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1 Introduction 

In this paper, we consider a three dimensional model for grain boundary motion with 
time-dependent external forces as follows: 

System (P) 

『こ―ご。g(n)＋a'（n)I▽u|＝ fo:nnQ〗□[゚,0000)）二，

ry(O, x) = rJo(x) for XE  n. 

:tu ＝冠い(a(n)1::|＋足▽u)＋f) ln Q, 
a(n)説＋改u)nr = 0 ..  on ~ := (0, oo) x叩，

u(O, x) = u0(x) for x En. 

Here N EN, 1 < M E N, "'> 0 are fixed constants, n c股N is a bounded domain 
with Lipschitz boundary an, nr is the unit normal vector on an. [rJ, u] E股x罠Misa 
pair of unknown functions to (P). g, a, Jo are JR-valued given functions, f is an股凡valued
given function.冠 isthe projection onto the tangent space at u E §M-l, i.e., 

冠 w:= w -(w • u)u, for w E賊M

* This author is supported by Grant-in-Aid No. 20K03696, 21K03312, JSPS. 
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The second equation in (P) is formally derived by the constrained L2-gradient descent 

flow: 

誓€一匹（尻(ry,u)+f)
of the following energy functional天

Free-energy: 

[77, u] EL叩） xL囁炉） r--+F(ry, u) 

1 足:fQ I▽7712 dx + L G(ry) dx + L 0:(77)lv'ul dx + f LI▽ul2dx, 
if 77 E H1(0) and u E H叩；記），（1.1)

+(X)，otherwise; 

under the range constrained condition u E §M-l. Here G is a primitive function of g. 

The unknown functions TJ and u describe the orientation order and the orientation 
in a polycrystal, respectively. If M = 4, u is an element of the 3-dimensional sphere §3 
corresponding to a 3-dimensional rotation using the quaternion representation. 

In [12], the authors proposed a model for grain boundary motion in the three dimen-
sional case as an extension of the two dimensional Kobayashi-Warren-Carter model [13]. 

In the model, there are two unknowns: 0 ::; TJ ::; 1 and u representing, respectively, the 

orientation order (0 being the value for a totally disordered phase and 1 the one for a 
totally ordered phase) and the orientation, i.e., an element in the space of rotations in 

配： S0(3).Considering a quaternion representation for rotations, and after identiむing
quaternions with elements in the unit hypersphere §3 in□we formulated (P) as the 
constrained £2-gradient descent flow of the energy functional Funder u E §M-l in [16]. 

The flow is constrained to the fact that the orientation u needs to be in the unit hyper-
sphere. In fact, the projection onto the tangent space at u E §M-l in the equation for u 

ensures that lu(t)I = 1 if luol = 1. 

The problem (P) without forcing terms, Moll— Shirakawa-W. [16] proved the existence 
of solutions [TJ, u] on any finite interval (0, T), satisfying O ::; TJ ::; 1, lul = 1 a.e. in 
0 x (0, T). In addition, Moll— Shirakawa-W. [17] considered an external time-dependent 
forcing [!0, f] in the system, for both unknown functions [TJ, u] and formulated the system 
as the £2-gradient descent flow of the free energy with forcing. We note that, due to the 

presence of an external forcing in the equation for T/, the condition O ::; TJ ::; 1 as in [16, 

Section 3] cannot be anymore guaranteed. Then, we allow that TJ E耽 andwe interpret 

its values as T/ 2: 1 means that the phase is totally ordered and T/ ::; 0 means a totally 
disordered phase. 

The purpose of this paper is to introduce the results in Moll-Shirakawa-W. [16, 17]. 

In particular, we provide outline of the proof of global existence of solutions to system (P) 
and an invariance principle for the solutions. In Section 2, we prepare some mathematical 

tools. In Section 3, we explain a derivation of the model. In Section 4, we introduce 
assumptions and the Main results. In Section 5, we prepare an approximating system for 

(P). We approximate the constraint lul = 1 via a Ginzburg-Landau type penalization on 
the free energy (with a parameter <5). Then, we smooth out the singularity of the Euclidean 
norm I ・ I with the approximation ~- Finally, in order to obtain continuity of 
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the solutions for proving an invariance principle, we also add an N-laplacian term to the 
energy with parameter v. Existence and uniqueness of solutions to the approximating 

system is obtained via the use of nonlinear semigroup theory. In Section 6, together with 
the results in Section 5, we are able to pass to the limit in the weak formulation of the 

system first with 8→o+, thus recovering the constraint lul = 1. For the limit with v→ O 
and c→0, we only show the results. Meanwhile, we obtain an invariance principle for 
some particular cases of initial data u。andforcings f. 

2 Preliminaries 

2.1 Multi-vectors 

In this subsection, we recall some definitions and basic properties about multi-vectors that 

we need in our analysis. We refer to e.g. [11, Chapter 1] and [8, Chapter 1] for details. 
Let m E N. The spaces A。（賊m)and A1（賊m)are defined as 

Ao（野門：＝艮 andふ（股門：＝股m,

respectively. For any integer 2さ Kさm,the k-th exterior power of股圧 denotedby 
Ak（罠m),is defined as a set spanned by generators; i.e elements of the form 

U1/¥．．． I¥ Uk, Ui E JRm, i = 1,...,k. 

Generators are subject to the following rules: 

(av+ bw) I¥ u2 /¥・・・八uk= a(v八U2八・・・八U砂十b(wI¥ u2八...八uり；

U1 八•.． I\ uk changes sign if two entries are transposed; 

for any basis { e1,..., em} of町， theset 

{ ea := ea1 /¥ ・ ・ ・ /¥ e°'k I a=  [0:1,...，叫 EI(k,m)} 

forms the basis ofふ（野門， where

I(k,m) := { a=  [0:1,...，叫 Ezk 11 ::; 0:1 < ・ ・ ・ < Cl:k ::; m }. 

