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Abstract

We study the multiplicative convolution for c-monotone independence. This convolution
unifies the monotone, Boolean and orthogonal multiplicative convolutions. We characterize
convolution semigroups for the c-monotone multiplicative convolution on the unit circle. We
also prove that an infinitely divisible distribution can always be embedded in a convolution
semigroup. We furthermore discuss the (non)-uniqueness of such embeddings including the
monotone case. Finally connections to the multiplicative Boolean convolution are discussed.
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1 Introduction

In non-commutative probability theory, many kinds of independence are known. Among them,
tensor, free, Boolean and monotone independences [16, 21, 22] are important since they satisfy natural
properties [18]. Free, Boolean and monotone independences can be unified in terms of conditionally
free (c-free, for simplicity) independence [7, 9]; free cumulants [22] and Boolean cumulants [21] can
also be unified by c-free cumulants [7]. Only in the monotone case, however, monotone cumulants
[13] cannot be unified by c-free cumulants. To overcome this difficulty, conditionally monotone (c-
monotone, for simplicity) independence has been introduced in [12], and as a result, orthogonal
independence [14] turned out to be included in c-free independence and c-monotone independence.

In this paper we study the multiplicative convolution associated to c-monotone independence.
While c-monotone cumulants cannot be unified by c-free cumulants, the complex analytic charac-
terization of the additive c-monotone convolution follows from the additive c-free convolution. This
situation is the same for multiplicative convolutions: we show a complex analytic characterization of
the multiplicative c-monotone convolution by using a result of the c-free case. Then we characterize
infinitely divisible distributions. These results can be seen as a generalization of results of papers
3, 10].

*Supported by Grant-in-Aid for JSPS Research Fellows.



Multiplicative convolutions sometimes cause problems which do not appear in additive convo-
lutions. For instance, while the monotone and orthogonal convolutions preserve the probability
measures on [0, 00), the Boolean convolution does not [3, 4, 10, 15]. Another instance is the fact that
a probability measure on the unit circle is not always infinitely divisible with respect to the Boolean
convolution [10]. This makes it difficult to define a multiplicative analogue of ¢-transformation, an
additive version of which was first introduced in [8] to deform the additive free convolution. The
latter problem will be understood more in this paper.

Let us explain the main contents of each section. Section 2 is devoted to relations among kinds
of multiplicative convolutions in a unified way in terms of c-free convolutions. In Section 3 we
characterize multiplicative c-monotone convolutions by using generating functions for the c-free con-
volution. In Section 4 we prove that there exists a one-to-one correspondence between a c-monotone
convolution semigroup and a pair of analytic vector fields. In Section 5 we prove an embedding of
an infinitely divisible distribution into a convolution semigroup. The proof uses results on monotone
convolutions of [3]. We discuss uniqueness and non-uniqueness of such embeddings. We then discuss
a multiplicative version of t-transformation coming from multiplicative Boolean convolutions.

Notation and necessary concepts are provided below. An algebraic probability space is a pair
(A, ) of a unital algebra A and a linear functional ¢. X € A is called a random variable. We
always assume that a linear functional preserves the unit. If we consider probability distributions
of random variables, then positivity is needed in (A, ¢), so that we assume that A is a *- (or C*-)
algebra and ¢ is a state. If two linear functionals ¢, 1 are provided in the same algebra, we also call
a triple (A, ¢, %) an algebraic probability space.

We define two independences which are in particular important in this article. C-monotone
independence was introduced in [12].

Definition 1.1. Let (A, ¢, %) be an algebraic probability space; let I be a linearly ordered set. We
consider sublagebras {A4;}ics, each of which does not contain the unit of A. A; are said to be c-
monotone independent if the following properties are satisfied for all elements X, € A;, and indices
il;”‘ 7Z‘n7 nZ 1:

(1) o(X1---X,) = o(X1)p(Xy--- X,,) whenever iy > iy;
(2) (X1 X)) =o(Xy - Xp1)e(X,) whenever i, > i, _1;

(3) o(X1- Xy) = (p(X;)—0(X;)) (X1 Xjo1)o(Xjpa - X))+ (X5)p(Xa -+ - X1 Xja -+ Xi)
whenever j satisfies ;1 < ¢; > ;4 and 2 < j <n —1;

(4) A; are monotone independent with respect to .

Monotone independence was defined in [16] (see also [17]). We however note that the above
properties (1)-(3) become monotone independence with respect to ¢ in the special case ¢ = 1.

C-monotone independence was defined for subalgebras; however independence for random vari-
ables {X;} can also be defined if we consider the subalgebra A; generated by X; without the unit of
A.

C-free independence was introduced in [6] and further studied in [7]. For later use, we also define
a c-free product of algebraic probability spaces.

Definition 1.2. (1) Let I be an index set and let (A;, ¢;,1;) be algebraic probability spaces. The
c-free product (A, ¢, 1) = *;c1(A;, 4, 1;) is defined as follows. A := x;c1.A; is the free product with
identification of units and 1 := *;c;1; be the free product of linear functionals. ¢ is defined by the
following rule: if X € A;, with iy # - -- # ¢, and ¢, (X;) = 0 for all 1 < k < n, then

P(X1-- Xo) = [ ] o1 (X0). (1.1)
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If |I| = 2, we denote the c-free product as (@1, 1) * (Y2, 92) = (Pry ¥, P2, Y1 * 1), omitting the
algebras for simplicity.

