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CHAPTER 1. Introduction

Economic growth is a process of creating and utilizing physical, human, financial,
and social assets to generate improved and broadly shared economic well-being and quality
of life for a community or region. Traditionally, aggregate economic growth is measured
in terms of gross national product (GNP) or gross domestic product (GDP), although

alternative metrics are sometimes used.

Economic growth is concerned with the long-run trend in production due to structural
causes such as technological growth and factor (capital and labor) accumulation. Also,
there are other aspects that affecting economic growth such as human capital accumulation,
political institutions, entrepreneurs and new products, structural change and environmental

impact.

In this thesis, we analyze three interesting aspects that affecting economic growth,
that is, the environment aspect, the fertility aspect, and the structural change aspect, and
clarify their relationships with economic growth. The reasons for choosing these aspects

and the abstracts of our work are as follows.

First, over the past 30 years, many developing countries have achieved rapid
economic growth through the excessive use of resources, thus increasing the environmental
burden and causing many environmental problems. In countries such as China, India,
Mexico, and Brazil, air and water pollution has become a serious problem because of
industrialization, economic growth, population growth, and urbanization. Furthermore,

amid rapid economic and social transformations and the deepening economic



interdependence among countries, the environmental issues have gradually transcended
national boundaries and become international issues. Therefore, it is important to examine
the relationship between economic growth and environmental protection from an

international perspective.

Accordingly, in order to analyze transboundary pollution issues in Chapter 2!, we
develop an OLG model, which considers the environmental interaction between two
regions, representing developed and developing countries (or regions). We consider two
models reflecting two different environmental relationships between the two regions. In
one, the two regions interact and share an environment; this captures the situation where
the two regions are contiguous. There are environmental externalities between the regions:
the environmental maintenance of one will affect the shared environment. In the other

model, the regions are isolated and do not share an environment.

By comparing the environmental quality of the steady states of the two models, we
show that both the developing and developed regions have a lower environmental quality
under a shared environment than they have under a non-shared environment. The model
with the shared environment features a free rider problem whereby both regions reduce
their environmental maintenance because they share environmental resources and thus

benefit from the environmental maintenance of the other region without paying for it. In

! This chapter is published as “Human capital, life expectancy, and the environment”. (see Wu., C., 2017. Human capital, life

expectancy, and the environment. The Journal of International Trade and Economic Development 26 (8), 885-906.)



contrast, unlike environmental quality, at least one of the regions has higher human capital

(output) under the shared environment than under the non-shared environment.

When considering a two-way positive causation between environmental quality and
life expectancy, our model shows the existence of an environmental poverty trap, in which
the two regions sharing an environment may end up in a stable steady state with both lower
environmental quality and shorter life expectancy than the independent regions, due to the
free rider problem. Measures to improve environmental quality and life expectancy

temporarily are not effective in the long-run.

Second, demographic transition refers to the historical shift from high fertility rates
and high infant mortality rates in societies with minimal technology, education (especially
of women) and economic development, to low fertility and mortality rates in societies with
advanced technology, education and economic development. Actual changes of fertility
are more complicated: fertility could change temporarily (for example, during the periods
of baby boom and "baby bust") and show different movements depending on the age group
(for example, increased fertility of older mothers and decreased fertility of younger mothers

in recent years).

In Chapter 3, which is co-authored with Dr. Kazuhiro Yuki, in order to focus on two
aspects of fertility: total fertility rate and childbearing age, we develop a three-period model
with two periods of childbearing to consider the two aspects at the same time. Also, since
theoretical and empirical researches show the correlations between educational (human

capital) factors and fertility, we incorporate education into the model. We examine how



well the model can explain the long-run changes in fertility and education in countries such

as the US and the UK qualitatively.

We focus on four periods of the long-run changes: the period of the rapid fertility
decline roughly from the early 1920s to the early 1930s; the period of baby boom roughly
from the early 1940s to the early 1960s; the period of “baby bust” roughly from the early
or middle 1960s to the mid-1970s; and the period of rising fertility of elder mothers and
falling fertility of younger mothers after the mid-1970s. Changes of fertility and education
in the period roughly from the early 1920s to the early 1930s can be explained by the
increased productivity of childhood education of the model; the changes in the period of
baby boom can be explained by the decreased fixed time spent on household chores, the
decreased relative cost of late childbearing and the decreased cost of child-rearing except
the increased years of secondary education; the changes in the period of “baby bust” can
be explained by the increased cost of child-rearing; the changes in the period after the mid-
1970s can be explained by the increased productivity of adulthood education except the

largely unchanged total fertility rate.

Finally, traditional structural change analysis typically uses the Cobb-Douglas
production function in which the elasticity of substitution between capital and labor (ES)
is 1. Although such setting makes analysis relatively simple, it is not able to explain a part
of empirical facts, such as changes in factor income shares and sectoral capital-labor ratios.
Also, evidence shows that the ESs vary between sectors and the ES of the macro economy
changes over time. Therefore, we consider an additional source of technology-driven

structural change, that is, the sectoral difference in the ES.



In Chapter 4, in order to consider the ES source of technology-driven structural
change, we use a linear production function for the agricultural sector and a Cobb-Douglas
production function for the non-agricultural sector, considering the fact that the ES of the
former sector is much bigger than the latter sector and it allows theoretical analysis of the
dynamics. Also, we consider sectoral differences in productivity growth rate and the capital
elasticity of output. As for the utility function, we consider non-homothetic preferences in
which the income elasticity of the non-agricultural good (the agricultural good) is greater

(smaller) than 1.

Based on this model, we examine how the income ratio of capital to labor, the capital,
labor share and value-added shares of the non-agricultural sector, and the ES of the

economy change over time.

We show that the income ratio of capital to labor exhibits an inverted U-shaped trend,
the capital share of the non-agricultural sector exhibits a U-shaped trend, and the macro-
ES decreases over time in the early stage of development and increases over time in the
late stage of development. The first result is consistent with empirical observations except
recent periods in developed countries in which the income ratio is rising. By contrast, the
remaining results agree with some studies but are only partially consistent with other
studies. A likely reason for the discrepancy is that in our model, capital stands for
equipment such as machines and power products, while in these works, capital includes

structure as well as equipment.



CHAPTER 2. Human capital, life expectancy, and the environment

2.1 Introduction

The environmental issues have gradually transcended national boundaries and
become international issues. For instance, on January 30, 2000, a dam containing toxic
water from the Baia Mare Aurul gold mine in north western Romania burst and released
100,000 cubic meters of waste water heavily contaminated with cyanide into several
tributaries of the river Danube. Hungary, Yugoslavia and other countries were affected,
resulting in a large number of dead river fish, undrinkable water, and serious damage to

the ecological environment basin (BBC news, January 31, 2001).

From January to February 2013, the density of PM 2.5 (atmospheric particulate
matter with a diameter of 2.5 micrometers or less) in Beijing, China, was about 350 to 500
micrograms, about 14 to 20 times higher than the 25 micrograms considered safe by the
World Health Organization. High PM 2.5 values were also reported in western Japan, due

to the transboundary air pollution (The Guardian News, February 16, 2013).

Several prior studies, including Mariani, Pérez-Barahona, and Raffin (2010); Raffin
(2009), and Basseti, Benos, and Karagiannis (2010), have examined the relationship
between economic development and environmental protection within single countries. As
transboundary pollution has gradually become a matter of international importance,
however, analyzing the relationship within single countries, without considering the

interactions of environmental conditions between countries, is inadequate.



Accordingly, we analyze transboundary pollution issues by developing an
overlapping generations (OLG) model that considers the environmental interactions
between two regions, one representing developed countries (or regions) and the other

representing developing countries (or regions). 2

Each region contains overlapping generations of two-period lived agents who obtain
utility from consumption, environmental quality, and the human capital of their children,
which is a proxy for wealth.> Agents live safely through the first period, while surviving
the second is subject to uncertainty. During the young period, when all decisions are made,
the agents work and allocate their income to consumption, environmental maintenance and
human capital investment. Unlike agents in the developing region, those in the developed

region value environmental protection more than wealth accumulation.

A single good is produced in the economy. Each agent has one firm producing the
final good using human capital with a constant return to scale technology. The good’s

market is perfectly competitive.

2 To emphasize the impact of the environmental pollution of developing countries on developed countries, we interpret the two regions

as being developing and developed countries.

To consider a two-way causality between human capital accumulation and the environment, we use human capital investment to

represent wealth accumulation. On one hand, human capital depends on the environment, since educational choices vary with life
expectancy, which is assumed to be affected by environmental conditions; while on the other hand, environmental quality dynamics are

affected by human capital through pollution flows (via the production of final goods) and environmental maintenance (through income).
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Figure 2.1 — Two regions with shared and non-shared environment

We consider two models with different environmental relationships between the two
regions (see Figure 2.1). In one model, the two regions interact and share an environment,
capturing the situation in which two regions are contiguous. There exist environmental
externalities between the regions: the environmental maintenance of each region affects
the shared environment. Agents in each region make decisions taking into account the
strategies of the other region. The optimal choices constitute a Nash equilibrium. In the

other model, the regions are isolated and do not share an environment.

The survival probability is exogenous until Section 2.5. By comparing the
environmental quality of the steady states of the two models, we show that both the
developing and developed regions have a lower environmental quality under a shared
environment than they have under a non-shared environment. The model with the shared
environment features a free rider problem whereby both regions reduce their environmental
maintenance because they share environmental resources and thus benefit from the

environmental maintenance of the other region without paying for it. In contrast, unlike



environmental quality, at least one of the regions has higher human capital (output) under

the shared environment than under the non-shared environment.

In Section 2.5, we endogenize the survival probability. Survival until old age is
probabilistic and depends on the environmental quality the agents enjoy when young. In
turn, this survival probability influences the weights placed on future environmental quality
and human capital in the utility function. A two-way positive causation between
environmental quality and life expectancy arises. Our model shows the existence of an
environmental poverty trap, in which the two regions sharing an environment may end up
in a stable steady state with both lower environmental quality and shorter life expectancy
than the independent regions, due to the free rider problem. Measures to improve

environmental quality and life expectancy temporarily are not effective in the long-run.

Our work is primarily related to Raffin (2009), Basseti, Benos, and Karagiannis
(2010), and Mariani, Pérez-Barahona, and Raffin (2010), who show the possibility of
multiple (i.e., good and bad) steady state equilibria through a two-way causality between
one variable related to the environment and the other related to income. They also show,
in a version of the model in which life expectancy is an endogenous variable, that an
environmental poverty trap characterized by short life expectancy and low environmental

quality exists.

These theoretical works consider only one region populated by representative agents.
In practice, however, people in developed countries are more concerned about
environmental conditions than are people in developing countries. Moreover, as already

mentioned, environmental issues have gradually developed into international issues. To



consider the interactions of environmental conditions between countries, we examine a
two-region economy populated by different types of agents in our model. One region
represents a developing country which is populated by agents who value wealth (human
capital) accumulation more, and the other one represents a developed country which is
populated by agents who place greater value on environmental protection. We compare

two cases when the two regions share and do not share the environment.

While the existing studies explain the possibility of an environmental poverty trap
based on multiple steady-state equilibria, this work explains the trap based on a free rider
problem. When the two regions share the environment, individuals spend less on
environmental protection investment. Under certain conditions, the two regions fall into an
environmental poverty trap under a shared environment, but they do not under a non-shared
environment. The result highlights the possibly serious negative effect of transboundary

pollution.

Our model is also related to papers that analyze environmental issues in an OLG
framework. Among them, John and Pecchenino (1994) and Ikefuji and Horii (2007) show
the existence of environmental poverty traps but without considering the role of life
expectancy. Chakraborty (2004) mentions that life expectancy is a possible cause of

underdevelopment traps but does not link it to the environment.

The rest of this chapter is organized as follows. Section 2.2 presents the model with
a shared environment, and Section 2.3 presents the model with a non-shared environment.
Section 2.4 examines the differences between the models when the survival probability is

exogenously determined. Section 2.5 studies the difference between the models when the

10



survival probability is endogenously determined and shows the existence of an
environmental poverty trap. Finally, Section 2.6 concludes this chapter. Appendix 2.1

includes calculations and proofs of propositions.
2.2 Model of two regions with a shared environment

There are two regions in the economy, each with one type of agent. We use i to
express the type of region, and i = E, H represents the region where, compared to the other
region, agents value environmental quality more than human capital (or human capital

more than environmental quality). In this section, the two regions share an environment.
2.2.1 Structure of the model

We start by setting up a model in which the economy has an infinite-horizon and is
populated by overlapping generations of agents living during two periods: young and old.
The agents allocate their income to consumption, environmental maintenance and human

capital investment.

All decisions are made in the young period. Survival through the young period to

the old is probabilistic, and there is no population growth.

Agents have the following utility function:
Ui(ck ersr hier) = Inci+m(ane, g + BiInhi,,),a; > 0,8, >0,i =E,H. (2.1)

Agents value their consumption (c}), the environmental quality when they are old

e and the human capital of their children (/%,,). For simplici , there is no time
t+1 p t+1 plicity

discounting. 7, denotes the probability of living to the old period, which is also the life

11



expectancy and is treated as an exogenous variable until Section 2.5. We assume that % >
E

Z—H and ay + Bz = ay + Ly, which implies that ag > a and B < fy. This means that,
H

compared to the other region, the agents in region E(H) value the environmental quality

(human capital) more than human capital (environmental quality).

There is one good in our model. The production of this homogeneous good takes

place according to the following function:
Y, = hiLg + hiLy. (2.2)

The total population of each young generation is L, and the young population of

each region is Lg and Ly; thus, L = Lg + Ly.
The budget constraint is written as
ci+mi+nl=h,i=EH. (2.3)

Agents spend their income on consumption (c}), environmental maintenance (m?)
and human capital investment (n}). Environmental maintenance comprises all the actions
the agents can undertake to preserve and boost the environmental conditions. Human
capital investment denotes the education provided by parents to their children, implying

that education is privately funded.

Parents invest in education and transform it into human capital for their children

according to the following function:
; N0 \1-6 )
heyr =68(hy) (u+nt) ,6>0,u>0,i=EH. (2.4)

12



The accumulation of productive skills is accomplished by parents’ human capital

(hi) and educational investment (n}) depending on @ € (0,1). The parameter u prevents

the human capital from being zero even when parents do not invest in education.
The following equation gives the law of motion of the environmental quality:
Eryy = (1 —n)E  +yM, — oY,

where E; represents the gross environmental resources, a measure of environmental quality,
and M, is the gross environmental maintenance. The parameter 0 < n < 1 denotes the
natural rate of environmental deterioration, y > 0 represents the effectiveness of
environmental maintenance, and o > 0 reflects the degree of pollution induced by
production. We assume that y — o > 0, implying that the benefit produced by one unit of
environmental maintenance is larger than the damage caused by one unit of production.

Otherwise the environmental resources eventually converge to zero.

Wlth Et = (1 + T[t_l)Let, Et+1 = (1 + T[t)Let+1 and Ml‘f = meE + m{:ILH, w¢E

can transform the law of motion into the following expression:

(1+ m)lecss = (L =m) (L +me_y)Le +y(mfly + mfLy) — o(heLg + he'Ly), (2.5)
where e; denotes the environmental resources per capita.

2.2.2  Optimal choices

Agent i (i = E, H) maximizes (2.1) subject to (2.2) to (2.5), knowing the strategy

of agent j (j # i) in investing in environmental maintenance.

13



‘Max  Uf=Incl+m(ane,, +BiInhi,)

ct, mg, ng
st. cl+mi4+ni=h
hi+1 =4 (h;) e(u + ni)l_e
(A +m)ec = (I-mA +m_y)ec +y (mg%Jr m %) . (%hi N %h{)

We focus on the inner solutions of the optimal choice problem. The analysis of

corner solutions is presented in Appendix 2.1. The optimal choices are

i_ 1 7o _ (7 3k 7
mp = TR T {yntalLlht +o[14+(1 B)Htﬁl](Llht + Ljht)

—y[1+ (1 = O)mBillm] — (A =) +m)[1+ (1 = O)meBille, + ymea;Lip, (2.6)

i _ (1=0)me B _ i . J_ p _
R v — S ST [(v =) Lihe + Li(ym] — ohi) + (1 —n)(1 + mq)Le,]

1 + T[tai

- ) 2.7
[+ mea + (1 — Byl @7)
and
. 1 . - .
ct = Y e—YC I —T [(y —o)L;h; + Lj(ymi —ohl)+ (1 =1+ m)Le,
+yLiul, (2.8)

with i,j = E,H and j # i.

(2.6) gives the solutions of mE and m¥ (the full calculation is presented in Appendix

2.2):

i 1
t— y{n:tal-aj+ai[1+(1—9)ntﬁj]+aj[1+(1—9)7ttﬁi]}Li

m

X ({yntaiaj + ]/Cli[l + (1 - 9)7'[,;‘8]] + oaq; [1 + (1 - 9)7'[1:,81]}[,1}1;

14



+{7Ttaiaiji + ai[l + (1 - 9)7-[1“)8]][’1 - afj [1 + (1 - e)ﬂtﬁl]L]}‘Ll

~(y — e[l + (1 — OmBLA, — (A=A + 71—y [1 + (1 - O)m,B]Le,) (2.9)

By substituting (2.9) into (2.7) and (2.8), we obtain

n’l: - y{ntaiaj+ai[1+(1—6)njﬁj]+aj[1+(1—9)7tt,8i]}Li
x (1 = OmeaBil(r = ) (Lihk + Lipl) + (1 =1 + i)l
—y{meaia;L; + ;|1 + (1 — O, B;|L; + a;L; — (1 — O)mea;BiLi ) (2.10)
and
Cé - y{ntaia]-+ai[1+(1—0)nf;j]+aj[1+(1—0)7Tt,8i]}Li [(}/ - 0) (Lihi + Ljh{)

+(1 = n)(1 + mq)Le, + yLulwithi,j = E, H,j # i. (2.11)

Comparative statics

From (2.9), we can observe a negative association between environmental
maintenance m! and the current environmental quality e,; investment in maintenance is
needed less if the inherited environment is less degraded. Further, the maintenance of type
i is positively affected by their human capital, and negatively by the human capital of the
other type. It depends on hi positively because of the traditional income effect, and depends
on h{ negatively because the human capital of type j raises their income and thus their
environmental maintenance, which reduces the environmental maintenance of the free-

riding type i.

15



From (2.10), parental investment in education depends positively on the current
environmental quality because, if the inherited environment is less degraded, investment
in maintenance is needed less, and thus investment in education can be increased.
Educational investment also depends positively on the human capital of the two types. It
depends on hi because of the traditional income effect, and on h{ because the human
capital of type j raises their income and thus their environmental maintenance, which in
turn lowers the maintenance and raises the educational investment of type i. These

comparative static results will be used later.
Differentiating m: with respect to m, produces

a_m}': _ a,-aj[(y—a) (Lihf;+L]-h{)+yLu+(1—77)(1+n:t_1)Let] [a]-+(ﬁj—ﬁi)(1—9)]

2.12

oy yL,-{nta,-a]-+ocl-[1+(1—O)Nt/?]-]+aj[1+(1—9)7rtﬁ’l-]}2 ( )
. amE amf

It is clear that > > 0. For—=>0to hold, however, ag > (By — Br)(1 — 0)
t t

must hold. Without this condition, we always have

oM,  d(Lgmf + Lym{
om, dam,

) > 0. (2.13)
Differentiating n with respect to 7, produces

ani _ (aita))a;Bi(1-0)[(y=0)(Lint+Lsh])+yLut (1-m) (L+me)Le:]
ome N yLl-{ntal-aj+ai[1+(1—9)ntﬁj]+aj[1+(1—9)7ttﬁi]}2

>0 (2.14)

From (2.13) and (2.14), if the life expectancy becomes longer, the gross
environmental maintenance and individual and gross human capital investment increase

because the increase in 1, increases the weights on the future environmental quality and

16



human capital in the utility function. Thus, environmental quality and human capital are

positively affected by life expectancy.

2.2.3  Steady state

We have (2.4) and (2.5) to describe the dynamics of our model. By substituting (2.9)

to (2.11) into (2.4) and (2.5), we obtain the following system of three difference equations.

S 1-6
. .0 [(1-6 iBil y—a)Liht+L i) ) +(1—n) (1471 Leg+yL
e <( Y Bi| (r—o)(Lihi+Linl ) +(1-m) (1 +m ) Le+y u]) , 2.15)

yLi{nta,-aj+ai[1+(1—9)ntﬁj]+aj[1+(1—9)7Tt,8,-]}

and

B ntaiaj[(y - a)(Lihi + Ljh{) + (1 - +m.q)Le; + yLu]
B 1+ nt){ntaicxj + ai[l +(1- Q)Htﬂj] +ao;[1+ (- Q)Htﬁi]}L'

(2.16)

€t+1

with i,j = E,H,j # i.

A steady-state equilibrium is defined as a fixed point such that hiﬂ = hi =K,
€r+1 = €; = e and my,; = m, = 1. By substituting these conditions into (2.15) and (2.16),

we can solve for the steady-state values of hE, " and e:

: y(-0)ma;fiLu
ht = g , (217)
(y{nnaiaj+ai[1+(1—0)nﬁj]+aj[1+(1—H)HBi]}Sm—n(l—H)(y—o)(aiﬁ’j+ajﬁi)>Li
and
5 1
Yy ma;aid0-1pu
e= J . (2.18)

(1+7t)(y{nnaiaj+ai[1+(1—0)nﬂj]+aj[1+(1—0)nﬂi]}6m—n(1—0)(y—a)(aiﬁj+ajﬁ’i))
with i,j = E, H,j # i (the full calculation is presented in Appendix 2.2).

17



The necessary and sufficient condition for the steady state values to be strictly

positive is
1
yinmagay + ag[1+ Bym(1 — 0)] + ay[1 + fer(1 — 6)]}66-1

—n(1—-60)(y —o)(agfy + ayPfr) >0

1
o y(ngmagay + ag + ay)60-1

+1(1 - 60)(agBy + ayBr) yGﬁ —(y—oa)|>0. (2.19)

Notice that

y> - cr)(Sﬁ (2.20)

is a sufficient condition for the steady-state values to be strictly positive. When 6 < 1, it

1
51-6 .
11 . We assume it to hold henceforth.

61-6-1

always holds; and when § > 1, it holds only if g <

The condition requires that the weight attached to human capital (6 and 6 in the human

1
capital production function) must be small enough so that §1-6 < fll holds. The sufficient

g

condition becomes more feasible, if the difference between the maintenance effectiveness

(y) and the degree of pollution induced by production (o) is smaller.

Assumption (2.20) does not appear very restrictive because, when § > 1 andg >

—, the steady state with positive values of endogenous variables exist only when
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1
y(magay + ag + ay) > [(V —0)81-6 — Y] n(1—0)(agfy + ayPp) (see Appendix

2.3 for details).
Steady-state comparative statics

Differentiating e with respect to  produces

yznaia]ﬁﬁu{y[ai+a]-—117t2aiaj—(1—9)11:2(aiﬁj+a]-ﬁi)]6ﬁ+rc2(1—9)(y—a)(aiﬁj+ajﬁi)}
= - = (2.21)
(1+1T)2(y{nn’aia]-+ai[1+(1—9)7tﬁ]-]+aj[1+(1—G)Nﬁi]}Sﬂ—rc(l—H)(y—a)(aiﬁj+ajﬁ,-)>

de
on

We can show that g—; > 0 when m is sufficiently small,* and the value of s—: falls

with 7.> This can be explained as follows. When m increases, according to the utility
function, agents pay more attention to environmental maintenance, which has a positive
effect on the environmental resources per capita. At the same time, however, the total

population increases, which has a negative effect on per capita resources. When 7 is
. . . d . :
sufficiently small, the positive effect dominates and é > 0; when 1 increases, the negative

(positive) effect becomes greater (smaller) and the total effect is ambiguous.

However, we always have

.mz

T
4 From 2.21), Z—e > 0 when T < . (agtan)yd .
* YIV“E“H‘sm*(l’@(“EBH*“HBE)[VSm*(V*U)

> The sign of lim 2 is ambiguous.
101
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6_E _ d[(1+m)Le] >

= - 0. (2.22)

From (2.17), it is obvious that i depends on 7 positively.

Hence, gross environmental resources and individual and gross human capital are

positively affected by life expectancy in the steady-state.
2.3 Model of two regions with non-shared environment

In Section 2.2, we analyzed the model with a shared environment. In this section, we
present the model with a non-shared environment to compare the environmental qualities

of the steady states of the two models in Section 2.4.

The two regions are the same as in the model with a shared environment, but now
we use i = e, h to represent the region where agents care more about human capital than

environmental quality (or more about environmental quality than human capital).

Agent i = e, h maximizes (2.23) subject to (2.24) to (2.26):

Max =~ Ul=Inct+m(ajlne,, +pinhi,;) (2.23)
¢, mg, ni
s.t.
ct+ml+nl=h (2.24)
i N i\1-0
heyr = 6(hy) (u+nb) (2.25)
(1 +m)efry = (A= (L+m_y)ef +ymf — oh; (2.26)
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The optimal choices are:

i {ymaito[1+(1-0)m B} -(1-n) (1 +m D[1+(1-0) 1, Bilef+ymea;n
mi = 3
ylmea;+1+(1-6)m ;]

i_ (1-0)7eBi _ i _ i1_ 1+7
Mmoo (O~ O+ (L= meet] = o tem
and
i_ 1 _ i _ i
= o L ~ Ok + (A=) (A + )Lt +yu,
withi = e, h.

By substituting the solutions of optimal choices, hi_,_l = hi =1, el,, =el=eland

Ty = M = 1 into (2.25) and (2.26), we have:

4= y(1—0)npiu 2.27)

ylma; + 1+ (1 — 0)nB87T — n(1 - 0)(y — 0B,

and

1
. ra;60-1
el = Yo H (2.28)

@ fyme + 1+ (- O)R16TT — (1~ )y — )B)

with i = e, h.
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. - i . . det
From assumption (2.20), ' and e’ are strictly positive.® We can show that i >

0,i = e, h, when T is sufficiently small, and the value of Z—(: falls with .

2.4 Difference between shared and non-shared environments

We now compare the environmental qualities when the two regions are

interconnected (e) and when they are independent (e and e”).

By transforming (2.18) and (2.28) so that their numerators are equal, we can compare

them with their denominators.

