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THE TENSOR PRODUCT OF WEIGHTS
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1, Introduction

Let ¢ (resp. ¢) be a normal semi-finite weight on a von Neumarm
algebra M (resp. N). There exists the maximal weight ¢® py on M® N
such that ?Q' ¢ (xoy) =px)(y) for each x in (m‘,)+ and y in Cm'b)""
Purthermore if (f and ¢ are faithful in addition, % @ y iIs a faithful
semi-finite weight on M ® N.> arnd its one-parameter medular automorphism
group is the tensor product of‘_‘ ~ one-parameter modular automorphism
groups I and ¥, Let (fl (rgsp. wl) be a normal semi-finite, I - invariant
weight on M (resp. 2“", N). By [5] Theorem 5.12 there is a unique
positive self-adj oir;t operator h affiliated with the sub-algebra of
fix-points for £ (resp. k, zw)such that (?l = ‘f(h.) (n_esp. ¥y = p(k<))
We get @1® ¢ = ¢® ¢ (h®k .).
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2, The Tensor Product of Unbourded Self-Adjoint Operators

Theorem 2,1. Let H, and H, be Hilbert spaces, K, and K, self-

‘adjoint operators on H, and H, respectively, Then there exists a
unique self-adjoint operator Kl ? K2 on the Hilbert space HZI. ¥ord H.2
such that D(Klg K2) > D(Kl) ® D(K2) and XK, @ K2(gl ®&,) = K& @K,

n
for all ¢, eD(Kl) and £, eD(Kz), where D(K, ) @a D(K,) = { i—lgi@

Ei e, ®H, : EIJ; eD(Kl), Ei eD(K,) fork =1, ,.., n }, Moreover if
K, and K, are positive, K, ®K, 1s positive,

Proof. Let K =f Ade(r) and K, =j vdE(v) be the spectral
=m0 >0
decanpositions of Kl and K2 respectively,

Put D= U R(e. ®E ) where e_ =e(n) «e(~n) and E_ = E(m) -~ E(-m),
v n,mel n> m n | m

Define an operator Kl ® K2 on D by ;
(K, ®K,)¢ = (Ke ®KE e, where £ in Rle OF ).

Then K1 ® K2 1s a well-defined and densely defined symmetric
operator, Furthermore, it is essentially self-adjoint,
(1] K, ® K, 1s well defined, Suppose that € in R(en QE ) and £ in
Rle, ®E ),
e | |
We may assume n g ny and m g my without the loss of generality.
Then we have

(K]Lenl ® K2Em2)£ = (Klenl ® KEE’"z) (en ® Em)s
(K?nlen ® KE Em)g

(Ke,, ® KE )€ -
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[11] K, ® K, 1is densely defined and symmetric

D=anrJF1R(en®Em) .1s dense in H1®H2 ‘since s—limen=land
3

s:—\.limEm=l.
For all £ in D and n in D we have

(K, @K)e | n) = ((Kje, ®KE e | n)  for sufficient large n, m.
Strce K ® K 1s bounded and self-adjoint, we have

(& @ K)E | n) = (5 | (Kje @ K In)

= (| (K oK) .
K, @ K, 1s densely defined and symmetric
{1117 K, ®K, 1is essentilly self-adjoint. Suppose that there
exists a constant C such that |((K; ® K,)e | n)| }=c (6} » forallg inD
Take ¢ = (Kje, ® KE n = (e, @ E)(Kjq @ KF)n InD
then we have A '

ﬂ(Klen®K2Em)nn <C for all n, m.

strce (e, ® KE Inll 2 = ((Ce_ ® K3E In | n) 1is monotone

- increasing with respect to (n, m), there exists 1lim ﬂ(Klen 2 KgEm)ﬂ il 2
(n,m)

We have, for n < n;, mgm,
 ®
I (Klenl @ KlEml) (enl ® Eml
| By @ K, i ® = 1y, © Km 2

€ for sufficient large (n;, my) 2 (n, m).

| %, @ K,)(e ~e, ® E )l 2

2
~e, ® Em)n”

L

‘-3
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Since s~ 1im (e ® E )Jn =n, and s~ lim (K, @ K,)(e, @ E )y exists,
(n,m) (n,m)

we get n in D((K1® KZ)**), therefore (K1® KZ)** is equal ‘f:o (K1® KZ)*.

