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Introduction.

Let k be a positive integer and N a positive integer divisible
by 4. For an even Dirichlet character X modulo N, we denote by
S(k+1/2,N,x) the space of cusp forms with weight k+1/2, level N,
and character x. Suppose k > 2. For a primitive form F of
S(Zk,N/Z,xz). we define the subspace S(k+1/2,N,x;F) by
S(k+1/2,N,x;F)

= {S(k+1/2,N,x)Df l fl%(pz) = XF(pSf for all prime number p[N}
Here,we denote by %(pz) the Hecke operator of half-integral
weight and {XF(p)} is the system of eigenvalues associated with
the primitive form F.
Then the following decomposition is well-known,

(1) S(k+1/2,N,%) = @ S(k+1/2,N,x;F),
F

where the sum is extended over primitive forms of S(2k,N/2,X2)
(cf. [Sh 1] lemma 7.). Note that we can also obtain the similar
decomposition for the case k=1 after slight modifications.

Let M be the odd part of N and HM the €-algebra generated



by the double cosets FO(M)(é g) PO(M) with natural number n

such that (n,2M) = 1. By using the Hecke operator, we can define
two representations of HM; R(2k): HM~—9EndCS(2k,N/2) and
R(t1/2,x) : B, —> End S(k+1/2,N,%), (cf. 50 (b) and (c) ). Then,
from the decomposition (1). we can expect that there is some
relation between traces of R(2k) and traces of k(k+l/2,x).

Our main purpose in this paper is to calculate the difference
between these two traces for several cases. In [N] , S.Niwa
already took up this problem for the case of the cubic free
level N = 4M, (M,2) = 1 and trivial character Xg* He calculated
the trace of the Hecke operator %(nz) over S(k+1/2,4M,x0) for
all natural number n with (n,2M) = 1 and compared them with
the traces of the Hecke operator T(n) over S(2k,2M,x0). Then,
he proved that these two traces have a simple relation. For example,
if M 1is squarefree, these two traces coincide.

We shall generalize these results in §1 and 83. 1In §1, we shall
explicitl; calculate the trace of the Hecke operator over
S(k+1/2,N,x) for x2 = 1, and in §3, we shall prove the relation
between these traces.

Next, suppose that N = 4M, (M,2) = 1 and xz = 1. Then, in [K] s
W.Kohnen defined the canonical subspace S(k+l/2,N,x)K of
S(k+1/2,N,%x) and the Hecke operator over that subspace, (cf.§0 (d) ).
Moreover, he calculated those traces when M is squarefree, and
he proved that those traces coincide with the traces of the Hecke

operators over S(2k,M,xO), where is the trivial character.

)

We shall also generalize these results in §2 and §3. 1In §2, we



shall explicitly calculate the traces for any odd integer M
and discuss the relations between traces in §3. Moreover,
in 84, we shall give the examples of the explicit decomposition
of S(k+1/2,N,x) and S(k+l/2,N,x)K for several cases.

The author wishes to express his hearty thanks to Professor
H.Saito and Professor S.Niwa for their kind advices and warm

encouragement.

80. Preliminaries.
(a) General notations.

S
The letter k denot;V; positive integer. If =z &C and

x€&C, we put z> = exp(x+log(z)) with log(z) = log|z|+J:Targ(z)
and the argument determined by -7 < arg(z) < m. TFor zé&C,
we put e(z) = exp(2nd{-1z).

Let H be the upper half plane. For a complex-valued function

ab
c d

J(a,z) and f|[a]k(z) on H by J(a,z) =cz +d and

f(z) on H and « =( )é:GL;(R), we define functions

fl[a]k(z) = (det a)k/zJ(a,z)—kf(a(izg. Moreover, z &€H and
-1\~ 1/2
(2 5= yer@. pur 3r2 = () (§)ez + M2

For an odd natural number M, let HM be the C-algebra

10

. n)I‘O(M) with all

generated by the double cosets FO(M)(
natural number n such that (n,2M) = 1. Then HM have

the C-basis consisting of the elements FO(M)(S g)FO(M), where
a,d > 0, ald and (d,2M) = 1.

For a natural number n, we denote by ¢(n) the cardinality

of (Z/nZ)*.



Put h(-n) = the class number of proper ideals of the order with

discriminant -n in an imaginary quadratic number field Q(J:E)

and w(-n) = a half of the cardinality of the unit group of the

above order. Then, for simplicity, we denote h”(-n) = h(-n)/w(-n).
For a real number =x, [x] means the greatest integer m with

v, - .
Xx > m. When n = q is the decomposition to the prime numbers

I
q|n

q for an natural number =n, we set

_ v+l ul, Vv
a (x) = ol ("1 - (E)(q ~1)}/(q-1).

(b) Modular forms of integral weight.
Let N be a positive integer. By S(2k,N) we denote the space
of all holomorphic cusp forms of weight 2k with the trivial

character on the group FO = PO(N).

Let aéEGL;(R). 1f FO and a-lfoa are commensurable, we

define a linear operator [Foa n S(2k,N) by

Tolok ©
f][FOaPO]Zk =

of representatives for ra\EOGFO'

(det a)k—l g fl[oci]2k , where @, Tuns over a system
i

Then, for the odd part of N, say M, we can define the representation
R(2k): HM-éEndC(S(Zk,N)) by
R(2K) (T, MO ETG (M) = [ToMN)EL (N 1y, -

For a positive integer n with (n,N) = 1, we put
T2k,N(n) = a§=n[r0(8 g)POJZk’ where the sum is extended over the
pairs of mnatural numbers (a,d) such that a,d >0, a|d, ad = n

and (d,N) = 1. We call T N(n) the n-th Hecke operator over

2k,
S(2k,N) -



(¢) Modular forms of half-integral weight.

Let N be a positive integer divisible by 4. By M we
understand the odd part of N. Let TO = FO(N) and ¥ an
even Dirichlet character modulo N. We suppose that ¥ is quadratic,

2
namely ¥~ = 1. Then, there is a squarefree odd positive

integer M0 such that M0 is the divisor of M and

M0 2M0
X =\—] or | —/, (Kronecker symbol).

Let G(k+1/2) be the group consisting of pairs (a,¢(z)),
where a = (2 :) éiGL;(R) and ¢(z) 4is a holomorphic function

-k/2-1/4 k+1/2 with

on H satisfying ¢(z) = t(det a) J(a,z)
tE€C, |t| = 1. The group law is defined by
(2,¢(2))*(B,¥(z)) = (aB,¢(Bz)¥(z)). For a complex-valued
function f on H and (a,¢(z))EG(k+l/2), we define a function
£](a,6(z)) on B by £](@,¢(2))(2) = 6(2) £ (oz)-

0
of G(k+1/2) consisting of all pairs (y,¢(z)), where
k+1

By A, = AO(N,x) = AO(N’X)k+l/2’ we denote the subgroup

(2 b) = y€T,(N) and ¢(z) = x(d)j(Y,Z)2 We denote by

d
G(k+1/2,N,x) (resp. S(k+1/2,N,x)) the space of integral
(resp. cusp) forms of weight k+1/2 with character x on
the group PO(N), namely, the space of C-valued holomorphic
function f on H which satisfies fIE = f for all
Eé:AO(N,x) and holomorphic (resp. holomorphic and vanish)
at all cusps of FO(N). In particular, we write S(k+1/2,N) = S(&+%, ~. X)
if x is the trivial character.

Let U(N,X) be the subspace of S(3/2,N,x) generated

by all the theta series of the following type:

hw(tz) =(l/2) b w(m)me(tmzz), z€&H, where t 1is a positive
meé Z

—_— 5 —



and

integer and Y 1is a primitive odd Dirichlet character modulo r
which satisfy the following conditions: 4tr2|N and

X = w(:E) as a character modulo N. By V(N,¥) we denote the
orthogonal complement of U(N,x) in S(3/2,N,x) with respect
to the Petersson inner product.

Let E£€G(k+1/2). 1If A0=A0(N,X) and g'lAOg are

commensurable, we define a linear operator [AOEA

o1z on &(R+3 M)

S(k+1/2,N,x) by fl[AOEA % f|n , where n runs

0lk+1/2 =
over a system of representatives for AS\QOEAO. Then we

define a C-linear map R(k+1/2,y) : Hy~ End,, (S (k+1/2,8,%))
o a0
by Raer1/2,0 (rya(§ §)rp0)

2

_ k-3/2 a~ 0 k+1/2
where a,d > 0, a[d and (d4,N) = 1.

ﬁ(k+l/2,x) is a representation of HM (cf. [N] Introduction).

In particular, for a natural number n with (n,N) = 1, we put

ao

0 d)TO(M)), where the sum

¥ % = Kae1/2,50 C z rgon |
k+1/2,N,x ad=n 0
is extended over the pair (a,d) such that a,d > 0, a]d, (4,N) =1

T
k+1/2,N,x

over S(k+1/2,N,x). Then, from [Sh 2] Theorem 1.7, it follows

and ad = n. (n2) is called the n-th Hecke operator

that hw(tz)é U(N,x) is an eigenfunction of the Hecke operators

v

2
T3/2,N,x(p )

is generated by such operators, U(N,x) is invariant under the

for the prime number pXN. Since ﬁ(k+l/2,x)(HM)

Y]
action of the element of R(k+1/2,x)(HM). By using the self-
adjointness of the Hecke operator with respect to the Petersson
inner product, we see that V(N,x) 1is also invariant under the

action of the element of ﬁ(k+l/2,x)(HM) (cf. [Sh 1] lemma5).

— § —



(

L F""Mw; we  wacle

U(N,Xx) corresponds to the space of the Eisenstein series by

means of Shimura correspondence and only the element of V(N,¥)
corresponds to the cusp form (cf. [St] ). Hence, when k = 1,
namely weight 3/2, we shall be dealing with V(N,x) in place of
S(3/2,N,x). When there is no confusion, for simplicity, we drop

the subscripts k+1/2,N,x,etc.

(d) Kohnen subspace.

Suppose that N = 4M and M is an odd natural number.

M
Then ¥ = (-—-) for some positive divisor MO of M (cf. §0}(c)).
Put € = (%%—) . Then the Kohnen subspace S(k+l/2,N,x)K is
0
defined as follows:
S(k+l/2,N,X)K ={S(k+1/2,N,x)D f(z) = % a(n)e(nz);
n=1

a(n) = 0 for s(—l)kn = 2,3 (mod 4)

) 41\ kt1/2
Fut & = Sni/2,e “((o 4>’ ¢

and Q =

e((2k+1)/8)> & G(k+1/2)
Qk+1/2,N,x = [AO(N,X)SAO(N,x)]k+l/2. Then Q becomeS$S
the operator over S(k+l1/2,N,x). Moreover, from [K] Proposition
1, we know that the operator Q satisfies the quadratic equation
+
(Q - a)(Q - B) = 0, where a = (—l)[(k l>/2]eZJ§: B = -a/2,
and Q dis hermitian and its a-eigenspace is S(k+l/2,N,x)K.
v
From [K] §3 and §4, we know that R(k+l/2,x)(HM)
preserve S(k+l/2,N,x)K. Hence, we can define a C-linear map
'ﬁ(kﬂ/z,x)K': H,~ End (S(k+1/2,N,X),) by requiring that,
for gél%r ﬁ(k+l/2,x)K(E) is the restriction of the map
ﬁ(k+l/2,x)(€) to S(k+l/2,N,x)K. For a natural number n
o, 2 . s
Tk+l/2,N,x(n )K the restriction
(@?) to S(HL/2,N,%0 .

with (n,N) = 1, we denote by

of the n-th Hecke operator ¥k+l/2,N,X

S 7 _—

Fvi el  charac e .

N T >

S(R+Y V) = S(ﬁ’:w's,/v,?()K L X Lo the



From the definitions of S(3/2,N,x)K and UWN,x), it is
easily shown that S(3/2,N,x)K contains U(N,x). Then we
denote by V(N,x)K the orthogonal complement of U(N,x) in
S(3/2,N,x)K with respect to the Petersson inner product.
U(N,x) is invariant under the action of ¥k+l/2,N,x(n2)
(%)

K with (n,N) = 1

(cf. §0,(c)). hence the Hecke operator

ny
Tet1/2,8,¢ ™ x

with (n,N) = 1 also preserve V(N,x)K.

§1. The trace formula for the Hecke operator of half-integral
weight.

Throughout this section, we shall use the same notations
and assumptions as in 80 (a) and (c).

In the following calculations of the traces in §2 and §3,
we use the trace formula of [Sh 3]. Now, we shall give the
explanation of the formula. We take 1t = (o,h(z))€ G(k+1/2)
with a*ESLZ(R) which satisfies the following conditions:
(1.1 TO = PO(N) and a-lroa are commensurable.

(1.2) We define the proper lifting L by

2k+1 _(ab
YEG(k+1/2), v = (c d)e 1“0.

Then, L(aya-l) = TL(Y)T_l for all ‘YéTO()a—lPOa.

L{y) = (v,x(d)jly,2)

For this T, from [Sh 2] Proposition 1.1, we have the

bijection: I‘OoaI' 3YlaY2 —> L(Yl)TL(Yz) éAOTAO, where

0

TAOT_ are commensurable. For simplicity, we denote by

B* = (B,h(B;z)) the image of Bé,FOaPO with respect to the

and Yl,YZGI’O. Moreover, A and

k+1/2 0

above bijection.



Nextly, we put T~ = (a—l, h(a_lz)J(a-l,z)z). Then, T~

also satisfies the conditions (1.1) and (1.2) with respect to
the proper lifting L~ : I‘OBY = (2 2) ——-—)(Y,x(d)j(y,z)S-Zk).

-~ »‘-l
and T°A. T are also

Hence, 8457 = 85MNs%)q/9 4 0

commensurable.
From [Sh 3] Theorem 4.5 and the assumption x2 =1,
we have the following trace formula:

(1.3) trace([AOTAo]k+l/2IS(k+l/2,N,x))

- trace([A0 T AO 3/2_k‘G(3/2—k,N;X))
= I J(C) s where the meaning of
Cé@(I‘OaI‘O/I‘O)

the letters is as follows:

Let @(Toufo) denote the subset of TOQFO consisting of:

all scalar elements of FOaFO , all elliptic elements of FOaFO,
all hyperbolic elements of FoaTO whose upper fixed points

are cusps of PO (cf. [Sh 3] §3.6) and all parabolic elements

of T.al'. whose fixed points are cusps of T,. We call

070 0
two elements R and B8~ in @(Poafo) equivalent if
YBy_l = B~ for some 'YéIb when B and B~ are scalars or

elliptic or hyperbolic, YB’Y_lé Zl" (B)B for some yéI‘O
0

when 8 and B~ are parabolic, where ZPO(B) =

L'YéI})] vyB = By}. We denote by ®(POaP0/PO) the set of
all equivalence classes in FanO with respect to the above
equivalence relation. For each C é@(TOuTO/PO), we pick
any B from C. Then, a complex number J(C) is given

as follows:

1f 8% = (tl,m). J(0) = (1/8) (2k-D)n [T (4):T 1.

— ¢ —



If B is elliptic, J(C) = (6(B)n(l - A2 L. Here, the

meaning of the letters is as follows: Let zO€H be the

fixed point of B8 and «a =<ZO zO) s, then
1 1

-1, [Xx o0 _
.o -(o x)’ n = h(Bz) and o(8) =H#{rery | vz, = 2k

If B is hyperbolic, J(C) = -(1/2)(n(1 - A2 7L Here,
the meaning of the letters is as follows: Let zOéQU{‘”}

*
be the upper fixed point of R. Take an element p = (p,¢)

< G(k+1/2) such that péSLZ(R) and p(®) = z_, then we

x_1 % % _
denote p 189 =<(Al x )
)31'1 .

0 A

If B 1is parabolic, J(C) =[ nlesx)(1/2 - &)  if BET,

0

-1 -1 .

n “e(sx) (1 - e(x)) if sg‘ro.
Here, the meaning of the letters is as follows: Let zOEQ U{=}
be the fixed point of B and ¢ be an element of 1"0
which generates {yé& I‘O [ Yz = zo}/{il}. Take an element

p* = (p,$) €EG(k+1/2) such that péSLz(R), p () = Z and

-1 11 . _ %-1 *
p Top = g5\ l) with €y = 1. Then o L{o)p
11 . *-] % %
EO(O l)’ e(é)) with 0 < § ¢ 1 and o B p =
( c(é ’l‘), n) with ¢ = 1 and x&R.

