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(Synopsis)

A Self-dual and other network equations are derived through the transformations of the non-
linear difference-differential equations. The soliton train solutions of the former are obtained from
the elliptic function solutions of the latter by these transformations. The soliton train of the self-
dual network equation is found to be characterized by an arbitrary parameter 6 in addition to the

wave number K.

§ 1. Introduction
A discretized equation Nn =(N,_,—N,_,,) (a+ BN, + cN,% ) » considered as modelling
the corresponding continuum equation, is reduced through simple transformation to the follow-

ing four types.

) 4 , e (1) B,=(B, ,—B,,,) B’ , e (2)

n+1

C.=(C,,—Cp ) (1=CE), - (3) D,=(D, ,—D,, ) (1+DZ). - (4)
Equation (1), or the one-dimensional chain of Volterra competition equations finds its ap-
plication in a model of energy transfer kinetics of Langmuir waves in plasmal), in addition to its

role as a model of a nonlinear electric network?). Hirota’s direct method was employed?) for
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ﬁnding the N-soliton solution of this equation.

Equation (2) is one of the discrete analogue of KdV equation3) and its application is found
in a nonlinear lumped network3). Hirota’s direct method converts it to a single bilinear form®).

Ablowitz and Ladik>) succeeded in deducing eq. (3) and eq. (4) by discretizing the generalized
Zakharov-Shabat formalism of inverse scattering, and showed their solution under the rapidly de-
caying initial condition at the infinity. The above restraint for the egs. (3) and (4) was removed
by Noguchi, Watanabe and Sakai®), who showed their solutions for the nonvanishing initial con-
dition at the infinity. Hirota and Satsuma3) obtained an expression of the N-soliton solution to an
extended ladder type network, which is reduced to the solutions of eq. (1) and eq. (3) with non-
vanishing condition at the infinity.

Equation (4), first solved by Hirota?), has more desirable property as a model of electric

network as compared to eq. (3), while eq. (3) has its significance in relation to the equalities

A =B

" n_%BM%:(l—C _%)(I—FCM%) L (5)

n

We will explain in the next section the additional transformation relations with respect to the new
quantities connecting eq. (2) and eq. (3).
Finally we refer-to the Jacobian elliptic function solutions to eq. (1), eq. (2) and eq. (3) here,

the derivation of which from a unified point of view is the main concern of this study. They are,

—__ W 2 .
A= sn2x[1_—kSn’csnz'csn(m*‘%)sn(x*%)], ...... 6)
B :/—ﬁ(‘_)__[l_kz 25 snx ]

" 2snkcnkdn k snEsnx o, (7)
Co=——E [ cnddn6 + £ sn20 — sn’

" enkdnzsng - " F(sn®0—sn’c )snasn(x+6)], ... (8)

in which = #n+ ot . In.(6)and (7) £ (0< £ <K (k)) and o are arbitrary, and o _in a func-

tion of arbitrary £ and 0 (0 <0 <K(%)), given by

2snk ,sn’k
cnxdnx(snzo —1 )
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§ 2. Transformations

(I) We start with a differential-difference equation

¢,=coth(¢, +¢,)—coth(g,+ ¢, ). , S (10

Introducing P, defined by P, = tanh¢_,we can expressedq. (10) alternatively in the form

., 11
P_<Pn_,+Pn P+P,

n

Y —p2): . e 1

The transformation to the variables B, and €, is found to be given by

B = 27
" exp (—2§on+% ) — exp2<pn_%

y e (12 and C, = coth( Po-1 T 0nl Yo e (13

We will find the elliptic function solution to eq. (10) in § 3, where we use another

expression of eq. (10) given by

Poi—F 1 _
U, =2 = (14 and U Ltu, 1=cosh2g,. - (15)
e "M

The direct substitution shows that »_ satisfies

zzn:(un_l-—unﬂ)(l-—Cf). ...... (16)
(IT) The next differential-difference equation that we investigate in §3 is given by