We denote the closed extension of Kl ® K2 defined above again by

Kl@ K,, It is noticed that (Kl@ Ké)en® E =Ke ®KF forall
n, m 4n N,
For each ¢, in D(K,) and ¢, in D(K,),
1K@ K2)(en1® By = a® B @ €))] 2
= Mo, 6 O K £y - e @ K|

L u.(‘Klenfly - Ki&ty) @ Ky eoll 4 IKeE® K 22 = KFpe) | %

L 2l (Klenl - K,e )alll MKzgzl[ + 1K elu m1 - KE Jes |l 3.

We get £ @ £, in D(chg K2) by the closedness of K; @ K2 ,
which means that D(K1® K2) 2 D(Kl) e, D(K2) ad K, ® K2(51® 52)
= K1£1® £ for all £y 1nD(K ) and gzinD(Ke)
Iet T be an another self-adjoint operator on H1 5] H2 with the
above properties. By T(en®Em)(51®52) = K8 £® KZEm.z2 =
(k) @ K))(e) ® E () ® &) for all g in D(K)) and g, in D(Ky),
arnd the closedness of T, we get T(e ®E )= (Kl @;Kz)en ®E,. Using
the closedness of T again and s-lime & EIn = 1, we have T D K, therefore

(n,m) ©
-T =K by the self-adjointness of Tand K, then Kl ® K2 is determined
uniquely. If K1 and K2 are positive, K1 ® K2 is positive since

= ' ti »
(Kl ® K2)en ®E =Ke ®KE 1isa pesitive bounded operator.

Notice 2.2. Iet Kl and K2 be bounded positive operators on Hl and

H2 respectively, K'.L ® K2 is a positive (bounded) operator on Hl ® H2
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Remark 2.3. In the Theorem 2.1 if K1 and K2 are affiliated with
von Neumann algebras M and N respectively, then .Kl @ K2 is affiliated

with the von lleumann algebra M@ N.

Definition 2.4, If h and k are positive self-akjoint operators on
Hilbert space Hand €> 0 we put h, = h(1 + en)™F We write h gk
if h_sgk_ for some ( and hence any ) €> 0. This is equivalent to

the two corditions

o1 1 1, 1,
D( hZ ) 5 D( k2 ) amd I el|“ < (k2"

1 .
for each £ in D(kZ),  We say that a net { h, } of positive self-adjoint

operators ircreases to the self-adjoint operator h, and write hi 2 h
ir hig 7 he. Thus h 2~2h when MO0,

Lemma 2,5. K1 ®K2 7K ek whenK1 and K, are positive
self-adjoint opemtors on Hl and H2 r'esoectively, § \ O, € \$ O

Proof,

(Kl‘s ® Kze) (e, ®E) = Kla e, ® K2 Em , for eachn, min N

K ST, o Sy K By LKy By S KE,
where § > &' ard e:_;e.’.

By Notice 2,2, we get

(Kla L Kze) (en ® Em) < (Kld' ® Kes,)(en® Em) < (K1 o K2)(en ®E)
moreover

KZl.gen® K2eEm % (Kl ® K2)en @ Em )
Then :

© -1, @ ~1

(1+(xJ K, )) e, E‘.s.(1+(x<1®K2)) e, OE .
Since the operator norms of (1 + K,]25 ® K, ) and (1+K® K;)_l
aresrallerthanl s - 1im e®E =1, weget

(n,m) ™

HSQ\
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(1+Kl ®K2) N (1+K1®K2)
Then we get
(Kla@ K2€)1=1- (1+K16®K26)"7' 1—(1+K1®K2)
Hence

Kls.ﬁ KZEZ Kl ® Ky

3, The Tensor Product of Normal Semi-Finite Weights.

1. (K1 ® Kz)l.

In this chapter, we often refer to [5] The Radon-Nikodym theorem

for von Neumann algebra, and let @ be a faithful normal semi-finite

welght on von Neumann algebra M, which glves rise to a one-parameter

group ¢ of atitorrmphisms of M, The proof of Lemma 3,1 is almost similar

to [5] Lemma 5.2.