Our purpose in this section is to prove the following

Propositions.

Proposition 1.

Suppose k > 2. The trace of the n-th Hecke operator

T
k+1/2,N,¥

is given by the sum T(p) + T(e) + T(h) + T”, where the

(n2) with (n,N) = 1 acting on S(k+1/2,N,x%)

each term is given as follows:

—_— ) —



For a prime number p‘M, let v = vp = ord N and p = ordzN.

By Xp"we denote the p-part of the character x for a prime
number plN and by f(xp), the conductor of Xp'

Put 60([3) = [ 1 if n 1is square,
0 otherwise.
And &, = { 1 if = 2,
0 otherwise.
Let n = noznl’ Whi£i4»2l_-ii_f_fgfififfff—fgfiEEZi\integer.
My & Po«u/twe Drufe;,eﬂ and
Then, for n = 1 (mod 4). we set

T(p) = -8,(m) k"1/2 {I (V21 4 LD /2],
piM

o @v/2) ,le-n2ly 4o

>5, or u=14 and f(xz)[a,

2 if w=4 and £(x,) =8,

3/2 if u=3,
Lt if w =2,

AY
- - - -1)/2
+ 8, ((—l)k/Z)Qﬁl)x(n) K1 V2l (7?) L1721
0 p'M
x T ho(-4n/D).
0<an0

For n = 3 (mod 4), we set
- v -1)/2
k-1 o v/2l CBJ LLO-D /2]y
piM

T(p) = (-1 x@ n

n

x I b (-n/a)
0<al o

* -
/20 4 (2]l /2]

u >
2(1 +»(%) ) 1f u =4 and £(x,) = 8,
3 if u =3 and f(x2)|4,
3(2) if w =3 and f(x,) = 8,
n

1/2) (5 - (%) ifou=2,

n

—_—

>5, or u =4 and f(X2)|4,



where the sum X is extended over all positive divisors @
0<Q|n0

of no.

Next, we define T(e) by

-ord s

2k-1 2k-1 -1 .. or

G-y D E- T e (e Tp P on(e),
pIN P P

T(e) = - Zl

where the sum Zl is extended over the even integer s which
satisfies 24n > s > C and the meaning of the letters is as

follows: x and y are the solutions of X2 -sX+n=20
2

2 . - . .
and s - 4n = t'u, where t 1is a positive integer and u is

a fundamental discriminant, namely the discriminant of an
-ord_t
imaginary quadratic field. Put t0 =t II p P and
p|N
6 = ep = ordp(st) for the prime divisor p of N.

The constant np(ep) is given by the following table:

Case (1). ( p|M and p|s).

D
v

V
ﬁ?) plO D21y o5 (i) /2]

_ N [v/21 ./
np(ep)-xp( n)p X | P +<

A

1+ (if)) pP if 6 < [(v-1)/2].

Case (2). (p|M, pfs and plu).
o o) = | TN plOD2L Yy o
if e > [v/2],

0 if 8 < [v/2].

Case (3). (pIM, pIs and p*u).

@ - (o h el 4 pl D2 D2, oy

nP(GP) B p

Y

— 2



Case (

n2(6

Case (

nz(e

Case (

n2(6

4). (p

2) ={
5). (p
2) = {
L
6). (p
2) =]

1+ (%))pze

=2 and u

3x2°

3x2e

9x2® - 24

3x29t1 _ 19

0

=2 and y

3)(26+l

26+2

6><26

ox2%t1 _ 43

3x2%%2 _ 43

2).

4).

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if

1
=

1

5

and

=5

and

=5

and

=5

and

if 8 2 [(v-1)/2].

u =1 (mod 8)
u=5 (mod 8) and s/2 1is even,
u =5 (mod 8) and s/2 is odd,
u =0 (mod 4) and t is even,
u =0 (mod 4) and t is odd.

£ 1 (mod 8),

=5 (mod 8) and s/2 1is even,

1]
wn

(mod 8) and s/2 1is odd,

1
o

(mod 4) and t is even,

Hl
o

(mod 4) apnd t is odd.

(mod 8) and f(xz)lé,

(mod 8) and f(xz) = 8,

(mod 8), s/2 is even
£(x,) |4,

(mod 8). s/2 is even
f(Xz) = 8’

(mod 8). s/2 1is odd
£(x,) 14,

(mod 8). s/2 is odd

f(xz) = 8,



3X26+2 - 24 if u = 0 (mod &4). t 1is even
and f(xz)\h,
29+3 - 24 if 4 =0 (mod &), ¢ is even
and f(xz} = 8,
k’ 0 if u = 0 (mod 4) and t is odd.
Case (7). (p =2 and W= 26 +125).
n2(62) =‘{ 2e+g+1 if uw =1 (mod 8) and 6 2 8 + 1,
229+l if u=1l (mod 8) and 8 < g
0 if uz5 (mod 8) and s/2 1is even,
2B - 30?8 if w= 5 (wod 8). s/2 s odd
and 8 287 1,
0 if u =5 (mod 8), s/2 is odd
and 6 £ 8,
26+g&2 - 3><22g if v=0 (mod 4), t 1is even
and 8 > &,
0 if uz 0 (mdd4). t is even
and 8 <g- 1
L, 0 if u = 0 (mod 4) and t is odd.
Case (8) (p=2 and W = 28 2 6).
nz(ez) _ 3Xze+g—1 if u = 1 (mod g) and 0 2 8,
226+1 if u=z=1 (mod 8) and 8 < 8 - 1,
3x2® 8y (5) (f uwz5 (mod8), s/2 is even
and 0 2 8



0 if u =5 (mod 8), s/2 1is even

and 9§ < g -1,

f+g-1 2
9x27 871 _ 3x2°8  if 4z 5 (mod 8), s/2 is odd
and 6 > g,
0 if u =5 (mod 8), s/2 1is odd

and 6 < g-1,

o+ -
3x2°78 _ 3X22g 1 if u=0 (mod 4). t 1is even

and 6 > g,
0 if u =0 (mod 4), t is even
and 6 g-1,
&_‘ 0 if uz0 (mod 4) and t is odd.

Next, we define T(h) by

T(h) = - 22 ((s - t)/Z)Zk_1 il mp(ep), where the sum I

p|N

2 18

extended over the even integer s which satisfies s > 24n and
2 . . .
s - 4n 1is square, and the meaning of the letters is as follows:
- . 2 2
Let t be the positive integer such that s -~ 4n = t°, and

6 = ep = ordp(st) for the prime divisor p of N. mp(ep) is

given by the following table:

Case (1). (p|M)

Jv/2l | [e-D/2)

v

m (6 ) = [(V+l)/2]s
P P 6

2p if 8 < [(v-1)/2].

A

Case (2). (p = 2).

mz(el) = 2 if u=2,
3 if uy = 3,
6 if uy =4 and f(x2)|4,
4 if pu =4 and f(xz) = 8,

_—



Q2] | Hl-1/21 o and 6 > [(u+l)/2],

'A%
w
v

8+1
2 if w >

v
w

and 6

A

[(u=1)/27.

Finally, we define T” by

T = 8, (/) 214 ok - 1M T ¢+ 1)/p.
pIM

Proposition 2. The trace of the n-th Hecke operator
2 . . . .
3/2,N,X(n ) with (n,N) = 1 acting on V(N,x) is given by
the sum T(p) + T(e) + T(h) + T” + T””, where the terms T(p),
T(e),T(h) and T” are given by the same formulas as /n
Proposition 1 when we put k = 1. The term T°° is

given by
.- » T+l
T° = ( L, alsv) - 1z, b(x;w)w(n)> I (p -1/ - 1.
pin
Here, the sum Zl (resp. 22) is extended over the primitive (1uﬁ£ak salisfies

it v

even (resp. odd) Dirichlet character ¢ modulo f(y)¥ and we
dgﬂofe %'a(x;w) (resp. b(x:;¥)) the number of the positive

integer t which satisfies 4f(w)2t|N and x = ¢(5> (resp.
X = wQ:E>), and n =1 pT.
pln

a0 o deracten modale NV

Proofs of Proposition 1 and 2.
For simplicity, we put FO = FO(N) and AO = AO(N’X)k+1/2’

and use the same notations aS in e statement of Preposition 1 and 2.

From the<ﬁfhition, we have

2 A

N 2 k-3/2 a 0 2Rtz
T (n°) = T an [A , (n/a”) ) Al
+HL/2,N,x " O<a|no 0 (0 (n/a)2> 0

Since the scalar element ((8 g), 1) of G(k+l/2) -trivially acts
on S(k+1/2,N,x), we have
Eapecandly | e szé'ﬁWHB’“‘““%$”'f”‘“‘”“‘””ﬁff'jﬁdﬁ? .
we ~hadl  Lee ﬂ,h%mM:E»ﬂLWN-MMMPW,OMTN=4=V=jy“%%Pwm

—_— — », %1 P = 2../



2
a 0 2. k+1/2
[AO k , (n/a%) ) AO]

0 (n/a)2
(n/a®)™t 0 2. k+1/2
[, , (n/a") A,
0 (n/a%)
as the operator on S(k+1/2,N,¥).
Therefore, firstly we shall apply the formula (1.3)
-1
to the operator [AO n O), nk+l/2)Ao] and explicitly
0 n
calculate that trace, and secondly we shall sum up them.
Let g(n), g(n), ﬁ(n) and g(n) be the contribution
from the parabolic, elliptic, hyperbolic and scalar
-1
equivalence classes in ¢ = @(PO (n 0) FO/FO) respectively.
0

If k > 2, G(3/2-k,N,x) = {0}. Hence, the contribution from

G(3/2-k,N,Xx) occurs only when k = 1. Then, we put

- 0 -1/2 .
d() = trace (I3, ((z _1) , n / ) NS l/2|c(1/2,N,X))
-t ([a at 0 232 8 ) U, %)
race 0 s 0 3/2l X))
0 n
where AO = AO(N,x)l/z.
N
1. The part of s(n).
-1
Obviously, Fo(n O)TO contains a scalar element if and
0 n

*
only if n = 1. In that case, since (¥1) = (#1,1), we have
ZH-A(Zk -1)M I (p+1)/p, if n=1,

S(n) =
p|M

o, otherwise.
The contribution to the trace of thejHecke operator is the sum

m—th

— 7 —



k-3/2 2 k- -
T an s(n/a”) = GOQfH)n 1 ¥ 4(2k—l) M I (p+1)/p.

O<aln0 p|M

This is the term T” in the statement of Proposition 1.

2. The part of d(n).

O -
Put g = (N ;) , oty = (B N4 T2y ooy

o~ — N
and AO = AO(N,x(-—))l/2 . Then, from [Sh 2] Proposition 1.4,

we know that T induces the isomorphism between G(1/2,N,x)

N
N\: -
and G(l/Z,N,x(—)), and ™ lAO"TN = AO'. Hence,

-1
-1 s 0 1/2}
T A , D A 77T
N 0 ap n) 0 N
-1
_x -~tfln "0 1/2) . <n 0 -1/2
= A."T , N T..A = A" , N A,
0 N((O n> N0 0 (0 n-l) 0

-1
If we write AO" (n 0 , nl/2 AO” = \J A T7E,
0 n i 0 1

(disjoint union), we have AO'((R 0_1), n‘l/z) AO‘ =
0 n

L} AO'TN—lEiTN . Therefore, as a operator on G(1/2,N,%),
i
T —l[A -’ n‘l 0 nl/2 A 7] T
N 0 0 0 > 0 1/2 'N
- - n 0 _1/2 -
(4, ((o n—l)’ n )Ao li/2

and trace ([Ao’((n 0_15, n_l/z)AO']IG(l/Z,N,X)) =
0 n

-1
trace ([AO"((n O), nl/z)AO"]IG(1/2,N,XtE))).
0 n

G(l/2,N,X(E)) is spaned by the theta series of the following
type: ew(tz) = (1/2) = w(m)e(tmzz), z&€H, wvhere t is a
m&Z
positive integer and ¢ 1is a even primitive Dirichlet character

modulo f(¢) which satisfy the following conditionmns: 4tf(¢)2lN

and X(E) = wtg) as a character modulo N (cf. [S-S]).

/&




These theta series are linearly independent of each other.

From [Sh 2] Theorem 1.7. it follows that 6 (tz) is the

v
eigenfunction of the p-th Hecke operator %1/2(p2)
~3/2 .. {f1 o0 1/2
P [Ao (( g) > P / AO"] with the eigen value
0 p

-1
p(P)(A+p 7). Let n = T pT. Then, we have as a operator,
pin

-1
[ -- (n 0)’ nl/Z)A 1 = e (T o) a2, o
0 (o N 0 0 o 2" 0o !

= 1 [AO" ((l 021)’ pT/z)Ao"] and
pln 0 p

.. [f1 o0 /2 .-
[AO ((0 pZT),p )Ao ]

e {10 172\, .. {1 o (=1)/2) ..
(8, (( 2)’1’ )Ao 118, ( Pzr—z)’p 8y""1

0 p 0
- p2 + p for v =2,
2 . 1 0 (t-2)/2 o
12 [A0 ((0 p21-4>’ P 4, I for T > 3,

(cf. [N 1] Introduction).
By using the induction, we see that ew(tz) has the eigen

T

value y()dn 0 (p + pT—l) with respect to the operator

pPin

-1
(A ~~ (n 0), nl/2>A e,
0 (0 . 0

If we take a positive integer ty such that 4f(¢)2tlIN
and X(E) = w(fl) R t2 = N/(Af(w)ztl) satisfies the conditionsg:
4f(w)2t2]N and x = w(—z). Hence, when we fix the character
Y, the number of the positive integer t such that 4f(w)2t|N

and x(E) = w(E) equals to the constant a(x;¥y) defined in

the statement of Proposition 2



-1
Therfore, trace ([AO” ((Z 0), nl/Z) AO"]|G(1/2,N,xGS)))
n

= Zl a(y;P) v m I (p o+ pT'l), where I

is the same as
pln

1

in the statement of Proposition 2.

We can also discuss the case of U(N,¥) in a similar way
and obtain the following results: W%When ¢ and t run over
the set described in 80 (c), the set of the theta series

{ hw(tz) } gives the basis of U(N,x) and hw(tz) has the

eigen value yY(n)dn I (pT + pT_l) with respect to the operator
p|n

n_l 0 3/2 T

[A ), n ) A ]l, where n= T p
0 0
0 =n p|n
-1
Therefore, trace ([AO «n 0), n3/2) A0]|U(N,x))
0 n

= I, b(xs¥) y@AE T+ pT—l) , where I, and b(x;¥)

pln
are the same as in the statement of Proposition 2.

From the above, we have

-1
d@) = (3 ate®) ¥@) - I, bOGY) v@ A i (" + 2 ).
Pln
where 1 = ordp(n) for the prime number pln. The contribution

to the trace of the n-th Hecke operator is calculated as follows:

z a n—l/2 H(n/az)
O<aln0

- r M ratewealia?) - 5 Gewv@/a’)

O<ain0
x,.'n/a2 I 9 (" + PT-l)
p|(n/a”)
-1
= (GatGW@) - Ip0GWE@) T T, 6T AR )

O<a]nO p| (n/a")



= Ea0GNYm) - LbGewvm@) T 6™ - 1/ - 1.

pln
This is the term T”° 1in the statement of Proposition 2.

Before calculating the part of ?)'(n).. g(n) and th(n), we
give some remarks.