The denominator of e” minus the denominator of e€ is

vlag — ay + agBum(l — 0) — ayfem(l — 9)](‘)‘%

(1= 6)(y — o)(agfy — auPr), (2.29)
and the denominator of e minus that of e’ is
1
y60-1a;(1+ (1 — O)np;) —n(1 — 0)(y — o)y, i = e, h. (2.30)

From assumption (2.20), (2.29) and (2.30) are positive, which means that e® > e >

1 1 1
72“i5mﬂ<y5m—ﬂ2[Vsm[ﬂai‘*(l—g)ﬁi]—(1—9)(Y—U)Ei}> dei .
> ,i=e,h4T>Oonly1fn< T
us

1
y66-1

A

© From (2.28), >

1 —
(1+n)2[y[nmi+1+(1-9)nsi]5m-(1-9)(y—a)nsi} y§0-1[na;+(1-0)B;]-(1-6)(y-0)B;
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We can then propose the following:’

Proposition 2.1 In the steady state, under certain conditions,® the regions with a
shared environment have lower environmental quality than the regions with a non-shared
environment. Among the latter regions, the region populated by agents concerned about
human capital (wealth) has lower environmental quality than the other region. Thus, e€ >

e’ >e.

The two connected regions have lower environmental quality than the two
independent regions have, and independent region /4 has lower environmental quality than
the independent region e (e > e” > e) has, for several reasons. First, when the regions do
not share an environment, the environment of region e is better than that of region 4 (e® >
e’) because the agents in the former region value the environment more than do those in
the latter region. Second, when the regions share an environment, a free rider problem
arises, broadly speaking, due to environmental externalities between the regions.
According to (2.6), (2.7), and the comparative statics analysis in Section 2.2, the
environmental maintenance of one region has a direct negative effect on the maintenance

of the other and a positive indirect effect on maintenance through positive dynamic effects

7 Appendix 2.1 shows that even when corner solutions constitute the steady-state equilibrium, Proposition 2.1 still holds.

8 These conditions constitute assumption (2.20), % > ;—” andag + B = ay + By
E H .
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on educational investment and thus income.’ In the steady state with a shared environment,
the negative effect dominates; hence, the environmental quality under the shared

environment is lower than that under the non-shared environment.

For simplicity, we did not consider the free rider problem between agents within the
same region. Proposition 2.1 still holds when we consider this case because, unlike the free
rider problem between agents from different regions, that between agents within the same
region occurs under both shared and non-shared environment conditions. It also holds even
in some extreme cases (for example, when ay and §; are much greater than S5 and ay)

under the assumption of (2.20), because (2.29) and (2.30) are always positive.

In practice, the shared environment case corresponds to the situation in which a
developed country and a developing country are contiguous. The developing country will
pay more attention to economic development than environmental protection, and the
developed country will focus more on environmental protection. The two countries share
some environmental resource. Due to the free rider problem in environmental maintenance,
the environmental conditions of the two countries will be worse than if they did not share
the environment, and the negative impact will be greater for the developed country than

that for the developing country.

The higher environmental maintenance of one region lowers the maintenance of the other, which increases the disposable income in

the other region and thus the educational investment. As a result, the income of future generations in the other region increases, and thus

their environmental maintenance also increases because of the income effect.
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We can also compare human capital accumulation and thus the output when the two

regions are interconnected (h* and h™") and independent (k¢ and hh).

By transforming (2.17) and (2.27) so that their numerators are equal, we can compare

them with their denominators.

The denominator of £ minus that of /4% is

—ylnmagayly — ag[l + (1 — 0)nBylly + ay[l+ (1 — O)nfy]Ly}6o
—-n(1—60)(y — o)(agfyls — ayfely), (2.31)

and the denominator of 2" minus that of 4" is

—y{nmagayly + ag[1+ (1 —)nfylly —ay[1l + (1 - 9)7T,3E]LH}<{5ﬁ
+m(1—0)(y — 0)(agBuly — ayBely). (2.32)

Except for the terms ynmagayLy and ynmagayLg, the signs of the remaining terms
in (2.31) and (2.32) are reversed. Depending on the size of 2—E, the following three cases
H
occur.

1
Le o ynragag+yan[1+(1-0)npEls0-1-n(1-60)(y—o)anPE
1 )
Lu yag[1+(1-0)npyl50-1-n(1-0)(y—0)asfu

From assumption (2.20), when

(2.31) is positive and (2.32) is negative, which means that hE < h® and 1" > ",

1

vay[1+(1-0)nBEgl66-1-n(1-6)(y—0)anBE
T

L
when L—E < ,
B ynmagap+yag(1+(1-0)npyl66-1-n(1-6)(y—0)agPu

(2.31) is negative and (2.32) is positive, which means that WE > h® and B < ",

and when
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1
Le ¢ yau[1+(1-0)nBels9-1-1(1-0) (y—0)anPr
1
i ynrayap+yagi+(1-0)npyl60-1-1(1-0)(y—0)arfy
1
ynragag+yay[1+(1-60)nPgl660-1-(1-6)(y—0)ayPE
1 D)
yag[1+(1-0)ny160-1-1(1-0) (y-0)agfy

2

both (2.31) and (2.32) are negative, which means that A* > 4° and A" > W

Proposition 2.2 In the steady-state, under certain conditions,’’ depending on the

ratio of the population sizes of the two regions (];_E) ,the magnitude relations of human
H

capital accumulation under the shared environment (h* and h"') and the non-shared

environment (h® and hh) differ: when E—E is sufficiently small, h® > h® and i < " when
H
i—E is sufficiently large, h® < h® and h" > H"; and when E—E is in the middle range, h* >
H H
e and B > 0.

Unlike for environmental quality, both regions cannot have lower human capital

(output) under the shared environment than under the non-shared environment; that is,
hE < h® and B < i" do not hold simultaneously. The relationship between human capital
accumulation under the shared and non-shared environments varies with the ratio of the

population sizes of the two regions for the following reason.

Since the regions do not share human capital, there is no free rider problem for human
capital investment under the shared environment, which means that there are no direct

effects between the human capital investments of the two regions. The human capital

1

aH

0 These conditions are the assumption of (2.20), % > 3
E H

and a; + S = ay + By.
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investment of the two regions can indirectly affect each other only through environmental
maintenance. According to (2.6) and (2.7), the human capital investment of one region has
a positive dynamic effect and a negative static effect on its own environmental maintenance
and thus a positive static effect and a negative dynamic effect on the other region’s

investment.'!, 1?

Which effect dominates, depends on the ratio of the population sizes because the
positive effect on the investment of the other region increases with the ratio of the

population size of the region to that of the other region. In the steady state with a shared

environment, when L—E is in the middle range, the positive effects dominate in both regions,
H

which means that the human capital accumulations of the two regions under a shared

. . Lg . .
environment are greater than that under a non-shared environment. When L—E is sufficiently
H

large, the positive (negative) effect dominates in region E (H), where agents care more
about the environmental quality (human capital) than about human capital (environmental
quality), which means that the human capital investment of region E (H) has a positive
(negative) effect on that of region H (E). Thus, the human capital of region H (E) under a

shared environment is greater (smaller) than under a non-shared environment. Similarly,

1 The negative effect arises because higher human capital investment lowers the remaining disposable income and thus the

environmental maintenance. The positive dynamic effect arises because higher human capital investment increases the income of future

generations and consequently their environmental maintenance.

2 As mentioned in the analysis of Proposition 2.1, the higher (lower) environmental maintenance of one region lowers (raises) the

environmental maintenance of the other region, which raises (lowers) the remaining disposable income of the other region. Consequently,

the human capital investment of the other region also increases (decreases).
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when E—E is sufficiently small, the negative (positive) effect dominates in region E (H),
H

which means that the investment of region E (H) has a negative (positive) effect on that of
region H (E). Thus, the human capital of region H (E) under a shared environment is
smaller (greater) than that under a non-shared environment. Therefore, the magnitude
relations of human capital accumulation under shared and non-shared environments differ

depending on the ratio of the population sizes of the two regions.

We can examine specific examples to understand the implication of the result. For

Lg . . . .
example, when L—E is in the middle range, regions E and H could represent Greece and
H

Bulgaria respectively. According to Syrakov et al. (2002), Bulgaria has the worst air

pollution in the EU and about 4% of the sulfur oxides emitted by Bulgaria were deposited

over the Greek territory in 1995. When i—E is sufficiently large, the regions E and H could
H

represent the neighboring regions in South Korea and North Korea, such as Seoul and
Pyongyang. According to Tenenbaum (2005), air pollution in Pyongyang (North Korea),
largely due to combustion of coal, and the pollution of rivers and streams were reported as

being severe and adversely affecting the health of the residents of Seoul (South Korea).

When II:—E is sufficiently small, the regions E and H could represent Korea and China,
H

respectively. The most harmful source of air pollution in China is particulates known as
PM2.5, and its effect on Korea is serious. An OECD report warned in June, 2016 that air
pollution will cause millions of deaths in Korea by 2060, and deal a heavy blow to the
country's economy unless it makes more efforts to improve the air quality (Chosun Media,
June 13, 2016). According to Proposition 2.1, in all the cases, the environments of both

regions are worse under a shared environment. However, according to Proposition 2.2, the
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human capital (output) of both regions in the first case and that of the smaller region in the

second and third cases are higher under the shared environment.

2.5 Life expectancy and the environment

In Section 2.4, we showed the adverse effects of sharing an environment on the
environmental quality, when the survival probability m; is exogenous, but it would not be
realistic to assume that i, is exogenous. In this section, we endogenize m, and show the
adverse effects of sharing an environment on both environmental quality and survival

probability and the possibility of an environmental poverty trap.

We introduce the following specific functional form relating the survival probability

to environmental conditions.

Q>

for

L
vV A
RN

m(er) = {EE (2.33)

for

¢
-

where T > m, € is an exogenous threshold value of environmental quality, and the

following condition is assumed to hold:
e(m<e< eh(g). 13 (2.34)
As shown in Appendix 2.4, for (2.34) to hold, the difference between ap and ay

needs not be very large (note ay > ay).

From the comparative statics analysis in Section 2.2 and (2.33), a two-way positive

causation between life expectancy and environmental quality arises, along the transition

13 As is clarified later, this is a necessary condition for the existence of the low environmental poverty trap.
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path, and in the steady state. From (2.33), life expectancy depends on the environmental
quality positively; from (2.1), environmental quality depends on life expectancy positively

because the preference for higher environmental quality increases with life expectancy.

e h
From (2.21) and (2.28), when 7 is sufficiently small,'* Z—; >0, aain > 0 and aain >0

hold. Then, from (2.33), (2.34) and e® > e” (Proposition 2.1), the steady-state values of
environmental quality under shared and non-shared environments become e = e (E), et =
e®(m) and e” = (@), and e(g) < eh(g) < e"(m) < e®(7) holds. Thus, environmental
quality and life expectancy are lower under a shared environment than they are under a

non-shared environment.

We can also show the existence of an environmental poverty trap. Under the shared
environment, if an exogenous shock that improves health and medical conditions occurs,

and thus m increases to T temporarily, the environmental quality also increases temporarily.

In the long run, however, because of condition (2.34), w and e decrease back to  and e(g).
Although the environmental quality and life expectancy improve temporarily through the
exogenous shock, the improved environmental quality does not exceed the exogenous
threshold value €, and the environmental maintenance of the agents is lower than the
depletion of the environment. Eventually, the environmental quality and life expectancy

decrease back to the original state. In contrast, under the non-shared environment, even if

14 m must be sufficiently small so that m < Tt = min(ffé,?f), i = e, h, is satisfied, where 7€ is 7 such that Z—: = 0 (see footnote 4) and

—~ . . del
¢, i = e, h,ism such that % = 0 (see footnote 6).
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an exogenous shock that worsens the health and medical conditions occurs, the
environmental quality and life expectancy will eventually increase back to the original

good state in the long-run (according to (2.34)). Thus, we propose the following:

Proposition 2.3 Under certain conditions,” the economy of two regions with a
shared environment enters an environmental poverty trap,'® characterized by both lower
environmental quality and shorter life expectancy than in two regions with a non-shared

environment, due to the free rider problem.

The proposition has the following policy implications. If neighboring developed and
developing countries (or regions) are in an environmental poverty trap, measures to
improve life expectancy and environmental quality temporarily, such as health and/or
medical assistances from international organizations or developed countries, are not
effective in the long-run. As long as individuals maintain their preferences, the free rider
problem exists, and the two regions cannot escape from the trap. Rather, defraying the
environmental maintenance expenditures of developing countries or helping agents in

developing countries enhance their environmental consciousness would be more effective.

15 These conditions are the assumption of a sufficiently small , (2.20), (2.34), % > Z—" and ap + B = ay + Bu-
E H

16 Commonly, a poverty trap implies that an economy is trapped in a bad steady state characterized by relatively low per capita income,

environmental degradation and low life expectancy. However, according to Propositions 2.1 and 2.2, under the shared environment, two
regions enter a state with lower environmental quality and shorter life expectancy, but at least one of them has higher human capital

(wealth). Therefore, in our model, the environmental poverty trap does not necessarily imply material poverty trap.
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Unlike our model, Raffin (2009), Basseti, Benos, and Karagiannis (2010), and
Mariani, Pérez-Barahona, and Raffin (2010) use a homogeneous agent model to
demonstrate a two-way positive causation between life expectancy and environmental
quality, and an environmental poverty trap. Only one region populated by one type of
agents exists; thus, the free rider problem does not exist in their model. Because of the two-
way positive causation, multiple steady-state equilibria exist under certain conditions. An
economy could be trapped in an equilibrium that has poorer environmental quality and
lower life expectancy than the other equilibria. This could be characterized as an

environmental poverty trap.

Short life spans and poor environment conditions arise for a different reason in our
model: they arise because a free rider problem appears under a shared environment. Both
regions reduce their environmental maintenance to benefit from the environmental
maintenance of the other region without paying for it. The possibility of the two regions to
end up in a stable steady state with both lower environmental quality and shorter life
expectancy is greater than that the independent region. When life expectancy is sufficiently
low and the difference in the preferences for environmental quality of agents in the two
regions is not very large, they fall into an environmental poverty trap under a shared

environment, but not under a non-shared one.

2.6 Conclusions

This work develops an OLG model, which considers the environmental interaction
between two regions, representing developed and developing countries (or regions). We

consider two models reflecting two different environmental relationships between the two
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regions. In one, the two regions interact and share an environment; this captures the
situation where the two regions are contiguous. There are environmental externalities
between the regions: the environmental maintenance of one will affect the shared

environment. In the other model, the regions are isolated and do not share an environment.

By comparing the environmental qualities of the steady states of the two models with
exogenous survival probability, we show that both the developing and developed regions
have lower environmental quality under the shared environment than they have under the
non-shared environment. In the model with the shared environment, a free rider problem
arises: both regions reduce their environmental maintenance because they can benefit from

the environmental maintenance of the other region without paying for it.

Finally, we endogenize the survival probability. Survival until old age is probabilistic
and depends on the environmental quality level when the agents were young. In turn, this
survival probability influences the weights placed on the future environmental quality and
future human capital in the utility function. A two-way positive causation between life
expectancy and environmental quality arises. Our model can explain the existence of an
environmental poverty trap based on the shape of the survival probability function: two
regions sharing an environment may end up in the trap, characterized by both lower

environmental quality and shorter life expectancy, due to the free rider problem.

The finding that two regions with a shared environment have lower environmental
quality and shorter life expectancy than regions with a non-shared environment have, and
that they could fall into an environmental poverty trap has several real-world implications.

According to the model, under a shared environment, the transboundary pollution caused
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by the pursuit of economic growth in developing countries could lead to a bad state with
lower environmental quality and shorter life expectancy than under the non-shared
environment, not only in these countries but also in the bordering developed countries.
Measures to improve life expectancy and environmental quality temporarily are not
effective in the long-run. Rather, defraying the environmental maintenance expenditures
of developing countries would be more effective. Developed countries can also help agents

in developing countries enhance their environmental consciousness.

The transborder air pollution on the Mexico-U.S. border is a good example (Geo-
Mexico, May 26, 2011). The worst air pollution along the Mexico-U.S. border occurs in
the border cities of Ambos Nogales (Both Nogales) regions, which share many air quality
issues. Most pollution, including dust and vehicle emissions, comes from the south of the
border. Air quality is also adversely impacted by natural hazards such as wildfires in the
region. The air in the US side of the region regularly fails to meet the U.S. Environmental
Protection Agency’s limits for coarse particulate (PM10) pollution. Air pollution adversely
affects health, resulting in a higher incidence of respiratory diseases and premature

mortality.

However, steps are being taken to ameliorate the air pollution in Ambos Nogales
by authorities on both sides of the border. On the Mexican side, along with the
strengthening of the awareness for environmental protection, reliable air quality
monitoring systems are being installed, with the financial help of international agencies.
On the US side, the Arizona Department of Environmental Quality is trying an innovative

approach, using federal funds to help Mexican owners replace their old and polluting
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equipment. For example, they pay Mexican truck owners to replace their old, leaky

mufflers with state-of-the-art catalytic converters.
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Appendix Calculations and Proofs of Propositions in chapter 2

A2.1  The corner solutions

In Section 2.2.2, we focused on the inner solutions of the optimal choice problem. Let

us now consider the corner solutions of the problem:

‘Max = Ul=Incl+m(alnes +Bilnhi,,)

¢, mi, nt
st. cl+ml4+nl=h
; 0 \1-6
Hor =6 () *(u+n)

i Li j Lj Li,i Lj . j
(1+ m)eers = (M)A + e, +y (mi2 +m! 2) — o (i +2hf)

It is obvious that in the steady state, c[l >0, cg >0, mi + m,{ > 0, so we assume that
mi > 0andm/ = 0, withi,j = E,H, j # i.

The optimal choice problems become

‘Max  Ul=Inci+ nt(ailn €41 + Filn h£+1) (A2.1)

2 l l
ct, mg, ng

S.t.
cl+mi+nl=h (A2.2)
; N \1-6
Moy = 68(ht) (u+nb) (A2.3)
L L ; L ;
(Ut m)ees = AN+ e +ymi =0 (Lh+20l)  (A24)
l}/laijtj =In cg + nt(ajln er+1 T+ F;ln h{+1) (A2.5)

C n

t’ t
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s.t.

¢/ +n) =l (A2.6)

. .0 . 1-6
M =6(h) (p+nl) (42.7)

withi,j = E,H, j # i.
We have

o ymeailihiroli4me fi(1-0))(Likb+Lih]) - (- A+ )14+ B (1-0)]ec+ymeaLipt
mt =

j_
ylmea+1+meBi(1-0)L; andm; = 0.

By substituting the solutions of the problem into (A2.3), (A2.4) and (A2.7), and then
substituting A, =hi =h', hl,,=hl =W, e,y =€, =€ and My =7, =7 into

them, we have

1
y2ma;89-1Lin

e =

(1+m) V(n”ai+1+(1_9)”ﬁi)6ﬁ_”(1_9)(]/_0')ﬁi

L

1
yo 2a;Bj60-1Lju

3 i (42.8)

(1+7t){y[177ta,-+1+(1—9)71:Bi]69—1—7t(1—9)(y—a)ﬁ,-}{[1+(1—9)nﬁj]6ﬁ—rr(1—H)Bj}L

withi,j =E,H,j #i.
By comparing (2.28) and (A2.8), we have
e'<eli=EH,j+I. (42.9)

From (A2.9), even when corner solutions constitute the steady-state equilibrium,

Proposition 2.1 still holds.

A2.2  Derivation of important solutions
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and

The solutions of mf and m{l, (2.9)

From (2.6), we have

mE = ynrag+o[1+Bgme(1-6)] KE 4+ [1+Bpme(1-O)][(oht —ym ) Ly—(1-n) (1 +7e.1)Le]
t — t

ylrrag+1+Bem(1-0)] yIriap+1+Bepm(1-0)]Lg

T ap i
Teap+1+Bem(1-6)

H _ Ymantoll+fum1-0)] 1 | [1+Bum(1=0)[(ohi -ymE)Lg=(1-m (+me1)Le]
b yimap+1+pym(1-0)] T vimean+1+Bpme(1-0)lLy

m

Teayk
Tl.'t(XH+1+BHTL't(1—9).

They are rewritten as

mE = — [1+Bgm:(1-6)]Ly H , Yrrag+o[1+Bpm:(1-0)] | E TeAEU
t [meap+1+Bgm(1-60)lLg ¢ Yimeag+1+Bpme(1-6)] ¢ ' map+1+Bpm(1-6)
+ [1+ Bem(1 — O)][oht Ly — (1 —n)(1 + m,_1)Le| (42.10)
ylmeag + 1+ Bpm (1 — 0)]Lg ' .
which we label ME;
and
E _ _ [map+1+Bpm(1-0)Ily p | YArag+o[1+Byme(1-6)] H meayLlyp
M S T i gema-ie . T T yepama-olis 1MV e pma-o)lis
owphf L, — (1 — 1+ m.1)Le
" ght Ly — ( m( t1) t. (42.11)
125
which we label MH.

38



me
0
m

Figure A2.1 — Nash equilibrium

This allows us to depict the utility function UE and U, ME and MH in Figure A2.1.

The point of intersection gives us the solutions of mZ and m.

i 1
t y{n’taiaj+ai[1+(1—6)71:tﬁj]+a]-[1+(1—9)7ttﬁ,-]}Li

m

({yntaiaj + yai[l +(1- Q)Htﬁj] +oa;[1+ (1 - G)Htﬁi]}Lihi
—(y — a1+ A - O Billihl — (1 — (A + m-)ey[1+ (1 — O filLe,
+{7Ttal-ale- + ai[l + (1 - e)ﬂtﬁ]]l’l —Q; [1 + (1 - e)ﬂtﬁl]L]}‘Ll)

withi,j = E,H,j # i.

Steady-state values of e, hE, h¥, (2.17), and (2.18)
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From (2.15), we have the relationship between hE and 1"

W oa L
— = HPsLy (A2.12)
h agfulg
We substitute this relation (A2.12) into (2.15) and (2.16).
From (2.15), we get
1
o = Y{ﬂ“EaH+¢ZE[1+3H7T(1—9)]+aH[1+ﬁE7T(1—9)]}59-1—7T(1—9)(aEﬁH+aHﬁE)L hE
- (1-6)(1-n) (A +m)mayfgL E
Yu
- , (A2.13)
1-nA+m)
which we label HE.
From (2.16), we have
a
7T‘3_E (v — o) (apfy + auPp)Lgh”® +ymagayly
e = E , (A2.14)
which we label EE.
[
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Figure A2.2 — The steady state

We depict HE and EE in Figure A2.2.

The point of intersection gives us the solution of ' and e:

y(1-0)ma;BiLp

K=
(y{nnaiaj+ai[1+(1—9)nﬁj]+aj[1+(1—9)7Tﬁi]}5ﬁ—7f(1—9)()’—0)(aiﬁj+aj.3i))l'i

1
yima;a;60-1p

e = 1
(1+TL’)<Y{T]71’ l-aj+ai[1+(1—G)nﬁj]+aj[1+(1—6)nﬁi]}6ﬂ—n(1—6)(y—a)(aiﬁj+ajﬁi)>

withi,j = E,H,j # i.

A2.3  Existence of steady-state equilibrium when (2.20) does not hold
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6 -6
- hyy _ (REY (@nBpli)!
According to (2.15) and (2.16), R = ( hf) (aE .BHLE) . In the long-run, we have
hf+1 — i _ aHBELH (AZ 15)

hy R apBulp’
From (2.15), (2.16) and (A2.15), we can derive dynamic equations of hf and e,.

1-6
agpB nE
(1-0)meanfe (y—a)(LEhf+—§H’;Ef

yLe{miagag+ag[1+(1-0)mfyl+ay[1+(1-0)m fE]}

>+(1—U)(1+ﬂf—1)Let+VLH]

hfe1 = 8(hf)° (42.16)

E
_ E, ®EBHIE
(V O-)<LEht+ ’xHBE

Q+n){nagag+ag[1+(1-0)mefyl+ay1+(1-0)nfel}

Tiapay >+(1—n)(1+ﬂt—1)Let+YL#]

(A2.17)

€ry1 =

From (A2.16) and (A2.17), we have

_ 1-6
hf_,_l _ S(hf)g (1+m) (1 9)5E9t+1] ,
YaELE

which means that

_ 1-6
RE = 8(hE.,)° [t D] (42.18)

YagLg

From (A2.16) and (A2.18), we have

1 1

o REA YO pE (g oy (LY g
14L 1{7%“5“11 [( hf) ht —(1—n) (hf-1) hi_4

1
hE \1-6
+ (ag + ay) (%) hE}LE

E
ht+1

+7.(1 = 0) (apfy + aufe)hf [(ﬁ)m Y8 — (y - a)] Lg

= (1 - 0)mayfryLu. (A2.19)

If hE converges to a steady state value under time invariant 7, that is, hf,; = hf =

hf_,, we have
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1 1
y80-i(nmagay + ag + ay)hfLg + (1 — 0)(agfy + ayPe) |¥86-1 — (y — o) | hELg

= (1 - 0)mayPeyLy.

For the steady state value to be positive,

1 1
y(nmagay + ag + ay)6o-1+ (1 — 0)(agfy + ayfr) [yé‘ﬂ -y - a)] >0  must

hold.

If
1 1
y(nmagay + ag + ay)60-1+ n(1 — 6)(agfy + ayPr) [Y59_1 -(y—-o)=<o0

& y(mragay + ap + ay) < [(Y - 0)5ﬁ - Y] (1 —0)(agfu + ayfr),

from the equation above, hf converges to a negative value or does not converge to any

value, which means that the steady state equilibrium with positive values does not exist.

A2.4  The condition for (2.34) to hold

We substitute 7 and 7 into (2.34), and we have

1
e(ﬁ) — Y magay86-1u

1
(1+m) (V{UE“E“H"'“E[l"'(1_9)ﬁﬁH]+“H [1+(1-60)7BE1}60-1-(1-6) (y—0) (“EBH"'“HBE))

and

el (E) _ VZEaHSﬁu

1 .
(1+E)<V{7IE‘XH+[1+(1_9)EBH]}6m_E(1—9)(Y_0)BH)
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In order to compare their values by their denominators, we multiply the numerator

and denominator of eh(E) with gaE so that their numerators become the same. The

denominator of e(7) minus the denominator of e”*(1) is

(7 —m) {V5ﬁnﬁ“5aﬂ + (1 - 0)agfu [V6% - (- U)]}

1 1 _
+(1+ DT - Oaayfy [y575 = (v = )|+ (L + Dys7 (ay - Lay ),
where the first two terms are positive from (2.20).