(2) Let (A, p,7) be an algebraic probability space. Subalgebras {A,;};c; are said to be c-free inde-
pendent if they are free independent with respect to 1 and satisfy the following property:

n

P(X1--- Xo) = [ [ (X (12)

k=1
whenever X, € A;, with ¢y # --- # i, and Y(X) =0 forall 1 <k <n.

Let (A, p,1) be an algebraic probability space and C[x] be the algebra generated by an inde-
terminate x. A distribution is a linear functional or sometimes a pair of linear functionals on the
algebra Clz]. A distribution of X € A is a single distribution px or vy, or sometimes a pair of dis-
tributions (ux,vx) on Clz] defined by px(z") = o(X™) and vx(z") = ¥(X™). Without mentioning
explicitly, we hereafter assume that the symbols p and v denote distributions corresponding to ¢
and v, respectively. If X is unitary and selfadjoint in a C*-algebra with a state, we can respectively
identify (ux,vyx) with a pair of probability measures on T and on R.

A multiplicative c-free convolution of probability measures has been introduced and investigated
in [20]. If X and Y are c-free independent, the distribution (uxy,vxy) only depends on the distri-
butions (ux,vx) and (puy,vy) on Clz], not on a specific choice of an algebraic probability space or
random variables. Therefore, we call (uxy,vxy) a multiplicative c-free convolution of (ux,vy) and
(py,vy). We use the notation (puxy,vxy) = (txv Xy ty, vx Ky ) = (ux, vx) K. (py, vy) for the
multiplicative c-free convolution as a binary operation. Forgetting the random variables X and Y,
we can formulate the multiplicative c-free convolution (y1, 1) X, (ug, v2) of two pairs of distributions
(/leﬁ v l)

Let (u,v) be a pair of distributions on C[z]. We consider generating functions in the sense of
formal power series. However, if distributions are bounded in such a way as |u(z")| < A™ for a
constant A > 0, then all the generating functions make sense as analytic functions. Let G, denote

the Cauchy transform: G, (z) =3 & () We also define 7,,(z) := 1 — gy Which plays important
HAz

roles in descriptions of multiplicative convolutions in the free, Boolean, monotone cases. The R-
transform and c-free R-transform are then defined from the functional relations

1

e =z—R,(G,(2)), (1.3)
1

) T R (Gu(2)). (1.4)

If we introduce E(W,)(z) = 2R, (2) and E#(z) = 2R, (z), the relations (1.3) and (1.4) are written
as follows:

ﬁy(%) __mlz) (1.5)

—n(2) B L—n,(2)
5 < 1u(2)
R ( ) - . (1.6)
N =) T=m(z)
These relations are more convenient than (1.3) and (1.4) in this paper.
= »—1
We define a c-free T-transform T{,,,(z) := %}«2&)@)) and a T-transform T, (z) := iy B

the paper [20], Wang and Popa proved that the multiplicative c-free convolution is characterized by

T(ul,lll)@c(m,w)(Z) = T(M17V1)(Z>T(u2,v2)(z)7 (17)
TR0, (Z) =T,(2)T, (Z) (1.8)



2 Observations on conditionally free independence and other
notions of independence

We unify several multiplicative convolutions in the literature in terms of c-free convolutions. We
denote the free, Boolean, monotone and orthogonal products by *,¢, > and Z, respectively; for
instance, the reader is referred to [14, 18] for their definitions. We consider algebraic probability
spaces (A1, p1,%1) and (Asg, pa,15). If A; admits an algebra homomorphism ¢° : A; — C, then A,
has a decomposition

A =Cla A° (2.1)

with A? := Ker ¢’ (i = 1,2). In this case we have the following relations.

(@) * (1, 10) = (@ * b, *1p) on Ay * Ay,
(9,8") % (19, 6%) = (pop, 0" % %) on A} * AJ,
(0,6") % (1, 0) = (@ >1h,¥) on A} * Ay,
(0, 0") % (6%,0) = (pLip, ) on A7 % Ay.

The relations (2.2), (2.3) were found in [6, 7], the relation (2.4) in [9] and the relation (2.5) in [12].
In the special case where A; = C[z] and Ay = Clxy], we can define a linear functional 47
(j=1,2, ceC) by

—~~ o~ —~
O = W N
— N N

§(af) ="
We note that 6/ = 67 holds. Then we obtain the following results.

Proposition 2.1. We denote by (@1, %y, P2, Y1 * 2) the c-free product (p1,¢1) * (pa,12). Let
Ay = Clzy] and Ay = Clas]. Let (pj,1;) be a pair of linear functionals on Aj;.

(1) x1 — ¢1 and x3 — co are Boolean independent in (Ay x A, P61 *62, ©2)-

(2) 1 — c and xy are monotone independent in (A; x Az, 0151%4,02).

(8) x1 — 1 and x93 — co are orthogonal independent in (A; x As, P161 % 522, 521 > ¢2).
(4) x1 — ¢ and x5 are c-monotone independent in (A1 * Az, Q151%y, P2, V1 D> U2).

Proof. If we use the property 62((z; —¢)") =0 (n > 1), (1), (2) and (3) are equivalent to (2.3), (2.4)
and (2.5), respectively. (4) follows from Theorem 3.6 of [12]. O

In the commutative algebra C[z], a linear functional is equivalent to a distribution of xz. Then
we can formulate multiplicative convolutions of distributions on C[z], as explained in the c-free case.
We re-write the equalities (2.3)-(2.5) in terms of the multiplicative c-free convolution of distributions
by using Proposition 2.1:

(1 61) B (v,61) = (10191, (2.6
(, 1) X (v,v) = (v, v), 2.7)
(:ua(sl) X, (517V> = (IUZI/, V)? (28)

where ¥, B> and Z respectively denote the Boolean [10], monotone [3] and orthogonal convolutions

[15] of distributions. We note that a symbol for a product of states sometimes differs from that for
a convolution of distributions.