If an equivalence class C&€¢ is not scalar, we can

n_l<a b from C such that
c d

choose an element R

(a,c) =1 and that c # 0 (cf. [N 1] Remark 1). Put B8~ = nB

- (2 b &rT 1 I'., then there exist u,v and w¢&€Z
P 0 2 0

c 0
rd = . = a -V
such that B 1( with 01 ( )é 1"0
c u
and o, = (l W) €T, . Therefore, from ¢ = 0 (mod N).
2 0
0 1
-1
* + A 2k+1.,
8" = Loy ((“ 0), " ”2> Loy = (0,x(Wilo,,2) "
0] mn
-1
k+1/2 . 2k+1
X ((n 0)! n / ) (02’ ](0292) )
0 n

(8, x(a) (%>-k-l/2(§>J(B,z)k+l/2 )

Now, suppose that B8 1is parabolic or hyperbolic. Then,

B has a fixed point k which is the cusp of I‘O. Since c¢ # 0,
K k-1

we know Kk # «. Let p=(
1 1

) €SL,(R) and

k+1/2

0" = (o, J(0,2) ) € G(k+1/2). Then, by calculating with

attention to the signature of the branch, we have

-k-1/2
- - - -1
0" 1% = o7, 367 D s, x@(2)

k+1/2

(i)J(B’Z)k+l/2)

x (p, J(p,2) )



-1 -k-1/2
ATy sgn(}) -1 k+1/2
((O )\) ? (sgn(c)) X(a)<a) (%) A )’ where

AX=1(a-ck)/n, y=(-a+d-c+ 2ck)/n and sgn(x) = 1, -1

according to x > 0, x < 0,

3. The part of ;(n).

Now, all the Po—equivalence classes for the cusps of TO

-1
are represented by the number t , Wwhere t runs over the

following set S: =y =3;,
S = t=cnpe>0,05e=e 5ord(M1d z
PIN = P = P

runs over a system of representatives, which are

prime to N, for (Z/ I pmin(e,v-e)z)x .
p|N
1 O R -1 .
Let At = . Then, the stabilizer of t in
t 1
FO/{il} is generated by o = 1-ut v = A (1 u> At—l
-ut2 1+4ut 0 1

where u 1is the least natural number ut2 = 0 (mod N),

max(V-2e,0)

namely, u= I p . For simplicity. we denote this
p|N
product by 1II° pv-2e .
p|N

Let us write out all the parabolic equivalence classes in ¢ =

-1
(T n" 0 r /T.). Let B, B, be the parabolic elements
0 0 0 0'°0 1

-1
in (T (n 0
0

0 n

equivalence relation, it is easily seen that, if B8 and Bl

> TO). Then, from the definition of the

are equivalent, the fixed point of B must be Po—equivalent
to the fixed point of Bl. Now, suppose that the unique fixed

- -1
point of B 1is t L with té€s. Then, we have A, B A =

—22 —



-1/n =
+n ( ) for some non-zero real number Tt. Hence, B° = nB
0 n
=+ A [® TYa -1 _ 4 [p-tT T .
*lo o/ °© 2
-t T nttT

. 10 _
Since T (0 nz) I, = {MZ(Z)B(i 2) | ¢ =0 (mod N), (a,N) = 1,

(a,b,c,d) = 1, ad-be = nz},
1 O

we see that B &T (
0 0

2) PO if and only if tzr = 0 (mod N)

and (n,t) = 1. In that case, T becomes the multiple of u.
Let x = t/u. For simplicity, we write

B”(t,x) = n-txu xu '
—tzxu n+txu >

Suppose that such elements B’(t,xl) and 8’(t,x2) are
equivalent. Then,from the definition of the equivalence relation,
there exist Yq and Yo in the stabilizer of t—l in FO/{il}

such that Yl—lYZ B’(t,xl) Y, = B’(t,xz). Since that stabilizer

is generated by o, we can write Yy < +0?  and Yy = tob with

- _ n x,u -1 _ _ -1 .
a, b€Z. Hence, B (t,xz) = At(o I21 )At Yy Y B (t,xl) Yq
= icb_a B (t, xl)oa = % At noXu * bnu At—l . Therfore, we
0 n
have x, = x, + bn.

2 1

From the above results, the system of representatives of
all the parabolic equivalence classes in & is formed by

-1 e
the matrices B(t,x) = n B (t,x) , where t = ¢ T o) runs
p|N

over the set S and x runs over the system of representatives
X PR

for (Z/nZ) which satisfies the condition x # 0. Here,

by the suitable choice of the representative, we may assume

that 4|x and that (z,n) = 1.

— 23 —



Now, we shall determine the number J(B) = J(C) for the
equivalence class C containing the matrix B = B(t,x). Let

p=A fa 0 éSLz(R), then, we have p_lcp =:<1' 1 ).

Since, B =1+ (x/n)(c - 1), we have p_lsp = (l x/n).
0 1

%
Next, we take the 1lift p ¢ G(k+1/2) of p, then,we must

S

%o *
determine the numbers & and n such that »p lL(c)p =

x_1 % *
((1 1) s 6(5)> with 0 < 8 < 1 and that »p 18 o =
0 1

((1 x/n) . n)'. From elementary calculation, it is easily shown
0 1

*
that 6 and n are invariant when we replace o by

-1 -1
((t t - ) , (z + ]_)k+l/2) . Moreover, if we write

1 1

B = n—l (i 2) , from the definitions of the letters, we have

¢ # 0 and (a,c) =1, and then, t—1 = (a - d)/2¢c and a - ct-l

= (a + d)/2 = n. Therfore, by using the remark after the part

-k-1/2
of B(Tl). we obtain n = x(a) (la]—‘) (_C.) =

a
o e (Yt
xin xu n - txu n - txu/°

n
max(e,v-e)

From tu=7¢ I and 4|x, we have txu = 0
p|N
-1 -1 —tzxu
(mod 8 pTM p) Hence, (;rtquaz) = (7;) and <;—:—E;E) =

()

square-free positive divisor MO of M such that ¥

(:l)(EE) . Moreover, from 80 (c), we have a

(MO)
ZMO '
or {-——) . Hence, we have x(n - txu) = x(n). Thus, we obtain

. X(n)(€%>—k+l/2 (%§> '

—_— 24—



In a similar way, we have

~k-1/2 2 -
v ) ( ~ _)= v+ un ()
1+ ut 1 + ut 1 + ut

( u ) -1 -k+1/2 m
X —_—— = —_— E
T+ ) X+ Ut)(l + ut) 0’ (1 + ut)
p|N
N
) , where the meaning

e(8) = x(1 + ut) (

ax(%—Ze,O)

-1

1 + ut 1

-k+1/2
) p|N

= y(1 + —P
x € ut) ( (1 rgers

of the symbol T “ is as follows: For any complex number a(p),
p|N

we put a“(p) = a(p), if the prime number p satisfies the
) . r\l
condition 2e < v ,
1, otherwise.

Then, we put I “~ a(p) = I a“(p).
p|N p|N

Now,we shall divide the cases.

(i) wu= ordz(N) > 5.

3. Hence,

(+5) = (+5=)

= 1 for all the prime divisor p of N. Therefore, we have

In this case, we have max(ez, u—ez)

v

ut = 0 (mod 8 T p), and then (1 + ut)
p|M

e(8) =1 and § = 1.

(ii) uo= 4.

In this case, we have max(ez, u-ez) > 2. Hence, we have

— -1 _ P _
ut = 0 (mod 4 pTM p) and (1 T ut> (l 1 ut) 1 for all the

odd prime divisor p of N. Moreover, by using u = 4,

25




v
v

we have also 1 ’(ijL——) = 1. If f£f(x )|4, x(1 + ut) =1
p!N ut 2

and if f(xz) = 8, we have x(1 + ut) = (ifiéﬁf) =y 1, for e, 4 2,

-1, for e, = 2.

Thus, we obtain & = { 1, if f(xZ)IA, or f(xz) = 8 and e, # 2,
1/2, if f(XZ) = 8 and e, = 2.

(iii) w = 3.

wm
In a similar way a;VEhe case (ii), we obtain the following
results: If f(x2)|4, § =4 1, for e, # 1,
1/2, for e, = 1.

2

If f(x,) =8, 6= 1 1, for e, # 2,
1/2, for e, = 2.

(iv) u = 2.
M
In this case, we have always f(x2)|4. We write x = (———)

as above. Then, we easily see that

e(8) =< 1, if e, = 0,2 ,
n
Mo —Kk+1/2 Vif e =1
(P2) carst (g o2 e
1+ ut 1+ ut

p|M

where the symbol I ©~ 4is defined by replacing N with M at
pM

the definition of the symbol T .
PIN

For the case e, = 1, we have 1 + ut = 3 (mod 4) and

2

ut = 0 (mod 1 p). Hence,
p|M

-2 () () )

— 26 —



And also, for the prime number le’ 1 = (E + ut) _

)

) _ (=1 p ]
(l + ut)(l + ut) = (p)(l ¥ ut ) . Thus, we obtain

AY]
e(s) = (1)‘3[_() (i) and
0/p|M

v
-1
§ = ‘1= =
(1/2) - (1/4)(2k T l)( ) II (P ) for e, 1.
p|M
Now, we can determine J(B). Obviously, FO contains
B = B(t,x) if and only if n = 1. In that case, we have n =

And also, from the assumption Alx, we have e(8x) =

Therefore, we obtain
J(B) = (1/2) - 6, 4if =n = 1.

x(n) %) i

Suppose n = 1. We shall calculate 3(1) for the cases
(i) - (iv) and in the following, for simplicity, we shall drop
the subscript p from ep and 3p’ etc.

(1) wuw > 5.

v

In this case, & =1 and J(B) = -1/2. Hence,

S(1) = -(1/2) x #HB(t,x) | tes } = -(1/2)x #s

min(e, %—e))

-(1/2) x A I ¢(p

<e

min(e, %—e))

-(1/2) x I £ ¢(p
pIN e=0

— 2 —



a1 M2, IG-D/2))
p|N

(ii) n = 4.
If f(xz)lh, we have 6 = 1. Hence, in the same way as in

Iy Iy
the case (i), we have 3(1) = -(1/2) 1 (p{v/Z] + p[(v—l)/Z]).

p|N
If £(x,) = 8, we have J(g) = ﬁj-l/z, for e, # 2,
0, for e, = 2.

2

Therefore, p(1) = -(1/2) x #{B(t,x) | S>3t such that e, #2}

~@/2) 2L 1 gphinles v-e),
Oze ;vp p]M

PIM

\
=-2 I Z ¢(p
p[M e=0

min(e, v-e)

)

(1]

-2 li[ (p[V/Z]_*_p[(V-l)/Z]).

pIM

(iii) w = 3. o
In a similar way a;V;he case (ii), we obtain the following
I (p[v/2] + p[(v—l)/2}).

p|M

result: ;(l) = -(3/2)

(iv) u = 2.
In this case, we have

J) =3 -(1/2), if e, # 1,

-1 -1 -1\ _
(l/4)(§£—;—1)(ﬁ8) pTM (};) , if e, = 1.

_ 28—



Hence, ;(l) = 31 + 32 with

;1 = -(1/2) x #{B(t,x) | S22t such that e,y #11} and

" -1 -1\’
P, = (1/4)(2k T 1)( ) T Il ‘Q——) , where the sum
O B(t,x) le P
el= 1
I is extended over the matrices B(t,x) such that e = 1.
2

B(t,x)

e1= 1 Iﬁ\-
In a similar way a;vzﬁe above cases, we have ;1 =

p|M
v -1 \(-1 min(1, 2-1)
5, = s (g5 0) 42 )

, v .
x S I ,(%%> o( T pmln(e, v—e))
M
Oze <v_ p|M p|
plM

AY] .
(1/4)(Zk i l)('l) Tz epmnles v=e)y e < 2e,

0 p|M e=0 Ry
(——) , 1if v >2e
P

-1 _\(-1 [v/2] [(v-1)/2]
(1/4)(m)(M—O) e + p) )

Next, we suppose n > 1.
In the following, for simplicity, we drop the subscript p

and since 4]x, we write Xx = 4x0. Then,

k-1/2 14x . u ~
J(@R) = X(n)(i%) ( r? ) e(46x0/n)(l - e(4x0/n)) 1

We need the following lemma.



Lemma. We have the following equalities.

@™ (%) edarm) 1 - etharm)™
= { (/28,6 ¢). if n =1 (mod 4).
N-n h7(-n) , if n = 3 (mod 4).
(i1) z ) (%) e(2a/n) (1 - e(4a/n)) *
a €(Z/nz)
={o, if n=1 (mod &),
((2)- DFE D, if 0z 3 (mod 4).
(i11) = § (ina_) e(a/n)(1 - e(4a/n)) ™t
a& (Z/nZ)
- i (1/2)47 b~ (~4n) if n =1 (mod 4),
(1/2)1 - (2))FFh (-n) , if 0 =3 (mod 4).
Here, the above sun I, is extended over a system of
representatives for (Z/nZ) . We shortly write I for this
a

sum.

Proof. Since e(a/n)(1 - e(a/n))-l = -(1/2) + (1/2)J:I.cot(na/n),

we have I (%?) e(4a/n) (1 - e(l;a/n))-l = I (ﬁ)e(a/n)(l - e(at/n))"l
a a

= -(1/2) = (i) + (1/2)1:1.2 (ﬁ) cot(wma/n). Obviously, the
a

a
first term is equal to —(1/2)60(J3)¢(n). If n =1 (mod 4).
since cot(z) is an odd function, we have (ﬁf)cot(—ﬂa/n) =

- (%) cot(ma/n). Therefore, in this case, the second term

is equal to zero. If n = 3 (mod 4), observing the expantion

- o) —_ _l
m cot(mz) = =z 1 + r ((z - m) 1 + (z + m) ), we have

m=1

(2n/m) L(l,(;) ). Here, L(s,(;)) is the

z (%) cot(ma/n)
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Dirichlet's L-function with respect to the character (E) modulo
n. From Dirichlet's class number formula, it follows that

z (%) cot(ma/n) = 24n h”(-n). Thus we obtain the equality (i).
a

For the equalities (ii) and (iii), we use the following
identities: e(2a/n)(l - e(4a/n)) * = (1/2){e(2a/n) (1 - e(2a/n)) '
+ e(2a/n) A+ e(a/n)) 1}, e(a/n)@ - e(sa/n))
= (1/4) { e(a/n) (@ - e(a/a)) ™ + e(a/n) (L + e(a/n)) ™+ +

e(a/n) (1 -4<T e(a/m)) ™} + e(a/n) (1 +{~1 e(a/n)) 1}
and e(2a/n) (1 + e(2a/n)) L = (1/2) - (1/2)4-T cot(n(2a/n + 1/2)),
etc. By using these identities, we can also apply the similar
procedure asVthe proof of the equality (i) for the case of the

n
equalities (ii) and (iii).

ny
Now, we shall calculate p(n) for the cases (i) - (iv).

(i) w 5.

v

In this case, § = 1. Hence, we have

K - k—l/z X éxou
B(n) = x<n>(;%> : ) O<§Zi% C ( . ) e (4xy/n)
X, € (Z/nZ) 28,5V
PIN

x (1 - eldxy/n)

k-1/2 4x _
= x(n)(i> z 5 (—f—)e(l}xoln)(l - e(4x0/n)) 1
n xoé(Z/nZ)
X 2. -
0<e 5__3 4 (n>

Here, we note that the matrices B(t,x) depend only on Xy z

and e . Moreover, we have
p



PIA N pX (E) _ 5> - (E. T o min(e,v e))
n v n
0<e <v 0<
se v, T se v, p|N p|N
p|N p?N
"
v min(e,v-e) n
= I I ¢(p ’ ) 1, if v < 2e
pIN e=0 -
v
v n
(&) , 1f v > 2e

<

_ [v/21 , /p\ _[(3-1)/2]
= T (p +{ = .
ol <n) p )

From this and lemma (i). it follows that g(n) =
n

~ n v n

x(m(2 @124 () pLODI2,

n

-1/2
)k 1

p|N

X -(1/2)60(Jﬁ)¢(n) , if n

A-n h"(-n) , if n

1 (mod 4)

3 (mod 4)

Y n
Jr21  tGens2)y

= -(1/2)600JE>¢(n> I ( 1 (mod 4),

p|N

v

v v n
(—l)kJﬁ h” (-n)x(n) T (p[v/2] + (ﬁ) P[(v—l)/2]) ’
PN

if n = 3 (mod 4).

Here, when n = 1 (mod 4), we used the identity: GO(JE)x(n) =
60(45)(§> = GO(VH). We note that these expressions also fit

for the case n = 1.

(ii) w = 4.

If f(xz)]4, we have also 6 = 1. Hence, we can calculate
in the same way as in the case (i) and the result is also the
same as in the case (i).