%tanhglrn?4[coth(¢n_1+\/fn)—coth(«#n-i-wnﬂ)] L e 1

Introducing @, defined by (= tanhy,, We can express eq. (17) alternatively in the

form
b 1 1 2
=4 - (r—09Q:). e (18
Qn ( Qn-—l + Qn Qn+ Qn+1 ) Qn,
In §3 we seek the elliptic function solution of (18) using another representation
12 Qn,—i Qn+l 2
L= 2 2 — h2lr . e Vi
R R 19 and v, 4v, L= sechy, o
The transformation to the variables B, and C, is found to be given by
2ty 2+Q,.1—0Q,,1
B=— T2 @) and Cn: 2 2 - 99
n Qn__12,+ Q,H% Qn_%-!- QM%
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The substitution shows that » and Q, satisfy
0, =(v, ,—v, )B> , 03  and énv: (0, ;—Q,.)A, . == 04)

(II) We consider the elliptic function solution to an equation

1 . 1 e (25)
+R, R, +R,_,

R,= R

n+1

in the final part of §3, where we use another representation

R, 1—R, 1 2
o = 2 2 e — R e
SRR (2 and wy 1w, 1 R. . @
2 2
The transformation to B, is given by
- 1 L
Bn h Rn+l+ Rn—l (28)
2 2
and the substitution shows that w, and R, satisfy
w,=(w,  —w,,)BZ , ® and R,=(R,,—R,,)A, . - (30

§ 3. Elliptic Function Solutions
In this section we investigate the elliptic function solutions to the precedingly presented
differential-difference equations.
In (i) we see that a postulated elliptic function solution to exp 2¢, and »,, proved to satisfy
(15) in Appendix 1, can be transformed through (13) to the solution (8) to eq. {(3). (9) is proved
there by the comparison of the both sides of (3). Next we see that this solution is transformed
to the elliptic function solutions of egs. (2) and (1), formally equivalent to (7) and (6).
In (ii) we start with an assumption of an elliptic function solution to v, and transform
it to Q, using relation (20). The substitution of them into the both sides of gq. (19).proves (9)
again. We see that B_and C, obtained from », and (), coincide with the results found in (i).
| In (iii) we assume an elliptic function solution to w, and transform it to R_ using (27).

The substitution of them to the both sides of (26) proves the validity of the assumption. R, is

transformed through (28) into the solution (7) for eq. (2).

(i) We postulate an elliptic function solution to egs. (14) and (15) as follows,

SOf [ cnfdnf+ A’sn®0snzsn(x+6) e 31)

u —_—
" 24/ sn’k—sn’f
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- dn(xo+ 55 —dn=-
:_1./' 1— dnk, [ZCnBO_(l"dnoo) 0 ...... (39)
2 v/ 2 (1-+dn6y) (dnfy— dnkg) an oot 0)+dn0

and

0,
B Sn%(lﬁo-l_ ao)cné_(lﬂ()"' 00) dn(x0+—2'q')+ dn%(ao_ IC()) ...... (33)
exp2¢, = 1 1 * By 1
snf( Ko™ 00 )Cné‘( Ko™ 00) dn (x0+ —2“)+ dn—z-( 00+ ICO)

where xy=#kyn+ @,z and § .and 6, are arbitrary. k, 6, x, and o are related to ko> Ogs £

and @y through a transformation of variable for elliptic functions

1—k
b=, 0= (14 %) 0, &= (1+4)kg and w=—1—(1+k’)(u0(k{):«/1—k§).
0
1+ kg 2 2 2

The proof that (32) and (33) satisfy eq. (15) is given in Appendix 1. (Equation (14)
can be unused.) P, is obtained from (33). Using an equality (A1—1) in Appendlx 1, we find from
(33).