In papers [3, 4], Bercovici has defined other multiplicative convolutions by supposing X — ¢(X)
and Y — ¢(Y) are independent. We denote these convolutions of distributions by &g and & in the
monotone and Boolean cases, respectively. These are associative and characterized by the relations

1 > Musow(2) _ mu(ma(v)2) my (ma (1) 2)

oy (1)7) : )z ma):

Musan(2) = 4 .9

where m,, () is the nth moment p(z™). From Proposition 2.1, these convolutions are also written in
the c-free setting:

(1, 5m1(u)) X. (v, 5m1(1/)) = (u Wov, 5m1(u)m1(l/))7 (2.10)
(1 O () Do (v, v) = (B> oV, Tony (V) (2.11)

where T,u is characterized by nr,,(2) = en,(2). In addition, if we use a multiplicative c-monotone
convolution which will be introduced in Definition 3.1,

(1 Oy () B (Vs Oy (1)) = ((Sy () 1) WV, Oy (pyms (1)) (2.12)

where S,p is defined by ng,,(2) = @ Therefore, the associative law of ¥, is naturally understood

in terms of X.; we can say that B is the multiplicative version of the Fermi convolution [19]. By
contrast, the associative law of >y cannot be understood in terms of X, or .. We do not treat this
problem in this paper.

3 Multiplicative conditionally monotone convolutions

A multiplicative convolution for c-monotone independence is defined as follows.

Definition 3.1. Consider an algebraic probability space (A, ¢, ). Let X, Y be elements of A such
that X — 1 and Y are c-monotone independent (or equivalently, X — 1 and Y — 1 are c-monotone

independent). Then a multiplicative c-monotone (or B>.- for short) convolution is defined by the
distribution of XY

The reason why we consider not X but X — 1 can be partially understood from Proposition
2.1 and the relations (2.6)-(2.8). However, it is expected that the reason is more clarified in future
researches.

By definition, the left distribution pxy only depends on pux,puy,vy. The right distribution
vxy is the multiplicative monotone convolution. Therefore, we denote them as (uxy,vxy) =
(Ux Buy iy, vx B vy) = (ux,vx) Bc(py,vy). As is the case for other convolutions, we can only
consider distributions on Clz], forgetting the random variables X and Y.

An immediate consequence of Proposition 2.1 is a connection to the c-free convolution.

Proposition 3.2. For distributions py, jo, V2, we have piy B, fta = 15X, 2.

Proposition 3.2 enables us to characterize the c-monotone convolution in terms of analytic func-
tions used in the c-free case. The result, however, is not trivial.

Theorem 3.3. For distributions piy, Vs, ja, V2 on Clz|, we have

Mo (2) -
N Buy B2 (Z) - Ty (Z) U (771/2( ))7 (31)
Thn DV2<Z) =T (771/2(2)) (32)



Ifn,, = 0, for instance if vy corresponds to the normalized Haar measure w on T, (3.1) is understood
10 B T by s (2) = 220y (0 (2) = pa (2)7s (2):

If distributions are arising from probability measures on the unit circle, the above relations are
valid as analytic maps for |z| < 1.

Proof. First we assume that the mean v»(z) is non-zero since we use the inverse function of RQ
whose coefficient of z is equal to v5(x). (3.2) was proved in [3]. We note that T, 5(2) = “Zrznu(lf‘rz).
Then we have

T(ul B> g M27V2)<Z> = T(M1751)@C(M2,V2)(2)
= Tur,60)(2) Tz, (2)

~ ~ (3.3)
_1+2 ( z )R(M,Z,Q)(Ry2 (2))
z M\l 4z ]”%1721(2) '
Therefore, we have
- - 142 2o\~ -
R(,“l Dug H2:V2)(RI/21(Z)) = > 77#1 <1 + Z)R(}LQ,IQ)(RV; (Z)> (34>
We define w by the relation Rjzl(z) = Ty Lhis is equivalent to z = ]A%/lQ(lfni" (w)) = ijy(u(?u).
Then we have .
— (). 3.5

Combining the equalities (1.6), (3.4), (3.5), we obtain the conclusion.

Second, we consider the case v5(z) = 0. We note that the moments of p; B, p2 can be expressed
in terms of sums and products of moments of iy, us, 5. Therefore we can approximate v, by a
sequence Vén), n=123,---,so that Vé") (x) # 0 and Vé") converges to 15 in the sense of moments.

We let n tend to infinity and then the conclusion follows. This proof includes the case 7,, = 0. [

This characterization includes B, W and the multiplicative orthogonal convolution Z: these
convolutions have been characterized in [3, 9, 15] as

Muww(2) = M (3.6)
Nusv(2) = % (3.7)
Nupsv = Ny © Ny (38)

In terms of c-monotone convolutions, the monotone, Boolean and orthogonal convolutions appear
as follows.

(b, v) Be(p, v) = (RBV, pBv), (3.9)
(u,él)bc(y, 51) = (,uLXJ v, 51), (310)
(ty \) B e(01,v) = (ulv, ABv). (3.11)

4 Convolution semigroups for multiplicative convolutions

From this section, we consider distributions coming from probability measures. We respectively
denote by T and D the unit circle {z € C: |z| = 1} and the unit disc {z € C: |z| < 1}. Moreover,
let P(T) and P(R.) be the sets of probability measures on T and R, respectively. It is known that
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the multiplicative monotone convolution and orthogonal convolution preserve P(R.) [3, 15]. The
multiplicative Boolean convolution, however, does not preserve P(R. ), and hence, the multiplicative
c-monotone convolution does not, either (see [4] and also [11]). We do not investigate into this
problem in this paper and we focus on probability measures on P(T) from now on.