If f(xz) =8, 8= 1, for e, # 2

1/2, for e, = 2.
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v Y N
Hence, we have p(n) = 1 + P, with

k-1/2 4%, u
_1 z
i\)’l X(n)( n) z x P N ( no )
XOG(Z/HZ) OD<e <V 4
p‘N, 62 # 2

x e(4x0/n)(1 - e(&xo/n))_l

k-1/2 4x u
ama §, = x () s . B ()
xy €(2/nZ)" p<e_<v z
pIN, e, = 2

x e(2xy/n) (1 - e(AxO/n))‘l i

By using lemma (i) and (ii), we can calculate i;l and ';\;2

as follows:

k-1/2 4x _
31 = X(n)(:l) T x( 0 e(&xo/n)(l - e(&xo/n)) 1
o g € (Z/nZ) n
v
. gt
0se <5 ¢ PN Y
PIN, 82%2
L k-1/2 :
- x(n)(;;) «{ —(/2)6, (@), if n =1 (mod &)

{A-n h”"(-n), if n = 3 (mod 4)

Y

x T poeMREYy i v < o2e
pIM e=0 A
(R) , if v > 2e
n

4 4 . .
2 min(0,4) 2 min(1l, 3) min(3,1)
< ((2) s )+ (2) s e )

+ d)(Zmin(l;.O))}

k172
= X(n)(:;) x i —(1/2)600Jﬁ)¢(n), if n = 1 (mod &)

Ao h"(-n), if n = 3 (mod 4)

v
x 4 T (p[v/Z] +_(§) p[(v-l)/Z})
pIM
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=1 "2 8pWn)en) r'tM U214 pLO-D2Ly e L med 4
P

DS 6 x@Eh (e 1 Y2y (R)v RICSEIN
p|M n

if n = 3 (mod 4)

k-1/2 bx
n _ _l O _
B, = xm)(=2 z (—)eu /n) (1 - e(4x /o))"t
1Y
— v
X 24 z 1 '(R>
O<e 5% T PlN "
=P= P
ple ez =2
L k-1/2
= x(n)(;%) x¥ 0, if n = 1 (mod 4)
((é) - 1){-n h"(-n), if n = 3 (mod &)

v .
x I z ¢(pm1n(e,v—e)) x 1, if v < 2e
plM e=0 v
2e

(E) , 1if v >

A

« ¢(2min(2,4-2))

= 0, if n =1 (mod &) ’

k v _
2 (-1) <(—f;) - Dx(a)J@ h” (-n) p1|TM o2y (ﬁ_) RICSEN

if n = 3 (mod 4).
Therefore, we obtain

B(n) =< ~26, (/D6 (n) T eV/2) 4 pLOD/2Yy e o 1 (mod 4y,
PIM

2 k . 2 v -
201+ (2)) -1 *x @y b7 (=) A (V2 (B) HLOD/2,)

if n 3 (mod 4).

We note that these expressions also fit for the case n = 1.
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(iii) w» = 3.
In this case, we can calculate in a similar way as in the
case (ii). The results are as follows:
When f(xz)lé, we have
B =1~/ e 1 2 4 D2
p|M
if n = 1 (mod 4),
v
3(-l)kx(n)AfE h” (-n) Tll (p[v/Z] + (%) p[(v-l)/zl),
PIM

if n = 3 (mod &).

When f(XZ) = 8, we have

P @ ={ -3/, (e T
plM

/2] 4 1G-1/2

if n =1 (mod 4),

AY
(p[v/2] +(p_) p[(v-l)/Z]),

n

2 k .
3 (2)¢-1) @A b ) pTM

L if n = 3 (mod 4).

We note that these expressions also fit for the case n = l.

(iv) w = 2.
In this case, we have

§ =¢ 1, if e, 1,
AV}
-1 -1 -1 A
(1/2) - (1/4)-——————)(——) I '(——> Cif e, = 1.
(2k+l Mo/ ol \ P 2

n " " ,
Hence, we have p(n) = Py + P, with

k-1/2 4x_u _
3=y / D = 2 (9] e(bx /n) @ - eCbx /a))
p1 XA\ X 0< Y . n 0 0

xoé (Z/nZ) =ep=\)p
plN,e, #1

____‘35’__ﬂ



k-1/2 4x u
and ;2 = X(n)(i%> T 5 > . 5 ( 0 )
%, € (2/nZ) O:epévp

p]N, e, = 1

X e(2x0/n - (xo/n)(ﬁ)(%)pTM‘(—T})v )y (1 - e(4x0/n))“l

Y
We can calculate pl in a similar way as in the above

cases and the result is as follows:

B, ={ -8,(mem) T @721 4 QLD P h 2 1 (mod ),
pIM

v
2(—l)kx(n)rrn_h’(—n) III (p[V/Z] +(%) p[(v—l)/Z])’
pIM

if n = 3 (mod 4).

Next, we put (—l)a = (—_l—\)(i) I ’(i)v . Then,

2+ TNH )y
3
k-1/2 (P
N -1 3 IS R
Py = X“”(n) <o <3 c p|N (n)
= p= P
plN,e2 =1
4bx -
X (—n—o)e«z - DHx /A - elxy /o)
x, € (2/n2)"
k-1/2 v - -
- x@(3) 2 (2) 1 eem e
n Oge <v, p|M p|M

p|M

xi' (("l)a/z)/ﬁl- h”(-4n), if n = 1 (mod 4),
(@ - (%J)/Z)J:E'h'(-n), if n = 3 (mod 4).

Here, we used the identity:

- -1
e(3x0/n) (1 - e(hxo/n)) 1 .- e(—xo/n)(l - e(—4x0/n)) .
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Therefore, when n = 1 (mod 4), we have

) = WD (5 1)( )x(n)rh (-4n)

x PIA m- ((E)(i) )V 1 ¢(pmin(e,v—e))
Ose <v_ p|M ‘TP plM
P=p
pM

A\
= (D25 )x(n)rh o) (plV/2] P () oDy,

When n = 3 (mod 4), we have
v 2 k -
B, = (@ - (272 -1 @ b )

(v/21 | (p\ _[(v-1)/2]
x I (p + P ).
p M <n>

Therefore, we obtain, when n = 1 (mod 4),

p(n) = -8, ({Do(n) T 721 4 L= 2],

p M

v
+ (D723 )x<n>J‘ h*(-4n) 1 (pl¥/2] + (R) pLOD2,

0 piM

and when n = 3 (mod 4).

v
(B2 05 @fr e 1 el 4 (2) pL0DI2))

N
(n) = ((5
o p M "

We note that these expressions also fit for the case n = 1.



Finally, we must calculate the contribution to the trace
of the n-th Hecke operator. But, that is easy calculation if

we use the identity: z a ¢(n/a2) = n.
0<a|nO

4. The part of g(n). (In this part, we follow the method in [N]')
Let C be an elliptic equivalence class in &. Take

B = n_l (2 3>€C such that (a,c) =1 and that c¢ # 0.

Since N is divisible. by 4, T',. = FO(N) has no elliptic

0

point. Therefore, by using the remark after the part of g(n),

we have J(B)Y= (1/2)x(8)z(B) 2K~ -1

@ -z H 1 with

/2

-1/2
) J(B,zo)l =

x(B) = x(a)E)and ;(3):(“?1

-1/2
(:l) (ZJE)—I (A2n +a+d + sgn(c) Ja+d - 2n ).

a

Here, zoé-H is the fixed point of B.
-1 0

we put w =
0 1

%
) and FO = PO(}FOW and W(B) =

lZ *(B) : 2 (B)I, where Z_%(B) (resp. Z_. (B)) is the
To To To To

*
centralizer of B in TO (resp. PO). We note that, in the

elliptic case, the equivalence relation is the usual PO—

*
conjugacy relation and that any element of PO acts on

-1
PO (n O) PO by means of the inner automorphism. Then, it

0 n
is easy to see J(wBw) = J(B) and, from the definition of J(B),
N
we have J(-B) = J(B). Therefore, we have e(n) = Zl J(R) =

-1
21 J(wgw) = (1/2) Zl(J(B) + J(wBw)) = EZ(J(B) + J(wBw))W(B)
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where B in the sum Zl (resp. 22) runs over all the representatives

*
for the elliptic FO (resp. FO ) - conjugacy classes in &.

. b 1 0
Moreover, since nfR = (i d> €1P0 (0 2) PO’ we have ¢ = 0
*
(mod 4) and a = d = #1 (mod 4). Hence, B is not I - conjugate

0
to -B. Therefore, we have z(n) =2 23(J(B) + J(WBW))W(B)—I,

where B in the sum I runs over all the representatives for

3
*
the elliptic FO - conjugacy classes in ¢ which is congruent
1 *
to ( ) modulo 4.
0 1

Thus, we obtain e(n) = I, X (BYE(B)W(B) T, by using

-2k+1 2k-1 -1

|z(8)| = 1, where =(8) = (z(B) - Yy @e? - ey

Now, we shall give all the representatives for the elliptic

* *
T, - conjugacy classes in ¢ which is congruent to (1 >

0 0 1
modulo 4, by using the method in [H] (or [D-M] chapter 6).

Let t be an integer such that |t| < 2n and that t = 2

(mod 4). We write tz—ém2 = mzu, where , u is a fundamental ‘T
A m fe & rmu.tw
discriminant. Then, let f be a positive integer such that ¢nﬁyw¢ g

flm and that (f,n) = 1, and let £ be a representative for
v+
(z/ 1 pv e Z) which satisfies the conditions: (§,Nn) = 1,
p|N
£ =1 (mod 4) and Ft(E) = 0 (mod Nfz) with p = pp = ordp(f)

and Ft(X) = X2 - tX + nz.

We put S(&) =\ the prime divisor p of N such that
t2 - 4n2 = 0 (mod p2p+l) and that
"
v+2p+1
F () =0 (mod p” )

and let S be a subset of S(£&).



For these t, f, £ and S, we define the matrix ¢ by

¢ = ¢(t,£,8,5)

\

v .
3 -f 1 p " lFt(E)f_zl
-1 N -2
£7F () 1 p |F () | t - .
P
pc s )

-1

Moreover, we put R = z z ,U.= 1T R®. z )x x GL+(R),
NZ 2 0 q Z q 2

where q runs over all prime numbers, QA[¢] = Q[¢]GDQ QA
and A = R[\Q[¢].

Then, we have the bijections:
TN [#1NEL, @1ater™ = g, 61/ (g, 10" Tpare1")
= the proper ideal class group of the order A
(cf. [H] or [D-M] chapter 6). Hence, we can choose a system
{8} of representatives for TS\POQA[¢]X[\GL2(Q)/Q[¢]X as follows:
For the double coset corresponding to the principal class by
the above bijection, we take & = 1. In the other case, the
corresponding proper ideal class contains a prime ideal P of
A such that (P,nN(t2 - 4n2)) =1 and that # A/P is a prime
number p. Then, there are the elements VOGSQA[¢]X and u,
€T such that P = Av,. and that uOVOQEGLz(Q). If necessary,

0 0

by multipling some element of T from the left, we can see

0

that u.v, = p 0 or L] with 0 < j < p. Then, we
00 =
0 1 0 p

take 6§ u.v

00°

Now, when t, f, £, S and § vary under the above conditions,
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-1 -
B =mn "848 1 forms a complete system of representatives for

*
the elliptic FO - conjugacy classes in ¢ which is congruent

to (l " | modulo 4.
o 1

If we write the above B = n_1 (i 3) , we have (a,c) =1

and c¢ > 0 by using the above conditions and Ft(g) > 0.

Hence, we have ¢z(B) = (245)_1(,Jt + 2n +,Jt - 2n) . Therefore,

t(B) and Z(R) depend only on t, and so we write ([(B) = Ct

and E(B) = Et.

Next, since ZF*(B) = GAXG_I; we have W(B) = w((t2—4n2)f_2)
0
and, by using the same method as in [N] p 196, we have

X(n-16¢6-l) = X(¢)(£—i—22> for 6§ = (p 0) or (1 j) .
P 0 1 0 p

Therefore, we obtain

)= 1z 2 w262 5 1 %)
t f £E S

X z 1, 4if 6 =1,
8
(t_"ill>’ if 6=(P O) or(l J R
P 0 1 0 p

t + 2n )

Since ( can be considered as the genus character

over the proper ideal class group of A (cf. [N] p 196-197),
2 2, -2
the last sum is equal to the class number h((t"-4n")f ") or O

according as t + 2n dis square or not.

2.
Thus, we may assume that t + 2n = s with s > 0,
-1 f 2
then, t2 - 4n2 = 52(52 - 4n) and . = (240) (s +As - 4n).

By using |Ct| = 1, we have

-k+3/2 -1
= -n S

x2k-1 - ka-l)(x - y)_l, where x and vy

(

t

—_—d



are the solutions of X2 - sX+n = 0.

Finally, we discuss £ I x(¢) =
g S
. P IF (E)l
L x(g) (E) it Since (f, t - 2n, t + 2n)
£ S pE S

divides some power of 2, we have the following decomposition:

f=271 £ » (Ff,, 1

fzzl(sz—lm) and (fZ’S) =1, From £ = 1 (mod 4) and the

2) =1, £,>0, £,>0, f |s, (£, s 2_4n) = 1,

£,
reciprocity law, (—1> = (%) , (i =1,2). Put t~ = t/2. Since

£ i
0=F (5) = (£-t)° (mod £.%£.%). we h =t (mod £.£.)
-tE—E mod f£,%f,%). we have £ =t (mo 1590+
2
E t” 2t s —4n £ t”
Hence, <_ =<— = (‘—) = (——-) and also (—) =<—>
fl) fl) Jt:l fl f2 f2

£ 2 o2 2 4
<f2) 1. Therefore, (g) ( E) < fl )

Next, by using the same arguement in [N] p 198, we can

IF (®]

prove that (——5—2) =1 for péS and that

2
(%) =(§) = (2—5—;—42) for any odd prime péEgS. Therefore,

v
o -(2) o) s )

2 02
- (S f“‘“) rx@ (3) 1 a+(ED

£ PE S(&)

2 Py 3
=(sf4n) 2 x(&)(%) leIN 1+ (@ ))

<e

™o

2 pZ u

- (Sf"‘“) 2y (3) a+5,0(3)

3

2 v
2s -4n
) pIllMxp(a) (1 + ap(a)( > ) )-



Here, for the prime pIN and the representative n of

42
v
0 (P p) ’

Y]
+
(z/ pv P Z) such that Ft(n) we define

6p(n) = 1, if sz(sz—4n) = 0 (mod p20+1) and
F (n) =0 (mod p{\\;ﬂpﬂ),
0, otherwise.
. 252—4n v
The quantity xp(E)(l + SP(E) (_—E;_—) ) for the prime p|M

2 °2 2\
(resp. Xz(g)(g) (1 + GZ(E)(-E) )) depends only on & modulo

+ +

pv P (resp. £ modulo 2¥ p). Therefore, we have
<52—4n
I I x() = fl I ¢ (s,f). Here, we define
£ S pIN P
232 4n v

c (s,f) =4 I x (M1 + 6§_(n (-; » PIM,

D n><p ) P ) > ) » P

2\P 2\M
L x,(n) —)<1+e<n>—) ) . p =2,
n 2 (n 2 (n

where the above sums I runs over all the representatives n
n

n "
of (Z/pv * pZ) such that Ft(n) = 0 (mod pv+29) and besides

n £ 1 (mod 4) in the case p = 2.

Combining all the above results, we obtain

n—k+3/2 5 s—l x2k-l _ y2k-—l)(X _ y)_l

S

(

e(n) = -

2
x T h,(52(52_4n)f—2)(_sf;_4n) I c (s,f).
£ 1 /pin P
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Here, the integer s runs over the even integer such that

0 < s < 240 , then we can write 52 - 4n = mlzu with m, > 0.

Put ep = ordp(sml) for the prime number p|N and

- ord (s)
s =8 I p P . Similarly, for f£f_, £ and m,, we
1’ 72 1
p|N
define the number fl’, f2' and ml'. Moreover, we decompose
s” =r(sD)u(s”) and m - = r(m1 )u(m1 ) such that

(r(s’),s’,ml') = (r(ml’),s’,ml’) = 1 and that u(s”) and

u(m,”) divide some power of (s”,m

1 RE

1

Under these notation, we easily see that fl' runs over
the set {0 < fl’lr(s’) , (£,75u) =11} and that £,” runs
over the set {0 < fz'lr(ml’)}. Hence, observing that cp(s,f)

depends only on pp = ordp(f) if we fix s, we have

2
b h’(sz(sz—An)f—2)<%—??—£E> I c (s,f)
1 P

£ p|N
2(6_-p_)

. sz pIA = BT p PP (smy/EE, 0 )

O:ppiep 0<fl’lr(s’) 0<f2’[r(m1’) pIN

N (g wel
2
x(-s——f:ir-l- I c (s,f)
1 p]N P
- - u —1
= h”(u) u(s”) U(ml ) I 1 - (E) Q)
q]u(s')u(ml')
e2 62—02
X T 2 CZ(S,f)i 1 Y if 62 = pz J
p,=0
2 uy -1y
1 - (2) 277, if 8, # 0,
)
|3 u pp ¢ _OP

. T : (—> pP P ()L, 4f 0 =0

p|M, pls p,=0 P

1- (B) p L, if 5 # 0

b P



1- <§) p—l, if 6_#p
x 23 (fu,>(r(s’)/fl’) i 1 - (E )q_l)
O<fl’|r(s’) 1 q|(r(S')/fl') d
(fl',u) =1
<« 2 @ 1 a-(2)ah

0<f,"|r(m ") q| (x(m, ") /£,7)

where q denotes a prime number.

