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On double gaussian sums and theta
transformation formula

C. Y. LIN

Introduction

It is known that in the Theta Transformation Formula

0. (0.7) = k(0)e(o_ (o)det(yT + §) % (r) = rvrrrvre> 1y

k8(¢) = 1 [I, P.176, P.182]. A formula for k(o) would be of '
values in the theory of modular forms. For the genus one theta

group r1(1,2) we have the following formula

- 1L(d- L(q-
) id-1o5a 1 1y%(d-1)_(4y%(a-1) 3¢ 5 4 are odd
k (O’) ={ c b ’
i~ = -1 if b,c areodd.
a b
where g = ( ¢ r1(1,2). [11]
c d

In this paper, a formula of k(o) for a special kind of

element in genus two theta group rz(l,Z) is obtained.

§1. Theta group of genus two P2(1,2).
0 1

-1 0

a B 0 1
Let 1,(1) ={o= e GL(4, Z)|o t =

where o, B, v, 6, 0, 1 are all two by two inegral matrices
(last two being zero and identityj. rz(l) is the Siegel modu- -
lar group of genus two. A matrix (3 g) in M(4, Z) belongs
to r,(1) if and only if atg, yts are symmetric and ots-gly
=1.
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Let
J @ B ‘ Lt t
P2(1,2) = 40 = [4 Pz(l) (o B). = (y 8).20 mod 2
l Y6 [o] 0]
X y\ X
where = . r2(1,2) is a subgroup of Fz(l), usually
zZ u u
o

called Theta group of genus 2. In this paper we shall consider
only those ¢ in F2(1,2) whose vy is a scalar matrix,In be-
low we shall state without proof some properties of r2(1,2)

which we need in the sequel.

o B . : c 0 -
Lemma 1. Let o = € F2(1,2), Y = , C 1is a po-

sitive integer. Then

(i) 8 1is symmetric, hence

(=]
[}
wn
[
=]
[
Pt

4]
=
e
[
SN

o 1is symmetric, hence o

1
T o
=
ol ®
3}

@) cd1 and cd2 are both even
@ (c, d, d;)
iy . (c, det §)

]

(c,_d, dz) = 1.

1}

(c, det o) = 1.
Lemma 2. (classification) -

In the notation of Proposition 1, o can be classified into

the following four cases:

(I) ¢  is odd; then dl’ d2 are both even.
‘GI) ¢ 1is even, d1 and d2 are both even; hence d is
~ odd.

@M c¢ is even, di and d: are of opposité parity; hence
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3
d is odd. Without loss of generality, we maybassume

d; is odd and d, is even.

IV c is even,vd1 and d2 are both odd; hence d even.

§2. Theta transformation formula

In [ITI, P.181] Krazer gave another form of theta trans-

o B
e'rz(l), dety# 0,

formation formula, for o = (Y 5

0 (1)=(det v) et (yr+8) X (ni) |det Y|-1G§g€§a§(95§lae¢.m(o.r) SING)

Equating formula (1) and (2), then put m = 0, we get

S 1, 0 - -
k() = -i |det y]Z G1 el Jevnrernrernarnronenuieeinsnnnananans (3)
where
6= vt o T te), - 3 T8 (0TB) ceeneereeennneeeeennn(d)

|det y|-1 ) : ; E
= z 0 9(———%—— E(Yls)tg + —%—— {-;‘Y 1(’Yt6)o) seacsseovsessscsssso e (5)
£1°82°
' cC o ,
Lemma 3. If o ¢ Pz(l,Z), Y = ( ’ )’ c 1is a positive integer,
. 0 c : :
then
1 for case (I) and (II). v
?(;%—) = (_1)((:/2)(8.1/2) for case (III).o.ooo'o.ooooooonc~o(6) :

(_1)(c/2)(a1+a2)/2 for case (1IV)

§3. Degree two gaussian'density G.

‘Lemma 4; With notations as in Lemma 3, G defined by (5), we
have

c=ct § (- s+ - £(8))
mod ¢ . y _ ‘
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H(C’(S) = zgmod c ?(' _216— EGtE + % g(é)o) and let

Let H
v(@T) =} rmod n 9(-%— £T2) where n is a positive integer

and T 1is an two by two integer symmetric matrix.