The following characterization is known (see [2]).

Proposition 4.1. Let n: D — C an analytic function. The following conditions are equivalent.
(1) There exists a probability measure p € P(T) such that n =n,,.

(2) n(0) =0 and |n(z)| <1 for all z € D.

(3) In(z)| < |z| for all z € D.

We know that (u1, 1) Bo(p2,v2) € P(T) x P(T) if (p1,11), (u2,v2) € P(T) x P(T), since the
product of unitary elements is again a unitary. We can also prove this property from Proposition 4.1
easily.

The following points are useful to understand this paper. The convolution for right components is
just a monotone convolution whose properties have been studied in details in the literature (see [3, 9]
and also [5]). We often use such results to prove properties of left components. However, sometimes
a proof for left components essentially includes a proof for right components if we set the probability
measures of the left and right components equal. We have met such a situation in Theorem 3.3: the
proof of Eq. (3.1) actually generalizes Eq. (3.2).

We prove a correspondence between a B>.-convolution semigroup and a pair of vector fields. We
consider a B>.-convolution semigroup {(u,v:)}i>0 with (uo,v0) = (91,61). If we define Fi(z) =
logn,,(e*) and Hy(z) := logn,,(e*) in a suitable domain, we have the relations F,(2) = Fi(Fy(2))
and His(2) = Hi(Fs(z)) — Fs(2) + Hg(2). Interestingly these relations coincide with the additive
c-monotone convolution case. However, we need to restrict the domain to define the logarithm and
Muraki’s method in [16] cannot be applied. We give a proof based on Berkson and Porta’s result on
composition semigroups [5].

Theorem 4.2. Let U be an open set in C. Let {Fy(2)}i>0 and {Hi(z)}i>0 be families of analytic
maps Fy : U — U, H : U — U satisfying Fo(z) = z, Ho(z) = z, Fiis(z) = Fi(Fs(2)) and
Hiis(2) = Hi(Fs(2)) — Fs(2) + Hs(2). We assume that (t,z) — Fy(z) and (t,z) — Hy(z) are both

continuous on [0,00) x U. Then there exist analytic vector fields Ay and As in U such that

d
S H(z) = Au(Fi(2)), (4.1)
d
G Fi(2) = Ao (Fi(2)), (4.2)

for z€ U andt € [0,00).

Proof. The fact for F, and A, is known in [5]. We prove the claim for H; and A;. For any compact
convex set K C U, there exists o > 0 such that the convex hull of U{F;(K) : t € [0, a]} is a compact

set in U. We denote the convex hull by K. In this proof, we always use C' to mean that there exists
some constant (dependent on K'). Berkson and Porta have proved that

|F)(z) — 2| <Ct3, z€ K, teo,1]. (4.3)
We apply the same method to H;. A key equality is the following:
Fi(z) d
Hy(2) —2H(2) + 2z = / —(Hy(w) — w)dw

. dw

[P 1 [ H() = ¢
_/z Mot e w2

(4.4)
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where T is a closed curve around K. The path for the integration with respect to w is the line
segment from z to Fy(z). By simple estimation we obtain

|Hat(2) — 2Hy(2) + 2| < C|Fy(2) — 2| < Ct5 (4.5)

for t € [0,1) and z € K. Then we have
1
[Hi(=) = 2| < 5|Hau(2) = 2| + Cts for te0,1, z€ K. (4.6)

By iteration, we have

| Hyn(2) — 2] < 27" Hy(2) — 2| + Ct5275 Y " 275
1 (4.7)

< 27" Hy(2) — 2| + Cti273"

for t € [0,1] and z € K, n > 0. Since {27t :n >0, t € [5,1]} =[0,1], the estimate

|Hy(z) — 2| < Ct3, 2€ K, te]o,1] (4.8)

follows. More precisely, let s = 27"t for n > 0 and % < t < 1. Then (4.7) can be written as

|Hy(2) — 2| < 3[Hi(2) — 2] + Cs3. Since |M| is bounded for ¢ € [3,1] and z € K, we have
|H(2) — z| < Cs + Cs3. This inequality holds for all s € [0,1]. Finally, we note that s < s3 for
s € 0,1].

The remaining discussion is the same as the original paper. We do not repeat the argument. [J

To prove the main theorem in this section, we need the following fact. We note that the proof
does not depend on the semigroup property.

Proposition 4.3. Let {¢;}er be a family of analytic maps on D parametrized by t € I, where I
is an interval. We assume that the map t — ¢(2) is continuous for each z € D. Then the map
¢ :[0,00) x D — D defined by ¢(t, z) = ¢(2) is continuous.