From elementary calculation, we see that the part of the

sum I is equal to r(s”) and the part of the sum
O<f1’|r(s’)
23 is equal to « (r(ml’)). Moreover, the part of
0<f zlr(mla) u
2
)
P
the sum z depends only on ep and so we denote this part
p_=0
p

by np(ep). Hence, observing that qlu(s')u(ml’) if and only if

- ord (s)

q](s',ml') and that s_lu(s')?(S‘U = T p P , we
p|N
have &(n) = - n ©*3/2 Z G-y h e - ™ u(ml/)du(Y‘(mi’))
- ord (s)
x 1 (1-(9-)q‘1) T p P n(e).
q|(s”,m ) 4 p|N PP

Therefore, the contribution to the trace of the n-th Hecke

a nk—3/2 g(n/aZ)

operator is z
O<a[n0
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2k~-2 2k-1 2k

. Z z _ _ . ) )
0<r n s a (x Y(x - ) h (u)u(ml )au(r(ml ))
- - ord (s)
x 1 (1‘(%q1)11p o 6.
QI(s',ml’) q p|N P P

Here, we understand that S,X,y,etc. are defined such as above,
when we replace n with n/az.
N v v 4 N
ow, we put s = as, my = amp, X = ax, and y = ay. Then,

N N
we have that x and y are the solutions of X2 - SX 4n = 0

2 N 2 w
and that - 4n = . i = =
s n m u Since (a,N) 1, ordp(sml) p
Hence, I a nk'_3/2 g(n/az)
O<alno
2k
-- L2 G L G- e
O<a]nO s:even
240> 8 > 0
N
a[s
- ordp(g)
x T p np(ep) X u(ml )au(r(ml ))
p|N
< T (1-(3)q'1>
qI(S’,ml’) 4
"
k-1  A2k-1 - ord (s)
-- GEToFFHGE-H T 1p P n (o)
v p'N P P
s:even
28> 8 >0
» - H -l
x 3 u(m e (c@)) 0 ‘<1-(q)q ).
O<a]n0 q|(s STy )

a(s

We observe that an integer a divides the odd part of

(g ,%l) if and only if alnO and alg. Hence, from elementary

calculation, we have  u(m, Do (r(m,")) T 1 - = q l)
1 u 1 ] P q
O<a|n q|(s ,m, ")
0 1
"
als

— 44—



4V
- ordp(ml)

= a (m ). Therefore, rewriting the notations:

u 1 I p

p|N

v N N n
s > s, ml > t, x> X, ¥y > y. we obtain the assertion of
Propositions. The determination of the constant n (8 )

needs the elementary but very long calculation. So, we omit it.

5. The part of ﬁ(n).
Let C be a hyperbolic equivalence class in ¢ and take

g =nt (i Z)é C such that (a,c) = 1 and that c # 0. Let

Kk be the upper fixed point of B which is a cusp of PO

and A(B) = (a - ck)/n. Since, «k = (2c)_l{a - d - sgn(at+d)

xﬂk;+d)2 - 4n2 }, we have that sgn(A(B)) = sgn(at+d) and that

+
A(B) = (Zn)—l{a + &Y;gn(a+d)ﬂ(a+d)2 - Anz}. Moreover, by

using the remark after the part of H(n), we have J(R) =

>k+l/2

3C) = -(1/2)(%“—(”—‘”) ><<a><'—l

c -k-1/2 -2.-1

Hence, we have J(-B) = J(B) and J(wBw) = (%%)sgn(a+d)J(B),

where w = (-1 0).
0 1

L
~

Let FO and W(B) be the same as in the elliptic case.

Then, we have H(n) = I J(B) = Z,J(wBw) = (1/2)Z;(J(8) + J(uw))
= (1/2)I,(3(B) + J(wBW)) = (1/2)T5(I(B) + J(-B) + J(wBw) + J(-wBw))
= 2,(J(B) + J(wbw)) = 22, (J(B) + 3 (ww) )W (R) T = 424J(8)W(B)_1,

where £ in Zl runs over all the representatives for the

hyperbolic T - conjugacy classes in ¢, B in 22 runs over

0

those such that (i%)sgn(a+d) =1, in I runs over those

3
1 (mod 4), and B in I

™

11

such that a+ d > 0 and that a 4
runs over those, such that a + d > 0 and that a = 1 (mod 4),

* »
for the hyperbolic PO ~conjugacy classes in ©.
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Thus, we obtain

-k-1/2

B = -2 2,x@WE @ 2@ - ae™H ™ wen xe) -

(2)

Let t be the integer such that t = 2 (mod 4) and that

2 2 . 2 2

t > 2n and that t - 4n is square. Then, we write t - 4n
2

=m with m > 0. For these t and m, let £, £, S and

¢ are the same as in the elliptic case. But, for simplifying

the calculation, we assume the additional condition: £ # 1.
Z Z

Next, let A = Q[¢]JIR with R = (
NZ 2Z

). Then we

know that Qu[017/(( T (A8, z ) xR[$1)Ql6])
P

is isomorphic to the proper ideal class group of the order Ah.
Then, for the principal ideal class, we set &§ = 1. 1In the
other case, the proper ideal class contains the prime ideal

P such that # A/P is a prime number p and that

(p, nN(t2 - 4n2)) = 1, And so, there exist voé.QA[¢]x and
u €U, such that Avy =P and that GL,(Q)3 uyv, = (z i)

or (1 j) with 0 € j < p. Then, we set § = Uy Here,
0 p B

UO is the same as in the elliptic case.

When these t, f, & S and {8} vary under the above

ab

‘s _ -1 _ -1
conditions, B = n ~§¢6 =n (c 4

> forms a complete system

*
of all the representatives for the hyperbolic FO -conjugacy

1 (mod 4).

"

classes in @, such that a + d > 0 and that a
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Therefore, we have

I ox(n Yees hywn Logshy "L (g) K12
8

x (1 - ae) H7L,

Moreover, in the same way as in the elliptic case, we
may assume that t + 2n is square . Then we write
2
t+ 2n = s" with s > 0.

Hence, we have

Bn) = - 2 @ - 2D s@/e) xo)
t

S g2 g L 2l el 62 a2t

s f

)

x 1 cp(s,f) ,
p|N

where x and y are the solutions of X2— sX+n =0 such
that x > y, and the constant cp(s,f) are the same as in the

elliptic case.

We can deduce the assertion of Propositions from the above

formula ﬁ(n), by using the same method as in the elliptic case.

——



§2, The trace formula for the Hecke operator over the Kohnen
subspace.
Throughout this section, we shall use the same notations

and assumptions as in 50 (a) and (d). and moreover, we

suppose that n 1is the integer such that (n,N) = 1.

- = - —l -
Let Pr=Pr /o wy = @78 Qi oy, "8

be the orthogonal projection from S(k+1/2,N,x) onto S(k+l/2,N,X)K.

Then, we have trace( % (nz)K | S(k+l/2,N,x)K)

k+1/2,N,x

= trace( %k+l/2,N,X(n2) Pr I S(k+1/2,N,%))
= W2/6) (-1 LEFD/2] e ¥ 1/on X(nz) Q)
+ (1/3) trace( T @%)).

k+1/2,N,x%

. _ _ 2 . .o .
Write AO = AO(N’X)k+1/2 and n = no n1 with a positive integer

B, and a positive square-free integer n, . Then,
2.-1
¥ (n2) Q- 5 a nk-3/2[A (n/a”) 0 ’
k+1/2,N,x O<aln 0 2
0 0 (n/a”)
(n/az)k+l/2) AO] Q. Hence, from the results of 81, it is

sufficient to calculate the trace of the operator
-1

[Ao((rl 0) , nk+1/2) AO] Q for the calculation of trace(
0 n

Ny

2
Ter1/2,8,x ™ 2K

We can prove the following lemma by modufying the proof

of lemma 1 in [K] ,84.

$0 —



Lemma. We have, as the elements of the abstract Hecke algebra,

10 k+1/2
AO(N9X)< (0 nz) y 1 ) By (%) e BoMsXIEy 1y /5 B M)

=a a0 (% 1), Y 2ty /) 2 ) s .
0 0 4n? 0

for any positive integer n with (n,N) = 1.

-1
From this lemma, we have [A n-0 . nk+l/2 AT Q
0 0
0 n
—k-1/2 2t oamyY k172
=g e(—(2k+l)/8)[A0 , N AO].
0 n
a7l myt

For simplicity, we write = TO(N) and a =

T
0 0 n

Let L be the same proper lifting as in §1. Then, it is

nk+l/2)€G(k+1/2) satisfies the conditioms

easily shown T = (a,

(1.1) and (1.2) with respect to L. Hence, we have the bijection:
*

I‘Oafoaolacz - L(ol)TL(oz)éAOTAO, and denote by B the image

of I'OOLI’OE B.

nk+1/2) AO]) by

Now, we shall calculate trace([i_\.0 (a,
using Shimura's trace formula (1.3) in §1. Since, FOaPO has
no scalar element, the contribution to the trace from the

n Y AY
scalar elements is zero. Let po(n), eo(n) and ho(n) be
the contribution from the parabolic, elliptic and hyperbolic
equivalence classes in & = @(FOaPO/PO) respectively.

Moreover, when k = 1, we put

Ho(n) = trace([Ao’T’AO’ 1/2 | G(1/2,N,%))

- trace([AoTA0]3/2 | (N, %)),
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where 17 = (a_l, n_l/z) and A /= AO(N,x)

0 1/2

. n o
For calculating po(n), eo(n) and go(n), we give some

remarks.

Remark 1. We have T 4 1 T
0 2 0
0 4n

=< 4,@ 3 (3 3); ad - bc = 1602, ¢ = 0 (mod 16M),
a=zdz=0 (mod 4), (a,M) =1
and (a,b,c,d) = 1.

(cf. [K1 , 84, lemma 2).

Remark 2. Let B = (lm)_l<: Z)é rgaly. If (b,d) = 1, then
we have

% _1\"k-1/2
F - e (SRR t1/2

).

o'|m

)(Mio) ((cz+d) /4m)

where MO is the square-free positive divisor of M such that
M
X = (—9), and sgn(x) = 1, or -1, according as x > 0, or x < 0.

We can prove this assertion by slight modifying the proof of

[K]} , 84, lemma 3.

Remark 3. For an elliptic or hyperbolic matrix A = <i :)

& MZ(Z)' Put t=a+d and f=(a-d, b, ¢). Then, ¢t
and f (and also the signature of c¢ for elliptic A) are
invariant under the SLZ(Z)-conjugation.

Moreover, every elliptic or hyperbolic Po—conjugacy

—_— s



class in T .ol contains an element (lpn)-1 ab
00 c d

(b,d) =1 and (b/f, (t2 - 64n2)/f2) =1, where t =a+ d

) with d > 0,
and f = (a-d, b, ¢) (cf. [K] ,54,lemma 4).

b
Remark 4., Let A = (: d) < MZ(Z) be the elliptic or hyperbolic

matrix such that ad - be = l6n2, t=a+d =0 (mod 4) and
(a,b,c,d) =1 and that f = (a - d,b,c) is an odd integer.
For this A, we define the set D(A) by

D(A) = {SLZ(Z) 5B | (4n)—lB-1AB€I‘OaI‘O}. Then, TI_. operates

0
on D(A) by multiplication from the right and we have
# DA)/Ty = T gp(t,f) , where

p|M

¢ (t,f) = J P, if o > v,

ppx#{(Z/pVZ)Bx! x2 - (t/4)x + n2 = 0 (mod p\H-p)},

if p < v,

and v =v =ord (W), =p = ord (f).
P p)o . p()

The proof of this assertion will be given at Appendix.

1. The calculation of Bo(n).

By using the remark 1 and the same arguement as in §1,
we can write out all the parabolic equivalence classes in ¢.
The result is as follows:

Put ?3'={t=4r, I p°>03;0
p|M

A

e=e <ord M) =v=0yv
P = P P

and ¢ runs over a system of representatives, such

| that (¢,N) = 1, for (z/ T prin(e,v=e),yx
piM ] .
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For t

%(t,x)

means the same as in §1.

(4n)

p|M

-1/ 4n - txu Xu

2
~- t xu 4n + txu

4 I peég, we write u =

and

, where the symbol

of all the parabolic equivalence classes in &

. v e
the matrices R(t,x), where t =477 I p runs over the set

y
S and x runs over the system of representatives for

Here, by the suitable choice of the representative, we may

assume that

x > 0.

p|M

I

-

plM

Then, the system of representatives

is formed by

Now, we shall determine the number J(B) = J(C) for the

ny
equivalence class C containing the matrix B = B(t,x).

The stabilizer of t_l, which is the fixed point of B8,

in TO/{il} is generated by o = 1-ut u
- ut 1 + ut
10 ) and o = A (JE o_1
t 1 0 Au

Put At = (

-1 (l 1
P Op =
0 1

©

™

©
|

-1 __(1_ x/4n)
1

0

*-1 *
p "L(o)p

) and, since B = 1 + (x/4n)(c - 1),

) :

) . Then, we have

+ ~-k/2-1/4
o j(At,z)Zk 1)((JG 0_1), SR
t 0 Iﬁ
since t = 0 (mod 4) and tu =0 (mod I p), we have
p|M
*-1 . 2k+1 1 u -1 . -1
-0 a, 1a,0) >((O 1)’ I FPNRRE TP NS

(z/4n2) ™.

2k+1

)o

*



=((l l) s l). Moreover, we note that (xu,4n + txu) =
0 1

(xu,4n) = 1. Hence, by using the remark 2, we have

* . en\[n \(-1 k+1/2
B = (8, (xu)(Mo)(xu

((cz + d)/4n)

-k-1/2
) ) with

B = (lm)—l (2 2) . Here, we used the assumption x > 0,

Therefore, we have
p*—lekp* - (1 x/4n) (g@_)(_n_)(i)—k_llz)
0 1 Xu MO Xu

Finally, since a%I‘O, we have always B¢PO' Thus, we

K+1/2 3
> e(x/4n) (1 - e{(x/4n)) ~.

obtain J(F) = (%)(ﬁ_\)(-_}i

Since e(x/4n)(1 - e(x/lm))-:L = -(1/2) + (ﬁ/Z) cot (mx/4n),

we have %’O(n) = ;l(n) + gz(n) with

k+1/2
. -1
o - -am(E) 2 () (2)3)

0 O<e <v
= =P
PIM
k+1/2
" n En en\/-1
d = -1/2) -—> Z T(—}]  (— (——3 cot (mx/4n).
an P2(n) (-1 <MO 0<e < . ( u) . (x) xu
piM

k+1/2
) cot (wx/4n),

k+1/2
en\/-1 _ en)f -1
R T (::)(;) and P i(‘x)(“xu
X

where x in the sum I runs over any system of all representatives
X

for (z/4nZ) .