(2.1) 

The elements ofふ（罠門 arecalled multi-vectors (or k-vectors), and Ak (JRm) is a vec-
tor space of dimension (';;). Given k, £ E {O,..., m} with k + £ ::; m, there exists a 

unique bilinear map（入μ）→入八μ fromふ（町） xふ（町） toAk+t(lRm), whose effect on 
generators is 

(u1八U2A・・・八Uk)八(v1八V2/¥ ・ ・ ・ /¥ V;) = U1 /¥ U2 /¥ ·・•八 Uk I¥ V1 /¥ V2八...(¥ V£, 

There is an isomorphism betweenふ（野門 andAm-k（野門， calledthe Hodge-star aper-
ator: 

＊（．） ：位（民門ぅ入---+*入 E入m-k（野門，
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which is defined on the basis as 

*(ea1(¥ •・・八 eak) := e叩 1(¥ •・・八 e知 9

for all permutations { a:1,..., am} of {1,..., m }, having positive signature. 
(2.2) 

In particular, in what follows we will systematically identify Am-l（恥門 with恥mand 
Am（野門 with股． Wewill use the following well known formulas (see e.g. [8, (1.64)] and 
[8, Table 1.2]) : 

and 

＊（＊入） ＝ （ーl)k(m-k)入 forall 入€ふ（町），

a八＊（b(¥c) =(a・ c) * b -(a・ b) * c in罠m(= Am-1（政m)),

for all a, b, c E罠m(=ふ（野門）．

(2.3) 

(2.4) 

We next introduce the inner product on Ak図）． Giventwo generators入＝入1/¥.../¥ぷ
μ = μ1 /¥... /¥ μk, we define 

〈入，μ〉k:= det(〈入，μ悶，j=l). (2.5) 

The inner product on Ak（股m)is an extension by linearity of this definition. Then, we 
easily see that 

〈入，μ〉k=入^ ＊μ. (2.6) 

Moreover, 

ふ

凶：＝〈い〉[=(区|心|2),where 入＝区ふe0. (2.7) 
aEI(k,m) / aEI(k,m) 

2.2 Vector valued functions 

Let X be a Banach space with dual X'and let V c配 bea bounded open set endowed 
with the Lebesgue measure £,d_ A function u : V→X is called simple if there exist 
互• ●●,Xn EX  and闘． ..,Vn£叫measurablesubsets of V such that u =江~=1 XiX¼· 
The function u is called strongly measurable if there exists a sequence of simple functions 

｛匹｝ suchthat llun(x)-u(x)llx→0 as n→ +oo for almost all x E V. If 1 :Sp< oo, then 
び(V;X) stands for the space of (equivalence classes of) strongly measurable functions 

u:V→X with 

llullLP(V;X) := (i llu(x)い）；く 00.
V 

Endowed with this norm, Il'(V; X) is is a Banach space. For p = oo, the symbol L00(V; X) 
stands for the space of (equivalence classes of) strongly measurable functions u : V→ X 
such that 

llullL""(V;X) := esssup{ llu(x) llx : x EV} < oo. 

If V = (0, T) with O < T :S oo, we writeび(0,T; X)＝び((0,T); X). For 1 :Sp< oo, 
び(0,T; X') (} + ~ = 1) is isometric to a subspace of（び（0,T; X))', with equality if and 
only if X'has the Radon-Nikodym property (see for instance [9]). 

We consider the vector space D(V; X) := Ci合(V;X), endowed with the topology 
for which a sequence咋→ 0as n→ +oo if there exists K C V compact such that 
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supp('fJn) C K for any n E N and D咋n→0 uniformly on K as n→ +oo for all 
multi-index a. We denote by TJ'(V; X) the space of distributions on V with values in 
X; that is, the set of all linear continuous maps T : TJ(V; X)→恥 Asis well known, 
び(V;X) C TJ'(V; X) through the standard continuous injection. Given T E TJ'(V; X), 
the distributional derivative of T is defined by 

〈DiT,'P〉：＝一〈T,如〉 forany'P E D(V; X) and any i E {1,..., d}. (2.8) 

General notations for matrices. Let d, m E N. If A = [at] = [ at]心 SmE正 isanmxd
l翠 d

matrix, we write 

｛印＝ ［a{，．．．a1] E配 fori = 1,．．．，m, 

叫＝t[at...,ar]E応 fork=1,..., d. 

If B = [bt] = [bt]区区,,,E JRrnd is also an m x d matrix, we let 
lSkSd 

m d 

A:B=〉区咋bf and 
£=1 k=l 

|A| ＝ （A : A)｝ ＝ (tt(af)2)』

Given A=  [a1,..., am] E恥dxmwith a, E記 i= 1,..., m, and b E記 welet 

A I¥ b := (a1八b,...,％八b)'

*(A/¥b) := (*(a1/¥b),...,*(am/¥b)). 

2.3 Multi-vector fields 

Let d, m E N. Let V c配 bea bounded open set. A multi-vector distribution in U is a 
linear continuous map入E'D'(U;ふ（町）） （see §2.2). It may be expressed in terms of the 
basis (2.1) as 

入＝区入a似， with入aE D'(V；正） forany a E I(k, m). 
aEI(k,m) 

Then, according to (2.8), 

Di入＝ LDふ ea foranyiE{l,...,d}. (2.9) 
aEI(k,m) 

From (2.9), the following two identities are easily seen to hold for k, C E N and i E 
{1,..., d}: 

Di（入八"I)= Di.¥ I¥，，，十入I¥Di'f/ (2.10) 

for any入Eび(V；ふ（応）） suchthat Di.X Eび(V；ふ（応）） andany'IJ Eび(V山（町））
such that DirJ Eび(V山（応））；

*(Di入）＝ Di(＊入） for any入ED'(U；ふ（股門）． （2.11) 

For any k EN,［ふ（恥門]mis a Banach space with the norm 

（立A|t
｝ 

IIAll[Ak（正）］m :=I) JA;lf I, for A=  (A1,,..,A』
i=1)  

with I・ lk given by (2.7). 
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3 Derivation of the model 

In [12] the authors generalized the existing two dimensional model by Kobayashi et al 
[13, 14] to the case of 3D-crystals. In essence, it consists in the £2-gradient descent flow 
of the following energy functional: 

1 
[TJ, 0] E [H叩）］2•~ 1 IVTJl2 dx + 1 G(TJ) dx 

k 
2 

+J,a(n)|VO|dx十万1IV0l2 dx E [O, oo]. 
The unknowns T/ = TJ(t, x) and 0 = 0(t, x) represent, respectively, the "orientation order" 
and the "orientation angle" in a polycrystal. rJ = 1 corresponds to a completely ordered 
state while T/ = 0 corresponds to the state where no meaningful value of mean orienta— 

tion exists. a is a nonnegative function corresponding to the spatial mobility of grain 
boundaries while G is a single well potential ensuring that only the ordered state rJ = 1 
is stable. 
In order to generalize the model, one needs to consider orientations in 3D and mis-
orientations, since the term IV01 represents the misorientation on a short scale. In 3D 
case, orientations are elements of S0(3) which is the special orthogonal group in記
In [12], the term|▽01 is substituted by the corresponding Euclidean norm in記 i.e.