Proof. Let B :={z € D: |z| < R} for R < 1. By Cauchy’s integral formula, we have

1
b=k [ B,
T Jop, W — 2
for = € Bpand t € I. Let (t,,2,) be a sequence converging to (¢,z). By Lebesgue’s bounded
convergence theorem, ¢y, (z,) — ¢:(2) as n — oo since |¢;(w)| < 1. O

Now consider a weakly continuous &> .-convolution semigroup {(p, v4) }1>0 with (uo, vo) = (61, 01).
From the weak continuity, 7, and 7,, are continuous as functions of ¢ for each z. Moreover, 7,,(z) and
., (z) are continuous in C'([0, 00) x D) from Proposition 4.3. We take a compact disc D C D, 0 ¢ D.
Without loss of generality we assume that D C C,. There exists « such that U{n,, (D), n,,(D);t €
0,a]} € C. and then we may define logn,,(2) and logn,,(2) for z € D, t € [0,a]. We define
Fi(z) := logn,,(e*) and Hy(z) := logn,,(€*) and their domain E := log(D). The images H;(E) and
F,(E) may not be included in E, but we can use the technique of Theorem 4.2 for small ¢ and obtain
the differentiability of H;.

We quote the following theorem; the reader is referred to [1].



Theorem 4.4. Let f: D — {z € C: Rez > 0} be an analytic function. Then f can be represented

as Y
, e+ 2
f(z)=1b +/ ="

—T

p(do),

—z

whereb € R and p is a positive finite Borel measure. Then b =Tm f(0) and p([a, ]) = lim, 1 5 ff Re f(re')
for all continuity points «, 3 of p.

Theorem 4.5. Let {(ut, 1) }i>0 be a weakly continuous B>.-convolution semigroup with (uo,vy) =
(01,01). Then there exist analytic functions By, By : D — C satisfying Re By, Re By < 0 such that

d

() = () B 1 (2)), (1.9
C(2) = 10 () Baln (2)) (1.10)

Conversely, if two analytic functions By, By : D — C are given satisfying Re B1,Re By < 0,
there corresponds a weakly continuous B.-convolution semigroup {(p, v¢) }e>0 with (wo,vo) = (61, 01)
defined by (4.9) and (4.10).

The vector fields are written in the Herglotz-Riesz formula

: z+¢ :
Bie) =i+ [ Zenido. j=12, (1.11)
12—
where v; 1s a real number and T; is a positive finite measure. This formula is the analogue of the
Lévy-Khintchine formula in probability theory.

Proof. For the second component, the claim is identical to the monotone case in [3] and we only
explain the first component. The first component is similar. The existence of the vector fields is the
consequence of Theorem 4.2, as explained in the above. By Proposition 4.1, n,, satisfies

G
s ()] = |22, 2 (412

S |nﬂs<z)|)

which implies that |7,,(2)| is a non-increasing function of ¢. By the way, (4.9) implies that
d
M (2)* = 2[m, (2)["Re Bi (s, (2)) (4.13)

Indeed, [ ()2 = (£0 (D)@ + () L0 (2) = [ (2)2Br (00 (2)) + [ (2) P B (i (2)).
Therefore, By needs to satisfy Re B; < 0.

In the converse statement, the existence of 7,, is a consequence of the result in [3]. Therefore, we
only needs to prove the existence of 7,,. If a given vector field B; satisfies Re B; < 0, we can define
K¢ by

w2) = zew ([ Bl (2)a5). (114)

We can prove the functional equation ryy4(z) = '”f]Z”—zé'z))ns(z) as follows. Let fi(z) := ki1s(2) and
g1(2) == %Z“—?Z()Z))rﬁs(z) for a fixed s > 0. The differential equations for f;(z) and g,(z) are

d
Eft(Z) = f1(2) B1(M,,.(2))

9



and

d Ks(2)
G0 = Rl () B, () 22

= 9:(2) B1 (1., (2))-

These two equations imply that ﬁ%ft(z) = ﬁ%gt(z), and therefore fi(z) = ¢:(2).
Re By < 0 implies that |x(z)| is non-increasing, and hence, |k (2)| < |ko(z)| < |z|. By Proposition
4.1, there exists p, € P(T) such that x; = n,,. In conclusion, (4, ;) forms a c-monotone convolution

semigroup. O

5 Infinitely divisible distributions

5.1 Embedding of an infinitely divisible distribution to a convolution
semigroup

Infinitely divisible distributions form an important class of probability measures in probability theory.

It is well known that an infinitely divisible distribution can be embedded into a continuous convolution

semigroup. We establish the analogy for the multiplicative c-monotone convolution. We start from
the definition of infinite divisibility.

Definition 5.1. (p,v) € P(T) x P(T) is said to be B>.-infinitely divisible if and only if for any
natural number n > 2, there exists (,, v,) € P(T) x P(T) such that (u,v) = (pn, vs)>™.

From now on w denotes the normalized Haar measure on T.

Lemma 5.2. Let (i, v) be B> -infinitely divisible.
(1) If [ Cdp(C) =0, then p=w.
(2) If [ ¢dv(¢) =0, then v = w.

Proof. The fact (2) is known in [3]. First we prove the following fact.

(*) Let A\, p € P(T). We define ai(\) by na(2) = Do, ax(N)z* for A € P(T). Let (A", p") :=
(A, p)Pem. If [ CdN(C) = 0, we have ai(\") = -+ = a,(A\") = 0.

We prove this by induction. If n = 1, the statement is trivial. We assume that this property
holds for n = p. Then

Myw1(2) = Me o ae(2)
_ e (2))
= ()

Nov (2)
= (D @ mp(2)) Do a2
k>2 k>1
Since a;(A\P) = - -+ = a,(A?) = 0 by assumption, the power of z in ny+1(z) starts from p + 2. This
implies that a; (A1) = -+ = a,, 1 (\PT!) = 0.