Lemma 5.
[ —%n v(2c, -8) - ~ for case (I), d is odd.
w(C,'-~%— ) for case (I), d is even
H =4 —%— v(2c, -8) Vfor case (II)
v(c, -8")- —%-—w(Zc, -8) for case (III)
H{c,8"™) | for case (IV)
where. | By
5 = 2d4 ., o =- d, d,+d
d — d;+d  dy+d,+2d

§4. Separation and reduction of double gauséian sums ¢ (n,T).

Double gaussian sums ¢ (n,T) was considered by Weber in
[1v], the following three propositions are keys for the compu-

tation of <¢tn,T):

Lemma 6. - [IV, P.367 If n >>0 is an odd integer, and if

(det T,n)=1, then n-1

b, = DT
where (-) is fhe Legendre symbol.

Lemma 7. (Separation)[IV, P.17] 1If (ni,nz) = 1 then

w(nlnz, T) = ¢(n1, nZT)w(nZ; an).



Lemma 8. (Reductioﬁ) [Iv, P.44]

If det T is odd, then w(2P,T) = 4 y(2P"2,T) if p > 4

or if p >3 and T0 0 mod 2.

Lemma 9. Let T be an integral symmetric matrix,

1

then  ¢(1,T)
p(2,T) = [1 + ('-_1)'51] « 1+ (-1)%27
¢(22,T) ¥>22(1 + it 4 5t2 itl+t2+2t)

¢(23,T) = 24-it2/2 : oif ty,t odd, t, even.

It follows from Lemma 9 that

{
22 if (1), = 0 mod 2.

HER {

0  otherwise

23 (-1f82/262/9) i 112,20, t£0 mod 2
if tyztz1 mod 2, t,=0 mod 4.
if tq=t=0 mod=2, t,=2 mod 4.

§5. Calculations and final results

det (--3-)

C

(Case I) If d is even then H = y(c, -;%_) = (
c-1 c-1 '

(-1)_7_'c - (dez 6)(_1)_7_

2 ‘ , : : i
( dez 6) =A(2 vdez (8/2) ) = ( det£6/2) ) = (deté-é/Z) )f

c, by Lemmas 5 and 6 and the fact

If d 1is odd, H = —%— v (2c, -§) =‘—%— p(c, -28)y(2, —c§)

- ,i ( detc(-zs))(_lfﬁ-ﬂvz.c v 4 = (det:a j(_lfc-v/z

Lemma 5 and 6 and the fact that

c, by

¥(2, -c8) = I £ moa 2 &(—5— E8°E) = 4.
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Therefore, in case (I), H = (égé—éé)(-l)@’iyzc.

(Case ID) SEW
H= —— (2, -8)
= 1 v(2Pq, -6)
- - v, -a)u(a, -2P6)
) }, (ciet((;zptS))(_l)‘(Q-l)/Z q w(Zp,-qﬁ)v‘
) 411 (detqé Y-z Y(2P,-q8) e ernnenneen(6)

in which p > 2 for c¢ is even.

Suppose p is odd, p = 2k+1, then by reduction k times

and Lemma 9,

¥ (2P, -q8) = $(22K*1, _q8)
= 4% (2, -q8)
=4kx4
- gkl

2p+1. Oi--orlo-‘ooooocoo.uoo.o.voo.oocoo(7)

Suppose .p is even, p = 2k, then‘by reduction k-1 times

and Lemma 9,

- 4% 122, -q8)
ak-1 3 (-1)(‘11/2)@2/)

= 22kl (-1)(d1/2)'(d2/2)

p (2%, -q8)
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Pl /2272 L
(7) and (8) can be combined in one formula:
o(2P,q8) - 2p+1.(_1)(p-1)'@1/2)-@2/2).-g....-... (9)
Put (9) into (6), we get
Ho- (deE 9 Yz 0.2 L. (o) @1 /7217

_ (deé 8y (-1ja- Wz + (p-1)Q1/2)- @279,
(Case III)

H=1P(C,‘6') -——i———lp(ZC, '6)0!0..000.0..0 nnnnn ........(10)

p(2c,-8) = p(2Pq, -¢)
' = y(q, -2P5) (2P, ~8) eseeenns Ceecssaseaas eee(11)

where y(q, -2Ps) = (QE%—Q)(—lfq'y/zq by proposition 6

Suppose p 1is odd, p = 2k+1, then by reduction k-1 times
and Lemma 9 '

w(zp’ 'qa) Zk+1

i

¢(2 9"q6)

4k'1¢(23,-qa)
= 4k+1i'q(d2/2)
_ P+l ;-q(d2/2)

ceesscssssevasasacsessscsasl(l2)

Suppose p 1is even, p = 2k, then by reduction k-1 times

and Lemma 9,

w(zp,'QSj

022 g8

= 4N 2%,-a8)
1 if d2/2 even - )
2p+1x -00000010(13)‘ -

i72d1 5f 4,72 odd,
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, | 4
Put (12), (13) into (11), we get
v(2c,-8) = (égg_§)(_1§a-ﬁ/2 q x 2P*
( 1-a(d2/2) - if p is odd
X l 1 if p, dy/2 are even
| 37241 if p is even, dp/2 is odd.