II▽P||即：＝ （立，j=l|▽Pi，jl2)½ for p =似，jkj• Then, one has to compute the gradient 
descent flow for the constrained energy under PE S0(3), thus ensuring that the solutions 
for the orientation variable still belong to S0(3). 
In [19, 20], instead, a quaternion representation is used for S0(3). Since quaternions 
can be identified as elements in the unit sphere聟 in配， theauthors replaced the term 

IV01 by the Euclidean norm of the gradient of the quaternion: i.e. IV qi :=（I:;=0|▽叫叩，
for q = (qo'ql'q叫 qり€鬱
We take the point of view of [19, 20] and we consider the energy functional (1.1) 
constrained to functions with values in the unit sphere §M-l of炉 with1 <MEN. 
The system (P) has the projection onto the tangent space at u E §M-l_ Through the 

following formal calculation, we get the representation of the projection: 

-7ru（贔1o:(rJ)IVuldx + f) 
Q 

= div (o:(rJ)塁） ＋ f- い (a(n)塁） u)u-(f•u)u

= div (o:(rJ)長）＋f + o:(rJ)IVulu -(f ・ u)u. 
Here, we computed that 

(o:(rJ)~) ・ u = div (o:(rJ)~ • u div (o:(rJ)I▽u|）u= dlV (a(n)I▽u|u) -a(n)I▽u| Vu 
Moreover, we note that (t▽u)u = 0 by u E §M-1, and▽u: Vu= IVu|乞
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4
 
Assumptions and Main Theorems 

We start with setting up the assumptions in the principal part of this paper. The as-
sumptions also fix the notations in the system (P), and in its approximating problems. 

(AO) 1 <NE飩 1< M E N, and ;;, > 0. 

(Al) DC町 isa bounded domain with Lipschitz boundary r:＝叩 andunit outer 
normal nr. We use the following notation: 

H :＝ L2(D), X := L叩；酎州，疋：＝ HxX,

V:＝が(D),W:＝圧（Q;炉），四：＝ VxW.

(A2) g Eび（罠） isa fixed Lipschitz function such that g has a potential O ~ G E C信），
i.e. G'(s)＝羞G(s)= g(s) on股． Moreover,g satisfies that 

liminf g(s) = -oo 
S→-00 

and limsup g(s) = oo. 
S→00 

(A3) 0 < a EC嘔） issuch that 

• 0:'(Q) = 0, 0:"~ 0 on恥 anda: and 0:0:'are Lipschitz continuous on R 

•ぶ：＝ infa（股） ＞0. 

(A4) For any c 2:: 0,'Ye: :股MN---+［0, oo) is a continuous convex function, defined as 

"(e;: W = [wf] 旦信悶€艮MN f--+苓(W)：＝占二m平E恥．

(A5) For any 8 > 0, II0 E C刊炉） isthe following function: 

1 
II0: w E艮M→几(W)：＝ -（|W|2 -1)2E恥

48 

We let四 Eび（記；記） bethe gradient of叫 i.e.:

1 
四： WE酎M→四(w)：＝▽几（w)= ~(lwl2 -l)w E民M

6 

(A6) f := [Jo, f] E L贔([O,oo)；X) is a fixed pair of forcings with f O E L 00 (Q) and f = 
[Ji,...,f叫ELに([O,oo); X). 

(A7) u。:＝ ［'f/o, u0] E L00(Q) x Xis a fixed pair of initial data. 

Remark 4.1. From its definition, it immediately follows that'rs :罠MN-----+[0, oo), E 2 0, 
are non-expansive over股MN_Also, ifs > 0, then予 EC00（股MN),and ifs = 0, then 
the corresponding function'Yo coincides with the (Euclidean) norm II ・ IIJRMN on股MN・
Additionally, 

五(W)＝ { {:`ラ｝ （＝ ［巧](W)),
SgnM,N(W), 

if E > 0, 
for all W = [wf]1S£SA1 E股MN,

lSkSN 

if E = 0, 
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where SgnM,N：股MN---+2只MNis the sign function on股MN,i.e. 

SgnM,N(w),~ {｛贔｝，
{ w1w:w::;1 }, 

if W # 0, 
for all W = [wf]忍 M E股MN.

1'.Sk'.SN 

if W = 0, 

Next, we define the notion of solutions to our system (P). 

Definition 4.1. A pair of functions U := [TJ, u] E Lに([O,oo)；X) is called a solution to 
the system (P), if 

{U= ［n,ul E叫 ([0,CX)）；王） nL踪(0,CX)四），
rJ E L00(Q) and u E §M-l, a.e. in Q, 

(8try(t) + g(ry(t)) + a'(ry(t))lv'u(t)I,'P) H +（▽TJ(t)，▽'P) H = (fo(t)平）H'
for any'P E V, a.e. t > 0, subject to ry(O) = T/o in H; 

and there exist functions BE L00(Q退MN)andμ E L}0c([O, oo); L1 loc¥Lv, £1(0)), such that 

{BE SgnM,N(Vu) in股MN9
a.e. m 

μ := (a(ry)B十足▽u)：▽u= a(ry)I▽ul+詔|v'u|叫
Q, 

and 

J尺u(t)・ゆdx+J。(o:(ry(t))B(t)+足▽u(t)）：▽ゆdx= k μ(t)u(t) •ゆ dx

(4.1) 

(4.2) 

(4.3a) 

+ 1 (f(t) -(f ・ u)(t)u(t)) ・ゆdxfor any心EC囁炉）， （4.3b) 
Q 

a.e. t > 0, subject to u(O) = u。inX. 
Next, we state the main results of this paper. 

Main Theorem 1. Assume (AO)-(A7), and that Ui。=［TJo, uo] E四 withu0 E §M-l in 
!1. Then, the system (P) admits at least one solution U = [TJ, u] E L贔([O,+oo)；王）， such
that 

1 T 1 
励 (T))＋う［ 1|邸 (t)llidt:S叫） +~ 1T llf(t)I|詞t, for all T 2: 0, 

whereF is the energy given by (1.1). Also, concerning thefunctionB* E L00(Q;正） in
(4.3), it holds that 

{div(a(n):: :足▽u)€ Lに([0,oo)；L囁炉）），
div(a(ryぽ＋炉▽u)/¥uEL仁([O,oo)；び(Q；心（民州）．

Moreover, if f = [Jo, f] E L00(Q) x [L00(Q)]M and there exists p。E§M-l such that 
u。€凡~'withR<~ and that m E ~'lfl-a.e., then 

u E B9(p0; R), a.e. in D, for all t E [O, +oo). (4.4) 

Here, B9(p0; R) is the open ball on §M-l of centre p。andradius R. 
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To state next result, we define the w-limit set w(U) of a solution U = [r,, u] given by 
Main Theorem 1, as follows: 

↑ 
w(U) := ~ 0-=［汀]E四
{ there exists a sequence {tn}~=l e (O2OO)，such that tn 

nOOニa:d• U(tn) ＝ ［n(tn)，u(tn)］→ U = ［り，U］in疋， as}. 
Main Theorem 2. In addition to the assumptions in Main Theorem 1, let us assume 
the following condition: 

(A8) There exists a pair of function f00 =［犀f00]E疋 with£00 = [f戸，．．．，fJ:ilE X, 
such that f -f00 Eび(0,oo;疋）．

Then, thew-limit set w(U) is nonempty and compact in疋， andmoreover, any w—limit 
point U00 = [r,00, u00] E w(U) solves the following variational system: 

(g(r,oo) + a'(r,oo)I▽uool,cp)H +（▽nOOベ冷）H= (f;f',c.p)H, for any c.p EV; 

J(a(n°°)B°° 十足▽uoo)：▽ゆdx= 1. μ00u00・かdx (4.5a) 

Q + J。(f°° -（f°°. u°°)u°°) J0ゆdx,for anyゆEC囁炉），
with 800 EL囁正） andμ00 EL叩）， fulfilling

{BOO E SgnM,N（▽u°°) in股MN'a.e.in Q. 