Let pin, v, € P(T) (n > 2) be probability measures such that (u,v) := (un, v,)®<™. We observe
first that 0 = a1(u) = a1(p,)™, which implies a;(p,) = 0 for any n > 2. Then we can apply the
above fact to conclude (1). O

Theorem 5.3. Let i, v € P(T) be probability measures. The following statements are equivalent.
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(1) (u,v) is & -infinitely divisible with p # w,v # w.

(2) There exists a weakly continuous B.-convolution semigroup { (s, i) }r>0 with (wo,vo) = (01, 01)
and (p1,v1) = (1, v).

Proof. The proof is the same as the monotone case (see Theorem 4.4 in [3]) if we use Lemma 5.2,
and we omit the proof. O

Remark 5.4. The convolution semigroup {(p,v;)} in the statement (2) is not unique as we will
show in Subsection 5.2.

The following properties are useful to understand the - and B>.-convolutions.

Proposition 5.5. Let v be a delta measure at a point in T and {1, }1>0 be a B>-convolution semigroup
as in Theorem 5.3 (2). Then, the associated function Bs(z) satisfying (4.10) is a constant with value
in iR.

Proof. Let v be the delta measure .« for an « € R. By expanding n,,(z) = Y07, b,(t)2" and

n=1""n
By(z) = 3021 s,2" 1 in (4.10), we have £b;(t) = s1b1(t). The initial condition is b;(0) = 1, so that
bi(t) = e*''. Since by(1) = €', s; = i + 2mwin for an integer n. In particular, s; € iR. By the way,
the Lévy-Khintchine formula (4.11) for By implies that Re s; = —7»(T). Therefore, 75 = 0, and the

function Bs is a constant in ‘IR. O

Remark 5.6. In connection to Remark 5.4, By(2) = ia+2min (n € Z) generates the same probability
measure o, at time ¢t = 1. The translation by 2min however does not preserve the probability
measure at time 1 in generic cases. In the next subsection we will investigate this problem more.

Proposition 5.7. Let {(p, 1) >0 be a weakly continuous B.-convolution semigroup with (fo, Vo) =
(01,01).
(1) If By = 2m'§ for integers p # 0 and q > 0 which cannot be divided by a common prime
e2minp/q_ n .
ﬁumber, th.en N (2) = 2 exp(.rl + 2 eNn(g)e Tn+1ﬁqulz ) where N = {1, 2, 3, } In partzgular,
if By = 2mik for a non-zero integer k, n,, becomes €™z, and the explicit density function of p, is the

Poisson kernel shown in Example 5.17.
(2) If By =0, then n,, (z) = zeP1©).

Proof. If By = 27rz'§, Ny, 1s expressed as

N (2) = zexp </01 Bl(nys(z))ds> = zexp </01 B1(€2m%z)ds>

by (4.9). We expand the function By as Bi(z) = > o2, 7,2"! and the integral becomes

n=1

1 00 1
2i P 2ri ST
/ By(e™ 7 z)ds = E z”'r’nH/ e a ds.
0 p— 0

The integral in thQSan{HS vanishes if and only if n can be divided by ¢. If n cannot be divided by g,
the integral fol ¢*™ 4 ds becomes %.

If B, =0, then we can prove the claim by the same method. O
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5.2 On convolution semigroups which have the same distribution at time
one

We denote by ID(¥,T) the set of all ¥-infinitely divisible distributions and define ID(¥,T)q :=
ID(W,T)\{w}. Franz proved in [10] that a probability measure p € P(T) belongs to ID(¥,T)g if
and only if ’7“7(’2) (defined by 7,,(0) at the origin) does not have a zero point in D. This condition is
equivalent to the condition that there exists an analytic map B : D — {z € C: Rez < 0} such that
nu(2) = 2¢2#). The above two conditions are also equivalent to the condition that y can be embedded
into a convolution semigroup {/i;}+>0. The relation between B(z) and p is 1,,(2) = ze'B*). We can
understand this relation as a special case of (4.10) where v, are all equal to d;. Now there is a problem
which does not arises in the additive convolution: the function B is not unique. The non-uniqueness
is however only due to the transformations

B +— B+ 2min for n € Z. (5.1)

We consider the problem of uniqueness in the monotone and c-monotone cases. We follow the
notation in Theorem 4.5. Let {(ut,v4)}e>0 and {(fit, 74) }+>0 be weakly continuous B>.-convolution
semigroups satisfying (uo,v0) = (fio, %) = (01,61) and (u1,v1) = (f1,71). The vector fields for

{(1¢, 7¢) >0 is denoted by (El, Bs). We assume that all yq, v, i1, 7 are different from the normalized
Haar measure. In addition we expand the four vector fields as

By(z) = Z 72" By(z) = Z 52"
Bi(z) = ZFnz”’l, By(z) = Zfs’vnz”’l.
n=1 n=1
Also we expand 7,,, 1y, N, and 7y, as
ha(2) = D an(®)2" mu(2) =) ba(t)2",
M (2) =) _@a(t)z" mw(z) =Y ba(t)2"
n=1 n=1

The transformations (5.1) do not preserve the time-one probability measure p; in generic cases.
For the reader’s convenience, we state the results in the two cases of monotone and c-monotone
convolutions separately.

Theorem 5.8. (Monotone case) (1) If 11 = vy is not a delta measure, then there exists an integer
n such that

~ 211
By — <1 + 7”")32. (5.4)
S1

(2) If vy = 1y is a delta measure, then there exists an integer n such that

By = B, + 2min. (5.5)

Theorem 5.9. (C-monotone case) (1) If vy = Dy is not a delta measure, then By and By satisfy the
relation (5.4). Moreover, there ezists an integer m such that

- omi omi
By = 2mim — 2 (1 v m")Bl. (5.6)
S1 S1
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(2) If vy = vy is a delta measure, then By and Bo satisfy the relation (5.5) for an n. By and B,
necessarily satisfy ™ € r1 + 2wiZ. In addition, there are several cases.