Lemma 3.1. let ¢ be a normalsemi-finite weight on M, if there

-exists ao-weakly dense ¥-subalgebra B in mg, invariant under I such

that ¢ =y on B, then we have ¥ 59, ¥ [me =%, and ¢ is faithful.

Proof. If xand y are in B, then P(x + y) and p(x  y) are

normal functionals an M which agree on B, since B is an algebra. Therefore
?(x *y) =y * y), Since B is a dense *-—algebra there is a
net { w, Hn B, such that u, converges g#-strongly to 1 and | u, |l <1. Put
1/” "
h, = ﬁz‘f exp ~ t%, (i, )b
- N

Since B 1is invariant under I we have

‘f'(srt(}.t))) (uA)) Yoy (u ) xo (uk))
for ail s and t and each x in M, It follows from [5] Lemma 3.1, by the

polarization identity, that ¢ %x .h)‘) = w(_hAx th).

-6 «



Each h)‘ is an analytic element with
L )
c(hx) = 1r2/exp(—(t-a) )ot(u)‘)d‘c

1
I Qo (hy)EN = | (172 [ exp(=(t-0)P)a u )at)E |

1
172 [ exp(-(6-a) %, (1 Deat |

1
72 [ lew(-(6-a)?| 1 o, (10 OFat

1
‘= 2 exp(Ima)zf exp - (t—Rea)zﬂ ct(l—u)\)fu dt

iA

Um oy (1-u)Ell = 0 and. o (1-u))E) £ 2 g, for all A Ing,
A

ard so by Lebesgue dominated convergence theorem we have
li.m il (l-oa(_hk))gu =0 ie s~ 1lim Ga(h)\) =1 for allae iIncC.

Take now xin m, . Using the g-weakly lower semi~continuity of ¢ and

1 1 _ 1
A2 h)\A— Z= G-U2§hx) on D@~ 2) by [5] Lemma 3.5 we get

_ , 1
px) < Um q,(h)‘x h) = l_i_mg’(hkx hl) = lim | n(x2 hx)ll 2
1 - 1 -1 1 -
= Lim I ShSn(x2)4 © = Lim [fT42 hya 2 J n(x2) |
1 1
= Unllo_y ,,(0)n(D % = im fa_y (0 )2 I 2

1.2 1 -
= §InG2)N © = InG2)I < = ‘f(x).

Thus ¢ ;Cf ,

By [1] Lemma 2,3, there exists T in nr(M)' such that
0Tz, wy*x)= ()| Tnly))

for x, y in nr. Then we have

1 1
v(h,x h)) = (n(x2 hy) | T n(x2 1))

T S S
=] T2 n(x2 hy)ll

-



By the same arguement above

: 1 1.2
¢(hyx hy) = T2 Jo_y ,,(h) In(x2) L °.

_ 1 1 o
Then we have Um y(hyx b)) = 1im || T2 Jo_, ,,(h) In(x2) i
1 1 2
=|T2 J-In(x2) |l

4

1
=lTa(x2) [l © = w(x).

Therefore ¢(x) =€ (x) for all x in (my) .-

We. refer to [5] Lemma 3.1 with.respect to the faithfulness of y.

Proposition 3.2.([5] proposition 5.9) If ¢ is r-invariant
nornal. semi-finite weight on M which is equal to ¢ on a o-weakly dense

& N )
Z-invariznt -subalgebra of m? then Cf = 9.

Proposition 3.3, Let (r* and ¢ be falthful normal seml-finite weights

“on von Neumann algebras M, N, O and P one-parameter groups of

automorphisms of ‘f and ¢, which are denoted by £ and ):‘b respectively.