1 e
For (2.34) to hold, the last term (1 + 7)ydo-t (aH —n—nEaE), which could be

negative, needs to be large enough, which means that the difference between ay and ay

need not be very large (note ap > ay).
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CHAPTER 3. Fertility, childbearing age, and education

3.1 Introduction

Theoretical analyses on the interactions between economic development and fertility
behavior mainly focus on two aspects of fertility: total fertility rate and childbearing age.
Preceding works argue that the change of total fertility rate results from factors such as the
decrease of child mortality (Doepke, 2005), the effect of technological change on the return
to education (Galor and Weil, 2000) and innovations in contraceptive technology (Strulik,
2017). The change of childbearing age is explained through various channels such as the
opportunity cost of starting a family (Happel, Hill and Low, 1984), child benefits (Cigno

and Ermisch, 1989) and career planning of women (Gustafsson, 2001).

Several existing studies, including Pestieau and Ponthiere (2014, 2015), consider the
two aspects of fertility at the same time. Pestiecau and Ponthiere (2014) show that,
depending on the childbearing age, the economy with a given fertility rate can exhibit quite
different (stationary or cyclical) dynamics. Pestieau and Ponthiere (2015) show the
existence of a stationary equilibrium with a stationary total fertility rate and use a rise in
the cost of childbearing and a decline in the degree of family altruism to explain the

observed delay of childbearing numerically.

In this work, besides the two aspects of fertility, we also consider education and the
interactions between education and the fertility variables. The main objective of this work
is to develop a simple analytically tractable model that can explain the observed long-run
changes in total fertility rate, age-specific fertility rate and education in developed countries.

There are two reasons for considering the interactions between education and fertility.

First, empirical researches find the correlations between educational (human capital)

factors and fertility. Heckman and Walker (1990) show that higher female wages delay
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childbearing and reduce total fertility rate using Swedish data.!” Meisenberg (2008) shows,
based on cross-sectional data of 78 countries, a negative correlation between education and

fertility, which is stronger for females than males.

Second, theoretical papers, such as Happel, Hill and Low (1984), Cigno and Ermisch
(1989) and Gustafsson (2001), show the mechanism of how fertility decisions are related
to education (human capital). A low level of education leads to a low relative cost of early
childbearing, which hastens childbearing. An increase in educational investment raises the
relative cost of early childbearing, which delays childbearing. When the level of education
becomes sufficiently high, the decrease of early childbearing exceeds the increase of late

childbearing and thus total fertility rate decreases.

Iyigun (2000) and d'Albisa, Greulich and Ponthiere (2018) introduce education in the
analysis of the relationship between total fertility rate and childbearing age. Iyigun (2000)
focuses on the postponement of childbearing, and d'Albisa, Greulich and Ponthiere (2018)
focus on the long-run decrease in total fertility rate and the U-shaped trend of childbearing
age (increases first and then decreases). However, the observed fertility trends in developed
countries are more complicated. In countries such as the United States and the United
Kingdom, there exists four periods of distinctive fertility trends: the period of the rapid
fertility decline from no later than the early 1920s until the early 1930s; the period of baby
boom from the early 1940s until the early 1960s; the period of “baby bust” until the mid-
1970s; and the period of rising fertility of elder mothers and falling fertility of younger
mothers afterwards. Although these works replicate some parts of the fertility trend, they

do not consider the remaining parts.

In this work, in order to explain the observed long-run fertility trends and changes in
educational levels, we develop a three-period model with two periods of childbearing. In
the first period (childhood), individuals do not make any decisions and are taken care of by

parents. In each of the remaining two periods (adulthood), they decide how much time to

17 Higher male income hastens childbearing and raise total fertility rate. However, models that include marital and cohabitational status

variables show much weaker effects of male income.
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work and how many children they have. In order to study the interactions between fertility
and education, we also assume that individuals choose how much time to spend on their
own education in early adulthood, which corresponds to tertiary education in real life, and
how much time to spend on their children’ education in both periods, which corresponds
to primary and secondary education in real life. We also consider the influences of various
factors that affect total fertility rate, age-specific fertility rate and education, that is, the
cost of household chores, the productivity and cost of adulthood (late adolescence)
education, those of education of children, and the cost of childbearing in each period. This
simple framework allows us to explain the observed long-run changes in total fertility rate,

age-specific fertility rate and education in developed countries.

We examine how well the model can explain the long-run changes in fertility and
education in countries such as the US and the UK qualitatively. First, as for the period
roughly from the early 1920s to the early 1930s, data show that age-specific and total
fertility rates fell sharply, average years of education of young generations rose rapidly,
while their average years of tertiary education (especially of women) changed little.
Evidence suggests that the demand for skilled workers, who corresponded to high school
graduates at the time, increased greatly (Goldin and Katz, 1998). When the model captures
the increased demand of skilled workers by the increased productivity of (or increased

return to) childhood education, it can explain these facts.

Second, as for the period of baby boom roughly from the early 1940s to the early
1960s, observed facts are that age-specific and total fertility rates rose rapidly, and average
years of secondary education and of tertiary education of young generations rose
moderately. Researchers argue that the baby boom was caused by the increased
productivity of the household sector from the diffusion of home appliances (Greenwood,
Seshadri, and Vandenbroucke, 2005), a large fall in maternal mortality, which is a proxy
for the overall maternal cost of having children (Albanesi and Olivetti, 2014), and a
decrease in per space housing costs due to suburbanization (Tamura and Simon, 2017).
When the model captures the increased productivity of the household sector by the
decreased fixed time spent on household chores, it can explain these facts except the

increased years of secondary education; when it captures the decreased maternal mortality
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mainly by the decreased relative cost of late childbearing, it can explain these facts except
the increased fertility rate of elder mothers and years of secondary education; when it
captures the decreased housing costs mainly by the decreased cost of child-rearing, it can
explain these facts except the increased years of secondary and tertiary education. Hence,
the model can explain the facts except the increased years of secondary education, as long
as the effects of the changes of the relative cost of late childbearing and the cost of child-

rearing are not very large.

Third, as for the period of "baby bust" roughly from the early or middle 1960s to the
mid-1970s, age-specific and total fertility rates fell rapidly, while average years of
education, particularly of tertiary education, of young generations rose moderately.
Researchers argue that the labor demand for young women and their relative wage
increased during this period, with WWII (Doepke, Hazan and Maoz, 2015) or the Great
Depression (Bellou and Cardia, 2014) as the ultimate cause. When the model captures the
increased labor demand for young women by the increased opportunity cost of child-

rearing, it can explain these facts.

Finally, as for the period after the mid-1970s, the fertility rate of elder mothers rose,
fertility rate of younger mothers fell, and total fertility rate changed little, while average
years of education, particularly of tertiary education of women, increased. Empirical works
show that the relative earnings of college graduate women to men increased greatly from
the late 1960s (Goldin, 2014) and the wage premium of college graduate increased sharply
from the late 1970s (Goldin and Katz, 2008), although the premium stopped increasing
around 2015 (Autor, Goldin, and Katz, 2020). When the model captures the increased
relative earnings of educated, particularly female, workers by the increased productivity of
(or increased return to) adulthood education, it can explain these facts except the largely

unchanged total fertility rate.

Our work is mainly related to Iyigun (2000) and d'Albisa, Greulich and Ponthiere
(2018) that develop models with educational investment and two periods of childbearing.
Iyigun (2000) develops an OLG model that assumes that individuals' human capital

depends positively on their education and parental human capital. He shows that if the
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complementarity between parental human capital and education is relatively large, an
increase in the parental human capital raises the opportunity cost of having children while
young and induces individuals to delay childbearing. d'Albisa, Greulich and Ponthiere
(2018) develop a unified growth model to rationalize the decreasing of total fertility rate
and the U-shaped trend of childbearing age. They show that a traditional economy, where
individuals do not invest in education and increased income lowers childbearing age, can
progressively converge towards a modern economy, where individuals invest in education

and increased income raises childbearing age.

Our work differs from Iyigun (2000) and d'Albisa, Greulich and Ponthiere (2018)
mainly in three aspects. First, as mentioned above, lyigun (2000) focuses on the
postponement of childbearing, and d'Albisa, Greulich and Ponthiere (2018) focus on the
decreasing of total fertility rate and the U-shaped trend of childbearing age. By contrast,
we focus on four periods of distinctive fertility trends in countries such as the US and the
UK: rapid fertility decline in the early 20th century; the Baby boom; the “baby bust”; and
diverging fertility trends of elder and younger mothers after the mid-1970s. Second, in
addition to the decision on one's own education in adulthood (late adolescence), we also
consider decisions on education of her children. This specification allows us to consider
the interactions between adulthood education, education of children and fertility. Finally,
we examine how various factors, such as cost of household chores, productivity and cost
of adulthood (late adolescence) education and relative cost of early and late childbearing,

affect fertility and education, which are not included in these works.

Our work is also related to Momota and Horii (2013) and Cigno and Ermisch (1989)
that consider both childbearing age and total fertility rate. Momota and Horii (2013)
develop an OLG model with exogenous fertility and show that delayed childbearing causes
fluctuations in the age composition of workers, which generates cycles in the capital-labor
ratio and lifetime welfare. Instead of examining how fertility and childbearing age change
over time, given these variables, they analyze the impact of delayed childbearing on
economic growth. Cigno and Ermisch (1989) develop a model with multiple periods of
childbearing and show numerically that women with more human capital at the time of

marriage hasten childbearing and lower total fertility rate. Although they show how certain
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factors affect fertility, the multiple childbearing periods setting is complicated and the
changes of total fertility rate and childbearing age over time cannot be theoretically

analyzed.

The rest of this work is organized as follows. Section 2 presents the model, and
Section 3 analyzes the model. Section 4 examines how the model can explain the observed
change in total fertility rate, childbearing age and education of the actual economy. Finally,
Section 5 concludes the work. Appendix A analyzes the case when several parameters
affecting fertility and education change over time. Appendix B includes proofs of

propositions in the main text. Appendix C includes proofs of propositions in Appendix A.

3.2 Model

Consider an economy in which individuals live for three periods, the first period as
a child and the remaining two periods as an adult, and thus three generations coexist in
every period. In childhood, individuals do not make any decisions and just receive
nurturing and education. In each period of adulthood, they decide how many children they
have, how much time to spend on rearing and education of the children, and how much
time to work. Further, in the first period of adulthood, which includes late adolescence in
real life, they decide how much time to spend on their own education, which corresponds

to tertiary education in real life and raises earnings in the next period.

The utility function of an adult depends on consumption in two periods and total

human capital of their children:

U = Inc, + Inc, + In(nyh,y + nyh,,), (3.1)

where ¢;, n;, and h,; (i = 1,2) are respectively consumption, and the number and the
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human capital of children born in period i of adulthood. Parents care about both the

quantity and the quality, but not the timing of birth, of their children.

First, consider the first period of adulthood. The production function of
consumption goods is linear in effective labor (human capital times labor supply) of
workers. Let the total factor productivity be A. Then, the wage rate per unit time of an

individual in the first period of adulthood equals
W1 = Ahl, (3.2)
where h, is her human capital in this period.

She has total time of 1 to allocate to household chores (such as cleaning, cooking,
and washing), her education, rearing and education of their children, and work. Thus, her

consumption in this period equals
c; = w1[1 -6 —ne— (Bq + Heecl)nl] = Ahl[l -6 —ne— (Hq + Heecl)nl], (3.3)

where 6,7, 04,0 € (0,1). In the equation, § is the fixed time spent on household chores, e
is the amount of education she takes in this period, 77 is the time cost of the education, 6,
is the per child time cost of rearing, e, is the amount of education received by her children

born in this period, and 8, is the per child time cost of the education. The costs of education
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of herself and of her children reflect not only the opportunity cost but also the cost of paying

for teachers’ time.'® She allocates time to the various activities to maximize her utility.

Education she receives in this period raises her human capital in the next period,

the second period of adulthood. The human capital production function is given by

h, = (1+ pe)*hy, a € (0,1), (3.4)

where p is the effectiveness or productivity of adulthood (late adolescence) education,
which corresponds to higher education in real life. In the real economy, p could increase
not only from the advancement of education technology but also from the increased
economic value of workers with the advanced education. When e = 0, human capital in

the next period is the same as this period.

Next, consider the second period of her adulthood. The wage rate per unit time in

this period equals

Wy = gAhZJ (35)

where g is the growth rate of total factor productivity.

In this period too, she has total time of 1 to allocate to various activities. The
difference from the first period of adulthood is that she no longer spends time on her own

education. It is assumed that time costs of rearing and education of children in the second

18 .. . .. . . .
This is because the cost of hiring teachers is proportional to the wage rate. Other components of the cost of school education, such

as study materials and school facilities, are abstracted from the model for analytical tractability.
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period of adulthood are weakly greater than the costs in the first period by the same

proportion, where the last part of the assumption is made to simplify the analysis greatly:
042 = 04,4 = 1, (3.6)
0., = 10,. (3.7)

The assumption of the greater costs reflects the fact that older parents have less energy and
feel more tiredness from taking care of children, which implies less effective time left for
other activities, than younger parents. In a poor health environment, the assumption also

reflects the maternal health has negative health effect on mothers.
Hence, her consumption in this period equals
CZ = Wz[l - 6 - (9q2 + eezecz)nz] = gA(]. + pe)ahl[l - 5 - A(eq + eeecz)nz]. (3.8)

Education received by children raises their human capital in the next period, the first

period of their adulthood. Thus, their human capital production function is given by
hei = @A+ pee)%,i=12,a. € (0,1), 3.9

where p, is the effectiveness or productivity of childhood education, which corresponds to
primary and secondary education, in raising human capital. Human capital in the next

period is positive even without childhood education.
3.3 Analysis

Values of endogenous variables are obtained by solving the utility maximization

problem backward, starting from the maximization problem in the second period of

53



adulthood. Appendix 3.2 provides detailed analysis, and the following proposition
summarizes the result, in particular, values of the number of children and the amount of
education children receive in each period of adulthood of their parents, and the amount of

education adults take in the first period of adulthood.

We assume the following condition.

(3.10)

With this assumption, we can eliminate the case e.; = e, = 0, which is not realistic

because it means that individuals do not receive any education in their childhood.

The solutions of n; (i = 1,2) and e are classified into four cases depending on

whether n, and e are positive or zero, as presented in the next proposition.

.. .. 6 acpclq—0e acpcbq—0e
Proposition 3.1 Under the condition o >— e, =—721— e, =—71"
P fpc acgq cl (1-ar)bepc c2 (1-ap)bepc

ifn, > 0, otherwise, e., = 0.

27 _ (-al@-8)pc _ —
(1) When p € (0, (1_6)a] andA=>2,n, = (pe00=07) n, =0,ande = 0.

2n An _ (—adpcl(1-8)p+n] _
(2) When p € [(1—5)a'(1—5)(z+a—/1)] and A 22, ny = (2+a)p(pcbq=6e) ~ Z 0.
and e = {=8ap=2n
(2+a)pn

3An

_ (1=-8)pc(1-ay)(22-1)
" (1-8)a(1+2)

< = =
and A<2, n 3(po8g-62) , Ny

(3) When p € (0

(1-8)pc(1-ac)(2-2)
3A(pcBq—6e)

and e = 0.
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31n An _ (A=—a)pf(1-8)p[24-(1+a)]+2An}
(4) When p > max [(1—6)a(1+)l)' 1-8&@+e-1I T T (3+a)lp(pct9q—9€) ’

_ (=adplA=Op@ra=D=inl ., _ (1=&)pa(1+D)-3%
z B+a)Ap(pcbg—6e) (3+a)Apn

2
B 30
P=a=oad+2 \
(3) nl’ nz > O’e =0 o o i i ¢ s e s I
' (4) ny, my, >0
lim e m i
1 b——eeeil s o i i = e -

Figure 3.1 — Fertility and education (Proposition 3.1)

Based on the proposition, Figure 3.1 illustrates the region of each of the four cases
on the (p, 1) plane. When the productivity of adulthood (late adolescence) education p is
low and the relative cost of child-rearing and education older parents bear 4 is high (case
(1)), the benefit of adulthood education is small and the cost of late childbearing is high.

Thus, adults do not take education, i.e., e = 0, and do not have babies in the second period
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of adulthood, i.e., n, = 0. Equations in the proposition show how parameters affect
fertility and education. Increases in the productivity of childhood education p. and per
child cost of rearing 6, (an increase in per child cost of the education 6, ) lower (raises) the
number of babies parents have in the first period of adulthood, n,, and raise (lowers) the
amount of childhood education their children receive, e.;. An increase in the fixed time

spent on household chores § lowers individuals' disposable time and thus n;.

When p and A are large (case (2)), i.e., the productivity of adulthood education and
the cost of late child-bearing are high, e > 0 and n, = 0. An increase in p (an increase in
the cost of the education 7n) raises (lowers) the amount of education adults take, e, and thus
lowers (raises) n,. An increase in § lowers disposable time and thus e. As in case (1),
increases in p. and 6, (an increase in 6, ) raise (lowers) e.; and lower (raises) n,, and an

increase in 6 lowers n;.

When p and A are small (case (3)), e = 0 and n, > 0. An increase in A raises the
relative cost of late childbearing and thus raises n; and lowers n,. As with e.; and n,
increases in p. and 6, (an increase in 6,) raise (lowers) e., and lower (raises) n,, and an

increase in 6 lowers n,. The remaining results are the same as in case (1) and case (2).

Finally, when p is large and A is small (case (4)), e > 0 and n, > 0. As in case (2),
an increase in p (an increase in 1) raises (lowers) e and lowers (raises) n;. By contrast, the
increase raises (lowers) n, because of intertemporal substitution of childbearing. As in
case (3), an increase in A raises n; and lowers n,. An increase in A lowers e because it
raises nq and thus lowers disposable time in the first period of adulthood. The remaining

results are the same as in other cases.
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The next corollary presents the solutions of total fertility rate n,; + n,. Since n, = 0

in case (1) and case (2), we only consider case (3) and case (4).

Be

acty

Corollary 3.1 Under the condition of p, >

3An (1-8)pc(1-a)(A+1)
s e— < =
(1) In case (3), when p € (0, (1_5)0{(“1)] and A < 2,y +n, A(0c8a—00)

An 3An
(1-8)2+a-1)’ (1-8)a(1+1)

(2) In case (4), when p>max[ ] n, +n, =

(1-ac)pcl(1-6)p(A+1)+17]
(3+a)AP(Pc9q_ee) '

While an increase in A raises n; and lowers n,, it lowers ny + n,. That is, an
increased cost of late childbearing lowers total fertility rate. As with n; and n,, increases
in pc, 0, and § (an increase in 6,) lower (raises) n; + n,. While an increase in p (an
increase in 1) lowers (raises) n, and raises (lowers) n,, it lowers (raises) n; + n,. As with

n, and n,, the remaining results are the same as in case (3).

3.4 Explaining evolutions of fertility and education
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Figure 3.2 — Fertility rate by age group (United States)

Figure 3.2 illustrates the total fertility rate, the fertility rate of women under age 24,
and that of women over age 25 of the United States for the years 1895-2015.!° After the
relatively stable period of the early 20th century, the fertility rates decreased sharply
between the early 1920s and the early 1930s. From the early 1940s, particularly after the
World War 11, they rose sharply and peaked at the end of the 1950s (the baby boom). Then,
they fell sharply. After the mid-1970s, the three series showed different trends. Whereas
the fertility rate of women under age 24 continued to fall except the late 1980s, the fertility
rate of women over age 25 increased consistently. The total fertility rate increased

moderately until the mid-2000s after which it decreased slightly.

19 Data sources of Figure 3.2 are as follows. 1895-1899 and 1905-1910: Haines, M.R. (1990); 1917-1932: Office of Population

Research at Princeton University (2013); 1933-2015: Human Fertility Database (2018).
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Fertility Rate by Age Group
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Figure 3.3 — Fertility rate by age group (United Kingdom)

Figure 3.3 shows the corresponding series for the United Kingdom for the years

1890-2014.2° The fertility rates showed similar transitions as those of the US, although

there were slight differences: the decreases of the series started earlier (at least since 1890);
they fluctuated greatly associated with the WWI; there were two peaks for the baby boom,

the first just after the WWII, and the second in the mid-1960s.

In sum, in both countries (and in countries such as France and Sweden), there exist

four periods of distinctive fertility trends: the period of the rapid fertility decline from no

later than the early 1920s until the early 1930s; the period of baby boom from the early

20 Data sources of Figure 3.3 are as follows. 1891, 1901, 1911, 1921: Haines, M.R. (1990); 1911-1937: General Register Office (1947);

1938-2014: Human Fertility Database (2018).
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1940s until the early 1960s; the period of “baby bust” until the mid-1970s; and the period

of rising fertility of elder mothers and falling fertility of younger mothers afterwards.

As for education, according to the Lee and Lee dataset (Lee and Lee, 2016), average
years of education of 15-24 year olds increased rapidly in the 1920s and the 1930s (from
7.00 1n 1920 t0 9.68 in 1940 in the US, and from 5.48 to 8.07 in the UK)). During this period,
average years of higher education of the young generation were very low (the number for
women was almost 0 in the UK) and changed little. During the period of baby boom,
average years of overall education and of higher education of 15-24 year olds increased
moderately: in the US, the former increased from 9.68 in 1940 to 10.24 in 1960 and the
latter increased from 0.2 to 0.35. In the period of the “baby bust” too, these series increased
moderately: in the US, the former increased from 10.24 in 1960 to 11.59 in 1975 and the
latter increased from 0.35 to 0.69. After the mid-1970s, the increase of average years of
overall education was small in the US, but the increase of average years of tertiary
education of women was relatively large (from 0.69 in 1975 to 1.02 in 2010 in the US, and

from 0.24 in 1975 to 0.56 in 2005 in the UK).

For each of the four periods, possible factors contributing to the development of
fertility rates have been proposed in the literature or can be discerned from empirical facts.
In the following, these factors are briefly described and how they can be interpreted within
the model is explained. Then, it is examined whether the model can capture the

development of fertility and education of the actual economy.

Rapid fertility decline in the early 20th century: Becker, Murphy, and Tamura

(1990) show theoretically that increased returns to human capital investment lead to
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substitution of child quality for quantity, and Galor and Weil (2000), based on a theoretical
analysis, argue that increased demand for human capital leads to fertility decline and
increased education in the latter stage of economic development. Goldin and Katz (1998),
based on data of U.S. manufacturing for the years 1909-40, show that the introduction of
mass production methods during this period raised the relative demand for skilled workers,
who corresponded to high school graduates at the time. In the model, the increased demand
for high school graduates may be captured by an increase in the productivity of childhood
education p. of the human capital production function, because increased p. implies

increased return to childhood education.

Baby boom: Greenwood, Seshadri, and Vandenbroucke (2005), based on
quantitative analysis of an OLG model, argue that increased productivity of the household
sector from the diffusion of home appliances, such as automated washing machines and
refrigerators, in the 1940s and 1950s (in the US) is a main driver of the baby boom. In the
model, the increased productivity of the sector can be captured by a decrease in the fixed
time spent on household chores, §, and to a lesser extent, a decrease in the per child time

cost of rearing, 6.

Albanesi and Olivetti (2014) find empirically that a large drop in maternal mortality,
which is a proxy for the overall maternal cost of having children, including pregnancy-
related diseases, during the mid-1930s and the 1950s in the US is strongly associated with
a surge in fertility during the period. In the model, the decreased cost of having children

can be represented by a decrease in 6, and in the relative cost of late childbearing, A. This

is because pregnancy-related diseases often had long-term negative effects on maternal
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health and thus labor supply and the large drop in morbidity benefited particularly older

mothers who had higher risks of the pregnancy-related troubles.

Tamura and Simon (2017), based on quantitative analysis of a model calibrated to
many developed economies, argue that a sudden fall in per space housing costs largely due
to suburbanization that started after World War II and ended by 1970 is a main contributor
to the baby boom. In the model, the falling price for space can be captured by decreasing

0,

“Baby bust”: Doepke, Hazan and Maoz (2015), using a quantitative model
calibrated to the US economy, provide a unified explanation of the baby boom and the
"baby bust". They argue that the entry of a large number of women into the labor force
during WWII, who continued to work after the war, lowered demand for inexperienced
young women and their relative wage in the 1940s and the 1950s and led them to have
more children, whereas the retirement of these old women after the 1960s stimulated the
entry of young women into the labor market and contributed to the baby bust. Bellou and
Cardia (2014), based on econometric analysis, propose a similar mechanism with the Great
Depression rather than WWII as the ultimate cause.?' In the model, the increased labor
demand for young women and their relative wage during the period of baby bust could be

captured by an increase in 6, because the increased demand raises the opportunity cost of

child-bearing.

21 Another possibly important factor contributing to the baby bust is examined by Bailey (2010), who shows empirically that the birth

control pill accelerated the fall in fertility rate after 1960. This factor, however, cannot be considered in the present model.
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Diverging fertility trends of elder and younger mothers after the mid-1970s:
Because women bear large burdens of having and rearing children, it is mainly women who
face the trade-offs between their tertiary education, fertility and child-rearing, Thus, it
would be appropriate to consider e as the level of tertiary education of women and p as the
effectiveness of (or return to) adulthood (adolescence) education they receive. During this
period, p seems to have increased greatly. First, earnings of college graduate women
relative to earnings of college graduate men increased substantially. Most of the increase
occurred for cohorts who were born between 1938 and 1953 and the rise in the relative
earnings is noticeable after age 30 and is largest in early 40s, that is, between the late 1970s
and the mid-1990s (Goldin, 2014). Second, since the late 1970s or the early 1980s, the
wage premium of college graduates has increased greatly (Goldin and Katz, 2008),

although the premium stopped increasing around 2015 (Autor, Goldin, and Katz, 2020).

From Figures 3.2 and 3.3, since the fertility rate of women over age 25 (late
childbearing) was consistently well above 0 (the same result holds even when the fertility
rate of women over age 30 is used), it is realistic to analyze case (3) and case (4), where

n, > 0 holds. Hence, it is assumed that A is smaller than 2 (see Figure 3.1).

As mentioned above, it would be appropriate to interpret e as the level of tertiary
education of women. At the beginning of the 20th century, average years of higher
education of young women were very low (almost 0 in the UK), so we suppose that the

model is in case (3) initially.

When the model is applied to explain changes of fertility and education of the actual

economy, it must assume that the above-mentioned parameters change over time. This
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implies that values of the fixed time spent on household chores § and of the productivity
of childhood education p. individuals face in their first and second periods of adulthood
are different. Let § and p. be values of these variables in the first period and g5 and
9p.Pc> Where gs < 1 and g, = 1, be values in the second period of adulthood. Detailed

analysis of the time-dependent case is presented in Appendix 3.1 (Propositions A3.1, A3.2

and A3.3). Proofs of the propositions are presented in Appendix 3.3.

Proposition 3.2 summarizes the effects of the above-mentioned changes of the
parameters in each period of the fertility trends on fertility and education when the

economy is in case (3) or case (4).