(a) If sy € iR N (2miQ)¢, then there exists an integer m such that (5.6) holds.

(b) We assume that s, = 2m’§ for integers p # 0 and q > 0 which cannot be divided by a common
prime number. We moreover assume that s1 # 0 if s; € 2miZ. Then 7,41 = 141 for j € NN (¢N)°,
where N = {1,2,---}. There are no restrictions on r; and r; for j € gN+ 1.

If one of s and s is 0, there are three cases.

(¢) If sy = 2mip for a non-zero integer p and 51 = 0, then 7; = 0 for j > 2. There are no
restrictions on r; for j > 2.

(d) If sy = 0 and s; = 2miq for a non-zero integer q, then r; = 0 for j > 2. There are no
restrictions on r; for j > 2.

(e) If sy =351 =0, thenr; =7r; for j > 2.

It is difficult to formulate the above theorems in terms of transformations. Let us focus on the
monotone case. In the case (1), the transformations

By — (1 n QZ”)B2 (5.7)

preserve the time one probability measure. However, (1 + %)Bg may not map the unit disc D

into the left half plane {z € C: Rez < 0}. We take the function Bs(z) = z — a for Rea > 1 as an
example.

If a = 1, then By(2) is equal to z — 1 whose image is tangent to the imaginary axis in the complex
plane. If this image is rotated by however small angle, it has a nonempty intersection with the
imaginary axis. Therefore, the image of (1 — 2min) B, never be contained in the left half plane. This
implies that there is no other function B, which generates the same measure at time one.

Next let a be a sufficiently large real number. Then we can easily prove that the function

1 - @)BQ maps D into the left half plane for some non-zero integer n. This means that the

function By is not unique for the time one measure p;.
To prove the two theorems, we need to express s, and r, in terms of b,(1) and a,(1). This is
done through the following lemmata.

Lemma 5.10. Let f,(t) := a,(t)e ™" and g,(t) := by(t)e 5" for n > 1. There exist polynomials
Py i o) (@) and Qy o ) (x) forn>1 and ks, l; > 0 such that

n—1)sit

( —1 — — k.
T € r J
f0-em T (2) s
f ( ) Tl n — 1 _I_ Z H Sl H 1 (l17 Jnik, 7kn)(e )
1<li+-+lp_2+k1++kn_2<n—1, Jj=2
1,>0, k;>0
(5.8)
s, e~ — nl S\ ki ot

p="t > II(2) Qe (5.9)

S1 n—1 .
1<ki++kn—2<n—1, j=2
ki >0

for n > 2. The summations are understood to be 0 forn =2. Ifn =1, f1(t) = ¢1(t) = 1.
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Proof. From the coefficients of 2™ in the differential equations (4.9) and (4.10), it holds that

d n—1
Zan(t) = r1a(t) + raar (£)by O D > b () bk, (Dak, (1), (5.10)
m=2 k1+-+kn=n,
ki>1
d
Zbn(t) = s10a(t) + subi (¢ —I—Zsm > b () by, (t) (5.11)
m=2 k1+“]<‘:+>km:n7
> 1

for n > 2. If n = 2, the summations are understood to be 0. £a;(t) = ria;(t) and Lb;(t) = s1b1(2)
for n = 1. We note that initial conditions are a;(0) = b;(0) = 1, a,(0) = b,(0) = 0 for n > 2. In
terms of f,,(t) and g,(t), we have

d n—1
%fn(t) = by ()" + Z T'm Z by (£) ++ + bk (8) fn (1), (5.12)
m=2 k1+--l;j—zkiﬂ:n,

Lo =sb 0+ s S ) b (Do, (1) (5,13

m=2  ky+-tkm=n,
ki>1

Then the claim can be proved by induction. O]

Lemma 5.11. Let a,, := a,(1) and b, := b,(1). Then a; = €™ and by = e**. We assume that
s1 ¢ 2miQ. Then for n > 2, there exist polynomials Pél)(x1,~- L1, Y15 Yn—1), Qg)(x,y),
Pff)(xl, Cee  Xp1), QY (x) such that

Tn n—1 P,gl)a,~-- Qp_1,b1,+ by

— = n Tt (@ q LLAL 1), (5.14)
st ar(byT — 1) (a1,b1)

Sn n—1 PT(LQ)b,---,bn,

- = n—1 n T ( 1(2) 1)' (5.15)
st bi(byT = 1) n (b1)

QY and QI satisfy that lel)(x, y) #0 forx #0,y ¢ T and QY (x) #0 forx ¢ TU{0}. Therefore
Q,(ll)(al, b1) #0 and Qf)(bl) # 0 under the assumption s, ¢ 2miQ.