) [an2t k) —anPLanGon + D tan(B—e)]

exp2(e, 1+¢,, 1)= A B, 35)
[dﬂ(Tﬁo)—dﬂjjfdn(xo 7)+dﬂ(§+ﬂo)3
Substituting (35) to (13) we find that C, is given as
- : B+ ) anp ) —ane
Ol:dn( +"0) dﬂ(‘“"’fo)] 2
6, 6 dn(w0+2—o)——dni922
(@Bt ) () —n2) - 2 7 ] ------ 6
dn(acoﬁL—ZO—)-l—anl
by
snky [ dnfy—dnxk, dn(x0+ ok dn )
_—7Lcn N 1+d ...... 87)
i Fo SN o dn(x0+21)+dn~2— _

where (A2-3) in Appendix 2 can be used for the deformation (37) from (36). The transformation
of variable (34) applied to (37) leads to the expression (8) for the elliptic function solution of (3).
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Now the substitution of (36) to the both sides of eq. (3) is found to require that the follow-

ing condition is satisfied.

6 6 ) 6

[dn (5 + ry)—dng7][dn(5 —kg) —dn 5]

wy=8snkycnk * ; ; A -~ (38
4(70’ "o) [dn (_ég_,_ £o)—dn (?— "o)]

SNk dnfy—dn«k,
cnky (14dnxy)(1—dnéb,)

2

where the definition of 4 (a, #) in (38) is given by (A1-2) in Appendix 1, and (A2-3) is used
for the deformation (39) from (38). The transformation of variable (34) for the expression (39)
leads to the formula (9).

Meanwhile the solution (33) for exp2¢, is transformed to B, as seen below.

((90+lco)cn (6,+x,) dn——dn( _"0)
B,=2 1 . 7
5“2_(00_50)0117(00—”0) dn(—2—+ /co)—dn(—zo——/co)

6
dn(x0+—0+fo—)+dn—1-(0 —Ky) dn(x0+60)+dn( O+ ry)

dn(x0+ "0)+dn (8y+ xo) dn g+ )+dn2

f( (g )3y (G (85459 3 (G (8= 50) ) 3,5 (85 =) ) =8, (5 8,52

5,238,295, (60 9,(x0)

9(- (b i) )y (- (i 44) ) 2, (~1-<xa—xa>>zﬂ4<i<xa~xa>>
2 2
[zﬂg(‘”")zﬂ( 0)72

S Sy —dody [1+dnro+(1—dn )————“l
_cnlco 2 (1+dnky) (1—dné,) %o “o 0+1:l

where’ in (40) means the multiplication by EI?I(T)_ . Further transformations (5) from B, in (41)
and C, in (37) to 4, coincide with each other and give
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/ 14
K K
PG ) B ) 9 G (0 =) iy =5 DA 5

/ /
920 2092 () 2 (s5)

n

A i RO il DS e a0
. 3 2 4 0/ "4 2 4 0 3 2 K 4 2 Ko

4 4
xl | K x0 K Xy K, xy K
0 KoY 9 (Foy Fo e (Fo__ Koy, (Fo_ Koo
?93(2+4) 4<2+4>193(2 4 294(2 4)
Ko
_ 2(dngy—dnby) [d e (1—dne.) dnasg—dn - ] "
=— — nky,+cnky(1—dngy) ———m—=— | e )
cn“ky( 1 +dnky) (1 —dnfy,) dnx0+dnx70

The transformation of variable (34) for (41) and (42) gives expressions equivalent to (7) and (6),
in which w is replaced by a function of £ and 6 given by (9).
For the later convenience we remark here that the solution (37) for eq. (3) may be expressed

as a sum of two functions of x, given by

o= snkycnby( 1+dnéy) (dnzy+dnkg) k2snky(dn ky—dn ) snaxycna, “
" snfyenky( 1+dnky) (dnay +dnfy)  cnry(1+dnky) (dnxe+ 1) (dnxy+dnby) °
(43) is verified by the substitution of an equality
0o B
dn(xo+7)—dn? _cnfp(dnazy—1) _ k5 snfy snaxycna, m
dn(x0+%°—)+dn(;—° dna,+dnf, (dnay+1) (dnay+dnf,) ‘
‘to (37).

