here.
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We next show the derivation of ¢;p; (i = 1,...,n), namely
dq;p;
t(1—t
1-t)—

n
= (¢ —t)qip? + (h + azi—1)@}p; + (-h —agi—1+ Z a2k+1> tpi + azi—1hg;

k=0
(3.8) i1
+ ) gk — D{t(arpe + a2k—1)pi + (4:pi + azi—1)qip}
k=1

n

+ Z (ar — ){(arpr + a2k—1)pi + (¢ipi + a2i—1)qipr }-

k=it1
We obtain
©2i,1Q2i41,1Q 9,411 = —quiBgez +0(?) (i=0,...,n),
i1
t—1)2
a-sya-a =" op

from relation (3.1) and Lemma 3.2. They imply

DT — _ ©2i42,1Q2i431Q 9, 1 1 + (1 —B1)(1 — 1) )
21,1 — P2i+1,1 = P2i+1,1 _
(3.9) ©2i1Q2i+11Q 9,411 + (1—=p1)(1—p51)

=-Yie2+0@E®) (i=0,...,n—1),

where )
l i qi
Yi= e (q-+1BiB’{ N iBmBz{“) '
On the other hand, we have
_ dqi+1p; .
(3.10) 9021'4_171 — 902i+1,1 = —t%{g + 0(63) (Z = 0, cee,n— 1).

Relations (3.9) and (3.10) imply

dg;p;
dt

(3.11) Py o (i=1,...,n).

Hence we only have to verify that system (3.11) is equivalent to system (3.8). It can be
shown by a direct calculation. We do not state its detail here.

§3.2. Proof of Lemma 3.2

In this section we only show relation (3.2). Relation (3.3) can be shown in a similar

manner.
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We first consider Q2;+1,1 (¢ =0,...,n). Their definitions are rewritten as
n k—1
Q2i+1,1 = Z (H 902z+1,1s02z+2,1> (14 port1,1)
k=i \l=i
i—1 /n—1 k—1
+ Z (H 90214-1,190214-2,1) P2n+1,1%0,1 (H 9021+1,19025+2,1> (14 ar41,1)-

Then relation (3.1) implies

n

D

k=i \l=t

and
i—1

D

k=0 \l=:

:Z;@f+0@»<%+0@)(

i—1
el > pryre+O(?),

t
k=0

from which we obtain

Q2i111 = Bie + O(¢?)

We next consider Q2,1 (i =

©02i,1Q2i 41,1

from which we obtain

Q2i,1 =

k—1
(H 902l+1,1902l+2,1> (14 @ar+11)

n

. (@ + O(e)) (—aqrs1prsre + O(e?))

k=1 Tk+1
n
= —gi1 ) _prrie + O
i

n—1 k—1
(H 9021+1,1<,021+2,1) ¥Y2n+1,1¥0,1 (H <P21+1,1<P21+2,1> (1 + 902k;+1,1)

=0

q1
qk+1

+ O(s)) (—gr1P8116 + O(e?))

(1=0,...,n).

0,...,n). Their definitions imply

2n+1 k

Z H ©2i41,1

k=0 =0
2n+1k—-1

Z H P2i+1,1 T

k=1 1=0
= Q21 — 1+ 61

2n+1

H P2i+1,1
=0

(1=0,...,n),

©2i1Q2i+1,1 +1— 3

t—1 ; h [
=—+(— B+ +Zk°“2’“>s+0<52)
t qi+1 t
t—1 9 .
=——+4+A4e4+0(E”) (i=0,...,n).
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§4. Affine Weyl group symmetry of system (1.1)

In this section we derive a group of symmetries of system (1.1) from the group G.
For this purpose, we first determine the group of symmetries of system (2.1).

Proposition 4.1.  Elements w € G satisfying a relation wr, = T.w or wr, =
7. lw generate a group

/
F = <T07 s 7T2n+17T077T177T27p>7

1 2

where vl = (n') " 7, T = wsp and Ty = 7.

We will prove this theorem in Section 4.1.
The actions of all elements of F' are consistent with the limiting procedure given

in Section 3. Hence the group F' provides symmetries of system (1.1).

Theorem 4.2.  The group F reduces to that generated by transformations (1.2)
and (1.3) in the continuous limit € — 0.

We will prove this theorem in Section 4.2.

The fundamental relations of the group F' follows from those of G given in Theorem
2.1 before the limiting procedure. Addition to those, a relation pmpm; = 1 is satisfied
after the limiting procedure, since 7. = pm pmy turns to be the identity transformation.
We now set

r 2 —1
Ty =TT Ty

Then the group F' can be regarded as an extended affine Weyl group of type ASL) 11X Agl).