Proposition 3.2 Consider the time-dependent case. Assume that A < 2 and g, =1

are not large and gs < 1 is not small.

(1) An increase in p. raises e.; (i = 1,2) and lowers nq, n, and ny + n,, and in case

(4), it raises e.

(2) (a) A decrease in § raises nq, n, and ny + n,, and in case (4), it raises e.

(b) A decrease in A lowers ny and raises n, and ny + n,, and in case (4), it raises

(c) A decrease in 8, lowers e.; (i =1,2) and raises ny, n, and ny + n, and in

case (4), it lowers e.

(3) Anincreasein 8 raises e; (i = 1,2) and lowers ny, n, and ny + n,, and in case

(4), it raises e.
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(4) In case (4), an increase in p lowers n, and n; + n, and raises n, and e.

Under the assumptions in Proposition 3.2, the results of the time-dependent case are
mostly same as the results of the time-invariant case, which can be obtained from
Proposition 3.1 and Corollary 3.1. The exception is that, in case (4), an increase in p. raises

e and a decrease in 6, lowers e in the time-dependent case, while they have no effects on

e in the time-invariant case. These assumptions appear to be not very restrictive because it
seems unlikely that p, and § change substantially within 10 or 20 years (between the first
and the second periods of adulthood) and, as long as the changes of these parameters are

not large, the assumption on A is only a little stronger than A < 2 of the time-invariant case.

As for the period roughly from the early 1920s to the early 1930s, data show that
age-specific and total fertility rates fell sharply, average years of education of young
generations rose rapidly, while their average years of tertiary education (especially of
women) changed little. Evidence suggests that the demand for skilled workers, who
corresponded to high school graduates at the time, increased greatly (Goldin and Katz,
1998). In the model, this can be captured by the increased productivity of (or increased
return to) childhood education p.. Because average years of higher education of young
women were very low (almost 0 in the UK) during this period, it would be reasonable to
suppose that the economy is in case (3) and thus e = 0. Proposition 3.2 (1) shows that an
increase in p, raises e.; (i = 1,2) and lowers nq, n, and n; + n, in case (3). Hence, the

model can explain the above-mentioned facts qualitatively.

As for the period of baby boom roughly from the early 1940s to the early 1960s, age-

specific and total fertility rates rose rapidly, and average years of secondary education and
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of tertiary education of young generations rose moderately. Researchers argue that the baby
boom was caused by the increased productivity of the household sector from the diffusion
of home appliances (Greenwood, Seshadri, and Vandenbroucke, 2005), a large fall in
maternal mortality, which is a proxy for the overall maternal cost of having children
(Albanesi and Olivetti, 2014), and a decrease in per space housing costs due to
suburbanization (Tamura and Simon, 2017). In the model, the increased productivity of the
household sector can be captured by the decreased fixed time spent on household chores §

and to a lesser extent, by the decreased cost of child-rearing 6, the decreased cost of

having children can be captured by the decreased relative cost of late childbearing A and

by the decreased 6;; the decreased price for space can be captured by the decreased 6.

During the period of baby boom, average years of tertiary education of young women
rose moderately.?? Thus, it would be plausible that the model economy transits from case
(3) to case (4) at some point of this period. In Figure 3.1 of the previous section, decreases
in A and § shift the boundary line between case (3) and case (4) to the left, and a decrease
in A shifts the model economy downward. Hence, the model economy transits to case (4)
when § and A become sufficiently small. Proposition 3.2 (2) shows that a decrease in §
raises nq, n,, Ny + n, and in case (4), e; a decrease in A lowers n, and raises n,, n; + n,
and in case (4), e; and a decrease in 6, raises n,, n, and n, + n, and lowers e; (i = 1,2)
and in case (4), e. A decrease in § can explain the facts except the increased years of

secondary education; a decrease in A can explain the facts except the increased fertility rate

2 Average years of higher education of 15-24 old women increased from 0.21 in 1940 to 0.39 in 1965 in the US and from 0.01 to 0.13

in the UK.
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of young mothers and years of secondary education; and a decrease in 6, can explain the
facts except the increased years of secondary and tertiary education. Hence, the model can
explain the facts except the increased years of secondary education, as long as the effects

of the changes of 4 and 6, are not very large.

As for the period of "baby bust" roughly from the early or middle 1960s to the mid-
1970s, age-specific and total fertility rates fell rapidly, while average years of education,
particularly of tertiary education, of young generations rose moderately. Researchers argue
that the labor demand for young women and their relative wage increased during this period,
with WWII (Doepke, Hazan and Maoz, 2015) or the Great Depression (Bellou and Cardia,
2014) as the ultimate cause. In the model, the increased labor demand could be captured

by the increased opportunity cost of child-rearing ,.>* Proposition 3.2 (3) shows that an
increase in 6, lowers n,, n, and n; + n, and raises e.; (i = 1,2) and e in case (4). Hence,

the model can explain the facts qualitatively.

Finally, as for the period after the mid-1970s, the fertility rate of elder mothers rose,
fertility rate of younger mothers fell, and total fertility rate changed little, while average
years of education, particularly of tertiary education of women, increased. Empirical works
show that the relative earnings of college graduate women to men increased greatly from

the late 1960s (Goldin, 2014) and the wage premium of college graduate increased sharply

23 To be more accurate, the increased labor demand for young women raises not only their opportunity cost of child-rearing but also

that of adulthood education and the maximum effective time available for work, which is 1 — § in the present setting. Taking into
account these factors complicates the analysis, but the result is qualitatively unchanged, as long as the importance of the opportunity

cost in the total cost of adulthood education, which includes the cost of paying for teachers' time, is not too large.
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from the late 1970s (Goldin and Katz, 2008) except after around 2015 (Autor, Goldin and
Katz, 2020). In the model, these can be captured by the increased productivity of (or
increased return to) adulthood education p. Proposition 3.2 (4) shows that an increase in p
lowers n, and n; + n, and raises n, and e in case (4). Hence, it can explain these facts

except the largely unchanged total fertility rate.

In summary, changes of fertility and education in the period roughly from the early
1920s to the early 1930s can be explained by the increased p. of the model; the changes in
the period of baby boom can be explained by the decreased &, A and 6, except the
increased years of secondary education; the changes in the period of "baby bust" can be
explained by the increased 6,; and the changes in the period after the mid-1970s can be

explained by the increased p except the largely unchanged total fertility rate.

3.5 Conclusions

In this work, we develop a three-period model with two periods of childbearing to
consider two aspects of fertility, that is, total fertility rate and childbearing age (age-specific
fertility rate) at the same time. Also, we incorporate decisions on one's own education in
adulthood (corresponds to tertiary education) and education of her children (corresponds
to primary and secondary education) into the model to study the interactions between

fertility and education.

We examine how well the model can explain the long-run changes in fertility and
education in countries such as the US and the UK qualitatively. First, as for the period
roughly from the early 1920s to the early 1930s, data show that age-specific and total

fertility rates fell sharply, average years of education of young generations rose rapidly,
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while their average years of tertiary education (especially of women) changed little.
Evidence suggests that the demand for skilled workers (corresponded to high school
graduates) increased greatly. When the model captures the increased skill demand by the
increased productivity of (or increased return to) childhood education, it can explain these

facts.

Second, as for the period of baby boom roughly from the early 1940s to the early
1960s, observed facts are that age-specific and total fertility rates rose rapidly, and average
years of secondary education and of tertiary education of young generations rose
moderately. Researchers argue that the baby boom was caused by the increased
productivity of the household sector, a large fall in maternal mortality, and a decrease in
housing costs. When the model captures these changes by the decreased fixed time spent
on household chores, the decreased relative cost of late childbearing, and the decreased
cost of child-rearing, it can explain the facts except the increased years of secondary
education, as long as the effects of the changes of the relative cost of late childbearing and

the cost of child-rearing are not very large.

Third, as for the period of "baby bust" roughly from the early or middle 1960s to the
mid-1970s, age-specific and total fertility rates fell rapidly, while average years of
education, particularly of tertiary education, of young generations rose moderately.
Researchers argue that the labor demand for young women and their relative wage
increased, with WWII or the Great Depression as the ultimate cause. When the model
captures the increased labor demand by the increased opportunity cost of child-rearing, it

can explain these facts.
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Finally, as for the period after the mid-1970s, the fertility rate of elder mothers rose,
fertility rate of younger mothers fell, and total fertility rate changed little, while average
years of education, particularly of tertiary education of women, increased. Empirical works
show that the relative earnings of educated, particularly female, workers, increased greatly.
When the model captures it by the increased productivity of (or increased return to)
adulthood education, it can explain these facts except the largely unchanged total fertility

rate.

The interactions between education and fertility have been considered by lyigun
(2000) and d'Albisa, Greulich and Ponthiere (2018). Our work differs from their works
mainly in three aspects. First, Iyigun (2000) focuses on the postponement of childbearing,
and d'Albisa, Greulich and Ponthiere (2018) focus on the decreasing of total fertility rate
and the U-shaped trend of childbearing age. By contrast, as mentioned above, we focus on
four periods of distinctive fertility trends. Second, in addition to the decision on one's own
adulthood education, we also consider decisions on education of her children. This
specification allows us to consider the interactions between adulthood education, education
of children and fertility. Finally, we examine how various factors, such as the cost of
household chores, the productivity of adulthood education and the relative cost of late

childbearing, affect fertility and education, which are not included in these works.
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Appendix The time-dependent case and Proofs of Propositions in chapter 3

A3.1  The time-dependent case

Since the dynamic analysis is focused on case (3) and case (4), we consider these cases
when the fixed time spent on household chores § and the productivity of childhood
education p. are time-dependent. Let § and p. be the variables in period 1 of adulthood

and g56 and g, p. be the variables in period 2, where gs < 1and g, = 1.

The values and properties of e.; and n; (i = 1,2) in case (3) are summarized in the
next proposition. Proofs of the propositions in this Appendix are presented in Appendix

3.2.

Proposition A3.1 Assume p. > %, gs < land g, = 1. In Case (3) of the time-
cYq
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The values and properties of e.;, n; (i = 1,2) and e in case (4) are summarized in the

next proposition.

Proposition A3.2 Assume p, > %, 9gs <landg, =1. In Case (4) of the time-
cYq

acpcbqg—0e _acGp.Pcbq—be
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increases (decreases) with p, p¢, g,, and 0 (with A, 1, 8, gs and 6,).

The values and properties of n; + n, in case (3) and case (4) are summarized in the

next proposition.

Proposition A3.3 Assume p, > %, gs < land g, = 1. InCase(3)and case (4) of
cbq

the time-dependent case, the following holds.

(1) In case (3),
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when A < (=)

As in the time-invariant case, e; increases (decreases) with p. and 6, (6,); n,
increases (decreases) with A and 6, (with p., § and 6;) and in case (4), it increases
(decreases) with  (with p);** n, decreases with A and in case (4), it increases (decreases)
with p (with n); e increases (decreases) with p (with 4, 7 and §); and in case (4), ny + n,

increases (decreases) with n (with p).

By contrast, n, increases (decreases) with 6, (with p., § and 6;) when A is small and
decreases (increases) with 8, (with p., § and 6;) when 4 is large in the time-dependent
case, while n, always increases (decreases) with 6, (with p., § and 6,;) in the time-
invariant case. n; + n, increases (decreases) with 8, (with 4, &, p. and ;) when g,_is

not large, while it always holds in the time-invariant case. e increases (decreases) with p.

24 In case (4), the result on § holds when g, is not large and g5 is not small.
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and 6, (with 6,), while these parameters do not affect e in the time-invariant case. As for
new parameters, e, increases with g, ; ny increases (decreases) with gs (with g, ); n,
decreases with gs and decreases (increases) with g, when A is small (large); ny + n,
decreases with g5 when g, is not large and decreases (increases) with g, when A is small

(large); e increases (decreases) with g, (with gs).

However, the results of the time-dependent case are mostly same as the time-invariant

case when A and g, are not large and gs is not small. When g, =gs =1, the

inequalities on A (except those associated with g,, ) of the above propositions become 4 <

(=)2incase(3)and 1 < (=) % (the one associated with § becomes A < (=)2 + «a)

in case (4). Hence, in the area A < 2 where both case (3) and case (4) hold in the time-
invariant case, the results of the time-dependent case are mostly same as the time-invariant

case for the parameters present in both cases. In case (4), p., 6, and 8, have no effect on

e in the time-invariant case. Further, the direction of the effect of g5 is the same as the

effect of §.%° The same results hold for g p. > land g5 < 1 even when 4 is not very small,

as long as g, is not large and g5 is not small.

A3.2  Proofs of Propositions 3.1 and 3.2

Proof of Proposition 3.1
Necessary conditions of the utility maximization problem
Results of the proposition are obtained by solving the utility maximization problem.

The maximization problem is solved backward. The objective function of the period

2 maximization problem is

260,
“cPceq

in case (3) and A < (2)[ (2+a)p0

25 . .. . .
> _ Zra)ple
The inequalities associated with g, becomes 1 < (=) EEr Y ——

in case (4) when g, = g5 =

1. Thus, the direction of the effect of g, is the same as the effect of p. when 4 is not large.
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ln{gA(l + pe)“h1[1 -6 - A(Gq + Geecz)nz]} + In[n;(1 + peeq)% +ny(1 + peecz)*]. (A3.1)
First order conditions are

ou -6 acp.(1+ peecy)® !
=n, e + cpc( - Pc CZ) - <0, (A3.2)
dec; 1-6- A(Qq + Qeecz)nz Ny (1 + peeci)® + nyp(1+ peecy)*e

U —A(6, + 6.e.2) (1 + peegy)%e

= <0. (43.3
oy  1—8—2A0, + O.ecz)n, M1+ peeci)® +ny(1+ peecy)e ( )

d
When n, > 0, from U 0,

6n2

(1 + peecz)
ny(1+ p.e.)% +n,(1+p.e.,)% = ——11—-8 — A0, + 0,e.,)n,|. (A3.4
1( Pcect) 2( Pcecz) A(Bq +9eec2)[ ( q e cz) 2] ( )

By substituting this equation into (A3.2),

ou —Abe acpc(1+pcec)®™t MB+6eecz)

=n
decy 2 [1-6-2(6g+6cecz)ny = 1-8-A(6g+6cecz)nz (1+pcecs)®e

B An, _ acpc(0q + 0eec2) (43.5)
1 - 6 - /1(9q + eeecz)nz ¢ 1 + pcecz ' .
From p, > aeg (equation (3.10)), e., > 0 if n, > 0, otherwise e, = 0.
cbq
When n, > 0 from U 0,
decy
acpceq - 96
= — . A3.6
bez (1 - ac)eepc ( )
When n, = (>)0, from (A3.3),
ou —-A(6, + 6.e 1+ peecy)e
— Jpymo = (8 + 0ceca) | 1+ peecr) — < (>)0. (43.7)
on, 1-6 ny (1 + peecy )%

Depending on whether n, is positive or zero, there are two cases to examine.
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[1] Whenn, =0

In this case, the objective function of the period 1 maximization problem becomes

U = In{Ahy[1— 8 —ne — (0, + B.ec)m |} + In[gA(L + pe)*hy (1 — 8)]
+In[n, (1 + pcec1)%]. (A3.8)

First order conditions are

ou -0, + 0,¢e 1
= (0 + ccer) +—<0, (43.9)
ony 1-6-—ne—(6;+ 6eeci)ny ™

ou _eenl AcPc

= + <0, (43.10)
dect 1—6—ne—(0,+0.ec)ny 1+ pcec

au -n ap
— = + <0
de  1-6-—ne— (0, +6.e4)n, 1+pe

(43.11)

. a a
In this case, n; > 0 always holds because % = oo when n; = 0. Thus from % =0,
1 1

1—-6—-ne—(0; +0.ec4)n; = (04 + Ocec1)ny.

By substituting this equation into (A3.10),

ou _ee AcPc
= + . (A3.12)
aecl eq + eeecl 1+ Pclc1
Hence, e, > 0 from p, > be (equation (3.10)). From U 0,
aclq decy
acpceq - 96
€1 =7 ———. (A3.13)
°l (1 - ac)eepc
When e = (>)0, from (A3.12),
au -1
+ap < (>)0. (A3.14)

e le=0 =T 52 (8, + Boecy)y
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Depending on whether e is positive or zero, there are two cases to consider.
® Whenn; >0ande =0

acpcbg—be

(1-ap)bepc’ and

In this case, values of variables are n, = e =e., =0, e, =

_a-wa-op
b z(pcaq - ee)

(43.15)

o .. AU
By substituting these values of nq, e.4, and e., into o S 0 when n, = 0, (A3.7),
2

Y 1
d 7 < 0.
1-6  (-ag(1-8)pc[ac(pcq=Fe)
2(pcBg—6e) | (1-ac)be

By substituting the values of n; and e, into Z—Z < 0 when e = 0, (A3.14),

-1
(PcBg—Be) (1-ar)(1-8)pc
A-ag)pc  2(pcHq—be)

+ap <0.
1-6

Hence, the necessary conditions for this case to be realized are

2Qeac (pcgq B 96)1—%

’ A3.16
= pceq“c"‘c(l — )% ( )
= a (A3.17)
p= a(l-96) .
The right-hand side of (A3.16) is less than 2, because,
20 (pclg=0e) " 20.%  (pcBg=8c) "
pclgac¥c(1—-ac)l=% - Bqacc(1-ap)i—% e
96 1-ac
Zeeac (aceq 9q - ee) _, (A3 18)
anca’c(]_ — ac)l—ac Qe = 4. .
ac0,
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where the inequality holds because, from p, > % (equation (3.10)),
cYq

(Pceq—ee)l_ac _
0 pec _ (pcBq—6e)” " (8e—atcpcby)

0pc pc?

<0.

@ Whenn; >0ande >0

. . acpcBg—0e
In this case, values of variables are n, = e, =0, e,y = WSIGM)C'
1—«a 1-6)p+
ny = ( pel( )p +1] (43.19)
2+ a)p(pceq - ee)
and
= Q-8ap-2y (43.20)

+a)pn

o ..U
By substituting these values of nq, e.4, and e., into o S 0 when n, = 0, (A3.7),
2

-26q + +a)p(pcbq—06e) <0

1-6 ac(pcbq—0e)1%¢
(1—ac)Pc[(1—5)P+ﬂ][W

By substituting the values of n; and e, into Z—Z > 0 when e = 0, (A3.14),

-
5 P0q 0 (1-apcl-5)p+] tap>0

A-ag)pc 2+a)p(pcbqg—He)

Hence, the necessary conditions for this case to be realized are

1-ac

(2+a)(1—6)p99ac(pct9q—9€)
T pcbgl(1-8)p+n]aFe(1-a )14
ep< An —, (43.21)

(2+a)8%C(pcOg—6e)
(1-9) pcbqac*c(1—ac)l=% -4

21 A3.22
dg oer;k (s:22)

78



[2] Whenn, > 0

c Ce _Ge
Since n, > 0, e,, = —£<29""¢ from A3.6). Thus,
2 c2 (1-ac)bepc

pcgq O

9 +é e€c2 = a-adp’

ac(Pce —99) e
1+ Pcecz)ac = [ 99(1_qac)

By substituting these equations into (A3.4) and solving for n,,

6, —6,)]"
(1 - 6)pc(1 - ac) l%} - A(pceq - 96)(1 + pcecl)“cnl

n, = . (43.23)

228, -00) %]

Hence,

ac(pcbg—6e) e
Be(1-ac) ] +A(pceq_66)(1+pcec1)acn1

pcbg—0
2pc(1- aC)[ C'g (Cl qac)E)]

(1-8)pc(1-ac)
1_6_A(gq+eeecz)n2:1 pla[

b

ac(pcbq—6e) % a
(1—6)90(1_‘10)[W] +/’L(Pc9q_9e)(1+Pcec1) ‘ny

ny (1 + peec1)® +n,(1 + peeqy)% = 24(pcBq—0e)

By substituting these equations into (A3.1), the objective function of the period 1

maximization problem becomes
U= ln{Ahl[l -0 —ne— (Hq + 9e3c1)n1]}

ac(pcfq—be) % a
(1_6)Pc(1_ac)[w] +A(pcBg—6e)(1+pceci)®eny

“C(Pceq—ee)]
Oe(1-ac)

+In{ gA(1 + pe)*h,
2p0(1-ap)| L0
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ac(pcbq—e) e
(1—5)pc(1_ac)[w] +A(Pc9q_9e)(1+l)cecl)acn1
+In 22(0e09=62) (A3.24)
First order conditions are
U —(6, + 6.ec1)
on, 1-6—ne— (64 + €01 )y
21 —-0,)(1+ p.e.q)%
s (P8 — 0. )(1 + peec) <0 (43.25)

1-=8p1—a) [9(1——“))] + A(pc0y — 0.)(1 + peecy)®eny

oU { -0,
des, T |1—6—ne-— (64 + €01 )y

\
) |
. 22(pcBq — O )acpc(1 + peec) ™! ¥ < 0,(A43.26)
|
)

a
ac(peby —6.)] °
(1 - 5)pc(1 - ac) W + A(pcgq - Qe)(l + pcecl)acnl

ou -1 ap
—= + <0 (A43.27)
de  1-6-ne—(0,+6.e4)n, 1+pe
When n; > 0, from v _ 0,
6n1
_ _ o [Felpcba=te) _ ac
(1 6)pc(1 ac) 8e(1—ac) + A(pceq 99)(1 + pcecl) nq
2A(pcBg—0e)(1+pcecr)e
= q0q+02e61 L [1 - 5 —ne — (Qq + Qeecl)nl].
By substituting this equation into (A3.26),
au n a 6, +0.¢e
_ 1 -6, cPe(6g + Becer) . (A3.28)
aecl 1 - 6 - 776 - (9q + Qeecl)nl 1 + pcecl
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Be

Thus, e, > 0 ifny; > 0, otherwise e.; = 0 from p, > (equation (3.10)).

aclq
_ a’cpceq_ge v

Whenn; > 0,e.; = a)ope from do. = 0.

When n; = (>)0, from (A3.25),
ou —(8, + 0,¢e 2A(p.0, — 6, )(1 + p.e.1)%e
_|n1=0 — ( q e c1)+ (pc q e)( Pc cl) - < (>)0. (A3.29)
an1 1-— 5 - 776 1 6 1 ac(pceq — 96)

1-38p(1-ac) W

When e = (>)0, from (A3.27),

6U| B -1
de 0 1-6-— (64 + Oec1 )Ny

+ap < (>)0. (A3.30)

Depending on whether n; and e are positive or zero, there are four cases to consider.

® Whenn; >0ande =0

. . acpcfy—6
In this case, values of variables are e = 0, e, = €., = ﬁ,
—Uc)Yelc

_(1=8)p(1—a)@1- 1)

n, = , (A3.31)
32(p.0, — 6.)
and
_ (1-8)pQ-ar)(2-1)
2 = T 3a(pe00-60) (A3.32)
By substituting these values of nq, e.4, and e., into ;TU > 0 whenn, = 0, (A3.7),
2

pchqg—be
_ pc(lq-txc) 34(pcBq—0e) >0

1-8 (1-8)pc(1-ac)(24-1) ’

By substituting the values of e and e, into ;TU > 0 when n; = 0, (A3.29),
1
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pchqg—0Oe
) Zl(pceq—ge)
1-6 (1-8)pc(1-ac)

>0 1> %,
which always holds because of the assumption of 1 > 1.

By substituting the values of n; and e, into Z—Z < 0 when e = 0, (A3.30),

-n

| 5_PPa=0e G=0)pci-ag@i-1) tap <0.
pc(l—ac) 3A(pcBq—0e)
Hence, the necessary conditions for this case to be realized are
A<2, (A3.33)
< 341 (43.34)
P -0)al+2) '
@ Whenn; >0ande >0
In thi lues of variabl = o, = 2ebla b
n this case, values of variables are ecy = ec; = 7~ ===,
1—a 1-8)pl22 -1+ a)] +24
ny = ( )pA(l—8)p[22 —( )] n}’ (43.35)
(3 + a)ﬂ'p(pceq - 96)
l1-«a 1-8)pR+a—-21)—4
. ( )pcl(1 = 8)p( ) n], (43.36)
G+ a)/lp(pceq - ee)
and
_ (1=-&pa(1+2)-31n
e= Gra)ipn (A3.37)
By substituting these values of nq, e.4, and e, into :TU > 0 whenn, = 0, (A3.7),
2
cfg—0Be
— Zc(iq—ac) B+a)Ap(pchq—Hbe) >0
1-8 (A-ag)pcl(1-6)p[2A-(1+a)]+2An} ’
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By substituting the values of e and e into ;TU > 0 when n; = 0, (A3.29),
1

pchqg—be

“pc-ag) 24(pc0q—6e) (1+a)(1-8)p
>0 1>———
1—6—77%# (1-8)(1-ac)pc 2[(1-8)p+n]

which always holds because of the assumptions of 0 < a < 1and A > 1.

By substituting the values of n; and e, into Z—Z > 0 when e = 0, (A3.30),

-n
3 PPa 0 Gmappel -8 plzA-Grarzin | P 0.
pc(1-ac) B+a)Ap(pcbq—6e)

Hence, the necessary conditions for this case to be realized are

(1-8)p2+a) An
Aot PTG ra- D (43.38)

(1 - 8)pa 3An
3n—(1—48)pa P> 1-8a(l+A) (43.39)

A<

The right-hand side of (A3.38) is smaller than that of (A3.21),

An An
< a 1-ac
(1-8)(2+a-21) L 0e"C(pchq—be) B
“pcBgacc(1i-ag)l—%

b

A

(1-8)|(2+a

1-ac

because = “(pctq=0e) < 1 from (3.10) and (A3.18).

pPcbq actc(l-ag)l~%c

® Whenn; =0ande =0

acpcfg—0Pe

In this case, values of variables are n; = e,y = e =0, e, = (afopr and
—Wcl)VeFc

(-89 - a)p,
ny = 0.0 (A3.40)
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o ., 0
By substituting these values of nq, e.q, and e, into % > 0 whenn, = 0, (A3.7),
2

_,PcOq—0e

pC(i_aC) + l = 0 > 0‘
1-6 0

By substituting the values of e and e into ;TU < 0 when n; = 0, (A3.29),
1

22(pcBg—6e)

ac(pcbq—He) e =
(1_6)(1_%)’)0[%(1—1&:)]

-84
1-6 +

By substituting the values of n; and e_; into Z—Z < 0 when e = 0, (A3.30),

Hence, the necessary conditions for this case to be realized are

— -1
- [0, 0

, A3.41
B pceqacac(1 - ac)l_ac ( )

Y

p =< m (A3.42)

When p. is small, the right-hand side of (A3.41) becomes smaller than 1, which

. . . 6 .
means that this case does not exist. Especially when p, converges to ﬁ, the right-hand
cfq

side of (A3.41) converges to %

® Whenn; =0ande >0

acpcqg—0e

In this case, values of variables are,n, = e.; =0, e., =
(1-ac)Bepc

n, = (1-6)1—ap.
2 226, — 6.)