5



Then, we have A0 = (1/2) = {(%?)(i% /2 + (§%>£E;G) }
x

(1/2) = [%f){(:l)k+l/2 . Ef:l.ydqu ,

Xu —-Xu
X

il

(1/2) z(%?)(ﬁt) 1+ DN =@+ e(-l)kJ:E)/Z)(%) ZG%)

X X

(1 + e(-l)kJ:i)(%) 60(45)¢(n), where GO(JE) is the same

as in §1. Similarly, by using Dirichlet's class number formula,

we have
BO = (1/2) i {(%?)(i%)k+l/2 cot(mx/4n) + (%%)(fﬁt)k+l/2cot(—Wx/én)}
= (1/2) i(%?) cot(nx/4n){(i%)k+l/2 - e(fﬁ;)k+l/2 }

(1/2) i({—:ﬁ) cot('rrx/lm)(;—i) 1 - -1

201 - e(—l)k,/-_l)(:ug),[ﬁ' h” (~4n).

v n En k € \
Hence, B (n) = -(1/2)(3;—) 0<Zl<v 2 YA+ e-D) D)o W o
=p=PD

0
PiM

-+ eDSD/Ds W@ R T

0<e <v T
=P=P
p|M

(p[V/Z] + p[(v-l)/Z]),

(1 + (-1 D) /2) 8, (W) 6 () T
p|M

n n en
d = (J=1/2)— )IA : (B2
an Pz(n) ( )(M > Oiepivp . ( )

0
p|M

x 2(1 - e(—l)kJ:I)(E?)JE h” (-4n)

e —



K ) e
W1 + e(-1) )(—“—)J’E ho(-bn) 2 3 n (_“)

Mo O;e-gvp z pl
PIM

Y
W1+ e(—l)k)(Ml)ﬁ'h‘(_4n) rolv/2) +(g) NICSEIN
0 pIM P

Therefore, in the same way as in §1, we have

z a nk-B/2 S

2
0(n/a )
O<a|n0

= - (1 + e-DED)/2) 5, B pk-1/2 III G121, [(-1)/2]
PIM

A"
+ W+ e(-l)k)<M£)nk‘1 o2 () »te/2
0 p|M P

X T h'(—4n/a2)-
O<alnO

2. The calculation of Zo(n).

Let C be an elliptic equivalence class in &. By using

@™ (25

with d3¢0, (b,d) =1
e

l, where t =a + d and

remark 3, we can take B

and (b/f, (t2 - 64n2)/£2)

£ = (a - d,b,c). We note that |t| < 8n because C 1is elliptic.

From remark 2, we have J(B) = J(C) = /2y x @)z @) 2 1ta - z(8)"h

)-1/2 /2

25)E) e o -3

. (-1 )‘1/2 -1 .
= | = (4dn) (4t + 8n + sgn(c)Jt - 8n ). Here, zoéll is

-1

with x(B) = ((czO + d)/én)l

P

b

( gyn(i) )
i S
—sgn (€ the fixed point of B.
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Put w = -1 0) . Then, since wBw = (lm)_l a -b s
0 1 -c d

we have x(wBw) = ex(B), z(wBw) = —J:I'C(B)-l and

JGew) = (LSO /2D)x@ @A - e L. Hence,

€(m) = I J(B) = I,(3(B) + J(wew)) = (1/2) I, x(B) x

~2k+l -1

(z(8) e -1 VT ) Yy ey? - weyH,

where B8 in 21 runs over all the representatives for the

elliptic Po—conjugacy classes in ¢® and B in 22 runs

over those such that c¢ > 0.

Put A(t) = (At + 8n + Jt - 8n )/2 and p(t) =

o) T 3 T ) - 7© )7L, then A(=t) =N-1 A(D)
and p(-t) = (DFA@ T 47 o + o )7
-1/2
Then, for B in 22, we have <r(B) = (ﬁ%) (2&5)—1A(t).
Hence, from !C(B)[ = 1, we can rewrite Zo(n) as follows:
_\k+1/2 _
G =2 ye(E) T o -3 HT

y (Mt)—zkﬂ _ e(_l)k,[_‘l(:bl)x(t) -2kl

k+1/2
- - - -1
22y e () A+ DR por e+ a7
L \K+1/2 : )
+ R A e NAaFE e - ™

222 e ((f)a+ e D@ e+ gn)~2/2

/2

+ (-l)k(%é)(l - E(-I)Ef:i)p(—t)(t - 8n)'l }

Moreover, by using the correspondence: B8 - -wBw , we have

_ - -1/2
£ x(8)(3E) pe-t) (e - 8 % = [T e 1x()(§) pCe) (e + 8T,
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Y 2k k+1/2 k
Therefore, eo(n) =2""n / (1 + e(-1) J-1)

x I, sgn(d)(ﬁé)(%) p(t)(t + 8n)_1/2.

Now, we shall give a system of all the representatives

for the elliptic Fo—conjugacy classes in ¢, such that c¢ > 0.

Let t be an integer such that ltl < 8n and that
= . 2 2 2 .
t =0 (mod 4). Then, we write t° - 64n° = m u with a
fundamental discriminant u and a positive integer m. Let

f be a positive integer such that f2 I (t2 - 64n2) and

that (f£,2n) = 1. We put

I
Fh
-

B(t.£) =3 M,(2) > (2 Z) a+d=t, (a-d,b,c) =

(a,b,c,d) =1, ad - bec = 16n",

c > 0.

and, for A&€B(t,f), we define the set D(A) in the same way
as in remark 4. Then, SLZ(Z) operates on B(t,f) by the inner

automorphism in GL2(R). By Z(A) = (A), we denote the

Z
SLZ(Z)

centralizer of A in SLZ(Z)' Then, Z(A) operates on D(A)
by multiplication from the left.

Take a representative A of Q SLZ(Z)—conjugacy class
in B(t,f), and, for such A, take a representative B of
Z(Af\p(A)/TO. Then, when t, £, A and B vary under the above
conditions, (én)_lB-lAB = (lm)—l <i 2) forms a complete system
of all the representatives for the elliptic FO-conjugacy

classes in &, such that c¢ > 0. Here, by the suitable choice

of the representative, we may assume that d > 0, (b,d) =1
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and  (b/f, (t2 - 64n2)/£2) = 1 (cf. remark 3).

Thus, we have

Y _ 52k k+1/2
=2""n

2y @) 1+ e-D5CD) 2 p(e) (e + 8a) Y2

t
d
x TIZ (ii)(—) i
£AB AP

Since (f,t + 8n,t - 8n)

(Mo,t + 8n,t - 8n) = 1, we can

decompose f = fle and MO = M1M2 with 0 < fl, 0 < f2’

£2 ] (t+8n), £.2| (¢t - 8n), (£,,¢ - 8n) = (£.,t + 8n) = 1
l b 2 b l’ 29 n s
< =

0 <M, 0 <M, M | (t + 8n) and (M,,t + 8n) = 1. In the

same way as in [K 1] p 52, we have
(t + 8n)/f 2
(_q)=< l)(t—Sn)<t+8n) and(i>=(i>i
b b/f £, £, My MM,
_ (t - 8n><t + 8n>  Hence
M M)

g = 2920 4 cDND) zp@ e + 872 C - 8“Xt + 8“)
t % 2

(t + 8n)/f12J

y z(t;Sn)(t-;Sn) 5 z( —
f 1 2 A B

Therefore, from the same arguement in [K 1] p 53, we may assume
¥ 3n

that t\/;'.s a square integer, and then, by using remark 4, we

have I I

A B

(t + 8n)/f12‘
b/f

) = h((t? - 6n”)/ED) #EZW\DA/T)

= ho(? - 64n2)/E2) T S (t,f).
p|M P
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. 2
We can write t + 8n = 4s° with s > 0. Then, we have

t? - 64n” = 1682(82 - 4n), A(t) = s + (s2 - lm)l/2 and

_yk 2K+l

p(t) =

2k-1 2k-1
(x -y

Y (x - y)-l, where x and vy

are the solutions of X2 - sX+n=0.

Thus, we obtain
& = -+ e(-D8[1)/2) 072

2

-1, 2k- 2k—- - -

x T s ¢ k-1 y k l)(x - 3 1 (f 4nj
s M

1

2
’7 — —
< X\ (————S : ‘*“) b (16s2(s% - 4n) (£.£.)72) T & (4s® - 8n,f.f
152 P 172
£,£, 1 p|M

where s runs over the integer such that 0 < s < 2J§: f1

runs over the set { Z?Bfl > 0; (fl,Zn) =1, f1 [ s } and
£ runs over the set { Z3f,_ > 03 (f2,2n) =1, f22

2 2 ! (s2 - 4n) 1.

In the same way as in §1 (elliptic case), we rewrite the

above formula as follows:

& = - (@ + DD/ 272
S N R CI 2(%))
S
-1
x u(m, o (r(m ")) T a - B)q )
1 u 1 ql (S,,mlz) (q
ord, (m.) - ord (s)
x 271 P
2 I p np(ep),

p|M

where 52 - 4n = mlzu with my >0, x and y are the solutions

2 == =
of X" -sX+n =20, ep ordp(sml),

— ] —



u(ml’) and r(ml’) are the same in §1(elliptic case),

the constant np(ep) is given by the table , case (1) - (3)’

at the statement of the elliptic case of proposition 1.

Moreover, in the same way as in 81, we obtain

bX a nk_3/2 e (n/az)
O<a!n 0
0
(e N GELOyELE-oHT
n
0<s<24n
n, n,
ord, (m, ) - ord_(s)
xh'(u)(A-z(%))z 271 T p P 7L (8)
plM PP
N - ord (gl)
x otu(ml I p P )

p|N

n . n N
where s runs over the integer such that 0 < s < 2/5; x and

n . 2 0 N2 N2
y are the solutions of X - sX+mn=0,s - 4n = m,u

A%
with a fundamental discriminant u and a positive integer o,

) rd (%m )
= 0 sm .
P p 1

Y
3. The calculation of ho(n).
Let C be a hyperbolic equivalence class in & and

w = (fl 0 > From the definition of J(C). we have J(C) =
0 1

J(-C). Hence, ﬁo(n) = 5,3(0) = $,(3(0) + I(-0)) = 2 1,3(0)

= ZZ(J(C) + J(wCw)), where C in Zl runs over all the

42




hyperbolic Fo—conjugacy classes in ® and C in 22 runs

over those such that a + d > 0.

For C in 22, we can take B = (l;n)—1 (a b

c d) & C with

d >0, (b,d) =1 and (b/f, (t2 - 64n2)/f2) =1, where t =a + d

and f = (a -.d,b,c) (cf. remark 3). Then, from remark 2,
we have
k+1/2
- o = - 4\(e\(a)(=L “k-1/2 ~2,-1
3(8) = 1(0) (1/2>(b)(b)(Mo)(b) e 20 o™
with A(8) ={ (4n)'(a - czy), if z, # =
(d/4n), if Zg = @ .
where Zq is the upper fixed point of B which is a cusp of
\
FO (cf. Remark after the part of d(n) in §1).
Hence, J(B) + J(wBw) =
k+1/2 k+1/2
d\fe\/a -k-1/2,. _ -2.-1 (-_1) (:l)
- <1/2>(b>(b)(Mo>x<e) a-a®HT(R) T (F)

- - (@ + DEFD/2) (%)(Mi) @ 2a - @ ™H T
0

Let t be an integer such that t = 0 (mod 4) and that
t > 8n and that t2 - 64n2 is square. Then, we write
2 2

t” - 64n" = m2 with m > 0. Let f be a positive integer

such that f]m and that (f,2n) = 1. We put

|
Las]
-

ab _
Bl(t,f) = MZ(Z) E9<c d) a+d=t, (a-d,b,c) =

(a,b,c,d) = 1, ad - bc 16n

and, for AeEBl(t,f), let D(A) and Z(A) are the same as
in the elliptic case. Then, SLZ(Z) operates on Bl(t,f) by
the inner automorphism and the system of all the repreSentatives

of the SL,(Z)-conjugacy classes in Bl(t,f) is given by

{3 —



X(t,£) =3 M,(2) ga(v' T) w” = 1602, 0 < v < v,

0 ST <V vV, v+ v =t

Hh
Il

(v - v7,1)

(cf. [K 1] p 55). For A€X(t,f). take a representative B

v T

of z(AY\D(A)/ro. When t, f, A = (0 ,

) and B vary
under the above conditions, the matrix (én)_lB-lAB =
(lm)-—l (i 3) forms a complete system of all the representatives

for the hyperbolic Po—conjugacy classes in ¢, such that a + d > 0.
Here, by the suitable choice of the representative B, we may
assume that d > 0, (b,d) = 1 and (b/f, (t2 - 64n2)/f2) =1

with t=a+d and f = (a - d,b,c) (cf. Remark 3).

From elementary calculation, we get X((én)_lB—l'(v' T)B)

0 v
= (w/bm) = /e h Hemee, By(@) = - (@ + (DS FD/2) Gmy T2
- k-1/2 —1/d\/ a
x TIZICZIvV (v - v H[E (__ )
B

In the same way as in the elliptic case, we may assume

that t + 8n dis square. Since t2 - 64n2 = (t + 8n)(t - 8n)

is also square, we can write t + 8n = 452 and t - 8n = 4r2
with s >0 and r > 0. Since v = (t + (t2 - 64n2)l/2)/2
and v~ = (t - (t2 - 64n2)l/2)/2 , we have v - v~ = 4sr

and v~ 1z _ ((t + 8n)l/2 - (t - 8n)l/2)/2 =s - T.

Therefore, in the same way as in the elliptic case,

we obtain ﬁo(n) = - ((1 + 5(-1)kJ:i)/2) n-k+3/2

L (s - 1)/ 2% eyl 1 othsr/E) T S_(4s - 8n,f).
s f pIM P



where s runs over the integer such that s > ZJ; and that

2
s = 4n 1is square, r = (32 - lm)l/2 and f runs over the

positive divisor of 4sr such that (f,2n)

1.

Finally, by applying the same argument as in §1 (elliptic
case), we can deduce the following result from the above formula

n
of ho(n).

- @+ e-DED £ (s - /Y 1w e,
s le P P

where s runs over the integer such that s > 2JE' and that

52 - 4n 1is square, r = (32 - 4n)l/2, ep = ordp(sr) and the

constant mp(ep) is given by/the hyperbolic case of proposition 1.

te Table s CML(f)) oA e AHW

Remark. The integer s which satisfies the above conditioms

is always even. Hence, we may consider only the even integer s.

v
4. The calculation of do(n).

2
e . _ . 4n” -1 -1/2 .
We have [AO T AO 1/2 = [AO ( ) , N ) AO ]l/2
0 4

2
4 -1 . .{[n” O -1/2 .
= [A.” , 1l A [A ) , n ) A s
0 ((0 4) ) 0 "1/2 0 ((0 1 0 °1/2

as the operators on G(1/2,N,x) (cf. Lemma in this section).
Then, from the proof of [K 1] §2 proposition 1, and the fact
that G(1/2,N,x) is spaned by the theta series (cf.[S - S] and

also §1), it follows that G(1/2,N,x) is the eigen space of

£5



4 -1

the operator [AO’ <(
0 4

), l) AO’]l/2 with the eigen value

2(1 - 54:1). Similarly. from lemma and U(N,Y) S;S(3/2,N,X)K,

we have, as the operator on U(N,¥x), [AOTAO]B/Z [ UV, x) =

_ 10 3/2
2(1 eﬁ)[Ao ({0 nz), n )Ao]a/z | v, %) .

Therefore, we get go(n) =201 - EAFI) H(H). where X(n)

is the same as in §1.

k+1/2

Thus, the calculation of trace ([Ao(a, n YA

has completed.

Now, we have

trace (% X(nz)K]S(k+l/2,N,X)K)

k+1/2,N,

2.-1
= ([2-/6) (-l)[(k+l)/2]€ trace( I a nk“3/2[A0 <(n/a )

0<a|n

0 0

z((zkﬁ%)(n/az)k+l/2 A1)+ (1/3) trace(Y (n?))

0 k+1/2,N,x

O<a|n

2.-1
= (@ - E('l)k,/'l)/@ z a nk_B/2 trace([ﬂo <(n/a |

0 0

(n/az)k+l/2) AO]) + (1/3) trace(% (nz)).

k+1/2,N,x

0]k+1/2)

(4n/a®) L

n/a

(4n/a2)_l

n/a

Hence, by combining the above calculations with the results

of section 1, we obtain the following propositions.



Proposition 3. Suppose k > 2. The trace of the n-th Hecke

operator (nz) with (n,N) = 1 acting on S(k+1/2,N,x)K

n
Tk+1/2,N,x K

is given by the sum T(p) + T(e) + T(h) + T, where the each

term is given as follows: For a prime number p|[M, let v = v
P

= ordp(N). Let 60(JE), n, and n1 be the same as in the

starement of proposition 1.

Then, for n = 1 (mod 4). we set

- (1/2)8 () nk1/2 I|I V2] 4 JL-D/2],
pM

T(p)

K n\ k-1 [v/2] -n\" [(v-1)/2]
+ (e (-1 (2 I ot
€ )(Mo)n pIM(p + (p) P )

x T h'(-én/az).
0<a|n0

For n = 3 (mod 4). we set

. K 2\, /0y k-1 [v/2] | (=0)\" _[(v-1)/2]
T(p) = (e(-1)/2)(3 - (£ )(— 27N +(2) » )
(n) MO) PIM (p)
x z h'(—n/az).
0<a]n0
Next, we define T(e) by
_ - _ - ord (s)
1) = - 5,2 -y e - T @e e e P ),

p|M

where the sum Zl is extended over the integer s such that

0 < s < ZJH; and the meaning of the letter is as follows:

x and y are the solutions of X2 - sX+n =0, and

52 - 4n = t2u with a positive integer t and a fundamental
-ord_(t)
discriminant u. Put t. =t I p and 6 = 6 = ord (st).
1 p M P P

T —



The constant np(ep) is given by the table (case (1) - (3))

at the statement of the elliptic case of proposition 1.