Proposition 4.3.  After the limiting procedure, the group (ro,...,Tont1) and
(ri, 1) is isomorphic to the affine Weyl group of type ASBH and Agl) respectively. More-
over, those groups are mutually commutative. Besides, the transformations mwy, ma, p

satisfy relations

n+l _ 2 _ _ 1 -1
my =1, p*=1, mmy =mm, mp=pr , TT2p=pTy ,

rimy = MTj_1, TjTe =moTj_2, Tjp=pr—; (J =0,...,2n+ 1),
/ _ / / _ / ’ /

/ o AN/ / o / r /AN
Tl = M TeTy,  TiT2 = Mry, TP = ProTiTo,

where rjionyo = T;.

This proposition can be shown by direct calculations. We do not state its detail
here.



112 KAZUYA MATSUGASHITA AND TAKAO SUZUKI

As was seen in Section 1, parameters corresponding to simple roots of type Agl)
are given by

n n n
a6:2h—2a2k+1, a'l:1—a6:—2h+2agk+22agk+1.
k=0 k=0 k=0
The transformations (), ] act on them as

rhlag) = —ab,  rhlah) = d; +2ah, rh(ah) = ap+ 2}, ri(a) = —al.

Remark. In [2], we give an action of the group

/
F= (7“07"17“0, 17271, s 202041720, "2n+17072n+1, T17173 . - - T2n+1, T2, ,07“0>

on the basic hypergeometric series ,1+1¢,. Since the group Fis a subgroup of F,
its action reduces to an action on the generalized hypergeometric series ,41F;, in the

continuous limit ¢ — 0. We do not state its detail here.

§4.1. Proof of Proposition 4.1

By using the fundamental relations of G given in Theorem 2.1, we can decompose
any element w € G as

(4.1) w = w((n') " m)"r pke (n?)Ramh (ss1) 1 (s0)"2 (s051) " s,

where w, € <T’0, . ,T2n+1>, ki,ko = 0,1, k3 =0,...,n, kg, ks € Z and [y,12,l3 = 0, 1.
In the right-hand side of (4.1), some factors are elements of F' as

n—1 / 2 !l —2 —2
(r") " m=r{, 7w =my, SyS]=pT T2p, SoS1 =T M.

Hence we can rewrite relation (4.1) to
(4.2) w = v(mso) (shso)2 sk,

where v € F' and [4 = 0,1. Note that

v= Wr(ré)klpk%]zcg(P7T1_27T2P)k4 (szﬂz)(_l)llkf’

and
l4 = ll + lz + l3 (mod 2)
In the right-hand side of (4.2), some factors are elements of F' as

/ -1 ./ _—1
mwSg = 71, SpS0 = pPTTy ProTy T1.
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Consequently we obtain

w:l/sf)“,

where v/ € F and l4, = 0,1. Note that
v = wm (pmy prgmy ).

We first consider the case I4 = 0. Namely, we show that any element v/ € F

satisfies a relation v/7, = 7.0/ or v'7. = 7. 1v/. The generator 1), € F satisfies the

non-commutative relation as

!/ ! . -1 7
TOTC — 8050 — TC To.

In a similar manner, it can be shown that the other generators satisfy the commutative

relations
TjTe = Tel'j (‘7 = O’ t 72n + 1)7 T Te = TcT, T2Te = TcT2, PTec = TepP-

We do not state its detail here.
We next consider the case 4 = 1, or equivelently w ¢ F. A compositions of the
transformations so7. acts on the variables Sy, 8] as

! Bo

soTe(Bo) = —  SoT. 5/):
o) = 25 (o) =
On the other hand, compositions 7.5 and 7, 1sq act on By, 8 as
q B _ 1 _
TCSO(/BO) = 5 TCSO(B(/)) = _07 Te 180(50) = ) Te 1SO(ﬁ(l)) = qﬁ(/)
Bo q qBo

It follows that sg7. # Teso and so7. # 7. 'so. Hence, if w ¢ F', then w does not satisfy

both relations v'7, = 7./ and V7. = Tc_ll//-

§4.2. Proof of Theorem 4.2

Relation (3.1) implies

P2i0 = _%‘+17
qi
1+ o .
Y2411 = —1 4+ O(e), % = —qir1piv1 +O0(e) (i=0,...,n),
1 _ .
a; =1+ 0(e), a‘]:aj+0(5) (j=0,....2n+1).