(43.43)
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and

_ (1=8)pa-n
e = oo (A3.44)

o . au
By substituting these values of nq, e.q, and e., into P 0 when n, = 0, (A3.7),
2

pchg—be

pC(i_aC) + l = 0 > 0‘
1-6 0

By substituting the values of e and e into ;TU < 0 when n; = 0, (A3.29),
1

_gq
(1-8)pa-n +
(1+a)pn (1—5)(1—0lc)Pc[

ZA(pCeq_ge) < 0
a; =~ V.
ac(pcbg—e)
Oe(1—ac)

1-8—-7
By substituting the values of n; and e_; into Z—Z > 0 when e = 0, (A3.30),

-n

s +ap > 0.

Hence, the necessary conditions for this case to be realized are

1< Pcbq (1+a)(1-6)p (ﬁ)af ( 1-ac >1—ac

— 2 [(a-8p+n] \6 pcbg—0e
An
Sp > , (A3.45)
_ — _
20,%(p.6, — 6,)
p>—1__ (43.46)
1-906)a

pCanC“C (1—a)t~%c

2+a . . .
When 20,5 (o 00) > (<) . theright-hand side of (A3.45) is smaller (greater)

. A e/

than that of (A3.38), i.e., o Crapedque® g% <(>) o) ia)

1—
Zeeac(pceq—ee) ac
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cOqacc(1-ac 1-ac . . .
When Ze z:( él :;1_% > (<)%, the right-hand side of (A3.45) is smaller
e \Pcbg—Ue

3An
(1-8&a(1+1)

An
(1+a)pcfgac®c(1-ag)l~%
I-a -
20%¢(pcog—6e)” ¢

(greater) than that of (A3.39)at A =1, i.e., <(>)

(1-8)

Solutions of the utility maximization problem

A 4 M
| | PEa=o2+a-n
I 1 J
| | /
| V\ _Z  _ _______
i T A ® !
@ —e=0 | | =}
n >0 n,=e=0 ; n,e>0 n,=0
| 1 L) 1 1 » 102 1
2 p— - o e L "
| _ -
2 -
1 p=33—77 | Sl
I aA-dad+1) | i M
- 1-a.
I 4' I -7 (1—5)|(Z+“)9e“‘(/’c9q‘9e) ¢ —’1|
/. | pebgac (1 —a)=%
| I /
ya
[ 1-a ! I 1
26,(pe8=%) | _ _| ® ny, n,>0,e=0 1] @ nyn, e>o0
chqaca‘(l —ac)t% - “.-"“
“‘
““
“““
““‘
\ n
o g a 1-a,
K 1+ a)pbgact(l— a)l=%
P (1-8)| =2 -1
R 26,%(pcBg — 6e)
F
o
o
® n=0n, e>0
1
ssmmmmn Fpenreananane sasmssmmns sasmssnsas o
0 (1-08)a p

Figure A3.1 — Necessary conditions for the existence of the six cases when
1-a
20,7 (pc0g—0.) ¢

>1
PcOqactc A-a)t=4c
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ec; >0 if n; > 0, otherwise e;; =0, i =1,2

o 2
n
A ye= =
(1_5)1(“0()0:9‘;«1: c(1~ﬁca) c_/ll
I 26,"(pcby = 6.) ©
o

I . -

I BCED T E)

|
2 Sl S S A S S R

_ 3n \
Ta-oa(1+ D o
2
20,%(po8, —6,)" ") ”
““(pe q e) P d
Pebaac (1 — ey -
@ ny, ny,e>0

\ .

p= T-a.
T (- 5| & D0 (ocby ~ ) “
P8 (1— ac)t~%

_Al

[uny

s ..-----...-----y’.----u..u-....-"-...-Zﬂ--...----.-.----.-.-----.-u----.--

0 1-0a T-oa p

Figure A3.2 — Necessary conditions for the existence of the six cases when % <

1-—
20,%¢ (Pceq_ee) e
pcbqactc (A-a)t=4c

<1
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Figure A3.1%° and Figure A3.2% illustrate necessary conditions for the existence of
the six cases on the (p, 1) plane. From these figures, we can see that some cases overlap.
It does not mean multiple solutions because the utilities obtained from these cases are
different as shown later. Therefore, we need to compare the utilities of the overlapping
areas to find the correct solutions.
acpcBqg—Fe
(1-ac)bepc

(pcbg—0.)1%¢ . :

Since e;; = if n; > 0, otherwise e;; =0, i = 1,2, from (3.9), we have

@® Whenn; >0andn, =e =0

n, = L2080 g (A3.15). Thus, from (3.3), (3.4) and (3.8), ¢; = Ahy =2,
2(pcBq—6e) 2

(1-al)(1-8)pc [#c(pcbg—0e)1"°
c, = gAh;(1 —-98),and njh + nyh, = [ ] . Hence, from (3.1),
2 = gAhy( ) 1M1 2N¢2 2(pcbq—02) (-a,)6, 3.1

the utility of case (D is

A%h%p. (1 — &), % (1 — ay)t % 1-6

= in| 220 £ +2ln( . ) (43.47)
96 C(pcgq - 99)
@ Whenn; >0,n, =0ande >0

6 .. 20,%(pcbg—00)" " _ 3(1+a) 20,%(pc0g-0)" " 3(1+a) . _
Figure A3.1 shows the case when pcsqa;c(kac)i-ac Pypyt n pceqa:;c(kac)i-ac Pyl the two boundary lines p =

An
(1+a)pcbgac¥c(1-ag)l=%
T-a, -
20e%(pcbq=0e) " C

3An

m intersect.

and p =
1-8)

20,%(pc0,-8.)" " 1+a 20,%(pc—0)" " _ 1+

7 & a s .
Figure A3.2 shows the case when pebractei-a) % < zva When pefaact(1—ag) 15 > oo the positions of the two boundary lines

An An An 31n
= an =———— are reversed, so p= and p=—-""+
P (1-8)|LFDechgacicaagi e dp (1-8)(2+a-2) ? P (1-8)|LrDpclqacica-ag~tec P = ameam

1-a, 1-a,
20e%(pchq-0e) € 20e%¢(pchg=0e) €

intersect.
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_ @=adpcl(1-8)p+n] _ (=8)ap-27
n, = @r)p(pe0,—0) and e = @i from (A3.19) and (A3.20). Thus, from

(1-8)p+ [(1-8)p+n]
(3.3), (3:4) and (3.8), ¢ = Ay 25 ¢, = gAhy (1= 5) {%} and n h,, +

— (1-ag)pc[(1-8)p+7] ac(chq—ee)
(2+a)P(chq_9e) (1-ac)be

nyhey ] . Hence, the utility of case @) is

U, = In gAZh%pc(l - 5)acac(1 - ac)l_aC] 21 (1 - 5)[) + 77]
2 = 2 1-a,
0. (pcby — 6.) 2+a)p
al(1—-6)p +n]
+aln{ 2+ o) : (A3.48)

® Whenn; >0,n, >0ande =0

_ =8pc(1-al(21-1)
1 3A(pcgq_ge)

(1-8)p.(1-a)(2-2)
3l(p59q—99)
1+4
31°

and n, = from (A3.31) and (A3.32). Thus,

from (3.3), (3.4) and (3.8), c; = Ahy(1 —8) — = gAh;(1 - 5)%, and nyhq +

(1-8)pc(1-a)(1+1) [“c(pceq_ge) %e

nyhe, = 32(0c0q—00) 1—au)0, ] . Hence, the utility of case ® is

gAzhlpc(l —&a (1 —a)' ™% (1- 5)(1 + 1)
U3 - l 1—a, Zl
(pc —6.)
1+
Hn (=55). (43.49)
@ Whenn; >0,n, >0ande >0

_ Q-ag)pf(1-6)p[2A-(1+a)]+2An} _ (-ag)pl(1-8)p(2+a—A)—4n] _

™= B+a)Ap(pcbg—6e) - e = (3+a)AP(Pc9q_9e) nd e=

(1-8)pa(1+A1)-34An
B+a)ipn

_ (1-8)p(1+A)+nA _ al[(1-8)p(1+)+nAN % (1-8)p(1+)+nA
- Ah1 (B+a)Ap ’ - ‘gAhl { (3+a)ni } (B+a)p

from (A3.35), (A3.36) and (A3.37). Thus, from (3.3), (3.4) and (3.8),

, and nyhy +

_ (1=a)pcl(1-8)p(A+1D)+An] [ac(pceq—ee) *

c
nyhe, s+ @p(pe0o—02) 1—a.)5. ] . Hence, the utility of case @ is
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4:ln

gA*hip (1 — a (1 — a ) % + 20 [(1 - &Hp(1+A)+ 77/1]
— n
eeac(pcgq - ge)l o (3 + a)Ap

+In

(1-8)p+1) + 77/1] . {a[(l —Op(L+2) + Ml}_ (43.50)

1-86)B+a)y B+ a)na
® Whenn; =0,n, >0ande =0

_ (1=-8)-apc

2 = from (A3.40). Thus, from (3.3), (3.4) and (3.8), ¢;, = Ah,(1 — §),
ZA(pCGq—Ge)

_ 2(1-6) _ -8 a-ar)pc [ac(pcbq—6e) e s
c; = gAhy . ,and nyhyy + nyh, = 22(000—02) | (1-a0)0, ] . Hence, the utility of
case ®) is
A?h2p.(1 — &)a % (1 — a, )t % 1-6 1
Us = In g 1pc§ ac (1—aCC) ]+21n<T)+ln(—). (A3.51)
ee C(pceq - 96)

® Whenn; =0,n, >0ande >0

(1-8)(1-ac)pc (1-8)pa-
n, = ZA(T,;ZG,:)) and e = mTp)c,lmn from (A3.43) and (A3.44). Thus, from (3.3),

(1-8)p+n [1-8)p+n])* 1-6
(34) and (38), C1 = Ah1 (+a)p Cy = gAhl {ﬁ} T, and nlhcl + nzhcz =

(1-6)(1—-ac)pc [ac(Pceq_ee)

ac
. Hence, the utility of case () is
ZA(Pceq_ee) (1-ac)be ] Y @

gA%hip. (1 — 8)a % (1 —a,)! ™% 1
U, =1 +2In(=
6 n eeac(pceq _ Qe)l_“c n(Z)
1-8)[A-68)p+n] al(1—-358)p +n]
+ln[ d+ip ]+aln{ AT o } (A3.52)

The case of Figure A3.1

90



We need to compare the utilities of case D and case 3), case D and case @), case 2

and case @), case @ and case (6, case @) and case 6.

1] case @ and case @

From (A3.47) and (A3.49), we have

Ue— U = 2] 21+ 1) o <1+A)_l 4(1+ )3 (4353)
3T T AN T "3 T o '
Since
d[4(1+12) 4 (1+A)
274 | — —~—— (4 —2) <0 from A < 2(equation (A3.33)),
3
U; —U; >In [42(;:22))2 ] = 0 and thus U3 > U; holds.

2] case O and case @

From (A3.47) and (A3.50), we have

_ 2[(1-8)p(1+1)+nA] (1-8)p(1+)+nA al(1-8)p(1+)+n |
Up— Uy = 21”{ (B+a)(1-8)Ap }+ in (3+a)(1-8)p ] + aln{ B+ani }

{22a“[(l—&)p(1+l)+n/1]3+“}
(3+a)3tana(1-8)312+ap3

Because

22a%[(1-8) p(1+A)+nA]3+&
(3+a)3Txpa(1-5)312+a 3 22q% [(1—5)p(1+/1)+7]/1]2+a

dp T (3+a)3tapa(1-§)3)2+a pt

[a(1-6)A+Dp -

3ni] > 0 from p > (equation (A3.39)),

(1- 6)a(1+/1)

2%a a[(l 6)m(1+1)+711] — [4(1-}-1)3]

U4_U1>ln 3 272

2
(3+a)3+“n“(1—5)312+“[m;7w]
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4(1+2)3
2
Since A < 2 from (A3.17) and (A3.39), [ Bz I 282 (1-2) < 0. Hence,
4(1+2)3
Uy,—U; >1In [ 2722 ] = 0 and thus U, > U; holds.

[3] case @ and case @

From (A3.48) and (A3.50), we have

Us = Uy = (2 + @)ln {2 DB o iy [

B+a)[(1-8)p+n]A B+a)(1-8)p

— { @+a)***[(1-8)p(1+)+n 13+* }
U lGrap3re-a)azrap[(1-8)p+n)rre);

Because

d @+ [(1-8)p(1+)+nA]3+¢
(2+a)?te n[(1-8)p(1+)+nA]***

(B+a@)3+2(1-8)A2+Ap[(1-8) p+7]2+a) _

dp T B+a)3tA(1-8)A2ta  p2[(1-8)p+n]3te [(1—68)p(2 +
—_ 1) — M ;
a—A)—nA] >0 fromp > i D (equation (A3.38)),
(z+a)2+“[(1—5)’1—”(1+/1)+n,1]3+a
U,—U,> In <;5>(2+";-” - =t = 0 and thus U, > U,
B+a)3 (1=t S| - 77]
holds.

[4] case(® and case (&)

From (A3.49) and (A3.52), we have

Us — Us = Zln[ 34 ]+ln [3(1—6)[(1—6)p+n1] 4 al {0![(1—5)p+n]}

2(1-6)(1+1) A+a)A(1+1)p (1+a)n

—l{ 33a%[(1-8)p+n]***2 }
- 22(1+a) e (1-8)p(1+4)3)

Because
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{ 33a%[(1-8)p+n] 1t }

22(1+a) I (1-8)p+1)° 33a%1 [(1-8)p+n]® _ -
dp T 22(1+a@) e (1-8) (1+4)3 p2 [a(1=68)p—n]>0 from
p > (1_’76)a (equation (A3.55)), from (A3.34),
1+a
332%[(1-8)—2L 4| A " .
Tt el S B e
22(1+a) n (1—6)m(1+l)

32(3A+al+a)1t?
32(34+a) (BA+ai+ )*

22(1+a) 121423+

Further, since (1-21)<0fromA>1,

da - 22(1+a)1+a: (1+/1)4—+06
32(3+a+a)lte _ 3\2 /3+2a\ 112
U6 U3 < In [22(1+a)1+a(1+1)3+a] =In [(4) (2+2l1) ’
Because
w)““ 1+a 1+a
(2+2a _ 3+2a) [ (3+2a) 1 ] (3+2a) [ (E) _1]
da (2+2a In 24+2a 3+2ax > 24+2a In 4 5 >
1+a d[in(322) 2
(32) [0.22-0.2] >0 from @ < 1 and ) el 2 (- 552) <O,
2+2a da 3+2a \3+2a 24+2a

Us—Us; <lIn [G)Z G)Z] < 0 and thus Ug < Us holds.

[5] case @ and case (&)

From (A3.50) and (A3.52), we have

T 2[(1-8)p(1+1)+n4] (1+a)[(1-8)p(1+D)+n4]
Us = Us = Zln{ B+a)(1-8)p }+ a+ a)ln{ B+a)A[(1-8)p+n] }

— { 22(1+a) M ¥[(1-8) p(1+ 1) +nA]3+® }
- (3+a)3+2(1-8)2p2[(1-8)p+n]itari+a)’

{ 22(1+a) 1T [(1-8) p(1+A)+12]3T X }
Gra)2¥%(1-0)2 p2[(1-8)py] it EATFEf 22(1+a)1te n[(1-8)p(1+)+nA]**? [(1—=8)p(1+
dp G+a)?+ (1-8)221%8  p3[(1-8)p+]2+e p

a —21) —2nA] < 0 and
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{ 22@+a) 1t (1-8)pa+)+y 13t¢ }
GB+a0)2*2(1-8)2p2[(1-§)p+n AT

di
22(1+)tte [(1=-8)p(1+A)+nA)>te _ _ _
G+a) 2 e(1-8)2p2[(1-8)p+11] 1+ PR @ld=8)p+nii-01+aa

6)p} > 0 fromA > 1.

4%(2+2a)t*
(3+a)3ta

4_24_2
Hence, U, — Ug > (U, — U6)|/1=1p=Oo = ln[ ] > ln[ " ] =0 from a <

(2+2)1t2
_ @+2a)1te

dl~====_
(3+a)3+a
1 and da (3+a)3ta

n (2+2a) < 0 and thus U, > Ug holds.

3+a

Based on these results, solutions of the maximization problem and the conditions for
the existence of these cases can be classified as presented in Proposition 3.1 and as

illustrated in Figure 3.1.

The case of Figure A3.2

Besides the comparisons above, we need to compare the utilities of case (D and case

(), case @ and case (6), case Q) and case (®), case 3) and case (5).

[6] case @D and case (5
From (A3.47) and (A3.51), we have

Us—U, =1In G) < 0 from A > 1 and thus Us < U; holds.
[7] case @ and case (&)

From (A3.47) and (A3.52), we have

o (1-8)p+n al(1-8)p+n) _ a®[(1-8)p+n]'+e
Us — Uy = In ((1+a)(1—6)p/1) t aln{ (1+a)7 } =n {(1+a)1+“(1—5)n“p/1}'
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From Figure A3.2, case D and case (&) overlap in the area where p € [ d 2 ]

(1-8)a’ (1-8)a

— 0 a _ 1-a
) (1(1 Sizi " (1+20;)ch (qa; C(; )foc “| hold. We have already shown that U; > U,
- e \PcVqg—Ue

and A € |1

. __ 3
and Uz > Ug in the sub-area where p < =0)a(1+d)

31
(1-8a(1+1)

and A < 2 hold, and U, > U; and

U, > Ug in the sub-area where p > holds. Hence, there is only the area where
2n

p < (1-8a

and A4 > 2 hold left to consider (see Figure A3.2).

Because

d{ a%[(1-8) p+n)tt* }
A+ T+Fa-5m%pr _ a® [(1-8&)p+n]*

dp T (+o)te(1-8)n*r  p?

n
(1-6)a

[a(1=8)p—n] >0 from p>

a®[(1-8)p+n]ite
(A+a)1*+a(1-6)n%pa

(equation (A3.46)) and decreases with A , Ug—U; < (Ug —

(2+(X)1+a

H(Lta)ita < 0 and thus Ug < U; holds.
a-o)a

[8] case (2) and case (&)

From (A3.48) and (A3.52), we have

2+a)(1-8)p

Us = Uz =In {4/1[(1—6)p+17]

} + 1+ a)ln (i:—g)

Case 2 and case () overlap in the area where

2 A 1-8)p (A+a)pcbgactc(1—ay)l%c
p E Z , e 1 = and A € [1, ¢ 5 i l;cc 1c 15%
(1-8)a (1-8) (2+a)fe (Pceq—ef) ) (1-8)p+n 26, (pceq—ee)
pcbqactc(1-ag)t—%

hold from Figure A3.2. We have already shown that U, > Uy and U, > U, in the sub-area

An .
RS YT holds. Hence, there is only the area p <

An

where p > REGTrPS

D left to

consider.

-8)p . : :
Because DU 41 reases with p and decreases with A,
4A[(1-8)p+n]
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(2+a)1+a
U= U <WUs—Ul, 5 =l
=LP=a 5 ran)

< 0 and thus Uy < U, holds.

[9] case (® and case (5

We have already shown that U; > U; and U; > Us and thus U; > Us holds.

Based on these results, solutions of the maximization problem and the conditions for
the existence of these cases can be classified as presented in Proposition 3.1 and as

illustrated in Figure 3.1.

Proof of Proposition 3.2

When g, = gs = 1, the inequalities on A (those associated with p., § and ;) of

Propositions A3.1, A3.2 and A3.3 become 1 < (=)2 incase (3)and A < (=) (E;X;zin (the

one associated with § becomes 1 < (=)2 + a) in case (4). Hence, the inequalities in case
(3) and the one associated with § in case (4) hold with "<" for any A < 2. The inequalities
associated with p, and & too hold with "<", as long as A < 2 is not large. These
inequalities hold with "<" when g, > 1 is not large and gs < 1 is not small, as long as
A < 2 is not large, because the expressions of the right-hand sides of the inequalities are
not very different from the ones when g, . = gs = 1. Hence, the results of the time-
dependent case are the same as the time-invariant case for p., § and 6,. The remaining

results are straightforward from Propositions A3.1, A3.2 and A3.3 and the assumption that

g, 18 not large and g4 is not small of Proposition 3.2.

A3.3  Proofs of Propositions A3.1, A3.2 and A3.3

Solutions and conditions of the utility maximization problem
The objective function of the period 2 maximization problem now becomes

In{gA(1 + pe)*hy[1 — g56 — A(6, + O.ec2)n,]}
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ac
+ ln[nl(l + peeqc1)% + nz(l + gpcpcecz) ] .
First order conditions are

oU —18,
=N
dec; 2|1 —gs6 — A6, + B.ecz)ny

acgpcpc(]- + .gpcpcecz)ac_l

[ =0,
nl(l + pcecl)ac + n2(1 + gpcpcecz)
oU —A(64 + Beec2)
on, 1-— gs6 — A(Qq + Qeecz)nz
(1 + gpcpcecz)ac <0

a; =
ny(1+ peecy)® + nz(l + gpcpcecz)

From g5 < 1, U _ 0 could hold. Thus, when n, > 0, from v _ 0,
6n2 6n2

ny (1 + peec)® +n(1+ gy peec2)*

— (1 + gpcpcecz)ac
(6, + 0cec2)

[1 —gs0 — /1(9q + Qeecz)nz].

By substituting this equation into (A3.55),

ou ATLZ acgpcpc (9q + 96802)

= —0, +
dec; 1—gs6—A(0, + Osecx)ny| © 1+ gp.Pcec:

When n, > 0, U _p from g,_= 1. Thus,
decy ¢

_ acgpcpcgq - Be
(1 - ac)gegpcpc '

€c2 =

When n, > 0, from (A3.56),
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(A3.54)

(A3.55)

(43.56)

(43.57)

(A43.58)

(43.59)



ac
a_U — —A(Qq + 9966‘2) (1 + gpcpcecz)
anz nz=0 1-— .965 nl(l + pcecl)ac

> 0. (43.60)

From (A3.57) and (A3.59), the equation corresponding to (A3.23) of the time-

invariant case is

ac(gpcpchq—0e) e

(1—956)gpcpc(1—ac)[ Bo(i—ac) —A(gpePcbq—6e)(A+pcec)¥eny

ac(gpcpceq—ee)]
Oe(1-ac)

n, = (43.61)

Zl(gpcpceq—ee)[
Thus, the objective function of the period 1 maximization problem becomes
= ln{Ahl[l -0 —ne— (Hq + 9e3c1)n1]}

ac
ac(gp.pcfqg—0
(1_956)gpcpc(1—ac)[%] +/‘l(gpcpc9q_Ge)(1+Pcec1)aCn1

+In< gA(1 + pe)*hy

ac(gp-pcbqg—0
ngcpc(l—ac)[ el ey 9)]

ac(gp pcBa—0e)1%¢
(1—956)gpgpc(1_ac)[%] +/’L(gpgpc9q_Be)(l"‘Pcecl)acnl

In A3.62
" Zl(gpcpceq_ge) ( )
First order conditions are
a_U _ Zl(gpcpceq_Be)(l"‘Pcecl)ac
onq ac(gpcpcbq—0e) ac .
(1_956)gpcpc(1_ac)[w] +A(gpcp,:0q—09)(1+pcecl) cnq
—(6, + 0,e
+ (B + Beccr) <0, (43.63)
1-6—ne— (0 + 6.ec1)nq
ou — ZA(gpgpceq_Ge)acpc(l+Pcecl)ac_1
decy ac(gpepPcbq—9e) e «
(1_g56)gpgpc(1_ac)[w] +A(gpPcOq—0e)(1+pcect)¥en,
7]
- - <o, (43.64)
1-6—ne— (Bq + Qeecl)nl
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au -n ap
IE— +
de 1-6-—ne— (0, +6.e4)n, 1+pe

<o0. (A3.65)

au
When n,; > 0, froma— =0,
ng

c c cfq—0e
(1 - 966)gpcpc(1 - ac) [%] + A(gpcpc 96)(1 + pcecl)acnl

_ Zl(gpcpceq_ge)(1+Pcec1)aC [
9q+GeeC1

1-6—-ne— (6, + Heecl)nl].

By substituting this equation into (A3.64),

au n a 0, + 6.e
_ 1 o, P (6 )| (43.66)
decy 1—-8—ne— (9q + 9e3c1)n1 1+ pceq
_ acpcqg—0e ou
Thus, whenn; > 0, e;; = a0 G = 0.
When n; = (>)0, from (A3.63),
a_Ul ZA(ngpc -0 )(1 + pcecl)ac
anl n1=0 (g p _0 ) ac
pcPcY%q — Ye
1- 966)gpcpc(1 ac) [ 0,(1—ay) ]
6, +6.¢e
-4 < (>)o0. (43.67)
1—-6—ne
When e = (>)0, from (A3.65),
ou -
1 +ap < (>)0. (43.68)

e le=0 =T 52 (8, + Boect)ms
Case (3): Whenn; >0ande =0

acpclq—0e
(1-ac)Bepc

AcdpcPcBq—0e

and e, =
c2 (1—a’c)9egpcpc,

In this case, values of variables are e = 0, e.; =
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(1 - ac)pc [(1 - 6)(gpcpc6q - 96)1_‘%2)L - (1 - gﬁa)gpc(pceq - ee)l—“c]

- . (43.69)
34(pcbq — 0)(9p.pcbq — He)l "

Tl1=

and

1-
(1- a’c)Pc[Z(l 985)ng(Pc9q ee)l ac‘(l 6)(gpcpc9q 6e) ac]

A3.70
34(pcOq~ 6e) “(gpepcbq—6e) ( )

ny; =

By substituting these values of nq, e.q, and e, into ;TU > 0 when n, = 0, (A3.60),
2

_,9pcPcfq—be
gpcPc(l—ac)

1-gs6
1-ac
(1-ac)be 3A(pC9q_93)(chpcgq_6€)
1_
aCZA—(1—956)ngPC(pc9q_Ge)

[lxc(.gpcpceq—ee) e

— > 0.
ac(pceq—ee)] (1-a0)|[(1-8)pc(9ppcbq—be) T
(1-ac)be

By substituting the values of e and e_; into ;TU > 0 whenn; = 0, (A3.67),
1

pcbg-He _ ac(pcbq—He) e
“pci-ag) 21(gpcpc9q 96)[ (1-acg)be >0
1-6 %

ac(gp.pchq—0
(1—955)gpgpc(1_ac)[ e (gcaZ)ge E)]

1-a,
1—gs6 6,—6
( gs )gpc(pc q e) (A3.71)

S A> T—a, -
2(1- 6)(gpcpc9q - 96)

Because g,,_ is not large and g5 is not small, (A3.71) always holds.