μoo := (a(ry)Boo +足▽uoo)：▽uoo,
(4.5b) 

In the case of no forcing in the orientation variable, and under a smallness assumption 
on the datum u。,wecan characterize the w-limit set. 
Main Theorem 3. (Large-time behavior in the homogeneous case) In addition 
to the assumptions as in Main Theorem 1, we assume that f三 0and that there exists 
Po E §M-l such that u。EBg(p0; R), with O ::;; R < ;f. Then, it holds that, there exists 
T* E [O, +oo) such that 

L dist9(u(t, x), Pc(t))2 dx→0, as t↑T*, 
Q 

where Pc(t) is the Barycenter ofμ:= u(t)ij£凡i.e.the minimizer of 

p E §M-1→叱(P)：＝ -
1 
2 J distg(•, p)2dμ. 
§M-1 

In [1, Theorem 2.1.] it is proved that a unique center of mass exists for any Radon 
measure on B9(p0, R) for R < ~ and we have 

0 = d叱(Pe)＝J exp 1 Pc dμ, 
B9(po,R) 

(4.6) 

where exp式： B9(Pc,~)• TPc§M-l denotes the logarithmic map at Pc・
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Remark 4.2. Taking into account Main Theorems 2 and 3, we can say that if f三 0,then 

the component u00 of any w-limit point is constant over n and that u00 is reached the 
constant in finite time in case the range of the initial datum u0, possibly after a rotation, 
is in the open hyperoctant of §M-l_ 

In this paper, we show outline of the proof of Main Theorem 1 only. For the proofs of 

Main Theorem 2 and 3, please see Moll-Shirakawa-W. [17]. 

5 Approximating problem 

In this section, we consider the approximating problem to our system (P). Let us assume 

(AO)-(A7), and fix constants c ~ 0, c5ミ0,and v ~ 0. On this basis, th e approximating 
problem consists in the following system of parabolic PDEs: 

Problem (P)に
C，ッ，6

｛ご：ご。9□;a'（如（▽u)＝ fo in Q, 
77(0, X) = 7]oけ）， XE0. 『u-div(a(n応 (Vu)＋足▽u+u|u▽u|N-1V▽u)＋m(U)ぅfinQ, 
(a(n)丘（▽u)＋足▽u+vlv▽u1N-lバ7u)nrぅ0on~, 

u(O, x) = uo(x), x E 0. 

The approximating problem (P)い isderived as a gradient descent flow of a free 
energy, which is defined as: 

with 

and 

巧，v,6: U := [77, u] E疋曰互い(U)＝左，0(77,u) 

:= Wo(77）十町，v,o(U)= Wo(77)＋町，11,0(77,u), 

1 
Wo : 77 E D(Wo) := V CH  f----+ Wo(77)：＝う！0|▽7712 dx + L G(77) dx, 

軒，11,0: U := [77, u] E D(Wい） ：＝ ｛い］ €四 ii E L叩；炉）， and
直 EW1,N+1(Q；炉） ｝ 

→虹(U)= Wい(n,U)＝J a(n)芳(Vu)dx+：JQ|Vu|2dx 
Q 

+N+1JQ |u▽ulN+l dx + L II0(u) dx E [O, oo). 
Q 

Definition 5.1. A pair of functions U := [77, u] E Lr0c([O, oo); X) is called a solution to 
the system (P)ら，6,if and only if 

U = [rJ, u] E尻汽[O,oo）；X) nL孟(O,oo皿）； (5.1) 
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(8try(t) + g(ry(t)) + a'(ry(t））アe（▽u(t)),cp)H+（▽ry(t)，▽cp)H=(fo(t),cp)H, (5.2) 

for any cp E V, a.e. t > 0, subject to ry(O) ='T/o in H; 

and there exists B* E L 00 (Q遺MN),such that 

B* € 8試▽u)in JRMN, a.e. in Q, 

（畑(t)-1u(t)，ゅ）x+ 1 (a(ry(t))B*(t)＋冠▽u)：▽ゆdx
1 

+UJ゚式u(t)IN-1v▽u(t)：▽かdx+11  lu(t)l2u(t) ・ゆdx= (f(t)，ゆ）X'

for anyゆEw1,N+i(o;炉）， a.e.t > 0, subject to u(O) = u。inX. 
Additionally, we note that our approximating system (P)昇，8can be reformulated邸
the following Cauchy problem of evolution equations in the Hilbert space疋：

Cauchy problem (CP)んe,y,6 

『'（t)+8<I>い(U(t)）＋釘(U(t))3 f(t) in疋， t> 0, 
U(O) = Ui。in笈

ヽヽ d " In this context, "'" denotes the time-derivative 西゜fan疋valuedfunction (in time). 
For every氏 E,v, 0 > 0, <f>い：疋-----+[O, oo] is a proper l.s.c. and convex function, defined 
as follows: 

叩，ッ，0: U := [TJ, u] E D(<I>い）C疋
1 1 

→ <I>い(U)＝叩，v,o('T/,u) := ~ l I▽n|2dx+N+ 1 J。|u▽ulN+ldx (5.3) 
+ ; jQ （立（▽u)+ ~a(ry)) 2心＋贔J。|ul4dx E [O, oo), 

and Qぷ：x →疋 isa non-monotone perturbation, given by 

切： U:= [TJ, u] E疋→切（U)=切(rJ,u) := [ g(ry) -~a(ry)a'(ry), -~u] E疋．

The solution to (CP)ぃisdefined on the basis of the general theory of nonlinear evolution 
equations (cf. [3, 4, 6]). 

Definition 5.2. A function U E Lに([O,oo）；X) is called a solution to the Cauchy problem 
(CP)ら，6,if and only if U E W1~汽［O,oo）；疋），叩，,,,6(U) E L00(0, oo), and U satisfies 

(U'(t) + Q6(U(t)), U(t) -W)王

：：：：： <I>;,,,iW) + (f(t), U(t) -W)x, for any WE  D(<I>;,,,,6), 

with the initial condition U(O) = Ui。in疋．
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Remark 5.1. Assumptions (A2) and (A3) guarantee the Lipschitz continuity of the per-
turbation 9t Hence, the well-posedness of the Cauchy problem (CP)ぃisimmediately 
verified by means of the general theory of nonlinear evolution equations, such as [6, 4]. 
Moreover, we will observe the continuous dependence of solution with respect to E：：：：：〇，

d >゚， u：：：：： 0,and "'> 0, by means of the general theory of operator-convergence as in 
[2, 18]. 