Recall that ¢o =1, ¢,41 =t and ¢p11Pn+1 = — ZZ:1 qrpr — h. Hence, if we rewrite the

14+p2it1,1
€

actions of the generators of F' in C(2; .0, , 1_Eaj ) before the limiting procedure,
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the generators reduce to those acting on ¢;,p;, h,t,a; in the continuous limit € — 0.
Note that we can identify factors ¢2;41,1 and a; with integers —1 and 1 respectively in

this procedure.
We first prove for the transformations ry; (j = 0,...,n). Their actions in C(y; ;)

are rewritten as

¥25,0 . .
25 (902], ) — 1 5 25 (9022 O) ©2i,0 (l 7& ])7
1—os
. (1—1—9023 11) 1+¢23 11_902'11 %
J 7—1, )
1+ 250
11—y
. <1 + 211, 1> 1+ 9023+1 1 Y2411 250
2«7 ¥25,0 7
Qg 1 + oy
14 1+ L .
ro; < 902z+1 1) 902z+1 1 (z 7& j— Lj)
and
1—a9; 1 1— o 1— a9, 1—as; 1— a9;
. (_21) _ o Llzoey o ( ml) _loogm o Loay
€ (% € € € €
1— oy 1—q . o
7“2j( . 7’) =— L o(i#£j,E1).
Hence we obtain
oy (<25 ) =52 =),
1 1
42545 a25q5+1
roj(=qipi) = —@ipj + ———,  12(=qj+1pj+1) = —G1Pj41 —
95 — qj+1 q; — qj+1

ro;(—Qi+1Pit1) = —Gi+1Pi+1 (1 =0,...,n, i # j—1,7),
where qopo = ¢n+1Pn+1, and

7“23‘(@23') = —a2y, T2j(a2ji1) = Q241 + agj,

T2j(ai>:a'i (Z:O772n+1727£]7ji1)7

They are equivalent to the actions given in (1.2) and (1.3). Similarly we can prove for
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the transformations 241 (j =0,...,n) by using

I4p2i41,1  l—agjts
. ) — . € €
r2j+1(025,0) = P25.0 T :

€

1+p2541,1

_ . . £
"“2j+1(802j+2,0) = Q2j+19242,0 T3y, 11, — 1-aa01’

g g

roj+1(p2i,0) = w20 (1 # j,7+1),

1+poj11.1 l—aj11
T9i41 —1+(‘02j+1’1 = EJ _ EJ
7+ c 911 ;
IT+p2it11)  1+w2t11 ., .
T25+1 Y (i # 7).

We do not state its detail here.
We next prove for the transformation 7;. It action in C(g; ;) is rewritten as

1 (pgi0) = ©2i42,0 Q2i41,1 - (1 + 9021—1,1) Q241+ a2ip2i11,1Q2i 42,1
1(¢2i,0) = 1 =
(4.3) ' azita Qaits1’ 2 eQ2i1 ’

(o) = a;.
In the first equation of (4.3), thanks to Lemma 3.2, we have

Q2i+1.1 _ B; + O(e) (i # n) Qan+1,1 _ B, + O(e)
Q2i+31  Bit1+0(e) ’ Q1,1 By +O(e)’

It follows that

. . B; t B
. (_Q’L+1> __Yit2 i (i=0,...,n—1), m (__> :—(h—n,
i Gi+1 Bit1 Gn

from which we obtain

LBO
(4.4) me) = (=1...n), m()=t

i

qi+1

In the second equation of (4.3), thanks to Lemma 3.2, we have

Q21 + a2¢90€2¢+1,1Q2¢+2,1 A t ; 1

where A, +1 = Ap. It follows that

(a2; — Giy1pi+1) — Aix1 + O(e),

t .
T1(=qipi) = —@i+1Pi41 + az + t——l(AZ — A1) (i=1,...,n),

t
T (=n41Pnt1) = —ip1 + ao + t——l(AO — Av),
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from which we obtain

(4.5)

with

It is

t )
7T1(Qz'pi) = Gi+1Pi+1 — A2 — —(Ai - Ai—i—l) (Z =1,.. .,n),

t—1
n
m(h) =h+ Zagk
k=0
' 1
t (4 = @i 1) ey P+ Dopt gy tDR)
— (A = A1) = — Tt Qi+ 1Dit1-
t—1 1—t
trivial that the parameters a; (j =0,...,2n + 1) are invariant under the action of

m1. Hence the actions (4.4) and (4.5) are equivalent to those given in (1.2) and (1.3).

We can prove for the transformations r{, 7o, p easily in a similar manner.
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