By substituting the values of n; and e, into Z—Z < 0 when e = 0, (A3.68),

-7
+ap <0
= = =0
pceq—ee(1-05c)[(1-5)Pc(gpcpc9q—ee) ac2/1-(1-955)gpgpc(l7c9q—ee) ac]
Z -
peli-ag) 3M(pcOq—0e)(gpcpcOq—0e) °C

Hence, the conditions for this case to be realized are

21~ 959)9p.(pcbq — O T
oel 1)% , (A3.72)
(1 - 5)(gpcpc -0 )
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3An(gpcpceq - 96)1—%
1-ac 1-ac]”
a [(1 - 6)(.gpcpceq - Be) A+ (11— 966)gpc(pceq - Be) ]

< (43.73)

Case (4): Whenn; >0ande > 0

acpclq—0e _ AcdpPcOq—0Be

In this case, values of variables are e,; = ———— =
’ cl (1-ac)bepc’ c2 (1_ac)9egpcpc,

(1-a)pc{21(1-8)p+11(9pPcBq—0e) ““A-(1+a)p(1-g58)9p,(pcOg=0) )

n, = 2 ,(A3.74
1 (3+0~')/1P(pc9q_92)(gpcpc9q_92)1 ¢ ( )
(1-a0)pc|2+a)p(1-g58)gpc(pcb 991‘“—[(1 8)p+n(gpcpcbg—0e) A
n, = ap[ @)p(1-958)9p.(pcOq—0e) p+11(gpepcbq—0e) ](A3.75)
(3+a)/1p(Pc9q ee) (gpgpceq_ee)
and

- 1— 1-
ap[(1—5)(gpcp69q—9€)1 acl+(1_985)gpc(9c9q_ee) ac]_3l77(gpcpc9q_ee) e
e= e . (43.76)
(3+05)/1P77(gpcpc9q_ee)

By substituting these values of nq, e.4, and e., into ;TU > 0 when n, = 0, (A3.60),
2

_,9pcPcfq—be
9pcPcl—ac)

1-gsd
ac(gpcpcOq—He) e 1-a
[ (1-ac)fe (3+05)/1P(Pc9q_9e)(gpcpceq_99) ¢

a 1-a
W ¢ (1_ac)[2[(1_5)p+n]Pc(ngPceq_99) Cl_(l+a)p(1_986)gpcpc(909q_99)
1-ac)le

= > 0.

By substituting the values of e and e into :TU > 0 when n; = 0, (A3.67),
1

_ Pcbq—be
pc(1-ac)
—a i—a T—a
aﬂ[(1—5)l)c(gpcpc'9q—9e) CA+(1-g58)gpcpc(pcdq—be) C]—3171Pc(gpcpc'9q—ge) ¢
i«
B+ Apnpc(gpcpcOq—0e) ¢

(1-ac)be
“c(gpcpceq—ee)]
(1-acg)be

ac(pcbqg—0
Zl(gpcpceq_ge)[ clpetq e)]

ac > 0
(1—956)(1—ac)gpcpc[
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1-ac
(1 + 0(),0(1 - 965)gpc(pceq - Qe) ¢
S A > =
2[(1 - 5)[3 + 77] (gpcpcgq - Qe)

(43.77)

Because g, is not large and g5 is not small, (A3.77) always holds.

By substituting the values of n; and e, into Z—Z > 0 when e = 0, (A3.68),

-1
1-a
pcBg—0e (1-ao)2[(1-8)p+nlpc(gp pcOq—0e)  A-(1+a)p(1-g58)9p pc(pcOq—Be)
— 1-a
pc(i-ac) B+D)Ap(pchq—0e)(gpcpcbg—Be) ¢

1—Ulc] +ap > 0.
1-81-

Hence, the conditions for this case to be realized are

1-ac

1< (2 + a)p(l - 966)gpc(pc9q - 96) ¢
1-ac
[(1 - 6),0 + 77](9,0Cpc9q - 99) ¢

, (43.78)

1-ac

p(l—g55)gpc(p,;9q—99)
[31-(1-8)pa] (gpcpcgq_ge)

T—ac

3)'77 (gpcpcgq - Qe)l_ac

= p> —— o
a [(1 - 6)(gpcpceq - ee)l ¢ 1+(1- 966)gpc(pceq - ee)l ¢ ]

(43.79)

Proof of Proposition A3.1

- 1_
(1—ac)Pc[(1_5) (gpcpceq_ge)l aCZA_(l_QSS)ng(pCGq_ee) ac]

D, = — from (A3.69).
(Hmn 3A(Pc9q—ee)(gpcpcgq_ge)1 ‘ ( :

dn1 _ (1_aC) 96
dpc 3(chq_9e)2(gpc969q_9e)

2—0c {%gpc(l - 966)(pc9q - Be)l—ac[acpceq(gpc -

2-ac 2(1— 0)2(1—6) c9 92
1)+ pcf = 0] = 201 = )8, - 0)° " < SEOTEEEI (1 -

gp,) < 0 from (A3.71) and g,,_ > 1.

dny (1-ac)pc(1-gs8)

ddpc 3A(Pc9q_ee)ac(gpcpcgq_ee)

9o, = 1.

Be

aclq

and

—ac (Qe - acgpcpceq) <0 from p,>
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ﬂ — (l_aC)pc _ 1-a, _ B
A5 3(pcbg—0e)A(dpcpchq—Be) ¢ [gpcgg(p g = Oc) 22(9pPcb4q
1—ag (1—ac)pcgpc _ < -
99) ] 3(1-0)A(pelg—0e) (G pebq—0e) (gs —1) <0 from (A3.71)and g5 < 1.

dny _ (1-ac)pé _9(1 — g% 1o
a8y = Tt gy o L2 D 0ppe = 0) T 4301

gég)gpc(pceq - He)l_ac[ac(gpcpceq - He) + (1 - ac)gpc(pceq - He)]} <

2(1-a.)*(1-8)pZ6.
2
3(pcbq=0e) (9pcPcOq—0e)

(1- gpc) < 0 from (A3.71) and g, = 1.

2—a,

ang _ (1-ac)pc _ _
A% 3(pcbg—0e) (9popcbq—0e)" °° {2(1 5) (ngpCGq 6.)

1
-z -
966)gpc(pc9q - 96)1_ac[ac(gpcpc9q - 96) + (1 - ac)(pcgq - 96)]} >

2(1-ao)?(1-6)pibq
2
3(pcbq=0e) (9pcPcOq—0e)

(9. — 1) 2 0 from (A3.71) and g, > 1.

1-ac

(1—ac)pc[2(1—985)gpc(pc9q—99) —(1—6)(gpcpcgq_ge)1—llc/1]

2)n, = =
3/1(969q_92)1 “(9pepchq=06e)

from(A3.70).

Since

dn, (1-ac)b,

2— 2
dpe 3(pcbq—6e)" ““(gpepctq—0e)

)(9pcPcbq — 0e)] =25 (1~ 958)9p.(Pcbq - He)z_ac},

{(1 - 5)(.gpcpc9q - Qe)l_ac[ac(pcgq - Be) + (1 -

2—-ac

2(1—985)gpc(pc9q_9e)
(1—5)(gpcpc9q_ee)1_ac [ac(chq_ee)"'(l—ac) (gpcpceq_ge)].

an
dpc

< (=)0 when 1 < (=)

Since

1-a,

dny _ (1-ac)pc _ _ _ l 3
A9p;  3(pcbg=0c) “(gpepcbq—be)’ [(1 8)acpcby (.ngPCHq 96) 2/199(1
0e(1-g56)(pcBq—00)' ¢
@ny ()0 when A < () —22e0=959(pc0g=0c)
@9pc (1—6)acpc9q(gpcp,;9q—9€)

966) (pceq - ee)l—ac]a

T—ac-

Since
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dng _ (1-ag)pc
as 3(Pceq_ee)l_ac(gpcpcgq_9e)

[(.gpcpceq - 96)1—“:: - zingQS(pceq - 96)1—06,; ],

1-a
ngcga(pceq_ee) ¢
T-ac -

dnz
—= < (=)0whend < (=
das (2)0w (2) (9pcPcBq—be)

Since

% _ (1-a.)p? _ _ 1-ac _ _
deq - 3(pceq_ee)z_ac(gpcpceq_ge)z {(1 5)(gpcpc9q 99) [acgpc(pceq 99) + (1

dnz

ac)(gpcpceq — 99)] — 2%(1 — g55)glz,c(pct9q — 99)2_%} © 20, < (=)0 when A<

2—ac

(>) 2(1—985)9;2)C(pc9q_9e)
= 1= .
(1_5)(gpgpc9q_ee) ac[acgpg(pcgq_ge)+(1_ac)(gpcpc9q_9e)]

Since
dnp _ (1-ac)pc l _ B 2—a, ~ ~
db, - 3(pceq—ge)Z—ag(gpcpceq_ge)z {2 1 (1 g55)gpc(pceq 96) (1
1-ac .
8)(gpcpclq = 0e) “|ac(pcbq = 6c) + (1 = ac)(gp.pcbq = Qe)]} ’ d_Zj > (<)0 when
2-ac
A< () 2(1-956)9p,(PcBq—be)

(1-6) (gpcpceq _Ge)l_ac [ac(chq_ee)"'(l—ac) (gpcpcgq_ge)].

Proof of Proposition A3.2

(1-a)pc{21(1-8)p+11(9 . pcBq—0e)  ““A-(1+a0)p(1-958)9p,(pcOq=0c) "}

) ny= = from
( ) ! (3+a)/1P(Pc9q_9e)(gpgpc9q_Ge)l e

(A3.74).

dny _ (1-ac)be
- - 2
apc  (3+a)(pcbq—Be) (gpcpCGq—Ge)

00)" " ““[(Gpepety — 6) = (1 = @Ipcby (9, — V] = 2[(1 = ) + 2] (p.pc0, -

2—ac {% (1 + 0()(1 - 966)gpc(pc9q -

2 2(1—ac)2pceqee[(1—5)+ﬁ]
0 ‘A< L (1- < 0 from (A3.77) and > 1.
e) } (3+a)(pc9q_9e)2(gpcpceq_ee) ( ng) ( ) gpc
dnq (1+a)(1-ac)p(1-gs6) 0.
= = — (6, — 7] 0 f —_—
pe | (Ha)M(pebq—02) C(gpcpcgq_ee)z C( e — XcGp Pc q) < 0 from p, > a6, and
9p, = 1.
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an, _ (1-ac)pc 1 _ 1-ac _
as (3+a)(Pceq_ee)(gpcpcgq_ee)l_ac [A (1 * a)gpcgs(PCQq 96)
1-ac (1-apc
— < _
2(gpcp69q 99) ] B (3+a)(Pceq_96)(gpcpc9q—99)1_ac [(1 + a)gpcgs(pc q

0) " = 2(gpapeby —0) "] <0 from 2> 1 and the assumption that gy, is not

large and gg is not small.

2—a¢

dny _ (1-ag)pé _ _ n —
o = (3+a>(pceq—ee)2(gp,:pceq—ee)z‘“f{ 2[(1=8) +2] (9ot — )" +

%(1 + a)(l - 966)gpc(pc9q - Qe)l_ac[ac(gpcpceq - 96) + (1 - ac)gpc(pceq -

2(1-a)2[(1-8)+1| 26,
9 P
e)]} < (3+a)(pc9q—9e)2(gpcpcgq_99)

(1-g,,) <0 from(A3.77)and g,, > 1.

dny — (1-ag)pc _ n _ 2-ac _1
ade (3+a)(pC0q—09)2(gpcpceq—Ge)z_aC {2 [(1 )+ p] (gpcpCQq 96) A 1+

a)(l - 955)gpc(pc9q - ee)l_ac[ac(gpcpceq - ee) + (1 - ac)(pceq - ee)]} >
2(1—ac)2[(1—5)+%]pgeq

—1) >0 from (A3.77) and g, > 1.
(3+“)(p69q_96)2(gpcpc9q—99) (gpc ) ( ) 9p.

1-ac

(1-ao)pc|(2+@)p(1-956)gp.(pc0q—0e)'~“ ~[(1-8)p+n1(9pPcOq—6c) 1]
(3+a’)/1p(Pc9q_9e)1_aC (gpcpceq_ee)

2) ny= from

(A3.75).
Since

dn, _ (1-ac)b,
= —a p)
dpc  3+a)(pcbg—0e)”  (9pcpcBq—be)

6e) + (1= ac)(9p.Pcby — 0e)] = (2 + @) 3 (1 — gs8) g, (pcby — 60) "},

{[(1 — &)+ %] (gpcpceq - t9e)l_ac[“c(loceq -

2—ac

(2+a)p(1—gs5)gpc(Pc9q‘ge)
(1—5)P+7]](gpcpceq—ee)l_ac [ac(pcBg—6e)+(1-ac) (gpcpc9q—9e)].

an
dpc

< (=)0 when A < (=) [

Since
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an; (1-ag)pc n 1-ac
= . — )+ acpcd 0, —0.) -2+
dgp. (3+a)(pC9q—Ge)1 ac(gpcpceq—ee)z “(1 ) + p] ®cPe q(gpcpc q e) (

a) 6.(1 — gs6)(pc6q — 6 )1 ac]

1-ac

0c(1-gs56)(pcBg—0e
< (=)0 when A < (=) (2+a)pbe(1-959)(pcbq—be) -
9pc [(1_6)P+n]acpc9q(gpcpceq—93)
Since
dn, (1-ac)pc 1-a, 1
— = —-a 9 — 9 — (2 +a)-= 9 _
8 3(pc9q—92)1 C(gpcpcgq—ge) [(gpcpc q e) ( )Agpcgfs(pc q

1-ac

(2+a)gpcgs(9c9q_ee)

1 aC dnz
(9pcPcBq—0e)

< (=)0 when 1 < ()

Since

an, (1-ap)p? 1 ) 2-ac
a2 = Ze; —2+a)i-gss 9, — 6 +
d8q (3+a)(Pc9q_96)2 C(gpcpceq_Be)z { ( ) A ( 9s )gpc (pc q e)

[(1 —0)+ %] (9pcpcbq 96)1—%[“69%(969(1 —0,) + (1 — ac)(gp,pc0q — 99)]},

any _ 2+@)p(1-958)g3(PcBq—0e)”
>)0 when 4 < = .
dae ( ) v ( ) [(1_5)P+7]](gpcpc9q_9e)1 [acgpc(pceq_He)+(1_ac)(gpcpc'9q_9e)]
Since

dn; (1-ac)pc 1 2-ac

= p— 2 + - 1 - 5 9 - 9 - 1 -
dbe (3+a)(Pc9q_96)2 C(gpcpceq_ee)z {( 0() A ( 9s )gpc (pC q e) [(

1-a,

6) + ] (gpcpc - ) [ac(pc Qe) + (1 - ac)(gpcpceq - Be)]}a
an 2+@)p(1-958)gp (PcBq—0e)” "

> ()0 when A < (=)

[(1_5)p*”ﬂ(gpcpceq_ee)l_ac[“C(chq_92)+(1—ac)(gpcpc9q—9e)r

1-ac

a'p[(l 6)(gpcpc'9q 92)1 ac/“'(l g56)gpc(pC9q 66‘) ]_3/177(gpcpc'9q_9e) from
(3+a)lp77(gpgpc9q Be)l e

() e=

(A3.76).
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de __ a(1-956)gp.(1-a)0q0.
- a
dpe (3+“)An(pc9q_ee) C(gpcpcgq_ee)

—as (gpc - 1) = 0 from g, = 1.

1-ac

a (1-958) (PcBg—0e be
e a(1-g58)(pcha—be) o= (eGP0, — 6.) > 0 from p, > ngand 9p. 2 1.

ddpc (3+0‘)/17](gpcpc9q_9e)

£ _ a(l—ac)(l—ggs)gpcee
- a
d6q (3+a)/17](pc9q_ee) C(gpcpceq_ee)

—ac (gpc - 1) = 0 from g, = 1.

de _ a(1-a)(1-958)gp.Pcbq
- a
dbe (3+¢1’)MI(Pc9q_ee) C(gpcpcgq_ee)

=z (1—9g,,) <0fromg, >1.

Proof of Proposition A3.3

(D mtm, = 3(Pceq_(0165$2i~);c9q_99) {[Z(gpcpceq - ee)ac - (pceq - He)ac](l -

1-a; ac e 1
8)(9p.Pcbq — be) +[2(pcbg = 0e) = (gpepcbq — 0e) ] 21 959)9,.(Pcbq -
6.) “} from (A3.69) and (A3.70). ny +n, decreases with 2, & and g5 from the

assumption that g, is not large.

d(ni+ny) (1-ac)be
- 2 2
dpc 3(pcbq—6e) (9pPcOq—be)

ac)(pceq - Qe)] - z(pceq - Qe)1+ac lgpc(]- - 966)(pc9q - 96)1—% + (pcgq -
A

Qe)ac[ac(pceq - 96) +(1- ac)(gpcpcgq - 96)] - z(gpcpceq - 96)1+ac} a-

({(gpcpceq - ee)ac [“C(gpcpcgq —6.) + (1~

6) (gpcpceq - 96)1_%) < 0 from the assumption that g, _is not large.

Since
d(nit+ny) (1-ac)pc _ _ ®c _
g, - 3/1(‘069[1_‘ge)wpcpcgq_92)2 {A(l 6)acpcgq (pceq 96) (gpgpceq

Qe)l—ac _ (1 _ g56)(’0c9q . He)l—ac[(acgpcpceq — Qe)(.gpcpceq — Qe)ac +

Zee(pceq - ee)ac]}a d(Z;—:nZ) < (=)0 when

1-2ac¢

(1—g55)(Pc9q_ee)

[(acgpcpcgq_ge)(gpgpceq_ee)ac'l'zee (Pceq_ee)ac]

i—ac

>
A< (_) (1—5)“cpc9q(gpcpc'9q_9e)
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d(n+ny) _ (1—aJ)pé ( {( 0
dbq 3(p69q_99)2(gp5959q_99)2 ¢

“c)(gpcpcgq - Qe)] - Z(ngpCHQ - 9e)1+ac} (1- 5)(gpcpceq - Qe)l_ac +

{(gpcpceq - Qe)ac[“C(gpcpcgq - 96) +(1- ac)(ngpCBq - gpcge)] - 29pc(p69q

g — Qe)ac[QC(gpcpceq - gpcee) +(1-

96)1+ac}%(1 — 955)d,, (pceq _ 96)1_“6) < 0 from the assumption that g,_is not large.

d(ny +nz) (A-agpc 1+ac
= 2 6, — 0 (.6, —
@0e 3(p69q_99)2(gpc9c9q—99)2 ({ (gpcpc 9 e) (pc q

ee)ac[ac(pceq - 96) + (1 - ac)(gpcpceq - 96)]} (1 - 5)(gpcpc9q - 96)1_“6 +
{2(pc9q - 96)1+“c - (gpcpceq - ee)ac [ac(gpcpceq - Qe) +(1- ac)(pceq

96)]}%(1 - g55)gpc(pC9q — 96)1_%) > 0 from the assumption that g, is not large.

(1-ag)pc

(2) m+m,= B+a)(pcBg=0e)(9poPcOq~0e) {[Z(Qpcpceq —8.)" — (pcbg — 6:)"] [(1 B

8) + 2] (gpupeby = 0e)  + [ + @ (peby = 0.)" = (1 + @) (popeby — 00)"] 5 (1 -
955)9,,6([)59(, - 96)1—%} from (A3.74) and (A3.75). n, + n, decreases with 4, § and gs

from the assumption that g,  is not large.

d(n;+ny) (1-a.)b,
= 2
dpc (3+a)(Pc9q_ge) (gpcpceq_ge)

(1 - ac)(pcgq - Qe)] - (2 + a)(pceq - Be)1+ac} gpc(l 956)(:069 -0 )
{(pceq - He)ac[ac(pcgq - ee) + (1 - ac)(gpcpcgq - ee)] - Z(gpcpcgq - ee)1+ac} [(1 -

8+ ] (9p.Pc04 Ge)l_ac) < 0 from the assumption that g,,_ is not large.

2 ({(1 + ) (9pPcbq — ee)ac lac(9p.pcbq = 6e) +

1ac

Since
d(n1+n2) _ (1_aC)pC _ 2 — e
a0 (3+a)(pCGq—He)(gpcpCGq—He)z {[(1 5) + p] acpcYy (pCHq He) (.ng,UCHq

Qe)l—ac 1 (1 _ 955)(pc iy )1 a’c[(l + (Z)(acgpcpc -0 )(gpcpc -0 )ac +

(2 + )6, (p.6, — 6 )ac]} dntn) o (=)0 when
9pc
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1-2ac¢

(1—956)(pcgq_92)

1< (2) p[(1+“)(a’cgpcpceq_92)(gpcpc9q_9e)ac +(2+a) ge(chq_ee)ac] .

[(1—5)9"'77]acpceq(gpcpcgq_ge)l_ac
d(ny+ny) (1-ac)pé ®c
= 6,—0 6, — 6
a6, (3+a)(pceq_9e)2(gpcpceq_ee)z ({(pc q e) [ac (.gpcpc q — Yp, e) +

1-a,

(1 = a)(gp.pcbq — 0e)] — 2(gp.pcbq — 9e)1+ac} [(1 —6) + %] (9pePcbq — 6e) +
{(1 + a)(.gpcpceq - He)ac[ac(.gpcpceq - Be) + (1 - ac)(gpcpceq - gpcae)] - (2 +

) g, (pby — 99)1”6}%(1 — 958)9,, (P64 — Be)l_ac) < 0 from the assumption that

g, 1s not large.

d(ny+ng) _ (1-aopc g\t _
T rvvny P a, —— ({@+o(pc, - 6c) 1+

a)(9p.pcbq — Qe)ac[ac(gpcpceq —6,)+ (1 —a)(pb, — He)]}%(l —
966)gpc(pceq - Be)l_ac + {z(gpcpceq - Qe)1+ac - (pceq - ee)ac[ac(pceq - 99) +

(1—a)(g,.p:0, — Qe)]} [(1 -6+ %] (9p.p:04 — Qe)l_ac) > 0 from the assumption

that g,_ is not large.
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CHAPTER 4. Structural change, elasticity of substitution, and

growth

4.1 Introduction

Structural change in economic growth encompasses a shift or change in the relative
importance of sectors and locations of economic activities, demographic transition, change
of income distribution and among others. In particularly, since Clark (1940) and Kuznets
(1966), many works have documented the continuous decrease in the employment share
and value-added share of the agricultural sector in both developed and developing countries,

accompanied by growth in income per capita.

As a theoretical explanation for the declining shares, a preference-driven mechanism
on the demand side and technology-driven mechanisms on the supply side are proposed.
In the former mechanism (for example, Boppart (2014)), structural change results from
non-homothetic preferences (the difference in the income elasticity of demand among
consumer goods). In the latter ones, two mechanisms, that is, differences in productivity
growth rate and the capital elasticity of output between sectors (for example, Ngai and
Pissarides (2007) and Acemoglu and Guerrieri (2008) respectively), which relate to the

sectoral difference in production technology, are proposed.

In this chapter, we consider an additional source of technology-driven structural
change, that is, the sectoral difference in the elasticity of substitution between capital and

labor (ES). The main objective of this chapter is to analyze how sectoral labor, capital and
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value-added shares, the factor income ratio, and the ES of the macro economy change over
time by using a model with the sectoral difference in the ES. There are two reasons for

introducing this difference into structural change analysis.

First, it has been empirically shown that the ES varies between sectors and the ES of
a macro economy changes over time. Herrendorf et al. (2015) estimate sectoral ESs using
postwar data of the United States. They find that the ESs of services and manufacturing
sectors are below 1, and the ES of the agricultural sector is well above 1. Pereira (2003)
shows that during the period 1890-1991 of Japan, 1870-1991 of the United Kingdom and

1890-1992 of the United States, the macro-ES increases over time.

Second, existing two-sector models used for the structural change analysis are unable
to explain a part of observed structural changes. The main reason is that most models
assume that sectoral production functions are Cobb-Douglas type (the ES is 1). Herrendorf
et al. (2015) show that capital-labor ratios grow at a higher rate in the agricultural sector
than other sectors using postwar data of the United States.28 When sectoral production
functions are Cobb—Douglas, this result cannot arise under free factor mobility. Piketty

(2014) shows that during the period 1770-2010 of UK, the capital income share shows an

28 The yearly average growth rate of the capital-labor ratio in the agricultural sector reaches 1.9% since 1960, compared to 1.4% for

the whole economy. The higher growth rate of the capital labor ratio in the agricultural sector is implicitly shown in our model.
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inverted U-shaped trend except recent periods.29 This observation is also inconsistent with

the Cobb—Douglas specification.

Alvarez-Cuadrado, Long and Poschke (2017, 2018) use Constant Elasticity of
Substitution (CES) production functions to introduce sectoral differences in the ES.
Although they show interesting results using numerical simulations, the dynamics cannot

be theoretically analyzed under the CES setting.

Therefore, in this work, in order to enable the theoretical analysis, we use a linear
production function for the agricultural sector and a Cobb-Douglas production function for
the non-agricultural sector, considering the fact that the ES of the former sector is much
bigger than the latter sector. Also, we consider sectoral differences in productivity growth
rate and the capital elasticity of output. As for the utility function, we consider non-
homothetic preferences in which the income elasticity of the non-agricultural good (the
agricultural good) is greater (smaller) than 1. This simple framework allows us not only to
analyze the new mechanism that we are proposing, but also to capture those preference-

driven and technology-driven mechanisms stressed in the previous literature.

Based on the model, we examine how the income ratio of capital to labor, the capital,
labor share and value-added share of the non-agricultural sector, and the ES of the economy

change over time. Main results are summarized as follows.

29 The capital share of income increases from 0.35 to 0.43 in year 1870, and decreases to 0.2 in year 1970, then increases to 0.28

eventually.
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First, the income ratio of capital to labor shows an inverted U-shaped trend, that is,
it increases in the early stage of development and decreases in the late stage of development.
This result is consistent with the empirical works of Piketty (2014) based on 1770-2010
data of the United Kingdom, Fukao, Makino and Settsu (2019) based on 1885-1970 data
of Japan, Piketty and Zucman (2014) based on 1820-2010 data of France and Mallick (2017)
based on 1980-2010 data of India, except recent periods in developed countries in which

the income ratio is rising.