¥

There exists a unique I ® r'-invariant normal semi-finite weight 8 on

M®N such that
my > mY®a my, a(x®y) =% (x) - wly)

for all x in (mT)+, y in (mw)_‘_ . ,Mofeover let g be a normal semi-finite

weight on M@N such that my D M e, m,s g{x e y) =e(x)u(y)

for x in(mr)+, y in(mw)+. Then we have g < 6, 'g]me =6 and g is faithful.
Proof. We may assume that M =(, (‘)1/%), N =L(l/%) wherezy?o and

Q// Ve 2T the maximal modular algebras associated with ?[/(fand?[/w in [2]

Theorem 2.13 respectively. By [4] Theoremll.l['l/f e;%/w M A1(°’) @a A2(u),
(] [o]

¢ in{} is also a modular algebra, moreover we get

Ly o, LY )L T,)-

-8 -
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By [4] Lemma 2.1 there exists a unique positive self-adjoint non-
singular operator A on H ?® H  such that A% is the closure of
l(a) 2(a) for all a in{, therefore a1t = 1 ® A;t for all
t 1nR.

For each n, fi.n?[’lrc> and n, in%) 0o Ve BBt

op ® o(n(n)) ® n(ny)) = o (n(ny)) ® o (m(ny))
' ' 1t

(Aitml)a'it) ® (a¥x(ny)05

- 11: -1t g ,-it)

><n<n1> ® 1(n,))(4]°° & 8,

= A 1r(nl ® n2)A

Then o, @ p, coincides with the modular automorphism group of 314[0 @awwo

on a g-weakly dense sub-algebra n(?l/,o) ®a W(W%). Therefore
¢ ® o, 1s equal to it.

Let 6 be the canonical weight of ?‘I/P ® 74/ Yo defined in [2]
Theorem 2.11. By [2] Propsition 4.4 ¢ is a faithful normal semi-finite
K.M.S. weight with respect to o ®p., B =1. Sir\cez/? (respll//,) is
equivalent to 21/7, (resp.y/ w) we have £®n in (?(/f ® Y, v )" for each
£ m'l/?and n in?[/w and (£ ® n) = 7(§) ® 7(n). We get

8((r(g) ® m(n))*(n(g) @ n(n)))

8(m(£ ® n)*r(£ @ n))

(¢®n ] e®n)
=ugn 2 i
=@ (n(E)*n(£))-v(m(n)*n(n)).
By [2] Lemma 2.4 for eachlx in(m,,)+ :aLnd y i’n(mw).l_ there exist E
in U/?and n in )l/,b such that x2 = w(€), y2 = m(n), then we have

8(x®@y) =P(x) - u(y).
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Let g be an another £ ® r¥invariant normal semi-finite weight
on M@N such that ;

mome® m , gx®y) =Fx ‘v

for all x in(my), ,y in(mw)_,_. By Proposition 3.2 we have 6 =g . The
last part of Proposition 3.3 is clear by Lemma 3.1.

 Theorem 3.4, let f1 and ¥, be normal semi-finite welghts on
Mand N, p and g, the support projections of ?1 and \pl respectively.
There exists a unique normal semi-finite weight el on M®@N such that ;

@) Mg, = ™, ® ™.

(1) 6;(x@y) =¢;(x) - ¥,(y)

for each x"in(mqvl)_,, and y in(m " )y s and that o, 1is z:?l ® ¥ —invariant
an the von Neumann algebra pe@g(M® N)p ® q. PFurthermore 6l is the
maximal normal semi-finite weight with the properties (1), (#) and
its support projeétionv is the tensor product p® q.,

Proof, It follows from Proposition 3.3,

Definition 3.5. The maximal weight above 1s called the tensor
product of ¢, and Y,» which is denoted by ¢; @ ¥y .

Corollary 3.6.([3] Proposition 6.2) Let M and N be two von Neumann
algebras, v and y two normal strictly semi-finite weights on M' and N,
(fi)ieI [resp. (gJ )JeJ] a family of positive normal linear functionals

such that I eI fi =v on M+ and their supports are mutually orthogonal

+

[resp. z,jeJ gj-= u, N'J.
(1) == Iy ;5 Q gj is a strictly semi-finite normal weight on
. E)

me Nt

This weight does not depend’on the choice of (f‘i) and

10> &lyer
-~ 10 -
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its support is the tensor product of the supports of v and u. The

algebra m contains m, ea m, and we have - @'mv ea m, = v @a M.
Let 6 be an another normal seml-finite weight on (M® N)+ with the

above properties. Then we get ;

mg> m  and T = 6|

(1) We suppose that v [resp. ul is K.M.S.with respect to a
one-paraneter automorphism group {wt} [resp. Xt]’ B = 1. Then there
exists g unique normal weight t on (M @ N)+ such that m.>m ®a m