(ii) We first assume that the elliptic function solution v, satisfying egs. (19) and (20) has a form

v sn®k—sn’0

T oA - 2 2 2 ------
Y “snkcnfdnb [1—Fsn"0sn’ ] {45)
__1 /Z(dnao_dn’%) dnzy+dné,
cnby v (1+dnb,)(1—dnx,) dnzg+1 - (46)
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Then the use of equality (Al—1) leads to

v.,ly 1
n+2 n 2

K K K K
) [dn(8y+5)—dn5-1ldn(f—3") —dn]

[dn(60+£20—)—dn(00—£20—)]2

[dnx0+dn(l9o+%)>] [dnxo'*’dn(ﬂo_%))] ...... )

[ dnay+dn %]2

where (A2—3) is available for proving the deformation. (47) leads to the expression of Q, as given

below.
0= e P ! P |:dn(£9+00)dn<—x—0—00)—dnzﬂ
0
dn-[dn(F2+0,) —dn(2—6,)] 2 2 2
dnry—dn 22
£ I3 K K o A 5”
(024 0,) 0 ) (4n (22— 0,) —an e ——] ~~~~~~ w
dnxo+dn7°
Ko
snf [ n dnky—dné, dnxo—dn7
—_ c x ......
cnfysnk, 0 1+dné, dn 0+dn% 49
—_ snf [cnednk + k2 (sn’c—sn0 )sn(x-%—i) sn(x—’c—)] """ (50)
cnfdnfsnk 2 277
where (A2—3) with an exchange <> 6, is used in the deformation (49) from (48).
From (49) we obtain
B 2kgsnb,(dnk,—dnby)snxeeneg, 51
On 4= Onsd = AT+ dnfy) (dnwg+ 1) (dnwg Fdngg)
and
snfycnry (1+dnk, ) (dnay+dnb, ) 5

Q""%+Q”+i2 =2 snxgenfy(1+dnby) (dnzy+dnk,)
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(51) can be proved by the use of (Al—1), and the derivation of (52) is given in Appendix 2. The
substitution of (46), (51) and (52) to the both sides of eq. (19) proves that the assumption of the
solution (46) is valid under the condition that (9) is satisfied. Also (46) and (52), and (51) and (52)
are found to reproduce the expression (41) for B, and the expression (43) for C, respectively.

(ili) We assume that the elliptic function solution satisfying egs. (26) and (27) is given as

Snk

Wy = dwenrdnr [ snk —dn®k— 2k%sn%csn®] e (53
= 4—3k5+(ks—4)dnky+ 2k (1—dnk )-———— ...... 654
4lf(2)woCnIC0(1+dn/c0)[ | 0 0 0 0 0 0+1]
Then we find that the relation (27) leads to

, "
dnxo_dn_

R, = 1-{-11 / 2511/60 |j20nlco”“( l—dnlco)._xz_:‘ ...... (55)
ne, ®yCN K dnx0+dn7°

= ___Za)znicdn/c [cn/cdn/c-Hs sn /csn(x+ )sn(x——)] O 50)

(A2—4) applied to the expression (55) leads to

2snkycnk dnx,+1
_/_ . , e (B])
i +R”‘% Wy dnxy+dnk, (

and the substitution of (57) and the time differential of (54) to the both sides of (26) proves

the validity of the assumption (54). The transformation (28) and the transformation of variable (34)

to the result leads to an elliptic function solution B, given by (7).

§4. Discussion
Since 0 in the solution (8) is related to the mean level, the propagation velocity is a func-
tion of not only £ but arbitrary ¢ , as shown in (9). Also the amplitude and wave form is related

to 4 ,and the propagation velocity and the amplitude change their sign according as 6 <« or

§>&. Here we examine the extreme case in which 6=K (k). We find in this case
C,=ksn(ey, kdsn (g, k), (58)
and
w:@05_2(1+k1)3n(ﬁ1, kl) S e (59)
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— k,

1‘*‘/»" s ’51:(1+k1)l£ and x1:(1+k’)x .

where k; =

o always satisfies the inequality @ >, in the solution (8) and in the related solutions such as

B, obtained from (41). The restriction seen in the latter is absent if we represent the solutions

n

as (7) and (6).