Second, the capital share of the non-agricultural sector shows a U-shaped trend, that
is, it decreases in the early stage of development and increases in the late stage of
development. Anchorena and Modalsli (2009) show that during the period 1600-1860 of
the United Kingdom, the capital share of the non-agricultural sector shows a U-shaped
trend. By contrast, unlike the theoretical result, the capital share of the sector increases over
time (see, e.g., Fukao, Makino and Settsu (2019) and Mallick (2017)). A likely reason for
the difference between our result and these findings is that in our model, capital stands for
equipment such as machines and power products, while in these works, capital includes
structure as well as equipment. As explained later, if capital represents structure as well in
the model, there could be no decrease in the capital share of the non-agricultural sector in
the early stage of development. It would be important to empirically examine how the

equipment share of the sector changes with development.

Third, the ES decreases in the early stage of development and increases in the late
stage of development. The result of our model is consistent with the works of Jalava et al.
(2006) based on 1902-2003 data of Finland and Singh and Sharma (2009) based on 1961-

1990 data of India. By contrast, Pereira (2003) shows that during the period 1890-1991 of
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Japan, 1870-1991 of United Kingdom and 1890-1992 of United States, ES increases over
time. A main reason for the discrepancy between the theoretical result and this finding
could be that capital stands for equipment in our model, while Pereira (2003) includes
structure as well as equipment. As explained later, if capital stands for structure as well,

there could be no decrease in the ES in the early stage of development.

Finally, the employment share and value-added share of the non-agricultural sector
increase over time as with standard structural change models and empirical findings (see,

e.g., Dennis and Iscan (2009) and Timmer, de Vries and de Vries (2014)).

This chapter is related to Alvarez-Cuadrado, Long and Poschke (2017, 2018) that use
general CES production functions. Alvarez-Cuadrado, Long and Poschke (2017) show that
during the shift from the agricultural sector to the non-agricultural sector, a factor
rebalancing effect, which tends to make production in the more flexible sector (agricultural
sector) more intensive in the input that becomes more abundant (capital), is operative. By
quantitative analysis, they show that in certain cases, this effect dominates and shares of
capital and labor in a given sector can move in different directions. Alvarez-Cuadrado,
Long and Poschke (2018) develop a model to analyze the shift from the manufacturing
sector to the service sector. They calibrate the model to the US economy and show that the

change of sectoral labor income shares depends partially on the sectoral difference in the

ES.

This chapter differs from Alvarez-Cuadrado, Long and Poschke (2017, 2018) mainly
in two aspects. First, instead of general CES production functions, we use linear and Cobb-

Douglas functions to introduce the sectoral difference in the ES. This simple specification
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allows theoretical analysis of the dynamics. Second, unlike their papers, we examine how
the factor income ratio and the macro-ES change over time. As for the capital share of the
non-agricultural sector, Alvarez-Cuadrado, Long and Poschke (2017) conduct relatively

short-term analysis, while this chapter examines the long run dynamics.

This chapter is also related to Palivos and Karagiannis (2010) and Gomez (2018).
Palivos and Karagiannis (2010) use a convex growth model with non-reproducible labor
and a general production function, and show that the ES that eventually becomes greater
than one can counteract the role of diminishing returns to capital, which in turn can lead to
unbounded endogenous growth. Gomez (2018) uses a Ramsey model with elastic labor
supply and a CES production function and shows that if the initial value of capital per unit
of effective labor is below its steady-state value, an increase in the ES generates higher
steady state values of income, capital and consumption per capita. These two works use
one-sector models and structural change is not incorporated. Instead of examining how the
sectoral difference in the ES affects structural change, they analyze the impact of the

change in the ES on economic growth.

The rest of this chapter is organized as follows. Section 4.2 presents the model, and
Section 4.3 analyzes the statics and dynamics. Section 4.4 presents the results. Finally,

Section 4.5 concludes the work. Appendix includes proofs of lemmas and propositions.

4.2 Model

We consider a closed economy in discrete time. There are two kinds of consumption
goods, the agricultural good and non-agricultural good, where the latter one is also used as

investment good. All markets are perfectly competitive.
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Production

There are two production sectors: sector 1 produces the non-agricultural good using
labor and capital with a Cobb—Douglas production technology and sector 2 produces the
agricultural good with a linear production technology. Capital stands for equipment such
as machines and power generators. There are two reasons for choosing the linear
production function in the agricultural sector. First, it has been empirically shown that the
elasticity of substitution between capital and labor (ES) of the agricultural sector is much
larger than the non-agricultural sectors (for example, Herrendorf et al. (2015) and Koesler
and Schymura (2015)).3° Second, unlike other models that assume different ESs between

sectors, the model is analytically tractable.

Production function of the non-agricultural good is,
(0 = (4 OLO) KEOL0<a<, (4.1)

where Y, (t), A;(t), L1(t) and K, (t) are, respectively, levels of output, technology, labor

and capital of sector 1. The non-agricultural good is also used as the investment good.

Production function of the agricultural good is,

Y2(8) = (1 = B)A, ()L, (8) + BK,(1),0 < B <1, (4.2)

30 Herrendorfet al. (2015) use postwar data of the United States to estimate the sectoral ESs. They find that the ESs of the manufacturing

and service sectors are 0.8 and 0.75 respectively, and the ES of the agricultural sector is 1.58. Koesler and Schymura (2015) use the
WIOD database (the dataset covering 27 EU countries and 13 other major regions) to estimate the ESs of 35 sectors. They find that the

ES of the agricultural sector is 1.07, and the ESs of the manufacturing and service sectors are 0.23 and 0.17 respectively.
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where Y, (t), A,(t), L,(t) and K, (t) are, respectively, levels of output, technology, labor

and capital of sector 2.

Technological progress

The technological progress rates in both sectors are exogenous and constant:

ji Eg =J9u (4.3)
jz_gg = 92 (4.4)

Because the speed of technological progress is faster in the non-agricultural sector

than in the agricultural sector in developing countries (Szirmai, 2012), we assume that

91> g2

We define R(t), W (t), P;(t) and P,(t) as the rental rate of capital, wage rate and
the prices of the non-agricultural and agricultural good respectively. We assume that
factors are perfectly mobile between two sectors. Then, from the first order conditions of

the profit maximization of competitive firm,

_ Yi()
R(t) = P1(t)am = P, (DB, (4.5)

31 Szirmai (2012) showes that in 16 developing countries, the non-agricultural sector is more dynamic than the agricultural sector in

terms of productivity growth, especially in the period 1950-1973. Therefore, we assume that the agricultural productivity increases at a

smaller rate than the non-agricultural productivity.
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where the second equality holds when sector 2 uses capital,

Y.
w(t) =P (6)(1 - a) Li% = P,()(1 = A (0) (4.6)

where the second equality holds when sector 2 uses labor.

Household activities

Each household spends labor and capital incomes from sectors 1 and 2 on investment
and the consumption of the agricultural and non-agricultural goods. We assume that each

household invests a certain proportion (v) of their income from sector 1, and consumes the

rest.*?
A household maximizes the utility function
u(t) =yln (cl(t) + c_l) +(1-p)n (cz(t) - c_z), 0<y<l1,
subject to
Py (t)cy (t) + Py (0)i(t) + P, (t)c,(t) = W(t) + R(¢) % (4.7)
i(t) = vy, (b). (4.8)
32

We could assume that investment is determined through intertemporal utility maximization, but the analysis of the model becomes

very difficult. To make the model analytically tractable, we assume that fixed fraction of sector 1 income is invested.
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In the above equations, ¢; (t) and c,(t) are consumptions of the non-agricultural and

agricultural goods; i(t) is the investment of the non-agricultural good; K(t) and L(t) are

respectively the total capital and labor endowment of the economy; y;, (t) is real labor and

capital income from sector 1. ¢; and c, are constants. ¢; could be interpreted as domestic

production, such as household services, and ¢, could be interpreted as the subsistence level

of food consumption.

From the first order conditions of the utility maximization problem, the marginal rate

of substitution between the two consumption goods equals their relative price

ou(t) _Y
ac(t)  a®+ca  P(D)
ou) _1=y P
dc,(t) () — ¢

which can be expressed as

Y, (0) c
14 Lo 2 _h@®
1- 14 (1 _ 1.7) il((tt)) + C_l PZ (t)

from the market equilibrium conditions below.

Market equilibrium conditions

Market equilibrium conditions of factors and goods are

L(t) = L1(8) + L, (2),

K(t) = K;(t) + K2 (0),
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Y, (0) = (e2(®) +i(0))L(D), (4.12)
Y, () = c,(DL(D). (4.13)

Labor and capital change according to

% =n, (4.14)
K(t) = {OL() = 8K(8) = vY, (1) — 8K (D), (4.15)

where n is constant and § stands for the depreciation rate of capital.

4.3 Analysis

The Depending on the relation between labor cost (

1 .
ERYNE) W (t)) and capital cost

(%R(t)) per output of the agricultural production, there are three cases. When

1

1 . . )
WW@) < ER(t)’ the agricultural production uses only labor (case 1); when

1

—W(t) = lR(t), the agricultural production uses both labor and capital (case 2);
1-pA2(t) B

when w() > %R(t), the agricultural production uses only capital (case 3).

1
(A=A (1)
In the following analysis, we use the following symbols.

K@)

KO=1o

: capital per worker, (4.16)
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1(8)

k() =519 0 < () <1 and A(t) = . o

K@)’

, 0 < A(t) < 1: shares of capital and labor

allocated to sector 1,

KO k@®

= : aggregate capital per unit of effective labor.33  (4.17)
A;(OL(D) ~ Ay () “BEEBTECPRAP

x(©) =
We drop the time indicator when there is no risk of ambiguity.

Incase 1,Y, = (1 — B)AyL,, k=1, and W = P,(1 — B)A, = P,(1 — a) % From
1

the last equation, we have

P 1-BAL '
From (4.9) and (4.18),
Y Y G2 l1—a Y
L _—= L1, (4.19)

1_y(1—v)%+cll_ﬁA2L1

By substituting (4.1) and (4.2) into (4.19) and using the definitions of A and y, we

have

v -BA0-DH-cz 1-a 4D W* _

Yy (1-)A D)% +c1 1-B Az L

)4
1—

3 The reason for using A, (t)L(t) as effective labor instead of A; (t)L,(t) + A, (t)L,(t) is that, with technological progress, effective

labor gradually approaches A; (t)L(t) due to the faster technology progress in sector 1 (g; = g-).
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Thus, given y, A is obtained as the solution to

RIm

C1

Ay

L Ega-m-F]-[a-w+a-a)

x=4

(4.20)

In case 2, Y, = (1 —B)A,L, + BK,, R = Pla%: P, and W = P;(1 —a)%:
1 1

P,(1 — B)A,. From the last equation, we have

Pi 1ALy '
By substituting (4.5) and (4.6) into the condition for case 2, we have
A= rkL_17¢ (4.22)
2t =R p a '
From (4.9) and (4.21), we have
2o 1-avy
7 —C —a
4 L —= L 1. (4.23)

By substituting (4.1) and (4.2) into (4.23) and using the definitions of k, A and y, we

have

y (1=BA A -+ BA—1)Ax—c1—aAd; (D %(kx)*
-y (=AW *+c 1= Ad

1.

By substituting (4.22) into the above equation and solving for k, we have
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K= (4.24)
1 )
pli+a-v—=L|x
From (4.22) and (4.24), we have
2 A 1-y(1=B\"(B\ (A" L A
a-oa-p-£-2 5000 @) i
1= 1=y (4.25)
a-p[1+a-n=—7
Incase3,Y, = fK,,A=1,andR = Pla% = P,[5. From the last equation, we have
1
P, aY;
= (4.26)
Py BK;
From (4.9) and (4.26), we have
Y, c v
7~ a
- Y L Y—Z Te =1 (4.27)
Y@ U)T1+C1ﬁ 1
By substituting (4.1) and (4.2) into (4.27) and using the definitions of k and y, we
have

&
Y ﬁ(l—K))(_A_l E(KX)azl

YA+ 2 M

Thus, given y, k is obtained as the solution to
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1—vy 162 11-yG
Ky +—=—+——=(xy)"%. (4.28)
Y BAL a vy A

1
x=1+-(1-v)
a

The following lemma summarizes the range of y in each case. Proofs of all lemmas

and propositions are presented in Appendix.

1-a

Lemma 4.1 The economy is in case 1 for 0< y < x4, in case 2 for Y1 < x < X, and
o|a-pg2-2Z-= U (EE)

e INGONHIN

Bla-wra-v=] and

in case 3 for x > x,, where y; =

_ e anpea-ofhiat St (0 ]

1-a a
X2 = (1-a)p

In case 1, aggregate capital per unit of effective labor is small (y < y;), thus capital
is scarce compared to labor. Hence, capital cost per output of the agricultural good excesses
labor cost, and the agricultural production uses only labor. In case 2, y is high enough that
capital cost equals labor cost (y; < x < x2), thus the agricultural production uses both
labor and capital. In case 3, y is large (¥ > y;), thus labor is scarce compared to capital.
Hence, labor cost excesses capital cost, and the agricultural production uses only capital.

By contrast, the non-agricultural production always uses both factors.

The result that the agricultural sector uses only labor in case 1 would not be
implausible considering that capital stands for equipment such as machines and energy
generators. More generally, these results are consistent with the observations that labor
(capital) is the dominate factor of production in the agricultural sector of developing
(developed) countries, while in the non-agricultural sector, the difference between

developing and developed countries in the use of labor and capital is not as stark as in the
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agricultural sector. Chen (2020), using data of 62 countries (covering both rich and poor
ones) for 1967-1992, shows that the richer countries have higher capital-labor ratio in both
sectors, but the difference between rich and poor countries is much larger in the agricultural

sector.>*
Dynamic analysis

We consider the economy with 0 < y(0) < y; (that is, the economy is in case 1

initially). The dynamic equations of y are derived as follows.

From (4.14)-(4.17),

By substituting (4.1), (4.17) and the definition of k¥ and A into the above equation,

the dynamic equation of y in case 1 becomes

% =v (%)H( k*—(@+n+g)=v ()—()H —(6+n+g1), (4.29)

where A satisfies (4.20).

From (4.24), (4.25) and (4.29), the equation in case 2 becomes

34 The non-agricultural capital-labor ratio differs by around 10-fold between the United States and the 20% poorest countries in the

sample, while the agricultural capital-labor ratio differs by 165-fold.

125



a C C1 1— _p1-a a 1-a
e o v = R
U\ ﬁ) |1+t x

—(6+n+gqp).

Since A = 1, from (4.29), the equation in case 3 becomes

. e
)_(=v()()
X

—(6+n+gy),
where k satisfies (4.28).

The following lemma examines the properties of );(

dX

Lemma 4.2 d—; < 0 in all the three cases.”®

x x x
35 a5 aa, | % da, . . az
We can also prove that T w 0 in cases 1 and 3. In case 2, when y is close to x,, —-

1 2

is close to y;, its sign is ambiguous.
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x
45 da,

da, dt

(4.30)
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> 0, but when y



XX -

i\ \ Shifts over time
i \ (Incase 2, direction of
\ change is ambiguous
\\‘\vhcn xiscloseto y;)

decrease over time

- +n+gy)

Figure 4.1 — Dynamics of aggregate capital per unit of effective labor y

x has direct and indirect effects on );( The direct effect is negative in all the three

cases because an increase in aggregate capital per unit of effective labor y lowers the
growth rate because of diminishing returns with respect to capital. At the same time, the
indirect effect is positive, because increasing y raises 4 in case 1, A17%k% in case 2, and x
in case 3 (see (4.29)), which means that an increase in y raises the output share of the non-

agricultural sector, and thus capital investment. It turns out that the direct effect dominates

in all the three cases and f decreases with y.

Based on Lemma 4.2, Proposition 4.1 examines the dynamics of y.
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Proposition 4.1 The economy transits from case 1 to case 2 then to case 3 over time,

a

v - a+(1-v)=X]1-a
and converges to the steady state y*° = ( rw ) - Y in case 3.
1

Figure 4.1 illustrates the relationship between y and % for given technological levels.

The growth rate of aggregate capital per unit of effective labor y decreases with the
increase of y and thus the slope of the curve is negative. Also, Figure 4.1 shows that
technological progress shifts the curve upwardly and thus raises y except when y is close

to y; in case 2 (from footnote 35). Eventually, y converges to the steady state value y*°.
4.4 Results

We now examine how the shares of capital and labor allocated to sector 1 k and A,

. . . . . PyY,

the value ratio of the non-agricultural production to the agricultural production ﬁ, the
212

: . . RK - o

income ratio of the two production factors W and the elasticity of substitution between

labor and capital o change over time.

We assume that

l-a v 1 g1—g, &

1=F>F a 1-vg,6+n+g,4,00)

(4.32)

This assumption holds when the initial values of A4, is sufficiently large.

Proposition 4.2 analyses the dynamics of k and A during the structural change.
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(In case 2, direction of change is ambiguous
except near = x, in the short-term)

Shifts over time |

increases
over time

K>

le— Case | ——>——— Case 2 ———d—— Case3 —>

.
—Xi X2 X

Figure 4.2 — Dynamics of the share of capital allocated to non-agricultural sector

Proposition 4.2

(1) In case 1, k = 1. In case 2, k decreases over time in the long run (the direction

of change of K is ambiguous except near Y = x1 in the short term) and reaches x, € (0,1)

a
araoE <

at Yy = x,. In case 3, k increases over time and converges to k*° =

(2) In cases 1 and 2, A increases over time. In case 3, 1 = 1.

Figure 4.2 illustrates the relationship between y and k for given technological levels
and the effect of technological progress on the relationship. In case 1, the share of capital
allocated to sector 1 equals 1. In case 2, k decreases with the increase of y and
technological progress in the long run (the direction of change of k is ambiguous except

near ¥ = Y, in the short term), and reaches k, € (0,1) at x = x,. In case 3, k increases
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with the increase of y and technological progress and converges to the steady state value
ss — @
a+(1—v)1_7y'
The dynamics of 4 are simple. In cases 1 and 2, the share of labor allocated to sector

1 increases with the increase of y and technological progress, and in case 3, A equals 1.

In case 1, sector 2 uses only labor (thus k = 1) because capital is scarce and thus

. K . .
capital cost excesses labor cost. Increases of y = I and A; (an increase of A,) raise the
1

output in sector 1 (sector 2) and lower the relative price of goods produced in the sector.
Because the income and price elasticities of good 1 (good 2) are greater (smaller) than 1,
the share of production of sector 1 (sector 2) increases (decreases). Hence, increased
production in sector 1 pulls labor from sector 2, increased production in sector 2 pushes

labor to sector 1, and A increases.

In case 3, sector 2 uses only capital (thus 4 = 1)because labor is scarce and thus labor
cost excesses capital cost. Increases of y and A; (an increase of k = A, ) raise the output
in sector 1 (sector 2) and lower the relative price of the sector's goods. Because the
elasticities of good 1 (good 2) are greater (smaller) than 1, the share of production of sector
1 (sector 2) increases (decreases). Hence, increased production in sector 1 pulls capital

from sector 2, increased production in sector 2 pushes capital to sector 1, and k increases.

In case 2, increased production in sector 1 (sector 2) from increases of y and A; (an
increase of A,) pulls capital and labor from sector 2 (pushes capital and labor to sector 1),
which raises k and A. Besides the push and pull effects, effects associated with factor price

exist. An increase of k = A,y (A,) lowers (raises) the marginal productivity of capital
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. . w . .
(labor) in sector 1 (sector 2) and thus increases the sector's e For the factor price ratios of

the two sectors to remain equal, the labor-capital ratio must increase in sector 1 (in sector
2), which lowers (raises) k and raises (lowers) 4. Because the effect of k = A, y is greater
than A,, the aggregate factor price effect lowers x and raises A. Further, this effect

dominates the push and pull effects, hence k decreases and A increases in case 2.

. . . P,Y, RK | .
Proposition 4.3 examines the dynamics of Pl—Yl and WL during the structural change.
212

Proposition 4.3

PiY; . o . :
(1) ﬁ increases over time in all the three cases (in case 2 under the assumption of
212
PY;\5% 1 .
(32)) and converges to (ﬁ) =—"incase3.
P2Y2 1-v 1—]/

RK . . RK .
(2) In cases 1 and 2, - lncreases over time. In case 3, L decreases over time and

1-y
a+(1-v)—
(1-v)%

RK\SS
converges to (m) = 1o

PY; . . .
1L increases with the increase of y and

PY; . .
L is simple.
PY; 2Y2

The dynamics of

technological progress in all the cases (in case 2 under the assumption of (4.32)).

P1Y; P1¥1)
Eventually, 5y, converges to the steady state value (P ” ) = .
212 212
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decreases
over tme
REAY
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0 *

—X1 «— X X

Figure 4.3 — Dynamics of the income ratio of capital and labor %

Increases of y and A; in all three cases raise the output in sector 1 and lower the
relative price of goods produced in the sector. By contrast, an increase of A, in case 1,
increases of A, and k = Ay in case 2 and an increase of k = A,y in case 3 raise the
output in sector 2 and lower the relative price of goods produced in the sector. Since the
income and price elasticities of good 1 (good 2) are greater (smaller) than 1, the output
P, Y,

L increases.
PyY,

share of sector 1 increases and thus the output ratio

Figure 4.3 illustrates the relationship between y and % for given technological

levels and the effect of technological progress on the relationship. In cases 1 and 2, %

: . . : RK .
increases with the increase of y and technological progress. In case 3, v decreases with
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the increase of y and technological progress. Eventually, % converges to the steady state

RK SS a+(1—v)%
value (_) = .
WL 1-a

. . . R .
Sector 1 always uses both factors, which means that the factor price ratio — is
: . . L RK .
proportional to the ratio of labor and capital allocated to sector 1, K—1 Therefore, L s
1
: LK _ 2 .. RK . . .
proportional to I From Proposition 4.2, -, Increases from the increase of A in case
1
. . RK . .
1 and decreases from the increase of k in case 3. In case 2, - Increases from the increase
pl
of -.
K
Proposition 4.4 analyses the dynamics of the elasticity of substitution between labor

and capital (ES), o.

Proposition 4.4 In case 1, o decreases over time and reaches o4 > 1 at y = ;. In
case 2, 0 = 0. In case 3, starting from g, < 1 at y = x,, 0 increases over time and

converges to 1.
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Figure 4.4 — Dynamics of the elasticity of substitution between labor and capital o

Figure 4.4 illustrates the relationship between y and o for given technological levels
and the effect of technological progress on the relationship. In case 1, the ES, o, decreases
with the increase of y and technological progress, and reaches 6; > 1. In case 2, 0 = oo.
In case 3, starting from o, < 1, o increases with the increase of y and technological

progress, and converges to the steady state value 1.

The ES of the macro economy o equals the rate of change of the capital-labor ratio

divided by the rate of the change of the factor price ratio in absolute value, i.e., 6 =

a7) /) : - :
—% / —x~|- The ES of the non-agricultural sector is 1, which means that the rate of
L w

change of the capital-labor ratio of the sector % equals the rate of change of % in absolute
1
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a(2)
K1
L

()

R
w

value, i.e.,

. K _K . K K1
.In case 1 (case 3), since = L—ll and A increase (Z = L—1; and
1 1

K increase and thus % decreases), the rate of change of % is larger (smaller) than that of ?
1

and thus o > 1 (0 < 1).%° ¢ decreases (increases) over time largely because the rate of
. . . 1. .

change of A decreases with the increase in A (of k decreases and thus of — increases with

the increase in k) in case 1 (case 3). In case 2, both sectors use both factors, which means

R .
that 1 constant and o = co.

Implications
These results have several interesting implications.

First, our model shows that the employment share A and the value-added share of the

: P.Y; : :
non-agricultural sector ——— =1/ (1 + 2 2) increases over time. All developed
P1Y1+P;Y; P11y

countries have undergone rises in these shares during structural change. For example,
Dennis and Iscan (2009) show that during the period 1840-2000 of the United States, the
employment share of the non-agricultural sector increases from 0.32 to under 0.97, and the
value-added share of the sector increases from 0.54 to slightly below 0.99. This change is
also observed in developing countries. Timmer, de Vries and de Vries (2014) show that

during the period 1960-2010 of developing countries, the employment and value-added

36

’_‘
L

a /d(’f—;)
1 LSO
Iy K Iy

/d(w) K) /

o) _dK] Kl

Ky Ky
a(Xa a(X

and thus o= | [%4_%]/'(_?)
I Iy

a(®x £
in case 1 and o=| (,(;1‘)+TK] =

o
L
— /—1 in case 3.

K
Ly

Ly
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shares of the non-agricultural sector increase from 0.52 to 0.79 and from 0.74 to 0.92
respectively in Asian countries, from 0.27 to 0.49 and from 0.62 to 0.78 respectively in
African countries, and from 0.53 to 0.86 and from 0.81 to 0.93 respectively in Latin

American countries.

. . . . RK
Second, according to our model, the income ratio of capital to labor oL shows an

inverted U-shaped trend, that is, it increases in the early stage of development and decreases
in the late stage of development. Piketty (2014) show that during the period 1770-2010 of
the United Kingdom, the capital share of income increases from 0.35 to 0.43 in year 1870,
and decreases to 0.2 in year 1970, then increases to 0.28 eventually. Fukao, Makino and
Settsu (2019) show that during the period 1885-1970 of Japan, the capital share of income
increases from 0.13 to 0.45 in year 1944, then decreases to 0.31 eventually. Piketty and
Zucman (2014) show that during the period 1820-2010 of France, the capital share of
income increases from 0.3 to 0.45 in year 1860, then decreases to 0.15 in year 1940, and
eventually increases to 0.23. Mallick (2017) shows that during the period 1980-2010 of
India, the capital income share increases from 0.29 to 0.54 in year 2006 then slightly
decreases to 0.50. Our result is consistent with these findings, except recent periods in

developed countries in which the capital income share is rising.

Third, the capital share of the non-agricultural sector k show a U-shaped trend, that
is, it decreases in the early stage of development and increases in the late stage of
development. Anchorena and Modalsli (2009) show that during the period 1600-1860 of
the United Kingdom, the capital share of the non-agricultural sector decreases from 0.6 to

0.4 in year 1700, then increases to 0.8 eventually. Fukao, Makino and Settsu (2019) show
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that during the period 1885-1970 of Japan, the capital share of the non-agricultural sector
increases from 0.75 to 0.89. Mallick (2017) shows that during the period 1980-2010 of
India, the capital share of the non-agricultural sector increases from 0.77 to 0.89. These
findings are different from our result except Anchorena and Modalsli (2009). A likely
reason is that in our model, capital stands for equipment such as machines and power
generators, while in these works, capital includes structure as well as equipment. Intuitively,
if agricultural capital also includes structure such as storage facilities and livestock shelters,
the capital share of the agricultural sector would be larger than that of the non-agricultural
sector in the early stage of development, where the output share of the latter sector is small.
Therefore, there could be no decrease in the capital share of the non-agricultural sector
during structural change. In order to assess the plausibility of the result, it would be
important to empirically examine how the equipment share of the sector changes with

development.