Next, we define T(h) by

((s - t)/2)2k-l I m (ep), where the sum I

p|M

T(h) = - ¢

2 2

is extended over the even integer s which satisfies s > 2JE_

2 . . .
and s - 4n 1is square, and the meaning of the letters is as

follows: Put t = (s2 - lm)l/2

and 6 =6 = ord (st).
P P
The constant mp(ep) is given by the table (case(l)) at the

statement of the hyperbolic case of proposition 1.

Finally. we define T” by

TC = ((2k - 1)/12) 5,67 2y Ilr (> + 1)/p.
PIM

a 2

Proposition 4. The trace of the n-th Hecke operator T (n")
3/2,N,x

K
with (n,N) = 1 acting on V(N,x)K is given by the sum

T(p) + T(e) + T(h) + T” + T”", where the terms T(p), T(e).

T(h) and T~ are given by the same formulas as in proposition 3
when we put k = 1. The term T°~ is given by the same formula

as in proposition 2.

2 S



8§3. The relations.

From [H 1], the trace of the n-th Hecke operator Tk N(n)

with (n,2N) = 1 acting on S(2k,N) is given by the sum

To(p) + Too(e) + To(e) + To(h) + To + To

Here, the definition of the each term is as follows: For the

prime number p , we write ordp(N) = %p =3 = vp =v, if p is odd,

v, if p = 2.

Let GO(J;) be the same as in 81 and let M be the odd
part of N. We decompose n = noznl with a positive integer

o, and a square-free positive integer n,

n, n
k-1/2 1 (P[vlzl + p[(v-l)/2]).

Then, T,(p) = - (1/2)60<45) n
p|N

]

For n 1 (mod 4), we set

Too(e) = 0, if w > 2,

(D%2) ot 1 a+(B)) rowba/ah), 1wl
p]M P O<a|no

For n = 3 (mod 4), we set
Too(e) = ((1F/2) 27 1 @ +(1‘—‘)) r h'(-n/ad) xc,
pIM O<a|n0
with €, =4 (3 - (%)) if u =0,

_ 5/? _



L 4(1+(§)> iF

Next, we define To(e) by

v
w
.

T (e) = - 3 R I R a (t) T n

6, ),
1 p|N

0,p 0,p
where the sum Zl is extended over the integer s such that
ZJH > s > 0 and besides that s 1is even 1if ¢ > 1,
and the meaning of the letters is as follows: x and y are

. 2 2 2 .
the solutions of X" - sX+n=0. s = 4n =t u with a

positive integer t and a fundamental discriminant u. Put

- d
or p(t)

8, = 6 =ord (t) and t, =t I p
0 0, 0
P P p|N

The constant n (8

0.p ) 1is given by the following table:

0,p

Case (1) (p|M and plu).

8y *+ 1
no,p(eo,p) ={

V21 4 ptO-D2hy v vy oy,

if 60 > [v/23%,

0, if 8, < [v/2].

Case (2) (p|M and p!u).

Tl J[v/214

8
(6, ) = (- (E)p_l)(p[v/z] 4 pl /2] 0

0,5 %,p P’

Vv
+ p[v/Z](p[v/Z] + (g) p[(v—l)/ZJ)’

if 8, 2 [(v1)/2],

26
{' a+ (g))p 0 if 6, ¢ [(v-1)/2].

7
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Case (3) (p = 2)-

5
no,z(eo,z) ={72 0(2[1‘[/2] + 2[(11_1)/2])’

if u=1 (mod 8) and 90 > [(w+1)/2],

20 + 1
2 , if u =1 (mod 8) and 60 < [(e-1)/21,

3 0 1W/2] | LG /2)) | g

if u =5 (mod8) and 8, > [(w+l)/2],

0, if uw =35 (mod 8) and &, < [(1-1)/2],
PSP 763 B (S D R

if w=0 (mod 4) and 8,2 [(uw-1)/2],

L 0, if u = 0 (mod 4) and eo < [(u-1)/2].

Next, we define To(h) by

To(h) = = 22((5 - t)/2)2k--l il ), where the sum I

m, (
p|N 0.p

60,p 2

is extended over the even integer s such that s > 2Jn  and
2 1/2

that s2 - 4n 1is square, and put t = (s° - 4n) and
60 = eo’p = ordp(t) and, for the prime number plN,
n n
[v/2] [(v-1)/2]1 | N
= +
mO,p(eo,p) P + p , if 90 > [(v+1) /2],

0
o0 O if 8y < [(3-1)/2].

.

Finally, we define TO’ and T0 by

T," = ((2k - 1D/12) ;6@ n N T (o + 1)/p,
p|N

—_— 7/ —_—



and T.°" = 8(k) T (p"H

0 - 1)/(p ~-1) with n= 1 p and

P|n P|n

S(k) =< 1, if k

I
=

0, if k >

v
g%

Now, let NO be the positive divisor of N such that
(NO,N/NO) = 1 and that N0 # 1. Take any element Y(No)é SLZ(Z)

which satisfies the conditions:

0 -1
YN = ( ) (mod N_),
0 1 0 0
N 0
(1 0) (mod N/NO), and put W(NO) = Y(NO)( 0 ).
0 1 0 1

Then, it is well-known that W(NO) is the normalizer of PO =
TO(N) and that [W(NO)]2k induces the C-linear automorphism
of order 2 on S(2k,N).

In [Y], M.Yamauchi explicitly calculated the trace of

the operator [W(NO)] (n) with (n,N) = 1 acting on

2k T2k, N
S(2k,N). But his formula contains several errors in the
hyperbolic and parabolic cases. Therefore, though we need only

the trace formula of the operator [W(NO)]Zk TZk,N(n) with

(n,2N) = 1, we shall give the corrected version of Yamauchi's

foymuba in all cases.

The trace of the operator [W(NO)]2k T2k,N(n) with (n,N) =1
acting on S(2k,N) is given by the sum Tl(p) + Tlo(e) + Tl(e)

+ Tl(h) + Tl”. Here, the definition of the each term is as

n
follows: Let v

, Vv, U and 60(43) be the same as in the trace

—



2 .
formula of T2k,N(n)' We decompose nNO = ao oy with a
positive integer oy and a square-free positive integer al.
Then, T.(p) = - (1/2) &, 6 (Jfa) < /2 7 V21 4 JLo-1/2]y
1 2 0 ’
p| (/N )
with §, =< 1, if Ny = 4,
0, otherwise.
For nNO = 1 (mod 4), we set
Tlo(e) = 0, if ordz(N/NO) > 2,
- nN
k -
(-D%2) &1 1 <1+( po))
pl(N/NO)
p: odd
x z h” (-4nN /az), if ord,(N/N)) < 1.
0 2 0’ =
0<ala
0
(a,NO) =1
For nN0 = 3 (mod 4), we set
- nN
k- 0
T, = (D2 T T A +( . ))
pl(N/NO)
p: odd
- 2 -
X z h“(-nN./a") x C.~,
O<a|a 0 2
0
. - (2 . -
with C,” =< 3 (“No> if ord,(N/Ny) = 0,
5 - (2} if ord (N/N.) =1
nN 2 0 ?
0
6 if ord,(N/Nj) = 2,
41+ (=22 ) if ord.(N/N.) > 3.
nNO 2 0" =

—_— 7~}-——~_



Next, we define Tl(e) by

2k-1 2k-1
X

BN G S YO Rl S CHEO I

Tl(e) = - NO 1

x I
p| /N

( is

), where the sum I

n0,p e0,p 1

extended over the integer s such that 2 nNO >s >0 and

that s = 0 (mod NO) and besides that s is even if N/N

0
is even. The meaning of the letters is as follows: x and
y are the solutions of X2 - sX + nNO = 0. s2 - 4nN0 = t2u

with a fundamental discriminant u and a positive integer t.

- ord (t)

P = = = P
ut 60 eo,p ordp(t), t0 t pTN ) and

ordp(t)

t.,= I p . The constant n (6

) is given by

the same table as in the case To(e) of the trace formula

of T2k,N(n)
Next, we define Tl(h) by
2k-1 -1
T () = - 8GNy T, ((s - ©/DFTH s, ) €
x 1 my (60 )., where the sum 22 is extended

over the integer s such that s > 2yn and that s = 0 (mod VQB)

2 1/2
and that 52 - 4n 1is square, and put t = (s° - 4n) / s

ord. (t)
6. =98 =ord (¢) and t, = 1T p P The constant
P P Lopln
0

(

) is given by the same table as in the case To(h)

InO,p 60,p

— 14—



of the trace formula of T2k,N(n)'

Finally, we define Tl" by

+
T2 =6(k) T (p - -1)/(p-1) with n= T p' and

p|n pln

8 (k) 1, if k =1,

0, otherwise.

From these trace formulas and the results of the previous

sections, we can deduce the relations between traces.

Now, we fix the notations as follows: Let N be an integer
such that 2 < ordz(N) =u < 4, and let M be the odd part of N,
namely, N = 2¥M.  Let X be an even Dirichlet character modulo N
such that XZ = 1 and besides that the conductor of x is

divisible by 8 if u = 4.

Theorem. Under the above notations and assumptions, we have

the following relations (3.1) - (3.4):

(3.1) Suppose k > 2, then, for a positive integer n with

(n,N) = 1, we have

trace(% (n2) | S(k+1/2,N,x))

k+1/2,N,x

=  trace(T (n) , S(2k,N/2))

2k,N/2

p-1
+ Zl A(n,LO) trace([W(LO)]2k T u-1 (n) S(2k,2 LOLl)).
2k, 2 LOLl

— 7



(3.2) Let k and n be the same as in (3.1) and suppose

N = 4M, then we have

trace(% (nz) S(k+l/2,N,X)K)

k+1/2,N,x K |

= trace(T (n) | S(2k,M))

2k ,M

+ Zl A(n,LO) trace([W(Lo)]2k TZk,LOLl(n)

S(Zk,LOLl)).

(3.3) Let n be the same as in (3.1), then we have

trace(%B/z’N,X(nz) | Vv, x))

= trace(T

2.5/2® | s(2,N/2))

+ A(n,L.) trace([W(@L. )], T (n)
0 2 2,2“'1LOL1

Z1 0

(3.4) Let n be the same as in (3.1) and suppose

then we have

2

trace (T (n )K | V(N,X)K)

3/2,N9X

= trace(Tz’M(n) | s(2,m))

+ = A(n,LO) trace([W(LO)]2 T

1 2,L

071

Here, the sum Zl

that 1 < LOIM and that L, is square, and

0

- ord (M)
L. =M I p P The constant An,Ly)

plL,

A(n,L.) = 1 k(p,n;(ordp(Lo))/Z) with

0 p|M

Al(p,n3a) = 1, if a = 0,

1+ (:9), if 1<ac< [(v-1)/2],
> <ag

76

p-1
S(2,2 LOLl)).

N = 4M,

L (n) | S(2,L0Ll)).

is extended over all the integer L such

0

is defined by



[-xp(—n), if v 1is even and a = v/2,

where v = ordp(N) and Xp is the p-component of Y.

(1

(2)

(3)

(4)

(5)

Proof. We can easily verify the following claims:

When n = 1 (mod 4), the first term of T(p) is equal to
the contribution from the parts of To(p) and Tl(p) to
the right-hand side of the above relations, and the second
term of T(p) 1is equal to the contribution from the parts
of Too(e) and Tlo(e) to the right-hand side of the above
relations.

When n = 3 (mod 4), T(p) is equal to the contribution from

the parts of T,..(e) and T, .(e) to the right-hand side of

00 10

the above relations.
T(e) (resp. T(h)) is equal to the contribution from the
parts of To(e) and Tl(e) (resp. To(h) and TI(h))

to the right-hand side of the above relationms.

-

T” is equal to the contribution from the part of T0

to the right-hand side of the above relatioms.
When k =1, T°" 4is equal to the contribution from the
parts of T.”” and T.”” to the right-hand side of the

0 1

above relations.

From these claimes, we can easily deduce the assertions

of Theorem.
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Corollary. Let the notations and the assumptions be the same
as in the above Theorem. We suppose that M 1is square-free,

Then, we have the following isomorphisms between the HM—modules:

For k > 2, S(k+l/2,4M,x)K = S(2k,M),
S(k+1/2,4M,%) =  S(2k,2M),
S(k+1/2,8M,%) =  S(2k,4M) and
S(k+1/2,16M,x) = S(2k,8M),

(in the last isomorphism, we remark that the conductor of ¥

is divisible by 8 from our assumption).

For k =1, S(3/2,4M,0), = v’(am,x)K = 5(2,M),
S(3/2,4M,x) = V(4M,x) = S(2,2M),
S(3/2,8M,x) = V(8M,%) =~ §(2,4M) and
S(3/2,16M,x) = V(16M,x) = S(2,8M),

(in the last isomorphism, we remark that the conductor of ¥

is divisible by 8 from our assumption).

§4. Applicatioms.

By using Theorem in §3, we can give the decomposition of
HM—module S(k+1/2,N,x) wunder the same assumptions as in Theorem.
For simplicity, we shall discuss only the decomposition of
S(k+1/2,4pm,x)K, where k and m are some integers with k > 1
and m > 0, and p 1is an odd prime number and X is an even
Dirichlet character, namely, X = (l) or (E).

MOiuk>'4€n

Before the statement of the results, we must introduce
some notations. Let 6¢ be the twisting operator for the
character ¢ = (E) (cf. [S-Y]). By SO(Zk,pm), we denote the

subspace of S(2k,pm) spaned by all newforms in S(2k,pm).
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For m > 3, we define (cf. [S-Y]):

m, _ 0 m - -
51(2k,p) = { 8" (2k,p ) Df | fl[W]2k = f, fldw[W]Zk = f|6w},

0
S, o (2k,p™) = { 5 (2k,p)DF | £ (W), = £, f|<s¢[1,\1r]2k = - f[éw},
m 0
SIIw(zk,p ) = {5 (2N | £ W], = - £, €8, W1y, = £ls 2,
m, _ 0 m _ -
S177(2k,p ) = { 57 (2k,p )3 | fl[W]Zk = - f, fle[W]Zk = - fléw},

where W = W(pm) (cf. 8§3).
2
For m = 2, let Sn(2k,p ) be the orthogonal complement

0
of S (2k,p)]6w + SO(2k,l)lcSw in SO(Zk,pz) with respect to
the Petterson inner product. Then, we define (cf. [S-Y]):

2 2
s.(2k,p%) = { s%(2k,p0) 21 | £|[W],, = £, f|6¢[W]2k = f[Gw},

2, _ n 2 _ _
S17(2k,p7) = { 87 (2k,p") >f | £]Iwl,, = £, f|6‘p[W]2k = - fléw},
S__ (2k,p2) = { sP(2k,p2)Df | £|[W],, = - £, £]6 (W], = £]6 }
IIw ’p ’p zk 3 ,q) 21( w ')
S.__(2k,p%) = { s™(2k,p?) D¢ | £]wl,, = - £, £]6 W), =- £|6}
IIT ? ’ 2k ? v 2k P

where W = W(pz) (cf. §3).

Under these notations, we have the following decompositions

as the H o modules.
%

Proposition 5. Suppose k 2. Then, we have the following

v

decompositions as the H o modules:
P

ne

SO(Zk,l)-

(i) (m = 0). S(k+l/2,4)K
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(i1) (m=1).

S(k+l/2,4p)K = S(k+l/2,4p,(“p-))K

e

s®r,p) @ 2 sP(2x,1).
().

S(H1/2,400) T 2 (S (2k,p7) © 5. (2k,p7))

(iii) (m = 2 and ¥

-1 0 0
1 —_
®a+ (P))(S @,p)]s, @ 5"k, |5
®2 %k, @4 %2k, 1).
(iv) (m =2 and ¥ = (P-)).
SGer1/2,407,(2)),
= a (s D @5y @p?)
P 1 s P IIw s P
-1 2 2
® (- (T (s @e,p) & 577 (2 )
® SO(Zk,p)IGw@ (1 + ('?1)) SO(Zk,l)ISw

® 3 So(zk,p) D 4 SO(Zk,l).

(v) (m=2a+3 with a2 0).