Appendix 1

Using the following two equalities
4(w, w)ldn(u+w)+dnv]l[dn (w—w)+dno]
=A4(v, w)ldn(v+w)+dnulldn (v —w)+dnul ,
in which

4(a, p)=1—kisn’asn’g ,

and
b , 00 eldnz(x0+-02—0-) +e,
dn(x0+ +5 )dn<xo ) b foN
A(xo"‘?; 7)
in which
_ . 200 2"0 2 2k 200 2
el“"C 2 dn 2 2 s Tttt (A1_4) ez_ltjo sn 7_dn _2‘Cn

we find that the assumption (32) leads to

l—dn/CO

...... (Al'—l)
...... (Al—Z)
------ (A1-3)
Ky
7’ ...... (Al“5)

( 1—dné, )(eldn2 (x0+0—0)+ e, )
[2&10 — (

% £0) (an (et Ttk (o) (i oyt )+ (9= w}
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On the other hand, using an equality

1 1 eldnz'%(ﬁoiao)—*— (2]
sn-z—(/coiﬁo)cng(fcoiﬁo):—- s e (A1-7)

6
2k§snx—20cn%dnj29

we find that the assumption (33) leads to

1
cosh2¢ =—
n 6 1 1,. 1 1
4kosn;0cn%dn70‘/sn-§(x0+00)cn—2-(x0+00)sn7(ﬂ0—00)Cn'z—(lco—ﬁo)
6,
<dn_2.<x(,+eo>—dn-;-<x0~eo>>2<eldn2<xo+;°>+e2)
7 7 ] ...... (A 1—'8)
(dn(r+3)+dng (g +0y)) (gt 52) +dn s (i = 0))
Substituting two equalities
snl(/z + 0, )cnl(/c +6 )snl( —0 )cnl(xo—ﬁ )
5 ko™ % 2 FoT % 5 VKo™V 2 0
Ky o0 0
_ 2kZsn’2 5 anf sn270cn2?0 dnfp—dng, (A1—9)
[A<00 /Co):l (1-—dn/co)(1—dn00)
1 1
e]dn'é'(ﬁo_l'ﬁo)dn'é'(ﬁo—“ao)_*'ez
0y , 0O
4k(2)cnﬂosn02 cn Odnzo 2529 cnzfzg
— S e (A 1_10)

snfy * A(ao EO)

and the difference formula of dn to (A1-8), we can verify the coincidence of two expressions

(A1-6) and (A1-8).

Appendix 2
From (48) we find

1
K
" a0 (2

Qn-— Qn+

)\:dn(-;g-l-ﬂo)-*-dn(fzg—ﬁo)—Zdn%
00
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K, K,
+(dn (F2+0) —dn 52) (dn (2 —6) —dn )

K
dn (g +52) +dn (o — 22) + 2dn

- (A2—1)
2 2 2 2
We obtain (50) by substituting the following three equalities to (A2—1), i.e.,
K K, K,
dn(7°+oo)+dn(7°~ao)—2dn§° _ snbp[(1+dnfy)engy+dng—dnf] (A2—2)
dn(—%q-F@o)——dn(%o—ﬁo) snrycnfy (1+dné,)
(dn(—§+00)—dn%)(dn(%-ao)—dn2@) - dn%snﬁo(dnﬁo—dnfco) o)
dn(%-l—ﬂo)—dn(%—ﬁo) snryenfy( 1+dné,)
K

dn(x0+-;£) +dn(~7€0“21fg)"*"Zdn2l ~ snky[(1—cnky)dnxy+dne+cnkgy]

(dn(x0+52'i)+dn52‘i)(dn(xo—%)+dn%) snfz(—)cn;i(l—i—dnxo)(dmco—f—dnxg)
T, (A2—4)
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