Finally, in our model, the elasticity of substitution between labor and capital (ES) o
decreases over time in the early stage of development (case 1) and increases over time in
the late stage of development (case 3). Jalava et al. (2006) estimate the ES of Finland, and
shows that the value is 0.78 during 1902-1939, 0.08 during 1945-1974 and 0.66 during
1975-2003. Singh and Sharma (2009) estimate the ES of India, and shows that the value
decreases from 13 to 4.62 during 1961-1990, and increases from 0.48 to 0.66 during 1991-
2004. These findings are consistent with our model. By contrast, Pereira (2003) shows that
during the period 1890-1991 of Japan, 1870-1991 of United Kingdom and 1890-1992 of
United States, the ES increases over time. The absence of falling ES in the early stage of

development might be due to the following factors. First, capital stands for equipment in
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our model, while Pereira (2003) includes structure as well as equipment. If agricultural
capital includes structure, the agricultural sector also uses both capital and labor in the early
stage of development. Then, case 1 would not exist and thus there could be no decrease in
the ES in the early stage of development. Second, there is a possibility that case 1 is already

completed before the study period.

4.5 Conclusions

In this chapter, we develop a two-sector model where a preference-driven mechanism
on the demand side (non-homothetic preference) and technology-driven mechanisms on
the supply side (sectoral difference in sectoral technological progress rate, the capital
elasticity of output and the elasticity of substitution between capital and labor (ES)) lead

to a process of structural change. The ES mechanism is new.

There are two reasons for introducing this mechanism into structural change analysis.
First, it has been empirically shown that the ES varies between sectors and the ES of a
macro economy changes over time. Second, existing two-sector models used for the
structural change analysis are unable to explain a part of observed facts, such as changes

in the factor income share and sectoral capital-labor ratio.

Based on the model, we examine how the income ratio of capital to labor, the capital,
labor and value-added shares of the non-agricultural sector, and the ES of macro economy

change over time. Main results are summarized as follows.

First, the income ratio of capital to labor shows an inverted U-shaped trend, that is,

it increases in the early stage of development and decreases in the late stage of development.
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This result is consistent with empirical observations except recent periods in developed

countries in which the capital income ratio is rising.

Second, the capital share of the non-agricultural sector shows a U-shaped trend, that
is, it decreases in the early stage of development and increases in the late stage of
development. By contrast, many empirical works find that the capital share increases over
time. A likely reason for the discrepancy is that in our model, capital stands for equipment
such as machines and power products, while in these works, capital includes structure as

well as equipment.

Third, the ES decreases in the early stage of development and increases in the late
stage of development, which is consistent with some empirical works. By contrast, other

studies find that the ES increases over time, which maybe due to the same reason as above.

Finally, the employment share and value-added share of the non-agricultural sector

increases over time as with standard structural change models and empirical findings.

The new ES mechanism of structural change has recently been considered by
Alvarez-Cuadrado et al. (2017, 2018). Our model differs from their work mainly in two
aspects. First, instead of general CES production functions, we use linear and Cobb-
Douglas functions to introduce the sectoral difference in the ES. This simple specification
allows theoretical analysis of the dynamics, while Alvarez-Cuadrado, Long and Poschke
(2017, 2018) rely on numerical simulations for the analysis. Second, unlike their papers,
we examine how the factor income ratio and the macro-ES change over time. Also, instead

of relatively short-term analysis, this work examines the long run dynamics.
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Appendix Proofs of lemmas and Propositions in chapter 4

A4.1  Proof of Lemma 4.1

[Case 1] By substituting (4.5) and (4.6) into the condition for case 1, we have

a 1-pFA,
l_aTA—lxl (44.1)

X<

From (4.20) and (A4.1), we have

a-olo-phk-R-R 8 E @)

[a-a+a-nY]a-pne

A<M =

(44.2)

From (4.20) and (A4.2), the condition for case 1 is represented as

C: C — - 1-a a 1-a
da-ppE-2-a5HED O @)

0<x<xm=x@=h)= 5[(1—a)+(1—v)1_7y]

[Case 2]

Since k <1 and A < 1, from (4.24) and (4.25), the condition for case 2 is

1-a

Ju-pi-2rras)

1-«a
A1 Aq A]_ Y \1-«a (ff) (j_i) ]

pla-a+a-v=F]

X1 = SX<x

1-a

[a+@-v Y 82a-p)+ (- [2+52 LL(1E)

A1 vy \1-«a

(1-a)p

A |

[Case 3]
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By substituting (4.5) and (4.6) into the condition for case 3, we have

From (4.28) and (A4.3), the condition for case 3 is

[a+a-v Y| 22a-p+ -2+

i o)

1-a

O'@™

X> X2 =

A4.2  Proof of Lemma 4.2

(1-a)p

[Case 1] Totally differentiating (4.20) with respect to A and y, we have

ar

[

a{Li—[(l B)——]—[(l v)+(1— a)L] }

(44.3)

1
Ay

L a-p-a]-|a-v+a-o;
dx

e O

where a > 0 because — —

A< Ay

From (4.29), we have

Lo va-w(?) <o,
Zé:v(l—a)( )1_a%>0

]}“

Y
-r1

1

=a- g)_—]+(1 o|(1-v)+(1-a)F

g

)_:—_22]—[(1—v)+(1—0()1]_/—y]/1>0 from
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—[(1 v)+(1-a) V

1-a
dy ox ' oradx v(l—a) (}) Xa Lyl—ﬁ[(l g)——]+(1 a)[(1 v)+(1- a)—]

[Case 2] From (4.30), we have

f2 1-y1-p\1 7«

() () (@) 2 ER L OB g o

Shi

o[- S

A1 A1 A1 Y \1-«

&'@

X1 = ﬁ[(l—a)+(1—v)1%y > 0.
[Case 3] By totally differentiating (4.28) with respect to y and k, we have
dx _ "‘[222*1//?1("")1 i >0
A {la+a- )=+ (1-a)* _(K)() ayz "
From (4.31), we have
o
X _— _(1—
Fvi 1-a)v==<0,
o
_X _ 1
o = av e 0,
d_% _ a_% ﬁ dx _ ~(1-@)|a+(1- v)—](rc)()“+(2a 1)——+BA1(K)() (1-a)
dx dx ok dy {[a+a- )=+ a-a) St y_(K)() aly2

From (A4.3) in the proof of Lemma 1, we have

—A - fa+ -0 00T+ Qe - DEL L+ E (1) 070
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<-—(-afat+ - (L L AZ)a+(2a—1)1%j=11

_ -(1-a) _y /1-B\1~ -
SR M C e sl IO
+(1—a)(1—v)1‘7y— Tr-o=t=

1-a

o a 1-
ala-pE-2-2 D O @)

ﬁ[(l—a)+(1_v)1%7] > 0, we have

Since y; =

G- -2 S @)

Hence,
i
-4 <0,
dx

A4.3  Proof of Proposition 4.1

X
X
dx

From Lemma 4.2, < 0 in all three cases.

1—(1(2)05(‘4_2)1—“
A1 A1 A1 v \1-a a Aq

pla-a+a-n=Y]

a[(1_[;)A_2_C=2_C=1 ﬂ(ﬂ)

When y — y; =

b

1-a

a-ofa- -2 D () ()

1-y A
(-0 +a-nT|a-pZ?

A— A = from the proof of Lemma 4.1.
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Thus, from (4.20) and (4.29), as y — x3,

1-a

. y 1-a C2 )4 a
——|(1-B)—==|-|1-v)+(1-a)—/—|2

L v{l—ﬂ-ﬁ[ al ] = } ~(+n+g:)

X a

Ay

_ 1-a B A\17%

Ay . . , ..
Because A—l increases over time from g; > g, f at y = y; becomes positive eventually.
2

Thus, the economy shifts from case 1 to case 2.

s e rreeriea = MR I

When y — y, = Y :
from (4.30), §—>
a c a c 1-a a —(1—0{)
a1 (@ A (3D i) G ) r
v (ﬁ) (E) [11(1_1;)1_77])(2 L - (6 +n+ 91)
[(1-a)B1*~*[a(1-B)]*
=v " — —— (0 +n+gq).
e+ v a-p(2) " +a- a)[Al et e M CONCON ] 1

Ay . .
Because 4, A, and A—: increase over time from g; > g,, % at y = y, becomes

positive eventually. Thus, the economy shifts from case 2 to case 3.
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When y — oo, from (4.31), j‘—( — —(§ + n + g;) < 0. Hence, when A; and A, —

©, j(—( converges to the steady state in case 3, where from (4.28) and (4.31), y*° =

a

N 1v11=g
( v )1—0[ (1+(1—U)T 1-a
S+n+g, a ’

A4.4  Proof of Proposition 4.2

(1) [Case 2]

Because k = 1 when y = y; and k < 1 when y = y,, k decreases over time in the

long run. Since k = 1 when y < x4, k non-increases over time when y — x;. The sign

dk . .
of s ambiguous except near y = y;.

(R G i =

1-mp

®'@®

When y — y, = , from

(4.24),

1-«a a 1-«a
A1 A3 A1 y \l-a (g) (g_i) +ﬁX2]

Blr+a-m=Tx,

_ a[(1_[g)A_2_C=2_C—_1 ﬂ(ﬂ)

a(1-p)g

- [era-oia-pia-a 22 20 T () (3

€ (0,1).

[Case 3] From the proof of Lemma 4.2, we have Z—; > 0.

By totally differentiating (4.28) with respect to A; and k, we have
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C2 c1
a 1-y “1 (K' )1 a

e _ TR
a1 {a+(-v)=H+a-0= V—(KX) alax > 0.

. drx_dik dy drc dA1
Since ———=
dt dydt ' da, dt

> 0, k increase over time in case 3.

When A; — o and thus y — x*°, from (4.28), y*° = [1 + % 1-v) %] K55 x5S,

S5 — a

Hence, k — k>° = ———=.
a+(1—v)7

(2) [Case 1] From the proof of Lemma 4.2, we have the % > 0.
Totally differentiating (4.20) with respect to 4, A; and A,, we have

2
di A2

a4 _ >0,
dar ()" 5 =5a- ﬁ)——]+(1 o1-v+1-a)L]}
y 1-af2
4 _ 1-y 1-B A2
dAz ;——11%(%)“+[(1—v)+(1—a)%

dldy . dA dA; , dA dA >0

da
Therefore, —=— +
dt dydt dA; dt = dA, dt

[Case 2] From (4.25), we have

d_/'l (1- 0‘)5
Ay (1-p)[1+(1- v)l r

> 0,
7

ar (1-@) 1 131)/1/?1“3“/41‘“
aa, 1-p)[t+a-n=1] {ﬁA_2X+ 1- a)A 4, (1 a) (E) (A_i) }’
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A _ -0 4 12 a b 1-y (1-B\'7 (B\* (42 7*
aa; (1—3)[1+(1—v)1'7Y]A_%{_X+EA_1+EA_1T(E) (E) (A_I) }

didAy  dAddz _ _ (-a)p
dA; dt = dA, dt (1_3)[1+(1_v)1-71’]

A c €1 1-y /1-B\1~ @ a q\1-a
><{ﬁA—:(gl—gz)X+ng——z+[(1—a)gl+agz]ﬁ7y(£) & &) }>0-

dA_dAdy . dA dA, , dA dA,
Therefore, ——=+ ——5+——"7=> 0.
> dt dy dt+dA1 dt +dA2 dt

|
A4.5  Proof of Proposition 4.3
(1) [Case 1]
From (4.1), (4.2), (4.9) and K,=0, we have
Py _ v w—c_z (A1L)' (KD
PY,  1-y (1—0)w+6_1 (1-B)AzL2+BK;
- Y (1_6)#_6_2 (A1L)* " *(K)* (A4 4)

1-y (1_1])(AlLl)1;‘?‘(1(1)"‘“1 (1-B)A,L;,

By rewriting (A4.4) with k=1, A and ,

Py; _ y  (A-BAA-M-c2 a4, W%
PY,  1-y (1-v)A; ()12 (0)%+cy (1-B)Az(1-1)’

By substituting (4.20) into the above equation, we have

py_ vy |a-maa-n-c A
PyY, 1—]/%1:—;[(1—5’)—;:22]—(1_“)%1(1—ﬁ)A2(1—A)
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C21-a 1

" hpipia (A4.5)

- Ha-p-2h-a-o

From (A4.5), we have

a-p-2\°
11 1-P)-7;
Pratel (1_“),1_2(1-,1)2 <’1 1-8 )

>0

PaY2 _
GV 1-a €211 2 >
fpla-p-zli-a-o)
afals c 1111
Py _ 1-a 2 122 1-2 2 -0
9A 1-B (A2)? (1-a 211 :
’ ¥ =la-p-zh-a-o}

P1Y1 _P1Y3
PaYy Pzde_)L
dt dA dt

Since Z—i > 0 from Proposition 4.2 (2), > 0.

[Case 2] By rewriting (A4.5) with k, A and x, we have

(1-P)AzL2+BK; _
PYs Y L —C2 (ALY (KDY

PY,  1-y (1—v)wﬂ (1-B)AzL,+BK;

vy (1-B)A(A-D+EA-K)A1X—C2 AL )G
1~y (A=A M0 e (1-BA2(1-D)+B(A-1)A1X

By substituting (4.24) and (4.25) into the above equation, we have

C2
P1Y1_ Y 1_5

= , A4.6
P2Y2 1—}/(1—17)+C1'*P ( )

where

1

¢:(1—3)A2+1+(1 .

i
S
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x{pa-nZay-[a-pa,-e-a= () (G (&)

1-a

1-p\1=@ /pN@ 1+(1- v)l_y
l'IJ - - - a -a
(1—0.’) ((1) ‘Bii —x+(1- B)Al aAa_c (2;)1 e Ty(%)i

From (A4.6), we have
P1Yq
d
P2¥2 5
dy ’
Pi1Yy
PYp _ V. !

dAq 1-y [1_'_(1_1;)1}—/_;/][(1_1])_'_& ‘P]Z

O o]

(oY —

A1 v

{[B(l —0)= -y =Y ()

(=)

[(z_a)ﬁ(z_;)l_axﬁl—a)(l—B)(ﬁ—i)a—(l—a)c_z—Aiz:%—a](1_%)lp2 }
Ci1 (>

Pa¥s _ ¥V L
dA; 1-y [1+(1_v)1_7y][(1—v)+c_1 ‘P]Z

1-a

y [a-pa-n=Lra-azr (2E) (§)“(§—j)1'“]{(1-v)+c_1w}cz

P2 )

[-a-wp(8) rra-m(E) a0 2(8) | (1-2)e

=

Ciy-

Hence,
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P1Yy abi¥s
PyY, 341 Py, G4z _ ¥ 1

dA; dt dA, dt _1—y[1+(1_v)1‘71’][(1-v)+3w]2

ot 0201 g0t ()™ () ()

[(1—v)+c_1‘¥]
X TC_Z

+A-PU-0) g,

c2

+ (ﬂ)l-a w2 (1-2) aﬁ{[(z —a)g; — (1 —a)g,]BAx + [(1 —a)g, + ag,](1 — B)A,

a6

—(g1—92)(1 - a)c_z}>. (A4.7)

. - ﬁ A]_ 1-a
From the proof of Proposition 4.1, we have v (7—1 ﬁA—) —(6+n+g)>0
- 2

v

== (=) @)

1-a

Therefore,

10 gt~ gy -1 - e 2 (22) (0 (2"

+(1 - B)A =) =L go4, >

1-y B v

1_
.3(1—17)7]/.91141)(—(91—92)(1—@& Y aointg,

+(1 =)A=~ ) =L go4, =
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B — 17)1;_]/91141)( +(1- 17)1;_]/92142 [(1 -B) - ﬁl__aiiﬁczl] .

a 1-v g, 6+n+gq A,
From the assumption of (4.32), we have

_ _ c — — c
1_‘8>’81av1g192_1 ﬂlavlglgz_l

Thus,

L1 —v) 1;—yglA1x — (91— 9201 - a)gl;—y (ﬁ)m (E)a (j_f)l_a

1-a a

+1-pA-v) %ngz in (A4.7) is positive.

Since (1 - M)A ()"~ ¢, (2) " = @ U [a-p-2] >0

4
from

1-a

- - a 1—
_ don 22 e

Bla-a+a-n=7]

X1 > 0,

(2~ @)gy~ (1~ @g2)8 (2) " Aux + [~ gy + agal(L — B)(A)=(Ar)"

AT, ) .
—(91 — 92)(1 — )¢, (A—) in (A4.7) is positive.
- 2

P1Yq A dP1Y1 dA

PyY PyY

dA; dt dA, dt
PiY1 _P1Yq P1Yq dP1Y1
PaYy_ PaYy dX Py, dAg Py, dA;

> 0.

Therefore
> odt dy dt dA; dt dA, dt

[Case 3] By rewriting (A4.4) with k, A = 1 and x, we have
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Py v I %2 (ALY “(K1)a y BOA-wdix-c; (¢

PY, 1-y (1_v)(A1L1)1L“(K1)“+& BK, T 1y (1- )41 (10 %+cq BA-1)X

By rewriting the above equation, we have

1_1=2 1
PY, vy BA 1-w)y

_ (44.8)
RY, 1- V(l—v)+—<xx)a

From (A4.8), we have

PyYy S NS N PR - S S T O S S PR | -a
PoY, _ v Yaxayita [1 BA (1- K)X]+l? A1 (1-K)x? [(1 v)+A1(KX) ]
- 2 )
oty [-v)+220c0 ]
PiYy a1 qife 4 oyife 1 re N8 -a
aPzYz Y aAl K1+a)( [1 B AL (1- K)X] B A1 (I—K)Z)([(l v)+A1(KX) ]
- 2 s
e 1 [a-v)+0c0]
1 1 162 1 162
P1Y1 = 1= ey a
PaY, _ ¥V AF(0” [1 B Ay (1—K)x]+B A% (1- K))(l(1 v)+ (KX) ]
041 1~y [(1—v)+A=1(Kx)‘“]

From the proofs of Lemma 4.2 and Proposition 4.2 (1) [case 3], we have

R I
dy {[a+(1—v)7]+(1—a)y—A—1(K)()‘“}x2 ’

g _ T >0
dA; {[a+(1 v)—]+(1 o:)1 4 1(K)() “}Alx '

Hence,
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dPlYl 6P1Y1 aplyl d ) c L c ) 1d
PyY PaY Py, dk 1 - 2 K
Y2 _ _P2¥z2 4 22_=Lﬁ (XZ(K)()‘X[].——Z ](_+ )
dx ox ok dy 1-y [(1_1,)+A=11(KX)-¢1] A B A1 A-K)x K dy
16

(1- v)—+(1 —a)Y V—(m- }

|a+-n=E V]+(1 o=t V—(xx) “Y(1-)x

(1) + —iocx)-a]

B AL (1- K)X

P1Yq P1Yyq aP1Y1
PaYy __ “PYp PyY, dk ¥ 1
dA1 6A1 aK dA1

-y [(1—v)+f,=11(xx)-“]2

" <[1 B %%(1—1@%] (A_11 + a%;_;) (k)()—a%

N {(1 v)—Kx+BA1+ lyyA—l(Kx)1 ‘o %;—21+1——(Kx)1 @ }[(1—v)+;=11(rcx)‘“]c=2
a [a+(1—v)%]+(1—a)7A=1(Kx)‘“ p-1)?x* A
162 1
J— _—— @ E———Y .
Because y — ky > 2 B 1 Yy > 0 from (4.28), we have
ab1¥1 afiY1

PyY PyY
—22> (0 and 22> 0.
d}( dAl

PiY1 PiYq P1Yq
PaYy_ PaYy dx Py, dAy
dt dy dt  dA; dt

> 0.

Therefore,

When A; — oo and thus y — x*°, from (A4.8),

-
vi-y’

PyY. PY\5S
i ( 1 1)
PY, PY,

(2) [Case 1]

1
1-

From (4.5) and (4.6), the income ratio of two production factors equals
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RK a L K a A

e = = -. A4.9
WL 1—-alK, 1—ax ( )
Since k=1 in case 1,
RK — % )and %r _
we T 1M T i
RK dRK di
Because — > 0 from Proposition 4.2 (2), we have “2£=—WLZZ 5
dt  dA dt
[Case 2] Because % = 1BB X from (4.24), (4.25) and (A4.9), we have
i B Mg twi_ B Lo twi_ B M
dy 1-B A, >dA; 1-B A, . > dA, 1—/;,422)( )
H Il/?VlidAl ir;v_lzdflz_ B A ( )= 0
CNCC, G4, atr ' da, at  1-pa, X917 92) =1
RK RK X dR dA dR dA
WL_ WL _wL241 _wiL %42
Therefore, dy dt ' dA; dt + o, dA, dt >0
[Case 3] From (A4.9), 2% = ¢ 1
WL 1-ak
RK RK dic
ak “wr_“wi 2K
Since 2 " = >0 from Proposition 4.2 (1), we have o e dr 0
When A; — oo and thus y — x*°, from (4.28),
L R
WL WL 1-a
|
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A4.6  Proof of Proposition 4.4

[Case 1] From (4.5), (4.6) and definitions of k and A, we have

R (K
AAVA A 1
o=-W @) -__¢ . (A4.10)
Lal) TR aE )
L*\Ww T—axk
dk
Since k =1,
_ a A 1 _ 1 1411
0__1—aﬁd( a 4)_1_@5 (44.11)
I—ak k1
dk
From (4.20), we have
1
a a
k= A2 ok .
! {if—y1:—“[(1—/?)—A=22]—[(1—v)+(1—a)ﬁ]/1}

Totally differentiating the above equation with respect to k and A, we have

of i o a-p-2)-[a-n+a-oL ]
1Z_y1:—[;[(1—3)—%]+(1_a)[(1_1,)+(1_a)%]/1~

di

2
dk kg

[y

[N
]

By substituting the above equation into (A4.11), we have

=% a-p-%

0:
(1—@+{1—m1;y 1

+(1-a). (44.12)

From (A4.12), we have
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Yy 1-a ;2
doc _ 18 (1-p) 2

— = <0
oA (1-v)+(1- a)lfy A2 ’
Y 1-a
do 18 2 S
aA 1-v)+(1-a)X= 143
2 (1-v)+A-a);5 243

¥y 1-af2
Because — > 0, J >0 and J =goT Ly oha > 0 from the proofs of
1 2 A=17(}) +[(1—v)+(1—a)lf—y]
do do dA do do dA
Lemma 4.2 and Proposition 4.2 (2) [case 1], iy andg <0, A = araa < 0, and
do _ 9o d0.dr _ it o G-ofa-o+a-va-5a-p-2|}
dA, 04, 01dA, (1—oz)+(1—v)17y/1/12 [(1 B)——]+(1 o)|(1-a)+(1-v)=r ]/1

Because [(1 —a)+(1- v)l;—y]/l —i:—;[(l -B) —Z=22] < 0 from

a-o]a-pi-L-2 LD TG @),

A< = ,
1o 1w +a-v)Y]a-pEE dA;

do_dody do dAq do dAZ
Hence, ———=+——+——=<0.
> dt dydt dA, dt dA, dt

When y — 0 and thus A — 0 from (4.20), 0 — oo from (A4.12). When y — x;

and thus

€2 €11-y 1-a

a 1-a
(- “)[(1 B —1‘—1—717(1 = © (ﬁ—f) ]

[a-@+a-v=L|a-pg

A— A = from the proof of lemma 4.1,

_ )AZ_C=_ _ )_1 Y/1-B 1—a£aﬂ1—af
P o TRl T ) (@) (Al_),x = 0, > 1 from (A4.12).

1-a a 1
a-pE-2- 5D O @)
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[Case 2] From (4.5) and (4.6),

JE

h|x|§|=u
[

S

QU
—~

Q
~—~
=R
N

[Case 3] From (A4.10) and A = 1,

(44.13)

From (4.28), we have

- l1-px 1 11y & 1-a
k—[1+a(1 v)y]Kk+BC_2+ayA%_“(Kk) )
Totally differentiating the above equation with respect to k and k, we have

dx 1

1
a1 — K.
dk  k|[14i—p) Y|4 im0y L -a
{[1+a(1 D ATa(<k)

By substituting the above equation into (A4.13),

1_0‘1_7’2,{1—(1

-a A4.14
7 A4 X ( )

1 11—y
0=[1+—(1—v) ]K+
a Y
From (A4.14), we have

do 1-y €1 gl™@
2o (1-q) Y2
% A1 X1+a

do 1 1-y (1-a)? 1-y &1 —a
i RGO b R GO

157



do 1-a 1-y 1
Yy 41

6A1 a

1-a

x %

From the proofs of lemma 4.2 and Proposition 4.2 (1) [case 3], we have

162 1- 1-a
dic _ “[BA1+ % Al(KX) |

ax {[a+(1 v)—]+(1 oz)1 u 1(K)() "‘}

> 0,

af2 1-y ‘1 1-a
dx I?A1+ 14 Al(KX)

aa; {ara-m - =t V—(KX) “lax > 0.

Hence,

do do do drk __ 1

dy dx @ oxdy {[a+(1 v)—]+(1 a)1 4 1(;ck) a}

x({fa+ -0+ S2+ 02 oo+ (- v 2+ (-
GO

{[a+(1—v) ]+ (1-a) %%(Kk)-a}{[ﬁm—v)l;—y] K+ (1—

Q) =L (01 ))

a[a+(1 —n)¥ y]1 y—l(ic)()l a

{[a+(1—v)7]+(1—a)1yy—A_1( Kk)~ } 2

>0,

do dA; _ (60 do dk ) dAq
dA; dt ~ \d4; 0dxdA,/ dt

{lera-mEYra-a? S0 2 [ar-n S ot .

{[a+(1 i V]+(1 a)1 vl

(k) A x
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do_dody do dA;
Therefore, ——— 2% 4+ — =1 >0,
> dt dydt dA, dt

When y — x,, from (A4.14),

(olevon e S (0 ()

(1—3)[a+(1—v)1_7y]2_i+(1_a)[‘:__21+‘:=111%y(%)1—a(§)a(2_i)1_a]

o —

=0, <1

When A; — o and thus y — y*°, 0 — 1.
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