Now, on account of Remark 5.1 and the previous works [16, Theorems 1 and 2], we 
immediately obtain the following proposition. 
... 

Proposition 5.1 ([17, Proposition 4.4]). Let us assume (AO)-(A7), and let us fix the 
constants E：：：：：゚， 0> 0, V：：：：： 0. Additionally, we assume that u。EL竹Q皇州 and
vu。EW1,N+1(Q；炉）， forthe component u。ofthe initial data Ui。=［'TJo, uo]-Then, the 
following items hold: 

(0) The system (P)昇，8is equivalent to the Cauchy problem (GP)贔，o・

(I) The system (P)ら，8admits a unique solution U = [TJ, u] E Lに([O,oo）；X), such that 

{U= ［n,ul E立 ([0,OO）；王）nL踪(0,OO四），（5.4)
vu E Lf:::1([0, oo); wl,N+l(O；炉））．

(II) let { En}~=l C [O, oo)，似｝~=l C (0, oo), {%}~=l C [O, oo), and ｛邸｝~=1 C (0,oo) 
be sequences of constants, such that 

凡，恥％，似l→ ［11',E,V,0] in町， asn→00. (5.5) 

Let Ui。=［'T/o, uo] E四 bethe initial datum as in (A 7), and let {Ui。,n}~=1 = 
{[rJo,n, Uo,n]}~=1 C 四 withUo,n E L刊9；炉） and{vnuo,n} C w1,N+1(0；記） be
a sequence of initial data satisfying 

u。,n= [rJo,n, Uo,n]→ U。=［rJo, uo] in X, and weakly in皿 (5.6)

and VnUo,n→vu。weaklyin wl,N+l(O；炉）， asn→00. 
Let U = [TJ, u] E Lに([O,oo)；X) be the solution to the system (PJ;,v,o・ Also, for any 
n E N, let Un = [rJn, U』EL[.。c([O,oo);疋） bethe solution to the system (PJ;?，％ふ
corresponding to the initial data Ui。,n= [rJo,n, u。,n]E四． Then,
Un= [rJn, U』→ U= [TJ, u] in C10c([O, oo); X), in L贔([O,oo)；四），

weakly in W1巳([O,oo)；疋）， andweakly-* in L踪(0,00四），（5.7)
and Vn叫→ vuin L芦＋1([0,oo); wl,N+l(O；炉））， asn→00. 

Moreover, we can prove the following theorem, concerned with the £00-boundedness 
of the component ry. 

Theorem 1 ([17, Theorem 4.5]). Under the assumptions {AO)-(A 7), let us assume E ~ 0, 
c5 > 0, v ~ 0, u0 E L叩；炉） andVUo E wl,N+l(!J；炉）． Let(5 * > 0 be a positive 
constant such that 

lfol£00(Q) ::::;び*， g(-(5.)::::; -lfol£00(Q) and g(び*）ミ |fo|LOO(Q). （5.8) 

Then, for the component rJ of the solution to (P)贔，6given by Proposition 5.1, it holds 
that 

ITJI :S (5* a.e. in Q. 
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6 Outline of the proof of Main Theorem 1 

In this section, we show outline of the proof of Main Theorem 1. To see this, we take the 

limit in (P)氏研，6as 6, I.I, E→o+, respectively. 
At first, we show an energy ineq叫 ityfor F:,11,8 and a priori estimates for the approx-
imating solutions. 

6.1 A n energy inequality and a priori estimates 

Lemma 6.1 (ref. [17, Lemma 5.1], cf. [16, Lemma 5]). Let Ui。=［rJo, uo] E四， with
uo EL叩；炉）， VUoE Wl,N+l([l；炉） anduc,v,6 := [rJc,v,6, Us,v,o] be a solution to (P):,v,o・ 
Then, U0,v,o satisfies the following energy inequality: 

1 T 1 T 
亭 (Ue;,v,o(T))+ ~ 1'118ぷ，v,o(t)llidt:::;塁 (Uo)＋う1'llf(t)I且dt (6.1) 

for all T > 0. Moreover, it follows that 

｛如，6E叫 ([0,00）；王） nL盆(0,oo匹） nL°°(Q)x L°°(Q；砂），
冠▽Ue;,v,oEL盆(O,oo；ザ（0；股MN)), V▽Ue;,v,o EL盆(0,oo; LN+1(0；股MN)),

(6.2) 

and 

6―111 lu0,v，氾ー 111~00(0,T;H) ~互,o(Uo)+i 1T llf(t)llidt, (6.3) 

for all T > 0, and 
I I a(rJc,v,6)［▽幻（▽UE:,v,6)11Loo(Q;JRMN)::::;C, (6.4) 

for some C > 0, independent of E, v, 8. 

Lemma 6.2 (ref. [17, Lemma 5.2], cf. [16, Lemma 6]). If lu。I::::; 1 a. e. in D and 
f E L00(Q星州， thensolutions uE:,v,6 to (P)昇，6satisfy Inc，レ，叶さ C6a.e. in n, where 

c6 := max{llfllLOO(Q紐）,JI丁可 forany O < 8 < 1. 

At the end of this subsection, we introduce a compactness result which can be proved 

as [7, Theorem 2.1] and [15, Lemma 9] by using the fact that the operator 

div (a(rJe;,v,b)[v'"fe;](v'・） ＋ Kど(v'・)+ zノN+11v・ IN(V・)) 

is uniformly elliptic. We omit the proof of the following lemma, since it is quite similar 

to [5, Lemma 2.2]. 

Lemma 6.3. Let E >。 v > 0 and r;, > 0 be fixed. Let { w e;,v,b h>o be bounded in 
叩~(O, oo; X) n L盆(0,oo; W), {'f/e;,v,b h>o be bounded in此汽O,oo;H) nL盆(0,oo; V)n 
L00(Q), and {he;,v,b}b>O be bounded in Lに(0,oo; L叩；記）） uniformlyin 8, respectively. 
Suppose that they satisfy the equation, for 8 > 0, a.e. in Q 

OtWe;,v,b -div(a(rJe;,v,b)[v'幻(Vwe，叫＋足▽w研，b+v|バ7we;,v,d1N-lバ7we;,v,b)= he;,v,b, 

in the sense of distributions. Then { w e;,v,b h>o is precompact in Lに(0,oo; w1,q(O;炉））
for all 1 ~ q < 2. 