2a+3 ~ 2a+3 (p
S(k+1/2,4p" 0 ) T SGetl/2,4p7 7, (B
a+1
x> T (2a + 3 - 2b) sO(Zk,p2b+l)
b=1
a+l
- 2
@ (3+ (—pl—))(a +2 - b) S (2k,p by

b=1

a+1l
- 2
@b§1(3 - (—I})xa +2 - b) S (2k,p70)
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a+l
-1 2b
® 1+ (;—))(a +2 - b) us(zk,p )

a+l
-1 2b
® 3 a- (5 +2 - s @™

-1 0
@ 2+ (—p—))(a +1) 8 (2k,p)l<§w
-1 0
®a + ( p))(Za +2) 8 (25D8
@ a+ 4 s22k,p) @ (4a + 6) s°(2k,1).

(vi) (m=2a + 4 with a > 0 and x = (l)).

s(k+1/2,4p2a+4)K
~ 2
T 2 (s,(2,07) @5, (2,07
0+l
® & a+4 - 2b0) sOe2k,p?Pth
b=1
at+l
-1 2b
® 10 + (T + 2 - 1) + 23 5(2k,p™)
a+l
-1 2b
® I (0- (?))(a +2-b) +2) 5 (2k,p0D)
a+1
@ @+ (Hy@+2-1)s.. (2k,p70)
b=1 (p> Ilw
a+1

-1 2b
®b§l(l - (;))(a +2 - b) S (2k,p7)

-1 0
@{a+ <?))(a +2) +a+1}S (2k,p)|6w
-1 0
@ Q-+ (?))(2a+ 3 s (2,18,

® (3a + 5) s(2k,p) @ (4a + 8) sO(2k,1).
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(vii) (m = 2a + 4 with a >0 and ¥ = LB)).

S(k+1/2,4p 224, (R) )

T as (T ™™ @ r,p?y)
[
® (1 - (T 52" @5 (21,7
Q+1
@ £ (2a+4 - 2b) s°2k,p?*Yy
b=1
a+l
@ z{(3+( ))(a+2—b)+l+( )}s (2kp2)
b=1 P
a+l
@bfl{o - (%))(a +2-Db) 1 - (%) } SII(Zk,pr)
a+l
-1 2b
I+ (Ey@+3-0b) s (2x,p2)
@b=l (p) I,
a+l
-1 2b
®:a- (;))(a +3 - b) 5 (2k,p%)

-1 0
@@ + (p))(a +1 +a+2) sPap s
-1 0
®Qa + (P))(Za +3) s’k e,
@ (3a + 6) sP2k,p) @ (4a + 8) sO(2k,1).

Here, the symbols &) and I mean the direct sum as the H o
P

modules, and e coeffrccondt  m Pront % i Hf,w" medule S(2k,P7) (osngm)
If we replace S(k+l/2,4pm,)<)K by V(4pm,X)K and put i e ”““el'pdqf
k = 1 at the right-hand side of the iccemfasi'hm (1) - (vii), e

we have the decomposition of the H o module V(Apm,x)K.
P
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Remark. Let m be a positive integer and let s be an integer
such that 0 < s < m., Then, for a positive integer n with

(n,p) =1, T (n) coinsides with T (n) as the operator
s m
2k,p 2k, p

on S(Zk,pm). Therefore, we can naturally consider S(2k,ps)

and SO(Zk,pS) as the H . modules.
P

Proof.
The decomposition (i) and (ii) are immediate consequences

from Corollary in §3.

Hence, in the following, we assume that m > 1 and that
the letter n means any positive integer prime to 2p.
Firstly. we note that, when m 1is odd, by using Theorem

in §3, we have

trace (T o /1 (nz)K S(k+1/2,4pm)K)
k+1/2,4p (—)
= trace(% o (nz)K S(k+l/2,4pm,(£))K)-
k+1/2,4p",(2)
Since the operator T o (nz)K is hermitian with respect
k+1/2,4p ,x

to the Petterson inner product, we get, for any odd integer
m, - m (p -
m>1, S(k+1/2,4p )K = S(k+1/2,4p ,( ))K as the H o modules.
P
Next, from the definitions and lemma 5.1 of [S-Y], we can
easily get the following identities:

trace(T m(n) S(Zk,Pm))
2k,p

0
(m+ 1 - a) trace(T a(n) S°(2k,pM)),
a=0 Zk,P

]
H~m3g
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and, for an integer t > 1,

trace(W(p° O], T, (@ | 5 (2,0 )

2k,p

a=1 2k,p

t

- ¢ trace(T 2a(n) l SIIw(Zk’pza) () SIII(Zk,p M

=1 2k,p

2a
11

t
I trace(T 2a(n) s SI(Zk,P ) ©® S (2k>P2a))

2a

-1 0 0
— S
+ (I’) trace(TZk’Pz(n) , S (2k,p)] " @ s (2k,l)[6w )

+ trace(TZk’l

(n) | s9(2k,1)).

Moreover, from Proposition 1.1 (and section 5) of [S-Y],

we have: SI(Zk,pza)IG

v

s, =

S__(2k,p "

II

2a
s.; (2k,p |8

" v

S.__(2k,p°®) |6

ITI ]

Now, for an integer t

A = (T
2t = trace

ny
- trace(T 2f—
k+1/2,4p

d B, = t ('f
an 2¢ = race

n,
- trace(T

k+1/2,4p

1+1/2,4p°5, (£

1

1

s X

K+1/2,4p° 5, (R)

2

2a

= SI(stP )’

2a .
SIII(Zk,p ) for an integer a > 1.

, we put

] s(k+1/2,4p2t)K)

2t-1
() ‘ S (e+1/2,40° T 1,30,) s

(") ‘ S(r1/2, 40 5,(2)) )

t-1

2 2t-1
X(n - l S(k+1/2,4p X))
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From Theorem in 83 and the above facts, we have

A, = trace(T 2t(n) \ S(Zk,PZt))

2
¢ 2k, p

2t

+ trace([w(pZt)]2k T 21:(n) S(Zk,p "))

2k,p

- trace(T  ,._ () I s(2k,p° 1))

2k,p

P (T M | s.(2k,p%% @ s..(2k,p°2))
= z trace 2o (0 1 (2ksp 17 (2ksP

1 2k,p

t
2%
+ T trace(T SO(Zk,P b l))

()
1 2k,p2b 1

+ (1 + (i%)) trace(T 2(n) ‘ 30(2k5P)|5¢, @ SO(2k,l)|6w)

2k,p

+ 2 trace(T (n) | SO(Zk,l)),

2k,1

2t

S(2k,p

and B = trace(T 2t(n) ))

2t 2.p

_ 2
+ <3§) trace([W(pZt)]2k T 2t(n) ‘ S(2k,p t))

2k,p
2t-1
S(2k,p )

- trace(T 2t—l(n)

2k,p

a3 )

va- )

t
+ I trace(T
b=1 2k,p

) @ s (kP )

t
E trace(T Za(n) I SI(Zk,P 0

a 2k,p

2a
trace(T pza(n) ‘ SII(Zk,p ) @ s

1 2k,

1
t 2a

\
T III(2k,p )
a:

0 2b-1
o @ | 87 @7

+ trace(T 2(n) I SO(2k,p)|6w)
2k,p

+ (1 + C%%) trace(T , () l SO(Zk,l)IGw)
p

2k,

0
+ trace(TZk’p(n) | s~ (2k,p))

+ 2 trace(T.. . | s%(2k,1)).

2k,1
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From this expression of AZ’ we have

trace(% (nz)

2
S(k+1/2,4p7).)
e1r2,00, (1)K .

= 2 trace(T 2(n) l SI(Zk,pz) @ SII(Zk,pz))
2k,p

+ (1 + (i%)) trace(T 2(n)

s°(2k,p)|6¢, @ s°(2k,1)|6w))
2k,p

0
+ 2 trace(TZk,p(n) I S”(2k,p))

+ 4 trace(T (n) | SO(Zk,l)).

2k,1

The decomposition (iii) follows from this equality of traces

and we can prove the decomposition (iv) in a similar way.

When m = 2a + 3 with a > 0, by using Theorem in §3,

we have
+
erace (¥ rars @Dy | SGet1/2,4p773 5 )
k+1/2,4p s X

+

- trace(% 2at2 (1 (n2)K S(k+1/2,4pza Z)K)
k+1/2,4p ,(—)

+

- trace(® (%) l S(ct1/2,4p°% 2, (B)) )

k+1/2’4p2a+2’(2) K

2

%) 2a+1

+ trace(% atl ’ S(k+1/2,4p ’X)K)

r1/2,4p28 K

2a+3))

trace(T 2a+3(n) S(2k,p
2k,p

2a+2

- 2 trace(T (n) l S(2k,p ))

2k,p2a+2

2a+1

+ trace(T za+l(n) { S(2k,p ))

2k,p

0 2a+3
= trace(T 1)zaﬂ_?’(n) ‘ S (2k,p )).

2k,
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Hence, we get inductively

2 2a+3

A%
trace (T (n”) S(k+1/2,4p »X) )
k+1/2,4p2a+3,x K \ K
= 0 2a+3
= trace(T 2a+3(n) S (2k,p )) + AZa+2 + BZa+2
2k,p
n, 2 2a+1
+ trace(T 9441 (n )K S(k+1/2,4p ’X)K)
k+1/2,4p s X
& 0 2b+3
= I trace(T 2b+3(n) S (2k,p ))
b=0 2k,p
a a
+ I A + ¥ B
b=0 2b+2 b=0 2b+2
+ trace(% (nz) | S(k+1/2,4 ).))
k+1/2,4p,x " 'K 2*Ps X))
From this equality and the above expressions of A2t and
B2t’ we immedistely obtain the decomposition (v).
Finally, by using the expressions of A2a+4 and B2a+4

with a > 0, we can deduce the decompositions (vi) and (vii)

from the decomposition (v).

In this Proposition 5, we note the following:

When m is zero, or an odd positive integer, the H n module
P

SO(Zk,pm) occurs with the multiplicity one in the decomposition

of the H _ - module s(k+1/2,4pm,x)K, if k2 2,
p

V(4pm,X)K, if k= 1.
Hence, the non-zero element f of S(k+1/2,4pm,x)K or V(Apm,x)K,
which corresponds to a primitive form F in 80(2k,pm),

also become the common eigen form with respect to the n-th Hecke
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operator for n =2 and p. (cf. [K] Preliminaries (a) and
§3, as in the definitions of the n-th Hecke operator for n = 2
and p.)
Let the Fourier expansion of f (resp. F) be as follows:
f = ; a(n) e(nz) (resp. F = ; A(n) e(nz) ). If u is a
n=1 n=1

fundamental discriminant with e(-l)k u > 0, then, their

Fourier expansions are related as follows:

L(s - k +1, th)) a(lul n2) n°

™8

n=1

(o]

= a(lul) T A(n) n ° (cf. [K] &5 Theorem 2).
n=1

Therefore, all primitive forms in SO(Zk,pm) are constructed
from some elements of S(k+l/2,4pm,x)K or V(4pm,x)K by means

of Shimura (- Niwa - Kohnen) correspondence.

In fact, for more general situations, the similar results

can be proved by using Theorem in §3. But, we omit the details.
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Appendix.
Let A, D(A) and I‘0 be the same as in Remark 4 of §2.
We shall calculate n(A) = #(D(A)/I‘O).

X
For a representative x for (Z/MZ) and a prime divisor

p of M, we define the sets V(x), Vz(x) and Vp(x) as follows:

V(x) = SL,(2)3 B B 1B = (Ax + 4Mv * ) (mod 16M)
0 *

for some VvEZ

V2(x) = SLZ(Z)BB B lap = 4x + 4Mv * (mod 16)
)
for some vE€EZ
-1 v
Vp(x) =< SL,(2)DB | BT AB = (4){ *) (mod p P)
0 *

with v = ord (M).
p P

v
Then, I‘O = FO(4M), I‘O(A) and I'O(p p) operate on the sets
V(x), V2 (x) and VP(X) respectively by multiplication from

the right, and D(A) = U V(x) (disjoint union).
x e(z/mz)”

Moreover, we can define the isomorphism ¢ from
v
V. (x)/T . (4) x I vV (x)/T. (p p) to V(x)/T as follows:
2 0 p]M P 0 0

Take any element (B,., (B ) of V,(x) x T v (x). Then,
4 (2 P)P|M 2 pM P

there exists an element B of SLZ(Z) such that B = B2 (mod 16)
v

and that B = Bp (mod p p) for all prime divisors p of M.

v
. P —
And we define q>((B2 I‘O(A), (Bp I‘o(p ))PlM ))— B I"O.
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Now, from the discussion in [K] §4 Appendix (proof of lemma 5),
we know #(Vz(x)/PO(A)) = 1.

Therefore, we obtain

I

n(A) > # V)T )

x e (z/M2)”

AY]
m #(v r p
PIGENS " (v /Ty )
xe(z/Mz)” P

v
n >3 @0/ 7))

v
M X
| x¢ (z/p Pz)

In order to calculate #(Vp(x)/I‘O(p\)p)), we note the
following general facts:

Let L be an positive integer. We denote by C(L) the set
consisting of all the elements of (Z/LZ) x (Z/LZ) whose order
is exactly L. We define the equivalence relation ~ of C(L)

as follows: TFor two elements ( c. . dl ), (_c_z, EZ ) of C(L).

( cy d1 ) v (::-2, EZ ) if and only if there exists m é(Z/LZ)><
such that =m ( c., d1)=(c2, d2 ).
Then, we have the bijection SL_(Z)/T (L)B (a b) r (L) —

’ 2 0 cd 0

the equivalence class containing (a mod L, b mod L )€ C(L)/~ .
v
Now, we shall calculate #(Vp(x)/I’o(p p)).

Let write A = (ab). Then, for B=(uw)éSL (2),
c d v z 2

. v
the condition B-lAB = (4){ )(mod P p) is equivalent to
0 *

-4 b 0 v
a X >(u> = ( ) (mod p p). By using the elementary
c d - 4x/ \v 0
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divisor theory, there exist U1 and U2 c SLZ(Z) such that
a - 4x b
c d - 4x)

and g g, = ((a

I

g, O = - -
UIK 1 > U2 . Here, 8, (a 4x,b,c,d 4%)
0 g2

4x)(d - 4x) - be) = ((Ax)2 - 4tx + l6n2),

where t = a + d, ad - bc = l6n2 from the assumptions.

Put o = ordp(gl) and B = ordp(gz). Since p is odd,

yA = - - = . )
8y . (a - d,b,c,t - 8%) Zp Hence, a mln(pp,Tp’x),

where p = ord (f) with f = (a - d,b,c), and =< = ord (t - 8x).
p p( ) ( ) D, X p )

3

Thus, we have

v v
#(VP(X)/FO(p Pyy = #<¢ cp p)/'\a D the equivalence class
v
containing (u,v) mod p P such that
v
pau =pv=0 (mod p p)
\Y v -1
= ) Py P P , if a > v,
= P
a
p, if B > Vp > a,
0, if v > 8
Firstly, we assume p_2 v_. If 1 < v _, we have
P= P PsX P

2 2 2
d - 64 4y > 2 > 2 = ord ((4x - t/2 . Hence,
or p((t 64n")/4) > pp > 2T, x = OF p(( x )7

b

o+ B = ordp((éx - t/2)2 - (t2 - 64n2)/4) = ZTp,x = q + Tp’x‘
v
Therefore, if #(Vp(xi/TO(p p))# 0, then we get Tp,x >V,
namely, t = 8x (mod p p).
v -1

v Y
Ths, ==, #U /TGP =p e’
x € (z/p Pz)”
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Next,

a = T
9

Hence, a + B = ordp((éx - t/2)2 - (t2 - 64n2)/4) =21

=2 a < o

>

we assume that v > p If 1 < p , we have
P P P,X P

2 2 2
and ord ((4x - t/2 = 2 <2 < ord ((t - 64 4).
p(( X ) % Py S OF p(( n")/4)

v
+ vp. Therefore, if #(Vp(x)/PO(p p)) # 0, we get

Thus, we obtain

%
#W, @ /Ty 7))

v X
x€(z/p P2)

Moreover,

using the

v ig
= p x (Z/p P7ysx | t = 8x (mod p Py and

v _+p
X2 - (6/8)x +n> 20 (mod p P P)

£
we can omit the assumption t = 8x (mod p p) by

assumption vp > pp and the fact ordp((t2 - 64n2)/4) > 2 pp
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