T} =9 o, p and 1 is K.M.S. with respect to {w, ®x.}on M@N,

mv @a mu

8 = 1. This welght is equal to the weight defined above,

Proof. (1) By the choice of f,, fi(-) is equal to \;(pi° pi) where
Py is the support projection of f,, therefore fi is z"—invaifiant on
pMp where p is the support projection of v. Similarly 'gl 1s tM-invariant
on gNq where q is that of u. Since < = 5 4 fy @8 1 1° @ '-tnvariant
on peqg(MeN)pe®q, . tis the mximl weight in Theorem 3.4,

(#) By the uniqueness of K.M.S. in [2] Proposition 4.8
we have ;

_ v
pmt( ° )p e Ut

Y
Clxt( )Cl Ot . »
Therefore 1 is I'° & tM-invariant on p® a(M® N)p & q. It follows

from Theorem 3.4.

Corollary 3.7, ([2] Corollary 6.5) Let v and u be two norral semi-
finite traces on von Neumann algebras Mand N. Tt =v®u 1is a uniéue

normal semi-finite trace of M ® N such tha;c. m, ®a mu' < m. and

| =v e .
o m
mv amu a

-1 -



Remark 3.8, (1) If v and & are strictly semi-finite normal
_weights onMard N, v ® u 1s a normal strictly semi-finite weight on
M® N. ' |

(#) If v and p are normal semi-finite traces on M and

N, v® u is a normal semi-finite trace on MeN.

Corollary 3.9, (The extension of [2] Corollary 6.4) Let ¢ and y be
two faithful normal semi-finite weights on M and N, ¥, Y, and Yy,
be the generalized Hilbert algebras defined by So, ¢ and P® y respectively.
Then Q/TG v is 1somor'phic to the acheivad-semeralized Hilhert algebra
of U/rQaiL’I v Furthermore the modular operator A cf‘zglj‘,<9 " is the tensor
product of . modular opemfors of Wf and?[/ v

Proof. It has already been proved in Pronosition 3.3.

4. The Radon-Nikodym Theorem in the Tensor Product.

Theorem 4.1 Let ¢ and y be faithful normal semi-finite weights on
M and N, ?1 j’(h ) and "’l = d:(k ) where positive self-adjoint operators
h and k are affiliated with Mz and N° ¥ respectively.
Then we get

?l?wl( *)=poypthok-)

where h @ k has been defined in §2.

That is  P(h ) ® vk )= PO y(h @ k ).

Proof. For each x in(my ), and y m(mw')+

$1(x)
ENGE liém‘fy(ks' ¥).

lim P (h_ - x)
€

By [5] Proposition 4.2 we have

1
xhZ inm
€ {

oR;II-' n%lb—l
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for all € >0 6 >0,
$,® v (x@y) =P (DY)
= 1im P(h-x)v(k;y)
(6,8) € 8
=1lim¥Y®y(h ® k.* x®y).
| (G,S)f € 6
By Lemma 1.2 and [5)] Proposition 4.2 we get

P, @ wl('x ®y) = ¢@v(h ® k'x®y)

for x in(m ?.)+ y in(mw‘ )+ .
(5] Theorem 4.6 says that

@ _ it e\ it
9 hdt()h

otq" o= kitog it
L e
By the definition of ¢, ® ¥, ; o
siree 11t 1t ¢ 1 @ 1E
| ?, @
¢ y(h®k - ) 1is o

where [h] and [k] are the range projections of h and k respectively. By

L L ST Wity
and h® k comutes with hi®® kit

—~invariant on [h] ® [k](M ® N)[h] ® [k]

Theorem 3.4 we get PO ¢(h®k * ) =?l®wl.'

Corollary 4.2, In Theorem 4.1 we suppose that® 1 ad ¥, are
K.M.S. welghts with respect to T and 18 respectively.
Then ¢ 1 ® wl is K.M.S. weight with respect to O ® A

Proof, .. It follows from Theorem 4.1 and [5] Corollary 4.1.
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