We use Lemma 6.3 to take the limit in (P):,v,b as 8→0. When we take the limit as 
V →0 and c→0, we use similar compactness lemmas (ref. [17, Lemma 5.3, 5.4], cf. [16, 
Lemma 8, 9]). 
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6.2 The limit as 6→ O 
In this subsection we study the limit problem, as r5→0, in (P)ら，6,assuming O < E < Eo 
for some Eo > O; i.e. we solve the following problem. Note that the dependence on氏 is

not anymore needed or used. Therefore, we remove it. 

Problem (P)e,v 

『こ：’9:/n:n/'vo+ong:n:，砂＋賣ぶ(Vu,,,)~ Jo in Q, 
い (0,x) = rJo(x), x E O; 

畑 0,v-div(a(rJ0,v) [v'叫(Vuり＋足▽ue，ッ＋u|バ7uc,vlN-1バ7uc,v)

= μE,vlい＋fー (f'U0,v)U0,vin Q, 

(a（い）［▽幻(V叩） ＋炒▽U0,v+ vlv▽Uc,vlN-lV▽uc,v)nr = 0 on ~, 

U0,v(O, x) = uo(x), x E fl; 

together with 

μE,V := (a(rJc,V)［▽幻(Vue,u)＋足▽u0,v+ vlv▽uc,vlN-1バ7u0,v): v'u0,v, a.e. in Q. 

And we use the following energy functional: 

互，ッ(r,,u) := 

1 う！Q|▽ryl2 dx + 1 G(ry) dx + 10:(ry)ふ□冗研dx
`1+ 1JQ |u▽ulN+ldx+予J |▽ul2dx, 

Q 

if'f/ Eが (0)and u EH叩；股州 withlul = 1, 

十oo, otherwise. 

Theorem 2 (ref. [17, Theorem 5.7], cf. [16, Theorem 3]). Let Ui。=［rJo, uo] E四 with
VUo E Wl,N+l(Q;炉),|uol = 1 inn and f E £00(Q晨M). Then, there exists uc,V = 
[rJc,v, Ug,v] E Czoc([O, oo);王） suchthat U6,v satisfies (P)6,v in the sense of distributions and 
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1 T 1 T 
誓 Uc,v(T))+ 111 118叫 (t)llidt:S Fc,v(Uo)+111 llf(t)llidt 

(6.5) 

(6.6) 

1 T 
さ互，,,(Uo)＋うla'llf(t)llidt forallT>O, 
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Ila（い）［巧］（▽Ue;,v)IIL00(Q；恥MN)< C, (6.7) 

div (CY（い）［応l（▽ue,l/)＋足▽ue,l/
+V|u▽ue,l/|N-1v▽ue,l/) 広 (O,oo;い(O紐）） ＜C, (6.8) 

div ((CY（い）［▽幻（▽ue,l/)＋足▽ue,l/
+u|u▽ue,l/|N-1V▽ue,l/) AUe,l/) 広 (O,oo;L叩，A2（詔））） ＜C, (6.9) 

where the constant C > 0 is independent of E. 

Proof. For O < <5 < 1, we take 

CJ:= max:{llfllL00(Q，炉）,v'l言｝ andC1 := max:{11£||い (Q；炉）y勺｝．

Since luol = 1, we observe that山(uo)= 0. Hence, 

巧叫Uo)= Fe,v(Uo) < Fe0,v(Uo) =: C < +oo. 

Having in mind the energy inequality (6.1), the uniform estimates (6.2)―(6.3) and the max-

imum principle lue,v,ol :S Cな<C1on Q, it follows that there exist a subsequence {Ue,v,on}n 
and a function Ue,v E Czac([O, oo)；王）n剛□([O,oo)；X)nL盆(O,oo；四）nL00(Q)xL00(Q；股州
such that 

UE,v,Jn→UE,v in C10c([O, 00）；笈）， weakly in W心汽[O,oo）；疋），

weakly-* in L盆(O,oo；四），

VUE,v,bn→vu0,v weakly-* in L盆(0,oo; wl,N+l(O；炉）），
(6.10) 

luc:,v,8』→ 1 strongly in Lぬ(0,oo; H), 

as n→oo by the Aubin type compactness theorem [21, Corollary 4]. Then, we also see 
that 

lu』 =1 a.e. in Q. (6.11) 

By luf;，叫＜ C1in Q, the Lebesgue dominated convergence theorem implies that 

Ue,v,8n→ue,v strongly in Lに(0,oo; Lr(O;炉）） asn→oo, (6.12) 

for all r E [1, oo). 

Let I be any bounded open interval such that I CC  (0, oo). By lu立叶 <C1in Q 
again, we can show that 

[J9回(ue,v,o)ldxdt~ f 11。(1-luバ叩dxdt+f 1111-luf;，ッ附llu砂附dxdt
By (6.3), the first term of right-hand side is uniformly bounded with respect to 8. To 

estimate the second term, we take a sequence {sgn,,(r)}u>O C C00偉） satisfying

sgn,,(r)→sgn(r) as O"→0, sgn加）~ 0, 
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for all r > 0. Multiplying both sides of the equation of U6,v,o by U0,v,o, integrating by parts 
and applying the Holder inequality, and (A6), (6.1), (6.2), (6.4), we see that 

1 
; f f sg叫 1-luc,v，附）（1―|Ug,v,附)|UE,V，附dxdt
I J!l 

:<::::118心，v,li||L2(I;X.)lluc,v,/i II凶 I;X)+ llf||い(I;L囁詔））1|ue,v,6||LOO(I;LOO(9，詔））

+ ff(a(nE,v，り［巧］（▽Uc,v，り＋冠▽UE:,v,li+ vlv▽UE,v,olN-ll/▽UE,v,o) 
I J!l 

: (sgna(l -luc,v，計）▽uE,v,o-2sgn只1-lu6,v記）UE,v,liR UE,v,li▽uE,v,o)dxdt 

さ：1|畑，v,ollL2(I;X)lluc,v,li IIL2(I;X) + I lfl IL1(I;L暉訓）Iluc,v,ol IL00(I;L00(!1，炉））

+ lla(rJE,v,li)［▽1e]（▽ue,v,6)||LOO(I;LOO(Q，炉N))I|▽Ug,v,ollL'(I;L囁炉N))

+11/'i,▽UE,v,15 II恥，L印，JRMN))+ llv▽UE,v,oll位］'(I;LN+l(!,，砂N))< 00. 