Proof. This claim can be proved by a simple argument of induction and by Lemma 5.10. O]

Proof of the theorems. Since a; = a; and by = El, immediately 71 € r; + 2miZ and s; € 81 + 2WiZ
follow. Therefore if s; € iR, 57 also belong to i{R. The proof of Proposition 5.5 claims that s, =5, =0
for k > 2. Thus we have proved Theorem 5.8 (2). We next assume that s; ¢ 2miQ. 1 = 13 and
vy = vy are equivalent to a, = a,(:= a,(1)) and b, = = by (:= by(1)). By Lemma 5.11, these conditions
are also equivalent to Z’; = ZT’I and Z’; = ;’1“ for k > 2. Therefore, there exist integers m,n such that

Sp = 1—1—% spfor k> 1,71 =ry+2mim and r, = 1+% ri for k > 2. Thus we have proved
Theorem 5.8 (1) and Theorem 5.9 (1), (2-a). Theorem 5.9 (2-b)-(2-e) can be proved by applying
Proposition 5.7. O
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5.3 Connections to the Boolean convolution

We would like to construct B.-convolution semigroups similarly to the additive case. First we
define a multiplicative version of the t-transformation introduced in [8]. However, multiplicative
Boolean infinite divisibility does not hold for all probability measures. Fortunately, we have the
following Theorem 5.12, so that the multiplicative t-transformation of a B>-convolution semigroup
can be defined. We denote by ID(&,T) the set of infinitely divisible distributions on T for the
multiplicative monotone convolution.

Theorem 5.12. Let (u,v) € P(T) x P(T) be & -infinitely divisible. Then both j1 and v belong to
IDW,T). In particular, we have ID(&>,T) C ID(W,T).

Proof. We may assume that p,v # w; otherwise, the claim is trivial. Let {(u, ¢)}i>0 be a weakly
continuous B>.-convolution semigroup with (g, v9) = (61, 61) and (p1,v1) = (i, v). By Theorem 4.5,
there exists a weakly continuous B>.-convolution semigroup {(u,v¢)}i>0 with (po, 0) = (d1,61) and
(p1,11) = (p,v). Then Theorem 5.3 enables us to take two vector fields By and Bs defined in D such
that

0l = 2o ([ Batn :1)ds).
m(e) =z [ B (o)),

N (z
z

These expressions imply that ”“T(z) and ) do not have zero points. O

Remark 5.13. It may be a nontrivial question whether the same relation holds in the c-free case.

When € ID(W,T), "“7(2) is written as e*(*). The representation is unique if we impose the
condition Im u,(0) € [0, 2), for instance (see [10]). We always choose this branch and then we define
1%t by nﬂw(z) = ze!(?)_ If we try to define Boolean convolution semigroups, this ambiguity of the
branches necessarily occurs. As a result, B>.-convolution semigroups cannot be simply constructed
from & -convolution semigroups, as we see below. We remark that the relation p% & p% = %5+

holds for all s,t > 0, but (,uws)wt is not equal to p®%* for general s,t > 0.

Definition 5.14. (1) We define a map V; : ID(W,T) — ID(W,T) by V;(u) := pu® for t > 0.
(2) We define a map ©%* : ID(W,T)x ID(W,T) — ID(w,T) by ©“*(u,v) := p®* & v* for u,v > 0.

Definition 5.15. (1) Let {v;}+>0 be a weakly continuous B>-convolution semigroup generated from
a vector field BY. We define {(u}, v¢) }+>0 for 7 > 0 by the pair of vector fields (rBY, BY).

(2) Let {(kt, A\t) }e>0 and { (v, M) }e>0 be weakly continuous B>.-convolution semigroups generated
respectively from (Bf**, B}) and (BY*, B}). We define {(1", \;)}:>0 by the pair of vector fields
(uBf ’A—FUBT A B3). These definitions are parallel to the additive c-monotone convolution semigroups
[12].

The definitions of pj and u;"" are identical to V,(u;) and ©%"(ky, 1), respectively, for r € N. For
general r > 0, however, they are not. We have the following properties for small r» > 0.

Proposition 5.16. In the above notation, we have the following.
(1) If t satisfies 0 < tIm BY(0) < 27, we have V(1) = pj.
(2) If u, v satisfy 0 < uIm B (0) < 27 and 0 < vIm BYM0) < 21, we have (i = 0" (ky, 1y).
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Proof. We only prove (1) since (2) can be proved in the same way. By Theorem 5.12 we can
write 1,,(2) = ze"() for an analytic function u; satisfying u € C*(]0,00) x D) and ug(z) = 0. The
differential equation for 7,, becomes Lu,(z) = B”(ze“t(z ). Then we obtain Im u,(0) = ¢t Im B (0). By
definition, 7, (2) = ze and ny,(,)(2) = ze"*(® | the latter of which holds when 0 < ¢ Im B%(0) <

2. U

rug(z)

In view of these results, the multiplicative version of ¢-transformation, which means the time
evolution with respect to the Boolean convolution, does not work so well in comparison with the
additive convolution. This problem needs to be investigated further, including the case of free and
c-free convolutions.

We show examples where explicit forms of probability measures can be calculated.

Example 5.17. The relation 1+77“ (2) — I eéuzp(—d@) is useful in the following calculations. More-

T-n.(z) — m et —z
over, Theorem 4.4 is also Convenlent

(1) If Bo(2) = —a+ib=1ib—a [” eu‘)+z w(df) (a > 0,b € R), we have n,,(z) = zel=*+)t and

T el —

(df) = — Lo d6
V. = — .
! 27 1 4 e20t — 2¢e=at cos(f — bt)

This is identical to the density of the Poisson kernel. u in Definition 5.15 (1) is obtained only by
the transformations a+ ra and b - rb since By is a constant.
(2) If Bo(2) =a(z—1) =—a [" €242(1 — cos f)w(dh) (a > 0), then we have 1,,(z) =

T 619 Z eat and

vy = (1 —e Mw+e ™).

We can easily check that ""f

ra(n,(z) — 1) and we have

) does not have a zero point. pj is obtained by the equatlon -logn,r(2) =

My (2) = 2(2 + (1 = 2)e™) ™"
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