- 4ot 8y a2

i'Q(dZ/Z) p odd

X 1 p, dp/2 even

. i7qd1 p even, dz/2 odd.---+(14)

On the other' hand,

n

p(2P g, -sm) |
w(q,_zp'lav)w(zp'l’_qél)..................(15)

p(c,-8")

1}

where w(q,-zp_lé') = (QEEEQ_)(—lfg'ivz q by Lemma 6 and the

fact det §' = det §.

Suppese p is odd, p = 2k+1, then by reduction k-1 time

and Lemma 9, we get

o(2P71 sty = 4K 122 qsn)

= Zp i_(dZ/z)'q-...........b...--.....c....(]‘é)

Suppose p is even, and p > 4, p = 2k, then by reduction

times and Lemma 9, we get

k-2

]

1%°2,2%,-qs )

1 if d2/2 even

9(2P7,-a8")

X

= 2P
| 17991 £ dy/2 0dd. eeeeeseees(17)
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Put (16), (17) into (15), we get

pesn) = (@b syafa W2 g, o
i 62/29a  aa
X 1 p, d2/2 even v
17941 p even, dy/2 odd.

= 2(5132_.6_) (-1)(‘1'1)/2. c

2/ a |, oaa

x 41 p, d2/2 even
i_qdl p even, dz/z odd-...ooooo-o-(l.g)

Put (18) and (14) into (10), we get

H = (d_e_g__a_)(_l)(q-l)/z c x 1 P, d2/2 even

J {82/2) p odd
l

1791 p even, dy/2 odd
In case p = 2, i.e c = 2q, we get from Lemma 9 that

4 if" dp/2 is even
w(z’ —qa) = oooo-ooooo-.-(lg) -
0 otherwise -

Put (19) into (15), we get

K } 1 dy/2 even
e, -sn) = 23t 8y a2 o
- q : 0 otherwise

Put (20) and (14) into (10), we get
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10

2 -1=1 if p=2, d,/2 even
H = (QE%_Q)(_lfQ'Q/Z c x
| 0-17991237991 5¢ o ap/2 odd

(Case 1IV):

By Lemma 5, G = G(c,s8) = G(c,g§") where

6“5: dl; d+ dy belongs to case III, hence Case IV follows
d+di d1+d24 d '

from case III.

In summary, we have

- a B v c 0
Proposition 1. If ¢ = e To(1,2), y = )
. 0

Yy 6 c
d d
s = .1 », ¢ >0, c= 2p-1-q, q 1is odd then
d dz
{ ~ -
' Cs(él---e%—--)("l)(C iVZ; if ¢ is odd

3. ety (Y2 +(@1/2:@2/9(p-1) if c, d1,dg
are all even

G =4~ .
¢3.(i‘3_;cl__)(_1)(q'])/2- z if ¢ is even,
d1 is even and
. dy is odd.
\ CS.(QEE__)(_l)@fiVZ. £ if ¢ is even,
o dy and dj are
odd. '
where . i—(dz/Z)q p:odd 4
1 p and —— even
r =4 37991 p > 2 even, d2/2 odd
~i-ad1 p =2, dy/2 odd.
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1

i'Kd1+d2+24V2]q p: odd
1 p: even and diZd; mod 4
£ = i_qdl p>2, even, and di=dy mod 4
l_i‘qdl p=2, d1=d mod 4

Proposition 2. Notations as in Proposition 1, we have corres-

pondingly
, i(de;c: 6)(_1)(c+1)/2
i(@%_é) 1@ 2 + (@1/2)(@2/2) (p-1)
K(o) = 4

i(deg 8y (_1ya+1y/2 +(c/2)(a;1_/2).§-1

‘ i(de; 6)(_1fg+1y2 +(c/2)(ar+agy2 . g1
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