Also, the Lebesgue dominated convergence theorem implies that 

[JQ sg叫 1-luc,v計）（1―|UE,V,計)|UE,v,liドdxdt→[J。|1-luc,v,ol2lluc,v附dxdt,

as a→0. Hence, h6,v,o := -w0(uE,v,o)+f is uniformly bounded with respect to 5 in 
Lに(0,oo; L叩；記））． Therefore,we can apply Lemma 6.3 to get 

▽Us,v,l5n→ ▽U6,v strongly in Lに(0,oo; L叩；艮MN)) as n→oo, (6.13) 

for all q E [1, 2). The above convergence, (6.4) and (6.10) imply that 

a(ne,v，ゎ）［▽幻（▽UE,V,On)→a（叩）［▽叫（▽UE,v)
weakly-* in L00(Q；罠MN),as n→00. 

(6.14) 

Next, we use wedge product technique. Taking the wedge product of the equation of 

叫，Jwith Ue:,v,J, it follows that 

知 e,u,6AUe,u,6-div(（a(ne,u,6)［▽幻（▽ue,v,6)

＋炒▽Ue:,v,J+vlv▽Ue:,v,JIN-1バ7ue:,v,J)I¥ Ue:,v,J) = f /¥ Ue:,v,J・ (6.15) 

Here we note that 

div((a(7]e:,v,J)［▽幻（▽Ue:,v,J)＋足▽ue,u，叶u|バ7ue:,v,JIN-lバ7u0，叫）(¥Ue:,v,J 

= div((a(7]e:,v,J)［▽叫（▽Ue:，叫＋冠▽Ue:,v,J+vlv▽Ue:,v,JIN-1バ7ue:,v,J)I¥ Ue:,v,J) 

by (2.10) and v /¥ v = 0 for any v E艮M_Integration both side of (6.15) on I x !l, and 
Setting 8 = 6n and letting n→oo, we get 

ff 
N 

{〈（OtUE,v(¥U0,v),W〉2十区〈((a（い）［▽叫(Ox;U0,v) 
I J!1 i=l 

(6.16) 

＋忍叩＋vlv▽U,;,v1N-l鴫叩） /¥U,;,v),8凸｝dxdt= ff〈f/¥ U,;,v, W〉2dxdt,
I J!1 
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for w EL盆(0,oo; w1,N+l (D,心(R州）） by(6.10), (6.12) and (6.14). 
Taking w = (u0,v八ゆ） in(6.16) for心EC尺IX Q；炉） andusing (2.6) and (2.10), we 
have 

ff 
N 

偲 U0,v(¥ U0,v (¥ *(Ue,v (¥ゆ））＋ど(a（い）［▽幻(ox;ue,v) 
I Jr! i=l 

＋喜uc,v+vlv▽uc,vlN-1鴫 UE,V)八OxJuc,VI¥ *(uc,V八ゆ））｝dxdt (6.17) 

= ff f AU立^＊（U立^ ゆ）dxdt.
I J!l 

Here (2.6), (2.10) and v /¥ v = 0 for any v E股Mimply that 

N N 

ど且AU巳，u八叫(UE,VI¥ゆ） ＝区且＾Oxi(u立^ ＊（U巳，u八ゆ）），
z=l z=l 

where 

且：＝a(い）［▽叫（佐U0,v)+ ii28x;lい＋V|バ7uど，vlN-lvaXiUc:,v・ 

To compute each term in (6.17), we prepare small calculations. Noting (6.11), we see 
that 

8心，V.UE:,V = 0, 佐U0,v・ U0,v = 0, a.e. in Q. (6.18) 

According to (2.4), we obtain 

UE,V (¥ *(UE，ッ八ゆ） ＝ （UE,V.ゆ）＊ U研― (UE,V.UE,V)＊ゆ＝ （UE,V.ゆ）＊UE,V -＊ゆ． （6.19) 

For the first term of the right-hand side of (6.17), (6.18) and (6.19) imply that 

8tue,V AUe,V A*（U立^ ゆ） ＝ （UE,V.ゆ）8tUE,VI¥ *UE,V -8tUE，ッ八＊ゆ＝ー8tUE,V・ゆ．

Note that 

畑 E,V八＊ゆ＝〈8tuC,V9ゆ〉1= 8tllc,v ・他

by知，v,ゆE記＝A饂叫
Similarly, we see that 

and 

且＾辺(u6,vI¥ *(U6,v八ゆ））

＝佐(uc,v.ゆ）且^＊Ug,v+ (Ug,v.ゆ）且^ 辺＊U砂―BiI¥佐＊ゆ

= (uc,V'ゆ）且・ 8x;U紐―且．佐ゆ，

f (¥ Ue,l/ (¥ ＊（Ue,v八ゆ） ＝（Ue,v.ゆ）f八＊Ue,v-f(¥ ＊ゆ＝ （Ue,v.ゆ）f・ Ue,v -f ・ゆ．
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Having the previous equality in mind, we can see that 

ff仇Ue,ll•ゆ＋ （a（い）［巧l（▽叩） ＋足▽U0,11+vlv▽UE,111N-lV▽UE,ll)：▽ゆ｝dxdt
JJO 

=ff (μe,ll―f. Ug,v)(uc,ll.ゆ）dxdt+!1 f.ゆdxdt, (6.20) 
JJO JJJO 

forゆEび(IX 0；炉） by(2.1), (2.5), (2.6), (2.11). 
On the other hand, (6.10) and (6.13) imply that 

a'(T/E,ll，ゎ）／e（Vue,ll,6』→ a'(T/c，心（V叩） inLに(0,oo; L叩）），（6.21)

as n→oo. By (6.10) and (6.21), we obtain 

［厨，v(t)+ g(T/c,v(t)) + a'（い(t)）訊▽U0,11(t)），叫dt+J（▽い(t),v'叫 dt
= J(fo,¢)砂t,

for any cp Eび(I;V)n L°°(I X Q)． 
Finally, we confirm (6.6)-(6.9). By (6.1) and (6.10), the energy inequality (6.6) imme-
diately holds. Moreover, the estimates (6.7)-(6.9) also follow by (6.6), (6.20) and (6.16), 
respectively. ロ

Remark 6.1. By Theorem 2, we see that 

Ue,ll EWl10汽[O,oo); X) n L盆(0,oo; Wl,N+l(Q；炉））

ifs, v > 0. Then, the Aubin type compactness theorem [21, Corollary 4] implies that 

U0,v E C10c([O, oo); C(TI)), 

if E, V > 0. 

We also give the following invariance principle, analogous to the case where there is 

no forcing in the system ([16, Theorem 6]): 

Theorem 3 ([17, Theorem 5.8]). In addition to the hypothesis in Theorem 2, suppose 
that there is p。E§M-l such that u。EB9(p0; R), with R < ~ and that m E B9(p0; R), 
I fl-a. e. Then, the solution to (P J,v satisfies 

uc;,v E B9(p0; R), a.e. inn, for all t E [O, +oo). 

Proof. First, we note that we can assume without loss of generality that p0 = (0,..., 0, 1). 
Suppose, by contradiction that there exists T* = inf{t E [O,T[: Uc;,v(t;O) cf. B9(p0;R)}. 
Due to the continuity of Uc;,v, there is a i5 > 0 such that Uc;,v(t; 0) C B9(p0; ~) for 
t E [O, T* + <5[. 
We now take the equation for Uc;,v in (P)c;,v and we take the projection匝，vfrom炉

to Tue,v§M-l_ Noting that加，ツ(μc;,vlい） ＝0, we get 

8tU = 7rudiv(Z), (6.22) 
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with 

U = U0,v, Z := a（い） ［▽幻（▽Ug,v)＋足▽u0,v+ vlv• Ug,vlN-lV• Ug,v• 

We choose on B9(p0; ~) a polar coordinate system p r---+ (p乃 p列．•．， p0M-2) centered 
at p0. The metric in the polar coordinates around the north pole is the following one: 

1 

゜ ゜ ゜0 sin2(r) 

゜ ゜g =I~ ゜
sin予）sin2仇）

゜
゜゚ ゜

sin2(r) sin2仇）．．．．． sin2(0M-3)

Therefore, the Christoffel symbols of the second kind for the variable r are 

0 0 

゜ ゜0 1 0 

゜rr = -~ I o o sin罰）

゜2 

゜0 0 

゜
sin2(01) ・... ・ sin2(0M-3) 

Next, we note that (see [10]) 

叫 divZ)'= div刀＋〉r虹(u){J叩叫z1,i=r,01,・・・,0M-2, 
J,k,l 

for any Z E W1'1(0；酎MN)such that Z E Tu(§M-1). 

Here, j, k = r, 01,...'eM-2, £ = 1,...'N, tzi E罠Misthe i-th row vector of Zand Zp E匝
is the £-th component of tzi. 

Thus, we get that the equation for the radial coordinate in (6.22) is the following one: 

u;~divZ'-~(嘉□心叩＋尼＋ UN+11▽u|N 1) x (6.23) 

M-3 

X (1 ▽u゜予＋苫国(U゜リ・．．．． sin督） 1▽u゜•+'I') + (f -(f • u)u)', 
where 

Zr = （バ~+応＋ "N "I▽ulN') Vue 
Therefore, since ur E [O, ~], 

叫：：：：： divzr+ (f -(f ・ u)uy. 

Thus, 

1 d 
韮 L(ur-R)!=L叫（Ur-R)+：：：：：： L (divzr + (f -(f. u)u)り（Ur-R)+ 
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= -J zr ： ▽が＋J （f -（f. u)u)r(Ur -R)＋ 
釦｛か＞R} JD噌＞R}

三ーJ国｛か＞R)亨 |2(:喜叩＋応＋vN+1|Vu|N-1)三〇，
where in the last but one inequality we use the fact that, if ur > R then (f -(f -u)uY ::::; 0 
(remember that贔EB9(p0; R)). This finishes the proof. ロ

6.3 The limit as v→0 and c→ O 
In this subsection, we first show the solvability of the limit problem in (P)0,v, as v→ O 
assuming O < E: < E:o for some E:o > 0. 

Problem (P)0 

{こ/n:T/:；。g:n:9+a'（い（砂） ＝ fo in Q, 
叫0,x) = TJo(x), XE  Q; 

{屈-div(a(ne) ［応］（詞）＋詔▽叫＝ （μe -f ・ u,,}u,, +fin Q, 
（疇）［巧］（匹）十 /'i,2匹）nr= 0 on I;, 

叫0,x) = Uo(x), XE  Q; 

together with 

μc := (a(ryc)［巧l（叫＋忍▽ue)：▽u0,a.e. in Q. 

Theorem 4 ([17, Theorem 5.9]). Let Ui。=［T/o, uo] E四 withu。E§M-l inn. Then, 
there exists U0 = [TJ0, u0] E Cioc([O, oo）；X) such that U0 satisfies (P)0 in the sense of 

di,t,ibutio"'(~:；□□'(二[:二二＇'四） nL=(Q) x L=(Q，炉），
u0 E §M-l a.e. in Q, 

and 瓦（に（T})+~ [1|邸 (t)lll,dt さ瓦(Uo}+½1T I lf(t) I ll,dt for all T > 0, 
where瓦：＝互，o,and 

）`［▽％］（▽Ug)||炉（Q，正） ＜C, 

I div(a(TJ0)［▽訊▽叫＋忍▽u』||広(O,oo;L'(!1；詑）） ＜C, 

ldiv((a(ryc)[v'ryc](v'uc) + I召▽Uc)八uc)II
Lに(O,oo;L2(!1；必（mM)）'<C 
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where C does not depend on E. 
Moreover, suppose that there is p0 E §M-l such that u0 E B9(p0; R), with R < ~ and 

that奇EBg(p0; R), lfl-a.e. Then, the solution to (P)s satisfies 

u0 E B9(po; R), a.e. in D, for all t E [O, +oo). 

Since the proof of Theorem 4 is similar to Theorem 2, we omit the proof (cf. [16, 
Theorem 4]). 
Finally, we show the solvability of the initial system (P) by letting E→0. As E→0, 
the limit problem is formulated as follows: 

Problem (P) 

『ごご。9:T/n)〗：a'(n)1▽ul ~Join Q, 

T/(0,x) = T/o(x), x ED; 

に：f3di:a2:）U［二〗U二，（µ-f • u)u + f in Q, 
u(O心） ＝ua(x), x ED; 

together with 

f3 E SgnM,N（▽u), andμ:= (a:(T/)!3十炒▽u)：▽u,a.e. in Q. 

Theorem 5 ([17, Theorem 5.10]). Let U,。=［T/o, uo] E四 withu。E§M-l inn. Then, 
there exist U = [T/, u] E Lに(0,00ぽ） andf3 E L00(Q正） suchthat 

and 

{ U E立 ([0,oo)；X)nL盆(0,oo四） nL°°(Q) X L°°(Q田），
足▽uEL盆(O,oo；び（0；民MN)),

u E §M-l a.e. in Q, 

l T l T 
邸（T))+ ~ 11 I|邸 (t)llidt ::::;叫）＋う11llf(t)llidt forallT>O. 

Also, there exists a constant C > 0, independent of"', such that: 

lla(77)BIIL00(Q正） ＜C, 

lldiv(a(77)B十足▽u)||び (O,oo;L叫炉）） ＜C, 
loc 

lldiv(a(77)B十足▽u)八u)IILf。c(O,oo企 (A2(JRM))<C. 

Moreover, suppose that there is p。E§M-l such that u。EB9(po; R), with R < ~ and 
that m E Bg(Po; R), lfl-a.e. Then, the solution to (P) satisfies 

u E B9(p0; R), a.e. in D, for all t E [O, +oo). 

Since the proof of Theorem 5 is also similar to Theorem 2, we omit the proof (cf. [16, 
Theorem 5]). 
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